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Abstract: Analyzing large samples of high-dimensional data under de-
pendence is a challenging statistical problem as long time series may have
change points, most importantly in the mean and the marginal covariances,
for which one needs valid tests. Inference for large covariance matrices is es-
pecially difficult due to noise accumulation, resulting in singular estimates
and poor power of related tests. The singularity of the sample covariance
matrix in high dimensions can be overcome by considering a linear com-
bination with a regular, more structured target matrix. This approach is
known as shrinkage, and the target matrix is typically of diagonal form. In
this paper, we consider covariance shrinkage towards structured nonpara-
metric estimators of the bandable or Toeplitz type, respectively, aiming at
improved estimation accuracy and statistical power of tests even under non-
stationarity. We derive feasible Gaussian approximation results for bilinear
projections of the shrinkage estimators which are valid under nonstationar-
ity and dependence. These approximations especially enable us to formulate
a statistical test for structural breaks in the marginal covariance structure
of high-dimensional time series without restrictions on the dimension, and
which is robust against nonstationarity of nuisance parameter. We show
via simulations that shrinkage helps to increase the power of the proposed
tests. Moreover, we suggest a data-driven choice of the shrinkage weights,
and assess its performance by means of a Monte Carlo study. The results
indicate that the proposed shrinkage estimator is superior for non-Toeplitz
covariance structures close to fractional Gaussian noise.
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1. Introduction

Many modern applications encounter large data sets of very high dimension
d, which requires new approaches for modeling as well as statistical inference,
since classical methods usually fail. A particularly prominent example is the
covariance matrix ¥ of a random vector of d variables, which has d? unknown
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parameters. It is well-known that the sample covariance matrix 3, of sample
size n is singular if n < d, and consistency of $,, for growing dimension d requires
to control the O(d?) covariances and otherwise generally fails. Specifically, for n
iid samples of d-dimensional random vectors with finite fourth moments, consis-
tency in terms of the expected squared Frobenius norm of DI 3 requires that
diag(3,) and the variance of the average of the squared variables to be of the
order o(n/d), (Ledoit and Wolf, 2004). In terms of eigenvalues and eigenvectors,
classic inconsistency results for the largest eigenvalue and the top eigenvector
under the regime d/n — ¢ € (0,1) are due to (Johnstone, 2001; Johnstone and
Lu, 2009), even when X = I. Since, however, it is generally believed that many
high-dimensional data sets are governed by, say r < d, strong signals, spiked
covariance models with r leading eigenvalues strictly larger than 1, whereas the
remaining bulk of the spectrum consists of unit eigenvalues, are quite extensively
studied. Here the leading eigenvalues of 3, are biased, thus requiring de-biasing
procedures which, however, depend on the loss function, and the eigenvectors
are inconsistent as well, see (Donoho, Gavish and Johnstone, 2018) and the ref-
erences therein. Further potential remedies are to impose additional structural
assumptions on X, e.g. sparsity (Bickel and Levina, 2008a), Toeplitz shape (Cai,
Ren and Zhou, 2013), or assuming the entries further from the diagonal to decay
rapidly, also known as a bandable covariance matrix (Bickel and Levina, 2008b).
In these frameworks, it is possible to derive consistent estimators of ¥ even if
d > n, see Cai, Ren and Zhou (2016) for a survey of suitable estimators and
matching minimax bounds.

The structured covariance matrix estimators admit optimal rates of conver-
gence within the specified class of matrices. However, if the true ¥ does not
satisfy the structural assumptions, the estimators might perform poorly. For in-
stance, if we use an estimator of Toeplitz form, but ¥ is not a Toeplitz matrix,
then this estimator will be inconsistent. In order to strike a compromise between
structured and model-free estimation, one may consider a shrinkage estimator
of the form

S =(1-w)E, + w,,  wel0,1],

where f]n is the usual sample covariance matrix, and the shrinkage target f]n
is a structured estimator. The weight w may be interpreted as quantifying the
confidence in the structural assumption underlying the estimator . A particu-
larly useful feature of shrinkage estimators is that f]ﬁ will be regular, as ¥, is
usually chosen as a regular matrix. This makes shrinkage estimation especially
interesting for situations where the inverse of the covariance matrix is required,
e.g. in portfolio optimization. Ledoit and Wolf (2004) suggest to use a multiple of
the identity matrix, and Steland (2018) studies more general diagonal matrices.
Linear shrinking towards a structured target with respect to the scaled Frobe-
nius loss has been studied in (Ledoit and Wolf, 2003), but the results therein on
consistent estimators of the optimal shrinking weights consider classical fixed-d
asymptotics only. In the present paper, we go beyond a convex combination of
the sample covariance matrix with a single shrinkage target. Instead, we study



HD Inference for structured shrinkage targets 1645

convex combinations with a structured covariance estimator with known mini-
max optimality properties for bandable 3, and a structured covariance estimator
which is minimax-optimal if ¥ is of Toeplitz type, by considering (if w > 0) the
parameterized shrinkage target

~ Wo A wWa A~

S, = fz; + fzg,
for nonparametric estimators EIL and f]fw respectively, addressing both types
of matrices, for weights 0 < ws, w3 < 1 such that w; + ws + w3 = 1 where
w1 = (1 — w)

Theoretical analysis of these structured covariance estimators typically fo-
cuses on their consistency and rate of convergence. Here, we contribute by show-
ing that the estimators proposed when ¥ is bandable and Toeplitz, respectively,
are still consistent under a general nonstationary nonlinear time series model,
whereas the known results assume iid d-dimensional random vectors. Thus, by
picking (asymptotically) the corresponding unit vectors as weights, the proposed
shrinkage estimator can adapt to, firstly, a Toeplitz structure, i.e. stationarity
of the coordinates, or, secondly, a bandable covariance structures, and then use
consistent estimators with guaranteed good rates of convergence, or, thirdly,
use the purely nonparametric sample covariance estimator. Moreover, to per-
form statistical inference, distributional approximations are required. Here, we
consider inference about the high-dimensional covariance matrix in terms of
projections v’ ¥v for some vector v € R%. Our results provide valid distribu-
tional approximations even when the choice of the threshold parameter of the
estimators addressing Toeplitz-type or bandable covariances does not guarantee
consistency. The vector v may either be determined by the application, or chosen
at random, independently from the sample. For example, in risk management,
v may represent weights of a portfolio of risky assets, and v Xv corresponds to
the variance of this portfolio. The choice v = (1,...,1)T /d corresponds to the
equal-weighted portfolio which is more diversified compared to portfolios using
weights according to the market capitalization such as exchange-traded funds
(ETFs) on market indices. A recent study on its performance is Swade et al.
(2023). For other approaches one may estimate the weights from historical data
and, by conditioning, assume they are fixed. As another example, the hypothesis
¥ = ¥y may be studied via random projections: If v is drawn from some contin-
uous distribution, then ¥ # % implies v Sv # vTSgv almost surely. It is thus
reasonable to employ a test statistic of the form v?'(S — Xg)v for some estima-
tor S, either structured, unstructured, or shrunken. Further applications (lasso
prediction, sparse principal components) are discussed below. The idea to study
high-dimensional covariance matrices via bilinear forms has been suggested in
Steland and von Sachs (2017, 2018), and applied to changepoint testing (Ste-
land, 2020, 2023), K-sample problems (Mause and Steland, 2020) and factor
models, (Bours and Steland, 2021). For extensions to methods in the frequency
domain in terms of bilinear forms of spectral density matrix estimators and re-
lated statistics including nonlinear spectral averages see (Steland, 2024). In the
latter references, as well as in the present paper, the important assumption is
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that the projection vectors v have a bounded [;-norm. This condition is satisfied
in many applications and enables the methodology to work also for very high
dimensions d.

