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Nonequilibrium moderate deviations from hydrodynamics of
the simple symmetric exclusion process*
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Abstract

In this paper, we give the moderate deviation principle from the hydrodynamic limit
of the simple symmetric exclusion process on the 1-dimensional torus starting from
a nonequilibrium state, which extends the result given in Gao and Quastel (2003)
about the case where the process starts from an equilibrium state. The exponential
tightness of the scaled density field of the process and a replacement lemma play key
roles in the proof of the main result. We utilize Grownwall’s inequality and the upper
bound of the large deviation principle given in Kipnis, Olla and Varadhan (1989) to
prove the above exponential tightness and the replacement lemma respectively in the
absence of the invariance of the initial distribution.
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1 Introduction

In this paper, we will give moderate deviation principles from hydrodynamic limits of
the simple symmetric exclusion process on the one dimensional torus starting from a
nonequilibrium state, which extend the result given in [1] about the equilibrium case.
We first recall the definition of the simple symmetric exclusion process. For each integer
N >1,1et TV ={0,1,2,..., N — 1}. The simple symmetric exclusion process {f; };>o on
T¥ is a continuous-time Markov process with state space X"V = {0, l}TN and generator
Ly given by

Lafm) =Y [for™"t) = f(m)] (1.1)

zeTN

for any n € X" and f from X" to R, where n*?*! ¢ X¥ is defined as

n(y) if y #x,x+1,
T y) = Sn(z+1) ify=a,
n(z) ify=a+1.
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Nonequilibrium MDP of SEP

Note that, throughout this paper operations on T are under the (mod N)-meaning. For
example, (N —1)+1=0.

According to Equation (1.1), the simple symmetric exclusion process describes a
traffic flow on TV. At each 2 € TV, there is at most one particle. All particles perform
random walks on T? . In detail, a particle at = jumps to the neighbor y = x + 1 at rate 1
when y is not occupied by other particles.

Here we recall invariant measures of the simple symmetric exclusion process. For
0 < a < 1, let v, be the product measure on TV under which {n(z)}o<z<n-_1 are
independent and v,(n(z) = 1) = a forall 0 < x < N — 1, then by Equation (1.1), it is
easy to check that v, is a reversible distribution and hence an invariant distribution of
{fit}+>1. The measure v, is called the global invariant measure of the process. For a
given integer 1 < K < N —1, let

vic(-) = va (-] 3 () —K>.

zeTN

Since the total number of particles is conserved for the simple symmetric exclusion
process, we have
LS, con @)=k} = 1, w0 (@) =K}

for ant ¢ > 0, where 14 is the indicator function of the event A. As a result, for any f
from X% to R,

Eu, (FODLS, o no)-1) = Bro (TS, o i1
E,,

/

FUio)ls, con fio(r):K})

and hence

Ey,, (f(ﬁt)l{zxerzv ﬁo(w):K})
Va(2pern n(z) = K)

EV& (f(ﬁo)l{zze—ﬂ-N f]o(m):K}) E )
v (e i) = K)o )
In conclusion, vk is an invariant measure of the process which is called the local invariant
measure. Note that vx is independent of the choice of « since the process is irreducible
and has finite states conditioned on the total number of particles being K.

For other basic properties of the simple symmetric exclusion process, readers could
see Chapter 8 of [5] and Part III of [6] for a detailed survey.

Now we recall hydrodynamic limits of the simple symmetric exclusion process. From
now on, we write 7;" instead of 7; to emphasize the N-dependence. We denote ﬁtj\]’vz by
nY. Then, the generator Ly of {n)},>o is given by Ly = N2Ly. Let T = [0,1) be the
one dimensional torus. We denote by ¥ the empirical density field of nY", i.e.,

Ey f(ﬁt) =

Wl () = 5 3 0¥ () (),

zeTN

where J, is the Dirac measure concentrated at a. The following hydrodynamic limit
theorem is given in Chapter 4 of [3].

Proposition 1.1 (Kipnis and Landim, [3]). If{név(;z:)}ogng_l are independent and
PO =1 =o(5)
@) =1) =6 (5
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for some ¢ € C(T) and all N > 1,z € TV, then u(f) converges in probability to
J pe(u) f(u)du as N — +oo foranyt > 0 and f € C(T), where {p;}+>¢ is the unique weak
solution to the heat equation

{@p(t, u) = 02,p(t,u) foranyt >0, 12)

po = ¢.

The proof of Proposition 1.1 utilizes Dynkin’s martingale formula to show that
any weak limit of a subsequence of {u¥}y>1 is absolutely continuous with respect
to Lebesgue measure and the corresponding Radon-Nikodym derivative is a weak solu-
tion to Equation (1.2).

