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1 Introduction

Many authors (]1-4,6-10,18-20,23,24,27]) have studied different kinds of FBM (fractional Brow-
nian motion). An important problem was to find a nice extension of the It6-Skorohod formula.
In the regular case (more regular than the classical one), Dai-Heyde [5], Decreusefond-Ustiinel
[6] gave a formula based on the divergence operator. The more difficult singular case was also
studied by Alos-Leén-Mazet-Nualart [2-4] who gave a formula in a general context.

Note that many of the cited authors prefer to deal with an other kind of FBM, associated to
the so-called Hurst parameter H which is real and corresponds to our a through the relation

_ 1
H—R,eOé—§

Recall that the LFBM (Liouville Fractional Brownian Motion) is defined by

1

o __ ! _Safl
Wt—r(a)/o(t o Law,

There are three main ideas in the present paper. The first is to deal with the Liouville spaces,
J*P which are the images of LP([0,7]) under the Liouville kernel defined by

50 = o | =T s

This idea seems to go back to our paper [14] of 1996, in relation with Hélder continuous functions,
and Young-Stieltjes integration. Another advantage of the Liouville space, as pointed in [14], is
to give the natural isomorphism

TP () = LP(p, TP)

where p is an arbitrary measure (for example the Wiener measure). This gives a nice interpre-
tation of Kolmogorov’s lemma, and this gives also some natural Banach spaces of solutions of
trace problems.

For a (§-Holder continuous function ¢, we redefine the FBM-Wiener integral as the natural
extension of the linear map

T T
X3(G) = /0 () dWE(G) = /0 H(1)dI*1G (1)

for a G € J'? which is the Cameron-Martin space of the Wiener measure, the integral being
taken in a little more precise sense than that of Young.

The second idea, after the deep study of [17,22,25], is to use the It6-Skorohod integral, and to
define

T
X§(w) = / w(w) © AWE(w) .

Here u is a B-Holder process with values in a Gaussian Sobolev space, and X$ is the Gaussian
divergence of a suitable FBM-Wiener integral.

Observe that if u is not adapted, X is not in general. Hence we get a true stochastic calculus
and an [to-Skorohod formula for anticipative processes.



The third idea is to use complex values of the parameter «, for Rea > % The interesting
property is that all the preceding objects are holomorphic functions of c. So that our first goal
is to show that there exists a differential formula in the ordinary pathwise calculus for Re o > %
We then extend its validity by analytic continuation on the domain of definition of every term.
To this end, we only have to prove that each involved term has a meaning. It appears that doing
so, we easily get for a = 1 the so-called It6-Skorohod stochastic formula, and for Re o > % the

fractional It6-Skorohod formula we were looking for.

Notice that for Rea < 1, the definition of the remaining term(s) in the It6 formula, needs
singular integrals which exist in the sense of Hadamard (Parties finies de Hadamard). Finally
for the It6 formula, a natural domain for («, 3) C C x R is defined by the conditions

3
Rea>1, 0<p<1l, Rea+p>1
Note that in [2], the It6 formula for the LFBM is only stated under the stronger condition
a+ (/2 > 1. Actually for the reason as above (true stochastic calculus), it is not reasonable to
consider other values than 0 < Rea — % In conclusion, a natural stochastic calculus can only
be obtained for Rea > %.

Observe that the point (2,1) is the most left limit point of the natural domain.

As a matter of fact, in all the paper, the only stochastic analysis elements we use, are the Wiener
integral and the Sobolev Gaussian space.

For adapted processes, it would be interesting to know that if the domain could be extended
by considering simultaneously the method in use in [1-4] (cutting the Liouville kernel to obtain
semi-martingales), and analytic extension of integrals.

Of course, it would be possible to extend this formulas to n-dimensional FBM. There would be
no new difficulties, except in writing formulas.

In conclusion, we can say that we have an ordinary pathwise differential calculus for Rea > %,
a “Young stochastic” calculus for Rea > 1, and a “Young-Hadamard stochastic” calculus for
Rea > 3.

1

2 Recall on the Liouville space

Throughout the paper, « is a complex parameter such that Rea > %, g is a real number (the
order of Holder continuity) between 0 and 1, and p is a real number (the Holder exponent of
integrability) strictly between 1 and +o0o when no other precision.

