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‘We analyze numerical methods for the pathwise approximation of a sys-
tem of stochastic differential equations. As a measure of performance we
consider the gth mean of the maximum distance between the solution and
its approximation on the whole unit interval. We introduce an adaptive dis-
cretization that takes into account the local smoothness of every trajectory of
the solution. The resulting adaptive Euler approximation performs asymptot-
ically optimal in the class of all numerical methods that are based on a finite
number of observations of the driving Brownian motion.

1. Introduction. We consider a d-dimensional system of stochastic differen-
tial equations

(D dX(t)=a(t, X)) dt +o(t, X)) dW (1), t €0, 1],

with initial value X (0). Here W denotes an m-dimensional Brownian motion, and
a: [0,1] x R? - R4 and o: [0, 1] x R? — R4*m satisfy certain smoothness
conditions.

In most cases an explicit solution of (1) will not be available such that an
approximation must be used. In this paper we analyze numerical methods that
are based on the initial value X (0) and finitely many sequential observations

W(ty)),..., W(ty)

of the driving Brownian motion W. Except for measurability conditions we do
not impose any further restrictions. The kth site 73 may depend on the previous
evaluations X (0), W(t1), ..., W(tx—1) and the total number v of observations of
W may be determined by a stopping rule. Finally, the resulting discrete data may
be used in any way to generate an approximation.

We aim to find an approximation X that is pathwise close to the whole
corresponding d-dimensional trajectory of the solution X. As a natural measure

of performance we consider the maximum distance

X — X|loo = max max |X;(r) — X; (1)l
tel0,1]1<i<d
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UNIFORM APPROXIMATION OF SDEs 665

o_f the d components of X and X on the interval [0, 1], and we define the error of
X by averaging over all trajectories, that is,

egX) = (E(IX - X)), 1<q<oo.

As a rough measure for the computational cost of X we use the expected number
n(X) of observations of W. We adress the following question: What is the
minimum cost necessary to achieve an error e, (X) <e?

Up to now, answers to this question are partial with respect to the numerical
methods or the system (1) of stochastic differential equations. Faure (1992)
determines an upper bound with an unspecified constant for the error of a piecewise
interpolated equidistant Euler scheme. Hofmann, Miiller-Gronbach and Ritter
(2000b) introduce an approximation that performs asymptotically optimal for
systems with additive noise, that is, o (¢, x) = o (t).

In the present paper we provide an answer for the general case. We introduce an
adaptive discretization that takes into account the local smoothness of the solution.
Under standard regularity conditions, the smoothness of each component X; of the
solution at the point (¢, X (¢)) is determined by

m
2
E((Xi(t4+8) — Xi ()" | X)) =D 0}(t. X (1)) - 6+ 0().
j=1
Hence ZT:1 of ; (t, X(¢)) serves as a conditional Holder constant for X;. Due to
our error criterion it is reasonable to evaluate W more often in regions where the
maximum conditional Holder constant

1/2

m
* 2
o’ (t,x) = max o (t,x
(t, %) 15&1(; 2 ))

is large and vice versa. Roughly speaking, we apply this rule by taking the
step-size Tx41 — Tx proportional to the squared inverse of the current value of
o *(tx, X (1)) with a proportionality constant that depends on the average size of
o™ on the interval [0, 1]. Tt suffices to use the interpolated Euler Scheme with this
discretization to obtain an asymptotically optimal approximation )?;;*n with input
parameter n. The corresponding error satisfies

172

lim (n(X7%)/ Inn(XZ%)) " - eq (X7,

(g+2)/2¢

1 q/(q+2)
— (E(/O (o*(t, X(t))zdt) ) /2

see Theorem 1.
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No other method that uses N observations of W on the average can lead to better
results. In fact, we show that

/N2

1 q/(q+2)\ T2/
liminf (N/In N)!/2 -, (Xy) > (E(/ (o™ (1, X(t))zdt) )
S0 0

for every sequence of methods X y such that
n(Xy) < N;

see Theorem 3.

In Section 2 we state our assumptions on the system (1). The conditions
imposed on the drift and diffusion coefficients as well as on the initial value
are standard assumptions for analyzing stochastic differential systems; see, for
example, Bouleau and Lépingle [(1994), Chapter 5].

The adaptive method X **n is defined in Section 3. This method adjusts the
number v of evaluations of a given trajectory of the driving Brownian motion
W to the corresponding trajectory of the solution X. Hence no a priori bound
on the computation time is available for the user. Alternatively, we introduce a
modified version of this method that uses the same number of evaluations for every
trajectory.

In Section 4 we present the exact asymptotic performance of both the adaptive
methods and the interpolated Euler Scheme with equidistant step-size. All methods
yield the same order of error but the corresponding asymptotic constants may
heavily differ. This is illustrated by the case of a geometric Brownian motion in (1)
which results in linear and exponential dependence on the squared volatility for the
respective constants of X +* and the equidistant Euler Scheme.

Lower bounds for arbltrary numerical methods that are based on a finite number
of evaluations of W are given in Section 5. In particular these results show that for
being optimal it is inevitable to adjust the number v of observations to the current
trajectory of the solution.

Proofs are postponed to Section 6. Finally, in the Appendix, we present an
explicit formula for moments of the maximum of a geometric Brownian motion
which is needed for the calculation of some asymptotic constants.

