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Abstract: In a range of genomic applications, it is of interest to quantify
the evidence that the signal at site i is active given conditionally indepen-
dent replicate observations summarized by the sample mean and variance
(Y, s?) at each site. We study the version of the problem in which the sig-
nal distribution is sparse, and the error distribution has an unknown site-
specific variance so that the null distribution of the standardized statistic
is Student-t rather than Gaussian. The main contribution of this paper is
a sparse-mixture approximation to the non-null density of the ¢-ratio. This
formula demonstrates the effect of low degrees of freedom on the Bayes
factor, or the conditional probability that the site is active. We illustrate
some differences on a HIV dataset for gene-expression data.

Received December 2023.

1. Introduction

We consider the sparse signal plus replicated Gaussian noise model on the real
line, with m > 2 conditionally independent replicate observations at each site.
By sufficiency, the observations at one site may be reduced to the sample mean
and variance in the implied signal-plus-noise model

Y =X 45, (m—1)s* ~ a?x2%,_,. (1)

The signal X is assumed to be independent of the error, which is distributed
as N(0,02/m) with variance inversely proportional to the sample size. Since
the model has an unknown site-specific variance parameter, it is natural first to
reduce the information at each site to the standardized ratio T; = m!/2Y; /8,
where s? is the sample variance. The null distribution is Student-t on m —
1 degrees of freedom, independent for each site, and independent of o2. The
evidence for signal activity at site 7 is then based on the observed value T; in
relation to the null distribution and to the values at all other sites.

This model for (Y, s?) typically arises where there is a need to summarize
data with parallel structure for the sites, e.g. in high-throughput biology settings
such as microarrays ([3], [4], [8]). A common assumption in the signal detection
literature is to suppose that X is distributed according to a sparse ‘atom and
slab’ mixture distribution [12] X ~ mydg + (1 — mp)G1 with null probability
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7o ~ 1, and non-null component G;. In this note, we work with a more general
concept of sparsity [11] and derive an approximation to the marginal density of
the t-ratio when the distribution of X is sparse. To this end, up to a re-scaling
of X, it suffices to consider a special case of (1) with o = 1.

In section 2 we review the definition of statistical sparsity and derive a mix-
ture representation for the distribution of the t-ratio when the signal is sparse.
In section 3 we compute conditional probabilities using this approximation and
make a comparison with the probability integral transform on a real dataset
of gene expression levels from HIV patients. Section 4 concludes with a brief
discussion, and appendix A contains proofs of our results.

2. Statistical sparsity and t-ratios
2.1. Sparse limit

The definition of statistical sparsity proposed by [11] aims to organize the family
of signal distributions by the resulting signal-plus-standard Gaussian model X +
e, where € ~ N(0,1) is independent of X. In other words, two sequences (P,)
and (Q,) have the same sparse limit if and only if there is a 1-1 matching
v +— p(v) such that the convolutions P, * N(0,1) and Q) * N(0,1) are hard
to distinguish as ¥ — 0. This criterion is an equivalence relation, which is
formalized in terms of weak convergence of the signal distribution over a suitably
large class of integrands, the constraints of which are related to particularities
of the Gaussian convolutional model. Each equivalence class is associated with
an exceedance measure as follows.

Definition 2.1 ([11]). A family of distributions (P,) indexed by v > 0 has a
sparse limit with rate p, and exceedance measure H # 0 if

lim p! /Rw(x) P,(dz) = /Rw(x) H(dz) < o0 (2)

v—0

for every function w : R — R that is bounded, continuous and O(x?) at the
origin.

For every A\ > 0, the pair (Ap,,A"'H) is equivalent to (p,, H) in (2). To
eliminate this indeterminacy, a non-zero measure H may be replaced with a
unit measure such that

/(1 — ) H(dz) = 1. 3)
R

This particular normalization arises naturally in the signal-plus-Gaussian noise
convolution. If the family is sparse with unit exceedance measure H, then the
integral

/R<1 — =) P, (dx) = p, + o(p) (4)
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determines the rate parameter to first order in p = p,.. Here, b(p) = o(p) means
@ —0as p—0.

