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We study estimation methods under communication constraints in a dis-
tributed version of the nonparametric random design regression model. We
derive minimax lower bounds and exhibit methods that attain those bounds.
Moreover, we show that adaptive estimation is possible in this setting.

1. Introduction. In this paper we study some aspects of the fundamental possibilities
and limitations of distributed methods for high-dimensional or nonparametric problems. The
design and study of such methods has attracted substantial attention recently. This is for
a large part motivated by the ever increasing size of datasets, leading to the necessity to
analyze data while distributed over multiple machines and/or cores. Other reasons to consider
distributed methods include privacy considerations or the simple fact that in some situations
data are physically collected at multiple locations.

By now a variety of methods are available for estimating nonparametric or high-
dimensional models to data in a distributed manner. A (certainly incomplete) list of recent
references includes the papers [1, 4, 8, 10, 12, 15-17, 23]. Some of these papers propose new
methods, some study theoretical aspects of such methods and some do both. The number of
theoretical papers on the fundamental performance of distributed methods is still rather lim-
ited however. In the paper [19] we recently introduced a distributed version of the canonical
signal-in-white-noise model to serve as a benchmark model to study aspects like convergence
rates and optimal tuning of distributed methods. We used it to compare the performance of a
number of distributed nonparametric methods recently introduced in the literature. The study
illustrated the intuitively obvious fact that in order to achieve an optimal bias-variance trade-
off or, equivalently, to find the correct balance between over- and underfitting, distributed
methods need to be tuned differently than methods that handle all data at once. Moreover,
our comparison showed that some of the proposed methods are more successful at this than
others.

A major challenge and fundamental question for nonparametric distributed methods is
whether or not it is possible to achieve a form of adaptive inference. In other words, whether
we can design methods that do automatic, data-driven tuning in order to achieve the optimal
bias-variance trade-off. We illustrated by example in [19] that naively using methods that are
known to achieve optimal adaptation in nondistributed settings can lead to suboptimal perfor-
mance in the distributed case. In the recent paper [26], which considers the same distributed
signal-in-white-noise model and was written independently and concurrently as the present
paper, it is in fact conjectured that adaptation in the considered particular distributed model
is not possible.

In order to study convergence rates and adaptation for distributed methods in a meaningful
way, the class of methods should be restricted somehow. Indeed, if there is no limitation on
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communication or computation, then we could simply communicate all data from the various
local machines to a central machine, aggregate it and use some existing adaptive, rate-optimal
procedure. In this paper we consider a setting in which the communication between the local
and the global machines is restricted, much in the same way as the communication restrictions
imposed in [23] in a parametric framework and recently in the simultaneously written paper
[26] in the context of the distributed signal-in-white-noise model we introduced in [19].

In the distributed nonparametric regression model with communication constraints that we
consider, we can derive minimax lower bounds for the best possible rate that any distributed
procedure can achieve under smoothness conditions on the true regression function. Tech-
nically, this essentially relies on an extension of the information theoretic approach of [23]
to the infinite-dimensional setting (this is different from the approach taken in [26] which
relies on results from [21, 25]). It turns out there are different regimes, depending on how
much communication is allowed. On the one extreme end and in accordance with intuition, if
enough communication is allowed, then it is possible to achieve the same convergence rates
in the distributed setting as in the nondistributed case. The other extreme case is that there is
so little communication allowed that combining different machines does not help. Then, the
optimal rate under the communication restriction can already be obtained by just using a sin-
gle local machine and discarding the others. The interesting case is the intermediate regime.
For that case we show there exists an optimal strategy that involves grouping the machines in
a certain way and letting them work on different parts of the regression function.

These first results on rate-optimal distributed estimators are not adaptive, in the sense that
the optimal procedures depend on the regularity of the unknown regression function. The
same holds true for the procedure obtained in parallel in [26]. In this paper we go a step
further and show that contrary perhaps to intuition and contrary to the conjecture in [26],
adaptation is in fact possible. Indeed, we exhibit in this paper an adaptive distributed method
which involves a very specific grouping of the local machines in combination with a Lepski-
type method that is carried out in the central machine. We prove that the resulting distributed
estimator adapts to a range of smoothness levels of the unknown regression function and that,
up to logarithmic factors, it attains the minimax lower bound.

Although our analysis is theoretical, we believe it contains interesting messages that
are ultimately very relevant for the development of applied distributed methods in high-
dimensional settings. First of all, we show that, depending on the communication budget,
it might be advantageous to group local machines and let different groups work on differ-
ent aspects of the high-dimensional object of interest. Second, we show that it is possible to
have adaptation in communication restricted distributed settings, that is, to have data-driven
tuning that automatically achieves the correct bias-variance trade-off. We note, however, that
although our proof of this fact is constructive, the method we exhibit appears to be still
somewhat unpractical. We view our adaptation result primarily as a first proof of concept
that hopefully invites the development of more practical adaptation techniques for distributed
settings.

1.1. Notation. For two positive sequences a,,, b, we use the notation a, < b, if there
exists an universal positive constant C such that a,, < Cb,,. Along the lines a, =< b, denotes
that a, < b, and b, < a, hold simultaneously. Furthermore, we write a, < b, if a,/b, =
o(1). Let us denote by [a] and |a] the upper and lower integer value of the real number
a, respectively. The sum Zﬁ’:a xj, for a, b real numbers, denotes the sum  ;cn. <j<p Xj-
For a set A let |A| denote the size of the set. For f € L;[0, 1] we denote the standard L»-
norm as || f ||% = fol £ (x)?dx while for bounded functions | f ||oo denotes the Lso-norm. The
function sign : R +— {0, 1} evaluates to 0 on (—oo, 0) and 1 on [0, 0co). Furthermore, we use
the notation mean{ay, ..., a,} = (a1 + --- + a,)/n. Throughout the paper ¢ and C denote
global constants whose value may change from one line to another.
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2. Main results. We work with the distributed version of the random design regression
model. We assume that we have m “local” machines and in the ith machine we observe pairs

of random variables (Tz(i), Xéi)), £=1,...,n/m, (with n/m € N) satisfying

X9 = (1) + o6l where

2.1

)lld (1) lld

VU, 1), SNO, D, t=1,....n/mi=1,....m,

and fp € L,[0, 1] (which is the same for all machines) is the unknown functional parameter
of interest. For simplicity we take o = 1. We denote the data distribution and expectation

corresponding to the ith machine in (2.1) by IP(l) r and EY fouT respectively, and the joint
distribution and expectation over all machines i = 1 ,m, by P, 7 and E 4, 7, respectively.
We assume that the total sample size n is known to every local machine. For our theoretical
results we will assume that the unknown true function fj belongs to some regularity class.
We work in our analysis with Besov smoothness classes, more specifically we assume that
for some degree of smoothness s > 0 we have fo € B5 (L) or fp € Bgo,oo(L). The first
class is of Sobolev type, while the second one is of Holder type with minimax estimation
rates n—5/U429) and (n/logn)~/(1+29) respectively. For precise definitions see Section B
in the Supplementary Material [18]. Each local machine carries out (parallel to the others) a
local statistical procedure and transmits the results to a central machine which produces an
estimator for the signal fo by somehow aggregating the messages received from the local
machines.

We study these distributed procedures under communication constraints between the local
machines and the central machine. We allow each local machine to send at most B®) bits
on average to the central machine. More formally, a distributed estimator f is a measurable
function of m binary strings, or messages, passed from the local machines to the central
machine. We denote by Y ) the finite binary string transmitted from machine i to the central
machine which is a measurable function of the local data 7@, X For a class of potential
signals F C L»[0, 1], we restrict the communication between the machines by assuming
that for numbers B, ..., B™ it holds that E 5, 7[/(Y )] < BY for every fy € F and
i=1,...,m, where [(Y) denotes the length of the string ¥. We denote the resulting class of
communication restricted distributed estimators f by ]-'dist(B(l), ...,Bm. F ). The number
of machines m = m,, and the communication constraints B®) = B,gi) are allowed to change
with the overall sample size n. In fact, that is the interesting situation. However, to alleviate
the notational burden somewhat, we do not make this explicit in the notation.

2.1. Distributed minimax lower bounds for the Ly-risk. The first theorem we present
gives a minimax lower bound for distributed procedures for the L,-risk, uniformly over
Sobolev-type Besov balls; see Section B in the Supplementary Material for rigorous defi-
nitions.

THEOREM 2.1. Consider s, L > 0, logon <m = O(n%/log2 n) and communication

constraints BV, ..., B"™ > 0. Let the sequence 8, = o(1) be defined as the solution to the
equation
-2 . m m
2.2) 8y, = L™ “min
nlog,n’

ny ' [(logy(n)s, M B®) A 1]

Then, in distributed random design nonparametric regression model (2.1) we have that

: inf wp  Egyrllf - 3z L0
feFasa(BO ... .BM:BS (L)) foeBj (L)
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PROOF. See Section 3.1. [

We briefly comment on the derived result. First of all, note that the quantity §, in (2.2)
is well defined, since the left-hand side of the equation is increasing, while the right-hand
side is decreasing in §,. In general, there is no explicit expression for §,. See the corollary
below, however, for the special case that the communication constraints are the same for each
machine, in which case we have explicit lower bounds.

The proof of the theorem is based on an application of a version of Fano’s inequality, fre-
quently used to derive minimax lower bounds. More specifically, as a first step we find, as
usual, a large enough finite subset of the functional space Bi oo (L) over which the minimax
rate is the same as over the whole space. This is done by finding the “effective resolution
level” j, in the wavelet representation of the function of interest and perturbing the corre-
sponding wavelet coefficients while setting the rest of the coefficients to zero. This effective
resolution level for s-smooth functions is usually (1 4 2s)~! log, n in case of the Ly-norm for
nondistributed models (e.g., [7]). However, in our distributed setting the effective resolution
level changes to (1+2s)~'logs; !, which can be substantially different from the nondis-
tributed case, as it strongly depends on the number of transmitted bits. The dependence on
the expected number of transmitted bits enters the formula by using a variation of Shannon’s
source coding theorem. Many of the information theoretic manipulations in the proof are an
extended and adapted version of the approach introduced in [23], where similar results were
derived in context of distributed methods with communication constraints over parametric
models.

