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Abstract. Consider a population of infinitesimally small frogs on the real line. Initially the frogs on the positive half-line are dormant
while those on the negative half-line are awake and move according to the heat flow. At the interface, the incoming wake frogs try to
wake up the dormant frogs and succeed with a probability proportional to their amount among the total amount of involved frogs at the
specific site. Otherwise, the incoming frogs also fall asleep. This frog model is a special case of the infinite rate symbiotic branching
process on the real line with different motion speeds for the two types.

We construct this frog model as the limit of approximating processes and compute the structure of jumps. We show that our frog
model can be described by a stochastic partial differential equation on the real line with a jump type noise.

Résumé. Considérons une population de grenouilles infinitésimales sur la droite réelle. Au début, toutes les grenouilles a droite
de I’origine sont endormies tandis que les grenouilles a gauche sont éveillées et bougent comme un flux de chaleur. A I'interface,
les grenouilles éveillées qui arrivent essaient de réveiller les grenouilles dormantes. Elles le font avec succes avec une probabilité
proportionnelle a leur proportion par rapport a la population totale de grenouilles a cet endroit. Si elles échouent, les grenouilles
arrivantes s’endorment aussi. Ce modele de grenouilles est un modele spécifique de branchement symbiotique sur la droite réelle ou les
populations bougent avec des vitesses différentes. Nous construisons le modele par une procédure d’approximation et nous calculons
la structure du processus de sauts. Nous montrons que notre modele des grenouilles peut étre décrit par une équation différentielle
partielle stochastique avec sauts.
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1. Introduction
1.1. Motivation and first results
Consider the following pair of stochastic partial differential equations

0X]' (1) ¢

- _Eang/’i(x)+\/yX;/’l(x)X,)/’z(x)Wi(t,x), t>0,xeR. (1.1)

Here W' is a space—time white noise, i = 1, 2, and W1 and W2 are correlated with parameter o € [—1, 1]. The constants
c1, ¢2 > 0 govern the speeds of dispersion. We interpret X} (x) as the density of particles of type i at site x at time 7.
Each type of particles performs super-Brownian motion on the real line with local branching rate proportional to the
density of the respective other type. This model hast been studied only for the case ¢y = ¢» > 0: If o =0, then the types

Both authors were supported partly by the German Israeli foundation, G.I.F. Grant 1170-186.6/2011. Part of this work was done while L. Mytnik was in
Mainz with a Humboldt research award. The research was also supported partly by the ISF-UGC research program (Grant No. 1131/14) and the Israel
Science Foundation grant 1704/18.


http://www.imstat.org/aihp
http://www.imstat.org/aihp
https://doi.org/10.1214/19-AIHP986
mailto:math@aklenke.de
mailto:leonid@ie.technion.ac.il

848 A. Klenke and L. Mytnik

are uncorrelated and this model was introduced by Dawson and Perkins [3] under the name mutually catalytic branch-
ing process. For o # 0, this model was introduced by Etheridge and Fleischmann [5] who coined the name symbiotic
branching process.

Recently, Blath et al. [1] studied the limit of y — oo of this model for a range of negative values of o. For o > 0, it
is still an open problem how to construct the infinite rate limit of this model. If we replace the real line as site space by
some discrete space and replace %83 by the generator of some Markov chain on this site space, then for ¢ = 0 the infinite
rate process was studied in great detail in [13—15] and [16].

The main tool for showing (weak) uniqueness for the solutions of (1.1) is a self-duality relation that goes back to
Mytnik [18] for the case o = 0 and Etheridge and Fleischmann [5] in the case ¢ # 0. Like many duality relations for
genealogical or population dynamical models, the underlying principle of the duality is a back-tracing of ancestral lines.
The viability of this method relies crucially on the fact that the ancestral lines can be drawn without knowledge of the
type of the individual. This is possible only in the absence of selection and of a type-dependent motion. This is the deeper
reason why no simple duality relation could be established for the model (1.1) in the case c¢| # c».

Here, we make a step towards the model of infinite rate symbiotic branching with different speeds of motion by
considering the extreme case ¢y = 1, c; =0 and ¢ = —1. In other words, we consider a two-type model on the real line
where only infinitesimal individuals of type 1 (which we imagine as green) move according to the heat flow while type 2
(red) stands still. Furthermore, by infinite rate branching, there cannot be both types present at any given site. Finally, at
any given site, each population evolves in a martingale fashion while the sum of both types has no random drift since
o = —1 and hence the gains of type 1 are the losses of type 2 and vice versa.

Our model is a variation of a model often called frog model. See, e.g., [7,8,17,19]. Loosely speaking, there are two
kinds of particles distributed in space, named wake frogs (green) and sleeping frogs (red). Wake frogs move in space and
activate sleeping frogs when they are in contact with them. Our model is different to the classical frog model mainly in
the sense that wake frogs can activate sleeping frogs but also can get tired and fall asleep when they are in contact with
dormant frogs. Furthermore, our frogs are of infinitesimal size and hence move deterministically according to the heat
flow.

When a (infinitesimal) wake frog of size dx encounters a colony of sleeping frogs of size r it either falls asleep
(becomes red) or wakes the whole colony (turns them green). The latter happens with probability dx/r which makes the
number of dormant frogs a martingale.

For simplicity, let us explain the basic concepts in the discrete space situation first. Assume that S is a countable site
space and that A4 is the generator of a continuous time Markov chain on S. Let A* be the adjoint of .4 with respect to the
counting measure on S. That is

(A* [, g)= (., Ag)

for all suitable f, g and where (f, g) =Y ;g f(i)g(i). Let E := [0, 00)? \ (0, 00)? and

E:= {x = (") e ES ) (x' ) +22(0) < oo}.

keS

By a solution of the martingale problem MPg we understand an E-valued Markov process (X', X?) with cadlag paths
such that

t
X} (k) = X} (k) + f A*X (k) ds + M, (k),
0 (1.2)

X2 (k) := X3 (k) — M, (k)

for some orthogonal zero mean martingales M (k), k € S. As usual, uniqueness of the solution to a martingale problem
means uniqueness in law.

Theorem 1.1. If S is finite, then for any initial condition (X}, X%) € EE, there exists a unique solution of MPg.

Remark 1.2. If in the martingale problem MPg, we would allow local coexistence of types, that is X ,1 k)X ,2 (k) could be
positive, and we define M (k) to be a continuous martingale with square variation process (M (k)); = fot yX sl (kX S2 (k)ds,
then we would have the process of finite rate y > 0 symbiotic branching with o = —1. It is standard to show that if we
let y — oo, then we get convergence to the infinite rate model defined above. This programme has been carried out for
similar models, e.g., in [14] and [4].
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Remark 1.3. It is standard to extend the existence result in Theorem 1.1 to countable sets S under some mild regularity
assumptions on A4, e.g., for random walks on an abelian group S. This is done, for example, using an approximation
scheme with finite subsets of S.

Remark 1.4. In order to stress the formal similarity with the corresponding processes on R instead of S, it is convenient
to have a weak formulation of (1.2). Note that (1.2) is equivalent to

t
<X},¢1>=(x(‘),¢1)+/ (X!, A1) ds + (M. o).
0 (1.3)

(X2, ) = (X2, ¢2) — (M1 )

for finitely supported functions ¢, ¢,. Here the martingales (M, ¢1) and (M, ¢>) are orthogonal for functions with
disjoint supports.

A preliminary step towards Theorem 1.1 is the one-colony model. Here the single colony either hosts dormant frogs
(type 2) or wake frogs (type 1). At varying speed 6 at any time s infinitesimal wake frogs arrive. They try to wake up
the sleeping frogs and succeed with probability (6,/ st) ds in the time interval ds. Otherwise they also fall asleep. After
the awakening, the colony will host only wake frogs. The wake frogs still arrive at the varying speed 6. In addition, they
emigrate at a speed proportional to the number of wake frogs.

To be more formal, let ¢ > 0 be a constant determining the strength of emigration of type 1 and let (65)s>0 be a
nonnegative measurable deterministic map that governs the rate of immigration of type 1. We consider a Markov process
X = (X!, X?) with values in E and with cadlag paths which solves the martingale problem MPy:

t t
X,1 ::Xé+/ Gsds—/ cngs+M,,
0 0 (1.4)

2._ y2
X=Xy — M,
for some zero mean martingale M.

Theorem 1.5. For any initial condition (X}, X%) € E, there exists a unique solution of MPy.

Note that as long as X! = 0, we have that — M, = fot 65 ds is the amount of additional frogs that have fallen asleep by
time ¢. Thus —M; adds to the initially dormant frogs X(Z) to give X,z. At some random time, all frogs wake up and M;
jumps to the value X, %. This random time point is chosen such that (M;) is a martingale.

Before we proceed, let us heuristically describe the evolution of the processes solving martingale problems MPy and
MPs5. Let us start with the one-colony model, that is, with the process (X', X?) solving MPy. Since X2 is a nonnegative
martingale, if th =0, then we have X% =0 for all s > ¢ (in fact, E[X; | X; = 0] = 0 due to the martingale property
and X > 0 a.s. which implies X; = 0 a.s. on the event {X; = 0}). Hence, the process is non-trivial only if X(Z) > (0 and
thus X(l) = 0. Since 0 is a trap for X? and X, € E, the martingale X z2 is continuous and monotonically increasing with
derivative 6; up to the random time t where it has a single jump to 0, that is, X % =0 if and only if s > 7. (Compare with
the process Z defined in Lemma 2.1 below.) Moreover, as we see from the equations, at the same time 7, X I makes a
jump up, becomes positive and solves the deterministic equation 9; X ,1 =60, —cX ,1 fort>r.

