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We present simple assumptions on the constraints defining a hard core dynamics for
the associated reflected stochastic differential equation to have a unique strong so-
lution. Time-reversibility is proven for gradient systems with normal or co-normal
reflection. An illustration is given concerning the clustering at equilibrium of parti-
cles around a large attractive sphere.
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1 Introduction

Since the first works of Skorokhod [14] on existence and uniqueness for pathwize
solutions of reflected stochastic differential equations, many authors have investigated
this type of equation and extended his results on half-spaces to more general domains:
convex sets (Tanaka [15]), admissible sets (Lions-Sznitman [8]), domains satisfying only
the Uniform Exterior Sphere and the Uniform Normal Cone conditions (Saisho [10]), or
some weaker version of these conditions (Dupuis and Ishii [4]). The question of equi-
librium states of the reflected process (construction of time-reversible initial measures)
has also been investigated (see e.g. [13]).

All these studies were done under some smoothness assumptions on the boundary of
the domain. Typically the existence of at least one normal inward vector at each point
of the boundary is a necessary condition to define the normal reflection direction.

In most cases, the domain in which the process has to live is defined by constraints
which are physically natural rather than by its geometrical properties as a subset of
some Euclidean space. For example consider a system of n identical hard spheres with
radius 7 in R¢. The domain in which they evolve is the set of configurations (l‘i)lgign
satisfying the constraints |2; —x;| > 2r (i.e. the distance between the centers of any two
spheres is larger than twice their radius). The geometrical description is much more
complicated: the complementary set in R"? of some star-convex subset whose boundary
can be locally approximated by a tangent sphere and a cone.

Unfortunately, for reflected processes in dimension larger than three, the geometri-
cal properties of the domain are not that obvious from the physical constraints. In the
already mentioned nd-dimensional example of a finite system of hard spheres, the pa-
per [11] mainly consists in the proof that the set of allowed ball configurations satisfies
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SDE under multiple constraints

the Uniform Exterior Sphere and Uniform Interior Cone property. In [12] and [5] too, a
meticulous and extensive geometrical study has to be performed before the stochastic
analysis of the dynamics.

We present in this note a constraint-based assumption to construct pathwise solu-
tions of Skorokhod problems (even for non-reversible dynamics). Our aim is to deal
with assumptions as simple and physically natural as possible, even if they are not the
weakest ones.

In the special case of time-reversible dynamics, Skorokhod problems can be studied
using potentiel theory. This Dirichlet form approach allows constructions on relatively
non-smooth domains, as done in the seminal article of Chen [3]. But our aim here is to
deal with either reversible or non-reversible cases. We want an explicit criterion on the
constraints which enables a pathwise construction of the solution, i.e. it constructs the
path X and its local time L as a function of the path W of the Brownian motion defined
on the underlying Probability space. So the technics are closer to Saisho’s approach
than to potentiel theory.

This note is divided in two parts.

The first part (section 2) exhibits a new compatibility criterion for constraints. If it
is satisfied, then the reflected stochastic differential equation admits a unique strong
solution. The proof uses the Uniform Exterior Sphere and the Uniform Normal Cone
conditions, hence it ultimately relies on the convergence of the discretized Brownian
pathes projected on the subset of R? where all the constraints are satisfied. The solution
is time-reversible in the special case of a gradient system whose reflection direction is
consistent with its diffusion coefficient.

In section 3 we present an illustration inspired by [2]. We consider the behaviour of
many spherical particles around a sphere. They are submitted to a smooth attractive
influence and their motion is perturbated by collisions into other particles and into the
sphere. We prove that at equilibrium and for low temperature all particles are as close
as possible, all located beneath some altitude with high probability. Applications to
more realistic models (see e.g. [9] or [1]) are currently investigated.

2 Reflected stochastic differential equation under multiple con-
straints

We are interested in a process living in the closure of a domain D. This domain is
defined by a finite set F of smooth R-valued constraint functions on R:

D= {xeR% f(x)>0foreach f € F}.