To understand the result, it is illustrative to consider the special case that the com-
munication constraints are the same for all machines, that is, BV = ... = B™ = B for
some B > 0. We can then distinguish three regimes: (i) the case B > (LG)l/“*zs)/logzn;
(i) the case (L’nlog,(n)/m>T2)1/1+2) < B < (L?n)Y/1+29) /log, n; and (iii) the case
B < (LG logz(n)/m2+25)1/(1+25)‘

In regime (i) we have a large communication budget and by elementary computations we
get that the minimum in (2.2) is attained in the second fraction and hence that §,, = 1/ (L?n).
This means that in this case the derived lower bound corresponds to the usual nondistributed
minimax rate L?/(1+29),=25/(1429) Ip the other extreme case, regime (iii), the minimum is
taken at the first term in (2.2) and §,, = m/ (L*n log, n), so the lower bound is of the order
L0429 (nlog, (n)/m)~2/(1+25) This rate is, up to the log, n factor, equal to the minimax
rate corresponding to the sample size n/m. Consequently, in this case it does not make sense
to consider distributed methods, since by just using a single machine the best rate can already
be obtained (up to a logarithmic factor). In the intermediate case (ii) it is straightforward to
see that 8, = (L2n B log, n)1+29)/+29) Tt follows that if B = o(n'/1+%) /log, n), that is, if
we are only allowed to communicate “strictly” less than in case (i), then the lower bound is
strictly worse than the minimax rate corresponding to the nondistributed setting.

The findings above are summarized in the following corollary.

COROLLARY 2.2. Consider s, L > 0, communication constraints BV = ... = B0 =
2s
B > 0 and assume that logyn <m = O (n™% /log® n). Then

(i) if B> (L*n)Y/(1%29 /1og, n,

i A 2
e ran sup By 7l f = foll} 2 LTEnT T8
feFas(B,....B;:By (L) foeBS (L)

(ii) lf(Lzl’l logz(n)/m2+ZS)l/(1+2S) <B< (LZn)l/(1+2.Y)/log2n’

nl/(1+2s)>ﬁ S
n 1+2s;

. A 2
inf sup IEfo,TIIf—foII%ZL‘“(

fe€Fsis(B.....B;: By (L)) foeB; (L) Blog,n
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(iii) if(LGlogz(n)/m2+2s)1/(1+2s) >~ B,

) N > (nlogyn ~Tin
inf sup Byl f - fol 2 Lri ()
feFuis(B,....B;BS (L)) foeBS (L) m

2.2. Nonadaptive rate-optimal distributed procedures for Ly-risk. Next, we show that
the derived lower bounds are (nearly) sharp by presenting distributed procedures that attain
the bounds (up to logarithmic factors). We note that it is sufficient to consider only the case
B> (L*n log,(n)/ m2+2)1/(425) since otherwise distributed techniques do not perform bet-
ter than standard techniques carried out on one of the local servers. Therefore, in case (iii)
one would probably prefer to use a single local machine instead of a complicated distributed
method with (possibly) worse performance.

As a first step let us consider Daubechies wavelets ¥, j =0,..., k=0,1,..., 2/ — 1
with at least s vanishing moments (for details see Section B in the Supplementary Material).
Then, let us estimate the wavelet coefficients of the underlying function fy in each local
problem, that is, for every j =0,...,and k=0, 1, ..., 2/ — 1 let us construct

n/m
~(i) m (@) (i)
fid == 2 X wi(1,”)
n
=1
and note that

iy !
Egprf = fo Fo® k() dt = fo,ji.

Since one can only transmit finite amount of bits, we have to approximate the estimators of
the wavelet coefficients. Let us take an arbitrary x € R and write it in a scientific binary rep-
resentation, that is, |x| = Z}{sz_@ b2k, with by € {0, 1}, k € Z. Then, let us take y consisting
the same digits as x up to the (D log, n)th digits, for some D > 0, after the binary dot (and

truncated there), that is, |y| = Z}(sz_‘glogzn bk2k; see also Algorithm 1.

Observe that the length of y (viewed as a binary string) is bounded from above by 1+ (1 Vv
log, |x|) + Dlog, n bits. The following lemma asserts that if (1 Vv log, | X|) = o(log, n),
then the expected length E[/(Y)] of the constructed binary string approximating X is less
than constant times log, n (for sufficiently large n) and the approximation is polynomially

close to X.

LEMMA 2.3. Assume that E(1 V log, | X|) = o(log, n). Then, the approximation Y of X
given in Algorithm 1 satisfies that

0<|X—-Y|<n P and E[I(Y)]<(D+o(1))log,(n).
PROOF. See Section 3.4. [J

After these preparations we can exhibit procedures attaining (nearly) the theoretical limits
obtained in Corollary 2.2.

Algorithm 1 Transmitting a finite-bit approximation of a number
1: procedure TRANSAPPROX(x)
2 Transmit: sign(x), b—I_Dlog2 nls e b|_10g2 xl]-

3: Construct: y = (2sign(x) — 1) Z}f:gz_lglogzn b2k,
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Algorithm 2 Nonadaptive L;-method, case (i)
1: In the local machines:
2: fori =1 tom do:
3 for2/ +k=1to (L*n)"/1+29 A (B/log,n) do
4 Y J(;{) := TransApprox( fj(,? )

5: In the central machine:

6: for 2/ +k =1to (L?n)"/(1+29 A (B/log,n) do
7 fix = mean{Y}Q ‘1 <i<m).

8

: Construct: f: ijk‘ﬂjk-

We first consider the case (i) that B > (L2n)1/(1+2%) /log, n. In this case each local ma-
chine i =1, ..., m transmits the approximations Y;Z) (given in Algorithm 1 with D =1/2)

of the first (L2n)!/(0+2) A (B/log, n) wavelet coefficients fAJ.(,i), that is, for 2/ + k <

(L2n)V/(+29) A (B /log, n). Then, in the central machine we simply average the transmit-
ted approximations to obtain the estimated wavelet coefficients

1 & 4 ; !
7 ~ > Y};() if 2/ +k < (L2n)"/"2) A (B/1ogy ),
Jk = i=1
0 else.

TheAﬁnal esAtimator f for fy is the function in L,[0, 1] with these wavelet coefficients, that
is, f =) fjxV¥jk- The method is summarized as Algorithm 2.

We note again that the procedure outlined in Algorithm 2 is just a simple averaging, some-
times called “divide and conquer” or “embarrassingly parallel” in the learning literature (e.g.,
[14, 24]).

The following theorem asserts that the constructed estimator indeed attains the lower
bound in case (i) (up to a logarithmic factor for B close to the threshold). Note that in this
upper bound result (and in the ones ahead) we do not have to assume the technical condition
on the number of machines as in the lower bounds.

THEOREM 2.4. Lets, L >0, m <n, and suppose that B > (L*n)"/1%2% /1og, n. Then,

the distributed estimator f described in Algorithm 2 belongs to Fqist(B, ..., B; Bg’ (L))
and satisfies

~ 2 25 _
sup E o7 f = fol3 S (L0~ 15) v (LX(B/logyn) ™).
foeBS, oo (L.l follo<M

PROOF. See Section 3.2. [

Next we consider the case (ii) of Corollary 2.2, that is, the case that the communication
restriction satisfies (L?nlog,(n)/m*+2$)1/(1+29) < B < (L?n)!/(1429) /10g, n. For technical
reasons we also assume that B > log, n. Using Algorithm 2 in this case would result in a
highly suboptimal procedure, as we prove at the end of Section 3.3. It turns out that under
this more severe communication restriction we can do much better if we form different groups

of machines that work on different parts of the signal.
1 1425
We introduce the notation n = | (L2n) 2+ ((logyn)/B) 25T 1 Am. Then, we group the local

machines into n groups and let the different groups work on different parts of wavelet domain

as follows: the machines with numbers 1 <i <m /5 each transmit the approximations Y;Q of
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Algorithm 3 Nonadaptive L;-method, case (ii)
1: In the local machines:

for{=1ton do

fori = |_(£ —1m/n]+1to [€m/n] do

for2/ + k= —1)|B/logyn| +1to{|B/logy,n] do
Y ](;{) := TransApprox( f D) ).

In thg central machine:
for 2/ +k=1ton|B/log,n] do

fik = mean{Y;Z) spjem/n <i < (ujx + Dm/n}.
Construct: f: ijkl//jk.

® D N AERR

N

the estimated wavelet coefficients f](,’() for1 <2/ 4+k< B/ log, n]; the next machines, with
numbers m /1 < i < 2m/n, each transmit the approximations Yﬁ) for | B/logyn) <2/ +k <
2|B/logyn], and so on. The last machines with numbers (n — 1)m/n <i < m transmit
the Y;Z) for (n — 1) B/logyn| < 2/ +k < n|B/log,n]. Then, in the central machine we
average the corresponding transmitted noisy coefficients in the obvious way. Formally, using
the notation w jx = [(2/ + k)| B/log, n| —11 — 1, the aggregated estimator f is the function
with wavelet coefficients given by

i i 1
M]km<i§(ﬂjk+ ym

n
0 else.

@) .
A mean{ij :

} it 2/ +k <y B/logynl,
fik=

The procedure is summarized as Algorithm 3.

The following theorem asserts that this estimator attains the lower bound in case (ii) (up
to a logarithmic factor). We also prove in Section 3.3 that Algorithm 2 is suboptimal in this
case.

THEOREM 2.5. Let s,L > 0, m < n and suppose that (LG log,(n)/
m? 21429 v log, n < B < (L?n)Y/1+29 /1og, n. Then, the distributed estimator f de-
scribed in Algorithm 3 belongs to Fqist(B, ..., B; B;,oo(l‘)) and satisfies

~ » /pl/(1429) o
sup Efo,T”fn_f0||2<M LT+ <T> no T+
fOGBS,oo(L)’HfOHOOSM ogrn

with M, = (log, n)*".
PROOF. See Section 3.3. O

REMARK 2.6. Instead of an upper bound on the expected number of transmitted bits
Es.rll (YD)] < BD one could consider a stronger, almost sure restriction, that is, /(Y ) <

B® holds P or-as. foralli=1,... m.Itis straightforward to see that the minimax lower
bounds derlved in Theorem 2.1 and Corollary 2.2 still hold under this assumption. Further-
more, we can show that the lower bounds are tight, that is, by slightly modifying the Algo-
rithms 2 and 3 we get the same convergence rate as in Theorems 2.4 and 2.5 under the more
restrictive almost sure upper bound on the number of communicated bits. The proof of the
remark is deferred to Section 3.5.
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REMARK 2.7. The computational complexity of the estimator f 1-(,?, for any j, k, i is

O (n/m). Since each local machine transmits at most (B/log,n) v n'/(+29) wavelet coeffi-
cients, the total computational complexity is O (((B/log,n) vV n 1/(+29)y /m). In the central
machine we average out the local estimators. The computational cost of each estimator fjk
is O(m/n) and, since we compute nB/log, n coefficients, the total computational cost in
the central machine is O(mB/log, n). As a benchmark the computational complexity of a
nondistributed wavelet thresholding estimator is O (n'/0+29) ),

2.3. Distributed minimax results for Loo-risk. When we replace the L,-norm by the Lo-
norm and correspondingly change the type of Besov balls we consider, we can derive a lower
bound similar to Theorem 2.1 (see Section B in the Supplementary Material for the rigorous
definition of Besov balls).

