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ON THE NON-CENTRAL DISTRIBUTIONS OF TWO TEST CRITERIA IN
MULTIVARIATE ANALYSIS OF VARIANCE

By C. G. KﬁA’rRI anp K. C. S. Piar
Gujarat University and Purdue University

1. Introduction and summary. Let X be a p X f; matrix variate (p £ f2)
and Y a p X fi matrix variate (p < fi) and the columns be all independently
normally distributed with covariance matrix =, E(X) = M and E(Y) = 0.
Let0 <l £ --- = I, < 1 be the ordered characteristic roots of
(1.1) XX — WYY +XX')| =0
and w, - - -, wp, those of

MM’ — wX=| = 0,

then the joint density function of i;, --- , I, is given by Constantine [1], James
[2] in the form

(1.2) exp (—3 tr @) F1(3v; 3f2; 3@, L)fo(h, -+, bp),

where

(13) flli, =+, ) = C(p, fi, fo) [IZa (2721 — 1) P}, (L),
L=XYY +XX)7’X, @=M=2"M, »=f+h,
JF1 is the hypergeometric function of matrix argument defined in [2] given by
250 20 (39)C(3Q) C(L) /(32)xC(Ip) e |
and where
C(p, fi, f2) = 7 Tp(3) AT (3TH(3)Ta(3p))
and
a,,(L) = Hm’(li — ).

In this paper the distribution of Pillai’s V® criterion which is the trace of L,
[5], [6] and that of Roy’s largest root criterion, I, , [8], [10], have been obtained in
series forms and certain constants involved in the series tabulated. In addition,
the first four moments of V® are also obtained in the linear case, illustrating
further use of some of the tabulations.

2. Distribution of V. First a lemma is proved which will be used later in the
section.

Received 20 March 1967.
* 1 The work of this author was supported by the National Science Foundation, Grant

No. GP-4600.
215

e]
y
Institute of Mathematical Statistics is collaborating with JSTOR to digitize, preserve, and extend access to [& )z

The Annals of Mathematical Statistics. MIKOIRS ®

WWWw.jstor.org



216 C. G. KHATRI AND K. C. S. PILLAI

Lemma 1. If A, denotes the integral
(2.1) [ 12" "0y (2)CUZ) o, - -, depa,
where
Z=dia,g(z1,-~,z‘p){, 2p=1—21— -+ — 2,

and D 1s gien by

(22) D0<zn<e< - <2pa<zu<zp=1—21— -+ —2p 90— 25},
then
(2.3) A = {(32)To(3)To(3p) Cu( L)}/ (77 (3fap kT (3ep) )

Proor. Consider the null distribution of T' = Z{;l ci, ¢ = L/(1 — 1),
i =1, ---, p, given by Constantine [1] in the form

(24) To(3)TGAp)TH(3)) 7T 20 (= T) (kL (3ap)e) ™
< 220 (39)(32)Cl(L),

for any |T| < 1. Now, from fo(ly, - -+, I,) in (1.3), the joint density of ¢;, - - - , ¢
can be obtained as

(25) C(p, fu, f) [T {ed 7P (1 + e)en(C), 0< S -+ S 6 < o0,
where C = diag (¢1, ---, ¢p). Expanding

(2.6) (14 )™ = 200 (—1)F 200 (30).C(C) /Y,
transforming z; = ¢,;/T and integrating 2.’s in the region D given in (2.2) we get
(2.7) C(p, fu, fo) T D00na (=T (k)™ 20 (39)de,

where A, is given in (2.1). Hence equating the coefficients of (1»), in (2.4) and
(2.7) we get (2.3). Hence the lemma.
Now consider the distribution of l;, - - - , [, in (1.2). First note that

(28) I — L0 0(L) = 255202, (3(p + 1 — £1)),Co(L)C(L)/n!
= 2020 2 (3P 4+ 1 — f1)wgesCo(L)/n!

