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We address the maximization problem of expected utility from termi-
nal wealth. The special feature of this paper is that we consider a financial
market where price process of risky assets follows a stochastic volatil-
ity model and we require that investors observe just the vector of stock
prices. Using stochastic filtering techniques and adapting martingale dual-
ity methods in this partially observed incomplete model, we characterize
the value function and the optimal portfolio policies. We study in detail
the Bayesian case, when risk premia of the stochastic volatility model are
unobservable random variables with known prior distribution. We also con-
sider the case of unobservable risk premia modelled by linear Gaussian
processes.

1. Introduction. We consider an incomplete financial model with one
bond and n risky assets. The price process S of the risky securities follows
a stochastic volatility model, where the volatility is influenced by some latent
process Y. In such a context, we solve the portfolio optimization problem when
investors want to maximize the expected utility from terminal wealth, assum-
ing that they can observe only the stock prices. This situation is referred as
partial information in contrast to the case of full information.

The utility maximization problem with full information has been studied
extensively in the literature. Originally introduced by Merton (1971) in the
context of constant coefficients and treated by Markovian methods via the
Bellman equation of dynamic programming, it was developed for general pro-
cesses by the martingale duality approach. For the case of complete markets,
we refer to Karatzas, Lehoczky and Shreve (1987), Cox and Huang (1989).
For the case of incomplete and/or constrained markets, we refer to Karatzas,
Lehoczky, Shreve and Xu (1991), He and Pearson (1991) and Cvitani¢ and
Karatzas (1992). Models with partial observation are essentially studied in
the literature in a complete market framework. Detemple (1986), Dothan and
Feldman (1986), Gennotte (1986) used dynamic programming methods in a
linear Gaussian filtering. Lakner (1995, 1998) solved the optimization prob-
lem via a martingale approach and worked out the special case of the lin-
ear Gaussian model. Also in the setting of complete model and using duality
methods, Karatzas and Xue (1991) and Karatzas and Zhao (1998) focus on the
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Bayesian case. We mention that Frey and Runggaldier (1999) and Lasry and
Lions (1999) studied hedging problems in finance under restricted information.

In this paper, we combine stochastic filtering techniques and a martingale
duality approach to characterize the value function and the optimal portfo-
lio of the utility maximization problem. The paper is organized as follows.
In Section 2, we describe the model and formulate the optimization problem.
In Section 3, we use results from filtering theory to reduce the optimization
problem with partial information to the case of a model where all coefficients
are adapted to the observation process. We use in Section 4 the martingale
duality approach for the utility maximization problem. A key point is to obtain
a representation formula for the minimal hedging cost of a claim in terms of
suitable equivalent martingale measures adapted to stock price filtration. We
work out the specific examples of logarithmic and power utility functions. In
Section 5, we obtain explicit formulas for the optimal portfolio, optimal wealth
process and value function of the utility maximization problem in a Bayesian
setting, that is, when the risk premia of the stochastic volatility model are
unobservable independent random variables with known probability distribu-
tion. In Section 6, explicit formulas are also obtained when the risk premia
are Gaussian processes modelled by a system of linear stochastic differential
equations.

2. The model. Let (1, 7, P) be a complete probability space equipped
with a filtration F = {%, 0 < ¢t < T}, where T > 0 is a fixed time horizon.
We assume that %y = . We consider a financial market which consists of
one risk-free asset, whose price process is assumed for simplicity to be equal
to 1 at each date, and n risky assets with n-dimensional price process S =

(S1,...,8") (sign’ denotes the transposition) whose dynamics is governed by
(2.1) dS, =pdt+ (¢, S, Y,)dW,,
(2.2) dY,=ndt+ p(t,S;, Y,)dW,+ vy(¢t, S;, Y,)dB,.

Here W and B are independent Brownian motion under P with respect to
F, valued, respectively, in R* and R?. The initial prices Sf) and the initial
values Y} are deterministic constants. The drift u = {u;, 0 < t < T} (resp.
n={n;,0 <t < T} is an R*-valued (resp. R?-valued) adapted process. The
known functions o(%, s, y), p(¢, s, ¥) and y(¢, s, y) are measurable mappings
from [0, T] x R* x R? into R™*", R%** and R?*¢, We shall make the following
standing assumption.

ASSUMPTION 2.1. (i) The functions o(t,.,.), p(¢,.,.) and vy(¢,.,.) are
Lipschitz in (s, y) € R* x R?~", uniformly in ¢ € [0, T1.

(ii) For all (¢, s, y), the n x n and d x d matrices o(¢, s, y), y(¢, s, y) are
nonsingular.

(iii) The function oo’ is continuous in (¢, s, ) € [0, T'] x R” x R? and for all
(t, s), the function oo’(¢, s, -) is one-to-one from R? into a subset 3 of the set
of n x n positive definite matrices, and its inverse function, denoted s(z, s, -),
is continuous with respect to (¢, s, z) € [0, T'] x R" x 3.
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We now consider agents in this market who can observe neither the
Brownian motions W and B nor the drift © and 75, but only the stock price
process S. We shall denote by G = {,, 0 < ¢ < T'} the P-augmentation of the
filtration generated by the price process S.

A portfolio is an R"-valued G-adapted process 0 = {0, = (6}, ...,0}), 0 <
t < T} such that

T 2
/ ‘a’(t,St,Yt)/Ht dt <oco as.
0

Given an initial wealth x > 0, the wealth process corresponding to a portfolio
0 is defined by X3’ = x and

dX;?’=0,dS,
=0, dt + 0,0(t, S,, Y,)dW,.

(2.3)

We regard 6! as the number of shares invested in the ith stock at time ¢. Given
x > 0, we denote by &7(x) the set of portfolios 6§ such that

(2.4) X2'>0 as,0<t<T.

A function U: (0,00) — R will be called utility function if it is strictly
increasing, strictly concave, of class C!, and satisfies

U'(0") := li?(r)l U'(x) = oo, U'(c0) := lim U'(x) = 0.
x xX— 00
The optimization problem is to maximize the expected utility from terminal
wealth over the class &/ (x) of admissible portfolios, provided that the expec-

tation is well defined. More precisely, the value function of this problem is
defined by

(2.5) V(x)= sup E[U(X’;:”], x>0,
e/ (x)

where o/(x) is the class of processes 0 € &7(x) that satisfy
E[U—(X;"’)] < o0.
3. Filtering. Let us define the processes
A i=0(t, Sy, Yt)_ll”l’t’
a, = y(t, Sy, Yt)_l(nt = p(t, S, Y )N,
assumed to satisfy the integrability condition
T
(3.1) / A2+ |y 2dt < 00 as.
0

Consider the positive local martingale defined by L, = 1 and dL, = —L,
(A, dW, + a,dB,). It is explicitly given by

t t t
(3.2) Lt:exp<—/0 )\;qu—an/udBu—%/O |Au|2+|au|2du>.
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We shall make the usual standing assumption on filtering theory.
ASSUMPTION 3.1. The process L is a martingale; that is, E[Ly] = 1.

