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ON THE IDENTIFIABILITY OF FINITE MIXTURES

By SipNEY J. Yaxowrrz' axp Joun D. SPRAGINS?

Arizona State University

1. Summary. H. Teicher [5] has initiated a valuable study of the identifiability
of finite mixtures (these terms to be defined in the next section), revealing a
sufficiency condition that a class of finite mixtures be identifiable and from this,
establishing the identifiability of all finite mixtures of one-dimensional Gaussian
distributions and all finite mixtures of gamma distributions. From other con-
siderations, he has generalized [4] a result of Feller [1] that arbitrary (and hence
finite) mixtures of Poisson distributions are identifiable, and has also shown
binomial and uniform families do not generate identifiable mixtures. In this
paper it is proven that a family & of cumulative distribution functions (cdf’s)
induces identifiable finite mixtures if and only if & is linearly independent in its
span over the field of real numbers. Also we demonstrate that finite mixtures of
F are identifiable if § is any of the following: the family of n products of ex-
ponential distributions, the multivariate Gaussian family, the union of the last
two families, the family of one-dimensional Cauchy distributions, and the
non-degenerate members of the family of one-dimensional negative binomial
distributions. Finally it is shown that the translation-parameter family generated
by any one-dimensional edf yields identifiable finite mixtures.

2. Introduction. We make an easy modification of Teicher’s definition of
identifiability to include multidimensional e¢df’s. Let

(1) § = {F(z;a);aeR™ zcR"}

constitute a family of n-dimensional c¢df’s indexed by a point « in a Borel sub-
set R™ of Euclidean m space R™ such that F(z, a) is measureable in R" X R,".
Then the n-dimensional c¢df H(z) = [zmF(z, @) dG(a) is the image of the
above mapping, say @, of the m-dimensional c¢df G (where the measure ug
induced by G assigns measure 1 to B,™). The distribution H is called the mixture
(or G-mixture) of ¥ and @ the mixing distribution. Let G denote the class of all
such m-dimensional edf’s G and 3¢ the induced class of mixtures H. Then 3¢
will be said to be identifiable if @ is a one-to-one map of G onto 3C. H is called a
finite mixture if its mixing distribution or rather the corresponding measure
ue is discrete and doles out positive mass to only a finite number of points in
R.™. Thus the set 3¢ of all finite mixtures of a class & of distributions is the con-
vex hull of &: '

(2) 3¢ = {H(z):H(z) = D aciF(x, a:),ci >0, D tei=1,
Flz,a;) e, N =1,2, ---}.
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210 SIDNEY J. YAKOWITZ AND JOHN D. SPRAGINS

The a;’s are presumed distinet and the subscripting is not meant to imply any-
thing about the cardinality of . In the context of finite mixtures, the definition
of ‘“identifiable’” implies § generates identifiable finite mixtures if and only if
the convex hull of § has the uniqueness of representation property:

(3) Ez—lcth = —1 C‘LF,

1mphesN M and for eachz,1 <7 < N thereissomej, 1 < j < N, suchthat
¢: = ¢; and F; = F; . Here and hereafter, we write F;, meaning F(z; a;).

3. Characterizations of identifiability.

THEOREM. A necessary and sufficient condition that the class 3C of all finite
maztures of the family § of (1) be identifiable is that F be a linearly independent
set over the field of real numbers.

It is intended here that the vector operations shoyld be the usual function
addition and scalar multiplication. (A) will denote the span of A over the real
numbers.

Necussity. Let D 1o a; F; = 0, a; ¢ R, be a linear relation in §. Assume the
ay's are subscripted so that a; < 0 <4 < M. Then )15 |aiF: = D Ysp|aiF..
Since the F/s are cdf’s, if « denotes the n-tuple (0, o, -+ ®), F(w) = 1,
and therefore Z,=1 @i F oo) = > M a = X mnlad =b > 0.1 ¢c; = |ai/b,
then X X, c.F; > ¥ uncFsi are two distinct representations of the same
finite mixture and therefore 3C cannot be identifiable.

SurriciEncy. If § is linearly independent, then it is a basis for (F). Two distinct
representations of the same mixture, implied by the non-identifiability of 3¢ C (F),
would contradict the uniqueness of representation property of bases.

CoRroLLARY. A necessary and sufficient condition that the class 3¢ of all finite
maxtures of the family F of (1) be identifiable s that the image of F under any vector
isomorphism on (F) be linearly independent in the image space.

Proor. By elementary properties of isomorphisms, ¥ is linearly independent
if and only if the image is linearly independent in the image space.