Now we will give a more detailed description of the jump time 7, although most of the technical details will be
provided in the proof of Theorem 1.5 in Section 2. Let W be a nonnegative random variable whose distribution is given
by

X2
P[W > x] = 20 for all x > 0. (1.5)
Xo—i—x

That is, the hazard rate of W is x — 1/ (X% + x). (Recall that the hazard rate of a nonnegative random variable W is the
map x > h(x) :=P[W edx | W > x]/dx, or in terms of its distribution function Fy: h(x) = Fy,(x)/(1 — Fy(x)).) If
fooo 05 ds = oo, then due to the martingale property, we have (see Proposition 2.2 for a formal proof)

sup{X?:1>0} £ W + X, (1.6)
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Hence, we can use W to define
t
r:inf{tZO:/ Gsds>W}. (L.7)
0

With this T at hand, we can define (X 1. X2 as described above and get a solution of MP even if fooo Osds < o00.

An alternative point of view is the Markov structure of the process and we could construct T in a more “adapted”
fashion which will be useful if we pass to models with many colonies. Note that if X 12 > 0, then it increases with derivative
6; > 0 until it jumps down to 0. Very loosely speaking, the expectation of Xl2 increases in the time interval dt by 6; dt
due to the continuous growing and it decreases by X ,2 dt times the jump rate. Hence, in order that X be a martingale,
the jump rate must be 6,/ X tz That is, the hazard rate of 7 is 6,/ X ,2 Hence, we can define 7 as the first time of a point of
a Poisson process with the appropriate rate. We do so by letting A (dt, dr) a Poisson point process on ]R%r with intensity
measure

N'(dt,dr) =dtdr. (1.8)

Then we define the jump rate /; := %I{X,%O} and let
t

t poo
T ::inf{t >0: / / l[o’ls](r)/\f(ds, dr) > 0}.
0 JO

If we define W := fOT 0, dt, then it is easy to check that (1.5) holds if fooo 0; dt = oo. Finally, we define the martingale
measure

M:=N-N. (1.9)

The advantage of this construction is that we get a very convenient description of the martingale M as
t o0 »
M= [ [ Xt y0oMids.an).
0 JO

Note that 9, M; = —6; for t < t and that M, = X% forall t > v since Iy =0 forall t > 7.

Having understood the evolution of the one-colony model, we are prepared to study the model of finitely many
colonies.

Let A% % (k, 1) = A*(k, D1x1y. At each site k, the rate of immigration is 6; (k) = A*‘*th (k) while the constant for
the rate of emigration is c(k) = —A*(k, k).

As long as X?(k) > 0 (and hence X/ (k) = 0), we have 6, (k) = A*X] (k) and 3, X? (k) = A* X/ (k); that is

t
X2 (k) = X3 (k) + / A*X!(k)yds for all k and ¢ such that X2(k) > 0. (1.10)
0
On the other hand, if X 120 (k) =0, then X' (k) solves the equation
t
X,l(k):X}O(k)+/ A*X!(kyds forall > 1. (1.11)
fo

We will now describe the simple situation where S = {—N,—N +1,..., N — 1, N} and where A is the g-matrix of
a Markov chain on S with only nearest neighbour jumps. Furthermore, we assume, Xg(k) > 0 for k > 0 and X %(k) =0
for k < 0. Recall from the motivation that X! stands for wake frogs that move and X2 for dormant frogs that stand still.
Appealing to (1.5) we could define independent random variables W*, k € {1,..., N}, by

X5 (k)

P[Wk >X] = m

forallx >0

and then define the process (X 1 X2 in a deterministic way using the (W*). However, this construction is a bit technical
and does not differ too much from a similar construction for the model on the continuous site space R that we will present
later. Hence, here we focus on the martingale measure M introduced in (1.9).
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Now for every k € §, there is a martingale M (k) but at a given time ¢ only one of them changes its values, the one at
k=1¢,_, where

¢, :=min{k: X?(k) > 0} AN.

Note that due to the nearest neighbour jumps, ¢, is the unique point k such that 4*X tl (k) > 0 and X t2 (k) > 0 (unless
(X ,2, 1) = 0). In other word, the wake frogs invade the dormant sites one by one. ¢, is the site that wake frogs try to invade
at time . Eventually, either all frogs are awake or the invasion gets stuck at some final point ™ :=sup, £, < co. In this
case, we have th(u*) > (O for all # > 0. Now define

ARX )
= 2 .
X[Z(zt) {X7(€,)>0}

Finally, let
t o0
M; (k) :=/0 /0 1{[57}(]{))(%_(k)l[oﬂ]xf](r)./\/l(ds,d}"). (1.12)

It is not hard to check that these M (k) are in fact orthogonal martingales and that the process (X 1 X2y defined by (1.2)
in terms of these martingales solves the martingale problem MPg posed in Theorem 1.1.

We refrain from giving a formal proof of this statement since we later study a similar statement for the continuous
space process in more detail.

1.2. Continuous space model with discrete colonies of dormant frogs

We will now define a model similar to the one presented in the previous section but with the site space S = R. Initially,
X 8 is a purely atomic finite measure with nowhere dense atoms which is supported by (0, co), that is

X5=> xé, (1.13)

i>1

with0 <zj <zp <---and ), x; < 00.

We assume that X (1) has a density and is supported by (—oo, 0]. The mass transport of X' follows the heat flow, that is,
A=A*= %Bf With a slight abuse of notation we will denote the density of X ll (dx) by X ,1 (x).

Let MFr be the space of finite measures on R equipped with the weak topology. For © € Mg and f a bounded
measurable function on R, denote

o f) = u(f) = /R FEOREx).

We denote by Cp(R) and C.(R) the spaces of bounded continuous functions, respectively compactly supported continu-
ous functions. By le (R) c Cp(R) and CC2 R) = le R) N C.(R) we denote the subspaces of twice continuously differ-
entiable functions with bounded first and second derivative. By adding a superindex +, we further restrict the classes to
nonnegative functions. For any metric space U, we denote by Dy the space of cadlag functions [0, co) — U equipped
with the Skorohod topology.

We now give a more formal description of (X, ¢ 2) t > 0, as M-valued processes.

The model we consider here is quite similar to the discrete space model with § = {—N, ..., N} that was studied in
Section 1.1: Define

£, :==supfx: X2((—00,x]) = 0},

where clearly 0 = oo if th(l) =0.1If th(l) > 0, then ¢, describes the position of the leftmost atom of th at time
t, say at z;. Then X/ (the wake frogs) solves the heat equation on (—oo0, £;) with Dirichlet boundary condition at ;.
The wake frogs at ¢, fall asleep (that is, the X' mass killed at ¢, transforms into mass of X2({£ 1) until all sleeping
frogs at £, wake up. At this instant, £, jumps to the next atom at z; | and X' contlnues to solve the heat equation on
(—o0, K,) = (—00, zj+1) with Dirichlet boundary condition at l = zi+1 and so on. Let ! =0and

v i=inf{t > 0: ¢, = z;} = inf{t > 0: X7 ({zi—1}) = 0}.
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More formally, we have

X} =132X! on(—00,z,), for " <t <"t

_ (1.14)
X} (x)=0 forallx >{,

It is well known that the above Dirichlet problem can be equivalently formulated as a solution of the heat equation with
killing at z,. For z € R, let S denote the semigroup of heat flow with killing at z. That is, (S7);>0 is the sub-Markov
semigroup with density p;(x,y) =0if z € [x,y] or z € [y, x] and p}(x,y) = p;(y — x) — p;(2z — y — x) otherwise,
by the reflection principle. Here p;(x) = (2t)~ /% exp(—x2/(2t)) is the density of the standard heat kernel. For any
measure 4 on R, we also define Sfu(dx)/dx = fR pi(y, x)pu(dy), x € R. With a slight abuse of notation we also write
SF pu(x) for the density S7u(dx)/dx. Then

X} (x)=5"

t—1"

XL(x) forall" <r<t"! xeR. (1.15)
By applying the integration by parts formula to X' solving (1.14), it is easy to derive that for any smooth function
¢:(x) : Ry x R~ R with compact support in the x € R variable, we have

t

n n

t
—/ <Xs1,85¢x+%8$¢S>ds=<X11,n,¢,n)—(X,1,¢;)+/ (lax_Xsl(zn)>¢s(zn)ds, te(z", "),

where 9 denotes the left sided partial derivative, and hence,
t

n

t
(X},q&,):(Xln,qbfn)—i—/ <X;,BS¢S+%8§¢S>ds+/ (lastl(zn)>¢>s(zn)ds, te (-C'l,thrl). (1.16)

The above equation implies that formally X' solves the following equation on ¢ € (", t"*1)
1 e |
X, (x)= EBXX, (x)+ 58)( X;(zn)é;,(x), xeR. 1.17)

Note that 9 X sl (zn) < 0, and hence the last term in (1.16) describes the loss of mass of X! due to “killing” at z,,. In what
follows, for a function f, 83 f will denote the generalized second derivative of f at x. If 83 f is an absolutely continuous
signed measure, then, with a slight abuse of notation, we will write 83 f(x) for the density of this measure; if 83 f has
an atom at x, then 83 f({x}) will denote the mass (possibly negative) of that atom at x. Note that for f having one sided
derivatives at all points and such that f(y) =0 for all y > x, 8)% f({x}) equals minus the left sided partial derivative
—0; f(x) atx:

8ff({x}) =—0, f(x) if f(y)=0 forall y > x.
With this notation at hand we can rewrite (1.17) as follows:

1 1
X! (x) = Eafxg (x) — zafx§ ({za))8,(x), xeR, " <t <"t (1.18)

From the above, we can easily derive an expression for the amount of mass of X! “killed” at z,, by time 7. The amount
of mass of X! “killed” at z,, by time # < t" is zero. By time ¢ € (t”*, t"T!) it equals the change of the total mass of X! in
the time interval [t”, ¢], that is, by (1.18), it is given by

1 ‘1
(xL —x/, 1):/ Eafxxl ({zn}) ds = / Eaf(sfir,lxin)({x})|X:Zn ds, (1.19)

T T

t

where the second equality follows by (1.15).
In our model, before time T all the wake frogs that arrive at z,, fall asleep; that is, all the “green” mass of X ! that
is killed at z,, transforms into “red” mass at the same site. More formally,

X2((—00,2"]) =0 forallz > 7",

X2(A)=X3(A) forallr <t"", AC (z4,00),
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and
t
X2 (1za}) = X2 ({z0)) +/ %aﬁxj ({zn))ds fort" <t <"t (1.20)

T

At time 7”71, all the sleeping frogs at z, wake up, that is, the red mass at z,, transforms at once into a green atom at z,,:
1 1 2
Xrn+1 :Xrn+l_ +Xrn+1_({Zn})‘Szn- (1.21)

Altogether the process looks like propagation of the wake frogs to the right with consecutive “struggles” with piles
of dormant frogs. During the fights, the propagation of the wake frogs to the right stops and the amount of wake frogs
decreases (as they fall asleep). However, if and when the wake frogs manage to wake up a pile of dormant frogs, they
reactivate the formerly wake frogs that have fallen asleep at this spot. In addition the initially dormant frogs at this spot
also wake up. Then the fight place moves to the next pile of sleeping frogs. As mentioned before, it is possible that the
wake frogs fail to activate the dormant frogs at some spot. In this case the remaining sleeping frogs will stay asleep
forever. Otherwise, after waking up all sleeping frogs, the frogs propagate as a solution to the heat equation.