The central role of conditional Holder constants has already been observed
and successfully exploited by Hofmann, Miiller-Gronbach and Ritter (2000c) for
L,-approximation of a scalar equation (1). In this case, basically, an interpolated
Milstein Scheme with step-size proportional to the inverse of |o| performs
asymptotically optimal. See Remark 4 for a more detailed comparison.

We further mention that pathwise approximation of a stochastic differential
equation is strongly connected to the problem of reconstruction of a stochastic
process based on observations of the process itself. See Traub, Wasilkowski and
Wozniakowski (1988), Maiorov and Wasilkowski (1996), Miiller-Gronbach and
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Ritter (1997, 1998) and the references therein for corresponding results with
respect to uniform and L;-approximation.

Frequently, discrete norms, that is, the distance between the solution and its
approximation at a finite number of points, are studied in the literature. See
Hofmann, Miiller-Gronbach and Ritter (2000a) for a discussion on this topic and
Kloeden and Platen (1995), Milstein (1995) and Talay (1995) for results and
references.

2. Assumptions. We use | - | to denote the maximum-norm of a matrix
or a vector. By | - ||, we denote the L,-norm of real-valued functions on
[0, 1]. Furthermore, we define || f |, = maxj<;<q || fi |l » for R4-valued functions
fon[0,1].

Throughout this paper we assume that the drift coefficient a, the diffusion
coefficient o and the initial value X (0) have the following properties.

(A) There exists a constant K > 0 such that f =a and f = o satisfy

[ft,x) = ft,Y)]ooc <K - |x =Yoo,
|f(t, X)|oo < K - (14 |X]oo),
1f(5,%) — F(t, )]0 < K - (14 [x|00) - |s — £]1/?

for all 5,7 € [0, 1] and x, y € R,
(B) The initial value X (0) is independent of W and

E X (0)|m24) < o0,

Given the above properties, a pathwise unique strong solution of the equation (1)
with initial value X (0) exists. In particular the conditions assure that

E || X |39 < oo,

3. The adaptive method. The adaptive method basically works in two steps.
First, we use a rough approximation at equidistant discrete points to estimate the
drift and diffusion coefficients as well as the maximum Holder constant of the
current trajectory of the solution. The latter determines the number and distribution
of additional observation sites for the Brownian path to be used. At the second
stage we piecewise freeze the drift and diffusion coefficients and we take the
additional observations to refine the approximation.

We use the Euler Scheme to compute approximations at discrete points. For
every discretization

O=t<---<=1
this scheme is defined by
X (10) = X (0)



668 T. MULLER-GRONBACH

and

X(te+1) = X (z0) +a(e, X(10)) - (o1 — 1) + 0 (ve, X(20)) - (W (te1) — W (10)),

where £ =0,...,k — 1. A global approximation X for X on [0, 1] is obtained by
piecewise linear interpolation of the data (7,, X (7¢)). Obviously X depends on W
only through its values at the discretization points.

3.1. The adaptive method )?;‘*n with variable number of discretization points.
For n € N choose k, € N and compute the Euler approximation
xe =X} (t0,0)
at the equidistant points
‘L’g’():E/kn, ZZO,...,kn—l.
The corresponding estimates of the maximum conditional Holder constant are
o) =0" (10,0, X0), £=0,....,k, — 1.

Put
1/2

kn—1
S= (1/kn > (Gf)2>
=0

and determine the number of additional knots to be placed equidistantly in the
subinterval ]z; ¢, Ti41,0[ by

kn—1
Ly i = M(G"*)z/ Z<o;>2) -n-SZq/(W)J if § >0,
o =0

0 otherwise.
The resulting adaptive discretization of the subinterval [1; 0, Ti+1,0] is thus given

by
T, =710+ j/(kn - (g + 1)), J=0,...,ug;i+1.
Next, put
ai = a(1,0, Xi), o; =0 (Ti,0, Xi),
and use the Euler method
X (1 j41) = Xi (ri )+ ai - (T — Tig) +0i - (W) — W(T, ),

on every subinterval [1; ¢, 7;41,0] without updating the drift and diffusion coeffi-
cient. Finally, piecewise linear interpolation yields the global approximation on
[0, 1].

Clearly, the distribution of the majority of knots used by X7*, should be adapted
to the particular trajectory. On the other hand, the quality of adaption crucially
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depends on the estimates of the maximum Holder constant. We therefore adjust
the size k;, of the initial equidistant discretization by

i fa/ =0
and

lim (k,/n) -Inn = oo.
n— oo

Note that the total number of observations of W that are used by )?;‘*n is roughly
determined by the L,-average

1 1/2
lo*]l2 = (/0 (o™ (2, X(t))zdt>

of the maximum conditional Holder constant, which may heavily depend on the
particular trajectory. Consequently, there is no a priori bound on the computation
time available for the user. This can be overcome by using the following version X .
of the adaptive method. However, note that the property of bounded computation
time is not free of charge, see Theorem 1, the second equality in Theorem 3 as well
as Example 1.

3.2. The adaptive method X » with at most n discretization points. In contrast
to X7%,, the method X7/ does not depend on the parameter g. It coincides with

X’qk*n up to the fact that the numbers w, ; of evaluation points in the subintervals

17i.0, Ti+1,0[ are replaced by

kn—1
i = K(G{")z/ ;} (GE)2> (n — k,,)J if § >0,
L(n —ky)/ky] otherwise,

fori =0,...,k, — 1.