In this paper, we derive Gaussian approximation results for shrinkage estima-
tors of the covariance matrix with structured shrinkage targets 3,,. Our results
are valid for nonstationary, nonlinear, high-dimensional time series X, and we
demonstrate how to perform inference based on a suitable bootstrap scheme.
Notably, we only impose assumptions on the marginal time series, while the de-
pendency between the components may be arbitrary, and we need no restrictions
on the dimension d. This is a beneficial consequence of the projection technique,
as described in Section 2. As we allow the dimension to grow with sample size,
the considered models are arrays of time series. Thus, classical central limit the-
ory is not applicable because a limiting distribution in general does not exist.
Instead, we formulate our results in terms of so-called strong approximations, or
sequential couplings, in the sense of Komlds, Major and Tusnady (1975). Com-
pared to the existing work of Steland and von Sachs (2017, 2018), we consider
a much broader class of nonlinear time series models, which also allows us to
study non-diagonal, structured shrinkage targets. Underlying our mathematical
results are recent Gaussian couplings for nonstationary time series established
in Mies and Steland (2023) for the regime d < n3. We extend these results
to projections vT X, of very high-dimensional time series X;. In particular, it
is shown that for [;-bounded projection vectors v, the Gaussian approxima-
tion is valid irrespective of the ambient dimension d, and of the dependence
structure between the d components. It turns out that this general projection
framework is also applicable to bilinear forms of sample covariance matrices,
as demonstrated in Section 3. The presented distributional approximation also
holds sequentially, and we demonstrate how to apply this to a test for struc-
tural breaks in the covariance matrix. An attractive feature of the proposed test
is that it is robust against general nonstationarity under the null hypothesis,
and only detects changes in the target parameter, i.e. the marginal covariance
structure. Furthermore, we discuss the optimal choice of shrinkage weights and
provide a data-driven criterion. Simulation results demonstrate that the asymp-
totic theory is also applicable in finite samples, and that shrinkage may improve
the performance both for estimation and for change testing.

The rest of this paper is structured as follows. In Section 2, we present
a general sequential Gaussian approximation result for projections of high-
dimensional nonstationary time series, which is applied to bilinear forms of
covariance matrices in Section 3. The data-driven choice of shrinkage weights
is discussed in Section 4. Section 5 describes the application of our distribu-
tional approximations to tests for changes in the covariance structure of a high-
dimensional time series, and presents a feasible bootstrap scheme. Simulation
results are presented in Section 6.
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2. Gaussian approximations for projections

We consider a d-variate time series X; which may be nonlinear and nonstation-
ary, given by

Xy :Gt(ehetflu”')a (1)

for measurable mappings G; : R® — R% t = 1,...,n, where we endow R*>®
with the o-algebra generated by all finite projections. The ¢, are iid UJ0,1]
random variables, which may be regarded as random seeds for the time series.
Note that the distributional assumption on the ¢; is not restrictive, as G; is not
necessarily be smooth, but just measurable. The model formulation (1) allows
for a convenient formulation of ergodicity conditions via the physical dependence
measure introduced by Wu (2005). To formulate our assumptions on the kernels
Gy, introduce a second sequence ¢; of iid U[0, 1] random variables, independent
of the sequence ¢;. For any t € N, denote

€ = (et,et_l, .. ) € R,

= = 00
€t = (6t7...,€j+1,€j,€j,1,...) € R,

such that X; = Gi(e) = (Gii(e)),. We assume that the impact of past
random seeds decays to zero polynomially, such that for some g > 1

Q=
IN
o}
<
|
ke
<
\
—
—
Il
—

(E|Gti(er) — Gral€ri—j)|?)

TR (P.1)
E|Gu(e))' <6,  1=1,...d

The time series X; may be nonstationary, and the nonstationarity is explicit
by making the kernel G; depend on t. Nevertheless, to obtain stronger asymp-
totic results, we require some regularity in time. Here, we do not choose classical
smoothness conditions, but rather formulate the regularity in terms of the total
variation norm of the mapping ¢ — G, measured in Lo(P). In particular, we
suppose that for some I > 0,

n

3 (EIGri(en) — Georalen)|)s <T-6, 1=1,....d. (P.2)
t=2

A few results require to assume
X; has finite and stationary eighth moment and 8 > 2. (P.3)

We highlight that (P.1) and (P.2) only impose conditions on the individ-
ual components [ = 1,...,d, and are thus rather easy to verify even for high-
dimensional models. To emphasize, we impose no assumption on the dependency
among the d components.

Now consider the projection of the d-variate time series X; to a m-dimensional
time series Z;, with m < d. That is, for a matrix V € R”*? we consider the
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time series Z; = V X;. We measure the size of the matrix V by the operator
norm, ||V o, with respect to the maximum vector norm, i.e.

V
Vi = sup 17 %lee

max ||V,
werd [[Wlloo 1=

where V. denotes the [-th row of the matrix V. This choice of norm uniformly
controls the ¢i;-norms of the projection vectors and is motivated by highdi-
mensional statistical problems. Indeed, as well known, if d is large compared
to n, classical statistical methods usually fail, because even strong signals are
overlayed by too many random noise sources (noise accumulation) and spuri-
ous correlations occur. To overcome the curse of high dimensionality, sparse
methods typically use || - ||,-norms with 1 < r < 2, often leading to s-sparse
solutions, i.e. with only s active (non-zero) coordinates. For example, sparse
PCA constructs s-sparse directions v on which the data vectors are projected
by calculating u” X, and the variance of such a coefficients u” X;, given by
the quadratic form u”'¥,u and coinciding with the associated eigenvalue when
u is an eigenvector, provides information about the importance of that direc-
tion and is thus of interest. Similarly, when predicting a future response Y; by
a lasso regression on X, one calculates ﬂTXt for future regressors X, where
the lasso estimate ﬁn is s— sparse and thus selects s < d variables, so that
it behaves like a low-dimensional statistic circumventing the issues arising for
large dimension. The variance BZ Yin Bg of the prediction Bg X, is a natural mea-
sure of the prediction accuracy. When considering slightly more general vectors
v with bounded ||v||;-norm (uniformly in d and n), then we have the bound
[oT X;| < ||v|l1 maxi<j<q|Xy;| at our disposal. Indeed, such projections have
bounded moments under weak assumptions guaranteed by (P.1) as summarized
in the following lemma, which no longer holds if ||v||2 is uniformly bounded but
Joll — o

Lemma 2.1. Let ¢ > 1 and suppose that maxi<;j<qE|X;;]? < © for some
constant C and alld,n, cf. (P.1). Then for any v € R® with norm ||v||1 uniformly
bounded by some M
T 3 1_5
(BT X0 < ol o (EIX 1) < O

The formulation of our first main result requires the two rates

q—2
= B=3 (B2g-2) i
_7 - 5 — q—
x(g,8) = {(5 1(-2) Y LB = aeen = <A<S
(48-3)—-2" ﬁe( 5) 1 1 3+2
27 B 2<ﬁ<1+2-

Theorem 2.2. Let X; = Gi(€;) with E(Xy) = 0 be such that (P.1) holds for
some q > 2, B > 1, and let Z, = VX; for some V. € R™*? such that m <
cn for some ¢ > 0. Then, on a potentially different probability space, there
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exist random vectors (X{)j_, = (Xt) ', and independent, mean zero, Gaussian
random vectors Y, such that

2\ 3
X(qﬁ)
Emax < COIIV |loov/m Togln) (™) 2)

k
Z (VX! —

2

for some universal constant C = C(q, 3, ¢).
If B > 2, the local long-run variance Zy(v)=>p____ V Cov(Gy(€o), Gi(en)) VT
s well deﬁned If (P.2) is satisfied aswell, then there exist random vectors

(XD, = (Xt)t 1 and independent, mean zero, Gaussian random variables
Y/ ~ N(0,Z(v)) such that

< €O |V o/ Togl) ()
3)

The rate of the approximation (2) is faster than (3). The difference is that in
the first case, the covariance structure of the approximating Gaussian random
vectors YY is not explicit. In the second case, the distribution of the approximat-
ing random vectors is explicit, at the price of assuming some temporal regularity
of the stochastic process X;. In Section 5, we will describe a bootstrap scheme
to perform inference based on Theorem 2.2.

Neglecting the high-dimensional context for a moment, the projection Z; =
V' X; may be analyzed as a multivariate, nonstationary time series of fixed di-
mension m. In this setting, Wu and Zhou (2011) and Karmakar and Wu (2020)
study sequential Gaussian approximations, the latter obtaining optimal rates in
n which are faster than the rates of Theorem 2.2. However, they require a lower
bound on the covariance matrices of Z;, while our result does not need this as-
sumption. This is particularly relevant because we do not impose any conditions
on the dependency among the components of X;. As an extreme example, if all
d components are independent, then a [;-bounded projection will lead to some
concentration due to averaging, such that a lower bound on the variance of the
projection can in general not be guaranteed. This prevents an application of
the result of Karmakar and Wu (2020) in the present situation. Moreover, the
covariance of the approximating random vectors in Karmakar and Wu (2020)
is not explicit. Instead, we employ a result on Gaussian couplings presented in
Mies and Steland (2023), which is in turn enabled by a recent result of Eldan,
Mikulincer and Zhai (2020).

1 k
—=> (VX[ =Y/
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3. Asymptotics of high-dimensional shrinkage covariance matrix
estimators and their projections

For a d-variate centered time series X; as above, denote the sample covariance

matrix by
1< T
n — E ZXtXt 5
t=1

i.e. the empirical lag-0 cross-covariance matrix of the time series X;. The re-
spective partial sums are denoted by Xy, = %Zle X XI k=1,...,n, and
its mean by

. 1 <
Y, = EX,, = EZCOV(Xt).