Under this last assumption, one can define a probability measure equivalent
to P on (Q, 7) characterized by

dP

(3.3) 9P

L,, 0<t<T.

7
By Girsanov’s theorem, the n-dimensional process
~ t
(3.4) W, =W, +/ A, du
0
and the d-dimensional process
~ t
(3.5) B,=B,+ [ a,du
0
are independent (13, F)-Brownian motion. The dynamics of (S, Y) under Pis
given by
(3.6) ds, = a(t,S,,Y,)dW,,
(3.7) dY, = p(t, S,, Y, )dW, + (¢, S,, Y,)dB,.

The following result is essential in solving our optimization problem.

LEMMA 3.1. Under Assumptions 2.1 and 3.1, the filtration G is the
augmented filtration of (W, B).

PROOF. Let FSY be the augmented filtration of (S, Y). Obviously, G C
FS-Y. By (3.6), the quadratic variation process of S (which is equal to the
sharp bracket process of S since S is continuous) is given by

t
(3.8) (S, 8", =/ oo’ (u,S,,Y,)du, 0<t<T.
0

From the continuity of the function oo’ and of the processes S and Y, it
follows that the process {o0'(¢,S,,Y,), 0 <t < T} is G-adapted. Moreover,
by Assumption 2.1(iii), the process Y satisfies

Y, =s(t,S;,00'(¢,S,,Y,)), 0<t<T,

which implies that it is also G-adapted. 'IN‘heEefore, we get G
Let F be the augmented filtration of (W, B). From (3.6) and (3.7), we have

— I]:S,Y

~

t
(3.9) Wt=/ o Yu,S,,Y,)dS,,
0

~ t
(810) B,= [ y(t,8, Y )(dY, — p(, S, Y, )0 (1, S, ¥,) dS,),
0
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for all ¢ € [0, T], which implies that F ¢ FSY = G. Conversely, under Assump-
tion 2.1 (i), by Protter [(1990), Theorem V.3.7], the unique solution (S, Y) of

the system of s.d.e. (3.6) and (3.7) is ﬁ-adapted, hence G = FS:Y  F and finally
G=F O

REMARK 3.1. Arguments in the proof of this last lemma show that G is
actually equal to the augmented filtration of (S, Y') and correspondence rela-

tions between (W, E) and (S, Y) are obtained through (3.6) and (3.7) and (3.9)
and (3.10).

We now make the standing assumption on the risk premia processes (A, @)
of the stochastic volatility model.

ASsSUMPTION 3.2. For all ¢ € [0, T, E|A,| + E|ey| < o0.

Let us then introduce measurable versions of the conditional processes
(A, a),

A= B[] 4],
a, = Ela;|5].
Consider the processes (N, M) defined by

~ t_
N, = Wt—[ A du,
0
~ ¢
M, = Bt—/ a, du.
0

These are the so-called innovation processes of filtering theory. By classical
results in filtering theory [see, e.g., Pardoux (1989), Proposition 2.27], we have
the following.

LEMMA 3.2. Under Assumptions 2.1, 3.1 and 3.2, the processes N and M
are independent (P, G)-Brownian motions.

PROOF. By Lemma 3.1, N and M are G-adapted. Moreover, we have (N,
NJ) = (M',M’) = §;t, and (N', M/) = 0, where §;; is the Kronecker
notation. By the law of iterated conditional expectation, it is easy to check
that N and M are G-martingales. We then conclude by Lévy’s characteri-
zation theorem on Brownian motions [see, e.g., Karatzas and Shreve (1991),
Theorem 3.3.16]. O

REMARK 3.2. Notice that (3.4) and (3.5) correspond to the decomposition
of the (P, F) special semimartingale (W, B) where (), @) satisfies the integra-
bility condition (3.1). By Lemma 3.2, the unique decomposition of the (P, G)
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special semimartingale (VNV, E) is given by
~ t ~
Wtth+/ X, du,
0
~ t
Bt=Mt+f &, du,
0
where (A, @) satisfies the integrability condition
T ~
(3.11) / X2+ |&[2dt <00 as.
0
[see Stricker (1983)].

Denote by A the (ﬁ, F)-martingale given by A = 1/L. We then have
dP

(3.12) =
dP

= A, 0<t<T.
F,

Computations of A and & are obtained by the so-called Kallianpur—Striebel for-
mula, which is related to Bayes formula: for all ¢ € [0, T'] and { € LY(Q, %, P),
one has

EP[(A|4)]

3.13 E[{|4] =
(3.13) [¢14] A

>

where A is the (ﬁ, (G)-martingale, given by
(3.14) A, == EP[A,|4)].

Note that A is a continuous process since G is the augmented filtration
generated by the (P, .7)- Brownian motion (W, B).
Let ¢ be the optional projection of the P-martingale L to G, so

& = E[L,|%].
By applying relation (3.13) to { = L,, we immediately obtain
§ = 1/Kt~

We have the following result for the representation of A and ¢.

PROPOSITION 3.1. Under Assumptions 2.1, 3.1 and 3.2, we have
t t t
_ _ [ x Y . 1 T2 1~ |2
(3.15) §t_exp( /()AudNu foaudMu 2[0 X2+ |&,| du),

~ t - ¢ ~ t
(3.16) Atzexp(/o )\;quJr/O&;dBu—%/o |/\u|2+|&u|2du>.
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PROOF. The arguments are very similar to those used by Lakner (1998) in
the proof of his Theorem 3.1. By definition of A, we have

t ~ t ~
(3.17) A, = 1+] AN, dW, +/ A,d, dB,.
0 0
Now, one can check that
(3.18) EP[A M|+ EP[A eyl <00, O0<t<T,
T ~ ~
(3.19) / (EP[AM|Z))? + (EP[A,q)|4,])2dt <00 as.
0
Indeed, (3.18) follows from Assumption 3.2 since

EP[At|/\t|] + EP[At|0‘t|] = E[|\|] + Ef|ay|] < oo, 0<et<T.

Moreover, (3.13) applied to A and « gives the following relation:

[ ETAALL) + (B (Al ]) d

T o ~
= / A2(A2 +a?)dt <oo as.
0

Note that the finiteness of this integral follows from the continuity of f&t, and
from (3.11). Therefore, by Theorem 5.14 in Liptser and Shiryaev (1977), we
have, by taking conditional expectation with respect to %, in (3.17),

~ = ~ t o~ ~
At=1+/ EP[Au/\uMu]’qu—i—/ EP[Aya,|4,] dB,
0 0
(3.20) t .
—1+ [ A X dW, + [ X,a,dB,,
/(; /(; “

where the last relation follows from (3.13) applied to A and «. Relation (3.20)

shows that A is expressed as in (3.16). Finally, relation (3.15) follows from
(3.16) and definition of N and M. O

By means of innovation processes, we can describe the dynamics of the
partially observed stochastic volatility model within a framework of a complete
observation model,

(3.21) dS, =wdt+o(t,S,, Y,)dN,,
(3.22) dY, =mn,dt+ p(t,S;, Y,)dN,+ vy(t,S,, Y,)dM,,
where o and 7 are G-adapted processes defined by

e = (8, S, YAy,

A =p(t, S, YA + (8, S, Y ).