We use the same notations as in [14]. For Rea > 0, the Liouville integral is defined by convo-
lution
L[ st sy
Io‘f(t):—/ t— )" f(s)ds
I'(@) Jo

with the locally integrable function k. (t) = ¢S '/T'(a). Thus we obtain a holomorphic semi-
group of continuous operators of L} ([0,+occ[,dt,C) for p > 1, and then of LP([0,T]) as the
values of I*f on [0,7] do only depend on the values of f on [0, 7.
The Liouville space J*P is the image of the complex space LP([0,7]) under I®. For Rea > 1/p,

we have k., € L?OC so that J*P is contained in the space CY of complex continuous functions on



[0,T] vanishing at 0. Notice that J*P only depends on the real part Re«. Indeed, for real ~,
the Fourier-Schwartz transform

k iy (€) = (2m[€]) ™ explmy Sign(€) /2]

is a FL? multiplier according to the Marcinkiewicz theorem [21], so that I is a continuous

operator of LP([0,T]). It then easily follows by the semi-group property that JP = JT17P =
jRe ap.

Note that for Rea > %, the I*’s are Hilbert-Schmidt.

The natural norm of J*P is given by

HIafHa,p = Np(f)

where N, is the norm in LP([0,T7]). Obviously J*? is a separable Banach space which is reflexive
(of LP type).

For 3 €]0,1[, let C? the space of 3-Holder continuous functions on [0, 7] in the restricted sense,
that is those functions such that

o101y =10

is a continuous function. This is a separable Banach space under the norm

lells = llelloo + 1Pl

As it was proved in our paper [14], for exponents satisfying the inequalities 1 > 8 > v >
v—1/p > ' > 0, the following inclusions hold

CPCR+IT>™®cR+T"Pcc?. (1)

Now, let B be a complex separable Banach space. Most of the above properties also hold for
B-valued functions. For the property concerning the identity J*?(B) = JR¢*P(B), we need
an extra property. We say that a Banach space is a Bj-space if it is isomorphic with a closed
subspace of an L? space. Hence the required equality holds true for a B)p-space.

Note that every separable Hilbert space is a Bj-space (even if p # 2), and that a By space is a
Hilbert space.

In all of the paper, every involved functional Banach space is separable, and the expression
“absolutely convergent integral” of a Banach space valued function means that the function is
integrable in the Bochner sense.

3 Recall on the Wiener space

We denote 2 the standard Wiener space with the Wiener measure u, that is the space of R-
valued continuous trajectories w or w defined on [0, +o00[ and vanishing at 0. The standard
Brownian motion is denoted W;. The p-expectation is denoted E. The first Wiener chaos, that
is the space of p-measurable linear functions on Q (cf. . [11], th.22 and [12], th.11) is denoted by



H'. As for every Gaussian space, the gradient or differential V can be defined. In the particular
case of the Wiener space, for every elementary Wiener functional F(w) = @(Wy,,...,Wy,)

VF(w, @) = Z Dio(Wi, (w), ..., Wi, (w))Wy, () .

Notice that VF' is linear in the second slot.

The Gaussian Sobolev space D' = DP(Q, 11) is the completion of elementary functions under
the Sobolev norm defined by

IFIE, = E(FPP) + / /Q VP @) du()dp()

The divergence operator is defined by transposition. If G is a Wiener-Sobolev functional on
Q x Q, div G is defined on 2 by

E(F divG) = // G(w,w)VF(w,w)dp(w)dp(w)

Thanks to the theorem of divergence continuity, this definition makes sense for G € DP(Q x Q)
and p > 1.

In fact, the only interesting values of the divergence are achieved on the functional G which are
linear in the second slot w. For the particular functions which are of the form G = ®(w)X(w)
where X is linear (i.e. belongs to the first Wiener chaos), one has

div G(w) = ®(w) X (w) — E(VO(w, )X ("))

where E is the partial expectation w.r. to w.

4 The holomorphic FBM

Let o a complex number such that Rea > % We define the complex FBM by the Wiener

integral
« — t o a— d A
W = /0 (t— )" dw,

that can be symbolically written
W =TW = ko + W

where W is for the white noise on [0, 4+00], that is the “derivative” of the standard Brownian
Motion.

This can be justified in the following way: the Cameron-Martin space of the Wiener space is
JY2 = I'(L?([0,4+o0[)), so that W (w) is exactly the pu-measurable linear extension of the
bounded linear form (cf. [11], th.38)

G — I°7IG(t) = I*G(t) = ko * G(1)



for G € J12. Now we have
tQRea—l

EW|? =
W (2Rea — 1)|T(a)?

At this point, one could prouve that the FBM is a Gaussian process with values in the space of
holomorphic functions on Rea > %, with v-Holder continuous trajectories for v < Rear — % In
fact we shall prove more general results in the next section.

Only observe for the moment that for Rea > %, W has Cl-trajectories, which is obvious since
the Brownian motion has continuous trajectories.

5 The main lemma

Recall that in [14], we defined the Young-Stieltjes integral

/0 Tsodz!)

for p € C% and ¢ € C" for B+~ > 1, and the result was C? w.r. to T. Now, if g € L?, we want

to define
T
/god[ag .
0

Unfortunately, as I%g is only CO‘L%, for o/ < Reaq, it seems that we are obliged to assume
B+Rea > % for the existence of the Young integral. Nevertheless we have a more precise result
given by the next lemma, which involves an analytic extension, that is in fact a “Partie finie de
Hadamard”.