Hence, we account for nonstationarity of the time series X; by averaging the
covariance matrices at all times ¢t = 1,...,n.

The central observation enabling our subsequent analysis is that the matrix-
valued time series X; X/ fits within the framework of Section 2.

Proposition 3.1. If the time series X; = Gi(e;) satisfies (P.1) resp (P 2) with
power 2q and factor @ then the d*-variate time series Xt = X, X! = Gt(et)
satisfies (P.1) resp. (P.2) with power q and factor ©2.

It has been suggested by Steland and von Sachs (2017) to perform inference
on the covariance matrix via the quadratic form v En v for some vector v € R?,
i.e., the variance of the projection v’ X;. As already discussed above, such pro-
jections are ubiquitous in statistical problems, for example arising in optimal
portfolio selection, as linear predictors in regression models, or when reducing
dimensionality by principal component analysis. The associated empirical ver-
sion, vaJn nU = Zt : \vTXt|2 may be interpreted as the estimated variance
of the univariate prOJeCthH X, = vTX,. The results of Steland and von Sachs
(2017) and Steland and von Sachs (2018) on Gaussian approximations of v7 $,v,
related change-point procedures, and Shrinkage estimators, impose the assump-
tion that the process X; is a linear time series with a single innovation process,
which may be interpreted as a special type of single-factor model, although ap-
proximate vector autoregressions and spiked covariance models are included un-
der regularity conditions, see Steland (2020). Extensions to multi-factor models
with infinitely many factors and general multivariate linear processes with finite-
dimensional innovations are studied in Bours and Steland (2021). Although such
processes, especially factor models, provide good description for many applica-
tion scenarios and are widely used, they nevertheless restrict the dependence
structure of the d component processes and rule out phenomena such as condi-
tional heteroscedasticity and nonlinearity. Here, by relying on the results of the
previous section, we allow for nonstationary nonlinear time series and impose
much weaker assumptions on the dependence of the components.

To estimate ¥, and related quadractic forms v”%,v, we shall shrink the
nonparametric estimator f]nn towards structured targets, in order to overcome
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various issues of the sample covariance matrix arising if d > n. A covariance
matrix ¥ is called bandable if 3;;; < g(|l — I'|) for some function g(xz) — 0
as x — oo. In this situation, optimal rates of convergence can be achieved via
thresholding, see (Cai, Ren and Zhou, 2016, Thm. 7) and references therein. In
particular, if g(z) o |2|=*~! for some o > 0, then a rate-optimal estimator is
given by the tapering estimator

S5 = (Crairw(l = Uy,
L r< 3,

w(gj): 2_277.3 %<.’E§T7
0, T >T,

The optimal rate is achieved by the threshold 7 = min(nﬁ,d) with ¢ = 2
under the Frobenius norm || - ||z and with ¢ = 1 under the spectral norm || - ||,
see Cai, Zhang and Zhou (2010). In particular, the optimal rates are

1 2 _ 2a+1 d A 2 _ _2a logd
S, - 20 (BB 4 2, gL, - miP=o (et 4 2ET).
Another approach is to impose a Toeplitz structure, i.e. ¥; ;1 = o)y, for
some sequence gy, 01, . ... The corresponding tapered Toeplitz estimator of ¥ is

Ez, - (J\l l’|w(| |)) L'=1"

Om Z Sk, 0<m<d,

with tapering weights w(zx) as above. If |0,,,| < Cm~*"!, then the optimal rate

under the spectral norm is achieved by the threshold choice 7=(nd/ log(nd)) =7 ,
see (Cai, Ren and Zhou, 2016, Thm. 9) and Cai, Ren and Zhou (2013).
The following theorem shows that the full-sample estimators ET = %! and

Z% = E%’n are consistent in the (rescaled) Frobenius norm, under mild regularity

n,n

conditions. Moreover, f]}: is rate-optimal for bandable covariance matrices. To
the best of our knowledge, these estimators have not yet been studied under
such a general nonstationary nonlinear time series model as given by (P.1) and
(P.2). Indeed, the optimal rates and thresholds have been obtained under the
assumption that X; are iid random vectors with mean zero and a bandable or
Toeplitz covariance matrix Y satisfying further regularity conditions.

Denote by ¥ and X2 the theoretical oracle estimators associated to the
estimators ET », and Z° respectively, obtained by replacing in their definitions

the estimates (En,n)l,j by the true covariances (X, )i ;. That is, ¥2 = E(32)
and X = E(36). Recall also that %, = E(3,,). Denote for A,B > 0 the
scaled inner product by (A, B). = A- B/d and let ||A||F. = \/(A, A). be the
associated scaled Frobenius matrix norm. This scaling ensures that the unit
matrix has norm 1 whatever the dimension d. The following theorem studies



1652 F. Mies and A. Steland

the above estimators under the general time series model given by (P.1) and
(P.2) and provides sufficient conditions on the growth of dimension d relative
to the sample size when measuring the estimation error in terms of the scaled
Frobenius risk.

Theorem 3.2. Suppose that {X;} satisfies (P.1) with ¢ > 4 and 8 > 1, and
that Cov(Xy) is bandable with exponent o > 0 uniformly for all t, i.e.

COV(Xt)Z‘,j < O|Z —j|_a_1.

(i) For any threshold T, it holds

L
E[S] - S.[3, < C {72a1+0 © mm(T’d)}.

B-1?% n

Choosing T = min(nﬁ, d), it holds

241 d

E[£] = Sallh. < C(O,5) min(n~ 2+, &),

n

(it) If ¥, is a Toeplitz matriz, then

(1341)2 mins‘, d) } _

E|$5 - 53, < C {+ -

Choosing T = min(nTIﬁ, d), it holds

2041 4

E|2S - S,)|3, < C(6,8) min(n"2e+2, &),

In particular, the optimal rate of convergence of the tapering estimator 2;‘1
carries over to the dependent, nonstationary case, with identical threshold val-
ues. This means, combining Theorem 3.2 and Theorem 4 of Cai, Zhang and
Zhou (2010) yields the minimax result

inf sup B[S, — S||p. < min(n~ 352, 4),

n @

where the optimal rate is attained by the tapering estimtor XA]IL when using
the threshold 7 = min(nﬁ, d). Here, G, denotes the class of distributions of
X, = (X1,...,X,) " such that model (1) holds under assumptions (P.1)-(P.3),
Y., is bandable with decay parameter «, and the largest eigenvalue of ¥, is
bounded by some given constant.

Note that the derived error bounds for the tapering estimator and the Toeplitz
estimator are identical; in particular, the pooling of covariances via &,, does not
give an improved error bound, which is a consequence of our weak assumptions.
As we do not impose any assumptions on the dependency between the compo-
nents, the averaging occuring in the definition of 6, can not be leveraged for
tighter controls on the estimation error. Moreover, we note that the rate for f]fl is
worse compared to the results of Cai, Ren and Zhou (2013). However, our bound
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is in terms of the Frobenius-star norm instead of the operator norm. Further-
more, the proof of Cai, Ren and Zhou (2013) crucially relies on an exponential
inequality for spectral density estimators, which is available for iid samples but
not under our general nonstationary time series model. Theorem 3.2 ensures
that under our assumptions the estimators used to construct the target are
consistent at a good convergence rate. This suggests to put 7 = min(nﬁ, d).

A shrinkage estimator may be defined for any weight w € A = {(wy, ws, w3) €
[0,1]% : w1 + wa + w3 = 1}, as

iﬁn = wlikm —+ wQEL,n —+ U’SEZ,W

It turns out that the theory presented in Section 2 may be applied to the
quadratic form UTZA]ﬁv for any shrinkage weight w, and hence also for the in-
dividual statistics v7 3,0, ’UTEA]LU, and valva. The crucial observation is that
these quadratic forms can be regarded as linear projections of the (d x d)-variate
time series X; X/ with respect to the Frobenius inner product A-B = >i @ighij
defined for d x d matrices A = (a;;);; and B = (b;;);;, which coincides with
the usual inner product on R of the vectorized matrices. Indeed, we have the
representations

UTZZJLU =12. Yk ’UTEZ’TL’U =13 Yk,

for the projection weighting matrices v!, 2,13 € R4¥4 = R? given by

d
o= ooy = S o] = [l
L=1
2 = vl = D)rers 120 < oM = ol
d
w(ll =1
Ao (P ) A < o = (ol
d—|l—l \ 4
i—j=l-1l LU=1

In particular, we may write v X; X'v = v! . (X; X]') as the Frobenius inner
product.
With Theorem 2.2, we obtain the following result.