Every distribution has its own sparsity parameter or sparsity rate as defined
by (4). By contrast, the exceedance measure is a characteristic of certain families.
Thus, two sparse families (P, ), (P),) may be put in 1-1 correspondence by their
sparsity rates p, p’ such that p(v) = p’(p). In the sense of w-integrals occurring
in (2), such matched pairs (P,,Q,) are indistinguishable to first order in the
sparse limit if the two families have the same exceedance measure. First-order
equivalence of the convolution implies an equivalence relationship on sparse

families.

Definition 2.2. Two sparse families are first-order equivalent if they have the
same exceedance measure.

2.2. Scale family

Since this paper is concerned with the effect of unknown or estimated scale
parameters, it is natural to require both the family of signal distributions and
the family of error distributions to be closed under scalar multiplication.

Definition 2.3. A family of distributions P, indexed by v > 0 is closed under
scalar multiplication if, to each pair v,c > 0 there corresponds a number v/ > 0
such that X ~ P, implies c X ~ P,.. A closed family is called a scale family if the
group action is transitive with a single orbit, i.e., to each v,V there corresponds
a number o > 0 such that X ~ P, implies c X ~ P,. By convention, the scale
family is indexed by the scale parameter o. The family has a sparse limit if (2)
1s satisfied in the small-scale limit o — 0.

A family that is closed may contain several orbits. The Student-t scale family
on d degrees of freedom has one orbit for each d > 0. The sparsity rate and
exceedance measure for the Student-¢ scale family are stated below, and shown
to satisfy (2) in appendix A.

Example 2.1 ([11]). Let 0 < d < 2 be given. The Student-t family on d degrees
of freedom with scale parameter o > 0 has a sparse limit as o — 0 with rate

T (452)

p = ——:_ d
Cy/ml(d/2)
The inverse-power exceedance measure
dz d2/2-1
Hy(d = ¢ — = —
a(dz) == Cy AT Ca T —d/2)

satisfies (3). In particular, for d =1, P, = C(0) is the Cauchy distribution with
probable error o; the sparsity rate is p = 01/2/m, and the normalized exceedance
measure is dx/(x?/27).
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Example 2.2. The zero-mean Gaussian family P, = N(0,v?) is a scale family.
However, there does not exist a measure H satisfying (2), so this family does not
have a sparse limit. For the same reason, neither the scaled Student-t family on
d > 2 degrees of freedom nor the Laplace scale family with density o~ 'e~1*1/7 /2
has a sparse limit as o — 0.

Example 2.3. The atom-and-slab Cauchy mizture
P, =0.85) + 0.2C(0)
is a symmetric scale family, as is the atom-free spike-and-slab mixture
P, = 0.8N(0,0%) 4+ 0.2C(0).

In both cases, (2) is satisfied as v = 0 — 0 with rate 0.201/2/7 and inverse-
square exceedance density dx/(x2\/27). Both mixtures are first-order equivalent
to the sparse Cauchy model C(o) and to the horseshoe model [2] with density
o~ tlog(1 + o2x=2)/(2n).

The occurrence of the Student-¢ family indexed by 0 < d < 2 and o > 0
as an instance of a sparse scale family is unrelated to the principal topic of
this paper, which is the distributional effect of internal normalization by the
sample standard deviation. In that case, the null distribution of T' = Y'y/m/s is
Student-t on m—1 degrees of freedom, where the sample size m > 2 is arbitrarily
large and ¢ = 1. The non-null distribution is derived in section 2.6.

The main purpose of this section is to characterize the totality of sparse scale
families by the set of equivalence classes. Surprisingly, the Student-¢ family in
Example 2.1 covers the entire range. In other words, every sparse scale family
has an inverse-power exceedance measure with some index 0 < d < 2. It follows
that each equivalence class has a Student ¢4 representative. A precise statement
is given below and a short proof is provided in appendix A.

Theorem 2.1. Every symmetric sparse scale family has a rate function p(o) =
o?L(c71) and an inverse-power exceedance measure Cyqdz/|z|*tt for some 0 <
d < 2 and slowly varying function L : (0,00) — (0, 00).

The claim that p(oc) = o¢ for scale families, which occurs at the end of
section 2.2 in [11], is incorrect, as the following example demonstrates.

