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NOTE ON SOME FORMULAS FOR WEIGHTED SUMS OF
ZONAL POLYNOMIALS!
By NARIAKI SUGIURA
University of North Carolina and Hiroshima University
1. Introduction. The first purpose of this paper is to prove a stronger result than
the previous lemma for the sum of zonal polynomials given in Sugiura and
Fujikoshi [6], which played an important role in deriving the asymptotic expansions

of the non-null distributions of the likelihood ratio criteria in multivariate analysis
by these authors, Sugiura [5] and of the generalized variance by Fujikoshi [1].

THEOREM 1. Let C(Z) be the zonal polynomial of degree k corresponding to a

partition k = {ky,ky, - ky} of k (ky 2 k 2 - 2 k, 2 0) for a pxp positive

definite matrix Z. Put
(11) al(K) 225=1 ka(ka_a)
ay(x) =Yr_, k(4k,> —60k,+3a?).

Then the following equalities hold:
(1.2) Y o a1(K)CU(Z) = k(k—1) tr Z*(tr Z)*~?

(13) Y a1(02CZ) = kik—D[{tr Z*+(tr Z)*}(tr Z)* 2
+a4(k—2) tr Z3(tr Z)* 2 + (k= 2)(k = 3)(tr ZH)A(trZ2)* 4]

(14) Yo ax(K)C(2) = kl(tr Z)*+3(k— 1) {tr Z* +(tr Z)*}(tr Z)* 2
+4(k—=1)(k—=2)(k—3) tr Z3(tr Z)¥ 3]

where the symbol Y ., means the sum of all possible partition k of k.

Dividing by k! on both sides of each of the equations (1.2), (1.3) and (1.4) and
summing with respect to k from zero to infinity, we obtain the lemma given by
Sugiura and Fujikoshi [6].

The second purpose of this paper is to give an alternative proof of the following
theorem due to Fujikoshi [2], by using a differential equation for zonal poly-
nomials obtained recently by James [4].

THEOREM 2. (Fujikoshi). With the same notation as in Theorem 1, put

(1.5) (b)s =1=£[1 (b—a—;l><b+1—oi;l>---<b+ka—1—d—;—l>.
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Then the following equalities hold:

(1.6) kZO(Z)MK)C—(Z) ;)]1 Z| 7 (2b+1)tr W2+ (tr W)?}
:0(K)(—b—)ﬁa—‘%’;?ic"—(ﬁ=§ll—z|"’{(2b+1)(2b2+b+2)(trWZ)2
+2(2b*+b+2)tr W*(tr W)*+2(8b*+10b+5) tr W*
(1.7) +8(2b+1)tr W3tr W+ b(tr W)*+8(2b*+3b+2)tr W?
+12(2b+1)tr W2 tr W+4(tr W) +2(2b+ 1)(tr W)?
+2(2b+3)tr W2},

where the positive definite matrix Z is assumed to have characteristic roots less than
one, and W = Z(I-Z)™ ..

2. Proof of Theorem 1. Since the zonal polynomial C.(Z) is a homogeneous
symmetric polynomial of degree k with respect to the p characteristic roots of Z,
it is sufficient to prove the equalities in Theorem 1 and Theorem 2, when Z is a
diagonal matrix Y = diag (y;, y;, ---, ,)- Fujikoshi [2] has shown, in the proof of
Theorem 2, that the following differential relations hold:

(2.1) C(Va,(x) = tr (YO)*C(T) | 5=y
22) CuY){3a,(x)? —a,()+k} = [3{ tr (Y0)2}2+8 tr (Y8)*]CL(Z) | 5y,

where the symbol d means a matrix of differential operators given by 0 =
(3(1+6,;)0/d0;;), operating on a positive definite matrix L = (d;;), (J;; is a
Kronecker delta). The proof of this formula is based on the asymptotic expression
of the equality (1.22) in Sugiura and Fujikoshi [6]. By the formula ) (., C.(Z) =
(tr £)*in James [3], we have from (2.1)

(23)  Tio@CUY) = ¥ey 32@H02)A DF |pey = k(k—1)tr Y2(tr )2
Yo a1k’ ClY) = Y tr(Y0)%a,(x)C(2) | =Y
=tr(Y0)*k(k—1)(tr Z2)(tr£)* "2 | 5=y
= k(= {22 1 22(6%/002) ++ Tc yas(@*/30%)}
(2.4) rZA(tr 22 gy
=k(k—1){2tr Y2 (tr £)* "2 +4(k—=2)tr Y>(tr £)* 3
+(k=2)(k—3)(tr Y?)*(trZ)*~*
+2 Y a<p VaVp(trZ) "2} | zoy,
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which imply equalities (1.2) and (1.3) respectively. From (2.2) we have
Z(x) aZ(K)CK( Y) =3 Z(x) al(K)ZCK( Y) + k(tl' Y)k - [3{217_ 1 ya4(a4/aa4
(2.5) +2 Y 1<y 120y (0%1002,03)} +8 X0 1233 J003)]
' (trz)k ‘ =Y
which yields (1.4) of Theorem 1.