where g2 , is the coefficient of C5(L) in the product C(L)Cy(L), 8 = (81, - - - , 8p),
W= --- =8, =20and ) 28 =n + k = d. Using (2.8) in (1.2) and inte-
grating l; , - - - , I, over the surface ) 7= I; = V™, we get the density of V' as

(2.9) C(p,fi,fr) exp (—3trQ) Doio 2w 20000 200 205 (30)u(3(p + 1 — f1))4
-Cu(3R)ge4: VOV ((3) Cu L)k,
where A; is defined by (2.1) whose value is obtained from (2.3) by putting

x = 8. The series (2.9) is convergent for 0 < V® < 1. Tabulations of the
g-eoefficients are presented in Table 1 for various values of the three arguments.
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3. The moments of V™ in the linear case. Consider now the evaluation
of the moments of V® in the linear case, i.e. when there is only one non-zero
population root, say, w. This will also serve to illustrate further uses of Table 1.
For this, as the authors have shown in"a previous paper, [3], we may write

(3.1) VP — 1 =trLy — (1 — Iy)[(1 — u'u) + u'Lyu]
=200 el — (1 — W1 —u'u) + 225" e/ud,

where Iy, u:(p — 1 X 1) and Lye:(p — 1) X (p — 1) are independently dis-
tributed and whose distributions are given in [3], [4], and ¢,/ (4 =1, --- ,p — 1)
are the characteristic roots of Ly . It may be pointed out that the density of I
alone involves w. Now let li1,0 be a variate whose distribution is the same as
that of Iy when @ = 0 and V,® be the corresponding V® statistic. We may
note that

(32) a1 = E(1 —luo) — E(1 — ln) = f16(»),

(8.3) @ = B(l — lno)’ — E(1 — )* = 3i(/i + 2),

(34) = E(l — o)’ — B(1 — W)’ = (i + 2)(fi + 4)A.,

and

(35) @ = B(1 — o) — BE(1 — )" = ofilfi + 2)(i + 4)(H + 6)4,
where

(3.6)  8(v) = [w/2] exp (—}w) 270 {(F0)/E ! (3v + ¢ + D],

(3.7) Ar=8(r) —8(v +2), Ae=23(r) —23(r+2)+»+4)
and  Ag = 8(v) — 38(v + 2) + 38(v + 4) — 8(v + 6).

Now from (3.1) we can write

(38) E(V® —1) = E(V,® — 1) + x.E(8),

(39) E(V® — 1)’ = E(V,® — 1)’ — %E(F) + 20.E(Ba),

(3.10) E(V® —1)* = B(V,® — 1" + 2t (D(—=1DTE(B" ),

(3.11) E(V® — 1)* = E(V,” = 1)* + 2ia ()(=1) T E(g'a" )z

where

(3.12) a=trLy and 8=1-—uu+uLyu

Now, the expected values on the right side of (3.8)—(3.11) which are the
coefficients of the z’s have been obtained in terms of functions of tr, Lzz i.e.
the 7th elementary symmetric function in the characteristic roots, a, e, c,,_l ,
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of Ly [4]. Thus (3.10) reduces to the form [4]
E(V(") _ 1)3 = K Vo® — 1)3 + %Azfta)
+ 3U{—38(») + 26(v + 2) + 8(v + )}V E(tr Ln)
(3.13) + {38(») + 25(» + 2) + 38(v + 4)}fVE(tr Ly)®
+ {8(») + 28(v + 2) + 55(v + 4)} B(tr Ln)°
+ 4{3(») + 28(» + 2) — 38(v + 4)} E(tr Ly trs La)
+ 485{ —fCE(tr; L) + 2E(trs Ln)}],
where O =Iliath—p—1+2)),
(3.14) E(tr,Ly) = (7)) [Lial( — 3)/(n = )]
(i=1,2,---,p — 1;tr; L = tr L),
E(tr Ly tr; L) = [E(tr; Ln)/{(v + 1)(v — 7 — 1)}]
(3.15) A — p){(fe — D(p — 1) + 23}
+@-Dfa—p - +2p -7+ 1)
+2p° —ip’ + (i — 2)p + 2{]