As long as the sleeping frogs are distributed according to a purely atomic measure X g(dx) with nowhere dense loca-
tions of the atoms, the above construction is pretty simple. However, an immediate question that arises is whether it is
possible to construct such a process with X%(dx) being absolutely continuous measure? Answering this question is the
main goal of the paper.

1.3. Main results

Our main objective is the construction and characterization of the process (X 1 X2y with absolutely continuous X, 5 (dx).
In the sequel we will use the following assumptions on the initial conditions of the process (X', X?).
Assumption 1.6.

1 X (1) is an absolutely continuous finite measure with compact support in (—oo, 0] and with bounded density X (1) (x).
i) X, (2) is an absolutely continuous finite measure with support in [0, 1] and with density X %(x).
(iii) X3(x) >0 forall x € (0, 1) and X3 (x) is continuous in x € (0, 1).

The idea behind the construction of the process (X!, X?) with these initial conditions is pretty simple. Since we do
understand the behavior of the process when X (2) is purely atomic, we will approximate the absolutely continuous initial
conditions X (2) by the purely atomic ones and see if and where the family of processes converges.

Let > 0. We define the family of approximating processes (X", X>) as follows. For any 1 > 0, define

Xy =}

X =X3((G = Dyn,inl) fori>1,
2, 2,

Xy =%,

i>1

(1.22)

Now let (X z] M X,z’n) be the process defined in Section 1.2. The wake frogs represented by X7 try to activate the
colonies of sleeping frogs represented by X"
To present our main result, recall the point process N and the martingale measure M from (1.8) and (1.9). Note that
M([0, 1] x A)

t>0

is a martingale for any measurable A C R with finite Lebesgue measure.
For an M x MFp-valued process pu;, = (,utl, /L,Z), t >0, let £, be the leftmost point of the support of ,utz if ,utz(l) >0
and the rightmost point of the support of ,u(% otherwise. Then if 83 /1,,1 (£,) is well-defined, we can define

1421
50 Mz ({Et})
I(p) =201 : (1.23)
t :U*[z({et}) {ur ({€,H>0}
otherwise we set I (u;) =0.
Our main result is as follows.
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Theorem 1.7. ((X"7, XZ’”))U>0 is tight in D1, xm, and any limit point for n |, 0% is a weak solution to the following
system of stochastic partial differential equations: for any ¢1, ¢2 € CZ R),

{X}(¢1)=X(§(¢>1)+fg X{(3971)ds + M ($1), (12
X7($2) = X5(¢2) — M (92,
where M;(¢;), i = 1,2, are martingales derived from the orthogonal martingale measure M by
t o0
@)= [ [ ¥ o @ Ms. da, (1.25)

Here € ;= inf{x : X2((—00, x]) > 0} A 1 and Yy = X2 ({¢,}).

Let us give a few comments regarding the above result. As we will see, not only the limiting process (X!, X?) solves
the set of equations (1.24), but also any of the approximating processes (X7, X%"). The only difference is in the set of
the initial conditions. Note that we do not prove uniqueness of the solution of (1.24) and (1.25). In fact, due to the absence
of a duality relation (which helped in similar models), we do not see a viable way to prove uniqueness here.

We can also check some properties of the limiting process (X', X?). One of the interesting observations we have deals
with the properties of some point measure induced by the jumps of (X!, X?), where the jumps are indexed by their spatial
location. Let L denote the point process on R x R that describes the jumps of the total mass th(l) of th defined as
follows:

L(dx, dz) = Z I{Axg(l)#o}8(237,—AX§(1)) (dx, dZ) (126)
N

We will show that essentially L is a Poisson point process. However, it may happen that the total mass of X! is not
sufficient to wake up all sleeping frogs. In this case, the proliferation of wake frogs gets stuck at some random point u*
and L exhibits the Poisson points only up to this random position.

Let L be a Poisson point process on R x (0, oo) with intensity X%(dx)z_2 dz.Foru € R and s > 0, define

Dy i={(x.2):x €[0,ul,z> s+ X3([0, 1))}
and

u* = sup{u : Z(Du,x(',(l)) = O}.
Then we have the following result:

Theorem 1.8. We can define L and X on one probability space such that L(A) = Z(A N ([0, u™) x (0, 00))) almost
surely for all measurable A C [0, 00) x (0, c0) and we have

u* = sup{inf(supp(X7)) : t > 0} = inf{u : X}((—o0, u]) > 0 for all t > 0}.

From the definition of D,, ; and the above theorem it is easy to see that a point of L in D, ¢ means that if initially there
is a total mass of s wake frogs, then the proliferation of wake frogs stops before the spatial point u. Also note that u*
differs from sup{¢, : ¢ > 0} only in that the latter is truncated at 1.

One of the most interesting features of the limiting process is that it develops atoms of sleeping frogs at random points
although it starts with an absolutely continuous distribution of sleeping frogs. In fact, all the random fluctuations in the
model occur at the (moving) site with this unique atom.

Once the atom of sleeping frogs is created, the process behaves like the model described in Section 1.2 (with only one
colony of sleeping frogs) until the dormant frogs at this spot wake up. The main difficulty then lies in predicting where
the next atom would appear.

1.4. Outline

The rest of the paper is organized as follows. In Section 2, we start with some elementary considerations on the mar-
tingale problem and prove Theorems 1.1 and 1.5. In Section 3, we formulate the SPDE that the approximating process
(X1, X% solves and we give a description of the process that is indexed by space rather than time, providing the proof
of Theorem 1.8. In Section 4, we show tightness of the approximating process. Finally, in Section 5, we finish the proof
of Theorem 1.7 by showing convergence of the semimartingale characteristics.
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2. Discrete space martingale problems. Proofs of Theorems 1.1, 1.5
Let Z = (Z;)>0 be an integrable nonnegative Markov process with respect to some filtration F = (F;);>0. Assume Z is

of the form

zo+t, ift<rt,
Z;= .
0, otherwise,
for some F-stopping time 7 < co and some deterministic zo > 0.
Lemma 2.1. Z is a martingale if and only if P[t > t] = z0/(t + z0) for all t > 0.
Proof. If T has the desired distribution, then for ¢ > s > 0, we have

z0+1
E[Z, | ] =
20

+SZ‘YP[T >t | Fl

_zott Pt > 1]
T zo+s sP[r>s]
=Z,.

On the other hand, if Z is a martingale, then

1
Pt >¢t1=P[Z; =t + z0] = ——E|[Z;]

= E[Zy].
t+20 e 20 =
For u > 0 fixed, let W (u) be a random variable with
P[W)>r]=—— forallr>0 2.1
u)>r|=—— forallr > 0. .
r+u

Define the process (U;(#)):>0, by

u+t, ift<W),
0, otherwise.

Ui(w) = {
Hence, (U;(u));>0 is a continuous time Markov process on [0, 0o) with generator

1
grx) = [f/(X) + ;(f(O) - f(x))i|1(0,oo) (x).
That is, U (u) grows linearly with slope 1 until it collapses to 0. By construction, U («) is a martingale.

We will need this process U in the following proposition that is a preparation for proving Theorem 1.5. Recall that
E =10, 00)2\ (0, 00)>.

Proposition 2.2 (MP;). Consider the following martingale problem for the process (th, X2)1>0 on E with initial condi-
tion (X}, X3):

X'=M,+1, t>0,

for some zero mean martingale M and
X?=X5— M, t>0.

Then (X!, X2) is uniquely defined (in law) and
X! =1-U/(Xx})+ X3,

(2.2)
X} = U, (X3).
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Proof. Clearly, (2.2) defines a solution of the martingale problem.
In order to show uniqueness, assume that (X 1 X2) is a solution of the martingale problem. Let

r:=inf{r > 0: X7 =0}.
Clearly, th =0 for ¢ > 7 since X? is a nonnegative martingale. Furthermore, X ,1 =0 for t < t. Note that
X+ XF =X} +1.

Hence, X? is a martingale with

X2 — X(2)+t, ift <,
! 0, otherwise.
By Lemma 2.1, the only solution is X?> = U. ]

Now we come to the following generalization of the martingale problem (MP;) where the input rate varies in time and
there is also output proportional to X tl

Proposition 2.3 (MP,). Let ® be a locally finite measure on [0, co) with ®({0}) = 0. Let ¢ > 0. Let (th, th),zo be a
stochastic process on E with initial condition (X(l), Xé). Assume that

t
X' =00,1]) - / cXlds + M, (2.3)
0

for some zero mean martingale M and
X} =X} - M,. (2.4)

Then (X!, Xz) is uniquely defined (in law) and

X! =

(O, T]) + Xt~ + [Te=t=90(ds), ift>1,
0, otherwise, 2.5)

X7 = Ue .1 (X3)-
where
T =inf{t > 0: X? =0} =inf{r >0:©((0,7]) > W(X3)}.