Hence, the operations of filtering and control can be put in sequence and thus
separated.
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REMARK 3.3. Notice that in general, G is strictly larger than the aug-
mented filtration generated by the (P, G)-Brownian motions N and M. We
shall even see later that formal substitution of & for u and 7 for 7 in the
formula of optimal portfolio in the full information case does not always yield
the correct formula for the optimal portfolio in the partial information case
(see in Sections 5 and 6 the examples of power utility functions).

4. Martingale dual approach under partial observation. The aim of
this section is to give a dual formulation of the optimization problem (2.5) in
terms of a suitable family of (P, G)-local martingales. A key lemma is to state
a martingale representation theorem for (P, G)-local martingales with respect
to N and M. Notice that it cannot be directly derived from usual martingale
representation theorem since G is not equal to the filtration generated by N
and M.

Assumptions 2.1, 3.1 and 3.2 stand in the rest of this section.

LEMMA 4.1. Let m be any (P, G)-local martingale with my = 0. Then, there
exist an R"-valued process ¢ and an R?-valued process  which are G-adapted
processes, P-a.s. square-integrable and such that

t t
mtzf ¢’udNu+/ v, dM, ~ 0<t<T.
0 0
PrOOF. Let m be a (P, G)-local martingale. From Bayes’ rule, the process
m given by
my =m,éE L, 0<t<T

is a (ﬁ, G)-local martingale (recall that ¢, = dﬁ/dP| ). From Lemma 3.1
and the martingale representation theorem, there exist an R*-valued process
¢ and an R?-valued process ¢ which are G-adapted processes P-a.s. square-
integrable such that

t - ¢ 5
n&tzfoqb/uqu—i—/Ozjf;dBu, 0<t<T.

By It6’s formula applied to m, = m,¢,;, (3.15) and the definition of N and M,
we obtain that

t t
mt=/0¢;dNu+/O¢/udMu, 0<t<T,

with ¢, = ft(d;t - mt;\t) and ¢, = ft(‘jft —mua,). O

REMARK 4.1. The proof of this last lemma is quite similar to that of
Proposition 5.8.6 in Karatzas and Shreve (1991) which states that in a com-

plete market with F equal to the filtration generated by W, each (ﬁ, [F)-local
martingale can be represented as a stochastic integral with respect to W.
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Asis standard now in financial mathematics, the martingale approach to the
utility maximization problem requires a dual representation formula for the
superhedging price of any contingent claim, whose definition is recalled now.

DEFINITION 4.1. Let H be a contingent claim, that is, a nonnegative,
“p-measurable random variable. The superhedging price of H is defined by

up = inf {x > 0: 30 € o/(x), X’}’B > Ha.s.},

with the convention that inf & = oco.

For any G-adapted, R%-valued process v = {v,,0 < ¢t < T}, which satisfies
fOT |v,|2dt < oo, we introduce the (P, G)-local martingale

£ t -
Zy} =exp<—f0 A,dN, —/0 v,dM, — %fé|/\u|2+|vu|2du>.

REMARK 4.2. By Lemma 4.1, it is easily checked that the family of local
martingales Z” correspond to the so called equivalent local martingale mea-
sures, defined as (P, G)-local martingales strictly positive Z with Z;, = 1 such
that the process ZS is a (P, G)-local martingale.

In what follows, we denote by .# the Hilbert space of G-adapted, R%-valued

processes v such that E|[ fOT |v,|2 dt] < co. We now show that the dual formula-
tion of the superhedging price stated by El Karoui and Quenez (1995) in the
case of complete information still holds in the case of partial information.

THEOREM 4.1. Let H be a contingent claim. Then,

(4.1) ug=dJo:=supE[ZH]
veH

and when J, < oo, there exists 6* € o/(J,) such that X;‘)’H* > H. Moreover,
in this case, for any v* € #, the following conditions are equivalent:

(i) v* achieves the supremum in (4.1).

(ii) H is attainable: there exists 6 € o/ (J) s.t. X ;0’ = H, and the process
ZV' X70 % is a (P, G)-martingale.

For the proof, see Appendix A.

REMARK 4.3. Notice that for a given contingent claim H, the superhedging
price J¢ of H, at time ¢, corresponding to the complete information case is
different from J}G, the superhedging price of H, at time ¢, corresponding to
the partial information case. Furthermore, if %, = &, then J g = 6‘3’, but the
associated portfolios (7)* and (#®)* do not coincide.
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We shall denote by I the (continuous, strictly decreasing) inverse of the func-
tion U’; this function maps (0, co) onto itself, and satisfies I(07) = oo, I(0c0) =
0. Let U be the polar function of U,

42) Uy = IEEOX[U(x) —xy|=UI(y)) — yI(y), 0<y<oo.

As in Karatzas, Lehoczky, Shreve and Xu (1991) [see also Cvitanié (1997)],
we make the following assumptions on the utility function.

ASSUMPTION 4.1. (i) ¢+ cU’(c) is nondecreasing on (0, 00)

(ii) There exist a € (0, 1) and y € (1, 00), such that aU’(x) > U'(yx), Vx €
(0, 00).

(iii) For all y € (0, 00), there exists v € # such that E[U(yZ7)] < oo.

Let us now introduce the dual problem of (2.5),
(4.3) V(z) = inf E[U(22%)], z>0.

veH

REMARK 4.4. Denote by Z the subset of /# consisting of all bounded

processes. It is easily checked that
V(z) = 11,25 E[U(zZ%)], z>0.

By same arguments as in Theorem 12.1 in Karatzas, Lehoczky, Shreve and
Xu (1991), we have existence to the dual problem (4.3).

PROPOSITION 4.1.  Under Assumption 4.1, for all z > 0, the dual prob-
lem (4.3) admits a solution, v*(z) € H.

The primal utility maximization problem (2.5) is then solved as follows.