D is an intersection of smooth sets (arbitrary many of them provided they are in finite
number) so its boundary is a finite union of smooth boundaries:

oD = U {xeD; f(x)=0}.

feF

Since we want the process to be reflected on the boundary of D we have to assume
some regularity on the functions in F. The reflection at any point x € 9D occurs ei-
ther in the inward normal direction V f(x) or with a fixed deviation from the normal
direction. So we have to suppose the existence of a direction which is normal to the
boundary: Vf(x) # 0 for each x € D such that f(x) = 0. We actually assume some-
thing more: the first derivative of the functions of F admits some positive uniform lower
bound, their second derivative is uniformly bounded and, most important, the boundary
of each single-constraint set {x; f(x) > 0} crosses the boundaries of the other single-
constraint sets at "not too sharp an angle". To be more precise, we have to exclude

ECP 18 (2013), paper 26. ecp.ejpecp.org
Page 2/13


http://dx.doi.org/10.1214/ECP.v18-2730
http://ecp.ejpecp.org/
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infinitely sharp "thorns" whose vertex admits inward normal vectors in opposite direc-
tions. This is what we call compatibility between the constraints:

Definition 2.1. Let F be a finite set of R-valued C2-functions on R®. These functions
are called compatible constraints if

e D:={xe R?; f(x) > 0 foreach f € F} is a non-empty connected set ;
e foreach f € F, inf{|Vf(x)|; x €D, f(x) =0} >0
and sup{|D*f(x)|; x € R} < +o0 ;
. xie%fD(S(O, Conv(x)) >0
where Conv(x) is the convex hull of the unit normal vectors to the boundaries at
point x:

Conv(x) = Z cf% s.t. ¢y >0and Z cp =1
feF,f(x)=0 FEF,f(x)=0

Here and in the sequel, § denotes the Euclidean distance in R¢, |y| denotes the
Euclidean norm of vector y and |M| = sup{|My]|/|y| ; y € R?} denotes the norm of the
matrix M. Lebesgue measure is denoted by dx.

The next main theorem states that our compatibility definition provides a convenient
assumption to ensure the existence of a reflected process within a set defined by con-
straints. In most models, for the sake of simplicity, the reflection direction is the inward
normal direction on the boundary. Here we consider a co-normal reflection, as in the
case treated in [6] or in Section 3. We state the result with a fixed deviation 8 ' from
the normal direction. ‘8 denotes the transposed matrix. Normal reflection corresponds
to the special case 0 = 1.

Theorem 2.2 (Existence and uniqueness). Let 0 be a fixed d x d invertible matrix and F
be a set of compatible constraints with D = ;. » {x € R% f(x) > 0} the corresponding

subset of R%. Ifo : D — R? and b : D — R are bounded Lipschitz continuous
functions on D, then the reflected stochastic differential equation

t t t
X(t) = x—|—/ o(X(s))dW(s) —|—/ b(X(s))ds + Z / 0'0Vf(X(s))dLs(s)  (2.1)
0 0 fer/o
has for each starting point x € D a unique strong solution in D, where the local times

Lf satisfy Lf() = / ]lf(X(s))zo de(S)
0

In this theorem "strong uniqueness of the solution" stands for strong uniqueness in
the sense of [7] chap.IV def.1.6 of the process X, not of the local times L.

Lemma 2.3. In definition 2.1 the condition i%fp §(0,Conv) > 0 is equivalent to
xe

3B >0 Vxe€dD 3Iv#0 VfeFst f(x)=0 v.Vf(x)> Bolv] |[Vf(x)
where the dot denotes the Euclidean scalar product.

Though this statement is longer and apparently more difficult to obtain than an
uniform lower bound on the norms of the convex combinations, it is in some sense more
intuitive. It states the existence of cones (with vertex x, axis v and aperture 2 arccos (3y)
which contain all the inward normal vectors given by the constraints at point x. The
positivity condition ensures that these cones do not degenerate into half-spaces. This
condition is easier to check in some concrete situations (e.g. section 3).
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Lemma 2.4 (Stability of the compatibility property). Let F be a set of compatible con-
straints on RY.

e If 0 is a d x d invertible matrix, the transformed constraints {f(0 -); f € F} are

compatible.
e If all constraints disregard one of the coordinates then F induces a set of com-
patible constraints on R?~!, that is, if f(z1, -+ ,%a—1,74) = f(z1, -+ ,24-1,0) for

R SR .
x— f(x,0) fE]:} o

each f in F and each x = (xy,--- ,x4) in R then {f:
compatible.