Our theorem may be regarded as an extension of Theorem 1 of [5] from finite to
arbitrary families &. The sufficiency condition of Theorem 2 of [5], which gives
conditions assuring that & is linearly independent, provides a useful method for
establishing the identifiability of a proposed mixture class. Our results in Section
4 on families which yield identifiable mixtures can be proven independently of our
characterization theorem from [5].

4. Some families which generate identifiable mixtures.

ProrosiTioN 1. If n is a positive integer and F is the family of products of n
exponential cdf’s, then the class of all finite mixtures of F is identifiable.

Proor. Leta = (a1, a2, +-- an),a; > 0,and & = (a1, 22, -+ T,), Tj, a real
variable.

Let K(a) be the product [[i=1a:. A typical element of the densities of & is

(4) f(z;a) = K(a) exp (—aog), if z;,>0,7=1,2,---n

= 0, otherwise,
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do & is the inner product of @ and Z. Assume
(5) 0 = 2 %acf(%;a(@), a(i) eR"

is a linear relation in §. a(7) o (£) mdy be regarded as a linear functional on the
variable Z.

[a(T) = a(D]° (£) = 2 (a(l): — a(j):)ws

is also a non-zero linear functional if j # 1. As the kernel of a non-zero linear
functional is a hyperplane [4, p. 120], there is some point @ ¢ R", u; > 0,5 = 1,

- m, such that 0 < a(?)c@ = ¢&;and & = £ > 0,7 = 2, --- N. Thus for all
vectors bi, b > 0 (5) gives

(6) DY K(a(i))es exp (—bgs) = O

where £; # & if 7 & 1.

A result in [5] is that the entire univariate gamma family generates identifiable
finite mixtures. By our theorem, this implies that the gamma family is linearly
independent. As £; # & ,7 > 1, (6) would contradict the linear independence of
the gamma family, which subsumes the exponential family, if ¢ # 0. Con-
tinuing in this fashion, the relation (5) is shown to be trivial. Thus ¥ is linearly
independent and therefore generates identifiable mixtures.

ProposiTiON 2. The family § of n-dimensional Gaussian cdf’s generates iden-
tifiable finite miztures.

Proor. (This proof, supplied by our referee, is considerably shorter and more
elegant than our own.)

Suppose that F is not identifiable. Denoting mean vectors by 6 and covariance
matrices by A this implies, in terms of moment generating functions, that for
some M = 1,

(7) 2otidiexp {(3T'AT + T8} = 0

where the pairs (A;, 0;) are all distinet. Setting T = cu where ¢ is a sealar and
u is a vector, (7) becomes

(8) DM d; exp {(/2)u'Au + cus;} = 0.

If allA;, 1 £ j < M are identical, all §;, 1 < ] M are distinet whence for u
outside a finite number of hyperplanes, the pairs of real numbers (u'Aju, u'6;),
1 £ j £ M are distinct. Otherwise suppose without loss of generality that
A1, --- Ay are the only distinet matrices among Ay, ---, Ay . Then for  not
lying on any of a finite number of conics, the real numbers w'Au, 1 £ ¢ < k are
distinet. Since the (A;, 6;) are all distinet, the 6; associated with the same A;
are different (k¥ < j < M) and so outside a finite number of hyperplanes the
corresponding numbers u'0; are distinct. Consequently, for » not lymg on a
finite number of conics and hyperplanes the pairs of real numbers (w'Aju, u'9;),
1 £ 7 £ M are distinct. For such a choice of u, (8) asserts that the class of
finite mixtures of one dimensional normal distributions is not identifiable,

contrary to [5].
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The referee has requested we include the following remarks connecting Proposi-
tion 2 to related results in [3]: The ““lexicographical ordering” of Proposition 3 of
[3] as well as the restriction that § be a finite family are thus superfluous. More-
over, Proposition 1 thereof, with its incorrect assertion about the class of all
mixtures of one-dimensional normal distributions, can hardly be a special case
of Theorem 1 whose conclusion concerns finite mixtures. It in no way diminishes
the class of one-dimensional normal distributions to suppose it lexicographically
ordered (the so-called constraint of Proposition 1).

ProrosiTioN 3. Let F1 and Fe be the families of Propositions 1 and 2.
If §F = F1uU Fz, then the set of all finite mixtures induced by F is identifiable.

Proor. Let )1 cFi(x) = 0 be a relation in & and suppose ¢ < k if and only
if F; £ F,. Then, as7 > kimplies Fi(z) = 0if z ¢ R” has any negative components,
for any such z,

(9) 2iacFi(x) = 0.

However, as (1) any F ¢ §; has an n-dimensional Taylor’s series expansion about
any point valid for R", (2) sums of functions are representable by the sums of
their Taylor’s series, and (3) any Taylor’s series agreeing with the 0 function on a
non-degenerate n-cube agrees with it everywhere, (9) must hold for all z ¢ R".
By Proposition 2, this means that ¢; = 0, j < k. But this leaves a linear relation
in & contrary to Proposition 1.