Before enouncing this main lemma, it is convenient to introduce some domains of constant use
in the sequel.
1 1
Doz{Rea>§}, Dy ={(a,8) e Cx R/ Rea>§,ﬂ>0 Rea+ > 1}

Dl(ﬁ) = {Oé S (C/ (04,5) S Dl} .
1 Lemma : Let ¢ € CP(B), and g € L2 where B is a Banach space. Consider the integral

28 = / o(s)dT%g(s)
0

It converges absolutely for Rea > % and is of class C' in t. Moreover it admits a unique

holomorphic extension in the domain D;(3). This extension is absolutely continuous for Re a >
1. ForReaS%,0<’y<Rea—% and 0 < s <t <T, we have

2§ — 25| < Kr(a, 8,7)l[ellsNa(glio )|t — s|” (2)

where Kr(a, 3,7) is locally bounded (and even continuous) on the admissible domain

3 1
T>0, («a,0)€ Dy, Reagi, 0<7<Rea—§.



Proof: The assertion concerning the case Rea > % is obvious. Now one has

o1 t s)ds ’ (s —r)*2dr
vt = gy | eeds [ o —netar

Write o = yi* + 2* with
1 t t 5
i = ey [, e [ =yt

o1 ts ) r)®(r,s)(s — r)* T8 2qr
= ey [ [ et -

where we introduced the continuous function (cf. section 2)

First observe that y§* is exactly I(¢g)(t), hence it has a holomorphic extension until Re o > 1,
which belongs to J%2. Then for Rea > 1, it is absolutely continuous.

Now, the double integral defining 2{* converges absolutely and is holomorphic until Rea > 1— 3.
It remains to prove inequality (2). Put a = Re . First assume that a < 1. We get

Pl o Pl ad G
|F||a[1 /’g +8— Qd _ H |||1—\((a+ﬂ)| )I +8 1]g\(t)

(dt,B). Hence z® € JY"2(B) C J%?(B) for a < 1. Moreover z{ is

o
dz:t

which belongs to Lloc
absolutely continuous.

From these different inclusions, the following inequality follows

2%l 723y < K7 (v, B)ll0ll s N2(9110,17)
where Kr(a, 3) is locally bounded on D;. Inequality (2) follows from the inclusions (1).

Now assume that 1 < a < % As y“ belongs to J*?2(B), we get by the same inclusions

e — 2| < Kz(ov, B,7) @l s Na(gljo 1)t — 8|7

with a locally bounded K1(a,3,7). On the other hand, we have for 0 <7<t <T

el /t /S —9
2 -2 < ds r)(s —7r)*"“dr
| t 7'|— \I‘(a—l)\ . 0 |g( )|( )

|2 = 27| < HSOH,@/ (I HgD(r)dr = |lellsI°lgl(t) — 1*]gl(7)].

Hence, replacing 7 with s, we get the required

|28 — 28] < K7 (o, 8,7)llell g N2 (910,00t — s

with another K2(a, 3,7). The proof is complete.



2 Remarks : a) Observe that z;* vanishes for a = 1, so that z§' reduces to the obvious formula
t
af = [y p(s)g(s)ds.

b) For Rea < %, it would be more correct to write
t
xg = (Y)/ p(t)dI*g  for Rea+ >3, and
0
t
g = (Pf)/ e(t)dl*g for Rea+ [ >1
0

but in general, we shall omit these tedious notations. The context shall recall the meaning of
the singular integrals.

6 The FBM Wiener integral

The following definition is equivalent to the one given in [14], page 12.
3 Definition : For (o, 3) € Dy and ¢ € CP, we denote by

X¢(w) = /0 o(5)dWE ()

the unique element of the first Wiener chaos which represents the bounded linear functional (cf.
[11] and [12))

X)) = /0 ()1 Ci(s)ds = /0 o(s)dI*Ci(s)

for G € J4? (that is the Cameron-Martin space of (Q, u)).

In the case ¢ = 1, we recover W (take 3 > 3). In the case a = 1, we recover the ordinary
Wiener integral.
Now, it follows from the formulas of the main lemma with the same notations, that we have
XP =Y+ Z with
1 t
Ve =—— [ (t—s)*Tp(s)dW,
t F(a) /0 ( 8) ()0(8) s
1 t t o
7} = —— | dW, ) —r)d
R i A AL R

so that with a = Reaanda+—-1=¢>0

_1 1
Ny(xy < eloet”? | et
t

T D(e)|v2a—1 |[D(a—1)|/e(2e+1)

From this inequality we infer that X;* makes sense even if ¢ is H-valued for a separable Hilbert
space H.