It is natural to further investigate central limit theorems, large and moderate devia-
tions from hydrodynamic limits given in Proposition 1.1. The central limit theorem from
the hydrodynamic limit is also called the fluctuation. It is shown in Chapter 11 of [3]
that the fluctuation of the simple symmetric exclusion process is driven by a generalized
Ornstein-Uhlenbeck process introduced in [2]. The large deviation principle from the
hydrodynamic limit of the simple symmetric exclusion process is given in [4], the proof
of which utilizes an exponential martingale strategy. A moderate deviation principle
is given in [1] in the case where the initial distribution of the process is v,, the proof
of which extends the strategy given in [4] and relies heavily on the fact that v, is an
invariant measure of the process.

In this paper, we will extend the result given in [1] to cases where initial distribu-
tions of our processes are not invariant. The proof of our main result still utilizes the
exponential martingale strategy as that in [1] but two technical details are improved.
We give new approaches to check a replacement lemma and the exponential tightness of
the scaled density field of the process, where the invariance of the initial distribution is
not needed. For mathematical details, see Section 3.

2 Main result

In this section, we give our main result. For later use, we first introduce some
notations and definitions. Let T = [0,1) be the one dimensional torus defined as in
Section 1. Throughout this paper, operators on T are under (mod 1)-meaning. For
example, 0.2 — 0.3 = 0.9. We denote the dual of C*>°(T) endowed with the weak topology
by S, i.e., v, — v in § if and only if

lim v, (f) = v(f)

n—-+4oo

for any f € C°(T). Let {an}n>1 be a positive sequence such that

. an . vIN
lim — = lim — =0.
N—+oo N N—+oo an
Throughout this paper, we adopt the following assumption.

Assumption (A): {1} (z)},cr~ are independent and
T

P (@) =1)=¢(5)

for all z € TV, where ¢ € C(T) such that 0 < ¢(u) < 1 for all u € T.
Let E be the expectation operator. For any ¢ > 0 and N > 1, we define the scaled
density field 6V as

O () = —— S (1 (z) ~ B () 8 (du).

zeTN
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We can consider 6}V as a random element in S such that

1

for any f € C*°(T). For a given T > 0, we denote {6}" }o<;<7 by V. Then §" is a random
element in D([0, 7], S), which is the set of cadlag functions from [0, 7] to S endowed with
the Skorokhod topology.

We first give the moderate deviation rate function of the dynamic of the process. For
any W € D([0,T],S), we define

Loyn (W) = sup Wr(Fr) — Wo(Fo) — / W, ((0s + 07, Fs)ds
FEC1 > ([0,T]xT) 0
T
[ [t~ ps<u>><aqu<u>>2dsdu}, @.1)
0 T

where {p; }+>0 is the unique weak solution to Equation (1.2). Note that, in Equation (2.1),
((85 + 83U)FS) (u) = 0 F(s,u) + 8qu(s,u)

for any u € T and hence (95 + 92,)F; € C*>(T) for any given 0 < s < T. Then, since
W e D([0,T],S), {Ws((0s + 92,)Fs)}o<s<r is a real-valued cadlag function on [0, 7.
Secondly, we give the moderate deviation rate function of the intial state of the process.
For any v € S, we define

i) =  sup {y(f)—;/qrau) (1—¢(u))f2(u)du}. 2.2)

feC>=(T)
Now we can give our main result.

Theorem 2.1. Under Assumption (A),

N
li —-log P (0" € C) < — inf (Iini(Wo) + Layn(W 2.3
1{/11—1>iu£a?v og P (0" € C) < Ml}éc( (Wo) + Layn(W)) (2.3)

for any closed set C C D([0,T],S) and

... N .
}ﬂflg oz log P (0N € 0) > — ml/réfo (Lini(Wo) + Liyn(W)) (2.4)

for any open set O C D([0,T],S).

If $ = « for some « € (0,1), then ps(u)(1 — ps(u)) = (1 — ) and hence Theorem 2.1
reduces to Theorem 1.1 of [1].

The proof of Theorem 2.1 is divided into two sections. In Section 3, we give a
replacement lemma and show that {#"} ~>1 are exponentially tight. To prove the
above replacement lemma, we utilize the upper bound of the large deviation principle
given in [4]. To check the exponential tightness of {9N } ~>1, we utilize Grownwall’s
inequality. According to Grownwall’s inequality, the exponential tightness of {HN Fn>1
is a consequence of the exponential tightness of another class of stochastic processes
{zZN . 0 <t < T}y>1, which make a class of exponential martingales {M} : 0 <

t < T}n>1 can be written as MY = exp (% (ZN + O(l))) for all N > 1. As a result,

the exponential tightness of {ZtN : 0 <t < T}n>; follows from Doob’s inequality and
consequently the exponential tightness of {#V} ~>1 is derived. In Section 4, we complete
the proof of Theorem 2.1. The replacement lemma and the exponential tightness of
{QN}Nzl given in Section 3 are analogues of Lemmas 2.1 and 3.2 of [1] respectively,
which makes the strategy introduced in [1] apply to the case discussed in this paper.
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3 Exponential tightness and replacement lemma