ProPOSITION 4. The set of all finite mixtures on the family F of Cauchy densities
1s 2dentifiable.

Proor. An element of & is

(10) f(z;u, k) = k(x(E* + (2 —uw)®)™, k>0, uekR.

M, is the characteristic function operator. Thus M:(f(x;u, k)) = exp (iut — k|t|)
= ¢(t; u, k) where ¢ is a real variable. On the set of characteristic functions
generated by § we define a second linear operator, M, such that
(11) Ma((t;u, k) = ¢(t;u, k), if t=20
= &t u, k).
=0, t<o0

Finally, on the functions composing the range of M, , we define M3, the Laplace
transform, which also is a linear operator.

(12) My(&(t;u, k) = MMaMy(f(x;u, k) = k(s + b)~"

where b = k — <u and s is a variable on the set Dy, of complex numbers whose real
part is greater than —k. MsM,M, is extended so that it is an isomorphism on &.
The image of a linear relation may be expressed

(13) 0=2"c(s+0b)", seD=NiaDy.
Assume &y, £ k;, 7 > 1. Multiply (13) by (s + b1) and let s converge to —b,,

while remaining in D. Then
(14) let] < limgscs, | (s + b1)] X 2e fea(s + b7 = 0.
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Similarly, the other scalars are shown to be 0 and we have that the image of § is
linearly independent. Reference to the corollary completes the proof.
ProrosiTION 5. The family § of all non-degenerate negative binomial distribu-
tions induces an identifiable set of finite miztures.
Proor. ¥ is indexed by the variable (p,7),0 < p < 1,7 > 0 so that

(15) f(z;p,7) = ("2)p'¢", where ¢ =1—p.

Theorem 2 of [5] states that & generates identifiable finite mixtures if there isa 1-1
linear transformation on & which totally orders it so that F; < F, implies (;(t)
being the image of F;, Sy; the domain of ¢;(t)) that S3, C Ss, and there is some
element ¢, in the closure of S, , t; being independent of the choice of F; , such that
limg,e, (¢2(t)/¢1(t)) = 0. In our case, the generating.function transformation,
M(f(z; p, r)) = (p/(1 — qt)), gives the required transformation. For if
F, < Fg@[pz > P1,0r P2 = plandrz <mn then

(16) Sey = {t:(1 —p)7 > |t < {t:(1 — p2) ' > [t} = S, .

1

Ifh=01-p) "' =a,
(17)  limpae, ¢2(8)/a(t) = limesy, (1 — @ut)"[p2"/((1 — @at)"*p1™)] = 0.
Henry Teicher [4] has proven that the set of arbitrary mixtures generated by a
translation parameter family ¥ is identifiable provided the Fourier transformation
of F(z), the cdf inducing &, is not 0 on any non-degenerate interval. In Propo-
sition 6 the provision is avoided at the price of restricting the conclusion to finite

mixtures.
ProPOSITION 6. Let F be any unwvariate cdf whatsoever and F the translation

parameter family induced by F. Then the set of finite miztures on § is identifiable.
ProoF. ¥ is indexed by «, a real variable, so that F(z; @) = F(z + a). M, is
the characteristic function transformation on &.

(18) My(F(z;@)) = ¢a(t) = exp (—tat)do(t) = exp (—iat) M:i(F(z)).
Let
(19) 0 = 2 Vicida,(t) = (2-5 cjexp (—tat) )o(t)

be a relation in M;(F). ¢o(t), being a characteristic function, is equal to 1 at
¢t = 0, and is continuous. Thus for some d > 0,

(20) 0 =2 7aciexp(—iat), te(—d,d).

The following facts are easily verified: The function ¢ ™ has a Taylor’s series
expansion valid for all real numbers. The function which is the sum of finitely
many functions is representable as the sum of their Taylor’s series. The zero
function is the only function representable by a Taylor’s series which has un-
countably many 0’s. Consequently, (20) is valid for any real number ¢. M is the
unilateral Laplace transformation, which is defined

(21) Ma(g(t)) = [7 g(t) exp (—st) dt.
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Under M., the transformation of (20) gives

(22) 0=2aci(s+1da)”", Re(s)>0.
Then for any k, 1 = k £ N,
(23) ICkI = lims_,_iak ]JV=1 IC,'(S + iaj)_ll I-S‘ + ’L(xkl = 0.

The relation (20) must therefore be trivial. Since M,M, is an isomorphism on (F),
reference to our corollary completes the proof.
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