THEOREM 4.2. Assume that Assumption 4.1 holds. Then, for all x > 0,
there exists an optimal portfolio 0* for the utility maximization problem (2.5)
and the associated optimal wealth process X* is given by

4]

where v* = v*(z,) and z, > 0 is such that E[ZI;(Z")I(Z,CZ?(Z”‘))] = x.

v

Z *
X: = E[—Zlnzxzm
Z

SKETCH OF THE PROOF. The proof is similar to that in Theorem 11.6 of
Karatzas, Lehoczky, Shreve and Xu (1991); see also Cvitani¢ (1997). For sake
of completeness, we briefly recall the main ideas. By Proposition 4.1, the dual
problem (4.3) admits a solution »*(z) in the set /7, for all z > 0. The maxi-
mum principle applied to the dual problem [see Karatzas, Lehoczky, Shreve
and Xu (1991) or Cvitanic (1997), Lemma 11.12, for a simpler proof] provides

E|2;1(2279)] < B|2791(2279) | =2, Vvexr.
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p*

By Theorem 4.1, this implies that the contingent claim given by I(z2Z,
is attainable; that is, there exists 6 € &7(x,) s.t. X’}o = I(zZ;,(z>), and
ZV(? X% is a (P, G)-martingale. Hence,
v*(z)
% Z V* |
X = E[ z I(ZZT(Z))I.ft].
Z |

v*(2z)
¢

(Z))

Let us now show that 67 is optimal for the primal problem (2.5) associated
with initial wealth x,. By (4.2), we have U(I(y)) — U(x) > y[I(y) — x], for all
x >0,y > 0. It follows that for each 6 € .24 (x,),

Elu(i(=22))] - £lv(x3")]
> 2| B[ 2771(2277) | - B 279 x7"]

By the supermartingale property of Z*"(?) X*:-% the second member of the pre-
vious inequality is nonnegative. It follows that I(zZ VT*(Z)) =X 9}” o corresponds
to the optimal terminal wealth and hence that 67 is optimal.

The last step is to choose z = z, such that the constraint x, = x is satisfied,

that is,
E[2;*1(2.27%) | = x.

This is done by choosing z, € argminz>0{‘7(z)+xz} or z, = V'(x) [see Cvitanié
and Karatzas (1992) or Kramkov and Schachermayer (1999)]. O

4.1. Application 1. Logarithmic utility function U(x) = In(x). We have
I(y) = 1/y and U(y) = —(1 + In(y)). For all z > 0, the dual problem (4.3)
admits the solution v*(z) = 0 and the Lagrange multiplier is z, = 1/x. The
optimal wealth is given by

Zy 1
(4.4) X;= E[—g—o 4} ==
Zi z,Zyp Zy
and the optimal portfolio is in the feedback form
(4.5) 0; = (o(t, S, Y,) 1) A, X}

Recall that in the complete information case, the optimal portfolio is given by
the feedback form

(46) (Gg)* = (U(ta St5 Yt)il)/)\t(Xg)*’

where (X¢)* denotes the optimal wealth in the complete case. Therefore, in
the case of partial information, the optimal portfolio can be formally derived
from the full information case by replacing the unobservable risk-premium A,
by its best estimate A,. This property corresponds to the so-called separation
principle. It is actually proved in Kuwana (1995) that certainty equivalence
holds if and only if the utilities functions are logarithmic.
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4.2. Application 2. Power utility function U(x) = xP/pwith0 < p <1. We
have I(y) = y'/(?=1 and U(z) = z~"/r, with r = p/(1 — p). By Theorem 4.2,
the optimal wealth is strictly positive; that is,

P(X:>0 Vte[0,T])=1.

Therefore, the value function V(x) coincides with the utility maximization
problem with a strictly positive constraint on the wealth. In other words, we
can make the following change of variable: m, = 6,/X,, and #.S! is inter-
preted as the proportion of wealth invested in the ith stock at time {. We
define then a proportion portfolio as an R"-valued G-adapted process 7 with
fOT}a-(t, S,, Yt)/ﬂ-t|2 dt < oo a.s. and we denote by .7 the set of all proportion
portfolios. Given an initial wealth x > 0, the wealth process corresponding to
a proportion portfolio 7 is defined by Xy " = x and dX;" = X, "m,dS, so
that

X, T __ ™
Xy " =xX7,

where
t t
T ’ / 2
X’ =exp(/0 ) dSu—%/O 17, 0w, S,y V)| du).

The utility maximization problem (2.5) can be written equivalently in terms
of proportion portfolios,
4.7 V(x)=sup E[U(X7")], x > 0.
med
We now show that in the case of power utility functions, an explicit for-
mula for the optimal proportion portfolio can be obtained directly from the

primal problem (4.7) without using the duality relation of Theorem 4.2. Let
us consider the RCLL process {Q,, 0 < ¢t < T'} (which exists) such that

X7TN\?
Q, = esssup E[(—T>

T
weL Xt

Notice that V(x) = (x?/p)Q,, x > 0 and so the solution 7* of the problem (4.7)
(which exists by Theorem 4.2) does not depend on x > 0. We now state a
decomposition of the semimartingale @, from which we derive a characteriza-
tion of 7*.

ft], 0<t<T,P-as.

PROPOSITION 4.2. The process @ admits the following decomposition:
__p
2(1-p)

where ¢ and  are P-a.s. square integrable G-adapted processes. Moreover, for
all x > 0, the solution of the problem (4.7) is given by

(O-(t’ St’ Yt)il),[xt + Q;l(bt]
1-p '

(4.8) dQ, = — Qt|xt + Q;1¢t|2dt + ¢dN, + . dM,,

(4.9) =
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For the proof, see Appendix B.

REMARK 4.5. Under some integrable and smooth conditions, we expect the
processes ¢ to coincide with the Malliavin derivative of @. More precisely, let
D = (DY, D®) be the Malliavin derivative acting on the subset of the class
of functionnals of W, b called D, , [for the definition of D, ; and D, one is
referred to Ocone and Karatzas (1991)]. In this case, D}' @, = ¢, dt ® dP-a.s.
Hence, (4.9) can be written

(U(t> Sta Yt)il),[xt + Q;IDZVQt]

(4.10) = 1) .

We state a verification Theorem which gives a sufficient condition for a
process to coincide with the value function process Q.

PROPOSITION 4.3. Let Q° be an adapted process satisfying

dQ} = _ﬁQ?U\t + Q) BPdt + (¢ AN, + (4)) dM,,

r=1
where ¢° and ° are square integrable G-adapted processes, with Q° > 0,
dP ® dt-a.s., and also E[fOT Q?|a(t, S, Y,)|2dt] < co. Then,

R'>Q, 0<t<T,dP®dtas
Moreover, if the process w* given by

_ (0.8, Y) ™) A +(Q) " ¢7]
t = 1-— p >
is such that the local martingale (X™ )P Q° is a martingale, then

RU=Q, 0<:t<T, dP®dt-a.s.

For the proof, see Appendix B.

REMARK 4.6. In the case of full information, one can show that the corre-
sponding value (F-adapted) process @ admits a decomposition,

dQ, = —%p) QN+ Q1o [ dt + 6, dW, + dj,

2(1

where ¢ is a P-a.s. square integrable F-adapted process and j is a (P, [)-local
martingale orthogonal to W. Moreover, for all x > 0, the optimal proportion
portfolio is given by

— (O-(t’ St’ Yt)il)/[/\t + Q;1¢t] .