Clearly, X' uses at most n observations of W for every trajectory. Nevertheless,
the distribution of the observation sites is still adapted to the trajectory. On the
subinterval ]t; 0, Ti+1,0[ the method X takes steps of size roughly given by

(1/n) - lo*115/(0*(zi,0, X (1i,0)))%.

4. Performance of the adaptive method. To every system (1) and every
g > 1 we associate the constants

2 +2 +2)/2
C:;* — (E ||G*||261/(f] ))(l] )/ f]’
— q5\1
C=(E oI

Let n(X ;fn) denote the expected number of observations of W that are used by

X ;*n and recall that X * uses at most n observations of W for every trajectory.
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THEOREM 1. The adaptive methods X;fn and X* satisfy

. S EN 1/2 ~
Tim_ (n(X;%)/Inn(X;35)) " - e (Xo%) = Co* /N2
and
. 1/2 TR\ vk
nll)rréo(n/lnn) eq(Xn)_Cq/\/E

for every system (1).

In a first step, we justify the use of our adaptive method by showing its
superiority to the piecewise interpolated Euler Scheme X with step-size 1/n. We
stress that much stronger optimality properties of our method will be established

in Section 5.
The constant associated with X}, is given by the gth mean

1
Cs = (E|lo*|4,)"4

of the global maximum of the maximum conditional Holder constant o *.

THEOREM 2. The interpolated equidistant Euler Scheme )?2 satisfies
. 1/2 v
nll)rrolo(n/lnn) / ceq(X5) = Cg/\/i
for every system (1).
Clearly, the order of convergence is the same for all of the above methods. Note,
however, that
sk * €
C; =C,=C,

with strict inequality in most cases. See Remark 1 for a characterization of equality.
Furthermore, we have

*kok * . *
sup Cq =C1=1nqu,
1<g<2 g=1

C*=C5=inf C}.

T e

EXAMPLE 1. Consider the linear equation
dX(t)=bX(t)dW(t)

with b > 0 and initial value X (0) = 1 in the case d = m = 1. The solution is the
geometric Brownian motion

X(r) =exp(—b?/2-t +b-W(r))
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with drift zero. For ¢ = 2 we obtain
CS=b-(3-exp(h?) - ®(3b/2) — d(b/2))

from Theorem 5. Here @& denotes the standard normal distribution function.
Straightforward calculations yield

172

€5 = (exp0®) — 1)'/%.

Finally, using Theorem 5 again, we have

Cy*=E(b- X))

1/2
<b-E(XIZ21x11%

<b-(E(IXI0)" - (EAIXID)"?

<b-(b+2)-27'2

For X ~and X * the asymptotic constant depends exponentially on the parameter b.
For X3* we only have a linear dependence on b2

5. General methods and lower bounds. The adaptive methods introduced
in section 3 use a realization of the initial value X (0) and a finite number of
observations of a trajectory of the driving Brownian motion W. We now present
lower bounds that hold for arbitrary methods of the above type and arbitrary
systems.

Fix a and o, and consider the corresponding system (1). We follow the notation
in Hofmann, Miiller-Gronbach and Ritter (2000c). Formally, a general method is
then defined by mappings

Y REDmHd 10,17,

xi: RE™+4 _ (STOP, GO},
. d

dr: R (Lo (10, 17))

for k € N. The sequential observation of a trajectory w of the Brownian motion W
starts at the knot 1/ (x), which may depend on the realization x of the initial value.
After k steps we have observed the data

lllk(x’ w) = (X/, )’i» s yllc)/a
where
yi=wi(x), ..., wk=wW(&, ¥, .o))

After each step we decide to stop or to further evaluate w according to the value of

X (Wi (x, w)).
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The total number of observations of w is then given by
v(x, w) = min{k € N: x;(Wx (x, w)) = STOP}.
If v(x, w) < oo then the data
W(x, w) =Wy w(x, w)

are used to construct the approximation ¢y, w) (¥ (x, w)).

Formally, we assume measurability of the mappings ¥, xx, and ¢i. Further-
more, for obvious reasons, we restrict to the case v(X (0), W) < oo with probabil-
ity one. The resulting method is given by

X = dux . w) (¥(X(0), W)).
Note that
D(X(0), W) = {y1(X(0), ..., Yux©),w)(Yux©),w)—1(X(0), W))}

is the set of observation sites used by X. As previously we analyze the error ey (X)
with respect to the average number

n(X)=E#D(X(0), W)

of evaluations of W. Here # denotes the cardinality of a set.
__Let X** denote the class of all methods of the above form, and note that
X;', € X** for the adaptive method from Section 3.1.
Put
v ={XeX*:n(X) <N}
for N € N, and let
ey (N) = inf{e,(X): X e Xy}

denote the minimal error that can be obtained by methods that use at most N
sequential observations of W on the average.
As a subclass X* C X** we consider all methods that use the same number

of observations for all trajectories. Formally, the mappings x; are constant and
v =min{k € N: y; = STOP}. Put

Xy ={XeX*:n(X) <N}
as well as
e;‘(N) :inf{eq(Y):Ye X*N}

Recall that the adaptive method X * from Section 3.2 uses at most n observations
for each trajectory. Hence X € X by a suitable definition of the mappings ¥,

Xk> and ¢y.
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THEOREM 3. The minimal errors satisfy
lim (N/InN)!/2.e*(N) = C}* /2,
N—o00

lim (N/InN)"/2.e*(N) = C* /2
N—oo q q
for every equation (1) and each q > 1.