Example 2.4. The family of unimodal symmetric distributions

olog(1+ 2?/0?)dx

Fo(d) = 27 22

s a scale family whose tails are slightly heavier than Cauchy. For K ~ 4.3552,
similar remarks apply to the log-weighted Cauchy family

olog(1+ 22/0?) dw
K (o2 +22) 7

Qo (dx) =
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except that Q, has modes at +o+/e — 1, with zero density at the origin. Never-
theless, both families satisfy the limit condition (2) in the form
P,(dx) dz 5 Qo(dr)  2dw

lim —/——~ = im ——~ =
o0 —ologo  wa?’ o0 —ologo  Kx?’

with L(oc™1) oc —logo in Theorem 2.1. Accordingly, both are sparse with rate
p x —ologo, and inverse-square exceedance density. Despite the difference in
rate functions, they belong to the same equivalence class (Student t1) as all
families in Example 2.5.

2.3. Signal plus noise convolution

Let X be a random signal with distribution P, taken from a family of symmetric
distributions having a sparse limit with rate p and unit exceedance measure H.
The observation Y is generated from the signal-plus-standard Gaussian model,

Y =X+e¢, e~ N(0,1).

Provided that X, e are independent, the marginal density of Y is
[ o= Ptdo) = o) [ 2R+ 00) [( = e Py fao),
= 9(w)(1 — p+ olp)) + 6ly) [ (coshlay) — 1)e /2 P, (d),

= 61— p) + po(y) / (cosh(zy) — 1)e~="/2 H(dz) + ofp),
= (L= p)o(y) + po(y)¢(y) + o(p). (5)

In the second line, [ e=*/2P,(dz) =1 — p+ o(p) follows from the definition of
the sparsity rate, while symmetry of P, permits us to replace the exponential
€®¥ with the cosh function. Since the integrand (cosh(zy) — 1)6712/2 is bounded,
continuous and O(z?) at the origin, sparsity allows us replace the P,-integral
on line 2 with the H-integral in line 3. The zeta function on line 4 is determined
by the exceedance measure,

C(y) = /R (cosh(zy) — 1)e™* /2 H(dz).

Note that since [ ¢(y)((y)dy =1 (see, e.g. section 3.2 of [11]), up to first order
in the sparsity rate, Y is distributed according to a two-component mixture, ¢
and ¢ = ¢ - ¢, with corresponding weights 1 — p and p, where ( is the density
ratio of the non-null and null components.

2.4. Convolution for averages

Consider the same set-up as in the previous section where the sample mean
observation Y = X 4 £ is the sum of a signal and an independent random
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error distributed as N(0,1/m). For reasons given in section 2.2, the family of
signal distributions is assumed to be a sparse scale family with inverse-power
exceedance density H(dz) = Cyda/|z|?F!.

By the same argument given in the preceding section, the marginal density
[ m(y — x) P,(dz) of Y at y is equal to

= v / e 12D, (d) + () / (™= — 1)e~ma2 P, (da),
= S ) (1 P+ 0(0)) + Im(y) / (cosh(may) — 1)e~™"/2 P, (dz),

= ¢m(y)(1 - pm) + pl¢m(y) /(COSh(mxy) — l)ef’mx2/2 H(dl‘) + 0(p),
= (1= )b (y) + pmdm (y)C (M 2y) + o(p). (6)

Here, ¢, (y) = m/2¢(m!/?y) is the Gaussian density with variance m~', while
the non-Gaussian mixture fraction is

pn= [(1= 2, o),
:p/(l _ e—mxz/Q)Cd d$/|l"d+1 — pmd/Q

to first order for the inverse-power measure. Thus, the standardized statistic
m!/2Y is distributed according to the binary mixture

(1= pm)d(Y) + pmd(y)C(y) + o(p) (7)

with weight p,, on the non-Gaussian component.
The zeta function for the inverse-power exceedance measure is expressible as
a power series in y? with strictly positive coefficients

. Cydr oo (_d)’[‘TryQT 0o (_d)TT’I‘yQT
—_ T /2 d = — _—— — _—
/]R((,‘osh(acy) 1)e FLE E (2! ;:1: 177 oyl (8)

r=1

[11]. For integer r > 0, the rising factorial function is the product ' = a(a +
- (a+7r—1), so that 177 = 7!, while o™ = 27(a/2)"" is the double-step
rising factorial o™ = oo+ 2)--- (o + 2(r — 1)). It follows that —(—d)™" is
positive for 0 < d < 2.