1-p
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5. The Bayesian framework. In this section, we assume that (A, «) are
Fy-measurable, with prior known distribution «(dl, da) on R” x R%. A simi-
lar framework is studied in Karatzas and Zhao (1998) in a complete market
context. Notice that Assumption 3.1 is satisfied since

E[L;] = E[e—«uwuwwzw/z) E[e " Wr—Br

%]

(5.1) - E[e—((IA\2+Ia\Z)T/2) E[e ! WraBr]

=1.
Assumption 3.2 is equivalent to assuming that
(5.2) /|l| + |a|x(dl, da) < .

By noting that the pair of random variables (A, @) is independent of the
Brownian motion (W B) under P, and recalling that G is the augmented

filtration of (W B) we have the following explicit formula for the process A
defined in (3.14):

A, = Eﬁ[exp(A W, +a B, — LA + |af )t)‘ft}
— F(t, w,, Et),
where
F(t,w,b) = [ exp (l'w+a'b— §(12 + |af)t)(dL, da),

for all (¢, w, b) € [0, T] x R" x R?.
By (3.13), we then deduce explicit computations of A and &,

EF[Nexp (VW + @B, - J(A2 + a?)t) 1,

A = T
=G(t W, B,),
where
G(t, w,b) := % (t,w,b) € [0, T] x R* x R4
and
- Eﬁ[aexp ()\/VT’t—l—a/Et— %(|A|2+|a|2)t)‘ft]
.=

A
- H(t, W, Et),
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where

V., F(t,w,b
H(t, w,b) = W,

The case A and « independent. In this paragraph, we assume that A and
« are independent and so
(5.3) k(dl,da) = k1(dl) ® ky(da).
We deduce then that F' is written in the form
F(t,w,b) = Fi(t,w)Fy(t, b),

(t, w,b) € [0, T] x R* x R,

with

Fi(t,w):= /exp(l/w - %|l|2t)K1(dl), (t,w) € [0, T] x R,

Fy(t,b):= /exp(a’b - %|a|2t) Ko(da), (t,b) € [0, T] x R?,

It follows that function G (resp. H) does not depend on b (resp. w) and

G(t, w) = %’fw";) (¢, w) € [0, T] x R",
_ VFy(t,b)
H(t,b) = Ftb) (t,b) € [0, T] x R?,

LEMMA 5.1. Forallt € [0, T] and for all measurable function k on R_, such
that Z3k(Z%) € LY(P), we have k(Z%) € L(P) and

~ ZO
(5.4) EP[k(ZY) 2] = E[Z—igk(zg) ft].
t
PROOF. From Proposition 3.1, we have
dP
dP P =& =20,

where

t ~ ~
Z0 = exp(—/o X, dN, -1 |)\u|2du),

t~/ 1t~ |12
£, = exp —/OaudMu—ifO |a,|2du ).

Since A, = G(¢t, W,) = G(¢t, W, + At) and &, = H(t, B,) = H(t, B, + at), we
deduce from the definition of N and M that Z%/Z? and {;/{, are independent
under P, and also under P conditionally to %, (because they are independent
of £,). Recall that ¢ is a (P, G)-martingale so that 1 = E[{p] = E[Z%{T] =
E[ZY)E[{r]. Since we already know that E[Z}] < 1 and E[{%] < 1 by the
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supermartingale property of Z° and ¢ under P, we deduce that E[ZO] =

E[{T] = 1, hence Z° and ¢ are martingale under P. Since EP[|k(Z )] =
E[ZY érlk(Z 1= E[Z3|k(Z7)|E[¢r] = E[ZF|k(ZT)|] < oo, the first asser-
tion of the lemma is proved. Now, using Bayes’ formula, we have

#lunlo]-{25(7)
Zét ZY

0 0
[ k<ZTzo> Jl5e]

Z° VA ¢
} o

PROPOSITION 5.1. The solution of the dual problem (4.3) is equal to v* = 0.
The associated process Z? is given by

=E|—

(5.5) S
Fl(t’ Wt)
Moreover, we have
~ ~ z
(5.6) V(z) = /Fl(T, w)U(m)goT(w)dw,
where

2t

is the Gaussian density function on R".

1 2
o (w) :=Wexp< [l ) te(0,T], weR"

PROOF. First, let us show that the optimal control for the dual problem (4.3)
is equal to v* = 0, for all z > 0. By Remark 4.4, it suffices to show that

inf B[U(22)] = B[U(22})]  vz>o.

veg

Denote by {ZW, 0 <t < T} the augmented filtration generated by W. Since
the function U is convex, we have by Jensen’s inequality

0(=B12315701) < B[OG217" |
It follows that
(5.7) in E[ <ZE[Z |7 ])} < inf E[U(zZ )}

Since Z% is 77" -measurable, we have

~ T
(5.8)  E[Z47V] = Z%E[exp<—/o v, dM, — 1 [T v, ? du>

al
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According to (5.7) and (5.8), in order to prove that v = 0 is solutlon to the dual

problem, it remains to show that E[exp(— fo v,dM, |V |2du)|7W] =1.
It is then sufficient to prove that for each p0s1t1ve borehan function A, for each
tl’t25"'7t (S] [O,T],

t ~ ~
E[exp(—/ v, dM, -1 [T |vu|2du>h(th, LW, )}
0 p

= E[h(W,,....W,)]

(5.9)

Since v is a bounded G-adapted process, we can define a probability measure
P? equivalent to P on & by

dpP’ r ’ 1 T 2
ﬁ_exp<—/0 v, dM, — 3 [T v, du>.

By Girsanov’s theorem, the process N is a G-Brownian motion under P*. Thus,
since the dynamics of W is given by

dW, =dN, + G(t, W,) dt,

it follovzs that tgle law of Wyremaing the same under P and P”. Hence,
EPV[h(th, e th)] =E[h(W,,..., th)] and so (5.9).
By definition of N, we have

t ~ ~ t ~
Z9 = exp(—/o G(u,W,)dw, + %/ |G(u, W,)|? du).

gW

Now, we have Z? = E[l/A | T W] and since A = F(t, VT’t)Fz(t, Et), it follows
T E[Fy(t, B,)] =

that
L
Ay Fi(t,W,) Fi(t, W,)

Hence, Z% = 1/F(t, Wt)
From Lemma 5.1, the value function of the dual problem is given by

V(z) = [U(zZ )}

= U(zZ )
ZT

Eﬁ[Fl(T, WT)ﬁ(zm)],

and so (5.6). O

We now assume that the function

(t, 2, w)»—>/ <1(T—w+)>€0T +(v) dv



PARTIALLY OBSERVED STOCHASTIC VOLATILITY MODELS 227

is finite for all (¢,z, w) € [0,T) x (0, 00) x R*, and has finite first deriva-
tives with respect to (¢, z, w) and second derivatives with respect to (z, w) on
[0, T) x (0, 0) x R™.