Note that the estimates from Theorem 1 match with the corresponding estimates
from Theorem 3.

COROLLARY 1. Foreach q > 1 the methods X o and 5(\: are asymptotically
optimal in the respective classes Xy with N = [n(X7%)1 and X.

REMARK 1. Let
o (1) = (E((o*(t, X (1)) *

for each ¢ € [0, 1]. Note that in the one dimensional case, d = 1, a* describes the
smoothness of X only locally in time.
Due to the Markov property of X we have C;* = C7 iff, with probability one,

) Viel0,1]: o*(r, X)) =a* ().

In particular (2) holds for systems (1) with additive noise.
Next, it is easy to see that C* = C® iff, with probability one,

3) Viel0,1: o*(t. X (1)) =o*(0, X(0)).

In the one-dimensional and univariate case, d = m = 1, (3) is equivalent to the
solution X being of the form

t
X() = X(0) +/ a(t, X(1))dt £0(0, X (0)) - W(2).
0
Thus, the local smoothness of each trajectory does not vary in time.

REMARK 2. The optimal method X ;*n crucially depends on the parameter g.

Whether or not there is a single method X +* which is optimal for all ¢ > 1 remains
an open question. However, by Lemma 9 and the Holder inequality we have

limsup (n(X7%,)/ Inn(X{5))""* - ¢y (X5
<(E o™ 137 (Elo*1347) 1 /72
< (Elo*139)* /72
<C/V2

for each g > 1.



674 T. MULLER-GRONBACH

Note that the last two inequalities are strict except for the specific case
corresponding to (2). The method X7* is therefore superior to the method X
for every g > 1.

REMARK 3. Roughly speaking, the method )?;;*n uses step-sizes proportional
to 1/(o*(zy, X (t)))? with a path dependent proportionality constant determined
by S; see Section 3.1. The latter seems to be essential for its superior asymptotic
performance. For instance, define the method X, in the same way as X;fn with the
numbers 4 ; replaced by

i = L(0)?* - n)

fori =0,...,k, — 1.
The ratios of the number of knots assigned to the subintervals by X, and X7*,
basically coincide,

Wil lj = q.i/lq,j,

but the method X, does not adjust the total number of knots in an appropriate way.
In fact, the methods of proof in Section 6 carry over to show that

Jim (1 (%) /Inn (%) - eq(X) = C3/V/2.

k3k

om» and it performs even worse than X7 if

Hence, the method X . 18 inferior to X
q <2.

Note further that, in contrast to X a.n» the method X, progresses from the left to
the right. It remains an open question whether there exists a method of the latter

kind that performs asymptotically optimal.

REMARK 4. The concept of choosing the discretization according to the size
of conditional Holder constants also works for other optimality criteria. Hofmann,
Miiller-Gronbach and Ritter (2000a, c) analyze numerical methods for pathwise
approximation of a scalar equation (1) with respect to the averaged L,-error

e(X)=(E |X - X|3)"/>.

They show that the minimum error in the class of all methods that use at most N
observations of the driving Brownian motion W on the average,

e (N) =inf{e(X): X € X3/}
satisfies

lim N'?.¢*(N)=E|o]| /6.
N—o0
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Moreover, using a step-size proportional to 1/|o| leads to an asymptotically
optimal method. We conjecture that these results may be extended to the
communitive system case by employing the discrete Ly-average

of the respective conditional Holder constants.

6. Proofs. Instead of estimating X — X directly, we use an approximation é
that is based on the whole trajectory of W and analyze X — X as well as X — X
separately. For a discretization

4) O=tp<--- <=1,
the process X is given by X (0) = X(0) and
(5)  X(0)=X(te) +alte, X(t0)) - (t —t0) + 0 (te, X (1)) - (W) — W(ty))

for t € [t¢,t¢4+1]. Clearly, X is not an implementable numerical scheme for
the global approximation of X. Due to Theorem 4, if the discretization (4) is
equidistant and k is chosen suitably with respect to n(X) then (E ||)V( — X ||V
is the dominating term asymptotically.

Throughout the following we let ¢ denote unspecified constants that only
depend on d, m, g and the constants from conditions (A) and (B).

Let

Ap=te1 — 1
for ¢ =0,...,k—1, and put

Amax = max Ay,
0<t<k—1
Due to Hofmann, Miiller-Gronbach and Ritter (2000b) the following upper
bound holds for the error of X.

THEOREM 4. Assume that a as well as o satisfy condition (A) and let X (0)
satisfy (B). Then

(EIX = X|l9)"7 <c- A2,

Observe further that, conditioned on W(t), ..., W(#), each component )V(i
of X is a weighted Brownian bridge with a linear trend on each subinterval
[#¢, tes1]. Basically, error bounds for the uniform approximation of X may thus
be obtained by employing results on the uniform approximation of weighted
Brownian bridges.
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6.1. Approximation of weighted Brownian bridges. Throughout the following
we use By, By, ... to denote a sequence of independent Brownian bridges on the
interval [0, 1] with B;(0) = B;(1) = 0. We put

Gy, o) =P(max (@ [Bilo)! >u),  u=0
1<i<n
and
My(ar,...,00) = E max (o - || Billoo)?
1<i<n
for nonnegative numbers «1, . . ., «;,. Furthermore, we use the notation
Gqu;n)=G4u;1,..., 1), My(n) =My(1,...,1).
LEMMA 1. For all numbers ay, ..., a, > 0 it holds
" 1/2
1 1
(Mg (... o))/ = <l/n : Za}> (Mg ).
i=1
LEMMA 2. Leta,a1y,...,0 > 0such that
lim max o;, =«
and

liminf L % 2@ — )

n—00 n

>0

for every € > 0. Then

o0
/(; Gg(u- (Inn)4/?; ALy Qpp)du <c,
S q/2
nlglgo o Gg(u-Inn) = a1y, ..., 0nn)du=0

and

nll{%o Gg(u- (Inn)?/2; ALy e ) = 1
for0<u < (a?/2)4/2.

