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Abstract

In this paper we establish path properties and a generalized uniform law of the iter-
ated logarithm (LIL) for strictly stationary and linearly positive quadrant dependent
(LPQD) or linearly negative quadrant dependent (LNQD) random fields taking values
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1 Introduction and Results

In the last years there has been growing interest in concepts of positive/negative
dependence for families of random variables. Such concepts are of considerable use
in deriving inequalities in probability and statistics. Recently, Csérgé et al. [1] and
Choi and Csorg6 [2] studied path properties and asymptotic properties for [°°-valued
Gaussian random fields, respectively. In this paper we are interested in path properties
for any positive or negative dependent random fields with multidimensional indices
taking values in [*°-space.

Newman [3] introduced and discussed the following concepts of positive or negative
dependence. The random field {X;(t); t := (t1,--- ,ty) € [0,00)V}2; is said to be
linearly positive quadrant dependent (LPQD) if, for any positive numbers )\; and any
disjoint finite subsets A, B of Z (set of positive integers), the inequality

P{ZAiXi ) =2, > N Xt >y}>P{ZAX } {Z)\X }
i€A jEB i€A jEB
(1.1)

holds for all z, y € R(set of real numbers), where {t;}?°, C {t}, which is equivalent to
the inequality (Lehmann [6], pp. 1137-1138)

P{Zm{i ) <z, Z/\X <y}>P{Z)\X } {Z)\X }
€A JEB €A JEB
(1.2)
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while the random field {X;(t)}$2, is said to be linearly negative quadrant dependent
(LNQD) if the inequalities in (1.1) and (1.2) are reversed. For the results related to
such dependence, one can refer to [3, 4, 5]. In general, two random variables X and Y
have been called positively (resp. negatively) quadrant dependent (PQD) (resp. NQD)
by Lehmann [6], if P(X >zY > y) > (resp. <) P(X > x)P(Y > y) for all z, y € R.

The objective of this paper is to establish a generalized uniform law of the iterated
logarithm and investigate path properties for LPQD or LNQD random fields taking val-
ues in [*°-space, whose description now follows. Fors := (s1, -+ ,sn), t := ({1, -+ ,tn) €
[0,00)Y, denote

0:(07“',0)7 1:(1,“',1)7 S:tt:(81:|:t1,~--,SN:|:tN),
s<t if s, <t,, foreach m=1,2,--- N,

at = (aty,--- ,aty) fora € (—oo,00), (s,t) = (s1, - ,sn,t1, - ,tn) € [0,00)%.

Assume that {X;(t); t € [0,00)V 122, is a sequence of centered strictly stationary and
LPQD (or LNQD) random fields with X;(0) = 0 and stationary increments

ai(|It]) == VE{Xi(s +t) — X;(s)}2, i>1,

where o;(t) are nondecreasing continuous functions of ¢ > 0, and | - || denotes the
Euclidean norm such that [[t]| = (2N _, tfn)l/2. Put
0+(t) = sup oi(t)
i>1

and assume that o, (-) is a regularly varying function with exponent o > 0 at co. Recall
that a positive function o(t) of ¢t > 0 is said to be regularly varying with exponent o > 0
at b > 0 if limy,p{o(xt)/o(t)} = z* for z > 0.

Let {X(t) := (X1(t), Xa(t),---); t € [0,00)N} be a centered strictly stationary and
LPQD (LNQD) random field taking values in [*°-space (i.e. [*°-valued random field) with
%-norm || - | defined by [X(t)]ac = stp,=, | X (t)].

For each m = 1,2,--- , N, let a,,(z) and b,,(z) be positive nondecreasing functions
of z > 0 such that a,,(z) < by, (z) and lim, o by, () = co. Denote

Az = (al(x)7 T 7aN($)>7 b, = (bl(x)’ T 7bN($))7
7(w) = \/2{ log (I[bl/las ) + loglog by}

where log z = log(max{z, e}).
The main results are as follows. Let {z} ; > 0}7°, be an increasing sequence with
xo > 0 and limy_, o z, = 0o, and let uy, = O(vy) denote limsup,,_, o u /v < 0.