Theorem 3.3. Suppose that the time series Xy = Gi(€;) satisfies (P.1) and (P.2)
with power ¢ > 4 and exponent B > 2. Then, the time series Xy may be defined
on a different probability space, such that there exist independent, mean zero,
Gaussian random vectors n; € R, such that

1
2\ 2

E max max
k=1,....n weA

k
N A 1
N {E}:n - EEﬁn} v—w!l — Znt
v

< OO0 5 o]} /log (njn ¢+,




1654 F. Mies and A. Steland

for some universal constant C = C(q, 8). The covariance of the Gaussian vectors
ne ~ N(0,Z;) is given by

(Eij= Y Cov (V' Gi(€)Gileo)”, v/ - Gi(en)Gilen)T), i.j€{1,2,3}.

h=—o00

It is worth mentioning that the bound in Theorem 3.3 allows that |lv||; in-
creases as the dimension, d, or the sample size, n, grow, as long as ||v||; =
ol (log n)/4n—€(@5)/2).

For simplicity of presentation, Theorem 3.3 is formulated for a single projec-
tion vector v. However, we might as well use multiple vectors v, ... v(™) ¢ R?
for the bilinear forms, and obtain a multivariate Gaussian approximation. De-
note by 1/(1].), I/(2j), I/?j) the projection weighting matrices based on the vector v,
j=1...,m.

Theorem 3.4. Suppose that the time series Xy = Gi(€;) satisfies (P.1) resp.
(P.2) with power q > 4 and exponent 5 > 2, and suppose that m < cn for some
constant c. Then, the time series X; may be defined on a different probability
space, such that there exist independent, mean zero, Gaussian random vectors
7],58) €ER?, fors=1,....,mandt =1,...,n, independent for different t, such
that

[SE

2
m

E max max
k=1,...n wed £~
e

k
. . 1
<S>T[zw —]Ezw] ©) T —= 3"
\/E(U ) k,n k,n v w \/ﬁt:1 Un

B—1

<C@2f56( max ||v<8>||%) mlog(n) (1)@,
s=1,....m

)

for some universal constant C = C(q, 3,c). The covariance of the Gaussian
vectors is given by

Cov((ni)i, 7)) = E )i

= Z Cov (ugs) - Gi(€0)Gy(en)T, U{S,) -Gt(eh)Gt(eh)T) . 14,5 €{1,2,3}.

h=—o00

Remark 1. It is also possible to choose the vector v randomly. In this situation,
Theorems 3.3 and 3.4 are still applicable conditionally on v, provided that the
choice of v is independent from the data. Moreover, v may also be chosen in
a data-driven way. This is, for instance, relevant for financial risk where v = o
represents the optimal portfolio weights according to some criterion as discussed
in the introduction. For our results to be applicable, it is important that the
weights 0 are based on historical data, say from time ¢ = —B and older. For
sufficiently large B, assumption P.1 ensures that ¢ and f)kyn are essentially
independent. The same applies to the choice of the shrinkage weights w, which
may be determined deterministically, randomly, or based on historical data.
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4. Optimal shrinkage weights

The question arises, how the shrinking weights relate to the theoretical (ora-
cle) performance of the resulting shrinkage estimator. To pursue such a study,
we first consider the problem to combine the nonparametric estimator with
oracles of the two targets within a framework proposed by Ledoit and Wolf
(2004) and aim at minimizing the squared Frobenius risk. This leads to a con-
vex but box-constrained optimization problem allowing for an explicit interior
solution (if it exists), which we briefly discuss. We propose consistent estima-
tors of the unknown quantities determining the optimization problem and its
solution(s) leading to data-adaptive bona fide estimates. A similar approach has
been pursued by Bodnar, Gupta and Parolya (2014), who derive optimal shrink-
age weights for a general shrinkage target and construct bona fide estimators.
In contrast, we consider not one but two shrinkage targets, which are further-
more data-dependent, and our bona-fide shrinkage weights need to account for
temporal dependence.

For simplicity of presentation, we elaborate this for the full sample of size n;
the corresponding sequential estimates and oracles based on the first k£ obser-

vations can then be derived easily. Write 3, = inn and recall that Xf and 3¢

<&
n,n’

are the theoretical oracle estimators associated to the estimators i;n and 3
respectively, obtained by replacing in their definitions the estimates (f]nn)” by
the true covariances (%, .,); ;. Equivalently, ¢ = ES)S and ©f, = ES1.

We wish to determine the optimal ideal shrinking weights such that the re-
sulting (scaled) Frobenius risk is minimized when combining the nonparametric
estimator 3, with the oracle estimators i and £2. The scaled mean squared
error of the sample covariance matrix is given by MSE(S,,) = MSE(S,; %,) =
E||f]n — 3, ||%,, and we consider the risk minimization problem

min E[[Z) — %, |%,
v R (4)
where XV :wlZn—FwQZL—&—ngZ, wy + we + w3z = 1.
Further, let
El = I - Sal%., B =% - a3

be the squared approximation errors corresponding to the oracles, and

D, = <E;fl - E’r‘uzz - Zn>*

A~

Substituting w; = 1 — we — w3 and observing that E(3, — ¥,, A) = 0, for
A€ {X],%%}, it suffices to determine minimizers of

flwa, ws) = (1 —wy — ws)?E||2, — Bul/%, + wiE! + w2ES 4+ 2wowsD,,. (5)

Adding the constraints 0 < wy,ws < 1 leads to a quadratic programming prob-
lem under box constraints, which generally requires numerical algorithms for
its solution. We discuss the special case of an interior solution, where explicit
formulas can be derived, at the end of this section. The optimal weights depend
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on the unknown values MSE(,) = E||2, — ,||%., Ef, ES, and D,,. To obtain
a data-driven solution for the optimal weights, we need consistent estimators of
these quantities, which are also interesting in their own right.

Observe that

MSE(2 — ”21 Var(v/n(2,)i;)-

Under the assumptions of Proposition 3.1 v/n(%,,)i; = ﬁ Sor (Xp)i(Xy); can
be approximated in Lo by ﬁ >, Y, for independent Gaussian random
variables

Yiij ~ N(0,&2, ;) with &,;= Y Cov(Gri(€)Gr(€0), Gri(en)Grj(en)).

h=—o00

This yields

:I?—‘

1 d n
MSE(S n)=— 2 g 2.5 +ol(l)

Sancetta (2008) proposed an estimator of MSE(S,,) by estimating the long-
run-variance parameters Var(y/n(X,); ;) by the long-run-variance estimators

@(\/ﬁ(in>zd) :Fn ’L,j +2ZK S/b n%]( )

where K is a positive weighting function, b > 0 is a bandwidth, and

n—s

Tijs) = L S IXDi(X0)j = (Bn)ig) [(Xige)i(Xega); — (Bn)igl.

t=1

3

The mean square error may then be estimated as
_ 1 &
MSE(S,) = — Z Xn)ig)-

The result is as follows, see (Sancetta, 2008, Lemma 1).

Lemma 4.1. If (P.1)-(P.3) hold, K : R — R is a decreasing positive cidlag-
function with lim, oy K(z) = 1 and fooo K?(z)dz < oo, and b — oo with

b = o(\/n), then ]
(0

In practice, the bandwidth b needs to be chosen in a data-driven way, e.g. by
the method described in Andrews (1991). As we essentially estimate the long
run variance of many scalar entries, the latter method is expected to perform
well even in the present high-dimensional context.

MSE(S,) — MSE(S,)
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Let us now derive consistent estimators for the approximation errors E}
and E° and the inner product D,,. The quantities A = ¥,, — X% and EY =
|2, — 2|2, can be estimated by plugging in the estimators 3¢ and 3. Hence,
define .

Ay =31 -850, B = |8 - 205

To estimate Ef observe that Al = (AT )ij = Xn — X is given by

n,ij
0, li —jl < 7/2,
Al =9 A-wlli—i)Sne, 7/2<li—jl<T,
Emija |’L—j| > T.

Estimation of Al is delicate, since this involves estimating Yo Z|z’—j|:m 1=
(d—7)(d—T7+1)/2 = O(d?) off-diagonal terms which would lead to the unsatis-
factory condition d? = o(n). For the class of bandable covariance matrices under
consideration, we can proceed by introducing a second threshold and estimate

only the covariances on the diagonals 7/2 +1,...,0. This means, we estimate
A;rz by AIL = (Aiz,ij)iyj with
0 o li—dl<e
N (Al_w(|i_j|))2n,ij7 7'/2<|i—j|§7’
M B r<li-jl<o,
0 i~ il >0,

for some threshold ¢ with 7 <« ¢ <« d, and put

E} = | AfII%..
Lastly, the estimation of D,, = (¥, — X! 3, —¥2), can be based on the above
estimators of Al =%, — %I and A =%, — 3¢,

D, = (Al A%),.

n’

The folllowing results, which provide Li- and Lo-bounds, respectively, ensuring
1
consistency, treat the highdimensional case d > n2a+2.