In this section, we prove following two lemmas.
Lemma 3.1. Under Assumption (A), {HN}Nzl are exponentially tight.
Lemma 3.2. Under Assumption (A), for any ¢ > 0 and G € C*°([0,T] x T),

hmsuplogP<|/ Z N (z)nN (z +1)G, (;) ds

N—o+4o0o @ rETN

/ / P (u u)duds

Lemmas 3.1 and 3.2 are analogues of Lemmas 2.1 and 3.2 of [1] respectively. In [1],
the simple symmetric exclusion process ¥ follows an invariant distribution v,, at any
moment ¢. With this property, Lemma 2.1 of [1] is proved by utilizing Jensen’s inequality
and Cauchy-Schwarz inequality. Lemma 3.2 of [1] is proved by utilizing Garsia-Rademich-
Rumsey inequality. For mathematical details, see [1]. Above approaches do not apply
to cases discussed in this paper since the initial distribution of the simple symmetric
exclusion process in this paper is not invariant. Hence we prove above two lemmas in
different ways than those in [1]. By utilizing Grownwall’s inequality, we reduce the check
of the exponential tightness of 8"V to that of the logarithm of an exponential martingale
and then Lemma 3.1 holds according to Doob’s inequality. For mathematical details, see
Subsection 3.1. By utilizing the upper bound of the large deviation principle given in [4],
Lemma 3.2 follows from the fact that the minimum of the large deviation rate function
given in [4] on a closed set without {p;}o<;<7 is strictly positive. For mathematical
details, see Subsection 3.2.

> E) = —00. (3.1)

3.1 Proof of Lemma 3.1

In this subsection, we prove Lemma 3.1. We first introduce some notations and
definitions for later use. For integer n > 0, we denote cos(2nmu) by e, (u). For integer
n > 1, we denote sin(2nwu) by e_,,(u). Forn € Z, N > 1, ¢ > 0 and ¢t > 0, we define

yﬂ“nﬁ__ G%GN
f = exp ~ (cen) ) .

Furthermore, we define

ydep t(a +m£N)yd“n£
MYme = exp (/ 2 : ds) .
t }ﬁmnm o yjmn@

N,n,c N,n,c
N . - . yNome_yNme
Note that 9,;Y; "™ in the above definition does not refer to lima;_,o 2+ i since

{v,'™¢},50 is not continuous. According to our notations, Y, = V,(t,nN), where
Ve(t,n)=exp (%> crv (n(x) — En{ (2)) en(x/N)). Then, for givenn, Ve(-,n) € C*([0,T])

and
can d
OV (t,m) = Vet n) ( Y (—thnZV <x>) en<x/N>> .
zeTN
So, in the above definition of M} ™, we denote 8;V,(t, n)‘ by 9,Y,N"e

n= "h
By Feynman-Kac formula, {J\/liv "0 is a martingale with mean 1.

Now we give the proof of Lemma 3.1
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Proof of Lemma 3.1. Since span{e, : — oo < n < +oo} are dense in C*°(T), according
to the criterion given in [7], to complete this proof we only need to show that

N
lim sup lim sup —- log P ( sup |0V (en)] > M) = -0 (3.2)
M—+o00 N—+oco O3 0<t<T
and
N
lim sup lim sup —- log sup P ( sup IHﬁg(en) - 95(en)| > e) = —00 (3.3)
5—0 N-o4oo AN oeT  \0<t<é

for any n € Z and € > 0, where T is the set of stopping times of {UtN}tzo bounded by T'.
We first check Equation (3.2). According to Chapman-Kolmogorov equation, we have

gy Nmt  O:Valsm) |n=n§

Nmn,1 N,n,1
y;’"q Y;7n7

= -2 % N (Bn (e + 1)+ Enl (@ — 1) — 2B (2)) en(a/N)

zeTN

=205 B @)(AVen(w/N)),

zeTN

where ANe, (u) = N2 (en(u+ %) + en(u — ) — 2e,(u)). Using the definition of £y and
the fact that
Vils, ™4 = Valsm) = Vas,m) (e < 1),

where
¢V =[x +1) —EnY (2)) en(z/N) + (n(z) — EnY (z + 1)) e, ((z + 1) /N)]