THEOREM 2.8. Consider s, L > 0, communication constraints BV, ..., B™ > 0, and

assume that logon <m = O(n% / log2 n). Let the sequence &, = o(1) be defined as the
solution to the equation (2.2). Then, in the distributed random design regression model (2.1)
we have that

) inf sup By 7l f — folloo
feFaist(BW,...BU;BS (L)) fo€ B oo (L)

S
1 n T I42s —
> L5 ( ) v L& ™.

PROOF. See Section4.1. [

The proof of the theorem is very similar to the proof of Theorem 2.8. The first term on the
right-hand side follows from the usual nondistributed minimax lower bound. For the second
term we use the standard version of Fano’s inequality. We again consider a large enough finite
subset of BY, ., (L). The effective resolution level for the Lo-norm in the nondistributed case
is (14+2s5)7! log,(n/log, n). Similar to the L, case, the effective resolution level changes to
(1+2s)""logs; ! in the distributed setting which can be again substantially different from
the nondistributed case. The rest of the proof follows the same line of reasoning as the proof
of Theorem 2.8.

Similarly to the Ly-norm, we consider again the specific case where all communication
budgets are taken to be equal, that is, B{) = B® =... = B = B, One can easily see that
there are again three regimes of B (slightly different compared to the L,-case).

COROLLARY 2.9. Consider s, L > 0, communication constraint BV = ... = B =
2s
B > 0, and assume that logon <m = O(n +% /log? n).
(ib) If B > (L?n/(logy n)3+4)1/(1+29) "then
1

) inf sup Eprllf — follo 2 L5 (n/logyn) 75,
S €Fist(B,...,B; B, oo (L)) fo€BS oo (L)

(iib) If(LZn logz(n)/m2+25)1/(1+25) <B< (L2n/(10g2 n)3+45)1/(1+25), then

A inf sup  Egprlf— folloo
feFdist(B,.... Bi By, oo (L)) fo€BE oo (L)

1 .
ZL'L< n1+zs3+4v>ﬁ< n )_H—_Z
B(10g2 n)H—T 10g21’l
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(iiib) If (L%nlog,(n)/m>*T2)1/1+29) . B then

. A 1 (nlogyn\ 5
. inf sup  Eg.7llf — follo 2 LT3% (42) :
JfeFdist(Bs.... By B 06 (L)) foEBS, 00 (L) m

Next we provide matching upper bounds (up to a logn factor) in the first two cases, that
is, (ib) and (iib). In the third case the lower bound matches (up to a logarithmic factor) the
minimax rate corresponding to a single local machine, hence it is not advantageous at all to
develop complicated distributed techniques as a single server with only fraction of the total
information performs at least as well. In the previous section dealing with L, estimation, we
have provided two algorithms (one where the machines had the same tasks and one where
the machines were divided into groups and were assigned different tasks) to highlight the
differences between the cases. Here, for simplicity we combine the algorithms to a single
one, but essentially the same techniques are used as before.

In each local machine we compute the local estimators of the wavelet coefficients fAj(,’{)

and transmit a finite digit approximation of them Y;Q, as in the Lj-case. Then, let us

1
divide the machines into n = (L(LG(logz n)s / B2 55 | Am) v 1 equal sized groups
(n = 1 corresponds to case (ib), while n > 1 corresponds to case (iib)). Similarly to be-
fore machines with numbers 1 <i < m/n transmit the approximations Y}Q of the es-

timated wavelet coefficients f](,? for 1 <2/ +k<|B /logon| A (n/log, n)ﬁ, and so
on, the last machines with numbers (n — 1)m/n < i < m transmit the approximations

; 1 . 1
Y for (1 — 1)|B/logyn]) A (n/logyn) 75 <2/ +k < (n|B/logy n]) A (n/logyn) .
In the central machine we average the corresponding transmitted coefficients in the ob-
vious way, that is, the aggregated estimator f is the function with wavelet coefficients
given by

W w1

A 1 1 1

ka= 1f21+k§n\‘ B J/\( n >1+25’
log, n logn

0 else,

where ;= [(2/ 4+ k)| B/log, n|~'1 — 1. The procedure is summarized as Algorithm 4
and the (up to a logarithmic factor) optimal behaviour is given in Theorem 2.10 be-
low.

Algorithm 4 Nonadaptive L ,-method, combined
1: In the local machines:
:fori=1ton do
fori = |_(£ —1Dm/n]+1to [€m/n] do
for2/ + k= —-1)|B/log,n] +1to{|B/log,n] do
Y ](;{) := TransApprox( fj(,? ).
: In the central machine:
: for 2/ +k=1ton|B/log,n] do
fik = mean{Y;Z) spjem/n <i < (ujx + Dm/n}.
. Construct: f =Y fixjx.

® R N AERR

Ne
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THEOREM 2.10. Let s, L > 0. Then, the distributed estimator f described in Algo-
rithm 4 belongs to Fgist(B, ..., B; Bgo’OO(L)) and satisfies

e for B> nl/(1+25)(10g2 n)2s/(]+zs)’

sup Egrllfu— follso S L% (n/logyn) 75
JoeBL oo (L)

° fOl” (n(]0g2 n)/mZ—i-ZS)l/(l-i—Zs) V. logzn <B< nl/(l+2s)(log2 n)Zs/(H-Zs)’

L
1+2s

3 = n b s
Sup EfO,T”fn — folloo S M, LT+s (—g) (n/logyn)” T+,
Jo€B oo (L) B(log, n) 1+2

with My = (logy n)*" 7%
PROOE. See Section4.2. U

We can draw similar conclusions for the L,-norm as for the L,-norm. If we do not trans-
mit a sufficient amount of bits (at least n'/(1%2%) up to a logn factor) from the local machines
to the central one, then the lower bound from the theorem exceeds the minimax risk corre-
sponding to the nondistributed case. Furthermore, by transmitting the sufficient amount of
bits (i.e., n'/1+29) up to a log n factor) corresponding to the class B, o (L), the lower bound
will coincide with the nondistributed minimax estimation rate.

REMARK 2.11.  We have restricted the analysis to B , and B, ., Besov balls. Obvi-
ously, a more complete picture over a broader scale of Besov spaces would be desirable. We
note, however, that B;,  spaces can be handled similarly to the Bj; , case with the cost of
some additional technical and notational complexity; see for instance [2, 7, 9] for extension
of results in B; ., BS, o, to general B,

2.4. Adaptive distributed estimation. The (almost) rate-optimal procedures considered
so far have in common that they are nonadaptive, in the sense that they all use the knowledge
of the regularity level s of the unknown functional parameter of interest. In this section we
exhibit a distributed algorithm attaining the lower bounds (up to a logarithmic factor) across
a whole range of regularities s simultaneously. In the nondistributed setting it is well known
that this is possible, and many adaptation methods exist, including, for instance, the block
Stein method, Lepski’s method, wavelet thresholding and Bayesian adaptation methods, just
to mention but a few (e.g., [7, 20]). In the distributed case the matter is more complicated.
Using the usual adaptive tuning methods in the local machines will typically not work (see
[19]), and in fact it was recently conjectured that adaptation, if at all possible, would require
more communication than is allowed in our model (see [26]).

We will show, however, that in our setting, if all machines have the same communication
restriction given by B > log, n, it is possible to adapt to regularities s ranging in the interval
(Smin» Smax), Where

2.3) Smin = limsup(inf{s > 0: (n(logy n)2/m>*2) % < B})
n

and smax 18 the regularity of the considered Daubechies wavelet and can be chosen arbitrarily
large. Note that sy, is well defined. If s € (Smin, Smax), then we are in one of the nontrivial
cases (i) or (ii) of Corollary 2.2. We will construct a distributed method which, up to loga-
rithmic factors, attains the corresponding lower bounds, without using knowledge about the
regularity level s.
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REMARK 2.12. We provide some examples for the value of s, for different choices of
B and m. Taking m = /n, we have for all B > log, n that spmin = 0. For m =logn and B =
V/n, we get smin = 1/2. For m =logn and B = log, n, we have that spin = 0o. Note that it is
intuitively clear that in case the number of machines is large, then it is typically advantageous
to use a distributed method compared to a single local machine as we would lose too much
information in the later case. However, if we have a small number of machines and can
transmit only a very limited amount of information, then it might be more advantageous to
use only a single machine to make inference.

In the non-adaptive case we saw that different strategies were required to attain the
optimal rate, case (ii) requiring a particular grouping of the local machines. The cut-
off between cases (i) and (ii) depends, however, on the value of s, so in the present
adaptive setting we do not know beforehand in which of the two cases we are. In or-
der to tackle this problem, we introduce a somewhat more involved grouping of the
machines which basically gives us the possibility to carry out both strategies simul-
taneously. This is combined with a modified version of Lepski’s method, carried out
in the central machine, ultimately leading to (nearly) optimal distributed concentration
rates for every regularity class s € (Smin, Smax), Simultaneously. We note that in our dis-
tributed regression setting, deriving an appropriate version of Lepski’s method requires
some nonstandard technical work; see Section 3.6. For a treatment and discussion of
Lepski’s method in the usual signal-in-white-noise model, see, for instance, Chapter 8
of [7].