Theorem 4.2. Suppose that {X:} satisfies (P.1) and (P.2) and Var(Xy) is
bandable for all t. Further, assume that d > nzaz, and the estimators st AL
A . 1 1
and X% are calculated with thresholds T, = nz+2 ¢ = (nd/log(nd))2+1, and

ol =nzz for some 0 < s < 2a.

(i) It holds

E|IA; = Agllpe == 0 (n™ 557 ),

2a+1

EJJAS - 3|3, = 0 (n75H).

and

E|E; — E;| =E |55 — £llre — 15 — Sallr

+1/2
=0 (n_ Sata ) .
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(ii) We have

E|A] ~ ALl = 0 (n755)

and
204+1—s

E|E], — B} =E ||ALlr. — 1AL Ip| = 0 (n= 3655

_1
E|[D, — D,| = O (\/(—mgfln—d)) i 23@i15) ,

and if d = O(n") for some k > 0, then a sufficient condition for L;-
consistency of Dy, is k < 2a— 1 —s.

(iii) It holds

Having consistent estimators at our disposal, we can propose the following
bona fide estimators of the optimal weights,

(wF, w3, w3) = arg melg w%]\jS\E(fJn) +wiE + wiES + 2wawsD,,.
w

This yields the feasible shrinkage estimator

SUT = wis, + wikl +wine.
The performance of the corresponding shrinkage estimator f)ﬁ is assessed via
simulations in the Section 6.

Let us now briefly discuss the case of an interior solution of the minimization

problem (5). We have

f(wg,w;),) = (w27w3)Qn (52) — (I,I (lwuz) + MSE(in),

3
where
0, MSE(3,) + Ef  MSE(Z,) + D, . = MSE(,)
" \MSE(S,)+ D, MSEE,)+E:) " \MSEE,)/)’

Hence, we are given a quadratic minimization problem under box constraints,
and a natural condition is to assume that det(@,) > 0. If an interior solution
w* € (0,1)3 exists (or the box constraint is omitted), the explicit solution is
easily seen to be given by

F,

*

MSE(in)(EZ - Dn)
wy =

E, ’

*
w3 =

with
F, = det(Q,) = EI E + MSE(S,)(El + ES —2D,,) — D2.

The resulting optimal weight for the sample covariance matrix 5, is

*

ElE° — D?
wl — n n ’I’L.

Fy
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We see from the formula for wj that the optimal solution prefers the nonpara-
metric estimator f)n, if the truth ¥,, cannot be well approximated by a banded
or Toeplitz matrix. The banded estimator receives a large weight, if the distance
between the Toeplitz oracle and ¥, is large. Analogously, the optimal solution
assigns a large weight to the Toeplitz estimator, if 3, is not well approximated
by the banded oracle, so that |3, — X || is large. As a result, it is optimal to
distribute the weights across the estimators ¥, 3! and 32 according to how
well they approximate ¥,,, where the approximation accuracy is measured by the
squared distances of the oracles to the truth and, in case of the nonparametric
estimator, by the MSE.

Since D2 < El E2, we have w} > 0. If D,, < min(E}, E%), then wj,w} >0
wy _ ES—D,
w3~ BL-D,’
oracle shrinking weights is independent, of MSE(S,, ). Further, w} > w} (banding
preferable compared to Toeplitz) if and only if

so that w € A. It is interesting to note that i.e., the ratio of the

Ejz < EZ A HEL - E7z||F>f< < ”EZ - EnHF*-

Even more is true: The above derivations remain formally true without any
changes, if we use an arbitrary unbiased estimator X, of ¥, i.e., an arbitrary

measurable function X, of the data with E(X,) = X,. Therefore, we have

*

the following interesting result: The ratio Zi is a universal characteristic of

3
the risk minimization problem (4) in the sense that it is independent of the
nonparametric estimator and completely determined by X,,.

5. Testing for structural breaks

The sequential approximation result of Theorem 3.3 may be applied to test for
changes in the covariance matrix ¥; = Cov(X;, X;) € R9*? of a time series X;.
To be precise, we want to test the hypothesis

Hy: > =3 4 leztgéEO.

We propose the following CUSUM-type statistics
T, (w) = /nmax ‘UT (A?n — Ei,“jn) v

E<n » n ,

Ty (D) = sup T,(w), D cC A.
weD

, wE A,

To determine critical values for the statistic T;,(w) resp. 1., we employ a
bootstrap scheme suggested in Mies and Steland (2023). In particular, let n; ~

N (0, 4;) be independent Gaussian random vectors in R?, where

1 t ®2
At:g< Z XS) ) t:b7"'>n7
s=t—b+1
. N 3
Xo = [V (X XT = S| -
j=
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and A; = 0 for t < b. Here, b is a block-length tuning parameter which needs
to be chosen suitably, see below. We now define the bootstrapped version of the
changepoint statistics as
k n
1 r k1 "
R (w) = \/ﬁlz?gaf E;w e — o t_bw Nel

R} (D) = sup R,(w).
weD

Finally, for « € (0, 1), introduce the conditional quantiles

a’(a, D) =inf{a >0 : P(R.(D)|X1,...,X,) < a}.

an(a,w) =inf{a >0 : P(R,(w)|X1,...,Xn) < a},

We suggest to reject the null hypothesis if
T (w) > an(o,w) + p, resp. T(D) > a; (o, D) + dp,

for 6, = 1/(logn)P for some p > 1.

Theorem 5.1. Let X; = X, = G} (&) be an array of d,-variate time series,
such that each kernel G} satisfies (P.1) and (P.2), for some ¢ > 8, 8 > 2, and
with factors © and T' not depending on n. Choose the block length b such that
b=b, =xn for some ¢ € (0,1). If Cov(X;,) = X0 for allt =1,...,n, and for
some covariance matriz g, then

limsup P (T, (w) > an (o, w) + p) < a, wE A,
n—oo

limsup P (T;(D) > a) (o, D) + d,) < a, D cC A.
n—roo

Hence, the proposed bootstrap scheme indeed maintains the specified size
for a change in covariance. A particular feature of this test is that it is robust
against nuisance changes, because even under the null hypothesis the time series
X; may be nonstationary, except for its stationary marginal covariance matrix.
The relevance of this kind of robustness has been first highlighted by Zhou
(2013) for changes in mean, see also Goérecki, Horvath and Kokoszka (2018)
and Pesta and Wendler (2020). Changes in the second moment structure in
the presence of non-constant mean have been studied by Dette, Wu and Zhou
(2019) and Schmidt et al. (2021), and a robust CUSUM test for a broad class
of parameters is introduced in Mies (2021). Nevertheless, all these references
focus on the low-dimensional case, whereas our new test is also applicable in
high dimensions.

Despite its robustness, the suggested test still maintains power against clas-
sical changepoint alternatives.

Theorem 5.2. Let X; = X, = G} (&) be an array of d,-variate time series,
such that each kernel G} satisfies (P.1) and (P.2) for some q > 8, > 2, and
with factors © and T' not depending on n. Suppose that for some u € (0,1),
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Y. =%1 fort=1,...,|un], and ¥y = %, for larger timest = |un] +1,...,n.
Choose b = b, — oo such that b, < n, and standardize v such that ||v]|; = 1.
Define the change size

faw) =] > w - [S, =5,  weA,
k=1,2,3

fa(D) = sup fu(w), DCA
weD

If /nfn(w) — oo, then, as n — oo,
P(Th(w) > ap(a,w) +d,) — 1. (6)
If /nfn(D) — oo, and if D has non-empty interior, then, as n — oo,
P(T;(D)>a(a,D)+6,) — L (7)

Remark 2. Theorem 5.2 shows that the test detects local alternatives at rate
1/4/n, quantified in a suitable sense. In the course of the proof, we show that
aX(D) = Op(1) + op(T;(D)). The latter bound might not be sharp, as the
projection via the vector v may lead to some averaging, making a} (D) even
smaller. This effect would increase the power of our test, and allow to detect local
alternatives at a rate faster than y/n, by ‘pooling’ power across the dimensions.
However, to make this analysis rigorous, further assumption on the dependence
structure of the high-dimensional time series X; are needed, which we explicitly
do not want to impose in this paper.

6. Simulation

To demonstrate the implementation of our proposed changepoint test and the
benefits of shrinkage, we assess our methodology for three examples of high-
dimensional time series. To emphasize the relevance of accounting for nonsta-
tionarity, we purposely simulate weakly stationary time series. However, the
autocovariance structure of the outer products X; X/ is non-constant in time,
and hence the same holds for the local long run variances =; in Theorem 3.3.