— [(n(z) — En}Y (2)) en(z/N) + (n(x + 1) — EnY (x + 1)) ex((x + 1)/N)]
=z +1) —n()) (en(z/N) —en((z +1)/N)),

we have
LyY ot _ N? D weTN (Vl (Sa (ni‘v)m’z-i_l) - Vl(s,név))
Y?Vﬂul Lﬁ(s7n£”
— N2 Z (eXp (GWN(UéV(x +1) — N (@) (en(x/N) — en((z + 1)/N))) B 1) .
zeTN

Using that e® — 1 =z + ””—; + O(23), we have

ENYZW”J a2
Sowar =1 (o)),
where
a
1= 3 S (0 @+ 1) = 1 (@) (en(/N) = en((@+1)/N)
zeTN
aN
=Y Y @)(AVen(/N)
zeTN
and )
N2 N N/ o2 T z+1
H—ﬁ (s (x+1) =0 (2))"| en v e\ w .
zeTN
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YN n,1 .
Then, according to the expression of 2 N -1 given above,

N,n,1
9, Y N an

1= (0¥ () — Enl (2)) (AN en(a/N)) = P (AVey) .

N,n,1 N
e zeTN

Consequently, we have
2

t
MY = exp <‘XY (95(%) — 0 (ey) — /0 0N (ANe,)ds — )" + 0(1))> ,

where
e = /N2 3 @V @+ 1) — ¥ (2)? (en@)—en(z;l))zds

zeTN

and hence sup,<r |5f[ "| < 2n272T according to Lagrange’s mean value theorem. Let
ZNm = 0N (e,) — 0) (en) fo ON (92 e,)ds, then

N

since |ANe,, (u) — 02,e,(u)] = O(N~1). According to the fact that 92, e, = —(2n~)2e,, and
Grownwall’s inequality,

2
Mi\/,n,l = exp (ajv (Ztlv,n _ 8;\{271 +O(1)>) , (34:)

16Y ()] < (eév (ea) + sup Zi“") (2T
0<t<T

for any 0 <t <T'. According to Assumption (A), it is easy to check that

N
lim sup lim sup —- logP (16 (en)| > M) = —oo.
M—+00 N—+oo @

Hence, to prove Equation (3.2) we only need to show that
limsuplimsup —-log P | sup Z;"" > M | = —c0. (3.5)
M—+00 N—+oo AN 0<t<T

By Equation (3.4) and Doob’s inequality, for sufficiently large N,

2
P( sup Z" > M) <P ( sup MY > exp <CLN(M— 2022 T — 1)>>
0<t<T 0<t<T N

2
< exp (—a]g(M —2n?7m?T — 1))

and hence Equation (3.5) holds. Consequently, Equation (3.2) holds.
Now we check Equation (3.3). According to the definition of ZtN o

08 o (en) = 05 (e)] < sup (Z{k(en) = 22" (en)) + (2nm)%0 sup (6N (en)]
0<s<§ 0<s<T+6

for 0 <t < é. Hence, by Equation (3.2), to prove Equation (3.3) we only need to show
that

N
lim sup lim sup —- log sup P ( sup (Z{,ﬁ’;(en) - Zév’"(en)) > e) = —oc. (3.6)
§—0 N—+4oo AN oeT 0<s<é

According to an analysis similar with that leading to Equation (3.4), we have

Mi\_/;_,n,c &2 N N N,
N n s 2 n
i = oo (4 (e - 22 e - 2 o)) @)
g
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for any ¢ > 0, where 3" = 1 Lot N2 NS ean (Y (@ 4+ 1) = N (2))2(en (L) — en(551))2ds

N 212§ for t < 6. Therefore, by Doob’s inequality,

and hence |y ;

P su (Ziﬁ’;(eu - ZEe) > )

0<s<é

MY 2. (1 2 /1
< P| sup ?’9 > exp (aN <ce — 2n27r2026>) < exp (—aN (ce — 2n27r2025)>
0<s<8 MU n,¢ N 2 N 2

for sufficiently large NV and hence

N 1
lim sup lim sup —- log sup P ( sup (Zév_ﬁ(en) - Z(JTV’”(en)> > e) < ——ce.
6—0 N-—+oo ClN oceT 0<s<é 2

Since c is arbitrary, let ¢ — +o0o0 and then Equation (3.6) holds. Consequently, Equa-
tion (3.3) holds and the proof is complete. O

3.2 Proof of Lemma 3.2

In this subsection, we prove Lemma 3.2. We first recall the upper bound of the large
deviation principle given in [4]. We denote by IM the set of measures v on T such that
v(T) < 1. Let M be endowed with the weak topology. For any v € M, let J;,;(v) be
defined as

Jus) = swp (= )+ [ faluidu [ 1og (s 4 (1= ou)e ) duf.