In the special case where o is constant and b is a gradient, equation (2.1) admits

a time-reversible measure p (i.e. the distribution of the solution with initial measure

1 is invariant under the transformation (X(-), (Ls(-))fer) — (X(T' =), (Ls(T — ) —
L¢(T))ser) for each T > 0):

Theorem 2.5 (Reversibility in the gradient case). Let @ denote a fixed d x d invertible
matrix and let F be a set of compatible constraints. If ® is a C2>-function on R¢ with
bounded derivatives, then the solution of

X(t) = X(0) + OW(¢) _7/ 0'0VP(X ds+Z/ 0oV f(X(t))dLs(s)  (2.2)

feF
admits du(x) = 1p(x)e~®®)dx as a time-reversible measure.

The existence and reversibility of a weak solution of (2.2) is a simple special case of
[3] if the domain D is bounded: the constraints are smooth enough for a regular exhaus-
tion of D to admit a uniform bound on the surface measures of the boundaries. Thus D
complies with the assumptions of theorem 5.1 in [3]. However the small illustration in
section 3 and some realistic applications as in [9] involve unbounded domains.

The remaining of this section is devoted to the proofs of the above results. We first
prove lemmas 2.3 and 2.4 which will be useful in the other proofs and then proceed to
theorems 2.2 and 2.5.

Proof of lemma 2.3. The third compatibility condition is

360 > 0 Vx € 9D §(0,Conv(x)) > fo.
The condition in lemma 2.3 can be rewritten as
v Vf(x)
VI [V f(x)|
Thus it suffices to prove that for each x € 9D

4(0,Conv(x)) = max min{ |§§E %

[v|=1
The lower bound on §(0, Conv(x)) follows from the inequality

min Vf( ) vV
feF.f(x)=0 |V f(x)]

which holds for every unit vector v and every y € Conv(x) because families (cf) of
non-negative numbers summing up to 1 satisfy

V() Vf(x)
Z RATEST R 2 e | min S

Fif(x) Fif(x)=0

36y > 0 Vx € 0D m;txmln{ ;s feF, f(x) :0} > Bo-

s fEF, flx)= }

ly|>y.v>
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Since the convex hull Conv(x) is a closed set, it contains an element z with minimal
norm: |z| = 6(0,Conv(x)). For each f satisfying f(x) = 0 and for each positive ¢, the

convex combination —— (z +e \%30 belongs to the convex hull hence its norm can

14¢

not be smaller than |z|:
Vf(x) 20,12 ; V() 2

|z +e2 +2¢ 2. > (1+¢) |z ie. e+2z.——2=>(2+¢)z
IV f(x)] V()|
: z Vf(x) _ .
This proves that T2l TV )] > |z| = §(0,Conv(x)) and provides the upper bound on
0(0, Conv(x)). O

Proof of lemma 2.4. Let us prove the compatibility of the set 7¢ = {g(-) = f(8 -); f €
F} of transformed constraints. 6~'D = {y € R% Vf € F f(0y) > 0} is a non-empty
connected set as continuous image of the non-empty connected set D. @ also transforms
the bounds on the f’s into bounds on the g’s. Lemma 2.3 with v replaced by v provides
the existence of some positive Sy such that

Vx€0D IV#A0 VfeFst f(x)=0 v.'OVf(x) > BolOv] |[Vf(x)|
Replacing x by 8y we obtain

Yy €30 'D) Iv£0 VYge Fos.t gly)=0

- vl [Valy
vToty) > fulov] [0 gty)] > o T YL
Thanks to lemma 2.3 with §; = H’W' this proves that F? is a set of compatible

constraints.

In order to prove the second part of lemma 2.4, we now assume that f(x,z4) =
f(x,0) for each f in F and each (x,z4) in R%. The set D = {x € RY; f(x) > 0} is equal to
D x R where D = {z € R4} f(z) > 0} is a non empty connected set as a projection of a
non-empty connected set. The lower bound on V f and the upper bound on D? f transfer
to f because Vf = (Vf,0) and |D? f(x)| = |D? f(x1,- -+ ,x4—1,0)|. From the compatibility
of F, we also get the existence of a positive 5y such that for each x € 9D there exists
a unit vector v satisfying v.Vf(x) > 59|V f(x)| for each function f € F vanishing at
point x. The last coordinate of V f(x) vanishes hence v = (v1,--- ,v4-1) # 0. Since
0D = 0D x R we obtain the compatibility of the f’s:

6o >0 Vze€dD Iv#0 VfeFst f(z)=0 v.Vf(z)> Boly| |Vf(z)

Proof of theorems 2.2 and 2.5.
The case of normal reflection: we assume here that & = I;. According to corollary
3.6 of [5], equation (2.1) has a unique strong solution as soon as D satisfies the four
assumptions of the inheritance criterion for Uniform Exterior Sphere and Uniform Nor-
mal Cone conditions (proposition 3.4 in [5]). We will check these four assumptions in
the unusual order (i) (ii) (iv) (iii) because some parameter appearing in (iii) depends on
a parameter defined in (iv). We use the notations Vf := inf{|V f|(x); x € D, f(x) = 0}
and ||Dfl|o := sup{| D*f|(x); x € R}.

