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ON THE DISTRIBUTION OF LINEAR COMBINATIONS OF
NON-CENTRAL CHI-SQUARES

By DaviD A. HARVILLE

Aerospace Research Laboratories

Press [1] expressed the distribution of an arbitrary linear combination of non-
central chi-square variates as a mixture of distributions of weighted differences
between pairs of central chi-squares. The distributions appearing in the mixture
depend on the coefficients in the linear combination. Here, by modifying Press’s
results, we obtain a mixture representation not exhibiting that property.

Following Press, let xZ, denote a non-central chi-square variate, having m
degrees of freedom and non-centrality parameter d, whose probability density
function is given by

p(x) =[x~ 222" 2q ¥ exp [ —(d* +x)/2]
2o [(d?Y T+ DI (j+m[2)],

for x > 0 and zero otherwise. (Press’s paper contains an error in that p(x) there
should be defined as above. That change is necessary for the validity of his results.)
Denote by f,(x) and F,(x) the probability density function and the cumulative
distribution function, respectively, of x2Z,. We use p@P(x) to represent the pdf
of ayZo+Prio, where « > 0, f >0, and y2, and y2, are independent. The
corresponding cdf will be designated P8 (x).

Define

U = a[fmodo+ Di=1 Gidmsacds
V= ﬂ[X'%o,qo+Z;= 1 ij'?j,yj]’

T=U-V,
U*= “Z:=1 ainZm,d. >
V¥ =oays_ i biyi g and
T*=U-V#*,

where « > 0,8 > 0,a; = 1, b; = |, for all i and j, and all the chi-square variates
are independent. Take Ky(r), K;(r), K,(r), -+, to be a sequence of constants which
depend on (m;, d;, a;), i =1,---,r, and which are given explicitly in Press’s
Theorem 2.1B. The sequence K,*(s), K;*(s), K,*(s), -+, is defined in the same way
in terms of (n;, g;, b;),j = 1, ---, 5. Set

do=([[j=1a,"™")exp[-(4)Y5=04d /],
go*=(Ti=1b;7"*)exp[-(3) Y5=09/],
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and, fori=1,2, -,
4 =20 [(do’[2) T exp (= do?/2)/(i—/)IK (7).
4" = Y=o [(90°12) T exp (—go*/2)/(i—j) 11K ;*(s).

Press has shown in a series of theorems that, if F(x) and f(x) denote the cdf and
pdf of U and if H(t) and h(t) represent the cdf and pdf of T, then

F(x) = Y720 4:iF a4 2i(xX/0),

1) 7 (%) =272 0(q:2) fag 4 2i(x/),
h(t) = Y20 Y50 4:d;* P 2w+ 2., and
H(t) = 3720 2.7% 0 4:0, P3P v+ 2(0),

where M = 3Y"_om; and N = Y5_on;. Also, g; > 0, ¢;* > 0, for all i and j,
and ) 20q; = Z?:o g;* = 1.

By making straightforward modifications in Press’s proofs of his Theorems 2.1,
3.2, 3.3, and 4.1 and noting that p{’»"(x) = p{%*)(—x), the following result on
the distributions of U* and T* was obtained.

THEOREM. If F*(x), H*(t), and Z*(t) denote the cdf’s of U*, T*, and —T*, res-
pectively, and if f*(x), h*(t), and z*(t) represent the corresponding pdf’s, then

F¥*x) =372, K{(r)F pps + 2i(x/),
() f¥(x) = Ziq):o [Ki(r)[o] fas s 2i(x]et),
h¥(t) = 3120 25 0 @il K;*(5)/a] Pt 3 e s 2(t/0),

H*(t) = Zﬂo Z;‘o=0 quj*(S)ng},-!-l%i,N‘+ 2j(t/°‘),
(3) z *(t) = Zfi 0 Z;O=o qi[Kj *(5)/“]P1(vl*'i)2j,M+ 2i(t/°‘) and
Z¥t) = Y20y 20aiK; ()P 2(1]0),

where M* =37_;m;, M= M*+m,, and N* =Y3_ n;. Also, K(r)> 0
K;*(s) > 0, for all i and j, and ) 2o Ki(r) = Y 70 K;*(s) = 1.

H*(t) and Z*(t) were previously obtained by Robinson [2] for the special case
where dy =d; = =d, =g, = - =g, = 0; ie., the case where T* is a
linear combination of central chi-square variates.

It is clear that, not only does an arbitrary linear combination of non-central
chi-square variates have a representation of the same form as 7, but also that it
must have a representation of the same form as either T* or —T*. Moreover,
mixtures like (2) or (3) have an advantage over one like (1) in that the distributions
appearing in (1), i.e. the P{%"(-), are determined by the coefficients in our linear
combination of non-central chi-squares, while those appearing in (2) and (3), the
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P{D(-), do not vary with changes in those coefficients. If tables of P{}"(x)
were prepared, (2) and (3) could be used to make percentage point calculations of
the distribution of any linear combination of non-central chi-squares whatsoever.
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