2.5. Mizxture coefficients

The function h,(t) =1 — (1 — ¢)* has a series expansion

0 70[1\”‘7’
ha(t) = -3 500 2! L
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For 0 < a < 1, the coefficients ¢, = —(—a)™ /11" are strictly positive, the tail
behaviour is ¢, = O(T'(r — a)/T(r + 1)) = O(r~>~1) for large r, and the series
is convergent for |¢t| < 1. Since ho(1) = 1, the coefficients determine a proba-
bility distribution on the natural numbers. The tail behaviour ¢, = O(r=*71)
implies that the moments are not finite. The upper limit hy(t) =t is an excep-
tion implying unit mass at = 1. The distribution with probability generating
function h, arises in the next section in the form of the mixture weights for the
non-null mixture component of the marginal density. The correspondence holds
when the inverse-power index is d = 2a. The probability distribution defined
by the coefficients of h,, is further described in appendix A.

2.6. Distribution of the t-ratio

In this section, we derive the distribution of the internally standardized statis-
tic mt/ 2Y /s where s is the sample standard deviation and Y is the sample
mean among m i.i.d. observations. Let Y denote a random variable with the
distribution of m!/2Y’, the two-component mixture (7), and let s> ~ x2/k be
a scalar mean square independent of Y. The sample ratio T := Y/s also has a
binary mixture representation with the same weights, where the null component
is the t-distribution on £ = m — 1 degrees of freedom, denoted by fy, and the
non-null component is determined by the zeta function relative to fy. When the
signal distribution has an inverse-power exceedance measure, the Student-t zeta
function has an explicit analytic form, stated below and proven in section A.

Theorem 2.2 ([14]). Let 0 < p <1 be given, and suppose that'Y is distributed

as the mixture

Y~ (1=p)o+ py, Y(y) = o(y)¢(y),

where ((+) is the zeta function (8) for the inverse-power measure Hq with index
d € (0,2), and Y is independent of s*> ~ x3/k. Then the ratio T = Y/s is
marginally distributed according to the countably infinite mizture,

(1= p)fo(t) +pZCd,rfr(t) 9)
r=1
where the coefficients (q,, = —(=d)" /(27r!) are non-negative and add to one,

and the densities f, are given by

2" r'(1/2)
() = , 10
fr(t) (1+ 2/k)r+1/2+k/2 X k120 2B (r + 1/2,k/2) (10)
where B(a,b) is the Beta function.
It is convenient to write the marginal density (9) as a binary mixture
t2r 1+k)TT”‘
1-— t t)Cx(t r . 11
(1= p)fo(t) + pfo(t)Ck(t), E Ca, T (b4 2) (11)
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In other words, the density ratio f,.(t)/fo(t) for k > 2 is

folt) _ 2 (14 R

folt) — 1M (k+2)"
These are the key elementary functions that arise in the definition of the zeta
function when the null distribution is Student-¢ rather than standard normal.
Since the series expansion (11) is convergent for all ¢ € R, the function is well
approximated by series truncation; an implementation is provided on the website
linked in section 4.

(12)

2.7. Probability integral transformation

Let g be the monotone transformation R — R that transforms Student-t to stan-
dard normal, i.e., X ~ f implies g(X) ~ N(0,1), so g is the probability integral
transform that sends ¢-scores to z-scores. More explicitly, g(y) = @~ (Fy(y)),
where Fp is the cumulative distribution function (cdf) of the ¢-distribution with
k degrees of freedom, and ® is the cdf of the standard normal distribution.