6.1. Model A

First, we simulate a high-dimensional time series according to the vector
ARMA(1,1) model

Xt = aHXt_l + bét + €4—1-

The matrix II € R%*? is a permutation matrix, such that the model is non-
explosive. Furthermore, for any ¢, the (&);, ¢ = 1,...,d, are chosen as inde-
pendent, zero mean random variables having a symmetrized Gamma distri-
bution with shape parameter «(t/n), standardized to unit variance. We set
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a(u) = 2+ sin(27u), u € [0,1]. Thus, the autocovariance structure is station-
ary, but the time-series is nonstationary. In particular, the long run covariance
matrices Z; which occur in Theorem 3.3 are non-constant.

We assess our changepoint procedure under the null hypothesis of no change,
and under the alternative where b changes at time ¢t = [§]. The projection
vector v is chosen randomly as N/||N||; for a standard Gaussian random vector
N ~ N(0, I4xq). The threshold for the tapering estimator is chosen as T,i =
n7, and 78 = (nd/ log(nd))ﬁ. Note that these thresholds are optimal
for estimation under the spectral norm, in the class of bandable matrices with
decay rate «. In practice, « is unknown, and we use the threshold for o = 2 in
our simulations. To determine the shrinkage weights, we also use the threshold
oc=o0l = NI > 1. For the bootstrap scheme, the additional offset is chosen
as 6, = log(n)~%, and the block-length is b,, = [5n%2].

Table 1 reports the simulated size and power of the bootstrap test for dif-
ferent combinations of n and d = d,,, and shrinkage weights w() = (1,0,0)
and w® = (0.3,0.3,0.4). We also consider the data-driven shrinkage weight w*
as described in Section 4, which is not covered by our Gaussian approximation
results. Regarding the choice of the bandwidth for the estimator MSE (fln), we
employ the method of Newey and West (1994) with Bartlett kernel as imple-
mented in the R package SANDWICH (see Zeileis, Koll and Graham (2020)), and
we determine a separate bandwidth for each component \//'a\r(\/ﬁ(fln)”)

When simulating the process, we set a = 0.5 and b = 0.5 (resp. b = 0.75 post-
change). Based on our simulation results, we find that the test maintains the
specified size 10% and is indeed slightly conservative, as established theoretically
in Section 5. Moreover, the power of the changepoint test increases with sample
size, as expected, but also with increasing dimension. This may be explained by
the fact that here, the change affects all coordinates, such that the additional
information can be used to improve the detection performance. It is also in-
teresting to observe that the additional usage of the tapered and the Toeplitz
estimator further improves the power of the test. This is interesting because
the shrinkage estimator has originally been proposed as a method to improve
the performance of a point estimate. Our simulation results demonstrate that
shrinkage can also be also useful for testing.

6.2. Models B € C

As a second example, we consider the vector ARMA(1,1) process X; given by
Xt =aXi—1 +be + €1,

with @ and b as above, and ¢; ~ N(0, A) iid random vectors, and we initialize
Xo ~ N(0,A(1 +b?)/(1 — a?®)) to ensure weak stationarity. The symmetric
positive semidefinite matrix A € R4 is chosen as A; ; = y(t; — t;), for v(h) =
|h 412" 4 |h —1)2H —2|n|?H | which is the autocovariance function of fractional
Gaussian noise. y For the values t;, we consider the scenarios (B) ¢; = ¢, such that
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TABLE 1
Power (and size), nominal level 10%. p-values based on 103 bootstrap samples, reported
values based on 10* Monte Carlo simulations.

| n = 100 n = 500 n = 1000 n = 2000
| Model A
v d—4 0.102 (0.09) _0.220 (0.08) 0.433 (0.09) 0.727 (0.09)

d=4n%3 | 0.101 (0.09) 0.289 (0.08) 0.520 (0.08) 0.824 (0.09)
d=4n%5 | 0.008 (0.07) 0.282 (0.08) 0.535 (0.08) 0.822 (0.09)
d=—4 0.107 (0.03) 0.334 (0.08) 0.594 (0.09) 0.878 (0.10)
d=4n%3 | 0.155 (0.07) 0.823 (0.08) 0.990 (0.09)  1.000 (0.09)
d=4n%5 | 0.201 (0.05) 0.967 (0.07) 1.000 (0.07)  1.000 (0.08)
W d=4 0.102 (0.08) 0.252 (0.08) 0.458 (0.09) _ 0.751 (0.09)

d=4n%3 | 0.119 (0.08) 0.530 (0.08) 0.826 (0.08)  0.985 (0.09)

d=4n%5 | 0.130 (0.06) 0.697 (0.07) 0.956 (0.07)  1.000 (0.09)
| Model B

w®  d=4 0.108 (0.08) 0.277 (0.08) 0.503 (0.09) 0.803 (0.09)
d=4n%3 | 0.102 (0.08) 0.275 (0.07) 0.502 (0.08) 0.804 (0.09)
d=4n05 | 0.101 (0.08) 0.276 (0.07) 0.505 (0.08) 0.798 (0.09)

w®  d=4 0.137 (0.08) 0.438 (0.08) 0.712 (0.09) 0.938 (0.09)
d=4n%3 | 0.198 (0.08) 0.861 (0.07) 0.993 (0.08)  1.000 (0.09)
d=4n%% | 0.270 (0.07) 0.966 (0.08) 1.000 (0.08)  1.000 (0.09)

w* d=14 0.115 (0.08)  0.302 (0.08) 0.531 (0.09) 0.829 (0.09)
d=4n%3 | 0.133 (0.08) 0.528 (0.07) 0.837 (0.08)  0.989 (0.09)
d=4n%5 | 0.157 (0.07) 0.671 (0.07) 0.941 (0.08) 0.999 (0.09)

| Model C

w®  d=4 0.098 (0.08) 0.273 (0.08)  0.502 (0.08)  0.806 (0.09)
d=4n%3 | 0.104 (0.08) 0.277 (0.08) 0.510 (0.08)  0.806 (0.09)
d=4n%5 | 0.094 (0.08) 0.269 (0.07) 0.506 (0.08) 0.799 (0.09)

w®  d=4 0.124 (0.08)  0.415 (0.08)  0.692 (0.09)  0.929 (0.09)

d=4n%3 | 0.170 (0.08) 0.774 (0.08) 0.971 (0.08)  1.000 (0.09)

d=4n%5 | 0.225 (0.07) 0.908 (0.08) 0.997 (0.08)  1.000 (0.09)

d=4 0.108 (0.08)  0.321 (0.08) 0.573 (0.08) 0.856 (0.09)

d=4n%3 | 0.132 (0.08) 0.460 (0.08) 0.733 (0.08)  0.947 (0.09)

d=4n%5 | 0.143 (0.08) 0.518 (0.07) 0.786 (0.08)  0.952 (0.09)

e

A is a Toeplitz matrix, and (C) t; = v/i, such that A is not a Toeplitz matrix.
For the bootstrap scheme and for the determination of shrinkage weights, we
use the same settings as in Model A.

The size and power of the changepoint test are presented in Table 1. As
for Model (A), the test turns out to be conservative, and gains power with
increasing sample size, and higher dimension. In our simulations, we also find the
deterministic weight w(?) leading to higher power compared to the data-driven
weight w*. Thus, future work could explore the optimal choice of shrinkage
weights from a testing perspective.

Under the null hypothesis of no change, the marginal covariance matrix of
X; is given by Cov(X;) = A%. Thanks to this explicit formula, we are
able to analyze the error of estimation of the proposed shrinkage estimator with
data-driven shrinkage weights, see Table 2. As benchmarks, we evaluate the
performance of the estimators En, En, and E° individually. For model B, the
Toeplitz estimator E% is found to perform best, which could be expected be-
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TABLE 2. Mean square estimation error of the marginal covariance ¥ = Cov(X¢) under stationarity, measured in the scaled Frobenius norm || - || p«.