and
E(tr L»)® = E(tr Ln)[2°(fy — fo + Dfi(» — 2p + 1)(» — p)
(3.16) {(r = 3)(» — 2)(» — (v + 1)(» + 3)} " + BE(trLn)’
— 2{E(tr Ly)}"].
B Ve — 1)4 - E’(Vo(") _ 1)4 _ plgAgf“)
+ &{56(v) — 98(» + 2) + 38(» + 4) + (v + 6)}f®
- E(tr Ly)
+ ${—53(») + 38(v + 2) + (v + 4) + (vt 6)}f®
-B(tr Ly)*
+ 1{55(v) + 38(r + 2) + 38(v + 4) + 55(» + 6)}5°
(8.17) -E(tr L22)3
+ 2{58(») + 98(v + 2) + 158(» + 4) + 358(» + 6)}
, -E(tr Ly)*
+ 3{6(v) + 8(vr + 2) + 38(v + 4) — 58(» + 6)}
- E[(tr Ly)” try Loy

+ 3A{—fPE(tr Ly tr, Ly) + 2E(tr Ly tr; Lu)}
+ As{(F?/2) E(try L) — 2f E(trs L) + 4E(trs L)
- 3E(tl‘2 Lm)z},
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where
A=3(r) —d(v+2) — 0 +4)+ v+ 6).
Now using Table 1,
(3.18)  E[(tr Ly)® try Luy) = $%E[7Cs1(La) + 10C @2 (Las)
+ 13C @2 (L) + 18Ca4(Laz)].

Now using a theorem of Constantine (See Theorem 3 of [1]) the right side of
of (3.18) equals

(3.19) 20p_1(3f1)[7by + 10b, + 13b; + 18b4],
where :

bi = Tpa(¢, (31))Cean(I)/Tp(y, (31)),

by = Tpa(4, (2°))Can(I)/Tpua(v, (2)),

bs = Tpa(t, (21°))Ceary (I)/Tpua(, (21%)),

by = Tpa(t, (1)) Can(I)/Tpa(n, (1)),
where

t=3f—1) and v=3r—1).
Similarly from Table 1,

(3.20) E(tra Ln)* = 7Tp-1(3f1)[5b2 + 4bs + 9b4]
and

(3.21) E(tryLy)* = Tpoa(3f1) 2imobi,
where

by = Tpa(t, (4))Cy(I)/Tpa(v, (4)).

It may be pointed out that alternate expressions for E[(tr Ly )’tr, Luy], E(trs La)
and E(tr; Ly)* are available in [4]. The latter two can further be obtained from
[7], [8], [9]. In addition, the first four moments of V,® are available in Pillai
[5], [7], [8] and the first two moments of V® in Khatri and Pillai [3] and hence
(3.8) and (3.9) are not treated here separately.

4. Distribution of the largest root, [, . In the density function of 4, ---, I,
in (1.2) let us make the following transformation: l;/l, = g, = 1,2, -- - ,p — 1,

1, = 1, . Then the joint distribution of (g1, - - -, go—1) and I, is given by
C(p, fi, fo) exp (=% tr @)LP7(1 — 1,)" "V, (G) |G
(4.1) ooy — LGP P — G 2o 2ok (30)kCu(3R) Co(Gy) L'/