Proof. Existence. We show that (2.5) is a solution. As a deterministic (or independent) time transform of a martingale,
X? is a martingale. Hence, (M,) := (X% — Xlz) is a martingale such that

M;=—-0(0,t]) fort<r,
and
M; = X(Z) fort > . (2.6)

Therefore X? satisfies (2.4). This also gives that th = 0 solves (2.3) for # < 7. Recalling (2.6) it is easy to see from the
theory of differential equations that X,l = (OO0, 1] + Xé)e‘c(’_f) + f: e~ ct=90(ds) solves (2.3) for ¢ > 7. From all
this we infer that (X!, X?) defined by (2.5) is indeed a solution of (MP5).

Uniqueness. As in the proof of (MP;), M; must be constant for # > 7 and hence must equal

My =M, =X} —X2=X} fort>r.
On the other hand, we have
M; =—-0(0,t]) fort<r.

This defines M uniquely (in law). U
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Proof of Theorem 1.5. Clearly, the proof of Theorem 1.5 follows immediately from the above proposition with
©(0,1]) = [y b5 ds. O

Remark 2.4. Note that Proposition 2.3 not only gives the proof of Theorem 1.5, but also gives the exact form of the
solution.

Now we are ready to give the

Proof of Theorem 1.1. In fact, having all the above results, the proof of Theorem 1.1 is simple. Let Sp :={k € S :
X, 8 (k) > 0}. Denote by X ! the deterministic solution of

X=X and X/ (k) =1s5k) > A*k.DX/ D).
1eS\So

That is, ):( ! follows the deterministic flow induced by A* but with killing at Sp.
Let (X! (k), X2(k)), k € S, be independent solutions of MPg with X{,(k) = X{ (k) for all i = 1, 2 and with (recall that
ATk, 1) = Ly A*(k, 1))

6, (k) := A= X1 (k)
and
c(k) == —A*(k, k).

Let 7 :=inf{t > 0: }N(,z(k) = 0 for some k € Sp}. Note that 6; (k) = A*”L)N(} (k) for t < 7. Let k* € Sp be the unique
element such that )?%(k*) =0. Then we define (X!, th) = (f(,l, 5(,2) for all t < 7 and

Xi(ky=X. (k) foralli=1,2, k#k*
and
XK = X2 (k). X3(E) =0.

Now, use (X i, X 3) as the new initial state and proceed inductively as above to get a solution of MPyg.

Uniqueness. In order to show uniqueness of the solution of MPg, note that X tz (k) is a nonnegative martingale for any
k € S. Hence, if for some k € S and some 79, we have X?O (k) =0, then X?(k) =0 for all # > 7y. Hence, it is enough
to show that in the above construction of a solution of MPg, the stopping time 7 and the position k* are unique in law.
Hence, we assume that we are given a solution (X!, X?) of MPg. We define Sy :={k € S : X%(k) > 0} and

t:=inf{r > 0: X?(k) = 0 for some k € So}.

Since the martingales X2(k), k € S, are orthogonal, there is a unique element k* € Sy such that X%(k*) = 0. Since
(X % At (k))i=0 are orthogonal martingales by the optional stopping theorem, the hazard rate for a jump to O for each of
these martingales is

A X! )

="

forallr <.

Since (X ,‘ . X ,2) solves a deterministic set of differential equations with Lipschitz coefficients for ¢ < t, we have unique-
ness of (X, X tz) for t < 7. Since the martingales are orthogonal, the hazard rate for 7 is simply

H, := Z H, (k).

keSy

Hence, P[t > t] = exp(— fé H;ds) and P[k* =k | t] = H,_(k)/H,_. This shows uniqueness in law up to time t and by
iteration, we get uniqueness in law for all times.
This finishes the proof of Theorem 1.1. |
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3. Characterization of the approximating process and proof of Theorem 1.8
The approximating process (X7, X*") was introduced in Section 1.3 based on the construction in Section 1.2. Here
we show that it satisfies a certain set of equations. Furthermore, in Section 3.2, we change the perspective and give a
description in terms of the maximal amount of frogs that sleep at a given site before they wake up. This space indexed
description results in a spatial point process description of the approximating process and yields the proof of Theorem 1.8.
3.1. Martingale description of the approximating process
Let us define ¢; by

¢/ =inf{x: X,z’"((—oo, x]) >0} Asup supp(X(z)’"). 3.1
Note that £ is the left boundary of the support of X tz T as long as X ,2 "T(1) > 0. We use this specific definition in order to
avoid that £7 jumps to oo at the instance where the last atom of X2 vanishes.

From the description of the process in Section 1.2, we can decompose the process X2 as follows:
2, 2, 2,

X;Ndx) = X; "({E?})Sw (dx) + 1(5?500)()5)XO T(dx). (3.2)

For simplicity, denote
2,

Y =Xx"({¢}). (3.3)

Then we have

X7 (dx) = ¥)'81(dx) + 11 o) (1) Xg " (@), (3.4)

In order to define the point process N’ Z of the sizes of the dormant colonies at the times when they wake up, we need
the process of jumps

(AXE) (e =t (e, ) — X3 (e D). 65)
We can now define point process N, Z on Ry x R4 by

7 —
N s d2) =3 15,y 0pB,—cax2 e (@5 49)- (3-6)
1

Lemma 3.1. Let N}’ be the compensator measure of N . Then

NZ’/(ds, B)=1p (Y;l)I(ng) ds for B C Ry measurable. 3.7

Proof. By construction, X,z’"({i n}) are orthogonal nonnegative martingales with hazard rates of a jump down to O (i.e.,

of size —X,z’n({in})) given by %8§X,1’n({in})/X12’"({in}) if X,z’n({in}) > 0. This hazard rate is positive only if in = 6;7

and in this case equals / (X["). Hence, we get (3.7). O

Now we are going to derive the system of equations that describes (X7, X>7). Let M\ = NZ -N Z’/ and for
bounded measurable ¥ : Ry x R — R, define M,’(y) by

t
Mz”(w)zfo /[O )Zt/f(s,ﬁg,)M"A(ds,dz). (3.8)

Clearly, M, () is a local martingale. Note that

‘ m "
/ f NR(ds, dz) < Y > |AxE({in})] < [n~"] sup(x27. 1)
0 J10,00) ‘01 s 520

< [n~"(X + X5, 1). (3.9)
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At each point {in}, we have

t
//[0 L _iy2NY'(ds, dz) < sup X7"(lim)) < (X + X, 1). (3.10)

s>0

Hence, we infer
t t
|M?(w>|s||w||oo</0 f[o )ZNZ(dS,dZ)‘F/O f[o )z/\/g“<ds,dz))sz[n—11||w||m(X$+X§,1). 3.11)

As a bounded local martingale, M, () is in fact a martingale. We will use this martingale in the next lemma for
functions ¢ instead of 1 with no explicit time-dependence.

Lemma 3.2. The process (Xl’”, X2"7) solves the following set of equations: For all ¢1, ¢o € Cb2 (R),
! 1
X)) =Xy " (1) + /O x}~”(5¢>i’> ds + M/ (1), (3.12)
X7 (¢2) = Xg " (¢2) — M () (3.13)
where the martingales M" (¢;) are defined by (3.8).

Proof. This is an immediate consequence of the construction of the process X" and the definition of M"A. (]

Lemma 3.3. There exists a unique L*>-martingale measure M"(ds, dx) on Ry x R such that
!
M (¢) = / / ¢()M"(ds,dz) forall g € Ch(R). (3.14)
0 JR
M"(ds, dx) is a pure jump martingale measure that has only a finite number of jumps (at most [n~1 jumps) and it fulfils

t
M/ () = fo fR ¥ (s.2)M"(ds. dz)
t
=Y (—ax?")( })xp(s,zgl)—/ Y I(X{ ) (s, I )ds fory € Ch(Ry x R). (3.15)
s<t 0

Proof. This is standard (note that in fact there is only a bounded number of bounded jumps, see the discussion in and
after the proof of Lemma 3.1). See, e.g., Chapter 2 in [20] for more discussion of martingale measures. (|

Alternatively, we can characterize the model via the process (X!, ¥"). Then we have a simple corollary from the
above lemma.

Corollary 3.4. (X', Y") solves the following equations. For any ¢ € le(R),
(X7, 6) = (X1, ¢} + / <x1 1 ”>ds +/ / )M (s, d2), (3.16)
0, oo)
= X" ((—00, €]1) / f M (ds, dz). (3.17)
[0,00)

Note that the “noise” in the equations given above depends on the process itself. It is much more convenient to define
the equations driven by a noise whose parameters are independent of the solutions. To this end recall the point process N
and the corresponding martingale measure M that were introduced in (1.8) and (1.9).

Lemma 3.5. We can define our process X" = (X7, X%") and M on one probability space such that the following
SPDE holds: For all ¢1, ¢2 € C}%(R), we have

X)) = X “7<¢>+/ X”( ¢f)d +/ /0 )Y” ¢1 (6 )1 s x1 ) (@M(ds, da), (3.18)

X2 () = X2 (¢0) — / /[0 g2 vy @) M. . (3.19)
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Proof. By Lemma 3.2, X" solves (3.12) and (3.13). Let (,, x,),>1 be an arbitrary labeling of the points of the point pro-
cess Na. Let N'! be a Poisson point process on R, x R, with intensity dt dr, independent of N'a and (X7, X27). Also
let {U, },>1 be a sequence of independent random variables uniformly distributed on (0, 1) which are also independent of
N and (X1, x2m)y.