Theorem 1.1. Let {X(t);t € [0,00)N} be a centered strictly stationary and LPQD
(LNQD) [*°-valued random field with [*°-norm || - |l and E|X;(t)|**° < oo for some
0 € (0,1], which satisfies conditions

6] Z | Cov(X;(1), Xi(b;))| = O(||bx||~*) for each i,k > 1 and some \ > 2,
j>k+1
(i) ;gfl o?(z)/z > 0.
Foreachm =1,2,---, N, let the functions a,,(z) and b,,(x) satisfy conditions
(iii) by (x)/am(x) (> 1) is increasing,
(iv) there exists ¢y > 1 such that by, (xy) < ¢o b (xp—1) for k > 1.
Then we have

X(s+t) — X(s X(b
limsup sup sup [X(s +t) (8)llo :limsupm =1 a.s. (1.3)
w0 (sl <[l el <lbs ) Tx([[Pzl])(2) a—oo Os(|bg]))v(2)
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Theorem 1.1 presents a path property for [°°-valued random field, while we can
obtain the following law of the iterated logarithm (LIL) without conditions (iii)-(iv) of
Theorem 1.1.

Theorem 1.2. Let {X(t); t € [0,00)V} be as in Theorem 1.1 with conditions (i)-(ii).
Then

. [X(s +t) — X(s)]|oo
imsup sup
e—00 |s||<[bs|l [t <]boll o ([[bz][)1/2log log [|b ||

X
= lim sup X ()]0 =1 as. (1.4)

z=o0 0x(|[bz|[)1/2loglog [[be |

Note that the first result in (1.4) implies a generalized uniform law of the iterated
logarithm for LPQD or LNQD [*°-valued random fields, but the second one in (1.4) is a
standard form of the ordinary LIL for any dependent (or independent) [*°-valued random
fields, which is an extension of some theorems in [1, 2, 4, 8].

Returning to our present exposition of Theorem 1.2, we present the following exam-
ples.

Example 1.3. Let {X;(t);t € [0,00)V}°, be a sequence of centered stationary and
independent [*°-valued Gaussian random fields with exponent « = 1/2 (e.g. Wiener
random field). For eachi =1,2,..., N, let b;(z) = Vi z. Then

b, == (bi(z),- by (@) = (L2, ,VN)z, |bs]| = /NN +1)/22.

Hence, by Theorem 1.2, we have the uniform law of the iterated logarithm

a.s.

i su [X(s+t) = X(s)lw
p sup sup =
w00 |s|<[lba |l [£1<[ball v/ [P v/210glog [[by]]

From the ordinary LIL in (1.4), one can obtain Theorem 1 in [4] for LPQD random
sequence {,;n > 1}, as in Example 1.4 below. In (1.1) and Theorem 1.2, denote
X(n) = X,(tn), X(n) =8, :=& + -+ + &, and o(n) := /E(S,)?, when indexed by a
single time-parameter n in Theorems 1.1-1.2.

Example 1.4. Let {£,; n > 1} be a centered strictly stationary and LPQD (or LNQD)
random sequence with E¢? > 0, which satisfies conditions

(i) E|&|P < oo for eachp > 2,
(ii) Z |Cov(&1,&5) | = O(k:"\) for each k > 1 and some A\ > 2,

j>k+1

(iii) o2 := BE +2 E | Cov(&1,&5)] < oo.
i=2
Then we have

: Sn
lim sup

. —
nsoo 0(n)v2loglogn

where it is easy to prove that o(n) =~ o+/n for n large enough.

a.s.,
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2 Proofs

In this section, let ¢ denote a positive constant which may take different values
whenever they appear in different lines. We need the following properties.

(P;) Two random variables X and Y are PQD (resp. NQD) if and only if Cov (f(X)7
g(Y)) > (resp. <) 0 for all real-valued nondecreasing functions f and g (such that f(X)
and ¢(Y) have finite variances) (see Lehmann [6]);

(P2) (Hoeffding equality): For any absolutely continuous functions f and g on the
real line and for any random variables X and Y satisfying Ef?(X) + E¢*(Y) < oo, we
have

Cov Y))
/ / F(@)d W{P(X >z, Y >y) — P(X >2)P(Y > y)}dxdy.

The main ingredients of the proofs of Theorems 1.1-1.2 are Propositions 2.1-2.3
below. Note that conditions (i)-(ii) in Theorem 1.1 imply conditions (C2) and (I)-(II) in
[4] X(t)|loo /o« (|It]]) is a standardized random variable.
Thus Lemma 2 in [4] and Corollary 2.1 in [5] are easily changed to the following Berry-
Esseen type theorem.