The Lagrange multiplier z, is the unique solution z > 0 of \7’(2) = —x.
Therefore, according to (5.6) and since U’ = —1I, we have

(5.10) fz(ﬁ)w(w) dw = x.

The optimal wealth process is given by X} = E[Z%/Z?I(zxZ%th]. Hence, by
Lemma 5.1, we have
yt}

(5.11) — E’TI(LN)'%}
F(T,Wr)

= X(t> Wt)7

X:=EP [I(zng)

where

¥4
I(— 2 T Rn
f(Fl(T’w+U)>goT,t(v)dv, tel0,T), weR",

1(%) t=T,weR"

Since dX; = (0;) o(¢, S;, Yt)dVT’t, we deduce that the optimal portfolio is
expressed as

(5.13) 0 =o'(t,S,,Y,) 'Vx(t, W,), te[0,T),
with
(5.14) Vx(t,w)= -z

(5.12) x(¢t,w)=

G(T,w+v) z
I < dv.
S i (e e @
By Lemma 5.1, the value function of problem (2.5) is given by

V(x)= E[U(X*T ] = E[U o I(sz‘})}
- Eﬁ[ZiOU o I(sz%)}
e [p ()]

Fy(T, Wr)
:fFl(T, w)U o 1(

We summarize all of this as follows.

(5.15)

zx
m er(w)dw.

THEOREM 5.1. For any x > 0, the control process 6* expressed in (5.13) and
(5.14) is optimal for problem (2.5). The associated optimal wealth process is
given by (5.11) and (5.12), and the value function of (2.5) is expressed in (5.15).
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ExaMPLE [Power utility function U(x) = x?/p, for 0 < p < 1.] Inthis case,
I(z) = 277 with ¢ = 1/(1 — p). The Lagrange multiplier is given by

z, = (f Fi(T,w)lep(w) dw>l/q‘

X

Substituting back into (5.12) gives

JFi(T,w+v)ler_(v)dv

t 0,.T R”»
TF(T.oyigpydo L ELODweR:

X(t? w) =
F(T, w)?
t="T R™,
[FA(T, v)ier(v)dv’ e
Hence,
Vx(t w) = qfoFl(T, w+v)F (T, w+v) tap_(v)dv

S Fi(T, v)ler(v)dv ’
tel0,T), weR"

The optimal wealth process and the optimal portfolio are given by

X? = X(t’ Wt)’
;= o'(t, S;, Y,) 1Vx(t, W,),

and the optimal proportion portfolio is in the form

* ’ — V/\/ 57
mf=0'(t,S,,Y,) 17(t, W,).

REMARK 5.1. In the special case k;(dl) = §; , we have Vx/x = ql,, so that
the optimal proportion portfolio is given by

m(lg) = o'(t, S,, Y,) " dlo.

Therefore, the certainty equivalence principle does not hold for power utility
functions, since for a nondegenerate prior distribution «;, we typically have
Vx/x # qG(t, w). Formal substitution of A = G for [, in the expression 7*(I,)
of the optimal proportion portfolio corresponding to «;(dl) = §;, does not yield
the correct expression for the optimal proportion portfolio in the nondegener-
ate prior distribution ;. This point has been observed by Karatzas and Zhao
(1998) in a Bayesian complete model with power utility function.

REMARK 5.2. In the general case where A and « are nonindependent, it is
an open problem to derive an explicit characterization of the solution to the
dual problem and then to obtain a more explicit form for the optimal portfolio.
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6. The linear Gaussian case. In this section, the risk premia A, @ are
supposed to be Gaussian processes modelled by a system of linear stochastic
differential equations where the driving Brownian motions are independent
from W and B. A similar framework is studied in Lakner (1998) in a complete
market context.

More precisely, the process (A, @) is supposed to satisfy the following
dynamics:

A A W} Ao
o a(n)=(a(d)re)arrd(yh).  (2)=s

The functions A, C, k are bounded deterministic functions which are valued
in Rrtd)x(ntd)  Rrtd  Rrt+d)x(n+d) - yregpectively. The variable & is an R"™-
valued %,-measurable random variable with Gaussian probability law of mean
m, and covariance matrix A,. The processes W! and W? are independent
(P, F)-Brownian motions valued, respectively, in R” and R? and independent
from W and B. The matrix &k} is supposed to be uniformly positive definite.
By similar arguments as in (5.1), it is easily checked that Assumption 3.1 is
satisfied. o

Recall that the vector (W, B) corresponds to the observation process and
its dynamics can be written as:

()= (o) () e

The vector process (N, M) corresponds to the innovation process and we are
then in the framework of the classical Kalman—Bucy filter [see, e.g., Liptser
and Shiryaev (1977), Theorem 10.3].

PROPOSITION 6.1. The processes A and @ are solutions of the linear s.d.e.

A A N A
6.2) d(&i) - (At(&i> +ct> dt+Ftd(Mi), (ag) _ my,

where the function I', (which represents the covariance error) is solution of the
Riccati equation
dr

(6.3) - AL+ TLA, —T2 4 bk, =0, To=A,.

In order to derive an explicit formula for the optimal portfolio, we will now
consider the case where A and « are independent.

The case A and « independent. In this paragraph, the matrices A,, k,,
t € [0, T] and A, are supposed to be diagonal:

(Al o0 (k0 _(Ay 0
co a=( ) m=( 2) w=(%2).
It follows that A and « are independent under P. Indeed, the problem can be
separated in two parts. First, A is the Kalman—Bucy filter associated with the
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state process A given by
(6.5) dAr, = (A{N, + CHdt + k{dW;, Ay =8

and with the observation process W. Second, & is the Kalman—Bucy filter
associated with the state process a given by

(6.6) da, = (A?ozt + C?)dt + k2dW?, ay = 82

and with the observation process B, where C = (C1, C2), § = (51, %), my =
(m}, m2). Therefore, A and i satisfy

(6.7) dA, = (A}A, + C})dt +T}dN,, Ay =m],

(6.8) da, = (Ala, + C?)dt +I2dM,, & =m},

where the functions I'! for i = 1, 2 are solutions of the following deterministic

Riccati equations:

dre
dt

(6.9) — —— + AT TIAD) — (TH2 4+ Ei(k)0,  Ty=Al.

It follows that A (respectively, @) is adapted to the filtration generated by N
(respectively, M) and also to the filtration generated by W (respectively, B).
As in the Bayesian case, we have the following result.

PROPOSITION 6.2. The solution of the dual problem (4.3) is equal to v* = 0.