Proposition 2.1. Let d € (0,2), and suppose T is distributed according to the
t-mizture (9). Then the transformed variable Z = gT is distributed as a mixture
with density

o(z) (1= p+ple(g™'2)), (13)

where g~ "z is the t-score. By contrast, if Y is distributed as in Theorem 2.2, it
has density

1

o(y) (1 = p+ plo(y)),
where (oo(y) = limg_ 00 C(y)-

Suppose our data consist of independent replicates (Y;,s?) for i = 1,...,n
from the model (1), with a different signal X; for each site. Classical procedures
in the multiple testing literature (e.g. [13], [1]) typically take as input a list of p-
values. This reduction of the data, obtained by the probability integral transform
of the t-scores, subsequently ignores the degree of freedom parameter k in the
calculation of false discovery rates. As expression (13) indicates, the density of
the non-null component depends on & = m — 1, whereas running the p-values
through a general purpose multiple testing procedure such as Lindsey’s method
([9], [10], [5]) or the BH procedure effectively assumes that the convolution
occurs in the space of z-scores. The formula obtained in Theorem 2.2 for the
zeta function relative to the Student-t null facilitates a numerical comparison
between these two approaches.

3. Numerical comparison

Although there are close similarities, the probability-integral transformed t-
mixture in (13) is not the same as the standard Gaussian mixture

(1= 0)9(2) + pp(2)Coo (2)-
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The zeta-function for the transformed mixture is (x(g~!z), which is close to, but
not the same as ((2). The goal of this section is to demonstrate the effect of
this difference on false discovery rate calculations numerically and on the HIV
dataset of [5].

The two-groups model is a description of the data generating process that
posits a latent variable indicating the component from which the observation
arose,

H ~ Bernoulli(p)

71 H ~ ¢ ?fH:O
P if H=1,

where ¥(z) = ¢(2)((z) is an alternative density satisfying (0) = 0. A quan-
tity of interest is the local false discovery rate ([6]), defined as the conditional
probability that the latent variable H is zero,

lide(z) = B(H =0 2 =) = (,f)géidﬁw/z) . (14)

The zeta function together with the sparsity rate determine the conditional odds
ratio,

1 — lfdr(2) p

Ifdr(2) T1-p x¢(z).

For small degrees of freedom (< 10), the conditional odds that a signal is active
can be diminished by roughly 20% in the region of interest (e.g. 3 < |z| < 10).
The ratios (oo (2)/Ck(t), with z = ¢(t), are shown below for & = 10 and three
values of d, the parameter governing the tail behavior of the signal distribution:

TABLE 1
Ratios (oo (2)/C10(t) for k = 10.

t z d=05 d=10 d=15
3.0 2.47 0.84 0.94 1.05
4.0 3.02 0.79 0.93 1.10
5.0 3.46 0.73 0.90 1.12
7.0 4.12  0.65 0.85 1.12
10.0 4.80 0.57 0.82 1.18
15.0 5.51 0.52 0.85 1.37

It is apparent that the ratio (»(2)/C10(t) may be appreciably less than one
for heavy-tailed signals with d < 1, or appreciably greater than one for shorter-
tailed signals with d > 1. Also, the ratio is not monotone as a function of the
argument.

The region of most interest for comparison is typically 3 < |z| < 6. Ordinarily,
k = 100 and k = oo are effectively equivalent for most statistical purposes. In
sparsity calculations, however, the dependence on the degrees of freedom is far
from negligible in the region of interest, even for k above 100. For d = 1, the zeta-
ratios (oo (2)/C100(2) at z = 3,4,5,6 are 1.14, 1.62, 3.37 and 11.68 respectively.
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3.1. Comparison on HIV data

The HIV data, taken from Chapter 6 of [5], is a case-control study with gene-
activity levels measured at 7680 genomic sites. For each site we compute a differ-
ence between the average gene expression levels for case and control, consisting
of 4 HIV-positive and 4 HIV-negative individuals, respectively. The histogram
of resulting differences is asymmetric, and although the methods we demon-
strate in this section here assume a symmetric signal distribution, we still find
it worthwhile to make the comparison on this dataset, as it has a small degree
of freedom parameter (k = 6) for the pooled variance estimate.

In the analysis by [5], the goal of the study was to identify a small subset
of the genes that are potentially relevant towards understanding HIV. Each
difference was divided by a pooled standard error to obtain a t-score, and these
were transformed into z-scores via Z; = @~ (1 — Fy(T;)), where ® = 1 —® is the
complement of the standard normal cdf and @~ is its quantile function. After
this pre-processing step, the (Z;) were viewed as independent samples from a
two-groups model with standard Gaussian null component,

% Bernoulli(p)
Z; | Hi ~ (1 —H;)¢+ H;ixp, independently.