Errors are reported, in this order, for (i) sample covariance S, (ii) tapered estimator fJL, (@it) Toeplitz-type estimator XAJ%, (iv) the shrinkage
estimator Eﬁ*. Reported values based on 10* Monte Carlo simulations.

n = 100

n = 500 n = 1000

n = 2000

Model B

2.50 | 2.32 | 0.87 | 2.34
6.38 | 3.84 | 0.78 | 4.01
19.96 | 4.32 | 0.60 | 7.71

0.52 | 0.48 | 0.18 | 0.48
2.55 | 1.29 | 0.16 | 1.42
9.06 | 1.43 | 0.15 | 3.17

0.26 | 0.24 | 0.09 | 0.24
1.49 | 0.76 | 0.08 | 0.82
6.39 | 0.86 | 0.08 | 2.13

0.130.12 | 0.05 | 0.12
0.95 | 0.49 | 0.04 | 0.53
4.540.56 | 0.04 | 1.48

Model C

d=14

d = 4n03
d = 4n0-5
d=

d = 4n03
d = 4n0-5

2.63 | 2.61 | 1.49 | 2.45
6.85 | 5.17 | 3.91 | 4.80
21.25 | 12.47 | 9.05 | 10.64

0.55 | 0.67 | 0.61 | 0.52
2.73 | 2.55 | 5.21 | 1.98
9.48 | 11.13 | 12.98 | 5.75

0.28 | 0.42 | 0.50 | 0.27
1.58 | 1.79 | 5.69 | 1.23
6.66 | 12.37 | 15.69 | 4.55

0.14 | 0.29 | 0.44 | 0.14
1.01]1.26 | 6.80 | 0.82
4.70 | 12.27 | 19.12 | 3.53
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cause the true covariance matrix is of Toeplitz type. On the other hand, the
shrinkage estimator always improves upon the sample covariance matrix f]n,
and is often close the performance of the tapered estimator f]IL For model C,
the decay of the off-diagonal entries of the true covariance matrix is slower,
hence the performance of EA]IL is also worse. Indeed, its estimation error is larger
than the error of the sample covariance S Yet, for n > 500, the error of the
shrinkage estimator is lower than that of all other estimators. This demonstrates
that our proposed shrinkage estimator not only chooses among the three estima-
tors, but may indeed improve the performance even further due to the convex
combination.

7. Proofs

Proof of Lemma 2.1. The result follows from Jensen’s inequality:

d e < | 1
N
E Y viXy| <IITE | D 1o iXl
Jj=1 Jj=1

d

< Jloll§ Z ||1

= lollf max ELX,;[*

|

Proof of Theorem 2.2. The time series Z; may be written as Z; = Gy(€), with
kernel Gy = VG, such that we may apply Theorem 3.1 of Mies and Steland
(2023). It can be verified that G satisfies conditions (G.1) and (G.2) therein,

with ' = T and © = /m©||V||s. To see this, note that for any m-variate
random variable X, we have
1

EIX]9)7 < EIX|DTm="s <m? max (E|X;|9)7,

- I=1,....m

because [|z|l2 < mszHxHq for any vector z € R™. Moreover, for any [ =

1,...,m,
1
q
§ WrGtr €O )

<D Wil EGer(e0) ) < IVI|®,

r=1

(E|Vi,.Gi(eo)|9) 7 = (

S

such that
(E[VGi(e)[V) 7 < vVm|V 6

The same argument can be used to establish (G.1) and (G.2). O
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Proof of Proposition 3.1. Observe that for four random variables Y7, Ys, Z1, Z5 €

Log, it holds that

(E[Y1 21 — YaZo|?)s < (B|(Yy = Y2)Z1|%)7 + (E|Ya(Zy — Z)|1
< (E|Y1—Ya[?0)% (E| Z,[27) % +(E|Y,, [2)

1
) q
% (B| 21— 2Z/*1) .
Inequality (P.1) may be obtained by setting Y1 = Gy (€;),Y2 = Gy (& +—;) and

Zy = G (€), Zy = Gy (€¢—j). Inequality (P.2) may be obtained by setting
Y1 =Gy i(€), Yo = Gio1,(€) and Z1 = Gy (€r), Zo = Gr—1,1(€r). O

Proof of Theorem 3.2. By (Mies and Steland, 2023, Th. 3.2) we have under
Assumption (P.1) for all d,n

k : c
@2
]Erl?gaf ;Xtixtj — (Var(Xy))i; <C

such that i?n,ij = (iln)U satisfies
. ) B
A Vo= ]
@%dﬁ(ﬁw Enij)” < 0(5 " (8)

To show the bound for EA]IL, observe that

E|S] - Sullb. <4(An+ Bn+Ch)

where

E: E: 2
nz] nij)7

m<7/2|i—j|=

By=d' Y > w(i—j) ZE( mj—En,ij>2,

7/2<m<T |i—j|l=m

Cn:dil Z Z (17(’0(‘7’ |)) E?l KYR

7/2<m<T |i—j|=m

”_d Z Z Enzy

m>T Ji=j|=m
Clearly, |Cy, + D, | = 0(7'*20‘71). Furthermore,

|An—|—Bn|§C ndz Z 1<—m1n7'd)

m=T |i—jl=

Thus,

6*  min(r, d) } .

B[S — 2,2, <C {201 4
H n ||F* = {T (B 1)2 n
,d}.

The optimal rate is attained for 7 = min {(n(ﬁ —1)2/6% 7073
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To show the bound for f)fl observe that by Jensen’s inequality

2
A 1 &
E(O’m — O’m)2 =E (m E En,kl - En,kl)

k—l=m
1 A
< d—_ Z E(En,kl_ ZTL,kl)Q
k—l=m
é4
<C nt,
IG5

where o, = ﬁ Y kiem 2n for all 4,5 with i — j = m < 7. We have

BISS - Sal} <2 Y Y EGLy - Bas) dzz

m<Ti—j=m m>Ti—j=m
2
=3Y ¥ Ewi- i) 2 Y G
m<Ti—j=m m>‘rz j=m
=Gp+ Hy.

Since X, < Cm~*"!, we have 0, < Cm~*"! for i — j = m. Thus, H, =
O(r~22=1). Moreover, G,, = O(min(d, 7)/n). We obtain the same bound as in
case (i), i.e.

BIES - Bl <07ty 2

—12
Optimal choice of 7 yields the same rates as in case (i). O

Proof of Lemma 4.1. One only needs to verify Condition 2 of Sancetta (2008).
Essentially, this is specific Doukhan-Louhichi type weak dependence condition.
It is known that Bernoulli shifts satisfy such weak dependence conditions, but
the applying the results in the literature would require to impose stronger as-
sumptions on Gjy. Therefore, we give a direct proof working under (P.1). Let

€ij = (€irer ey €1, € €5 I .) where {€;} is an independent copy of {&}. Fix
u,v € {1,.. 4} (zl,.. iv), (S1,.-.58y) €NV and (j1,...,Ju), (t1,...,ty,) € N¥
such that s1 < -+ < s, +7r <t; <--- < t, for some r € N. Put Uy, (€,) =
Xty "'Xtmjv and Vs, (€s,) =Ys i - Ys, 4, Then
Cov (U, (€t,), Vs, (€s,)) = Cov(Ut, (€, -s,), Vs, (€0))

= COV(UtU( tv—su,o), Viu (60))

+ Cov(Ut, (€s,,0) — Ut, (€t,-5,.,0), Vs, (€0))

= Cov(Ut, (€s,,0) — Ut, (€t,-5,,0), Vs, (€0))

By telescoping over the random variables Uy, (1) = Uy, (€4, —s,s- -, €ty —sy—1+1,
€t,—s,—1);sothat 37, Uy, (1) = Uy, (I—1) =U,(€s,,0) — U, (€t,-5,,0), and
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noting that E|(Uy, (1) — Uy, (I — 1))V, (€0)] < ©'177 for some constant ©' by
(P.1), we obtain
Cov(Uy, (€r,), Vs, (€5,)) = O(r~ ),

which establishes the Doukhan-Louhichi type weak dependence condition re-
quired in Condition 2 of Sancetta (2008), since 5 > 2. O

Proof of Theorem 4.2. The first assertion follows from rearranging terms,
Sh - Sh - (20 - %) = (25 - 55) - (B - 5)
and the triangle inequality, so that by Theorem 3.2
E[2% - £ — (22 — 2,) | pe S EIS2 — 22| v + E|S], — S, e

< (BIS; - =208.) " + (18] - =iz
—0 (n—%) ,

and, by the c¢,-inequality,

B|IS5 - £ - (55— T}, < 2E$5 - T3 . +2BIIS] - T} 3, = 0 (n~55).

For the second assertion of (i), use the fact that if A, — B, < C,, on A4,, > B,
and B, — A, < D, on A, < B,, for random variables A,,, B,, and bounds
Ch, D,,, then

E|An - Bn| S E(An - Bn)lAnZBn + ]E(_An + Bn)lAn<Bn
<EC, +ED,,

Apply this bound with A, = |23 — 31 || gy, Bp = |28 — 2 || £+ and the bounds
125 = Shllew = 1125 = Zallew <15 = £ = (55 = Z)|lpv = Cn

as well as
155, = Sallre — 125 = Shllew <155 — S0 — (25 = ZH) 7w = Dn,

which follow from the triangle inequality. Therefore,

E‘E;;—E;;

=E[I$5 = Shllp. - 155 - Sallr| = 0 (n7557).