Define the new point process N on Ry x R, by

Nds.dry= 8, v,rcxn y(ds.dr)

n>1

+ > Lpogoy N (ds,dr). (3.20)

n>1

Both summands in (3.20) are predictable transformations of point processes of class (QL) (in the sense of [9], Defi-
nition II.3.1); that is, they possess continuous compensators. Standard arguments yield that they are hence also point
processes of class (QL). A standard computation shows that the compensator measures are given by

l{rsl(Xj_)} dsdr and 1{r>I(X;7_)} dsdr,

respectively. Hence, A is a point process of class (QL) and has the deterministic and absolutely continuous compensator
measure dr dt. By [9], Theorem I1.6.2, we get that A is thus a Poisson point process with intensity df dr. O

3.2. Set indexed description of the approximating process, proof of Theorem 1.8

The aim of this section is to prove Theorem 1.8. Note that in that theorem, the perspective has changed from a stochastic
process indexed by time to a stochastic process indexed by space. In fact, we can consider the struggle between dormant
(red) and wake (green) frogs at a given site as a continued gambler’s ruin problem. As long as there is an amount of, say,
y dormant frogs at a given site, the arriving infinitesimal amount dx of wake frogs have a chance dx/y to activate all
frogs at that site. Otherwise the arriving frogs fall asleep and the total amount of dormant frogs at the site increases to
y +dx. Once all frogs at a given site have woken up, the wake frogs can proceed to the next pile of sleeping frogs (to the
right).

Clearly, we can describe this process by determining for each spatial point in advance the amount of wake frogs that is
needed to wake up the different piles of dormant frogs. This point process is L for the limiting process and is L" for the
appr0x1mat1ng processes. We claim that we can construct L"asa simple and natural function of L and that L" converges

to L almost surely.
Before we start with the formal statements, we make the following considerations. We consider the wake frogs as
playing the gambler’s ruin problem described above successively against a finite number of piles of sleeping frogs. These

piles have the sizes x1, ..., x, > 0. Assume that W; is the random amount of wake frogs it takes to wake up the ith pile,
i=1,...,n. Then clearly, Wy, ..., W, are independent and we have
PlW; >r]= forr > 0. 3.21)
Xi+r

Now we ask: How many wake frogs are needed to wake up successively all dormant frogs? After waking up the first pile
of dormant frogs, we have W 4 x; wake frogs to try and wake up the second pile of dormant frogs. If Wo < W + x;
then the wake frogs can wake up all the frogs in pile 2 without additional help from other wake frogs and then we have
W1 4+ x1 + x; frogs who try to wake up the frogs in pile number 3. If, however, W> > W; 4 x1, then we need additional
wake frogs Wo — (W1 + x1) before waking up pile 2. In this case, we have W, + x2 frogs to wake up pile number 3.
Summing up, we need

max{W;, W — x1}
wake frogs to wake up the frogs in the piles 1 and 2. Iterating this, we see that we need
max{(W; — (x; +---+xi—1):i=1,...,n} (3.22)

initially wake frogs to wake up all dormant frogs. _
Now we will show how to construct a set of random variables W', ..., W” from some Poisson point process such that

Wi, W) Z Wy W), (3.23)
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Consider the Poisson point process J on [0, 00) x (0, co) with intensity measure dz ® r=2dr. The points are thought of
as the amounts of wake frogs needed to wake up infinitesimal dormant frogs that are situated at the spatial points z. For
simplicity, we enumerate the points of J in an arbitrary way as (z;, r;). We write X; = x| + - - - + x;. For s > 0, define the
set

Dis={(z.r):z€ (K1, %i].r > s+ (@ —Xi-1)}
Motivated by (3.22), we define

Wi = sup (rj — (Zj _ii—l)) = inf{s . J(Di,s) = 0}.

(zj.7j):zj €(Xi-1,%;]

Xi

r+x;

Lemma 3.6. The random variables VT/l, e, VT/,, are independent and P[Wi >r]=
That is, (3.23) holds.

foralli=1,...,nandr > 0.

Proof. The independence is obvious as the points are taken from disjoints intervals. In order to compute the distribution
of W;, for s > 0, we compute

P[W; < 5] =P[J(D;,s) =0]

Xi 00
:exp(—/ f rzdrdz>
X1 s+(z—Xi—1)

— exp[log(S) —log(s + xl')]
S

— . (3.24)
s + x; 0

The lemma shows that we can start from infinitesimal dormant frogs and lump them together to build piles of finite
size. Similarly, we can go backwards and split finite piles into smaller and smaller pieces to obtain the process J. We
will formulate this in the slightly more general situation where J has the density f(z) dz ® r~2 dr for some bounded and
nonnegative function f. Let u be the measure on [0, co) with density f. Furthermore, let > 0 and define

W)= sup (rj = u(1G = Dn.z))))-
(zj.rj):izj€(@—=1)n,in]

Proposition 3.7. The random variables VT/i", i=1,2,... are independent and

~ _ w(G—=Dn,in))
P[Wl. > r] = (G = Dnoim) +r forallr > 0.

Furthermore, the point process

JT=) S
i

converges almost surely to J (in the vague topology of Radon measures on [0, 00) x (0, 00)).

Proof. The independence of the Wl." and the specific form of their distribution is immediate from Lemma 3.6. In order to
show convergence of J", it is enough to show

J(C)— J(C) asn— 0almost surely (3.25)

for sets C of the form C = [x1, x2] % [s, o0) for some x» > x1 > 0 and s > 0. Note that J(C) is finite almost surely. We
first define a point process J" that is similar to J7 but a little simpler. For n > 0, define

M :=max{rj:zj € ((i — Dn,inl} =inf{s">0: J(((G — Dn,in] x [s', 00)) = 0}

and let

J1= 8-
i
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Since the points of J in the set C are discrete, the points of J"in C approximate the points of J in C for n > 0 small
enough. To make this precise, note that since the intensity measure of J has a density, almost surely there exists a (random)
& > 0 such that

J([x1 — &, x1] x [5,00)) = J ([x2 — &, x2] x [s,00)) = J ([x1 —&,x2] X [s —£,5)) =0
and
J([x,x+£] X [s, oo)) <1 forallx € [x1,x —e¢].
For n € (0, £), we then have J7(C) = J(C). i
It remains to compare J" and J". The points in J7 have a slightly larger second coordinate (at most /2 > 0 larger
if  is small enough) and have thus possibly more points in sets of the form C. These additional points must originate in

points of J in [x] — &, x2] X (s~— g, 5). By assumption, however, there are no such points, and hence J"(C) = Jn (C).
More formally, we have Ml." > Wl.’7 > Min — Nl fllco- This shows that

JNC) < JN(C) < JN(C) + T ([x1 —&,x2] x (s —&,5)) = J"(C)
if 0 <n <ée A (/2] fllo) and hence it shows (3.25). O

Now we come back to our process (X 7, X27). Here we will address the following question: What is the distribution
of the amount of wake frogs that is needed to wake up a given pile of sleeping frogs. Recall the definition of the point
process N, Z introduced in (3.6). Let (¢,, x,) be the points of that process and we label them in a way that

H<th<---.

Now define the new point process
L'(dx,dr) = Z5«3;},,|(AX,2,'”)({@Z.,})\—XS'W{ZZ.,}))(dx’ dr)
i
=D gy (dx.dr), (3.26)
i
where

vl = |AXp ()] - X5 (i) = [ AXE " (i) | = 57"

is exactly the amount of wake frogs that arrived at i before waking up the dormant frogs in the ith pile. Let us characterize
these random variables Vl.77 and the point process L".

Recall the definition of W(x), x > 0 from (2.1). Now given the initial measure of dormant frogs X(z)"7 = Zizl xi2 ”78,-,,,
we define the following sequence of independent random variables Wi”, i=1,2,...,suchthat
WL w(x>") foralli> 1. (3.27)

Recall that Wl.'7 is (in distribution) the amount of wake frogs needed to activate the dormant frogs at i7. However, since
the wake frogs possibly do not suffice to wake up all dormant frogs, we see only some of the Wi'7 realized as values of
V/". Note that, for any i, we have

Y
j<i
= Xg" (=00, 7)) + (X", 1). (3.28)

Recall that by Assumption 1.6(iii) and the stepsize n, our L7 has a finite number of atoms, whereas the “last” atom is
spatially located at £7, which is either at [~ 17 or at the location of the leftmost pile of dormant frogs that will never
wake up because there are not enough wake frogs to activate them. Define

i =inf{i =1,..., [~ W = X3 ((—00, i) + (X", 1)) (3.29)
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which might be infinite. This is the analogous quantity to u* from Theorem 1.8. Now we define an auxiliary point process
based on the above random variables:

o mh
=% S(in.wl)- (3.30)
i=1

We have the following lemma.
Lemma 3.8. Foralln >0,
L") 4n ( N ([0, i) x (0, oo))). (3.31)
Proof. The proof of the lemma is simple and thus is omitted. ]

Now we are ready to finish the

Proof of Theorem 1.8. Recall I from Theorem 1.8. By Proposition 3.7 with u = X zJ 4 L and J" 4 Z”, we can
assume that all the processes Land L", n > 0, are constructed on one probability space such that L" — L almost surely.
It is simple to see that i7*n converges to u* almost surely. Hence, we can choose a subsequence 7 | O such that L
converges almost surely to some L. By Theorem 1.7 and after taking another subsequence of (1) if needed, and by the
properties of convergence in Skorohod space, we see that all jumps of X2 of size at least & converge in size and position
to the jumps of X? for all & > 0. In other words, we have

L=L almost surely.

This finishes the proof of Theorem 1.8. ]

We close this section with a proposition that will be used in Section 4.2 for proving tightness of the approximating
processes.

Proposition 3.9. Recall the sequence of random variables Wl.n, i > 1, defined in (3.27). Let a € (0, 10_1) be arbitrary.
Let § € (0,a/2) and let

Xy =2Xp45'= 5! inf{X%((x,x +48/2)):x€(a, 1 —a)}.