If 4 is the non-null component defined by the inverse-power exceedance with
index d € (0, 2), the maximized log likelihood relative to the null model is 48.23,
which occurs at

p» = 0.0059, d,=1.09.

In formula (14), these values yield an estimate /. ; of the lfdr for each site
i = 1,...,7680. Assuming the null component is instead Student-¢, i.e., each
T; comes from the two-groups model (9), the maximized log likelihood is 56.13,
which occurs at

pr = 0.0045, d, = 0.60.

Combining these estimates with the formula for the zeta function when the null
is Student-t gives an analogous set of local fdr estimates
i L—p
ti = — )
7 L — pe + peCr(T3)
(x can be computed quickly and accurately by truncating the infinite series rep-
resentation (11). The resulting local fdr estimates for the sites with the largest
(in absolute value) test statistics are displayed in Table 2. The BH procedure
at level o = 0.1 yields 16 rejections, and the !ﬁm values among these range from
0.00 to 0.42, with an average of 0.108. Within the BH (0.1) set, the £, ; values
range from 0.00 to 0.51, with an average of 0.144.
We also compare the lfdr estimates with d = 1 fixed, i.e., plugging d = 1
into the formula (14) for both ¢ and z scores instead of a maximum likelihood

i=1,...,7680.
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TABLE 2
Estimated local fdr values for the top 6 test statistics.

Zi T; éz,i X 104 ét,i X 104 Ezﬂ'/ét’i
—5.91 —52.16 1.54 0.77 2.00
—5.74 —43.89 3.93 1.95 2.01
—5.60 —38.36 8.12 4.03 2.02
—5.53 —35.86 11.65 5.78 2.01
—5.40 —31.57 22.94 11.44 2.01
—5.13 —24.74 82.10 41.86 1.96

estimate d, or cft, which differ non-negligibly for the HIV data. The resulting
estimates of 1fdr are shown in Table 3. In other words, the factor of 2 in the last
column of Table 2 could arise in part from the difference between d, and th,
and this effect is controlled for by fixing d = 1 in the computation for 0, and /,.

The maximum likelihood estimates of the sparsity rates are p, = 0.0053 and
Pt = 0.0078, while the maximized log likelihoods are 48.13 and 52.99 relative
to the null (p = 0). Since the estimated power index for the z-scores is close to
1 (czz = 1.09), the resulting lfdr estimates are nearly the same as the ones in
Table 2 even when d = 1 is held fixed rather than estimated.

TABLE 3
Estimated local fdr values for the top 6 test statistics with d = 1.

Z,L' T,L 2272‘ X 104 Et,i X 104 Zz,i/ét,i
—591 —52.16 1.52 1.43 1.06
—5.74 —43.89 3.88 3.38 1.15
—5.60 —38.36 8.02 6.60 1.22
—5.53 —35.86 11.53 9.22 1.25
—5.40 —31.57 22.78 17.32 1.32
—5.13 —24.74 82.01 57.30 1.43

The values of /;; among the 16 BH(aw = 0.1) rejections now range from

0.00 to 0.39 with an average value of 0.104, whereas the values éAZ, among the
rejections range from 0.00 to 0.52 with an average value of 0.147.

4. Discussion

In this paper, we derived a mixture representation of the non-null density of a
t-ratio when the signal is sparse, and illustrated the maximum-likelihood pro-
cedure for estimating the local false discovery rate when the signal distribution
has an inverse-power exceedance measure. The formula for the density is de-
termined by the Student-¢ zeta function and the sparsity rate p, and depends
explicitly on the degrees of freedom parameter k. When k£ — oo, the formula re-
covers the Bayes factor for the standard Gaussian mixture in the sparse setting.
For small &k, we have demonstrated differences in the deduced local false discov-
ery rates, both numerically in a typical region of interest, and on a dataset of
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high-throughput gene expression levels of HIV patients. Although neither model
accommodates the asymmetry that is present in the HIV data, the Student-¢-
model fits appreciably better than the transformed z-model in terms of the
log-likelihood, and the average fitted lfdr-value within typical BH, subsets is a
reasonably close match with a.

