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A CHARACTERIZATION OF THE MULTIVARIATE NORMAL
DISTRIBUTION'!

By MARY R. ANDERSON

Arizona State University

1. Summary. In this paper we characterize the multivariate normal distribution
through the mean vector of the distribution. In Theorem 3, we find that the multi-
variate normal distribution can also be characterized through its variance, even
though unknown, provided the variance-covariance matrix is free of the parameter
involved. We are able to determine the mean vector to within two unknowns, the
variance—covariance matrix and a constant vector.

2. Characterization through the mean vector. Let X' = (X, :--, X,) be a random
vector with mean M'(0), ' = (6,, ---, 6,), any real vector. We assume that X’ has
a positive definite variance-covariance matrix independent of 6.

In order to understand the nature of the main result more easily, we first state
and prove a special case of the theorem for n = 1.

THEOREM 1. If E[X] = 0, then X is normal with positive variance free of 0 if and
only if X has a pdf of the form

exp [xb0+ S(x)+ Q(0)]
where b is a non-zero scalar.

PROOF. Suppose X has a pdf of the form exp [xb0+ S(x)+ Q(6)] = fo(x). From
the fact that j' fo(x) dx = 1, by differentiating with respect to 0, we obtain

—dQ(0)
dé

so that 0b = —dQ(0)/df, from which Q(0) = —1b0?+c, where c is independent
of 0.

The moment-generating function of X exists and is easily verified to be
My(t) = Elexp(X(1)]

exp (10 +412/b) [ exp [xb(0+ t/b) + S(x) — $b(0 + t/b)* + c] dx
exp(t0+31%/b), for all ¢,

E(Xb) =

b

Il

which is normal with mean 6 and variance 1 /b.

Now if X is normal with mean 6 and variance v free of 6, it is obvious that the pdf
of X is of the stated form.

We now state and prove the general theorem.
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THEOREM 2. Let M(0), 0 = (0, ---, 0,) be such that

. _[™M@O)  om)
M ”[aol’ ’ aon]

is non-singular. If E[X] = M(0), then X is multivariate normal with positive definite
variance-covariance matrix free of 0, if and only if X has a pdf of the form

exp [x'BM(9) + S(x)+ 0(0)],
with B an n x n matrix free of 0.
ProOF. Suppose X has the pdf fy(x) of the above form. From the fact that
J"'[;' [fox)dx’ =1,

where A is the space of X', by taking the partial derivative with respect to 6;, we

obtain
oM(0) —00(0)
X'B =
E[ 00; ] 00, ’
so that
oM(0) —00(0) .
4 i A for all i.
(1) M'(6)B 20, 30, ’ or all i
Now,

[} N [ xfo(x) dx’ = M(0),
so that by again taking the partial derivative with respect to 6;, we obtain

[vwre OMO)] M) . GM(0)
P E| XXB == | = ==+ MOMO)B 5=

Let V be such that V = E[XX']—M(0)M'(0), the variance-covariance matrix of
X’, so that
oM(0) [ dM(0) 0M(0)

3) VB > i E| XX'B —W:I—M(O)M (0)B 0

From (2) and (3), we have that
dM(0) - VB dM(0)

20, 70, ’ for every i.
Then
[0 M) 20 20
a0, a0, 00, > 7 00,
or

M* = VBM*,
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Since M* and V are non-singular, we have that V = B! and hence B is non-
singular and symmetric.

Since B is symmetric, we have from (1) that Q(6) = —3+M’'()BM(0) + C, where
C is independent of 6.

The moment-generating function of X exists and is

My(t) = | - [ exp [x't + x'BM(0) + S(x) — $M'(6)BM(0) + C] dx’

where t' = (¢, ---, t,). Since B is non-singular,

My(t) = | o\ [ exp {x'B[M(0) + B~ 't] + S(x) — 3M'(6)BM(0)} dx’

exp { —M'(6)BM(6) +4[M(0) + B~ ' BM(6) + B~ 't]} -
[+ | exp {x'B[M(6) + B~ 't]+ S(x)—4[M(6)+ B~ 't] -
A

B[M(6) + B~ 't]+C} dx'.

But, the function under the integral sign has the form of a pdf and therefore its
integral is equal to 1. Then
My(t) = exp[tM(0)+3t'B't], for all ¢,

since B'~! = B™!. We have shown that X is multivariate normal with mean M(6)
and variance-covariance matrix B~ L.

Again, if X is multivariate normal with mean M(6) and variance-covariance
matrix V free of 6, it is obvious that the pdf is of the stated form and the proof is
complete.

3. Characterization through the variance.

THEOREM 3. If the variance-covariance matrix of X is not a function of 0, then X
is multivariate normal if and only if X has a pdf of the form

exp [x'R(0) + S(x)+ Q(0)].
ProoF. Let X have the pdf exp [xX'R(0) + S(x)+ Q(0)] = go(x). Since
I';,nga(X) dx' = E[X],

by taking the partial derivative with respect to 6;, we obtain

JORO)] _ GEIX]__50(0)
“4) E[XX 30, ]— 30, — E[X] 30,

However,

,OR0)]  —0Q(0)
E[X 0, J_ 9,
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as established in the proof of Theorem 2, so that

OR(0 30(0
(5) E[X]E[X’]—a-% = —E[X] %).

If we combine (4) and (5), we have that

OR(0) OE[X] .
—}Tei— = —-azl— s for all 1,
where V is the unknown variance—covariance matrix of X. Since V is independent
of 8, we have that E[X] = VR(0)+C, C not a function of 8, or R(8) = V™ 'E[X]~C.
We have now reduced the theorem to Theorem 2 and the result follows.
The converse is obvious.

COROLLARY. If X has a variance-covariance matrix B™"', free of 0, and a pdf
of the form exp [x'BM(0)+ S(x)+ Q(0)], then X is multivariate normal with mean
M(0)+C.

Proor. Here R(0) = BM(0) and thus X is multivariate normal with E[X]=
VBM(0) + C from Theorem 3. Since V = B~ !, the result follows.
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