Proposition 2.1 (Berry-Esseen type theorem). Let {X(t); t € [0,00)"V} be as in Theo-
rem 1.1 with conditions (i)-(ii). Then

[IX(by) oo
swp |P{

where ®(-) is a standard normal distribution function and ||b.|| — oo as z — oo.

<z} - 0()| = O(Iba)77), @ ox,

Denote by, = b,, for a positive increasing sequence {z;}7° . Using Proposition 2.1
above, the following proposition is immediate from the proof of Lemma 9 in Petrov [7,
p. 311].

Proposition 2.2. Let {X(t)} be as in Proposition 2.1. Assume that g(z) is a positive
nondecreasing function of x > 0 and that {||bx|; ¥ > 1} is a positive nondecreasing
sequence such that Zzo_l |bx||~/® < co. Then the following statements are equivalent.

1 -
" ;m (_ 29 (||bk||)) < o0

The next proposition on the large deviation probability is essential to prove our
theorems for any strictly stationary [°°-valued random field, which is proved in a way
similar to those of Lemmas 2.2 and 2.3 in [8].

Proposition 2.3. Let {X(t); t € [0,00)V} be a centered strictly stationary [*°-valued
random field. Then, for any € > 0 there exists a constant c. > 0 such that, forv > 1,

X(s+t) — X(8)|a
P{ sup sup [X(s +t) — X(s)|| ZU}
Isl<lIball [1¢]l<[ba | a.([[bz|])

<o (P{ir = )+ ZQW (O 2 Tra v oNioss 2}

ECP 18 (2013), paper 61. ecp.ejpecp.org
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, we will first prove the sharper

Proof of Theorem 1.1. Since v(z) > /2loglog|/b,
result
[X(s +t) — X(s)[|

limsup sup sup <1 a.s. 2.1)
e—o0 |s||<[bs |l [t <[boll O ([bz]])1/2log log [|b. ||

without conditions (iii)-(iv), whose result is used to prove (1.4). For § > 1 and k > 1, set
A = {&; 6% < ||by| < 65T }. Note that y/2loglog 0% > 6=*/2loglog #++1 since (logu)/u
is decreasing for u > e°. By the regularity of o.(-), we get o.(||b.|)/o.(0FT1) > o2
and hence

lim [X(s 4 t) — X(8)]|oo
sup sup
e—o0 s||<[bs|l [t <]b.ll O« ([bz]])1/21oglog ||b, ||

< limsup sup sup sup [X(s +t) — X(s) o
k—oo weA [s| <[l [¢<IIba|l 0x(|bs ) 1/21og log O

[X(s +t) = X(s)||

< 02 limsup  sup sup . (2.2)
k—oo |sl|<ok+1 ||tf|<or+1 0. (0FF1)/21loglog OFF1
For convenience, let ||by|| = 6%, where by := b,, for a positive increasing sequence

{zx}%2,. Using Proposition 2.3, it follows that for any ¢ > 0 there exists a positive
constant ¢, such that

X t) — X(8)]|oo
P{ sup sup [X(s+¢) ()l >1+25}

sl <or+1 (e <or+1 0w (0K F1)(/210g log Ok +1
X(bji1)|loo _ (14 22)1/21oglog O+
§C€<P{ X (bpt1) |l 2( + 2¢)/2log log } 2.3)

. (6FFD) T+¢c
> n X(bg+1)ll (14 2¢)+/21loglog k+1
92N?2 P{” +1)lloo JVI+2N1 3.2"/2} .
+ n;l oL (OF+1) T 1+e¢ + °8

Now let us apply Proposition 2.2 with [|by|| = 6* and g(*) = g1(6*) (or g2(¢"*)), where

1+ 2¢)y/2log log 1 1+ 2¢)\/2loglog 6%+1
(1+2¢) og log 0 g2(9k) ::( + 2) oglogt 1-1—2N10g3~2"/2

1+¢ ’ 1+e

g1(0%) :=

in (2.3). Considering the right hand side of (2.3) and equivalence of Proposition 2.2, we
have

=1
e—9i(0")/2 < (log 6+ '«
;m( o5 Cz g0t T <o
N HX bk+1 ||oo k
= LS T 2 a@)) <

where ¢’ = ¢/(1 + ), by the strict stationarity of X(t), and also

1
g2(0%)

1 142
exp (= 593(0M) < exp ( — 2( s -

< ((k+1) log0)7(1+€')(1+2N10g8)2” < C(k_|_1)7(1+5’)(1+2N10g3)2"