Then, for all n > O sufficiently small, we have

a 1—a 2
P|3jed| -1, ..., : W < 82| < Ze%2/(29) 3.32
[j ”J [ 0 ” et VR T A e (3.32)

For 8 <x,/(1210g(12/x,)), the right hand side of (3.32) is bounded by e X2/ (39)

For the proof of Proposition 3.9 we need the following lemma.

Lemma 3.10. Let n € N and assume that Ay, ..., A, are independent events. Letk € {2, ..., |n/2]} and

[k/2]

ci= min Y (1-P[A;y]).

Then
k

P[ U
[=0 j=

..... n—ki

2n
A1+i:| < - exp(—0). (3.33)
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Proof. Eachofthesets {{+i:i=1,...,k},1=0,...,n—k, contains at least one of the sets
{r(k/ﬂ +1,...,0r+ 1)[k/21}, r=0,...,|n/[k/2]] — 1.
Hence, the left hand side in (3.33) is bounded by
n/Tk/211—-1 |:fk/2T [k/2]
P

> N Ar(k/zm] < n/Tk/21] o max [ Pra,-i1

r=0 =1 41 i=1

Now we are ready to give

Proof of Proposition 3.9. Recall from Assumption 1.6 that the density X(z)(x) of X% is bounded on compact sub-
sets of (0, 1). Hence, ¢, := supxe[a/z‘l_a/z](X%x)) < 00. Let n € (0,8%/c,). Now, for i and j from (3.32), we have
xl.jr"j <ncg < 8% and
[6/(2m1 s
D x = XG(Gn, in+8/2)) = x,8.
i=1

Hence, we have

[6/2m1l [8/(2n)1 X-Z_Ln- [6/(2n)1 x?_i_??‘ X
_ n 27\ __ i+J 1+J 2
Z (1 P[Wi+j <3 ]) - Z 52 _I_x_z,n_ = Z 252 = 25"
i=1 i=1 i+j i=1

The claim now follows from Lemma 3.10 with ¢ > 5%, k= [8/n] andn = [(1 —a)n~ '] — [an™ "1+ 1+k < ™', hence
2n/k <2/8. (Note that [k/2] = [8/(2n)].) O

4. Tightness of the approximating processes

In order to show tightness of the approximating processes, it is crucial to have a control on the motion of the interface
£] between wake and sleeping frogs. In Section 4.1, we derive some useful bounds on the approximating processes and
we show that for any limiting point (X!, X2) of (X"7, X>7") neither X! has jumps down, nor X? has jumps up. In
Section 4.2, we use these bounds to control the motion of the interface and to finally infer tightness of the approximating
processes.

4.1. Preliminary results

This section is devoted to showing for any limiting point (X D ¢ 2) of (X', x 2"7) (if it exists) that neither X! has
jumps down nor X? has jumps up. Recall our Assumption 1.6. From this assumption and our construction of the ap-

proximating process (X', X>7), it is clear that the initial measure Xé’" is concentrated on atoms sitting on the set

{ini=1,....n~ 11}
Denote

flzsupXé(x) and YgzsupXé(x). 4.1)
X X

One of the main problems is to prove that in the limit neither X! has jumps down nor X? has jumps up. To this end we
need to find a bound on the mass of the process X in any fixed small space interval.
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Proposition 4.1. Forany & € (0, 1), for all 0 < § < &/ max{1, 240x,,40x} and all 0 < n < §, we have

P[sup X ([xo — 8, x01) > g] < sszog for all xo € R. (4.2)

t>0
Proof. First note that
1xg—8,x01(X) < V2medpga(xg —x) <58psa(xp —x) forallx eR,§>0

where p; is the heat kernel and satisfies %8% pr(x) = 9; p;(x). Thus, it is clear that it is enough to get an appropriate bound
on

P[sup X}’"(Sp(;z (x0 — ')) > 5/5]-

t>0

We will bound the appropriate probabilities for all the terms on the right hand side of (3.12). By the choice of 4, the
first term is

X" (8psa(xo — ) < 8% < f—o. (4.3)
The next term we bound is the martingale term.
P[sup| M} (8p;2 (x0 — )| = £/20] = P[sup| X" (3p2 (0 = ) = X5 (3pa (0 — )| = £/20)]
t>0 >0
P[|X5" (5052 (v0 — )| = /40]

1 P[sug|xf”’(5p82 (xo—9)| > & /40]. (4.4)
t>

Denote by #(x) =Y 2 e’x”"z, x > 0, (a variation of) Jacobi’s theta-function. By Ramanujan’s formula (see
[21], page 525), we have v (1) = %ﬁ) ~ 1.086. By Jacobi’s equality (see, e.g., [10], page 307, line 23), we have
?(x) =0 (1/x)/+/x and hence for x < 1

1 1 1.086
Px) =—7=01/x) = —=0() =<

NG AR )

2
We use this in the third line with x = 5= to get

i ( (xo—nn)2>
S 2
<oan (1 (32))
<Xx2n 552 + )

1 )
—1+—2191)
z”m( y VW

X(z)’n(Paz (xo— ) < fzﬁ

IA
=

X2 (8 \/1_+l9(1)> <2x. (4.6)

Here, the last inequality follows since n < §. Summing up, we have
2, —
|52 X" ()], < 2% 4.7

Here S; is the heat semigroup, that is, S;¢(x) = fR pi(x — y)¢(y)dy for any integrable function ¢ and we set
Si(x) = fR pi(x — y)u(dy) if p is a measure. Since n < 4§ < g S , the first term on the right hand side of (4.4) equals
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zero. As for the second term, X ,2’"(8p52 (xo — +)) is a non-negative martingale, hence, by Doob’s inequality, we get

E[X;" (ps2 (xo — )]

P[sup| X" (3py2(x0 — )| = £/40] <
>0

£/40

_E[3Sp Xy (x0)]

B £/40

< 80x768 ’

3
where the last inequality follows from (4.7). These bounds imply that
80x26
P[sulet" (8ps2(x0 — )| = 5/20] < : (4.8)
>0 3

We will need this bound later also with & replaced by & /2, that is,
160x726

P su;0)|M,” (8ps2(xo — )| > £ /40] < (4.9)
Lo
Now we need to bound
_ . |
P|sup 5/ Xg’”<—8§p52(xo — -)) ds zé/lo}. (4.10)
Lt>0 0 2

Recall (3.12). By following the proofs of Theorems 5.1, 5.2 in [20], one easily gets that if X" solves (3.12), then it
also solves the so-called mild form of the equation:

t
X}’”(¢>)=Xé’"(5z¢)+/o /RSt_rqﬁ(x)M”(dr,dx) for all ¢ € Cp(R). “.11)

In fact, one can also derive (4.11) directly using (1.16) with S;_;¢ instead of ¢y, for s <, and also using (1.21) together
with the definition of M"(dr, dx).
Then from (4.11) we get

t 1 ; l
/0 Xsl’"<§3fp52()q) - ')> ds = /0 Xé’ﬂ(‘*(iagpaz(xo - ))) ds
t Ky 1
‘|‘/(; /(; A;Ss—r<§8§1752()q)— '))(X)Mn(dr, dx)ds

S ALy L) (4.12)

Let us take care of Itl"7 which is an easy term. Recall that X é’" =X é. By using this, the Chapman—Kolmogorov equation,
Fubini’s theorem and properties of the heat semigroup, we easily get

1 1 t
/0 X(l)’n<SS (58)%1)32@0 - )>> ds = X </0 ds Pyy52 (X0 — *) ds)

= 8,52 X (x0) — S5 X (x0).-

Then we immediately get

4 1
/ Xy (SS (—3§p52(x0 - ))) ds
0 2

: &
Since § < 105 We get

< IS 2 Xo(x0)| + [Sp X (x0)| <2%1 forall xo e R, >0. (4.13)

\31,1"71 <£/20 forallt>0. (4.14)
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Now let us take care of Itz’”. Recall M" from Lemma 3.3. Since Ss_, 83 = asz_,, using the Chapman—Kolmogorov
equation, we get

12777_ t s 182 M dr dx)d s
r ) xps—r+62(x0 Xx) (dr,dx)ds. (4.15)
0 JOo JR

Note that {(r, 5) — %8% Ps—ri52(x0—x),0 <r <s <t}is bounded and continuous. Hence we can apply Fubini’s theorem
(see (3.9)—(3.11) for necessary bounds) to get

2,’) _ t t l 5 3 .
17" = 0 Ps_ras2(x0 —x)dsM"(dr,dx)
0 JRJr 2

t
- /0 /R[ptfﬂraz(xo —x) — ps(xo —x)]M”(dr, dx)
t t
=/ fp,_,+52(xo—x)M'7(dr, dx)—/ /psz(xo—x)M”(dr, dx). (4.16)
0 JR 0 JR

Now we express the integral with respect to M" in terms of X>" which is easier to handle since it does not move. By
partial integration, for » < ¢, we get

r
S,+32_,X3"’(x0) = St+32Xg’n(xo) — /0 A&tptﬁ;z_u (x0 — x)X,%’”(dx) du
—/ / Prys2—u (o —x)M"(du, dx). 4.17)
0 JR
Hence, for r = we get
! 2 2
/0 [I;p,+52_u(xo —x)M"(du,dx) = —SazX,’”(xo) + S[+52X0’n(x0)
t
—/ /atp,%z,u(xo—x)xf’”(dx)du, (4.18)
0 JR

and

'
//p,+527u(xo—x)M'7(du,dx)
0 JR

2, 2,
sup < sup|S52X, n(x0)| + sup\StJrSzXO "(x0)|
t>0 >0 =)
1
+SUP/ / 3 Prig2—y (X0 — X) X5 (dx) du
t>01J0 JR

= gl g2 4 g3, (4.19)