4 Theorem : Assume that o € C? is H-valued. For (o, 3) € Dy and for 0 < v < Inf(1,Re o —
%), then X/* is a y-Holder Gaussian process with values in the space of holomorphic functions
H(D:1(6), H). Moreover, a.e. trajectory is y-Hélder with values in H(D1(53), H).



Proof: According to inequality (2) of lemma 1, we have for the restriction of X;* to the Cameron-
Martin space J 1?2 of 1

[ XP(@) = X$(G)] < Kr(a.y, B)|ellaNa2(G)[t = s .

As the first Wiener chaos H' is naturally isometrically isomorphic to the dual space of the
Cameron-Martin space (cf. [11,12]) we get the norm in H! = (J12)*

X7 — X < Kr(ewy, B)llellglt — s[”
that is
No(Xf — X&) < Kr(o, v, B)llellplt — 5|7 (32)

As X[ is Gaussian, we get for every p > 2

Np(X{' = X$) < v/p— 1 Kr(a, 7, B)llellslt — |- (3p)

Integrating over a compact set L C D1(f3), w.r. to the Lebesgue measure o on C, we get

1/p 1/p
[ - xepaota)] < Vo T lelsl - o | [ Kataugrdote)| <o
L L

The right member is finite. As the topology of H(D1(8), H) is induced by L} (D1(8),0, H),
the Kolmogorov lemma gives all the results.

5 Remarks : a) The coefficient \/p — 1 follows from an easy extension of the Nelson inequalities
(cf. [16], remarque 9) to Gaussian vectors.

b) This applies to the case X = W (take ¢ = 1 and 8 > % so that a € Dy). This is an
improvement of a result of [5], where it is proved an analogous result for W;*, but only for

C*>-functions of real a.

c) As in our article [14], we could extend some of these considerations to the fractional Brownian
sheet, and get the separately Holder continuity for the sheet with values in H-valued holomorphic
functions.

6 Corollary : For Rea >n+ %, X}* has C"-trajectories.

Proof: This is true for W = I'W~!. This extends to X§* by the definition of X

7 Theorem : Assume that («,3) € Dy, f > 1/p, Rea+ [ > 1+ 1/p with p > 2, and that
¢ belongs to CP(B) where B is a By,-space. Then the conclusions of the previous theorem still
hold.

Proof: It suffices to deal with the case B, = LP({) for a bounded and separable measure ¢ (i.e.
L'(¢) is separable). As we have CP(LP(€)) C LP(£,C%~1/P) for 1/p< B'< B, we see that &-a.e.
every path s — ¢(s,z) is (8'—1/p)-Holder continuous. Hence put

X (w,7) = / (5, 2) AW ()

EIX{ (w,x) = X3 (w,2)]P < Kb (e, 8,8 )l 2) |5y plt = s

P
B'—1/p



[ B (@0 — X3P del0) < K, 8.8 el y e = o177
where [[|¢|[ 5/_; , stands for the norm of LP(¢,C%=1/P). Tt follows
Np(XP = X$) < Kp(o, B,7) llellg It = sI”

with another constant Kk (o, 3,7) and where ||| 5 stands for the norm in CP(LP(€)).

Also remark that as CO(LP(¢)) € CP(L?(¢)), the definitions of X{* given by theorems 4 and 7
agree.

7 The fractional Ito-Skorohod integral

For (a, 3) € Dy, consider the FBM-Wiener integral w.r. to w

X (w, @) = /0 (@) V2 (2)

where u € C#(DV?(u)). According to theorem 4, this is a D%-valued FBM-Wiener integral.
Then we can put

8 Definition : Let (o, 8) € D;. The FBM-It6-Skorohod integral of u is defined by

t ~
Xf‘:/usCDdWs:diva .
0

As the FBM-Wiener integral )?to‘ belongs C?(D12) for every v < Rea— %, not only the divergence
is well defined but also the result is a process which belongs to C?(L?(1)).

9 Theorem : Let (a,3) € D1, and that u € ), CP(DY“P). Then X{ belongs to N, LP (1, C7)
for every ~y such that 0 < v < Rea — 5. Moreover, for a fixed v, X belongs to M, LP (1, C7(H))
where H is the space of holomorphic functions on Re o > %

Proof: Applying theorem 7 for p > 1/ and the continuity of the divergence yields
Np(XP = X3) < 6| XP = X2 |lprw < eplp (e, B,7)|[ullgs (o |t — 5|

for y <Rea —1/2.