f1,f2€C(T)

where we denote [ f(u)v(du) by v(f) for any v € M, f € C(T). Note that the above
definition of J;,; is equ1va1ent with that given in Equation (4.3) of [4] in the sense that
we identify a measurable function h : T — [0, 1] with v € M such that v(A) = [, h(u)du
for any measurable A C T. Let D([0,7],M) be the set of cadlag functions from [0, T
to M endowed with the Skorokhod topology. For any W € D([0,T],M), let Jg,, (W) be
defined as

T
Jayn(W) = sup {WT(FT) — Wo(Fpo) — / W,((0s + 02,)Fy)ds
FeC1:2([0,T]xT) 0

— %(u)) (8uF5(u))2dsdu}

if W, is absolutely continuous with respect to Lebesgue measure for all 0 < s < T and
den(W) = 400 otherwise. The following proposition is given in [4].

Proposition 3.3 (Kipnis, Olla and Varadhan, [4]). Let 1 be defined as in Section 1 and
N = {1 Yo<s<r, then

lim sup — logP (wNec)<-— mf (den(W) + Jini(Wo))
N—+o00 N
for any closed set C' C D([0,T],M).

Now we introduce some notations and definitions for later use. For any ¢t > 0, let
pe(du) = py(u)du, where {p;}+>0 is the unique weak solution to Equation (1.2) defined as
in Section 1. We further define

t={pefo<t<t-

ECP 29 (2024), paper 7. https://www.imstat.org/ecp
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Forany f € C(T) and u € T, let 7, f be the element in C(T) such that 7, f(v) = f(v — u)
for any v € T. For any € > 0 and f € C(T), we define

Cer =W eD(0,T),M): sup |We(ruf)— ps(ruf)] >¢€

ueT,
0<s<T

The following two lemmas are crucial for the proof of Lemma 3.2.
Lemma 3.4. For any closed set C C D([0,T],M), ifC % p, then

N
limsup — log P(uN € ) = —cc.
N—+4oo A

Lemma 3.5. For any ¢ > 0 and f € C(T), C.,s is a closed subset of D([0, T], M).

We prove Lemmas 3.4 and 3.5 at the end of this subsection. Now we utilize Lem-
mas 3.4 and 3.5 to prove Lemma 3.2.

Proof of Lemma 3.2. The weak solution {p; },>¢ to Equation (1.2) has a C([0, +o0) x T)-
valued version

pe(u) = E¢(u+ V2By),

where { B, };>¢ is the standard Brownian motion starting at 0. Using that G and {p; }o<i<T
are uniformly continuous, for any € > 0, there exists d; = d1(¢) such that

gy > () -a(3)|=

—SN<j<SN

and

1 6
— . — 0. <
25[5p5<u+v>dv palu)| < ¢

forany 6 < 6,2 € TV,0 < s < T,u € T and sufficiently large N. Then, according to the
fact that

1 T+

3 )| —— ;
N me @ @+ 1) | 55 G‘<N
_SN<j<6N

zeTN

Y gy X Aerinleriin]6(5).

zeTN N —SN<j<§N
to prove Lemma 3.2 we only need to show that

Z VN 9)Gs (%) ds

IETN

_AT/T (216 /6ps(u+v)dv>2Gs(u)duds

§—0 N—+oo CLN

N
lim sup lim sup—- log P (

> e) = —0 (3.8)

for any € > 0, where

| , .
VIO e 0) =0 Y i@+ (@ +i+1).

—SN<j<SN
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According to Theorem 2.1 of [4],

Z VN0 9)Gs (%) ds

0—0 N—+oo xe’]I‘N

1
lim sup lim supﬁ log P (

/T1 S (U ) G (L) ds

zeTN

where

1 . 1
UN(n™,x,6) = %N Z n (z+j) = U?(%Tﬁl[—é,é])
—SN<j<5N

Hence, to prove Equation (3.8) we only need to show that
T
1
/ DN CAIURE T ) D (%) ds

xETN
> e) = —00

_/OT/T (;(s/_&ps(u—i—v)dv>26's(u)duds

for any €,6 > 0. Note that

lim sup— log P (
N—+4o00 @

1[0 1
%), ps (1 +0)dv = prs (el (-5.0)-

Since
1 T 1 2 P
imow 2 [ (e (gromtisn)) e () as

T 1 2
= / / (,LLS <257-u1[576]> > G (u)deua
0 T

to prove Equation (3.9) we only need to show that

/ 3 RV, 2,6)G, (%) ds

'cE’]I‘N

N
limsup —- log P (
N—o+4oo @

>e>oo

for any ¢,6 > 0, where

RY (N, z,0) =

For sufficiently large integer m > 1, let g,, € C(T) be defined as

if Ju| <4,
D(ut+d+-1) if —§—L <u< -4,
—2—5(u—5——) if5§u§5+%,

m

0:‘3 g‘H

gm(u) =
0 else,

then

1 1
py (2(5%/1\/1[—575]) - /uf;V(Tw/Ngm)‘ < S and

1 2 1 2
N
(us (2(5%/1\71[—5,5])) - <Ms (25%/1\71[—5,5])> :