Let us treat J3. Fix « € (0, 1]. Then decompose
t ) 1—82 5
/ / 0t Drys2—u(x0 — ) X371 (dx) du = / / 0t Drys2—u(x0 — x) X3 (dx) du
0 JR 0 R

t
+/ i /Ratp,+527u(xo—x)Xﬁ’"(dx)du. (4.20)
t—58%

Note that for # > 0 and x € R, we have

|9 pr (0)| < V217 par(x). (4.21)
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Then we get

01 Py 452 (X0 — X) X" (dx) du
R

t 2
F82 = _3/2/ _M X2 (dx) d
/z—sza( + u) Rexp 267 1 8 ) K (dx)du
1/7 sup /exp (xo —x)” X2 (dx) /I (t+82—u)73/2du
ust LR T 52

Y
<278 ! sup{/ exp(—M>X5’”(dx)}
R

u<t 852

1/

<65%7! sup{ Sys2e Xg’”(xo)}.

u<t
Also

t—52a

. 3 Pyys2—u (X0 — X)X (dx) du

8% 2 —3/2 (X0 —x)?\ .2
/0 (t+68°—u) /Rexp< 4(t+82)>xu»’l(dx)du

< sup(x27(1)) (524)

u<t

/7

<8 %sup(X27(1)).

u<t

Now take o = 1/2 and get

J3n < 78_1/2(sup X,z’n(l) + sup S45X,2’"(xo)).

t>0 t>0
Recall that X lz’"(l) and Sy5X tz "T(x0) are martingales. Hence, Doob’s inequality gives

168051/2 8172
P[751/2 sup X2"(1) > & /240] < T)(3"7(1) < 1680~

>0
and (using also (4.7) with 82 replaced by 48)

3360228‘/2
3

0"l

168051/2
|

P[781/2 sup Sus X, (x0) = £/240 | <

t>0

since n < § < +/45. Summing up, we have
s1/2
P[8J37 > £/120] < 504072~
Using Doob’s inequality again for the martingale Sg X ,2‘" (x0) and using (4.7), we get

240%,5
P[> £/120] < 22

Combining this with the estimate for J>", we get

P[8J" > £/120] + P[8J3" > £/120] < 5280@?.

4.22)

(4.23)

(4.24)

(4.25)



Infinite rate symbiotic branching on the real line: The tired frogs model 869

Now we bound J2" using (4.7) (recall that n < § < %sz):

T2 = sup ;S5 X" (x0)<supS,||S52X KO <2x25i5 !
>0 120

Combine this, (4.25) and (4.19) to get

8
|:sup / / Piys2—y(Xo —X)M"(du,dx)| > $/40i| < 5280x2% (4.26)
t>0
since n <4 < 24&
By this, (4.16) and (4.9), we immediately get
P[sup|81t2"7| > ¢ /20] < 54405, (4.27)
1>0 3
again since n < § < 24()x . This, (4.14) and (4.12) imply that
t . 1 N/_
P|sup(s | X" ~9? Cps2(xo —+) | ds| = &/10| < 5440x, —, (4.28)
t>0 0 27 5
as we assumed n < § < &/max{l, 240x,, 40x}.
Combine this with (3.12), (4.3) and (4.8), and we are done. O
Define (recall that supp(X )=10,1])
rir’:inf{tzo:ﬁfzin}. 4.29)
and fors >0andi =1,..., [n~'] the random variables
2,n . 2,0 (. e 1
21 X (imh) = Xordimh), - if 77 < 00, (4.30)
i,s .
0, otherwise.
Lemma 4.2. Forany & € (0, 1) and all n <§ < (§/[4max{1, 120x,, 20x1, X(l)(l) + X(Z)(l)}])4, we have
51/8
P[ sup - sup zZ! = s] <30000222— 4.31)
,,,,, [p=17s€l [0,68] f
Proof. We use the trivial estimate
"
P[ sup sup Z}! > é] Z [ sup 7] > &] (4.32)
,,,,, [n—115€l0,5] = “sel0.8]

Foreveryi=1,..., ﬁ]_l'|, define
Aiseni={sup X, ([in— 8", in]) = /2],
t>0
ATse =X ([in—8"%,in]) = £/2}.

Fix an arbitrary i € {1, ..., [n~ 3. By Proposition 4.1, for n < 3§ < (§/[2 max{1, 240x>, 40)c1}])4 we get

81/8
P[Af ;] <PlAiseq] < 11040?. (4.33)
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Let us get the bound on sup;c(g 5] Xi_;,is {in}) — Xi;," ({in}) on the event (Air,a,g,n)c- Recall that definition of the transition
density p* of the heat flow §% with i{illing atz € R from (1.15). We start with an elementary observation that rephrases

the reflection principle. For x < z, we have
Z oo
f p§(x,y)dy+2/ ps(y —x)dy
S z

0 0 00
=/ p§(x,y+z)dy+/ pa(z—y—X)der/O ps(z+y—x)dy
o0

—00

0 00

0
=/ (pa(y+z—x)—pa(z—y—x))dy+/ pa(z—y—x)dy+f0 ps(z+y—x)dy

—0o0 —00

o0
=/ sy +z—x)dy=1.
o0

Hence, for any z € R and any finite measure p supported by (—o0, z) and € > 0, we have

(1) = (S5, 1) < pu((z — £,2)) + (Ul (—ooz—e]> 1) — (S5 (11 (—00,2—¢)): 1)
=u((z—&,2) +2(Ss (L (00,261 Lz.00)

:M((z—e,z)) +2/( ]M(dx)<583x»1(z,oo)>

< u((z—¢.2) +2u(R) : )pa(x)dx

< /L((z -, z)) + /L(R)«/gefle*gz/z‘s

<u(z—e2)+2u@®)s% " (4.34)

Recall that (X ," )1 + X ;7 ’2) (1) is constant and that in the time interval (ri", ri"+1) the process X n.2 changes values only at

in, hence, X,"’1 1+ X,"’z({ir]}) is constant in this time interval. We use (4.34) with ¢ = §'/% and z = i to derive the last
inequality in the following display formula on the event {r;7 < 00}

sup ZZX = —( inf (Xi;,';s, 1) — (X;;,n, 1))

5€[0,8] sel0,8A (] -] T
_ : inyln Ly
- _<S€[ inf (SPX 1) - (X 1))

0,6A(z/  —t)]

< (x;;,", 1) (s;"x;_;ﬁ, 1)

i_;,”((in — 514 in)) +2(X4 () + X3(1))s. (4.35)

i

<X
Hence, for § < §g := S/4(X(1)(1) + X%(l)), we have

P sup 7/, = &5 (Afs,) | =0. (4.36)
s€[0,8]

Assume that (F;);>o is the filtration generated by (X 1. X?). By the optional stopping theorem, we get that
(X iﬁv({i n})s=0 is a martingale with respect to the filtration (F,» )s>0. Hence, by Doob’s inequality, we have (on

n
the event {z;" < 0o})

2.0 ¢+
X' {inh) - o
P swp 7, 26| F] < L 4537)

<
s€10,5] TXH i +E T 2 EE T €
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where the last inequality holds if n < & /x5. Together with (4.33), we get

xan 81/8
Pl sup Z/ =8| A%, |P[ALse,] <22080°20 . (4.38)
sef0.8] & &
From (4.36) and (4.38) we get
. Tans!/8
P[ sup Z!! > g] < 22080 , (4.39)
sef0.8] £2
and the result follows by (4.32) (note that n Ln‘lj < % 32828 by assumption). O

Since X ({in}) < Xan < /5 (whence (€ — X "({ln}))z > 253;‘2 > 55 ) by our choice of n (on the event {r < o0}),

the f0110w1ng corollary is immediate.
Corollary 4.3. Forany £ € (0, 1) and all n < § < (§/[8max{1, 120X, 20x1, X (1) + X2(1)}])*, we have

T,81/8
P[ sup - sup 1 <OO}X (tim) >s] <5000022—. (4.40)
[y=115€[0,8] 3

,,,,,

Corollary 4.4. Forany & € (0, 1) and all n <§ < (§/[16 max{1, 120x3, 20X, (Xé(l) + X%(l))}])g, we have

Plsup sup X ({e0)) - X7 ({e]]) z ] < 10% 26106, (4.41)
t>0 s€[0,8]

Proof. Recall that rln =0 and define 7’ = oo. By splitting the interval [0, oc0) into intervals [ri'7

n
m=17+1 s Tig)s

i=1,...,[n" 1'|,Weget

Plsup sup (X ({¢],)) X7 (€)= ¢]

120 5€[0,8]
= P[ sup sup sup (X2 T({er}) — X,zn({ﬂn})) > S] <l + Dy, (4.42)
i=l,..., M relt, r" ) (r=8)A0=<r<r
where
I = P[ sup sup X2(fin) = g] (4.43)
..... M relr 7 +8+81/2)
and
L:=P|  sup sup  (XPM(lim) = X7 (i) = ¢ (4.44)

i=1,...[7" rely+8+812,7], )

rt.z_l—rin>3+81/2

By Corollary 4.3, we have the bound

f2(25)1/16 - 105}281/16
3 < .