10 Corollary : Almost every trajectory of X{* is Hélder continuous with values in holomorphic
functions on D1(f3).

8 The little Ito formula

11 Lemma : Let F be a polynomial. If X belongs to the first Wiener chaos H' with C'-
trajectories, then

F(Xy) = F(Xo)+ div/0 F'(Xs(w))dXs(w) + %/0 F"(X,)dR(X?2) . (4)

10



Proof: Compute the divergence which is worth

/ F(Xo () Xa (w)ds — / BV (F/(X.)(w, ) X ()] ds
0 0

that is
F(X;) — F(Xp) — /0 F"(Xs(w)EX,()Xs(-)ds .

12 Theorem : Let Rea > %, and let ' be a polynomial, one has

t 1 t 820172
FW™ = F(0 F'(W> dWS 4+ = F'(we
W)= PO+ [ P edavs g [P

ds . (5)

Proof: Note that for a > 2 formula (5) is nothing but formula (4). The second step consists to
remark that formula (5) makes sense for every complex « in the domain {Rea > 3} in view of
theorem 9, since F(W2) and F'(W¢) are -Holder for every 0 < 8 < Rea — 3. Indeed one has
(o, B) € Dy for such a . Hence the equality holds true by analytic continuation for Re v > %.

13 Remarks : a) This proves a posteriori that the Ito6-Skorohod integral
¢
/ GWE) @ dWe
0

has an analytic extension all over Dy = {Rea > £} for every polynomial G. This remark is not
so trivial if we deal with the n-dimensional Brownian motion. Some analogous properties will
come below.

b) If F' is not a polynomial, formula (5) extends by routine arguments, for real a > %, to a
suitable subspace of C?>-functions F.

9 The FBM Ito-Skorohod differential

14 Proposition : Let (o, 3) € Dy, and let u a process belonging to C%([0,T], D"?). Put
t
X :/ us © dWg .
0

If X* vanishes (for every t), then u = 0.

Proof: According to the definition, we have
T
E[VG(w,w) / ut(w)tha(w)} ~0
0
for every G € D12, Take G(w) = exp(f(w)) where
T
fw) = [ vaw,

11



belongs to H'. We get

T T
/ ]E(efut)Ia_lw(t)dt—E[ef(w) / up(w) f (@) dW(w)| =0
0 0

for v € C*([0,T]). Varying T we get
(e w)B(I (1)) = 0
for every t < T'. For ¢/ > 0 we then have
E(ef u) = 0

for every t < T. As 1 runs through a total set in L?([0,77]), f runs through a total set in H',
and e/ runs through a total set in L?(Q, i). Hence we have u; = 0.

15 Theorem : Let u; and v; belonging to C?(D'P) for p > 4. The FBM-It6-Skorohod integral
of vy w.r. to X{* is defined by

T T
Y, = /0 v(w) © dX (w) = /0 v(w)ug(w) © dWH (w) .

Then we have . -
Y = / v (w) ® dX (w) = div / vy (w)dXE (w, @) (6)
0 0
where .
X (w,w) = / us(w)dWe(w) .
0
Finally we have the following computational rule
d}/tOl = V¢ ® dXt == (Ut’l)t) ® thoz . (6/)
Proof: First observe that the last term in the right member of formula (6) is non-ambiguous

thanks to proposition 14, and this is a FBM-Wiener integral. Secondly the regularity conditions
are satisfied for (o, 8) € Dy, and all the quantities are holomorphic w.r. to «.

Hence it suffices to prove formulas (6) and (6") for real large enough values of a.

In this case formula (6) reads

T ' T
Y, = dlv/o ve(w)ug(w) W (w)dt :/0 (upvy)(w) © AW (w)

and this is also formula (6).

10 The main FBM It6-Skorohod formula
Recall that the domains D; and D;(3) were defined by

1
Dlz{(a,ﬁ)ECxR/ Rea>§, 0<p<1l, Rea+p>1}

12



Dy(B) ={a / (. 3) € D1}
We deal with a process
¢
XP = / us © dW
0
satisfying the condition
u € ()¢’ (D*P)
P

and a polynomial F'. We introduce the following domains
3
Dy = {(a, ) E(CXR/ Rea > 7 0<pf<1l, Rea+p>1}

Dy(8) = {a/ (a.B) € Do}

It is well known that in the It6 formula are involved many terms. So, before claiming the
formula, we need to analyze the existence of the two following terms. The first one is

T
‘/ FI(X{) @ dX] .
0

According to theorem 9, X{* belongs to ﬂp CV(LP(u)) for every 0 < v < Rear — %, so that, for

the existence of this term we need to assume that (o, — 3) € Dy, that is Rea > 2.

The second one is .
/ F(x) dE(Xe?) (7)
0

More generally we have
16 Proposition : Let v € (), CP(LP(u)). Then

T ~ ~
/ v dE[X?]
0
is holomorphically extendable for o € D1(3).
Proof: Denote Al the simplex defined by the condition

(r,s,t) e AL if 0<r<s<t<T .