Assumption (i): We have to prove that {x € R?; f(x) > 0} has C? boundary in D for
each constraint f. Let us fix x € D such that f(x) = 0. By definition of the constraint
functions Vf(x) # 0, that is, we can choose an index k such that Vjf(x) # 0. For
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simplicity sake we assume that V;f(x) > 0 (the idea easily adapts to k£ # d and to
negative partial derivatives). Applying the implicit function theorem to the C2-function
f, we obtain the existence of a neighborhood V of (z1,...,24-1), a neighborhood U’
of 24 and an increasing C2-function h such that the C2-diffeomorphism (yi,...,yq) —

(Y1, Ya—1, f(y1,-..,ya)) maps {y € V x U’; f(y) >0} to
{(y1, -y Ya—1,2a) €V X U's 24 > h(y1,.--,Ya-1,0)}.

Hence the subset {x € R?; f(x) >0} has C? boundary in D and its inward normal di-
Vi)
V)

Assumption (ii): Let us prove that {x € R% f(x) >0} satisfies the Uniform Exterior
Sphere property restricted to D. According to definition 3.1 in [5], we have to prove
that there exists some positive oy such that, for each x € D satisfying f(x) = 0, one has

VI(x)
V()]

Let us fix x € D on which f vanish. Taylor formula gives

rection at point x is

1
Vyst f(y) =0 (y—x). + oy = x[* > 0. (2.3)
Qg

VF).(y — %) + 2(y — x)-D*f(x + c*(y — %))y —x) = £(¥)

2
for each y € R? with some c¢* € [0;1] depending on y and x. In particular, for y such
v D?
that f(y) > 0 we obtain (y — x). V;E§;| + 2||VJ{()|<O)7 ly — x|? > 0 which gives (2.3) with
Vi
a — ;.
T 1Dl

Assumption (iv): We have to prove the existence of some By > 0 such that for
each x € 9D there exists a unit vector 1Y satisfying 12.V f(x) > B|Vf| for each con-
straint such that f(x) = 0. But this has already been done in lemma 2.3 with §y =
infxcop d(0,Conv(x)) and 19 = 127 for some z with minimal norm in Conv(x).

Assumption (iii): We have to prove that each set {x € R%; f(x) > 0} satisfies the
Uniform Normal Cone property restricted to D with constant B smaller than B2/2.
Taylor formula for the derivative of f yields Vf(y) = Vf(x) + D?f(x +c*(y —x))(y — x)
for some ¢* € [0; 1] depending on y and x. We obtain for x and y on which f vanish

VIe)-VIy) VG| VI)-D2f(x + ety = %))y — %)
VIV V) IVIGIIIVE(y)l

Since |Vf(x)| > |Vf(y)| — |D?>f(x + ¢*(y — x))(y — x)| the right hand side is not smaller

than
1 D*f(x+c(y —x)y —x)|  [VIXD*f(x+c(y —x)(y —x)|
IVf(y)l VIV ()
V) VW) o ID e
ie. SICIRZE] >1-2 V7 ly |. As a consequence, for any (5 €]0,1[ one

can choose a d; > 0 small enough such that for each x € D satisfying f(x) = 0 and each
y € D satisfying f(y) = 0 and |y — x| < &; one has Vi) . V(%) > /1 - B2
B VI V)]~ !
This proves that {x € R%; f(x) > 0} satisfies the Uniform Normal Cone property
restricted to D with any constant 3 ¢ €]0;1[. In particular it is satisfied with 85 < B2/2
as requested.

To complete the proof of theorems 2.2 and 2.5 for 8 = I;, we proceed as in the
proof of theorem 3.3 in [5], replacing the probability measure du(x) = %]lp(x)e_‘l’(x)dx

ECP 18 (2013), paper 26. ecp.ejpecp.org
Page 6/13


http://dx.doi.org/10.1214/ECP.v18-2730
http://ecp.ejpecp.org/

SDE under multiple constraints

in that proof by the (c-finite but maybe unbounded) measure p defined by du(x) =
1p(x)e~®®dx. Girsanov theorem yields the density of the distribution of the process
with initial measure i with respect to the distribution of reflected Brownian motion with
Lebesgue measure as initial measure. Since both this density and the distribution of
reflected Brownian motion starting from Lebesgue measure are time-reversal invariant,
we obtain the reversibility of the solution with initial measure u.