1
Hs %Tz/Nl[—zS,é] *us(Tx/Ngm) <

>e> = —0Q,

(3.9)

(3.10)

[«
)=
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Hence, to prove Equation (3.10) we only need to show that

T
15 R ()0
z€TN

N
limsup —- log P
N—+4o0 aN

>e> = -0 (3.11)

for any € > 0 and m > 1, where
“ N 2 2
RY™(x) = ‘(uﬁv(fx/wgm)) — (1s(T2/ngm)) ’ :

Since pN (T), us(T) < 1, to prove Equation (3.11) we only need to show that

N
limsup —-log P (1 € C.y,,) = —00 (3.12)
N—+o0 aN

for any € > 0 and m > 1. Since u ¢ C.4,., Equation (3.12) follows from Lemmas 3.4
and 3.5. Consequently, the proof is complete. O

At last, we prove Lemmas 3.4 and 3.5.

Proof of Lemma 3.4. Since limy_ 4 % = 400, to prove Lemma 3.4, we only need to
show that

1
limsup — log P(u™ € C) < 0. (3.13)
N —4o00 N

According to Proposition 3.3, to prove Equation (3.13), we only need to show that

V[lfréfC(Jlm(WO) + den(W)) > 0. (3.14)

It is shown in [4] that J;,;(-0) + Jayn(+) is a good rate function. Hence, to prove Equa-
tion (3.14), we only need to show that J;,,;(Wy) = Jayn (W) = 0 implies that W = p. For
W making Ji,;(Wo) = Jayn (W) = 0, we define

Li(e, F) = Wr(eFr) — Wy(eFp) — /0 W ((0s + 03,)(€Fy))ds

- /OT /T %@ (1 - dZs (u)) (Ou(eFy)(u))2dsdu

forany e € R and F € C1%([0,7] x T) and
la(e1, €2, f1, f2)
_ _ _ e1f1(u) _ €2 f2(u)
= Wo(erf1 — eafo) +/T€2f2(u)du /Tlog (¢(U)€ + (1 = p(u))e > du

for any ¢;,e5 € R and fi, fo € C(T). Note that [;(0,F) = 12(0,0, f1, f2) = 0 for any
F € CY2([0,T] x T) and fi, fo € C(T) by direct calculation. For any fi, fo € C(T), since

sup 12(617627f1af2) S Jznz(WO) =0= l2(0707f17f2)7

€1,€2
we have sup,, ., la(€1, €2, f1, f2) = 12(0,0, f1, f2) and hence
ae1l2<030aflaf2) = 862l2(0707f1?f2) =0

Therefore, Wy(f1) = [ &( u)du for any f; € C(T). Consequently, Wy (du) = ¢(u)du =
o (du). Similarly, den(W) = O 1mphes that sup, /i (e, F) = 11(0, F') and hence

9:1(0,F) =0

ECP 29 (2024), paper 7. https://www.imstat.org/ecp
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for any F € C*%([0,T] x T). We choose F with the form F(s,u) = h(s)f(u) for some
h € C'([0,T]) and f € C>°(T), then we have

T T
MW ()~ bOWo(f) — [ (s W()ds = [ (s)W.(@2,0)ds.
0 0
Since h is arbitrary, {W;(f)}o<i<r is absolutely continuous and
Wi (f) = Wi(2,.f) (3.15)

for any f € C(T). Let e,(u) = cos(2nmu) for n > 0 and e_,(u) = sin(2n7u) forn > 1
defined as in Subsection 3.1, then Equation (3.15) and the fact Wy = p implies that

Wi(em) = poem)e” 2mm’

for any integer m. Since the span of {e,,} —co<m<+oo iS dense in C(T), the solution to
Equation (3.15) with initial condition Wy = pg is unique. Since p is also a solution to
Equation (3.15), we have W = u and the proof is complete. O