Loosely speaking, the grouping of the machines can be described as follows. As a first
step we divide the machines into two equal size clusters. Machines in the first cluster are
all assigned the same task; each of them transmits the wavelet coefficients up to resolution
level jp ,, depending on the communication budget. The machines in the second cluster
are then responsible for transmitting the remaining wavelet coefficients (up to some large
enough resolution level jmax = clog, n, for some constant ¢ > 0). Since the number of these
wavelet coefficients (typically) exceeds the communication budget of a single machine, it is
not possible to assign the same protocol to each of the machines in the second cluster. We
therefore further divide the machines in the second cluster into jmax — jB,» equally sized
subclusters. Then, the machines in each subcluster are assigned to transmit the wavelet co-
efficients at a given resolution level between jp , + 1 and jpax. Since the numbers of coef-
ficients at these resolution levels still exceed the communication budget, we further divide
the subclusters into equally large subgroups, such that any coefficient will be transmitted by
the machines belonging to exactly one subgroup. We proceed by making this strategy pre-
cise.

As a first step in our adaptive procedure, we divide the machines into groups. To simplify
the notation somewhat, we assume that m is even (otherwise, replace m /2 by |m /2] or [m /2]
where appropriate). We first take m /2 machines and denote the set of their index numbers
by 7. Then, the remaining machines are split into 77 = 1, = jmax — JjB.» €qually sized groups
(for simplicity each group has | (m/2)/n] machines and the leftovers are discarded), where

jB.n = |log,| B/logyn]|,
Jmax := [ 2+ 25min) " 1ogy (1 B)] A [(1 + 25min) " log, n].

The corresponding sets of indexes are denoted by Io, Iy, ..., I;_;. Note that |I;| < m/log, n,
for t € {0,...,7 — 1}. Then, the machines in the group [/ transmit the approxima-

tions Yﬁ{) (with D = 1/2 in Algorithm 1) of the local estimators of the wavelet coef-

ficients fAj(Q, for0<j<jpn—1 k= 0,...,2/ — 1 to the central machine. The ma-
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chines in group I;, t € {0,...,n — 1}, will be responsible for transmitting the coef-
ficients at resolution level j = jp, + t. First, for every ¢t € {0,..., — 1}, the ma-
chines in group I; are split again into 2’ equal size groups (for simplicity each group
has |27"|(m/2)/7]] > 1 machines and the leftovers are discarded again), denoted by
L1, 12, ..., I, . A machine i in one of the groups I;, for £ € {1,...,2'} transmits the

approximations Yﬂ) (again with D = 1/2 in Algorithm 1) of the local estimators of the
wavelet coefficients fj(,i), for j = jpn+1tand (£ — 1)2/8n < k < €278 to the central ma-
chine.

In the central machine we first average the transmitted approximations of the correspond-
ing coefficients. We define

7YY it <jeak=0,....27 -1,
2.4 fo = iel . ) .
=y I [ rel™ ) Y;Z) if jpun<j<jpn+n.k=0,...,2/ -1

i€l

Using these coefficients we can construct for every j the preliminary estimator

201
(2.5) fi=3 3 fuvn.
I<j—1k=0

This gives us a sequence of estimators from which we select the appropriate one using a
modified version of Lepski’s method. We consider 7 = {0, ..., jmax} and define j as

(2.6) j=min{j e T:|F()— FO[3 <2/ V1> jile T},

for some sufficiently large parameter 7 > 1 (defined later) and n; = [I;_j,  1ln/m =<
W, for j > jpn and nj = |I|n/m < n for j < jp,. Then, we construct our final
estimator f simply by taking f = f(j).

We summarize the above procedure (without discarding servers for achieving exactly equal
size subgroups) in Algorithm 5, below.

THEOREM 2.13. For every s, L > O the distributed method f described above belongs
to Faist(B, ..., B; BE’OO(L)), and for all s € (Smin, Smax)
L1/ (425) =5/ (1425)

if B>4(L%n)" " 10g, n,

sup  Eprllf = fol2 S o (n1/<1+2s>)2:2s .
5 M, LT+ | ——— n- 1+2s
70820012 " Blog,n

if B <4(Ln)"1" 10g,n,

with M, = (log, n)*/(1+29),
PROOE. See Section 3.6. [J

REMARK 2.14. Compared to the lower bound in Corollary 2.2, one can observe that in
case B > n!/(1+25) log, n the upper bound is sharp. For B < 4(L*n)!/(+29) log, n, we might
get an extra slowly varying term of order at most O((logn)*/(!1*29)). Also, note that our
method is sharp in the radius of the Besov ball L.
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Algorithm 5 Adaptive L;-method
1: In the local machines:

2: fori =1tom/2 do

3 forj:OtojBJ,'—ldo

4 fork=0to2/ —1do

5: Y 0. = TransApprox( f (’)

6: fort:0ton—1 do

7 Let j:=jpn+t.

8 for £ =1to 2" do

9: fori:m/Z-l—thT/zj+(£—1)L2_thT/2JJ+1t0m/2+thT/2J+
10: +4 Lz—fLmT/z“ do
11 for k = (¢ — 1)2/8n to £2/81 — 1 do

12: Y J(;c) := TransApprox( f (l)

13: In the central machine:

14: (1) Averaging the local observations:
15: for j =0to jp, —1do

16: fork=0to2/ —1do

17: fix = mean{Yﬁc) (i <m/2}.
18: fort=0ton—1 do

19: Let j := jp,+1t.
20: for ¢ =1to2" do

21: for k = (£ —1)2/8 to £2/8n — 1 do
2 Fx=mean(Y ) cm/2 41" + (€ — D27 "] <i <
2 <m/2+t["2] +e[27" | "2 ]]).

24: (2) Lepski’s method:
25: for j =010 jmax do

26: f(]) _Zl<j IZk fjijk

27: Let ] ‘= Jmax, Stop := FALSE.

28: while stop == FALSE and j > 0 do

29: Letl::f—i—l.

30: while sfop == FALSE and [ < jj.x do

31: if | /() = F(DII3 < 72'/n; then
32: [:=1+1.

33: else stop := TRUE.

34: if stop == FALSE then

35: ji=j—1.

36: Construct: f: f(f).

REMARK 2.15. The computational complexity of the adaptive algorithm in each local
machine is O(Bn/(mlog,n)), since B/log, n empirical wavelet coefficients f ;, are com-
puted and each of them requires O (n/m) operations. In the central machine the computa-
tional complexity of the estimators f]k for j < jp.n is O(m), while for jp, < j < ]max
is O(m2/8n=J /log,n), hence the total computational complex1ty of the estimators f ks
J < jmax, 0 <k < 271 O(mB/log,n). Then, to compute ||f(]) — f(l)||2, J <!l < jmax
requires O (2/) = O (n!/U+2smin) operations; hence, a conservative upper bound for the com-
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putational complexity of f is O (n'/(1+25min) log% n), but this could be further reduced by
saving the values || f (J) — f G+1 ||% and reusing them multiple times.

A slight modification of the above algorithm also leads to a (up to a logarithmic factor)
minimax adaptive estimation rate in the Loo-norm. We construct the truncation estimator
f (j) as in Algorithm 5; see (2.5). The only difference to the L,-case is that we introduce an
extra [ term in the definition of j , that is,

j=min{j e J:|f() - FD|, <tI2!/m, V> j,leT).

Finally, we define f =f (f) and show below that it attains the nearly optimal minimax rate
adaptively.

THEOREM 2.16. Forevery L,s > 0, the distributed method f described above belongs
to Fgist(B, ..., B; BgO’OO(L)). Furthermore, for all s € (Smin, Smax)>

Ll/(1+2s) (n/10g2 n)—s/(l-‘r2s)
if B> B,
sup  Eprllf = folloo S 44y prsan (002 \EE 0 \TEE
Jo€BL (L) " o log, n
B(log, n) T2 &2
if B < B,

— 1 1425
with B = 4(L’n(log, n)?*) ™% and M, = (logy n) T .
PROOF. See Section 4.3. [
3. Proofs for the Ly-norm.

3.1. Proof of Theorem 2.1. Note that without loss of generality we can multiply &,, with
an arbitrary constant. In the proof we define §,, as the solution to

—ly-2 . m m
G.1) b =Cr' L minf —=—. : ,
nlog,n n ?1:1[(8r}+2s logz(n)B(l)) A 1]

for some sufficiently large C1 > 1 to be specified later. We prove the desired lower bound
for the minimax risk using a modified version of Fano’s inequality, given ahead. As a first
step we construct a finite subset Fo C Bi oo (L). We use the wavelet notation outlined in
Section B of the Supplementary Material and consider Daubechies wavelets with at least s
vanishing moments. Define j, = |(log, 4§, 1 /(1 + 2s)|. Next, we divide the interval [0, 1]
into a partition of 2/7/C, disjoint intervals Iy, ..., I, /c,» for some large enough €3 > 0
(without loss of generality we assume that 2/ / C; € N), such that each interval I; contains the
full support of a wavelet basis function v, ¢, £ € {0, ..., 2Jn — 1} (for Daubechies wavelets
with s vanishing moments this is possible for C, > 2s 4 2). Slightly abusing our notation,
let us denote a basis function corresponding to the kth interval [y by ¥, x and by K, =
{1,2,...,2/n/C3} the index set of the intervals (and basis functions). Note that the basis
functions v, «, k € K j,, have disjoint supports.
For 8 € {—1, 1}|Kf'n ,let fg € L>[0, 1] be the function with wavelet coefficients

LBk8Y? if j = ju, ke K,

3.2 k=
(3-2) T.ik 0, else,
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and take C| = 217C2||1//||go. Now, define Fo = {fg: B € {—1, 1}/Kinl}. Note that Fo C
BE’OO(L), since

2/—1
I 5l =sup2® 3 f5 4 < L722MK 18, < L.
' J k=0

For this set of functions Fp, the maximum and minimum number of elements in balls of
radius ¢ > 0, given by

’

Nmax: /EF : _ , <t
; ff;lgonﬁ o:llfs— falla <t}

N™ = min |
fB€Fo

{feeFo:lfs— falla <t}
satisfy N& = ymin — 37 ('Kl.fnl) < |Fol/2 for F = t?/(48,L?) < |K,,|/2 (and therefore
N < | Fo| — N,

Let F be a uniform random variable over the set {—1, 1}/Xinl, which we identify with
the set Fo. Note that the design T is independent of F, while the data X depends on F. In
each local machine i we observe the pair of random variables (TD, XY, and we transmit
a measurable function Y of this local data to the central machine. This provides us the
Markov chains F — (T@W, X®) - y@ j=1,... m or by jointly writing them in the form

(3.3) F—(T,X)—Y.

In this setting the following general theorem applies. It is a slight extension of Corollary 1
of [5]; see also Theorem A.6 with the corresponding proof in the Supplementary Material.