The case of co-normal reflection: Let us check that the results obtained in the
normal reflection case 8 = I; transfer to the case of any invertible matrix 8. Using
the notation X¢ = 67X, existence and uniqueness for equation (2.1) is equivalent to
existence and uniqueness for

7] _ Yo K —10_ 08 S K —1 GS S
X0(t) =X (o)+/0 0~ 1o (6XO(5))dW( )+/0 0~'b(0X°(s))ds+ >

/ 109 £ (0P (5))dL(5)
fer’0
(2.4)

in the closure of the set 8'D = {y € R Vf € F f(fy) > 0} with local times satisfying

the condition L;(-) = / 1soxo(s))=0 dLs(s).
0

The transformed coefficients 0® = 8 'o(0 -) and b® = 6~ 'b(8 -) inherit the bound-
edness and Lipschitz continuity property from o and b. Lemma 2.4 provides the com-
patibility of the set of transformed constraints {f(0 -); f € F}. Moreover, (2.4) is an
equation with normal reflection because V(f(0 -)) = 'OV f(6 -). Thus equation (2.4) and
then equation (2.1) have a unique strong solution.

Moreover, if 0 = 0, b = —16'0V® and X(0) ~ Lp(x)e~**)dx for some C2-function
® with bounded derivatives, then X? is the solution of equation (2.4) with o? =1,
b? = —1'9V®(6 -) and initial distribution X?(0) ~ 1 1p(y)e~*®¥)|det(6)|dy. Thanks
to the reversibility result obtained for normal reflection, X? is time-reversible. This
implies the time-reversibility of the solution of equation (2.1). O

3 Example: cluster of particles around an attractive sphere

Our aim in theorem 2.2 is to easily obtain the existence of dynamics derived from
physical models, so that we can concentrate on their ergodicity properties. We are
interested in the convergence toward equilibrium for colloidal particles as in [9]. How-
ever, the study of the Janus particles described in [9] is complicated by the fact that
these spherical particles have an additional characteristic beside their position, which
is an angular characterictic. In this note, we restrict ourselves to a small illustration of
the previous results and we consider particles which have a simpler additional charac-
teristic: a random radius.

We study the configuration of a large number of such particles around a fixed sphere
we call the planet. These spherical hard particles have a random radius oscillating be-
tween a minimum and a maximum value (as in [5]). Each particle is driven by a Brown-
ian motion and undergoes the influence of the gravitational attraction generated by the
planet. The motion is perturbated as the particles bump into each other and into the
planet. In this illustration we obtain the existence and uniqueness of such a dynamics
and we describe typical configurations of the equilibrium distribution of the particles.
Using the results of section 2, we prove in proposition 3.3 that the particles eventually
tend to cluster at the surface of the planet when the temperature (represented by the
diffusion coefficient) tends to zero.

More precisely, the planet is the closed ball B(0, R) in R centered at the origin with
radius R. A large number n of particles moves around it. Each particle is represented
by the position z; of its center in R¢ and the value #; of its radius. Thus configurations
are vectors X = (1, &1, ..., Ty, Ly) in R,
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To prevent negative radii, we enforce &, € [r_,r,] for some fixed values 0 < r_ < r.

Random oscillations of the positions of the particles are not on the same scale as
random oscillations of their radii. The elasticity coefficient ¢ > 0 of their surface takes
this into account.

We assume that the gravity field ¢ generated by the planet is isotropic: it only
depends on the norm |z|. As usual (see e.g. [2]) the gravitational attraction appears
as a drift in the dynamics. Function ¢ is an increasing function which is C? on ]0; +oc|.
The drift decreases with the distance, but not too fast in the sense that ¢” < 0 and
liminf, , 4~ p¢’(p) > 0. An important example in dimension d = 3 is ¢(p) = C*'In(p)

which gives the drift —¢'(p) = —CT” corresponding to the gravitational acceleration