PROOF. The proof is very similar to the Bayesian case. Let us show that
for each z > 0, we have

gE[ﬁ(zz;)] - E[ﬁ(zZOT ]

Denote by {.ZN ,0 < t < T} the augmented filtration generated by N. By
Jensen’s inequality,

. r7 v N : r7 v
g 5{7(m123477)) =y [0}
Since ZY is ;" -measurable, we have
T T
vig-Ny _ 0 _ / _ 1 2 a N
(6.10) E[Z5|FN] = ZTE[exp< /O v, dM, — } /0 v, | du)lJT }
Similarly to the proof of Proposition 5.1, we have

T 1 T
Elexp(~ [ v, dM, —5 [ 1v,[*du)l 7] =1,

and so E[Z%| 7] = ZY% and the result follows. O
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We now study a particular case for which an explicit formula for the optimal
portfolio 6* can be obtained. Lakner (1998) has studied a similar case in a

complete market where the volatility ¢ is constant. In the following, we shall
assume that for each ¢, A} = Al, C} = ACY, k} = k! where Al, C!, k! are
fixed real matrices, and that

(6.11) tr(AL) + T tr(k (k'Y) < K,

where K} = 1/360TK' with K! = max,_y |le*"||. Then, by Lakner’s results

(1998) (see Lemma 4.1), EP[(Z Y 4+ (Z9)®] < 4o0. First, recall that the
Riccati equation (6.9) (for i = 1) can be solved in the following way [see Lakner
(1998)]. Let ®@:[0, T] — R™"*"™ be the fundamental solution of the deterministic
equation
dod
dt

where I, is the n x n identity matrix. Then, A is determined in terms of I'!
and ¢ as

[Al Ftl]q)t’ (DO = In’

(6.12) A = q)t<m(1) + /(: O dW, + (/Ot o1 ds>A101>.

From Lakner’s results stated in the case of a constant volatility o (see his
Theorem 4.3), we derive the following result.

THEOREM 6.1. Suppose that U is twice continuously differentiable on (0, co)
and

(6.13) I(x) < Ky(14 x7%), —I'(x) < Ky(1+x72)
for some Ko > 0. Then, the optimal portfolio is

0 =0'(t,S,,Y,)!
(6.14)

ZO

X E|:I/(z ASVA )2< ri(e))-* ftT ®,dN, — f\t)

z‘*’]
where {ZW, 0 <t < T} is the augmented filtration generated by w.

SKETCH OF THE PROOF. We give here some idea of the proof. For details,
we refer to Lakner (1998). The main technique of the proof is the use of the

Malliavin derivative D acting on the subset of the class of functionals of W
called D, ; [for the definition of D, ; and D; see Ocone and Karatzas (1991)].

First, recall that the optimal wealth is given by X! = E[(Z%/Z?) I(2,Z%)
|£t] Notice now that Z° is adapted with respect to the filtration generated by

W since A depends only on w. Hence,
X; = EP'[1(2,2%)|7 7],
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where P? is the probability measure which admits ZY. as density with respect

to P on %VNV. The aim is to compute 6* such that dX; = (67)o(¢, S, Yt)dVT’t.
By results on Malliavin derivative, we have

o(t,S,, Y0 = EP"[D 1(2,2° )|9W] dt ® dP-a.s.

See the generalized version of Clark’s formula [Karatzas, Ocone and Li (1991)]
which gives that for every variable H e DU!, we have the stochastic
representation,

EP'[H|%V] = Hy + /t (EPO[DuH|9‘uW])/ dw, ~ 0<t<T.
It remains to determine D,I(z,Z%). By standard calculation, we have
DI(2,2%) = 2,1'(2,Z%)D,ZY,
with
(6.15) D,Z% = 75 Dt<—/T X dVT/u+%/T|Xu|2 du).
0 0

Now,

T _ T -
D,(3 [ MuPdu) = [ (DA, du

and by Proposition 2.3 of Ocone and Karatzas (1991),

T . T
D, <—/O /\uqu) - X - /t DA, dW,.
The result follows by using the fact that from (6.12), we have
Dtxu = F}(Cp/t)_lq)/ul{tsu}' =

ExaMPLE [Power utility function U(x) = x?/p, for p < 1]. If p < 0, then
condition (6.13) is satisfied. Notice that if p > 0, then some Stronger condition
than (6.11) has to be made on the coefficients to ensure that condition (6.13)
holds [for details, see Lakner (1998), Proposition 4.6]. In this case, I(y) =

and I'(y) = —qy 91, where ¢ = 1/1 — p. From Theorem 6.1, the optlmal
portfolio is given by

(6.16) 0F = q(a(t, S, Y,) " VYAX: + Gy,

where

6= alott, S Y Y eoricor VB[ 2z [,

The optimal wealth is given by

X;=F [ZZ)‘(Z)"

} X
E[(Z})*9]
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REMARK 6.1. Notice that under full information (in this Gaussian frame-
work) A and a are deterministic and hence, the optimal portfolio for power
utility function is

(6.17) (Of)* =q(o(t, S, Yt)_l)/)\t(XC):a

where (X¢)* is the optimal wealth [Ocone and Karatzas (1991), formula (4.22)].
Thus, the certainty equivalence principle does not hold in this case since our
formula (6.16) cannot be derived from (6.17) by replacing the risk premium A,
by A, due to the additional term G,. This point has been observed by Lakner
(1998) in his complete market context.

APPENDIX A

Proof of Theorem 4.1. The techniques are similar to those in El Karoui-
Quenez (1995) [more simple since here the filtration G is a Brownian filtration;
see also Cvitani¢ and Karatzas (1993)]. We first want to show that u, > J,.
As usual, it is derived from the (P, G)-supermartingale property of Z*X*?
for any v € # and 0 € &/ (x), x > 0.

We now show that u, < /), which is the most difficult part. Clearly, we may
assume that J, < co. We now consider the RCLL process {J,, 0 <t < T}
(which exists) such that

ZV
JtzesssupE[Zle.ﬁt], 0<t<T,P-as.
veH t

Suppose now that the following decomposition of / holds:
t ~

(A.1) J,=dJ, +/ (0:)o(u,S,,Y,)dW,—C,, 0<t<T,
0

where 0* € 27(J,) and {C;,0 < ¢ < T} is an increasing G-predictable process
with Cy = 0. Then, it follows that H < X ;"’ ” a.s. and hence

Uy < Jy.

It remains to show that J admits the decomposition (A.1). Classical stochas-
tic control results give the following dynamic characterization of /.

LEMMA A.1. The process J is characterized as the smallest RCLL process
equal to H at time T such that for each v € #, the process {Z}J,, 0 <t < T}
is a (P, G)-supermartingale.