See Ritter (1990) for proofs of Lemmas 1 and 2 in the particular case o; , = .
The latter immediately yields the following fact.

COROLLARY 2. Under the assumptions of Lemma 2 we have

lim (Inn)~'/2. (Mg (1 p, ..., oen’n))l/q =272
n—>oo
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Next, consider the discretization (4) and let
BI,E, ceey Bm,e

denote Brownian bridges on the interval [#;,f,41] so that By, ..., By x—1 are
independent. Fix numbers

Bi,j.e, j=1,....m,i=1,...,d, £=0,....,k—1,
and let

m
z . 2
/3 11’£1l8.<Xd 0<1}1<a]§ 1 (AE Z /31,],5
LEMMA 3. For every z > 0 it holds

E max max sup
1<i<d 0<l<k—1yt,<t<ty

m
> Bije- Bje)
J

=1

§z+d-/m94(u//3q;k)du-

PROOF. We have
q

E max max sup
1<i<d 0<l<k—1y¢, <t<tpy

Zﬂl]@ B] Z(t)

j=1

[e.e]
=/ P| max max
0 1<i<d 0<tl<k— 1l@<l<l‘[+1

0
SZ—!—Z/ P( max
. Z

0<l<k—1 f£<f<fl+l

Z:BLJZ BJ ¢(?)

j=1

Z:BLJZ B] ¢(t)

=1

q

>u)du
q

>u>du

q
>u>du

172

(Z ,Jg> - Bi,e(t)

q
>u>du
q
>u>du

o0
=z+§/ P( max sup
. z

0<l<k—1 te<t<tyy

by the independence of By g, ..., Bn k—1-
Renormalize each interval [t;, #,41] to [0, 1] to obtain

1/2
o /
/ P max

z 0<t<k—1y¢, <t<lg+1

(ZIBLJZ) 'Bl,ﬁ(t)
1/2

Y 1/2
_-/z <0<r?31§ 1011;81 (Z'Bui> AT Be(D)
= / P(p7- max IBel > u)du,

which completes the proof. [J
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6.2. Proofs of the lower bounds in Theorems 3 and 2. Fix a discretization (4)
and put

Up=(te, X(t0)),  Up=(te, X (1)),

as well as
i1 1/2 k-1 1/2
2 v v \2
A=<Z(U*(Ue)) ‘N) , A=<Z(G*(Ue)) ‘N)
=0 =0
LEMMA 4. For every discretization (4) it holds that
. 1/q
* % q CAL2
©) (E, max lo*(Un) o™ (Uplt) " < AT,
(7) (ElA—AIDY <c- Al
and
3) A<c (141X oo)-

PROOF. Due to (A) we have

m 1/2 m 1/2
lo*(Ue) = 0" (U)| <d - max (Z ofjwz)) - (Zafjwz))
= =1\ j=1 j=1
m 1/2
©) <d- i i(Up) — 0o lj 2
< 11;11@(;(0,,( 0 —0ij(U)

<l

<c-[X(te) — X(10)]oo
<c-1X = Xlco-

Hence
v 1/q .
* —o* 1 . —_ x4 /4 Al
<E(O§rlp§alz(—l |U (UE) o (Ug)l )) <c (E ||X X”oo) <c Amax

by Theorem 4, which proves (6).
Furthermore, it holds

e ) 12
A — Al < (Z (0*(Ue) — *(Up))*- Ae)
£=0

< max |o*(Up) —o*(Uy)|,
0<l<k—1

such that the second inequality is a consequence of (6).
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Finally, by (A),

A< max o (Up)
0<l<k—1

1/2

= U,
oI | i, (Z il f>)

2,172
<c- (T4 X(¢
sc- max max (m- (14X (1))
<c-(I+[X]loo)s
which completes the proof. [J

Consider an arbitrary method X € X** and recall from Section 4 that
D(X(0), W) = {¥1(X(0)), - .., Yux©.w) (Pux©).w)-1(X (0), W))}
is the set of observation sites used by X. Let
d¢ =#(D(X(0), W)N]te, te1[) + 1,
={ef{0,....k—1}:0%(Uy) #£0},
and put

) =max(1, ng>.

lelL
Note that dy as well as § are measurable functions of V.

LEMMA 5. If X uses the knots ty, . .., ty then

max-*

eq(X) > (E((,fi"/(SQ/z) . Mq((g)))l/q c- A2
PROOF. Observing Theorem 4, it suffices to show that
(10) E|X = X4, = E((A1/897%) - My(3)).
Since U ¢ 1s a function of W, we have
X(t) — E(X(0)|W) =0 (Up) - (W) — E(W(1)|W))

fort € [ty, t¢+1]. Conditioned on W, the discretization D (X (0), W) is fixed and the
process W — E(W|W) consists of independent, m-dimensional Brownian bridges
corresponding to each subinterval. In particular it follows that, conditioned on W,
the distribution of the process X — E(X|V) is symmetric with respect to the zero
function. Hence

(11) E(IX = X[%,|W) > E(I|X — E(X|W)[|4,|¥);
see Traub, Wasilkowski and WozZniakowski (1988).