For Rea > 1, we have

T 1
a2y - _ooNa—=2/,  Na—2
/0 v dE[X{4] = Ta— 17 ///AT upvpus(t — 1) 4(s — r)* “drdsdt
0

where the triple integral absolutely converges. We then have to apply the following lemma

17 Lemma : Let p,1) € C°(B) where B is a Banach space. Let b a bilinear map with values
in another Banach space By, that we denote b(p,1) = ¢. Then

Jo = ﬁ / / /A PN - )22 (s — 1) 2drdsd

13



converges absolutely for Rea > 1 and admits a holomorphic extension for o € D1(f3).

Proof: Write p(s)1(t) = (p(s) = p(r) () = (1) + @(r)e(t) + () (p(s) = @(r))
so that J* = Ji* + J§' + J§'. The first term J{* absolutely converges for o 4+ 3 > 1. One has

::f@ﬁ%&iﬁj//WUWMﬂ@—rVW3Mdt

o T
— o | rrema
I'2a —1)

0 T T
= Tol(a)2 [2r(§;)_1)/0 ¢(t)t2a‘2dt+/0 (P22 ) () (t)dt

where ' < 3, and f is a B-valued continuous function such that ¢ — p(0) = I gy

The first integral in the right hand side absolutely converges for o > % According to lemma 1,
the second one holomorphically extends for 8+ 2a+ 3/ — 1 > 1, hence a + 3 > 1 since 3’ can
be arbitrarily close to .

3 = 1 a— a—
7 = gy [ 1606) = e = s =y 2aradsa

f; s) — r r 8—7“0472 —Tail—s—rafl rds
— = ) — s =) [ =) = (s =) dra

that is J§' = J§i — J§5. Now J§| converges absolutely. It remains Jg5.

(8} 1 167 o (8}
J3p = m //[80(5) — () (s —r)**Pdrds = J5y — ISy -
As for J3', one finds that J55, holomorphically extends for o 4+ 3 > 1. Finally we have

I'(20 — 1)

T = p(ap

= py)(T)

so that we are done.

18 Remarks : For o = 1 every integral vanishes except Jg5,, and we recover

1

J'=Jgpy = < /T (t)y(t)dt .
2 Jo

Now we can claim the It6 formula.
19 Theorem : Let (o, 8) € D2. Let u €, CP(D*P), and let F be a polynomial. Consider

t
Xto‘—/uS@dWsa .
0

14



Then we have the FBM It6-Skorohod formula

T 1 [T ~ ~
F(XG() = FO) + | FXP (@) © aXP(w) +5 | /OG0 ELRE

T Y t (t - T)a—2 t (8)
+/ F Xaudt/ 7dr/ Vs © AW,
0 (X e 0o I(a—1) 0
This formula can also be written
T
F(X3) = FO) + | PP () © dX?w)
(8)

+/TF”(XQ) dt/twv X2d
0 et o Ia-1) e

Proof: By the preceding considerations, we know that in formulas (8) and (8'), every term but
maybe the last makes sense and is holomorphic with respect to a.

First we prove formulas (8) and (8') for Re o large enough (for example Re > 5). In this case
every computation can be made pathwise (as for the little It6 formula). We then get

T T
/ F/(XP (@) ur(w) © dWE (w) = div / F(X (@) ur () AW ()
0 0

T . ~ T .
_ / F/(XE (@) )y () WO () dt — B / P (X () Vi (w, )W () dt
0 0

B [ PV @ )
On the other hand, we have
X (w)dt = (@) W7 (@) dt — B (Vg (w, =) We() ) dt
so that the sum of the two first terms of the right hand side is worth
F(X7) - F(0) .
We then obtain

T T ]
F(X%)=F(0)+ /0 FI(X)u @ dWE + ]E/O F'( X (w)ur(w) VXS (w, m) W (w)dt .

It remains to compute

~ T .
J(w) = E /0 P (X0 (0))ur () VX2 (w0, ) WO () -
We have . .
VX (w,w) :/0 Vus(w,w) © dW(w) —l—/o us(w)dW(w)

15



so that J(w) splits into two terms J;(w) and Ja(w)

nw = [ P ) E e | V() @ aws )

0

T . t 1 (T T~
tum_EK;Fuwmm¢ﬁAum@@_§Z;F@WMEPP].