From Lemma A.1 applied to » = 0, the process J given by J = Z%J, is a
(P, G)-supermartingale. Hence, by the Doob—Meyer decomposition, we have
jt=J0—|-mt—At, 0<t=<T,
where m is a (P, G)-local RCLL martingale with m; = 0 and A is an increasing
RCLL G-adapted process with A, =0 and E[A7] < co. By Lemma 4.1, there
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exist an R”-valued process ¢ and an R%-valued process ¢ which are G-adapted
processes P-a.s. square-integrable such that P-a.s.,

¢ t
mt=/ o dNu+/ W, dM, ~ 0<t<T.
0 0
We now want to prove that

(A.2) Y =0, dt ® dP-a.s.

For each v € 2, set
t t
v o _ / _ l 2
(A.3) & = exp( /0 v,dM, — 1 [0 v, | du).

From Lemma A.1, for each v € /#, the process given by {§§jt, 0<t<T}isa

(P, G)-supermartingale. Now, by It6’s formula applied to &;<J,, we obtain that
the P-a.s. finite variational process A” which appears in the decomposition of
the semimartingale £”J is given by

t
(A4) A = /0 £ (dA, + W, v, du).

Since the semimartingale f”j is a supermartingale, it follows that A” must
be an increasing process. Fix v € 2 and define the set F, = {(¢, w) € [0, T'] x
Q/¢ (o) (w) < 0}. Let v} = v, 1p.+nv,1p , n € N. Then, v} € 7 and assuming
that (A.2) does not hold, we get for n large enough

T T
E[AY] = E[/O &1 (dA, + W, v, du):| +nE[f0 Elp Yo, du] <0,

which leads to a contradiction. This implies that ¢ = 0d¢ ® dP-a.s. It follows
that P-a.s,

~ t
Jt=J0+/ ¢.dN,— A, 0<t<T.
0
Now, recall that J, = (Z9)~1J, with (29)™ = exp(fi X, dW, — L [£15,]2 du).
By It6’s formula,
dd, = (Z) ¢, dW, + J X, dW, — (Z?)'dA,.
Hence, equality (A.1) holds with

- t
AB) 0= (o'(t.S. Y)) (2D e+ h). €= [ (2D dA,.

It remains now to show the second part of the theorem. Let (iii) be the
condition defined by the process {Z? J,, 0 <t < T} is a (P, G)-martingale.

We show that conditions (i), (il) and (iii) are equivalent. The (P, G)-
supermartingale Z”J is a (P,G)-martingale if and only if J, =
E(Z4%dp] < Jo=E[Z%H] < ().
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On the other hand, (iii) implies A% = 0, and so from (A.4) and (A.5), A. =

C. =0 a.s. Hence, J. = x70" as. Thus, (ii) is satisfied with 0 = 6*. On the

other hand, suppose that (ii) holds. Then, J° = E[Z% H] and (i) holds.

REMARK A.1. In the case where the process Z° is supposed to be a mar-
tingale, then the previous decomposition of J can be derived as a direct con-
sequence of Theorem 2.1.2 of El Karoui-Quenez (1995). Indeed, let P° be the
(risk-neutral) probability measure which admits Z% as density with respect
to P on ;. Since (P, G)-local martingales are all continuous, the decompo-
sition (A.1) holds.

APPENDIX B

Proofs of Propositions 4.2 and 4.3. As in the proof of the surreplica-
tion Theorem 4.1, the results can be obtained by using dynamic control tools.
Classical stochastic control results give the following dynamic charateriza-
tion of Q.

LEMMA B.1. The process Q is characterized as the smallest RCLL process
equal to 1 at time T such that for each 7 € o, the process {(X7)PQ,, 0 <
t < T} is a (P, G)-supermartingale. If 7* is solution of the problem (4.7),
ie. Qy = E[(XT)P), then the process {(X7 )?Q,, 0 < t < T} is a (P, G)-
martingale.

PROOF OF PROPOSITION 4.2. From Lemma B.1 applied to 7 = 0, the pro-

cess @ is a (P, G)-supermartingale. The Doob—Meyer decomposition gives that
P-as.,

Q,=Qy+n,—a, 0<t=<T,

where n is a (P, G)-local martingale with n, = 0 and « is an increasing P-a.s.
integrable RCLL G-adapted process with a, = 0. By Lemma 4.1, there exist
an R"-valued process ¢ and an R?-valued process iy which are P-a.s. square
integrable G-adapted processes such that P-a.s.,

t t
nt=/0¢;dNu+/0¢;dMu, 0<t<T.

By Lemma B.1, for each 7 € &7, the process given by {(X7)?Q,,0 <t <T}isa
(P, G)-supermartingale. Now, by Itd’s formula applied to (X7)? @,, we obtain
that the P-a.s. finite variational process which appears in the decomposition
of the semimartingale (X™)? @ is given by —a™, where

t ~1 i
a7 = /O (X;)P(dau _ Qu%w;wuﬁdu — p, o (@, + q,')u)du),

where, to simplify notation, o, denotes o (¢, S;, Y,).
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The supermartingale property of (X7 )? @, gives that a™ must be an increas-
ing process. Moreover, by Theorem 4.2, there exists 7* € o7 such that @, =
E[(X7)?]. Thus, by Lemma B.1, the process (X™)?@ is a martingale and
hence a™ = 0, that is,

¢ -1 N
a= (Qu%w;wzﬁdu T p() 0 (QuA, + dm))du-

Hence, for each 7 € .7, the increasing property of a™ gives that, dt ® dP-a.s,

-1 -
QPP Do, miPdu + p(m) ,(Quh + 6,)

> QPP Do m Pdu t p(m,) 0, (QuA, + 6,).

Since this inequality holds for each 7 € 2«7, we have

Q p(p—1)

5 o mPdu + p(m;) 0, (QuA, + b,)

p(p—1)
W

ess sup { (o Pt + p(m,) o Qu e + dm}

meA

_ b 5 1492
= S Gl QL

and also dt ® dP-a.s.,
_ (Ué)_l[;\t + Qt_ld)t]
=
1-p
(note that dt ® dP-a.s., @, > 0). It follows that

¢
_ p 3 -15 |2
a, _/0 51—y @t Ql0Pdu, 0stsT Pas,
and hence @ is solution of the backward equation (4.8) with @, =1. O
PROOF OF PROPOSITION 4.3. Let &’ be the set of processes 7 € .o satisfying
T
E/ (XT)2P(1 + |m,|2) dt < oo.
0
For each 7 € &7/, Ito’s formula gives that d(X7)? Q% = dMT — dAT, where
AT™ is an increasing process and where M7 is a martingale since 7 € &/’ and
E[fOT Q?|0,2dt] < co. Hence, (X™)?Q° is a supermartingale for each 7 € o7’.

By Lemma B.1 (which still holds with .7’ instead of .27), it follows that Q° > Q.
Furthermore, if (X7 )?Q° is a martingale, then we have

(X7 Q) = E[(x7)"] 4],

and hence, Q° < Q. The result follows. O
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