THEOREM 3.1. Ifthe semimetric space (F, d) contains a finite set Jo and | Fo| — N;nin >
N[ then for all p,t >0,

inf sup E;dP(f, f)=>1”

(1 I(F;Y) +log2>
feEW) feF ’

log(1Fol/Ni™)
where E(Y) denotes the set of measurable functions of Y, I (F; Y) is the mutual information

between the uniform random variable F (on Fg) and Y in the Markov chain F — X — Y,
and E ¢ is the expectation with respect to the distribution of Y given F = f.

We apply this theorem with p =2, 12 = 2125, |K,1/3,and d(f, g) = || f — gll to obtain

A inf sup Ep.7llf = foll3
feFaic(BD, .., B<m>;B§,Oo(L))foeB§,oo(L)

I(F;Y) +10g2)
log(|Fol/N™) )

where I (F;Y) is the mutual information between the random Variablf:s FandY.
To lower bound the right-hand side, first note that N/™* = Y _, ('Kl.f'”l) <2

2(e|K j,1/7)" and, therefore, for 7 = |K j,|/6 (i.c., 1> =2L28,|K ;,|/3),

(3.4)
2 1%,k (1

IK jy |
SE
log(|Fol/N™X) > |K ;| log(2(6e) /627 VIKinl) > |k, |/6.
Hence, to derive the statement of the theorem from (3.4) it is sufficient to show that
(3.5) I(F;Y)<|Kj;|/8+ O().

The proof of the next lemma is deferred to Section 5.1.
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LEMMA 3.2. For the Markov chain F — (T, X) — Y introduced in (3.3) we have for
2s
m = O(nT+% /log3n) that
4L>C 2 8ulK; In & ,
13 v) = SR EL 5 (012 1og, o K, 1 B9) 4 1)
(3.6) m i=1

+ o).

Since in view of the definition of §,,, we have that

22c- =2,
Sn < ! ;

nY " [(21%1og, (1) ™ BO) A 1]

the right-hand side of (3.6) is further bounded by 273|K ju| + O(1), finishing the proof of
assertion (3.5) and concluding the proof of the theorem.

3.2. Proof of Theorem 2.4. First, note that by using Cauchy—Schwarz inequality we get
that

Efo,T(Ing}fAj(lm 4 1) <1 +Efo,T{fj(1?| =1 +Efb7T|XY)T/fjk(Tl(i))|

<1+ fol2ll¥jillz + ¥k 2E 5 e8] = 01).

Hence, in view of Lemma 2.3 (with D = 1/2) the approximation satisfies
0<|f) - Y[ <1/vn and Egr[1(Y)] < (1/2+0(1)log,n.

Therefore, we need at most (1/2 4 o(1)) B bits in expected value to transmit {Y /(;{) 2/ 4k <
(L%n)"/0+29 A | B/log, n]}; hence, f, € Fuisi(B, ..., B; B3 (L))

Next, for convenience we introduce the notation for the approximation error Wj(.i) = Yl(;c) —
fj .(,’3, satisfying |W](.Q| < n~1/2. The estimator f is given by its wavelet coefficients fjk,
jeN, ke{0,1,...,2/ —1}. For 2/ +k > (L?n)/0+2) A | B/log, n], we have fix =0
while for 2/ + k < (L*n)/0+29 A | B/log, n],

fix= ZY;}Q = —Z (’) + W}Z)) = fo.jk + Zjk + Wik,

where Zjx =m~' Y0 (f) —Ep.r fi) and Wil = [m =1 S0, W] <n~'/2. Note that
in view of assumption || f0||oo <M
m n/m ) 1\ 2
IEfo,TZ?k <2Ejz.r ( ZZfO T(l) ll’Jk T( )) Efo,Tfo(Te(l))‘/fjk(Te(l))>
i=1¢=1

m n/m
+2E, 7 ( SN ey T(’))

i=1¢=1
<20 By (fo(T (1) ~ B fo( T V) ie (1 ))?
+ 207 B ) By (11"

<! /0 OV @ dt + 207" <2(M* + 1) /n.
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For convenience we also introduce the notation j, = Llogz((L%nﬁ) A |B/logyn])].
Then, by combining the above inequalities we get that the risk is bounded from above
by

2/-1 Jn 271

Eprlf—fol3< > > fEu+2> Y Epr(Z3 +Wh)

JZJjn k=0 J=0 k=0

2/ -1 Jn 271

3.7) S Y27 sup 2¢ Z fop+Y > n”

JZjn JZn j=0 k=0
< L2278 4 2

S (LT 2/02)) v (L2(B/ logy n) ™).

3.3. Proof of Theorem 2.5. Similarly to the proof of Theorem 2.4 we get that
Efo,T[l(Y;Q)] < (1/2 + o(1))log, n and since each machine transmits at most | B/log, n|
coefficients, the total amount of transmitted bits per machine is bounded from above by B
(for large enough n); hence, f € Fyist(B, ..., B; BS’OO(L)).

Next, let Ajx = {{ujxm/n|+1,..., [(ujx+1)m/n]} be the collection of machines trans-
mitting the (j, k)th approximated wavelet coefficient Y};C), and note that the size of the set
satisfies |A jx| < m/n. Then, our aggregated estimator f satisfies for 2/ +k < n| B/log, n]
(i.e., the total number of different coefficients transmitted) that

Tk =T Vi = fo.jk+ Zin+ Wik,
Tk icaj,

1 @) —1/2 1 (i)
where |W]k| = WlZiGAjk W];<| < n / and ij = _|Ajk| ZiEAJk(fl —

Esn. 7 f j(,i)). Note that similarly to above

n/m

Z Zfo T(l) w] T(l))

i€Aj t=1

Es.7Z% <2E
Jo, jk Jfo.T ( |AJ |

2
B ol mka“))

n/m »
)
+2ﬁ)(|AJ|ZZZWJ Te“)

(3.8) icAj; =1

2m
n|A il
2 PRy ()
n|Ajkl /
<2(M2+1)m
n|Ajkl

< B (o )i (1) = B fo(1 (1))
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Let j, = |log,(n| B/log, n])]. Then, similarly to (3.7) the risk of the aggregated estimator
is bounded as

Ep.rlf — foll3

2/ -1 Jn 27—1

<D fou 2D Y Enr(Zh+Wh)

JZjn k=0 Jj=0 k=0

2/ -1 Jn 291

<Y 27 sup 22 Z o+ > n/n

JZin JZJn j=0 k=0

B —2s B 2
n ) L Bn
log, n nlog,n

(3.9) < L2<

—2s
x(Ll%s(nB/logzn)_lxﬁ)V(L% Bm ) )

log, n

o (nV/AF29NTE o »( Bm —2s
(3.10) LT+ = (logyn) T+ | ——— n- T+ L ,
Blogyn log, n

concluding the proof of the theorem.

Finally, we show that Algorithm 2 is in general suboptimal in this case. Consider the
function fy € B‘z"oo(l) with wavelet coefficients fo jx = 27I6HD) i eNk=0,...,2/ —1,
and take j, = |log,| B/log,n]], then

2/ -1 27—
n(2s+1
EfOT”f f0||2_22f01k>22 Jjn@2s+1)
J=Jjn k=0
B —2s - V429N 5
>< ) =Mn(4) n_l+2s,
™ \logyn Blog,n

T ~ o n(logyn)3t2, s P
where the multiplication factor M, = (=—;i7—) ™ tends to infinity and can be of polyno-

mial order, yielding a highly suboptimal rate.

3.4. Proof of Lemma 2.3. One can easily see by construction that
(3.11) 0<|X-—Y|<nP.
Next, note that the expected number of transmitted bits is bounded from above by
E(1+ (1 vlog, |X|)+ Dlog,n) =1+ Dlog,(n) +E(1 Vv log, | X|)
= (D + o(1))log, n.

3.5. Proof of Remark 2.6. Let us assume for simplicity that B > 2logn. We propose a
simple modification of Algorithms 2 and 3 such that the resulting estimator f satisfies the
stronger, almost sure communication constraints and achieves the same convergence rate,
as f . In the data transmission subroutine (i.e., Algorithm 1) we distinguish two cases; if
log, |x| < logn, then we follow the protocol of Algorithm 1 (with D = 1/2) and transmit Y;’) ,
else, we transmit a single 0 digit (to note that the number we want to transmit is larger than
n). We also reduce the number of transmitted coefficients per local machines from B/log, n
to B/(2log, n). Then, in the central machine for the coordinate (j, k) we follow the routine
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of Algorithms 2 and 3 (i.e., fjk = fjk), if fl-(,i) <n,foralli=1,...,m, else we simply set

fjk =0.
It is straightforward to see that the proposed algorithm satisfies the stronger, almost sure
communication constraints. Next, let us denote by Ej, j=1,...,logyn, k=0,...,2/ —1

the event that fjk # 0 and note that

m . m n/m ) )
Pay(ES0) < 3 Poo(| fji'| = n) < m Py, (; > X (1) = n

i=1 =1

< mPyy (2721 oo max(|Z("| + M) = n)

<nPy(|2y"] = e1v/n) ne”" =o(n~?),

for some small enough constants ¢, ¢ > 0 and large enough n. Then, note that for arbitrary
Jn < logyn,

2/-1 Jn 20—1
Epn.1llf = fol3 = > 2 f()2,jk +3° > Epr(fo ik — fjk>21Ejk
ijn k=0 j:O k=0
Jn 271 5
+ Z Z E sy, 7 (fo,jk — fjk)zlEﬁk
j=0 k=0 :
. 21 Jn 271 A
= Z 2=2js sup 92ls Z f&lk + Z Z E .7 (fo,jk — fjk)2
JZn Zin k=0 j=0 k=0
Jn 271
2
+3° 2 fo Pl ES)
j=0 k=0
) Jn 27—1
S L2~ 2ns + Z Z EfO,T(ZJZ‘k + szk) + 0(11_1),
j=0 k=0

We conclude the proof by noting that the first two terms on the right-hand side have the
required upper bounds (see the proofs of Theorems 2.4 and 2.5), while the third term is of
smaller order than the previous ones.