Now we compute J;(w). First we have
t ~ .
[Wt / Vus(w, ) @ dWX (w )} = / E [Vus(w, )Wta()} © AW (w) .
0
Indeed, for every test functional G(w) € D2, we have
i ' .
E|Go)We () / Vg (w, ) © dwg(w)]
L 0
- ¢
= E VG(w,CJ)Wta(w)/ Vus(w,w)de‘(f\u)}
L 0

_E :VG(w,fu) /0 ‘B [Vus(w,w)Wf‘(w)] dwg(a)]

- o ‘
— E|G) / E [vus(w,w)wta(w)] ® de(w)] .
L 0
Using the Wiener representation of Vug w.r. to w that is
T
Vi (w, @) = / V1 (w) AW ()
0
we get

_ \a—2
[Vus(w @)W (w / Vrus(w t ar—) 0 dr .

Hence we find

Jl(w):/TF”(Xt)utdt/tL /v us ® dW? .
0 0 F(a—l

Now we prove formula (8'). We return to

T .
J(w) = E /0 P (X0 (0))ur () VX (w0, ) WO () -

As above we get

a o t - T)Q_Q
[VX / Vo X2 1) dr .
This yields .
_ 1" o ¢ o (t B T)OliQ
J(w) = /0 F"(X; (w))ut(w)dt/o VX (w)mdr

16



and formula (8) is proved.
So, formulas are proved for Re o large enough.

Every term but the last admits an analytic continuation for a € Do(f3), as we have seen above.
Hence the last term (in the formulas (8) and (8')) has also an analytic continuation. This
establishes the formulas, and the following corollary.

20 Corollary : Let F be a polynomial. Then the integral

/TF(Xa)u dt/tudr/ Vs @ AW
0 Lo o I'la—1) ’

admits an analytic continuation for o € Da(f3).

Proof: it suffices to notice that every polynomial is the second derivative of another polynomial,
and to apply formula (8).

11 Recovering the case a =1

Note that the last integral in formula (8) is singular, even in the case a = 1. Nevertheless, the
previous corollary proves that the symbolic writing

T t
Y —/ ’Utdt/ Vtus © dWsa
0 0
makes sense for v; = F(X;)uy if F' is a polynomial.

In this section we prove that such a formula can be justified under an additional trace hypothesis.
First we prove a lemma

21 Lemma : Let B be a Banach space and q > 1. Consider a function ®(r,t) which belongs
to the space LI([0,T],dr,C?(B)). Then the following integral

= dt 2P (r, t)dr
J a—l/ / T)

makes sense and is holomorphic w.r. to a for Rea + 3 > 1/q. Moreover, its value for o = 1 is

T
le/ D(t,t)dt
0

where ®(t,t) belongs to L4(]0,T],dr).
Proof: First observe that the trace ®(r,r) exists and belongs to LY(B). Put

O(r,t) — ®(r,r) = V(r,t)|t — r|’3, A(r) = Slilp |V (r,t)|p

By the hypothesis, A(r) belongs to L4(dr). Put J* = Jf{ 4+ J§ with

J¢ /dt/ (r,t)(t — )P 2ar

17



— a2
Jy = a—l/dt/ (ryr) dr .

The first J{* is absolutely convergent by the majoration (a = Re )

T 142 aJrﬁ 1
A(r)d ) dt = A(r)————d
/0 (r) r/r / a—l—ﬂ—l r < 400

for a + 3 > 1/q. For the other J§', we have

o 1 ' ! Cye2g o L g _ya—1
JQ—F(Q_l)/O @(r,r)dr/r (t-7) dt—r(a)/o B(r,r)(T — 1)ty

for Rea > 1. The right hand side extends analytically for Rea > 1/4.

It remains to compute J!. For o = 1, J{ vanishes, so that J' reduces to fOT O(r,r)dr.
22 Theorem : Let (a,3) € Dy. Assume that u,v € ﬂp CP(D*P). Put

/ vtdt/ /VUSQdWO‘
a—l

which is the last term of formula (8). Assume the following additional trace hypothesis, that is

u—ug € jﬁJr%’Q(DQ’?). Then the integral is absolutely convergent for Rea > 1. Moreover Y
has an analytic continuation for o € D1(f3). Its value for a = 1 is worth

T t
Y(w) = E{I%Ya(w) :/0 vtdt/o Vius © dWS .

Proof: We must analyze the integral

/ vtdt/ d’r/ Vyus @ dWE . 9)
a—l

To this end, put for Rea > %
t
Zry = / Vyus © dWS
0

where V,u; is the Wiener representation

T
Vus(w,w):/o Vyus(w)dW, (w) .

We have Vu — Vug € jﬁ+%’2(D1’2), so that by the above Wiener representation V,u; — V,ug
belongs to L2(dr, jﬁ+%’2(D1’2)). Thanks to theorem 4, we see that

Z8(w,w) = /0 Vs (w)dWE ()

belongs to L*(dr,C7(D%?)) for every v < Rea — i. Hence Zyy = div Z 4+ belongs to
L%(dr,C7(L?*(p))). Now put ®(r,t) = v;Z,; which belongs to L?(dr, C'Y(Lq( ) for every q < 2.
Applying the previous lemma gives the result.