680 T. MULLER-GRONBACH

Let
i(t,x):min{l o*(t, x) Za%j(t,x)}.

Then
E(IX — E(X|W)||%,|W)

Z oi.j W) - (W) — E(W;(1)|¥))

j=1

X
X

Recall that dy is the number of subintervals in [#;,f;11]. Renormalize each
subinterval to [0, 1], and apply Lemma 1 to obtain

=F ( max max sup

1<i<d 0<t<k-—1 te<t<tgy
(12)
m

> E( max  sup Ot (Ue) - (W, (1) — E(Wj(1)|W))

0<l<k—1 t<t<tyyi =

= E( max  sup ]o*(Ug) (Wi () — E(Wi ()| W))|? "I’>

0<t<k-—1 te<t<tyy

E(IX - X&) = E(max sup [o™(U0) - (Wi0) = EWi(0)]9)) | |w)

€L n<r<ty4y
> (A9/59%) - E(max |Bi1%,)

from (11) and (12).
Clearly, (10) follows by taking expectations. [J

We now turn to a sequence of methods X y € X**. Choose a sequence of positive
integers ky such that

(13) lim ky/N= lim N/(ky-InN)=
N—o0 N—o0

Since ky = o(N) we may assume that X y uses in particular the knots
(14) tg=1L/kn, £=0,...,ky.

We use this discretization in (4), and we denote the related quantities canonically
by XN, AN,SN,
Due to (6) we have

15) lim max |o*(Un.e) — 0 *(Uy,0)| =0

N—oo 1<l=<ky

in probability.
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Furthermore,
(16) P( Jim Ay =lo*l2) =1,
by the continuity of X and o*. Observing (7) we thus conclude that
(17) Jim Ay = [l
in probability.

Applying a subsequence argument, we may assume that (15) and (17) hold with
probability 1. Since

51\7 = max <1, Z dN’g> >#Ly,
ZELN

it follows in particular from (15) that
(18) P( Jim 8y =00, [0%]loc > 0) = P(ll*[|oo > 0).
N—o00

We first analyze the classes X** and X*.

LEMMA 6. IfXy € XY for every N then

liminf(N/In V)72 (E((AS /6) - M 6))* = €52

PROOF. Let vy denote the number of knots used by Xn and note that
vy > ky. By monotonicity and concavity of the function
x> x/Ilnx, x> e,
we have
N/InN > Evy/In(Evy) > E(vy/Invy) > E((Sy/1né8y) - 1{8N>62})

for N sufficiently large. Here 1,4 denotes the characteristic function of a set A.
Applying the Holder inequality we conclude that

(N/InN)'2 - (E((AS/84%) - My 54))
> (E(Gn/Indn) - 1syae2) 2 - (E((AL /84 - My (63)))

= ((E((SN/ln(SN) . 1{5N>62}))q/q+2

. (g+2)/2
< (E(GAL /83 - M)/

v 2 2 (g+2)/2q
= (E('A’Iz\;]/q_'_z ’ (l/lnéN)q/quz ’ (Mq(SN)) fas2. 1{8N>e2})>



682 T. MULLER-GRONBACH

= (E(Ai,q/q” . ((1/1115N)1/2 . (Mq((gN))l/q)lq/(quz)

y 1{ ))(6]4‘2)/2‘]'

dn>e%, [0 oo>0}
Furthermore, with probability 1,

s 42 12 1/ 2q/(g+2)
Al .((1/1n5N)/ - (Mg (8n)) q) Tow=e2 o 1e>0)

N
— (lo*[l2/v/2)%/ @+
by (17), (18) and Corollary 2.
Now use Fatou’s Lemma to complete the proof. []
LEMMA 7. If Xy € X}, for every N then

ljivminf(N/lnN)l/z : (E((A?V/az/z) : Mq(SN))>1/q > Ci/V2.

PROOF. Note that §y < N by definition of XY;. Thus

(N/In N2 (E((AS /842) - My 3x)))

> (E(Gn/ oy (AL /85 - MyGn) - 1isy-2 o o0)))

v 1/
- (E(A?v A((1/83) 2 (Mg B3)) )T 1{3N>62’”G*”w>0})> !

and the result follows as above in the proof of Lemma 6. [J

Combine Lemma 5 with Lemmas 6—7 and observe

1/2
N,max

lim (N/InN)/2. A = lim (N/(ky-InN))'*=0,
N—oo N—o0

to obtain the lower bounds in Theorem 3. Moreover, if N is chosen appropriately,
these lower bounds yield the lower bounds in Theorem 1.

Finally, we turn to the piecewise linear interpolated Euler Scheme X & - Recall
that X§, evaluates every Brownian trajectory at the equidistant knots

(19) tne="{/N, £=0,...,N,
only.
LEMMA 8. The equidistant Euler Scheme X & satisfies

liminf(N/In N)'/2 - ¢, (%) = C3 /2.
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PROOF. By Theorem 4 we obtain

(20) limsup (N/InN)"/2 . (E||X — Xn[9)"/ < ¢ -limsup 1/(InN)'/> =0

N—oo N—o00

for the approximation Xn corresponding to (19).
From (11) and (12) we get

E(IXy — X$11%,1¥y)

>E( max  sup  [o*(Uno) - (W) — E(Wi(0]¥))[* @y ).