The analysis presented here is agnostic to the assumption of equal variances
across genes. If there were reason to believe that the variance was constant across
sites, we could pool the estimates, yielding a scaled x2 variable with essentially
infinite degrees of freedom. Our analysis also assumes that the sparsity rate
is the same at every site, and the joint distribution of (X;,Y;) depends on
(p,d,o;). But the local false discovery formula (14) is agnostic on the question
of independence from one site to another.

Reproducibility. The R code and data used to generate Tables 2 and 3 can
be found at the following Github link: https://github.com/dan-xiang/dan-
xiang.github.io/tree/master/t-statistics-paper

Appendix A: Proofs

Proof of Example 2.1. Let P,(x) = pys(z)dz denote the Student-t distribution
on d degrees of freedom with standard density:

_ (a+1)

BECON AT

L CuyAT(d)2) o
avd
7 qar (D) P

It suffices to show

for each x # 0. The left hand side is equal to

L4 Cav/al(d/2) 1 T(4
AT o it

2

I'(d

C T

(@t _~d 2 L

7 d4/2\/g (U " d)
d+1

Cd d—2 N
= gz |z]d+t |x|d+1

(d+1)

e

(d41)

P pe(a) =0

O

Proof of Theorem 2.1. Let P,(dz) = p,(z)dz denote a sparse scale family with
standard density p;, sparsity rate p(o), and exceedance measure H(dz) =
h(z)dz. Then as 0 — 0
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for any = # 0. Taking z = 1, the above equivalence gives
pr(w) ~ h(1)p(u™")lul ™" as |u] — oo,

which implies that for any x > 0, as ¢ — 0

pi(z/o) h()p(o/z) (o/x) _ h(1) plo/z)

o)~ o) _e

Equivalently, as ¢ — 0,

plo/z)  wh(z)
o) A1)

Let y(u) = ﬁ Then the above convergence implies that for any = > 0,

o y(@u) A1)
ulgr;o y(u)  xh(x) (15)

This condition implies h(z) = h(1)z=?"! for some d € R (see Lemma 1 in
Chapter 8 of [7]). Therefore v(u) = u?L(u) for some slowly varying function
L : (0,00) — (0,00). Indeed, let L(u) = ~(u)/u?. Then for any a > 0, (15)
implies as u — oo

Law) _ Ao’ afew) RO L, B,
Lw) @ F(wael  ah(@” @ ke i1t

In particular, this implies p(c) = 0¢/L(c~!). Further, we deduce d < 2 since
sparsity implies h(z) must be integrable against functions satisfying w(x) =
O(z?) as x — 0. O

Properties of the distribution with probability generating function h, (section 2.5).
For X distributed according h,,, the reciprocal moment is the harmonic number

1
E(1/X) = /0 t  ho(t)dt = (a + 1) — (1),

where 7 is the derivative of the log gamma function. The inverse factorial mo-

ments are
( . ) +
(X + 1)“ a+r

In the special case o = 1/2, the probabilities are ¢, = C,_1/2?"~!, where
C, = (2r)!/(r!(r+1)!) is the rth Catalan number. Since h2(t) = 2hq(t) — hao (1)
and hy(t) = t, the distribution h, /5 has the peculiar property that the two-fold
convolution is equal to the conditional distribution given X > 1. It is the unique
distribution on the natural numbers having this property. O
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Proof of Theorem 2.2. It follows from Lemma A.1 that 1 is a mixture

V) =3 o arw). o) = oD,
r=1

The fact that g, is a valid probability density follows from [ y*"¢(y) dy = 11,
the formula for a Gaussian moment of even degree. If X, ~ g, and S? ~ X3,
then by Lemma A.2, the density of T, = X,.\/k/S? is given by

2 y I'(1/2)
(14 12 /k)r+1/2+k/2 = pr+1/27012 B(r +1/2,k/2)’

fr(t) =

so the marginal distribution of T' =Y \/k/S? can be written

(1 - p)fO(t) + pZCd,rfr(t)'
r=1

Proof of Proposition 2.1. The density of Z is

(1= p)folg™"2) + pfolg™ 2)Clg™"2)] (97 (2).