It is interesting to note that the first two equations (1.2) and (1. 3) in Theorem 1
can also be obtained from the following linear partial differential equation of
second degree derived by James [4]:

26) Y211 103AICUY)+ Sanp 122 (e 1p) " (@121)CY)

= {a,(x)+(p—DK}C(Y).
Summing both sides of the above formula with respect to x for fixed k, yields
equation (1.2). Operating ), a;(x) on both sides of (2.6) yields equation (1.3).

3. Alternative proof of Theorem 2. Noting that

6 5 5 OLC)

1-z|°%
k=0 (x) k! I I

when all characteristic roots of positive definite matrix Z are less than one (James
[3]), we can get from (2.6)

x b).a(x)C,
X (Z)L)#C—(L) = {221 Y(9*1092") + Larp Yo' (Va—y5) ' (0/0,)}

(3.2) =Y = (p=1)(d]dt)|I - 2Y|™* |-,
=b|I=Y|™H{(b+D)tr W+, s va (Va—1p) ™"
((1=y) ' =(p-1)tr W}

where W = Y(I— Y)~'. The second term in the above equation can be simplified
by noting (- Y)™! = I+ W as
(33) Za;éﬂ yaz(ya_yﬂ)_ 1(1 _ya)_l = Za<ﬁ (ya+yﬁ_yayﬁ)(l _y:z)h l(1 _yﬁ)_ !

= 1{2tr Wir (I+ W)—(tr W)*=2tr WI+ W)

+tr W2}

= 3{2(p- D) tr WH(tr W)* —tr W2},
which implies the first equation (1.6) in Theorem 2. From the differential equation
(2.6), we have

G4 ¥¥

k=0 (x)

(b)x ax(x)ZC(Y) e, 0 Vo -
{;y’ 6y¢2+a;py yﬂay}f(Y)II Y|

—(p=1)(d}dt)[I=tY|""f(tY)];= 1,
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where f(Y) = (b/2){(2b+1) tr W2 +(tr W)?} with W = Y(I—Y)™'. The first
term in the right-hand side of (3.4) can be verified after some computation as

(3.5 4b|I— Y| {bb+1)2b+ 1)(tr W2 +b(b+ 1) tr W2(tr W)? +8(b+1)? tr W*
+4(b+1)tr Wir W3 +4(2b% +5b+43) tr W3 +4(b+1) tr Wtr W2
+4(b+1)tr W2},

The second term in (3.4) can be written as

(3:6) 3B|1— Y| 22+ 1Y 15 7 (e—yp) 11—y 2
F2U WY g Vo a= ) T (1 =p) "2 +b{(2b+ 1) tr W?

HAT WYY ip Y (a—yp) T A =y) ']

Noting that

3

Vo _ Va YaVp
BT Yaxs o) =7)° Ya<s {(1 BT _yﬁ)+(1 =¥ (1 —yp)?

Vs
+————__—.
(1-y)(1 ~yp)3}
=H{-3tr W*2tr W3tr WH(tr W22+ 2(p-3)tr W3+4tr Witr W
+(2p—3)tr W24(tr W)?}

(3.8) Za;&ﬂ J’az(ya_J’p)_l(l -y = Za<ﬁ 1=y 7201 "J’ﬂ)_l
+y,(1 -y~ ' ‘)’p)_z}
= —tr W3++tr W2tr W+(tr W)?
+(p=2tr Wr+(p—Dtrw,

we can simplify the second term in (3.4) as

(3.9) 3b|I-Y|P[(B* +2) tr W2(tr W) +3b(tr W)* 4 (1 —3b)(2b + 1)(tr W?)?
=3Qb+1)tr W*+4dbtr W3 tr W
+{86+2+(2b* +b+2)(p— 1)} tr W2tr W+ {b(p—1)+2}(tr W)?
+2(p—=3)2b+ ) tr W3+Q2b+1D)(2p—3)tr W2+ {2b+1
+2(p—D}(tr W)*].

The third term in (3.4) can be written as

(3.10) (d[d)|I—tY|™°f(tY) | =y = $b|I—-Y|7*{2(2b+1) tr W3
+(2b%+b+2) tr W2tr W+b(tr W)34+2(tr W)?+2(2b+1) tr W2},

Substituting (3.5), (3.9), and (3.10) for the right-hand side of (3.4), we can derive
the second equality (1.7) in Theorem 2.
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Fujikoshi [2] obtained a further formula concerning

Y0 20 (D ax(x)CAZ)/K!,

based on the equality (2.2). It seems difficult, however, to give an alternative
proof from the formula (2.6).
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