{(3f)CIp)k 1},



TABLE 2
Values of by, 4

k=1 k=2 k=3
n K
11 2] [t 18] [21] (17
1 1 1
1 1 2/3 4/3 3/5 12/5
[2] 1 3/5 12/5
[12] 1 3/2 3/2
[3] 1
[21] 1
[13] 1
k=4
n K
14 31] 122 [21% 14
1
[ 4/7 24/7
2] 18/35 16/7 16/5
[12] 2 4
(3] 4/1 24/7
21] 8/9 8/9 20/9
(18] 12/5 8/5
(4] 1
3 1) 1
[2%] 1
[212) 1
{14 1
k=5
n K
5] 141] (32] [317] [221] [21%) 19
1
[1] 5/9 40/9
21 10/21 8/3 48/7
[12] 5/2 15/2
[3] 10/21 8/3 48/7
21] 1 16/9 25/9 40/9
[13] 30/7 40/7
[4] 5/9 40/9
31) 3/4 4/3 35/12
[22] 5/3 10/3
2 12] 25/21 5/3 15/7
[14 10/3 5/3
[5] 1
41 1
3 2] 1
312 1
[22 1) 1
[2 19] 1
(18] 1

224
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TABLE 2 (Cont’d.)

k=6

[6] [51] [42] (12| [ [ 321 | 31 | [2°1 | 221 | 21 | 1%

0 1
1|13 6/11 | 60/11
2 |2 5/11 | 240/77 | 80/7
[12] 3 12
3 | 3] 100/231| 216/77 | 160/21 64/7
[21] 8/7 20/7 | 4 12
[19] 20/3 40/3
4 | 4] 5/11 | 240/77 | 80/7 N

B1] 27/35 | 10/7 | 14/5 | 8/5 | 42/5
[22] 5/2 15/2 5
212 5/3 30/7 | 10/3 40/7
[14 15/2 15/2
5 | [5] 6/11 | 60/11
[41) 24/35 | 12/7 | 18/5
[32] 1 4/5 | 21/5
[3 12] 14/15 12/5 | 8/3
[221] 15/7 1 |20/7
[21%] 3/2 12/5 | 21/10
1] 30/7 | 12/7
6 | [6] 1
[51] 1
[42] 1
[412) 1
[32] 1
[321] 1
[3 13] 1
(23] 1
[22 12) 1
[2 14 1
[18) 1

whereG = diag (g1, + -+, ¢gp1) and G; = diag (G, 1). Now the distribution of
I, is obtained from (4.1) by integrating ¢1, -+, gp—1 i.e. by evaluating the
integral

(42) By = ff0§m§'"§ay-1 §1|G[%U2—p—n
s — Glapa(G) [y — LG ?C(Gy) dG.
Now let us note the following results:
(4.3) Cu(G1) = Dm0 21besCs(G),
where b,,,’s are constants depending on x and 7,
(44) I, — LG = L35 (B(p + 1 — f))rl,°CH(G)/d L
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Asin (2.8)
(4.5) Cy(G)CHB) = 25g5.C(G).
Using (4.3)-(4.5) in (4.2) we get
(4.6) Be = 2onc0on Doam0 2or Dibengn(3(p + 1 — f1)) " Ds/d L,
where

Ds = [ fogosgop15 Gl "Ly — Glapa(G)CH(G) dG
Tpa(3(p — 1))Tpa(3(p + 1))Tpa(3(fe — 1), 8)Co(Tp)
[P T (3h + ), OIS

Using (4.6) in (4.1) we get the distribution of 7,. Table 2 gives the values of
bs,, for various values of x and 4. If a; denotes the ith elementary symmetric
function of the roots of G, i.e. a; = tr; Gy,7 =1, 2, - - - , the by, coefficients were
obtained by using the zonal polynomials tabulated by James [2] in terms of the
as and using the relation tr; G, = tr;G + tr,_; G.

The authors wish to thank Alan T. James and Anne Parkhurst for providing
them with the tabulations of zonal polynomials of degrees seven to eleven. They
also wish to express their thanks to Mrs. Louise Mao Lui, Statistics Section of
Computer Sciences, Purdue University, for the excellent programming of the
material for the computations in this paper carried out on IBM 7094, Purdue
University’s Computer Science’s Center.
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