By the inverse function theorem,

—1y\/ _ 1 _ (b(z)
W) = ST T Rl )

which implies the first formula. For the second formula, note that by Lemma A.1,
the density of Y can be written (1 — p)é(y) + pp(y)C(y), where

(=)™
27!

0 y27‘
Cw) =D Cirppr Sar=—
r=1

Now since limy_, oo % =1 for fixed r € Nand y € R,

> 2r M 0 2r
Y 1+ k Y
G(y) = E_l Ca.r 7 ((k+y)2)r — §_1j Car e =C(y) s k= oo,

Tr
since the sequence % is eventually monotone in k, and the series is con-
vergent for each fixed k. O

Lemma A.1. Suppose Y distributed

Y ~(1=p)o+pp, (y) = oy)(y)

((y) = (cosh(zy) — 1)e™* /2 Hy(dx)
R\ {0}
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where Hy is the unit inverse-power exceedance defined in (2.1) with index d €
(0,2). Then

(—a)™
2yl

> 27
Y
C(y) = Z_; Cd,rWa Cd,r =
Proof. By definition, the zeta function for Y is
y) = / (cosh(zy) — 1)e™ /2 Hy(dx)
R\{0}

_ — (my)%e—xz/z z
‘/R\{o}g @t ¢ Haldn)

o 2r Mr

Yy 1 / 2r —12/2
g —- x“"e Hy(dx).
S 20! ey

It remains to show that

o [ e = - (16)
—_— z°"e q(dz) = — )
2r)! Jr\{oy 277!

The left hand side evaluates to

o / 22 e " 2 Hy(de) = . / 22"/ .
R\{0} R\{0}

(2r)! (2r)! (1 —d/2) |zt
2472 2r—1-d ,—x*
— r—l—-d_—z /2d
“T(—d/2)2rr! /R\{O} ] € v
/2p(ptL
using the definition I'(z + 1) = 2I'(z). Now using that E(|Z|P) = % for
p>—1and Z ~ N(0, 1), the above becomes
_ 9d/2. /or - 92— (2e=Lodil)
—TI'(—d/2)2rr! VT
CT(r—d/2) d2-d)--(2r—-2-d) (=d)T
- —D(=d/2)r! 2.4---(2r) - 2ry!
which is monotone decreasing at rate O(r~*~%2) for large r. |

2" p(x

Lemma A.2. Supposer > 1 and X1 ~ g, where g.(x) = TT) and X3 ~ X3
independently. Then the density of Th = X1\/k/ X3 is given by

T(1/2) g2r

r(1) = : .
f ( ) k.r+1/2ﬂ-1/QB(r + 1/2’ k/?) (1 4 t2/k)r+1/2+k/2
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Proof. Independence implies that the joint density of X1, X5 on R? x RT is the
product
VA 1
(2m)1/211 2K/21(k /2)
The transformation (z1,z2) — (t1,t2) = (x1y/k/x2,22) has Jacobian +/ts/k,
so the joint distribution of the transformed variables is
1

27 (1o [\ e—t2 (B3 /k41) /2 /21 ST
1 (ta/k)"e 2 \/TX (277)1/21TT’“2’“/2F(1<;/2)

_ 1 2 tr+1/2+k/2716_t2(tf/k+1)/2
kr+1/2(2ﬂ-)1/21ﬁr2k/21-\(k/2) 1 2 .

—x2 k/2—1
27"6 x1/2$2/ e

T

We recognize the pdf of the Gamma (r + 1/2 + k/2, (1 + t3/k)/2) distribution
in the above expression, and integrate over t € R to obtain the marginal
density of T1 at t; € R:

£t = 3 o D+ 1724 k/2) ot t/2Hh
r\t1) = (1+t%/k)”+1/2+k/2 kr+1/2(27-(-)1/21ﬁr Qk/QF(k/Q)
i I'(1/2)

T (U B/R) PR T B (r 4 1/2,k/2)

where B(-,-) is the beta function. Note that fo(-) is the Student-¢ density on
k degrees of freedom on R. O
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