7 _ cst
—¢"(p) = o7

At temperature € > 0, the random motion of particles is modelized by the stochastic
differential system

forie {1,...,n}
t , Xi
X0 = X0+ 00 - [ SUO (0 ds
& F_X s) dLE(s tiXi_st ii (s
(€0) +/0 Rmi”sz(”;/o )
Xi(t) = Xi(0) + 05Wi(t) — G2LE(t) — LF (t) + L7 (t) — 5% Lyj(t)

In this equation, vector (X;(-), Xi(-))1<i<n represents the positions and radii of the n
particles, the W,’s are independent R¢%valued Brownian motions and the Wi’s are in-
dependent one-dimensional Brownian motions, also independent from the W;’s. The
amplitude of the Brownian oscillation of the position depends on temperature 6, while
the amplitude of the radius oscillation depends on both the temperature 6 and the sur-
face elasticity . The drift of X; is directed toward the origin as expected. The local
time L' represents the repulsion received by the ! particle when it collides with the
planet (impulsion away from the origin in the direction of the unit vector RX}Q) and
the local times L;; represent the collisions between particles, which tend to move the
involved particles away from each other (unit direction ?;;J ). Collisions between par-
ticles are symmetric (L;; = Lj;). These local times also éppjear in the dynamics of the
radii, because particles, like bubbles, have smaller radii after the collision. The local
times L;r and L; are here to comply with the condition %, € [r_,r,] and give a positive
(resp. negative) impulsion to the radius if it becomes too small (resp. too large). The im-
pulsions are only given on the boundary of the set of allowed configurations, therefore
LEs, L’s, L7 ’s and L;;’s should satisfy

fori,je{1,...,n}
t

t
R R
el HO= [ txnese 6 170 = [ g, o)
i t
Li (1) :/0 L o= dLi (s), Li;(t) :/O Lix, ()= X, () = (s)+-%, () AL (5)
The corresponding set of constraints is
o fR(x)=|z;]> — (R+#;)* >0 for 1 <i < n (particles do not intersect the planet);
< fif(
. f_*

o fij(x) =|xi—z;*—(Z;+%;)? > 0fori # jin {1,2,...,n} (particles do not overlap).

x)=ry—x;>0for1 <i<n (radii are smaller than the maximum value);

N

)
(x) =& —r_>0for1<i<n (radii are larger than the minimum value);
)
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Proposition 3.1.
{fE fF f7 1<i<n}u{fi; 1 <i<j<n}isasetof compatible constraints on R"(4+1).

?

Let D = (Vo ((FR) 1R N (F) 7R N ()T R NN (fi) T (RS)).

Proposition 3.2.
If ¢ is an increasing C2-function on ]0; +oo[ satisfying " < 0 and limJirnf pe'(p) > 0 then
p——4o00

equation (&, &y) has a unique strong solution, which is a D-valued process.

The measure ]ID(X)B_G% 2i=1#Uzi) gx is a time-reversible measure for the solution. For
0 small enough, this measure is finite thus the solution admits a time-reversible proba-
bility measure:

1
In e 7T Tima e(lvil) gy

ug(dx) = ]l,D(x)e—,%z it 50(|’£1:Ddx

Once existence and uniqueness is proved for the dynamics, we will check that at
low temperature all particles cluster around the planet with high probability. That is,
there exists with high probability an interface between two regions around the planet:
no particle over some altitude, and beneath this altitude a particle density so high that
one cannot add one more particle (see figure 1).

Figure 1: A configuration with an interface between high particle density and empty
space.

Proposition 3.3.
For each positive ¢, let A, be the set of configurations which do not pack into a minimal
volume:

Ac={x€eD; IyeDIk<ns.tVi£k y, =x; and |yx| < |xx| — ¢}

The probability that A. occurs at equilibrium tends to zero as the temperature tends to

zero:
lim pg(A:) = 0.

6—0

The end of the paper is devoted to the proofs of the three above propositions.

Proof of proposition 3.1. The constraints in
F={fij; 1<i<j<n}u{ff,f7, 1 1<i<n}

are C*° and the corresponding set D of possible configurations is obviously a non-empty
connected set. The first derivative of each constraint function is uniformly positive on
its vanishing set because:

s VFE(x)=2(0,...,0,2;, —(R+ ;),0,...,0)
if ff(x) =01i.e. || = R+ %; then |Vff(x)| = 2v2(R+ ;) > 2vV2(R+7_) >0;
s Vf(x)=-Vf (x)=-(0,...,0,1,0,...,0) ((i(d+ 1) — 1)th coordinate) ;
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d Vfw(X) = 2(0,...,0,581' 71‘j,7(i‘i +i’j),07...,07l’j 71’1‘77(5@ +i'j),0,. ,O)
if fij(x) =0i.e. |$1 — .Tj| = 531' + j‘j then \Vfu(x)| = 4(i‘l + .f?]) >8r_ > 0.