To show (ii) observe that we have, similarly as above, the bounds
(| Afllpe = 1ALlIF) < 1AL - Alllp.

yielding

E (|ALlIre = 1ALIF| < 2E[A] - Afllr. < 2¢/EJAL - AL,
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Thus, it suffices to study E|Al — Al [|2,.. We have
E|AL - AllfF.=d™" > o (U =w(li = D) E(Sn — Tnig)?

Tt/2<m< 7t |i—jl=m

+d71 Z Z nz] nv])

Tt<m<ot |i—j|=

LD DD D

m>ot [i—jl=m
= O0(otn™Y) + O((oh) 221
—0(n7HE ) o (nmTEET.

Both terms are o(1) and the first term dominates because the choice of o is
essentially undersmoothing. Therefore,

OE|AL-Al|lp) = 0 (x/ML - ALHQF*) — O(ry),

2

E||ALllr = 1ALl =

_ 2a4l1-s
where r,, = n~ 2@+,

(iii) First note that

1AL IFe = 120 = 2L s S Y Sy =0(E) ) =0 (nER)

|Z J|>2
and
1 o 1
e D e D P DR O T e )
ji—jl< fi=il=r
Tg(d—To) a—
:(’)(T)+O(( )7
= O(1y,).

Using the decomposition
(ALAD. — (AL A7) = (Al - AL AT, +(A]L A7 - A7),
we obtain the bound
(AL A3). — (Al A). — ALl (1A% ]+ A5 — A31)

+ AP AT = A7 ps

leading to

E (AL Ag). — (AL, AL).| < 1431 E|AL - AL,

+EIAL - ALz EIA; - Az,
+ AL FEAS — A2 5
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at1/2

O( T:irn) + O(rnn_m) + (’)((7_7’2)—2(1—17"”)

(V/7irn)

0
1
7 <\/(_10g(dn_d)) o n“l“ﬂﬂz_l)
1
d 2a+1 s+2 g
2—11 s+1—2a
:(9(\/(%) Tt )

The latter estimate can be bounded by O(dﬁn_gg—lg). Hence, if d = O(n")
for some k > 0, the above bound is o(1) provided k < 2a—1—s. This completes
the proof. O

IN

Proof of Theorem 5.1. Note that the statistics T, and the critical values a,, (a, w)
are both quadratic in |[v||;, such that we may suppose without loss of gen-
erality that ||v||y = 1. If we replace the x, by the centered random vectors
Xs = [V - (X XT — EO)]?:p then Theorem 5.1 is a special case of (Mies and
Steland, 2023, Prop. 5.3). We briefly show that the estimation error of 3, ver-
sus the true covariance matrix is negligible. To this end, denote the sequential

estimators of the asymptotic covariance, for k = b,...,n, by
b ¢ ®2 & ¢ ®2
Q<k>=2§< 3 xs> | @(zc):Z%( 3 xs> .
t=b s=t—b+1 t=b s=t—b+1
It suffices to show that
E max Q) ~ QW) = O(Vi), 9)

where || Al|y; = tr((AAT)2) denotes the trace norm of a symmetric matrix. Since
the matrices Q(k) and Q(k) are always of fixed dimension 3 x 3, the choice of
norm is in fact irrelevant as all norms are equivalent, and we may use an arbitrary
matrix norm || - ||. If (9) holds, then both Q(k) and Q(k) satisfy Theorem 5.1
in Mies and Steland (2023), such that the bootstrap scheme based on Q(k) is
valid. 5

To establish (9), denote A,, = [Vj (o — f)nn)} = Xs—Xs € R3, for all s.

Via quadratic expansion, we find that, for some universal C' which may change
from line to line,

Q) = Q)|

E max
k

1 t ®2 t ®2
:]Emgx ZZ < Z ()_(s +An)> - ( Z 5(3)
s= —+1 s=

t=b t—b
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t
k t=b s=t—b+1
n t
<CE)_ l2 Yo AL bl
t=b s=t—b+1
n t 2
SCY AE| D || VEIAL +nbE[ A,
t=b s=t—b+1

By virtue of Proposition 3.1 and Lemma 2.1, the centered time series X satis-
fies condition (G.1) of Mies and Steland (2023), such that the Rosenthal-type
inequality, Theorem 3.2 therein, is applicable. This yields,

2

< cﬁi 0;j " = 0(Vb),

t

> X

s=t—b+1

E

because O is fixed in the asymptotic regime of Theorem 5.1. Analogously,

VE[AL|]? = = O(1/v/n).

t

Hence, E maxy HQ(k) —@(kj)H = O(Vnb + b) = O(v/nb). The last inequality
holds because b < n, and establishes (9). O

Proof of Theorem 5.2. Denote
S Eik,n _ kA |un] s 4 (k—|un])V O2 .
n
Theorem 3.3 yields that

Tn = k. by n_znn @)
(w) = Vnmax kﬂZQSwW =k, ]|+

uniformly in w € A. The matrices Z; € R3*? are bounded under our assump-
tions, because (P.1) implies that

Cov (G} ;(€0)GY (€0), GT ;(€n)Gyi(en)) < CO?|h|' 7, ij=1,...,d,.

As [[v¥]|1 <1 is bounded, we find that ||Z;|| = O(1). Hence, for some universal
¢ = c¢(u) > 0 depending on the change location u € (0, 1),

To(w) > ¢ Vitfulw) + O(1).
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This approximation holds uniformly in w € A, and thus
T (D) > ¢-v/nfu(D) + O(1).

As a second step, we derive an upper bound on the bootstrap quantile
an(a,w) aX(a, D). Note that, conditionally on Xy, ..., X,, the n; are indepen-
dent centered random vectors. Hence, the Burkholder-Davis-Gundy inequality
yields

E*|R, (w)|* < 4nE* | max ‘ Zw M (10)
<¢ > B w <e|l zn:wTAtw , (11)
Ton B ne—=
where E* denotes the conditional expectation given X1, ..., X,, for brevity.

_ ; 3 - ¢ \®2
Let xs = [Vj . (XSXST - E(XSXST))]].:l, and define At:% (Zszt_b+1 Xs) .

By virtue of Proposition 3.1, and since ||7]|; is bounded, the sequence Y; sat-
isfies the conditions of (Mies and Steland, 2023, Thm. 5.1), with d = 3, which
yields that

Since Z; is bounded, we find that

%Z/L = 0p(1). (12)

t=b

Now denote A, = x¢ — Xt = [Vj (E(XXT) - ﬁ)nn)} . Similar to the
1

proof of Theorem 5.1, we derive

®2
1 n _ 1 n 1 t -
E E ZUJT[At - At]w =—-FE g'lUT [( Z (Xg + Agn))
t=b n t=b s=t—b+1
t ®2
s=t—b+1
n t t T
2 1
t=b s=t—b+1 s=t—b+1
1|1 : >
T
el 3 A) :
t=b s=t—b+1
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t

> X

s=t—b+1

< E AL (w)]

2 * 2

M=

t=b

t 2

1 _
% _Z Xs

t—b+1

<2 bE|A;(w)\2tErl71ax E

=b,...,n

+ BE|A (w)?,

veey

the autocovariances || Cov(x,, xs)|| < CO?|r — s|*~# are summable (Mies and
Steland, 2023, Prop. 6.4), and we hence conclude that

¢ 2

1 _
% Z Xs

s=t—b+1

= 0(1).

The same bound on the autocovariances yields Var(2,_,) = O(1/n). Thus, via
the classical bias-variance-decomposition, E[A%(w)|? < C(L + f,(w)?), uni-
formly in w € A. We conclude that

= 0p (\/Efn(w)> +op(1).

l E ’UJT[At *At]’w
n
t=b

Together with (11) and (12), we obtain R, (w) = Op (\/Efn(w)) + op(1), and

hence a, (o, w) = Op (\/Efn(w)> +o0p(1). In combination with the lower bound
on T, (w), and b = b,, < n, this establishes (6)

To proof (7), we need an upper bound on the supremum R,(D) =
sup,ep Rn(w). Since w € A may be regarded as convex weights, the trian-
gle inequality yields

Ra(D) < Ry(w1) + Ry(wz) + Rulws) = Op (Vbfa(d)) +op(1),

for wy = (1,0,0), wy = (0,1,0), and w3 = (0,0, 1). Moreover, since D has non-
empty interior, there exists constants ¢1,co > 0 such that ¢; f,(A) < f,(D) <
cafn(A). Thus, the condition in the Theorem implies /nf,(A) — oo, and
the lower bound (11) yields T*(D) > éy/nfn(A) — oo. On the other hand,
at (o, D) < OVbfo(A) 4+ 1 < T#(D). This establishes (7). O
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