18



23 Corollary (The classical It6-Skorohod formula, cf. [22]):  With the additional trace hy-
pothesis, we have

T T
F(Xr(w)) = F(0) + / /(X)) © dX(w) + 5 / FY(X, (w)uddt

T . (10)
+ / F"(Xt)utdt/ Vtus O) dWs .
0 0

24 Proposition : If u is an adapted process, and for o« = 1, the last term vanishes, so that
we recover the classical It6 formula.

Proof: It suffices to remark that Viu, vanishes a.e. on the set {(s,t)/t > s}.

25 Remarks : a) It should be observed that the last term in formula (8') is the sum of the two
last terms in formula (8), so that there is no need to look after it.

b) By routine arguments, we can replace F' by a C? function which is bounded with its two first
derivatives, for (o, 3) € Ds.

12 A more complete formula

26 Theorem : Let u,v € ﬂp CP(D?P), and let F(z) be a polynomial. Suppose that the trace
additional property is satisfied for u or v. Consider

¢ ¢
Xto‘:/ us © dWg, Yt:Xta—l-/ vgds
0 0

for o such that («, 3) € Da. Then we have the FBM-It6-Skorohod formula

FYE(W)) = / FIYP(w) © dX? (w / F(YO(w))vpdt

+§ [ Pz

—l—/TF”(Ya)u dt/wL /Vu ® dWe
0 t ¢ F(Oé—l 5

T
—1—/ F”(Y;O‘)utdt/ d’r/ V,vsds.
0 Oé — 1

Proof: Similar to the one of formula (8), without new difficulties.
27 Remark : According to [4], [8] and [20] the FBM B/ with Hurst parameter H is worth

H+1

B =w,""? + 7,

where Z; is a pathwise absolutely continuous process, so that formula (11) proves an It formula
for Bf.

19



13 The FBM Stratonovich integral

28 Theorem : Let X = fg us @ dWS, and Y; € ﬂpcﬂ(DLp). For Rea > 3, we have

X T T t _ \a—2
/ Ytd Lt = / n@dxg+/ utdt/ A 7 il (12)
0 0 0

MNa—1)
Proof: As in the proof of theorem 19 we have
wWWedt = uy © dWE +E (Vut(w, ')W;Y(')) dt
Yo Wedt = (Yiu) © AW +E (V(Yt(w)ut(w, -))Wf(.)) dt

y, 4X¢
dt

dt = (V) © dW7 + B (V(YVi(w)u(w, )W) ) dt
“E (YtVut(w, .)Wta(.)) dt .

So that we get
dXtO‘
dt

dt = Yiuy ® AW + uy(w)E (vyt(w, -)Wta(w)) dt .

Replacing E (VYt(w, )Wﬁ()) dt by its value from the proof of theorem 19 completes the proof.

Now we are in a position to put
29 Theorem and definition: Let u,v €, CB(D?P). Let G be a polynomial. Put

t
" =G(Z), where Z= / vs © AW
0

Suppose in addition that v € jﬁJr%’Q(DM). Then the ordinary integral fOT Y *dX admits an
analytic continuation for o« € Do(3) which is by definition the Stratonovich integral

T
/ Y * odX{ .
0

Proof: As in the proof of theorem 19, we have for Re o > %

_a\a—2 o o -2
/VGZt tar) )d—G’Zt /vsd.s'/ (¢ Tas_lr)) dr

/(7 (t—?” «
+G(Zt)/0 s dr/ Vv, ® AW

Hence we get

T T
/ Ytodxg_/ Y, ® dX¢
0 0

_ _ -2
+/ wG'(Z7) dt/ vsds/ (=) T)) dr
0 Oé—].
1y [ E—T)" o
+/0 wG' (Z; )/0 Mo = 1) dr/VUSQdW
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In the right hand member, the Skorohod integral extends for a € Ds(f3), the following term
extends for & € Ds(3) thanks to lemma 17. The last term extends by the extra trace property
for v, thanks to theorem 22. The proof is complete.

30 Theorem : Under the hypotheses of theorem 28, for every polynomial F' we have the FBM
It6 Stratonovich formula

T
F(X$) = F(0) +/O F'(X) 0 dX2 .

Proof: Put Y;* = F/(X{), so that Y, satisfies the hypotheses of the last theorem, and applies
the analytic continuation from the case Rea > %

Notes Added After Proof: After the acceptance of this paper, we have learned of the following
relevant and interesting preprint:

M. Gradinaru, F. Russo, P. Vallois (2001) Generalized covariations, local time and
stratonovitch It0’s formula for fractional Brownian motion with Hurst index H >
1/4. Preprint of the Institut Elie Cartan, 2001/1n038, Université de Nancy.
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