) (2 loglog 0¥T1)(1 + 2N log 3)2")

which implies

[ X(br11)0o k —(14€") (142N log 3)2"
< g )2
P{ o > e )p<et+1)

ECP 18 (2013), paper 61. ecp.ejpecp.org
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by Proposition 2.2. Thus

o X (br1) o
ZZ2QN2”P{ kt1)lloo gQ(Qk)} < CZZQQNQ"(]H_ 1)—(1+5 )(1+2N log 3)2"

k+1
k=1n=1 S Ca k=1n=1
[SSIe co oo
< CZ Z 2—N2” log, (k+1) | 27 < CZ Z Lk=2.9°m < 0.
k=1n=1 k=1n=1

In conclusion, it follows from (2.3) that

X(s+t) — X(8) [|oo
sup [X(s+t) —X(s)] >1+2€}<OO

ZP{ sup
o Ulsli<or+t jjgj<or+1 0. (6%+1)/2loglog Ok+1

and the Borel-Cantelli lemma yields

X t) — X o
limsup sup sup |X(s +¢) ()| <142 a.s.

k—oo |sl|<ok+1 |tfj<or+1 o, (0FF1)y/2loglog OF+T

Combining this with (2.2) implies (2.1) since ¢ and € are arbitrary.
By virtue of (2.1), the proof of (1.3) is completed if we show that

. | X(b2) [[oo
limsup ———— >1 a.s. (2.4)
z—o0 Ox([[bzl)v(2)

Let {zy; z > 0}, be an increasing sequence such that =y > 0 and the (k — 1)st point
xp—1 is placed by the relation b,,(x;) — am(zx) = b (zr-1),1 < m < N, with x;, defined
by induction, since b,,(z) — a,(z) is increasing by (iii). For convenience, put a, = a,,

and b,y = b,,, and let i > 1 be an integer such that o;,(||bx||) = o.(||bx||), where
|bi|| := 0% as above. Then,
X(b X; (b
lim sup w > lim sup #k) (2.5)
koo Ox([Prl)V(@E) ~ kooo Tip([brl)y(2k)
and the inequality (2.4) is immediate from (2.5) if we prove
X; (b
lim sup o (Pr) >1—4¢ as. (2.6)

k—oo  Tig ([[br][)y (k)
for any small € > 0. For each k£ > 1, we see that

Xiy(br) — Xy (by2)
aio (IIbr — b2 1))

U, =

is a standardized random variable. Let By = {Uy > (1 — 2¢)y(zk)}. If NV is a standard
normal random variable, then it follows from Proposition 2.1 and the strict stationarity
of X(t) that

P(By) = (1 _ P{U,c <(1- 26)7(xk)} 14PN <(1- 25)7(:%)})
+ P{N > (1 — 2¢)y(zx)}

1 1— 2
> —c||by—b -1/5 4 ex (— 2(z )
= —c1fbr = by || VErl — 20 ) P 57 (@)
1 a >1_6 1 lax ||
> —Cl o t¢ < >c — (5 )
(log || by [|)*—* [ by [ log || br || (log [[ by [[)* ==\ [ g |
ECP 18 (2013), paper 61. ecp.ejpecp.org
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for all large k by (iii), where c and ¢, are positive constants, and further

L

L
1 e |l
2 (log [ e )1 ,Z; Iy

k=ko

for some ko > 1 with kg < k < £. Also there exist constants co, c3 > 1 such that

¢ ‘
bl lakll csllan—1]|
log ||be]| < e2 log < log ( ) < co log (co + 7)
,Z Mol = Z [ :Z bt
(2.7)
since ¢ || bg—1| > || bk || — || ax || by (iv). The last inequality of (2.7) follows from the fact
that
o b | co |[bx <o

faxsll = Tousl = Toull — lall ~ 1= (laxl/Tbel) =

by (iii). Thus, by (2.7), there exists a constant K > 1 such that

¢ ¢ 9
c3l|la C a
logllbal < ez Y- tog(eo+ T2 ) < i 3 Sl

k=ko -1 k=ko

Therefore, we have Zf@:l P(By) > e(log ||be]))/(Kc3?) — oo as £ — oo; that is, we get
>kt P(By) = oo

Next, let B, = {Uy > (1 — 3¢)y(zx)} . We will show that P(Bj, i.0.) = 1. Choose a
differential function f(z) on R such that |f/(z)| < k for some 0 < k < co and