3.6. Proof of Theorem 2.13. First, recall that for every s, L > 0 and fy € BE’OO(L) we
have f&jk <12 j=0,ke{0,1,..., 2/ — 1}. Therefore, in view of Lemma 2.3 (with D =
1/2) we have Efo,T[l(Y;Z))] < (1/2 + o(1))log, n. Since the machines in group / and the

machines in I; ¢, £ €{0,..., 57— 1}, £ € {1, ..., 2"} transmit at most | B/log, n] coefficients,
we have that in expected value at most

|B/logyn)(1/2+ o(1))logyn < B

bits are transmitted per machine (for n large enough). Therefore, the estimator indeed belongs
to Faist(B, ..., B; BE’OO(L)).

Next, we show that the estimator f achieves the minimax rate. First, let us introduce the
notation |W /| = ¥} — /| <n~'/2. Then, note that for j < jmax andk € {0, 1,...,27 — 1}
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the aggregated quantities fAjk defined in (2.4) are equal to

(3.12) fix = o S Y = fok+ Zik+ Wik,
J I€A i
where
A I if j < jpuk=0,1,...,2/ —1,
k=

Li—jg,0 i j>jpn, (€— 1)2/Bn < k < 02780

where  [Wiel = ni'1Tica, Wil < 072 Zi = JApl T Siea, ()
EfO,Tf;,i)), and recall that n; = n|Aji|/m for every j < jmax, k € {0, .,2) — 1}. Recall
also that n; < nB/(Zj(logzn)z) for j > jppandn; <xnfor j < jg,.

Note that the squared bias satisfies

[E o7 FG) = fola SIK oo ) = fol3 +27/m S2725 1 follgy _ +27/m,

where K (fp, j) = lez_ol Z,%l:_()l Jo.1k ¥k Furthermore, also note that for £ < j we have ny >
n; and, hence, in view of (3.8)

2t
EnrlfD)—EprfDES Y Y (EprZi +EprWh)
£<j—1 k=0
2t ‘
S X =Y ny
<j—1 k=0

Let us introduce the notation B(j, fo) =2~ 2/%|| f0||25 and define the optimal choice of
the parameter j (the optimal resolution level) as ’

j*=min{j € 7: B(j, fo) <2/ /n;},

balancing out the squared bias and variance terms. Note that since the right-hand side is
monotone increasing and the left-hand side is monotone decreasing in j, we have that

B(j, fo)<2//nj forj>j* and
(3.13) :
Therefore,
27 njeoy < B(j* =1, fo) =2 B(j*, fo) <2727 /.

Let us distinguish three cases according to the value of j*. If j* < jp,, then nj«_; =
nj+ =< n and therefore 2/° =< (|| fng; n)V/1+29) " (ysing the definition B(j*, fo) =
272 f0||25 ). Note that the inequality j* < jp, is implied by B(jp., — 1, fo)

2/82=Y/n;, i which in turn holds if 27221 > (| f0||§5 n)1/(+25)  Therefore, we can

IA

conclude that B > 4(|| f0||%35 n)1/(1+2s5) log, n implies the inequality j* < jg , (by recall-

ing that 2/8n > B/(2log,n)). If j* = jg, (ie., 27" < B/logyn), then n;+ =< n/log,n,
n j=_1 < n which together with (3.13) (for j = j* — 1) implies (||f0||%5 n/logyn)/(1+29) <

2" < (IIfoII%;OOn)I/(”zS). Finally, if j* > jp ., then nj«_ < n;+ < nB/(2/" login) which
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. N T I 2 2 \1/(2+2s)
together with (3.13) (for j = j 1) implies that 27 =< (]| foll 3 nB/log;n) and

1 )
np 2 | foll B;lj.: (nB/ log% n) % We summarize these findings in the following displays:

(I foll gy _m)"/ 2 it B> B,
(3.14) 21" < 1 B/logyn ifB<B<B,
(||f0||235 nB/logan)"/*™ if B < B,
and
n if B> B,
(3.15) njx 2 {n/logn, if B<B<B,

||f0||;§gl+s)(n3/log% n)<1+2s)/(2+2s) if B<B,

where B = 4(||f0||%5 n)!/0+29 Jog,n and B = (||fo||25 n)ﬁ(logz n)%. Note that in

all cases j* < jmax holds.
Let us split the risk into two parts,

Ezn.7llfo— flz

=Ep1lfo= FDlolse o +Eprl fo— FD 152 e
and deal with each term on the right-hand side separately. First, note that

Eprlfo— FDI15 .
< 2B, 7| (%) = FDI3 N+ 2B 7| F () = fol3
ST nje + By v F() = fols + Epor [ FG*) = Egor £
S2 nje+  follgy 277
which implies together with (3.14) and (3.15), that
Efyrllfo— fI31;5

(3.16)

2/(1425) —2s5/(142s) ; > B
(3.17) I 70llgs, re=E
||f0||129/5(;+s) (nB/login) >/t if B <B.

Since | fo| By, =L,the preceding upper bounds are bounded from above by the ones stated
in the theorem.

Next, we deal with the first term on the right hand side of (3.16). By Cauchy—Schwarz
inequality and Lemma 3.3 we get that

g7l fo— fllals

jmax
172 c o2ml/2 .
< 2 Eprlfo=FDOIP TG =1
j=j*+1
2 . . _ - - ;
S Z 1]P],O’T(] =) < jmaxe (en® A/nr) +k2:16 (c/2)2
J=ji*+ —

=o(n~ ") +0(277),
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resulting in the required upper bound in view of (3.17), concluding the proof of our state-
ment.

LEMMA 3.3. Assume that fy € B; oo (L), for some s, L > 0. Then, there exists a univer-
sal constants ¢, § > 0 such that for every j > j* we have

Pfo,T(f= ) Se—(czfm%\/m)‘
PROOF.  Let us introduce the notation j~ = j — 1 and note that for every j > j* we have

J~ = j*. Then, by the definition of j

Jmax

2 . Floa— 3 2
Prr( =0 < Ppr(lf(7) = FOI; > 2 /m).
I=j
Note that the left-hand side term in the probability in view of Parseval’s inequality can be
given in the form

-1 2"—1

1 fG7) - J;(l)H% = > Y (fork + Zri + Wii)?

— k=0

-1 2"—1

§3ZZfOrk+Zrk+ )

We deal with the three terms on the right—hand side separately. Note that the functions j
B(j, fo) and j > n; are monotone decreasing; hence, by the definition of j* we get for
I>j==j*

-1 2"—1

ZZfOrk<B fo) < B(j*, fo) <27 Jnje <2'/my.

Furthermore, Z , Zi _01 Wrzk <2l/n < 2’/n1

Let S(r) = {Zl Ozk _0 bicVik : Yo Zk blk 1} denote the unite sphere in the lin-
ear subspace spanned by the basis functions Wlk, I<r,0<k<?2 —1. Then, in view of
Lemma 5.3 of [3] (see also Lemma C.4 in the Supplementary Material) and the inequality
(a + b)? < 2a” 4 2b* we get that

2r n/m ) ) 2
Z Zh = Z( 3 S () Efb,TYe(l)lﬁjk(Te(l)))>

k=0 TicAn =1
n/m ' ‘ . 2
(3.18) <2 sup ( Z Z Tﬁ(l) Tg(l))_ETfO(Tg(Z))g(Tg(l))))
8eSM\"r jea, =1

n/m 2
23 (1 5 S elur)
Mr Ay =1
We deal with the two terms on the right-hand side separately, starting with the first one.
Note that for every g € S(r) the inequality || g|lcc < C2" /2 holds, for some universal constant
C >0 and

sup Vr (fo(T)e(T")) < Il foll%
ges(r)
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Next, for convenience let us introduce the notation

n/m

v(g) = }: 3 (o )e (1) — Er fo(1,7)8(T,7)).

TieAy =1

Then, by the definition of S(r) and Cauchy—Schwarz inequality

2" —1 2" —1
1
Er sup (@) < 3 Er(v@nn?) = 3 —Vr(fo(T ") (1"))
geS(r) k=0 k=0 "
_ Ifolz2”
=

Therefore, in view of Lemma 5 of [11] (see also Lemma C.1 in the Supplementary Material)
there exist constants cy, ¢z, ¢ > 0 such that

n/m ' ‘ . 2
Er sup [( 2 2 (s Te(’))—ETfo(Tz(”)g(Te(”))>

ges(r) T ieAny =1

(3.19) _CQW"J
+
Lo 2 e (eragmn
Se—e P fogme VS —e ),
ny ny

r

Therefore, by Markov’s inequality we get that

< sup ( Z %ﬂ T(’) T(i))

ges(r) A £=1
(3.20) FicAn

ny

- S\ 2¢2
—ETfo(Te(l))g(Te(l)))> : ) 27 e @A),

Next, we deal with the second term on the right-hand side of (3.18). Let us introduce the
shorthand notation Z,; = n;! YicAn Z'ginf sél)wrk(Tg(’)). Note that cov(Zyx, Z|T) = 0
for |k — k| > C, for some large enough constant C, following from the disjoint support of
the wavelet basis functions v,x and ¥/, and

n/m
zrk|T~N( = 2 2 vn(T?) )
1y €Ay =1
Furthermore, let us denote by 5, the event that in each bin I,; = [(I — 1)27",[27"], at
most 2n, /2" observations Te(l)’ i€cAp,b=1,...,m,k=0,...,2" — 1 fall. Since there are
2'~JBx < 2" subgroups of machines at resolution level r, we note that in view of Lemma 5.2

we have that Pr(B¢) < 2% +! g2 . Then, by recalling that for r < jB.n» Ny < 1, while
_25min

forr > jpp,nr =nB/(2" log® n), we get that n,. /2" > (nB/log n) 2+2‘Smm A n ™ 2min ; hence,
(3.21) Pr(Bf) < e for any 8 < 28min/ (2 + 25min),

and on B, the inequality n;z dicAy n/ " 1 Yrk (T(’) Y <C n*1 holds, for some sufﬁ01ently

large C > 0. Let us denote the covariance matrlx of the random vector (Zro, e r(zr—l))IT
by Xr. In view of the preceding argument, the in absolute value largest entry of X7 is
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bounded from above by Cn=! on the event T € B, and by noting that 7 has band size
C, in view of Gershgorin circle Theorem [6] (see also Lemma C.3 in the Supplementary
Material) the eigenvalues of X7 satisfy that 0 < A; < Cn 1 i=1,.,2". Then, by the tail
bounds of chi-square distributions (see, for instance, Theorem 4.1.9 of [7] or Lemma C.2 in
the Supplementary Material),

2" —1
~ c2r
2
IPG‘O(Z Zo = n :t>
k=0 r

d 2 Ci2 d 2 C32"
:P<Z?~i§i 37) 5P<Z§i ZCzZ’) Se

i=1 i=1

for some sufficiently large constants Cy, C» > 0 and small C3 > 0, where ¢; iid N(,1).
Hence, we can conclude that

2 —1 n/m 2 c2r
Pfﬂ(Z( 33 ey T(’)) > )

k=0 \"'r icA, 1=1 nr

2 —1

72

= / Pfo(Z Zrk
teB, k=0

finishing the proof of the lemma. [J

Cc12" r
‘ ‘T_t> dt +Pr(BY) S e (),

4. Proofs for the L,-norm.

4.1. Proof of Theorem 2.8. First of all, we note that in the nondistributed case,
where all the information is available in the central machine, the minimax Lo-risk is
LY0+29 (5, /logn)~5/(1+25)  Since the class of distributed estimators is clearly a subset of
the class of all estimators, this will be also a lower bound for the distributed case. The rest of
the proof goes similarly to the proof of Theorem 3.1.