We check the condition ir})fD d(0,Conv(x)) > 0 in the form given in lemma 2.3. We have
x€

to find some positive Sy and some non-vanishing vector v depending on x € 9D such
that

VieFst f(x) =0 v.Vf(x)=bolv| [Vf(x)|

From an intuitive point of view, v is the "shortest way to go back" into D from the
point x on the boundary of D. It is the quickest way for colliding particles to go apart,
for particles with maximum (resp. minimum) radius to become smaller (resp. larger)
and for particles touching the planet to go away. C* will denote the indices of these
globules: CF = {i s.t. |x;| = R+ &;}.

Intuitively, the best way to separate colliding particles is to move them away from
the center of gravity of the cluster. One should give each center z; an impulsion in the

direction x; — ﬁ% > jec, ©j where C; C {1,...,n} is the cluster of colliding particles
around z; (i.e. C; is the set containing 7 and all indices connected to ¢ in the graph
constructed on the vertices {1,...,n} by the edges j ~ j' <= |z; — x| = &; + Zj).

Similarly, the best way for particles touching the planet to go away is for each center
x; with i € CF to receive a small impulsion proportional to z; (this impulsion will also
separate clusters of colliding particles). So a convenient v should be

1 ey
Ty — X IfclﬂCRzm 7‘7/2 lf,’Ei:’r7
Vi = 8¢ J;Ci ’ and 0, =4¢ —r_/2 if; =7r,
x if C; NCT £ 0 otherwise

Let us prove that the above vector v satisfies the desired inequalities.

e if |z;| = R+ &; then v; = x; hence v. d = - > —
V()] V2 V2 T V2
+ —
e if# = ry thenv.23i 0D g T andif s = r_ then v. Y O) 1=
IV /i (x)] 2 Vi (x)]
o If ‘LL‘Z' — a:j\ = jz + ﬂvﬁj then C'z = Cj which implies Vi — UV =X — Ty thus

Vfij(X) . T; —&—aéj U; —|—17j > r_

So v. ‘g}cg;‘ is bounded from below, uniformly in x € 9D and f € F such that f(x) = 0.
To complete the proof of proposition 3.1, it only remains to find a uniform upper bound
for |v|.

n

2
(DT D SRR DI D ST e

i=1 i; CiNCRAD i C;NCR=p "' jEC;
If C; is any cluster of colliding globules,
2
e (£C: — 1)(24C; — 1)
D (mi—wy)| <HC Y i — P <HC Y (2kry)? = (2r)2(#C)P 5 -
JjEC; JEC; k=0

Similarly, if C; is a cluster with at least one globule at distance R + &; of the origin,

1C;i—1
s — 1)8Ci(28C; — 1
S Il < YD (Rt + 2k )? < UC(R+ 20?4 22, )2 EO T DG ]
jeC; k=0
ECP 18 (2013), paper 26. ecp.ejpecp.org
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and the same upper bound holds for a sum over a union of such clusters. Consequently
4 2 2
v[? <2n(R+ry)?* + gri(n —Dn@2n—1)+ gri Z (#C; — 1)(24C; — 1) + n%

i; C;NCE=(

Since the sum over {i; C; N C¥ = (} is smaller than n(n — 1)(2n — 1), the norm of v is
uniformly bounded from above as a function of x. This completes the proof. O

Proof of proposition 3.2. We use theorem 2.2 with the n(d+1) xn(d+1) diagonal matrix
6 which has n times the sequence (4,...,0,65) as its main diagonal entries. Since the
constraints are compatible on R™(4t1), for any C2-function ® on R™(?*1) with bounded
derivatives,

1 [t t
X(t) =X(0) + OW (t) — 5/ 0 '0Vd(X(s))ds + Z / 010V f(X(s))dL¢(s) (3.1)
0 fer?o0
has a unique strong solution in the closure of the set D defined by the constraints.
Choosing ®(x) = Y7, ¢(|zi|)/6 hence V,, ®(x) = 5= ' (|l]) and Vi, (x) = 0, equa-
tion (3.1) becomes

xwzxmwwmw—lquwmga@w+é2wxwﬂﬁ@
ntQ-—-s-s
+;A%N&4WOMM)