0=C=N—l1y ¢<t<ty e+

Note that Wy — E(W|Wy) = W — E(W1|W1(2‘N’1), LW (tN,N)) consists of
independent Brownian bridges corresponding to each subinterval [ty ¢, tx o411
Renormalize each subinterval to [0, 1] to obtain

E(IXN = X§ll&IWn) = (1/NV?) - My (6™ (Un.0). -, 0™ (Un.n-1)-
As above we may assume that (15) holds with probability 1. Thus

P(Jim  max o*(Un,0) =llo* o) =1
N—oo 0<¢<N-1

and
P(liminf (1/N) - #{€:0*(Un.0) > 6% l0o — €} > o) =1
N—o0

for every ¢ > 0.
Hence, by Corollary 2,

P( lim (InN)"9"%- My(c*(Un.0),--.,0*Un.n-1)) = o "I - 2—‘1/2) =1.
N—o0
Fatou’s Lemma yields
Lminf(N/InN)Y2 . (E | Xy — X$119,)"/
N—o00
1) > liminf(1/InN)'/2 - (E My (o*(Un0).....o*Oy.y-1)))"
—00
e
> CS/V2.

Finally, combine (20) and (21) to complete the proof. [

6.3. Proof of the upper bounds in Theorems 1 and 2 and Remark 2. Fix
g € [1, q] and consider a method

X € [R2%, X, K.
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Recall that X y uses the knots (14) if Xy € {5(\;5*1\,, 52}’{,} and 5(\5'\, is based on the
discretization (19) only. Put

iy ky if Xn € (X35, X3 ),
N if Xy=X§,
let
OZIN,0<"'<IN,mN:1

denote the discretization corresponding to the above cases, and let Xy denote the
respective approximation (5).
Fix £ € {0, ..., my — 1} and recall from Section 3 that

nge+2 i Xy =Xz,
re=pe+2 it Xy= X%,
. X7 _ Ae
2 if XN = XN’
is the number of knots
ING=T0,0<Te1 < <Tlry <Turg+1 =INL+1

used by Xy in [tn e, tn o+1]. Let WN,Z denote the piecewise linear interpolation
of W — W(ty ¢) at these knots. Then

(22) Xy (1) = Xn(0) =0 (Up) - (W(t) — Wtn.e) — Wy o(1))
fort € [tn e, tN e41].
Put

Hy = (X0), W(n.1)s s WENmy))

and note that [}g, ,f{w, r¢ and the knots 7y, are measurable functions of Hy.
Moreover, conditioned on Hy, the processes W — W(tn ¢) — WN,g consist of
independent m-dimensional Brownian bridges corresponding to each subinterval
[Te.r» Ter+1]-

By definition of X y, all subintervals [Te.r, Te.r+11] are of the same length with

" 1/2
(Z Ui%j(ljz)) (o1 — )
j=1
(23) <o*(Up)/(ky - (re — 1))

<

12/(G+2) ;ar1/2 Y Y
[ =i,
An/(N —kn)V? if Xy = X3,
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and
m 1/2
(24) ( Y o ja“fe)) (tgr41 — 1) ? < 0*(Uy) /N
j=1
if Xy = X8
Let vy denote the total number of knots used by X y and put
Ay N2 if Xy = X3
B ={ An/(N —ky)'/? it Xy = X3,
* 77 1/2 ey ye
Ofrenfa}z’(_la (Ue)/N if Xy =X}

Observe (23) and (24), and apply Lemma 3 with B; j ¢,y = 0; (Ug), AV
Tor41 —Terand z = ,35{, - (Invy)?/%/24/2 to obtain
E(IXy — Xn || Hy)

(25) < B - (nvy)e/?. (2_‘7/2 +d- /00/2 G (- (Invy)?/?; VN)d”>'
2—4

We separately analyze the methods 3(\;.’5* , X% and X§,.

oxk :
LEMMA 9. The sequence Xg’  satisfies

limsup (Evy/InEvy)'/?. eq(f;fjk]v)

N—o0

2g/(Gg+2)\1/2 2 g+2)\ 1
S(E||G*||2q/(q+ ))/ (E ||O_*||2[I/(q+ )) /Q/\/E

PROOF. Fix p € [0,g]. Similarly to Section 6.2 we may assume that
limy_ o AN = ||0*||2 with probability 1. Hence

. . p p
lll\lniglof EAN = E|o*|5

by Fatou’s Lemma.
Furthermore,

lim E AR =E|o*|}

N—o0
by (16), (8) and (B).
Hence,
(26) Jg&EAZ=EHfW§

follows from (7).
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Clearly, we may assume P (]lo*|l2 > 0) > 0. Recall that

27) N - JL{’]Z\?/@-FZ) <y <ky+N - *"{‘?\?/@4_2)
by definition of X ;}kjkN'
Hence,
(28) Jim (Evy/InEvy) - (nN/N) = Ello*|2/@+

by (26), and therefore

limsup(EvN/ln(EvN))l/2 A(E|X = Xy

N—o0
<c-limsup(N/(ky -InN))> =0
N—o0

by Theorem 4.