We consider the same subset of functions Fg as in the proof of Theorem 3.1, with functions
given by (3.2). Note that each function f € Fo belongs to the set BY, (L), since

/gl By, o =sup2C V2T sup  fpg e =20FVDILs 2 < L
' J k=0,...,2/ —1
Furthermore, if fg # fg/, then there exists a k € K, such that g; # ;. Then, due to the
disjoint support of the corresponding Daubechies wavelets ¥, r, k € K, the L-distance
between the two functions is bounded from below by

15— forlloo = 1 £8,juk — forjnkl - 1V ik loo S L2/ 281/% > L8775

Now, let F be a uniform random variable on the set Fy. Then, in view of Fano’s inequality
(see, for instance, Theorem A.5 in the Supplementary Material with § = (Sf,/ (429 and p=1

we get that

) inf sup  Epr(Ilf = follo)
feFast(BW, ..., BB, (L)) fo€BL, oo(L)
ZL(S,#(] _ I(F;Y) +log2)‘
log, | Fol

We conclude the proof by noting that the term in the bracket on the right-hand side of the
preceding display is bounded from below by a constant; see the proof of Theorem 3.1.
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4.2. Proof of Theorem 2.10. Similarly to the proof of Theorem 2.4, we get that
EfO’T[l(Y;Q)] <(1/240(1))log, n, hence, we need at most (1/2 + o(1)) B bits in expected

value to transmit the | B/log,n| A (L*n) log, n)1/0+429) approximated coefficients. There-
fore, the total amount of transmitted bits per machine is bounded from above by B (for large
enough n), hence f € Fiist(B, ..., B; By, 5o (L)).

Similarly to the proof of Theorem 2.5, let A jx = {lujxm/n] +1,..., [(wx + Dm/n]}
be the collection of machines transmitting the (j, k)th approximated wavelet coefficient and
note that the size of the set satisfies |A jx| =< m /7. And recall that the aggregated estimator f

satisfies for 2/ +k < (n LB/log,n]) A (LG/ log, n) /(425 (i e., the total number of different
coefficients transmitted) that

fjk Z Yj(k) fo,jk + Zjx + Wi,

I€A i

IA] |

where (Wl = [Ajil ™ Sica, Wigl <n~2and Zjx = 1Ajl ™ Sica, (Y —Epr fi)-
We show below that for all 2/ < n/n,

4.1) E .7 Sl}ip|zjk| S/ (ogyn)n/n.

Next, note that by triangle inequality
Efy 1l fo—= Fflso <l fo=Egrfloc +Eprllf =Egy 1 flios.
We deal with the two terms on the right-hand side separately. Let us introduce the notation
. 1/(142
jn = [logy((nLB/logy n]) A (L?n/logy n) /" *27) | < log, (n/m).
Then, by triangle inequality and noting that there exists a universal constant C > 0, such that
for each resolution level j the inequality || 22 1 [Vikllloo < C2/ /2 holds,

oo 2/—1

Z Z fO _/k]l,jk

J=jn k=0

/n 2/ 1

+ Z Z Efo Tij‘/’jk

j=0 k=0

I fo—Ep.rflloo <

00 ' 271
<l follsy, ., D 27/ CTVDIS" gy
= jn k=0
4.2) =
Jn 2/ -1

+n 23N |w,k|

j=0ll k=0

o0
SLY 2775420 n S L2705 [ 20n /.
J=in
Furthermore, in view of (4.1),

Efprllf —Epr flloo

]il

< ZEfo TmaX(Iijl + Wkl)
4.3) -0

2/ -1

Y il

k=0

o0

jﬂ

< 22 dogmnin +fin) < \2imtogm/n,

providing the upper bound in the statement of the lemma.
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It remained to prove assertion (4.1). First, note that

2 .
ZjkIT ~ N(Wnmk,Ts Op i) With

n/m
Ui i ; .
PnmkT =3 Y Uik (1) fo(17) = foju S 2972,
MieAj =1
0 2 n/m ) A
Fir=(1) X LRI S 0m
/Ay =1

Using standard bounds on the maximum of Gaussian variables (see, for instance,
Lemma 3.3.4 of [7]), we have that

IEf0|T m]flx |ij — Eﬁ)|Tij| < \/2(]' + 1)ml?XUn,m,k,T-
Furthermore, note that for k > 2
j P\ k _ )N\ 2 —2);
Er(Wk(T7) fo(T)S < 1 foll Sl 2 Er i (1) < 2620972,

hence, in view of Bernstein’s inequality (with ¢ = C27/2 and v = Cn /1) (see Proposition 2.9
of [13] or Lemma C.5 in the Supplementary Material), we get that

ynlogon 272y _
PT<|un,m,k,T|zC(,/ e ))S(n/n) ’

which implies for 2/ <n /n that

—y+l1
(4.4) Pr (max [tnm k7] 2 Cypyfogamn/n) < (n/m) 7+,

Therefore, one can deduce that

Er (max|janm x.71) < Cyy/(ogamyn/n + 2/ (n/m)~7*!
</ (ogy myn/n,

for large enough choice of y > 0. Combining the above displays leads to

Es.r ml?X |Zjk| =Er (Eﬁ)|r<ml?.x |ij|>>
< Er (maxpanm k71) +/20 + DEr max oy e.7
< c(y/(ogymyn/n +2112/je="") < €\ [(log, myn/n.

for some large enough constants ¢, C > 0 and 2/ <n /1, where in the last li_ne we have used
that under the event B; (i.e., the event that in each bin /;; = [(l — 1)27/,127/], at most
2n/(n27) observations T, i € Aj, £=1,...,n/m, k=0,...,2/ —1 fall) we have that
maxy anz’m’k’T <C,and ]P’T(Bﬁ) < Ce*C”(S; see (3.21).

4.3. Proof of Theorem 2.16. The proof of the theorem goes similarly to the proof of
Theorem 2.13, here we only highlight the differences. First, recall that for every s, L > 0 and
fo€ BgO’OO(L) we have fo jx < L,forall j >0,k€{0,1,..., 2/ — 1}, hence, following from
the same argument as in Theorem 2.13, the estimator belongs to Fyigt(B, ..., B; Bgo’oo(L)).
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Let us next introduce the notation B(j, fo) =27/5| fol| Bs, ., and

j*=min{j e J: B, fo) = /72 /n;).

Then, by the definition of j* we have

JU* =027 njsy < B(* = 1, fo) =2°B(j*, fo) <2°\/j*2" /n;e.

Distinguish again three cases according to the value of j*, we get that

(1 foll}s _n/logym)/"**)if B> B,
(4.5) 27" < 1 B/logyn if B<B<B,
(”B”foll%ggO OO/logg n)/%t) it p < B,

and

n if B ZE,
(4.6) nje > {n/logyn if B<B<B,

14+4s 425

—_ 1425
1 fol 1/(1+€)(nB/10g21+25 n)2+25 if B<B,

where B = (| foll 3 _m) ™% (1og2n) 2 and B = 4(| fo|2 e M (log n) 5 similarly to
Section 3.6. Note that in all cases j* < jmax holds.
We split the risk into two parts

Efrllfo— floo

4.7 ~ ~
=B fo= FDloolie o +Eppr o= FD o152 o

and deal with each term on the right-hand side separately. Note that in view of the definition
of j and assertions (4.2) and (4.3)

Eg. 7 fo— f(f)”oolffj*
<Enr|FG") = FDlolieje +Enr | F(G*) = follo
<ty/i*2" /nje + B pr F(7) = follso + Bt 1 FG7) = Epor £ oo
Sy Uogym27* /njs + |l foll sy, 277

which implies together with (4.5) and (4.6) that

1ol 2 (n/logy my=/0+2)if B> B,
E .7l fo— fllooljzju S /Blogsmyn if B<B<B,
Il fo ”1/(1+S)(nB/loggn)—s/(Z-iQs) if B<B.

Noting that || foll s, ., < L leads to the claimed upper bounds.
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Next, we deal with the first term on the right-hand side of (4.7). First, note that in view of
4.2),

| fo—Epor FOD|E S L2725 42/ /n.

Furthermore, by using the upper bound wl e S 2!

j 2'—1 2
Efor | FG) = Epyr FOD|Z ,SEM( sup 33 |12l + |W1k|))

x€[0,1] 1=0 k=0

j 2=

S2Epr Y Y (2 + W)
1=0 k=0

Then, by Cauchy—Schwarz inequality and Lemma 4.1 we get that
E o1l fo= Flleols

Jmax

1/2 Fo 1/2 .
< Y BV - FDIRE G =0
j=i*+1
jmﬂX
S Y PP = ) SV e 4 20 Dy
j=i*+1

= o277 +1/v/),

for sufficiently large choice of T > 0, resulting in the required upper bound and concluding
the proof of our statement.

LEMMA 4.1.  Assume that fo € B, (L), for some s, L > 0. Then, for every C >0
there exist positive constants ¢ > 0 such that for every j > j* and sufficiently large T > 0 we
have

~ 2.
Prpr(G=j7)Se "/ +n2

PROOF. Let us introduce the notation j~ = j — 1 and note that for every j > Jj* we have
j~ > j*. Then, by the definition of j

jmax
Pror( =<YD Prr(|f(i7) = D] > ty/12!/m).
I=j

By triangle inequality
17GT) = FOla =17GT) =Epr FG ) oo + 17D = Egr D

+Epr fU7) —EprfO]x
We deal with the terms on the right-hand side separately. First, note that

”Efo,Tf(j_) _Efo,Tf(l)”

2r—1 I 2'—1
Z Z fO rkWrk + Z Z IEfO,TVVrkwrk
r=j— k=0 r=j- k=0 00
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<c(llfollBy, 277 *+2!/n) <C(B(j~. fo) ++/2!/n)
<C(B(j*. fo) + 2l/n)§C(\/j*2j*/nj*+\/21/n)

CJ12!/n;.