Proof of Lemma 3.5. Assuming that W" € C. ; forn > 1 and W™ — W in D([0,T], M),
then we only need to show that W € C.y. Since W™ € C.y for n > 1, there exist a
sequence {v"},,>1 in T such that

liminf sup |[W(Tynf) — ps(Ton )] > €

n—-4oo 0<s<T
Since T is compact, there exists v € T such that v is the limit of a subsequence of
{v"},>1 in T. For simplicity, we still write this subsequence as {v"},>1. Since W" — W
in D([0,T],M) as n — 400, there exist a sequence of increasing continuous functions
{¢"}n>1 from [0, T] to [0, T] such that ¢ (0) = 0, o™ (T) = T for all n, ¢"(s) — s uniformly
for s € [0,7] and Wi — Ws uniformly for s € [0,T]. According to the triangle
inequality, for any n > 1,

sup W2 (un f) — prs(un f)] = sup ‘Wgn(s)(m F) = fign(s) (T f)‘ (3.16)
0<s<T 0<s<T
< su ‘W"ns Tof) — Wi (Ton ‘
oS0 [Wor (o) (Tof) = Wen ) (7 /)
+ sup ‘Ws(ruf)—Wgn(s)(rUf)’
0<s<T
+ sup [Ws(7of) — ps(70 f)]
0<s<T

+ sup |M<p"(s) (Ton f) — MS(va)’ :
0<s<T

According to the definition of y, y; is continuous in ¢ and hence ji,n(5) (7o f) — 1s(T0 f)
uniformly for s € [0,7]. According to the uniform continuity of f, 7= f(u) — 7,f(u)
uniformly for © € T. As a result, according to facts that Pon(s) € M, W;}n () € M and

W™ = W in D([0, T],M), we have supy<<r [Wa(ruf) = W (7f)| > 0,
sup |/~Lap"(s)(7—v"‘f) - /‘LS(va)|
0<s<T
< sup ‘M(p"(s) (Tv"f) — Hpn(s) (va)’ + sup |M<p“(s) (va) - M8<va)’
0<s<T 0<s<T

< sup |7n f(u) = To f(W)| + sup |ppn(s) (1o f) — ps(Tof)| =0
ueT 0<s<T
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and

sup W:;n(s)(TUf) - W;Ln(b) (Tv"f) < sup |T’U"f(u) - va(u)| —0
0<s<T ueT

as n — +oo. As a result, let n — +oo in Equation (3.16), we have

sup |Ws(rof) — ps(mof)| = liminf sup |[WI(7yn f) — ps(Ton )| > €
0<s<T n—+00 0<s<T

and hence W € C. ¢, which completes the proof. O

4 Proof of Theorem 2.1

In this section, we prove our main result Theorem 2.1. With Lemmas 3.1 and 3.2,
the strategy introduced in [1] applies to cases discussed in this paper. So we only give
outlines of the proof of Equations (2.3) and (2.4) to avoid repeating many similar details
with those in [1]. For later use, we define

a2
Y (P = o (200 ()
forany 0 < ¢ < T and F € C1"°(]0,T] x T). Furthermore, we define

vy YO (0t LY NE)
MEE) = 381 p(/ Y E) d)

for 0 <t < T, then {MY (F)}o<i<r is @ martingale according to Feynman-Kac formula.
Note that in the above definition of M} (F), we denote 9,V (t,n)’ . by oYV (F),

=M

where

v (tn) —exp{ifvv > () — Bl (2) Ft(fc/N)}-

zeTN

For any g € C(T), let PgN be the probability measure of our simple symmetric exclusion
process with initial condition 1)’ = {1}’ (z)}zer~ where {n{’(z)},cr~ are independent
and

P (' (@) = 1) = ¢(/N) + SFg(w/N)

for all z € TV. Then, for any F' € C1>([0,T] x T), we define PV'"" as the probability
measure such that

apN-Ff
y JZQN = MY (F).

Now we prove Equation (2.3).

Proof of Equation (2.3). According to the definition of £y and Chapman-Kolmogorov
equation, we have

N a
OHNE) 00 5 ()~ B )01 o)

zeTN

N3 (e ) B 1) - 280 Y() B/

a2 (12
=N - XL ST Y (@) (AN F (/)
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and

LyYN(F)
YN(F)

=N? (eXP (%N (¥ (@) =Y (x + 1)) (FtN((x+1)/N)—FtN(x/N))> ‘1>'

zeTN

Then, according to the fact thate® — 1 =z + 12—2 + O(z3), we have

ME(F) = exp (Cffv (ZY(F) — el p(F) + 0(1))> ; (4.1)
where .
ZY(F) = 8 (Fr) — 60(Fo) — [ 03((0, + BE.)Fu)ds
0
and

T
AelP) =5 [ § X QRN @)+ @+ 1)~ 20) @l (@ 1) ds

zeTN

T
= [ @) = 5 X @uF /NP @l (o + s+ o).

zeTN
> e) <0

>e>oo

lim sup —- logPQ/ Z N (z)nN (z 4+ 1)(0,Fs(x/N))?ds

N—+o0o @ IETN
> e) = —00.