0< I{x >(1— 25)7(9%)} < f(z) < I{x >(1- 35)7(:%)} <1, 2.8)

where I{-} is an indicator function. In order to prove P(Bj, i.0.) = 1, it is enough
to show that >, f(Uy) = oo a.s. Since > ;- , P(By) = oo in the above statement, it
follows from (2.8) that Y ,- | Ef(Ux) > > p-, P(B;) = co. By Markov inequality, we have

P {Z AR ZEf(Uk)} <P { > W) -3 BAU) > s ZEf(Uk)}
k=1 k=1 k=1 k=1

< 4Var (zn: f(Uk)> / (Z Ef(U, ) (2.9)

< 4 +8Ek 12; k+1‘COV )f(Uj))|.
Yo Ef(U) (Zk:l Ef(Uk))2

Noting that Uy and U; are LPQD (resp. LNQD) from the definition of LPQD (resp.

ECP 18 (2013), paper 61. ecp.ejpecp.org
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LNQD), it follows from (P;), (P.), condition (i) and the regularity of o, (-) that

>3 | Cov (f(UR), £(U)) |

k=1 j=k+1
o o0 o o
SKJQZ Z ‘/ / (P{Ukzx,Uij}—P{UkZI}P{Uj Zy})dscdy‘
k=1j=k+1 700/ —
< ci 2” bi = bis | ‘Cov (X, (1), X, (b;) — X, (bj/g))’ (2.10)
2 52 (Tby — byya]) 2 o(Pa) = X,
o= Jj=k+1
L)
< Cz(ek)l—QaH b(k+1)/2 || Z ‘ Cov (Xio(]-)v Xio(bj))’
=1 >kt
L)
< CZQ*()\72+2Q)I€ < 0.

>
Il

1
Since Y, Ef(Ui) = o as above, letting n — oo in (2.9) yields P {> ;- ; f(Ux) < oo} =
0 by (2.10). This proves Y .-, f(Uy) = co a.s. and consequently P(Bj, i.0.) = 1. Let

_ [ Kaolbrp)
Ch= {Uio(ku/zH) > —29( k/Q)}.

Since P(Bj, i.0.) = 1, it follows from (2.1) that P(Bj, N Cy, i.0.) = 1. It is easy to see
that

P{Wb:”) > (1 —4de)y(xy), z.o.}
Xio (bk)
2 P{ el

> P{B,; N Cy, zo} =1

> (1= 3)9(wx) = 29(wns2), 0.}

for k large enough, by the stationarity of X(t). This implies (2.6) and hence (2.4) holds
true.

Proof of Theorem 1.2. Since we have proved (2.1) without conditions (iii)-(iv) of Theo-
rem 1.1, it is enough to show that

lim sup X (Da)lloo >1 as. (2.11)

z—oo 04 ([[bxl)/2loglog [|ba]|

Set by, = b,, for a positive increasing sequence {z;}7° ,, and let iy > 1 be an integer
such that o;,(||bx||) = o« (||bg]||). Then

X(bz) |loo . X;. (b
lim sup 1 X(by) | > lim sup o (D)
k—oo 0x([[br[)v/2loglog [[br| — k—oe oiy([brl)\/21oglog [k |
and (2.11) is immediate from (2.12) if we prove

. Xi,(by)
im sup

koo 0y ([|[brl])y/2loglog || byl
forany smalle > 0. For 6 > 1, set ||bi|| = 6% and B}, = {Uj, > (1 — 2¢),/2loglog [ br — by2 [[}
as in the proof of (2.6). Then | by —by /s || ~ 6* for sufficiently large k. If we apply Propo-
sition 2.2 with g(|| bx — by/2 ||) = (1 — 2¢)/2loglog || by — by 2 ||, then

(2.12)

1—4e a.s.

oo

E ! 12 S —14e
—m————— =~ exp | — 5g° (b — b >c) k = 0
k=1 9(lbr = b2 []) ( 2 (e k/QH)) ;

ECP 18 (2013), paper 61. ecp.ejpecp.org
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and hence "}~ P(Bj;) = oo by the strict stationarity of X;(t) for i > 1. The remainder
of the proof is the same as the corresponding proof in (2.8)-(2.10). The details are
omitted. This completes the proof of Theorem 1.2.

Acknowledgments. The authors wish to thank the referees for careful reading of their
manuscript, and for helpful suggestions that have led to improving the presentation of
our results.
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