Furthermore,
l 271

| f() —EprfD] o Z ax(1Zjkl + |Wikl) sup > [Wje(x)]

:0 XE[O 1] k=0

l
< <221/2m3x|2k|+ 21/n>

We show below that for any y > 1,
(4.8) By 1 (max (1 Zul = 0y/yl/m) Sn " + el

holds for some sufficiently large T > 0 and sufficiently small ¢ > 0. By combining the above
results we get that

B (1F(7) = FD ] = y/12/m)
S IP’fo,T<||f(l) —Epurf]y >

_CW>
2cm)

T —

< ZIP’fO (max|ij| >

I' J—
<P fo,r(mkax \Zul =

cm)

5 (1Og2n)nll_}’ T e—(c/Z)-[zl‘
The above inequality together with the first display of the proof then implies that

Jmax

2 . 1— _ P
Prr(i =S (Qlogymn 7 4 e~ /D7)
i=j

< (log, n)? n T te —/DT) < =2y (/T

+2s Smin
fory > 5,inviewofn; =2 (nB/ log% n) 2“‘min > /n, for any spin > 0, providing the state-
ment of the lemma.
It remained to prove assertion (4.8). Note that by triangle inequality we get that

4.9) max | Zik| < max | Zix — E o117 Zire| + max IE fo17 Zik |-

In view of assertion (4.4) with Pr-probability at least 1 — Cnl1 7 the second term on the
right-hand side is bounded from above by C «/yl /n;. Furthermore, recall from the proof of
Theorem 2.10 (i.e., Assertion (3 21)) that n;” ZlGAlk Zn/m wlk(T(l)) < n;! holds with Pz-
probability at least 1 — Ce™“", *, for some sufficiently small § > 0. Under the above event we
have that there exists small enough constant ¢ > 0 such that

P ot (1Z1n = B pyir Zn| = ©v/1/n1) < expl{—ct?l}.
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Therefore, the first term on the right-hand side of (4.9) is bounded from above by t+/l/n; with
IP 4,/ 7-probability at least 1 — C 2le=cr’l <1—Ce 2o T e B;, for some sufficiently
large constants t, C > 0 and sufficiently small positive constant c¢. [J

5. Technical lemmas. In this section we provide the technical lemmas applied in the
previous two sections.

5.1. Proof of Lemma 3.2. 'We are going to apply the general information bound given by
Theorem A.13 in the Supplementary Material. To this end, we need a number of definitions.

Without loss of generality we can assume that Tl(i) < Tz(i) - < Tn(;)m, i=1,...,m,
and let ¢ = E(’) =max{je{l,...,n/m}: TJ-(i) € I} denote the index of the largest element
T(’) in the interval I = [(k — 1)Co27J", kCo27In], k =1,...,|K;,| = 2/»/C,. Note that
TE(Z) RTR Tﬁ(;f) € Ii. For convenience let us introduce the following notation:

iji = (G X X)),
=K,

F ,=(F,.., Fr1, Fy, ..., Fy),
8= L8}/ 22" oo,
»  2°n8?
dm/log(dm)’
(@) = (L8, W, k(1)) j— e, 41)....

Bi(t) = {x e R* %1 |y (" x| < a},

2n
B= {te[Ol]”/’": <l—l < k=1, d}.
2 dm

dm

Note that X ézk 1) Ek]l(T(i), Fy) is independent of F_j and

(i) @)
X [(Ch_q+1): gk]|( ) =1, Fr = ﬂk) Pﬁl T = Nék—ék_l(ﬂkﬂk(t), I)-

Furthermore, note that the inequalities 8> < #gm(dd) (in view of C1 > 0.47228 L2 ||y ||gOC2)

and n/m > 2%dlog(n/m) (in view of m = O (n 1+zs/1og2n)) hold.
Then, by the definition of By (t) we have for all ¢ € [0, 17"/™ and k =1, ..., d that

2
— t —_
sup LW‘(Z)(X) = sup exp{lllx Mk()||22

llx + px (01131 }
xX€By (1) QD—Mk(t)(x) X€B(1)

= sup exp{2|x” ()]} = exp{2a},
x€B(t)

where ¢, denotes the density function of a normal distribution with mean vector p and
identity covariance matrix. Then, by Theorem A.13 in the Supplementary Material (with
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Fo={B=Brk=1.a:Bre{—1,1},k=1,...,d}) we have that

I(F;Y® =/ I(F; YOITD =) dt
(F:7®) e (F: Y70 = 1)

p) @)
= Z(IogZ) /0 1 n/m\/ .3lk|T(') X lﬁk e # Be®) dt
(5.1) ]

(l) (i)
Z/ ﬁk\T(” t(X[(ék 1+1):,] ¢ Bi(1)) dt

l]n/m

with C = exp{27/28/nlog(dm) //dm}.

Note that I(XD; YD |7y < HYD|TD)y < H(Y D). In view of Lemma 5.2, we have
that P7(T® € B) > 1 — 2de™/ @D > 1 — 2(md)~* following from the inequality n/m >
26d1og(n/m). Besides, for arbitrary t € B we have in view of

L
@< >0 8,k @)* < IV 1128n27 (0 — 1) < 2n8%/(md)
J=to1+1
that
H:D(l) X(l B T(l)_ _IP)(Z) Tx(i) T(l)_
fe Ki 40 € BeOIT = 1) =P ([ Xpg,_1yg] > al T =1)
272
— t
Szexp{_(a ||uk<)!2)}
2|pmr ()3
<2 { s }<2( a)~*
<2expy———5( <2(m
Al pr ()13
Therefore,

pW
/oun/m\/ 70— (X € Be()

/ \/P/(Sl)|r<z> = (XU & Be®) di + Pr(TO ¢ B)

< V2md) "2+ 2(md)™* < 2(md) "2,

and similarly f[ovl]n/m IP’Ef')T(,-) z(X[(Ek 1)) E Be(®)dr < 4(md)~*. Then, by plugging in
the above inequalities into (5.1) and using the inequalities e* < 14-2x for x < 0.4 and C? <2

we get that

4log?2 N 21282n1og(dm)

I(F;Y9) <
(F:Y") = m2d md

H(YD).
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Furthermore, from the data-processing inequality and the convexity of the KL divergence

I(F;YO) <1(F; (19, X)) < 1(F; X1 TO) + 1(F; T)

= I[(F; XD\ TD = 1) dr
ref0,1]4/m

S k(@ IPY o )dr

</ e ®piro— Py70_,
(52) ref0. 1/ 'fO' pHeRy -

n/m

2|]: 21Fo 2 X (B AL / ¥ (o) dig

B.B'eFy t=1keK,
<28°n/m.
Then, by combining the previous upper bounds and using the data processing inequality
I(F;Y)<Y" I(F; Y ) we get that
2

4820 & 4
1(F; V) < =23 min{2"log(md)d " H(¥?), 1} + 4log2
moi

4L28,20 |y ||2on & /
- n 2" [ ll5em 3 min{2" log(md)d " H (¥ V), 1} + 4log?2.

i=1

m

Finally, we arrive to our statement by using Lemma 5.3 and 2/» = C»d.

REMARK 5.1.  We note that in [22] it is sufficient to provide the upper bound (5.2) for the
mutual information as there is no limitation in the amount of transmitted bits. In our setting
one has to take into account the code length as well, hence, sharper upper bounds are required
which is actually the core and most challenging part of the proof of Lemma 3.2.

LEMMA 5.2. Let X1, X2, ..., X, be independent and uniformly distributed over {1,2,
.,r},and denote by xx ={€ € {1, ...,n}: X; = k} the index set of the observations belong-
ing to the kth bin, k =1, ...,r. Then,

P(Z_In/r <lIxkl <2n/rik=1,...,r)>1 —2re /B

PROOF. We start with the proof of the upper bound. Note that by Chernoft’s bound

=1,...,

,
P<k Slup |Xk|22”/”)SZP(|X/<|Z2n/r)§re—”/(3r)’
B ' k=1

and similarly for the lower bound

P(k inf |Xk|<2 n/r)<re n/@r).

.....

g

5.2. Entropy of a finite binary string. In the proof of Theorem 2.1 we need to bound the
entropy of transmitted finite binary string ¥©). Since we do not want to restrict ourself only
to prefix codes, we can not use a standard version of Shannon’s source coding theorem for
this purpose. Instead, we use the following result:

LEMMA 5.3. Let Y be a random finite binary string. Its entropy and expected length
satisfy the inequality

H(Y) <2EI(Y) +1.
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PROOF. We construct and auxiliary random string U such that /(U) and [(Y) have the
same distribution and such that, given its length, U has a uniform distribution on the set of
strings with that length. Specifically, let N =[(Y) and consider a random binary string U
with distribution U|N = n ~ Unif({0, 1}"*). Let S denote the set of all finitely long binary
strings. Then, the KL-divergence between Y and U is given by

B B P(Y =)
K, U)= SEX;IF’(Y =s)log B =s)
1
_S;IP)(Y_s)log]P)(U_) HY)
= P(Y =s)1 —H®Y).
Xn:se{%:l ( S) OgP(U_ ) ( )

Now, for every n and s € {0, 1}, we have P(U =s) =P(U =5 | N =n)P(N =n) =
27"P(N =n). It follows that

n

1
P(Y =s)log———=P(N =n)log———.

Hence,
K,U)<(og2)EN +H(N)— H(Y).

The nonnegativity of the KL.-divergence thus implies that H(Y) <EN + H(N).

To complete the proof we show that H(N) < EN + 1. To do so, consider the index set
I ={i:P(N =i) > e} and note that the function x > x log(1/x) is monotone increasing
for x < e~ L. Then,

1 1
H(N)=Y P(N=i)l P(N =i)log ————
(N)=2 BN =Dlog o+ ) BN =hlog 5
iel iel
<Y P(N=i)i+ ) e'i<EN+1.
iel iel¢

This completes the proof. [
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