Xi(t) = Xi(0) + 05Wi(t) + 0%5* (- /0 t 2(R+ X,)(s)dLn(s) = Lys (£) + Ly (1)

—ZA%E+&WW%@

j=1
Let us define L;;(-) = 20 [, (X, + X;)(s)dLy,,(s), L :.9252Lfi+, L7 = 02&2qu’7 and
LE() =262 fO‘(R'i‘Xi)(S)deiR(S). The property Ls(-) = / 1 ¢(x(s))=0 dL(s) implies that
0
condition (&) is satisfied for these new local times. Then the solution of equation (3.1)
is the solution of (£y). Theorem 2.5 states that 1p(x)e™®*®)dx = ]lp(x)efei2 iz eleil) gy
is a time-reversible measure for the solution. To complete the proof, let us check that
this measure can be renormalized as a probability measure for 6 small enough.
From the positivity of ¢ := liminf,_,, . py'(p) we get

t=n

P
This integrates into ¢(p) > ¢(K) + ({ — n)(Inp — In K) for p > K and leads to

Vn>0 3K >0 Vp> K ¢'(p) >

—+o0 —+o0
Ve s 0 / e=ee(P) d=1q, < g=eco(K) fe(t=n) / pelt=m+d=1g,
K K

For c large enough to satisfy —c(¢ — 1) + d < 0 the above integral is finite, that is,

/ e~ PPNy < 400
R4\ B(0,R)

This gives the desired normalization constant for # small enough to satisfy 0% >c

/efe%zglga(\m)dx < e*%f/ e e(Siy elzil) —ne) gy
D (R?\B(0,R)"

eETEL / e~y | < +o0o
R4-1\B(0,R)
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where ¢ = min|g, o[ ¢ denotes the infimum on [R; +oo[ of the smooth increasing func-
tion . O

Proof of proposition 3.3. Let ¢ := inf{>"" , ¢(lyi|); y € D}. This infimum exists be-
cause ¢ is increasing on |0; +oco[. We fix x € A.. There exists an allowed configuration
y with all particles at the same position as in x except one particle (say, the k’th) which
satisfies |yx| < |zx| — €. Since ¢’ is a decreasing function,

n e

Sl =Y el + | oo > o+ (ol ~ s s

i=1 yk‘

Function ¢’ admits a limit at infinity.

n
. . . . . . . ’ .
If this limit does not vanish, then E 1 o(|zil) > ¢, +¢ pginoo ©'(p) > ¢,
i—
o Iflim, o ¢’ = 0, the positivity of ¢/ = lim Jinf py’ (p) implies the existence of a K such
p—+o0
that

20
Vo= K pp(p)z 5 and (R+r)e'(p) < 3 hence (p—R—r4)¢'(p) =

Wl
Wl

Without loss of generality, we can choose K > R + 2nr, + ne. Consider the z;’s
such that there exists y € D satisfying |yx| < |zx| — € and y; = z; for i # k.

- If at least one of them has a norm smaller than K then

n

> ollail) > o + e (K) > ¢
i=1

- If not, all particles in x are at distance at least K from the origin because
it is impossible for only n particles to completely fill a sphere of radius K >
R+2nry +ne. The x;, which has the largest norm is shifted at distance R+
from the origin and is relabeled y;. This define configuration y € D. Then

Y 14
E SD(\%'D>£D+(|xk|—R—r+)go’(|xk|)2£D+§ >0
i=1

n
So we obtain Z o(lz]) > o, + ¢’ for all x € A, with a positive ¢’ equal to € Em ¢ if this
- o]
i=1
limit does not vanish and to min(e¢’(K), %) otherwise.

An immediate consequence is  pg(A:) < po({x € D; Z o(lzil) > ¢ +€}).
i=1
The normalization constant of the probability measure iy is larger than

R W
/HZ%“'““S%*E/@ 7r 2 elend die 2 o751 )/]lzzglw(\xmsgﬁg/ dx
D D

1
92
JoIsr, eai)>p +er €7

f 1 n 2 )< el dx

DAY ellziD<e +

The denominator does not depend on 6. Dominated convergence theorem ensures that

the numerator converges to zero when 6 tends to 0. So we obtain éir% uo(A:) = 0. O
—

(Z?:1 g0(|x,¢|)—fD—5’) dx

thus pg(A:) <
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