_ /O /T P2 (1) (0 Fy (u))2duds
/OTMS 0uF.)? ds—/ /ps (0uFs(w))*duds + €57 (F)

According to Lemma 3.4, we have

T T
1imsupi10gP (‘/ 112 ((0uFs)?)ds —/ trs((0uFs)?)ds
0 0

N —+o00 N

and hence

T T
/ 1N (0,F2)?)ds — / 12 (D F2)?)ds
0 0

N
lim sup —- 1og P <
N—o+4o0o @

for any € > 0. According to Lemma 3.2, we have

In conclusion,

T
| pra01 = )@ )P + X (P,

where

N
lim sup —- log P (|€4 r(F)] >€) =—o00 (4.2)
N—+o0 a

for any € > 0. As a result, by Equation (4.1), we have

2

ME(F) = exp (iv (Z(ON, F) + e p(F) +o(1))> , (4.3)
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where

I(W, F) =Wrp(Fr) — Wy (Fp) /W s+ 02,)Fy)ds

/ / p(u)(1 = py()) (D Fy (1)) *dsdu

for any W € D([0,T],S). According to Assumption (A), it is easy to check that

Bew (207(1)) = o0 (2 ([ Ppt -siuon)) @

for any f € C°°(T). By utilizing Markov’s inequality and the minimax theorem given in
[8], Equation (2.3) holds for all compact C' C D([0,T],S) according to Equations (4.3)
and (4.4). To show that Equation (2.3) holds for all closed C, we only need to show that
AR ~>1 are exponential tight and hence the proof is complete according to Lemma 3.1.

O

To prove Equation (2.4), we need following two lemmas.

Lemma 4.1. If W makes I;,;(Wy) + Layn(W) < +o00, then there exist g, F' such that
Wi (du) = p™9(t,u)du for all 0 < t < T, where

{jtp”( u) = 92,p"9(t,u) = 28 (pr(uw) (1 — pi(u)BuFi(w))
pe = g.

9% (u)

Furthermore, I;;(Wo) = 1 [, Wdu and

W) =TOV.F) = [ [ )1 = pu ) @uF ) s

Lemma 4.2. As N — +oo, OV converges in ééV’F-probabiIity to {pt9(t, u)(du) }o<i<T-

Lemmas 4.1 and 4.2 are analogues of Lemma 5.1 and Theorem 4.1 of [1] respectively.
With Lemmas 3.1 and 3.2, analyses given in proofs of Lemma 5.1 and Theorem 4.1 of [1]
apply to Lemmas 4.1 and 4.2 respectively. Hence we omit proofs of Lemmas 4.1 and 4.2
here. At last, we prove Equation (2.4).

Proof of Equation (2.4). We only deal with the case where infyco (Lini(Wo) + Layn(W)) <
+00. Otherwise, Equation (2.4) is trivial. For any € > 0, according to Lemma 4.1, there
exists W€ € O such that

Tini(W5) 4 Layn (W) < ml/nf (Lini(Wo) + Layn(W)) + €

and W¢(du) = p 9" (t, u)du for some F€, ¢g¢ and 0 < t < T. According to Lemma 4.2, 6~
converges in P F _probability to {p*9"(t, u)du}o<i<r = W*€. Then, we have

lim PN (Y € 0) =1 (4.5)
N—+oco
and
lim P (|Z(0N, F) —Z(We, F9)| <€) = 1. (4.6)

N—+oc0

According to Equation (4.2), Assumption (A) and Cauchy-Schwarz inequality, it is easy to
check that

AN.FC (| N (e
<e)=1.
Ngriloop (lefr(F)l <€) =1
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Then, by Equations (4.3), (4.5), (4.6) and Lemma 4.1, we have

i P (aN €O,MN(F) <e® ¥ Ty (W° >+3e>> =1. (4.7)
——+o00

Under Assumption (A), it is easy to check that log v PN converges in ]5;\! F ‘-probability

to
1 (9°(u))? ;
—o | ——du = — L (W,
3 . i gy = %)
as N — +oo. Hence, by Equation (4.7),

lim PNF (9N € OMY(F9) < e ¥ (L (W J+3e)
N—+o00

P 2
JPK 2 OXP ( %V(Im(wg) + e)) ) -1 4.8)

According to the definition of Pg]\! ’FF, by Equation (4.8),

dP -
P(HN € O) = IEIE.QJ\EI,FE (dPN (MT( )) ! 1{9NEO}>

> exp (—(X]V (Linis W) + Layn(W€) + 46)) (14 0(1)).

Hence,
i N > (. (WE €)) —
JI\I/IBHéE s log P (6™ € O) > —Iini(W§) + Layn(W€)) — 4e
= - Wl}g (Iini(Wo) + Idyn(W)) — be.
Since ¢ is arbitrary, let e — 0 and the proof is complete. O
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