Put

2.
Iy=d- /z—q/z Gg(u - (In )2 vN) du

and let

Vy = (Invy/In N)3/2 . 43810 a=ai2 4 1),
In view of (28) and (25) it remains to show that

(29) limsup EVy < (E||o*|34/ 7)) j24/2,

N—o00

From (27) we get
Invy/InN < (InN +1n(1+ A?\?/@H)))/lnN <1+ ef{»IZ\,C}/@H)/lnN.

Moreover, by Lemma 2,

(30) Iy <c

and

(31) P(ngnoo 1N=0):1.
Hence

Vn < Q792 4 Iy) - (14 A G2 1g N) /2L {2076+
< (2—4/2 4+ Iy) - (‘7‘{3\1/@—’_2) + a‘{aN/(ln N)l/z)q

< (AYGD V2 4 ¢ Ay /N2 4 T AR @)
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and therefore

(E VN)I/q < (E A?\,‘]/(g"rz))l/fI/\/z_i_ (C/(ll’lN)l/z) . (E A?v)l/q
(32)
¥3q/(G 2/3
+(E113v)1/3q ) (EA?\;]/(‘]+2)) /34q

by the Holder inequality.
Note that

lim EIy =0,

N—o00

due to (30) and (31), and

29/(q+2)<3q/(q+2)=q.
Thus (29) follows from (32) and (26). [

For g = g we have

2g/(g+2)\1/2 2q/(Gg+2)\1
(E ||O_*||2‘]/(Q+ )) / (E ||O,*||2‘]/(q+ )) /q:C;]k*

such that Lemma 9 yields in particular the upper bound for the sequence X ;TN in
Theorem 1.

LEMMA 10. The sequence X N satisfies

limsup(N/InN)'/2 - e, (X}y) < C}//2.

N—o00

PROOF. Note that N — ky < vy < N by definition of X % - Consequently,
(N/InN)I2 - E(I Xy — X319 |Hy)

< (N/(N —kn))?? - A9, - (2—4/2 + [ Galu- (N2 N) du)

24
by (25).
Lemma 2 and (26) yield
limsup(N/InN)!'/%. (E Xy — 5(\}“\,”‘7)1/(] < limsup(Eef(u?\,)l/q/\/iz C;/\/i.
N—o00 N—o00

Finally, use Theorem 4 to complete the proof. [

LEMMA 11. The sequence X W satisfies

limsup(N/In N)/2 - e, (X§) < C;/‘/E-

N—o00
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PROOF. By definition of X % we have vy = N. Hence (25), Lemma 2 and (6)
imply

(N/InN)2 - (E (1Xy — X5119)

< (B((, 0" On0)' 0 1)

1/q

< (£(( o) -0 )

e (B(_mas 10" Uno — o Onol?))

< (o((, g o) @92 )

Due to Lemma 2 and (A) we have

P(Jim (max o*(Ux.) @2+ Iy) = oL, - 277) =1

N—00 \0<f<N-1
and
( max o**(UN,g)>q 2724 Iy) < (14 1X11L).
0<¢{<N-1
Hence,
limsup(N/n )Y/ (E Xy - X511 < (E lo*19)9 /72 = (€9 /V2.
oo

by (B) and Fatou’s Lemma.
Finally, observe Theorem 4 to obtain the desired result. [

APPENDIX

Consider the geometric Brownian motion
X (1) =exp(=b*/2-t+b-W(), €0, 1],

with zero drift and volatility » € R. Here W denotes a one-dimensional Brownian
motion. We provide an exact formula for the pth moment

E XI5, p>0,

of the maximum of X in terms of the distribution function ® and the density ¢ of
the standard normal distribution.

LEMMA 12. For «, B € R it holds that

/ooea,u D (—u+ B) du = (1/a) - (ea~ﬂ+a2/2 Do+ B) — ‘D(,B)), l:f()l #0
0 B-@(B) +e(B), ifa=0.
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PROOF. Let o # 0. By partial integration,

/ooe“'” - O(—u+B)du=(1/a)- (/
0 0
Clearly,

o0

- p(—u+ B) du — <I><ﬁ>).

/OO e - p(—u + B)du = VP2 /OO @(u—(a+pB))du
0 0

= P2 g+ ),

which yields the desired result.
Next, assume o = 0. By partial integration,

/OOCID(—u+ﬁ)du=/oou-¢(u—,B)du
0 0

=ﬂ-d><ﬁ>—/°°<p’<u—ﬂ>du
0
—B- D) +0(P).

which completes the proof. [J

THEOREM 5. For every p > 0 it holds that
E|IXII5,

1/(p—1)-(2p = 1)-ePP=DP2 0((p = 1/2) - |b]) — D(b]/2),

= if p#1,
Q2 +b%/2) - d(|b|/2) + |b| - @(b/2), ifp=]1.

PROOF. Clearly, we may assume b > 0. Then

E||X||gO=1+/looP< sup exp(p-(—b2/2~t+b-W(t)))>u>du

0<t<1

=14 [T p( sup (W —b/2-0) > /() du

0<t<l1

For ¢ € R and x > 0 we have

P( sup (W) +a-1)>x)=®—x)+e>%" d(—a — x),
(sup ( )>x)
0<r<l

see Karatzas and Shreve [(1999), page 368]. Hence

[e.e]
E|X|5,=1+p-b- </ ePP . D (—u—b/2)du
0

o0
+/ PP @y 1 b)2) du).
0
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Now, evaluate both integrals by applying Lemma 12 witho = p-b, 8 = —b/2 and
a=(p—1)-b, B=>/2,respectively. U
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