I <50000 &2

(4.45)

For I, note that r — 8 — 8'/2 € (¢, 7/, ), hence

Ln _ oin yln
eré_Sal/ZXr 5—81/2

and thus

|x27 < [Xo@ + X3@]s—V4.
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Also note that for any z € R, we have
(S51(—00.2]> L[z.00)) < 82
Taking z = in, we infer using also the reflection principle
Xf”’({in}) - sz'—ns ({i”}) = Xrlﬁs(l) - <S§nxrl,_n§7 1)
= 2(S5X,5. Lin.co)
=2 X, ] o (S5 L—o0.ims Linocr)
< [xJ+ x5]s'* <&, (4.46)
The last inequality is due to the assumption on §. Hence, I, = 0. (]
From the above corollary, we immediately get

Corollary 4.5. Forany & > 0,

limlimsupP[sup sup X, (€], }) — X7 " ({e]}) = €] =o. (4.47)
810 0 >0 s€[0,8]

This implies that the limiting process X2 (if exists) does not have jumps up (and X' jumps down).
4.2. Tightess of (X7, X>") and ¢"

This section is devoted to the proof of tightness of (X%, X>) and £7. For the rest of this section, we fix an arbitrary
sequence (nk)k=1,2,... such that n; | 0. With some abuse of notation denote the corresponding processes by (X Lk x 2’k)
and ¢F and define (]'—,k)zzo as the filtration generated by (X Lk x2.ky,

Recall from (3.2) that

X7 dx) = XPH ({6 ])8, (dx) + 1 oo (0 X5  (d0). (4.48)
For simplicity, denote
v = X2 ({e)). (4.49)
In fact, we will show a bit more than tightness of (X177, X>). We are going to prove the following proposition.
Proposition 4.6. {(X', Y*, €%)}=1 is tight in Dy xr, i, . Moreover, (€X)i>1 is C-tight in Dr.

We prove Proposition 4.6 via a series of lemmas. We start with proving the C-tightness of (Zk)kzl by checking the
Aldous criterion of tightness.

Lemma 4.7 (Aldous criterion for {¢X} k>1). Let Tk )k>1 be an arbitrary sequence of finite (.7-"," )t>0-stopping times. Then
forany ¢ >0,

lirlim sup P[5 s — 5| =¢]=0. (4.50)

Moreover, (sup;~.q El;()kzo is a tight sequence of random variables.

Proof. By construction and Assumption 1.6, ¥ takes values in [0, 1 + n«], and thus tightness of (sup, g Ef ) is trivial.
Recall the definition of Wi”" in the lines preceding (3.21). The idea of the proof is the following. If Z’S‘ makes a quick
leap forward, then on the way it has to wake up many sleeping colonies of amounts Wl.'“‘ in a short time. This is very
unlikely, if one of the sleeping colonies is too large. On the other hand, it is unlikely that all the sleeping colonies that are
leapt over are small. By Proposition 3.9, we do have control of the sizes of sleeping colonies only in [a, 1 — a] (for any
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small a > 0) since we have control on the density of X (2) only away from the boundaries of the interval [0, 1]. This leads
to a small technical twist in the following argument. Fix an arbitrary & > 0. Then choose &’ € (0, ¢) arbitrarily small.
Define the events

. e/3 1—¢/3 2
Apee=1Vjie(|— |, : Wk > (e)7/9¢. 4.51
ke { J q nJ { o D o max W= ()7 } (4.51)

Note that for any interval I C [0, 1] of length at least ¢, for any k sufficiently large such that n; < £/6, there exists a j
such that jn € (¢/3,1 — &/3) and such that [ jng, jnr +¢&'/3]1 C 1.

Now let § > 0 and apply the observation with [ = [Z’;k, E’;k +5]. Hence, we have (using Lemma 4.2 in the second
inequality)

Pl — |z e Ao ] <P sup SH)PS]Xih]zH({iﬂk})_th];f({iﬂk})2(8/)2/9]
i=1,... [ ' s€l0.8] ’

1/8

X206 510
4.52
<C (4.52)
uniformly in k large enough. Note that in Proposition 3.9, by Assumption 1.6(ii, iii), we have
1
Ca=inflx, , 5:8 <a} > Einf{X(z)(x) :x€la/2,1 —a/2]} > 0.
Hence, by Proposition 3.9 (with a = ¢/3 and § = &’/3), there exists a ¢ = c(e, X(z)) > ( such that
PlA], ] <e /. (4.53)
Thus we get
%iﬁ)lliknlsolip Ple5, s —th|=e] <e/". (4.54)
Since ¢’ € (0, &) was arbitrarily small, we are done. O

Corollary 4.8. (¢X);~ is C-tight.

Proof. From the previous lemma and Theorem 6.8 in [20] we get that {Ek}kzl is tight in Dg. Moreover, we can easily
see that

sup ALk < "= 0. (4.55)
t>0
Hence, C-tightness follows by [11], Proposition VI.3.26. (Il

Now we will verify Aldous’ criterion for (Yk)kzl.

Lemma 4.9 (Aldous criterion for (Y*)). Ler (T% )ik>1 be an arbitrary sequence of finite F k_stopping times. Then for any
>0,

timiimsup P X2 (25, ) — X34 ({24 )) = €] =0 (456
0 1500

Moreover, (sup,zo X,z’k({ﬁf}))k:m,_._ is a tight sequence of random variables.
Proof. Since

(th,k’ 1)+(X,2’k, 1) =<X(1),k’ 1)+<X§’k, 1) forallt >0,
we get that

sup XX (1)) < (x5 1) + (X075 1), k=1,2,...

t>0

is tight.
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The main work is proving (4.56). By Corollary 4.4, we only have to show

limlimsup P[X5" , ({€4, ;1) — X3 ({4 }) < —e] =0. 4.57)
340 k>0

/ 2,k k
Note that §" — X?k-s-y({g?ua’

X;,;];S*_({ng}) > 0 jumps to X%’ﬁs* ({E’%k}) =0 for some 8* > 0 and then X> stays zero at Eék after time 7% + 8*.

Hence we have X%z‘;‘];S ({Z’%,ura}) > X%;{k({él%k}) unless there exists a 8’ € (0, §] such that X%}CI;S,({Z]%,{}) = 0 which in turn

implies X%kkJr s ({E]%k }) = 0. Hence, it is sufficient to show that

}) is nondecreasing as long as X>* does not jump down in which case we have that

limlim sup PIXZ ({4 )) = e X24({e ) = 0] =o0. (4.58)

k—o00

By the optional stopping theorem, Z; := X%;is({ﬂék}), s > 0, is a martingale. On the event Zy > ¢ it takes values in
{0} U [¢, 00). Hence, by Corollary 4.4, for any £ > 0 and for any § > O sufficiently small and for some constant C that is
independent of § and &, we have for all > 0 small enough

P[Zy>¢;Zs =01 <e 'E[(Zs — Zo) "] <& + /OOP[Z(; —Zo>¢&']dg
3

o
§
<&+4+10°8"19¢.
Letting first § — 0 and then & — 0, we get (4.58). ]
We need a simple tightness criterion for finite measures on R.

Lemma 4.10. A family F C M of finite measures on R is tight if

sup /(1 +x2),u(dx) < 00.
HEF

Proof. This is obvious. U
Lemma4.11. Letp(x) =1+ x2. For all t > 0, we have almost surely

(X + x75 0) < (X0 + X35 1+ ¢) < 0. (4.59)
In particular, for any T > 0, there is a compact set Kt C MF such that almost surely, X,l’k, th’k € Kr forallt €[0,T].

Proof. Let (v,) be a sequence in Ci(R) such that ¥, > 0, ¥, + ¢ and v, < 2 for all n. For example, let
Yn(x): =1+ xz)/(l + xz/n). By Lemma 3.5, we have

1 t
<X,1’k + th’k, I/fn> = <Xé’k + X(z)’k, I/fn) + 5 /0 (X;'k, Wz’)ds
1 t
<(Xé,k ){(Z),k’(i)) 5‘/0 <Xs1,k X?’k, wl;/)ds

t
< (X" + x5, 9) +/0 (x3F 4+ X2 1)ds

<(Xg" + x5, o)+ o(Xy " + X5 1).
By monotone convergence, we infer

(X1F 4 x2* ) = sug(X}”‘ + X7 ) < (X0 + X% 1 4 ).
ne

The second part of the claim follows by Lemma 4.10. ([
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The above lemmas almost immediately imply the tightness of (Y*, €¢) and of X>*:

Lemma 4.12.

(@) ((Y*, €5))=1 is tight in Dgo;
(b) (X>K)i= is tight in Dy,

Proof. (a) Note that fy — f and gy — g in D does not imply fx + gk — f + g or even (fi, g«) — (f, g) in Dpo.
Some additional condition is needed. We know that (¢X) is C-tight in Dg. So by [11], Corollary VI1.3.33, to get the result,
it is enough to show tightness of (Yx) in Dr. Since, by construction,

vF <(x}* 1)+ (x2*1) <00 forall >0,

the compact containment condition for (Y k )i>1 1s fulfilled. Now, Aldous’ criterion for (Y k )k>1 1s satisfied by Lemma 4.9,
and thus the result follows.
(b) Since

(th’k, 1) < (Xé’k, 1) + (X(z)’k, 1) <oo forallt >0,
(X?’k)kzl is a tight sequence of measures on the compact [0, 1 + max n]. (In fact, the support of th’k is contained in

[0, nx T "1 C 10, 1+ i)
By (4.48), for any ¢ € C.(R), we have

X7 () = vFo () + / ¢ ()Xo (dx). (4.60)

(£f,00)
By tightness of ((Y*, Zk))kzl in Dp> (with (Zk)kzl being C-tight) and by the very definition of X%’k, we get that

(X)) 4.61)

is tight in D for any ¢ € C.(R). Thus the result follows by Jakubowski’s criterion of tightness of measure-valued
processes (see [2], Theorem 3.6.4, or [12]). O

Proof of Proposition 4.6. Now let us show that (Xl'k)kzl is tight in Djy,.. By Lemma 4.12(b), we have that (Xz*k)kzl
is tight in Dyy,.. Therefore, from (3.13), we obtain that for any ¢ € CZ (R), (M (¢p))r>1 is tight in Dg. Since

X < x )+ x2(1) <oo forallr >0,

and ||¢” || < 00 we get that

t
<t - f <xg-rk, 1¢”>ds>
0 2 k=1

is uniformly Lipschitz continuous and is hence C-tight. This, (3.12) and Corollary VI1.3.33 in [11] imply that (X "% (¢))=>1
is tight in Dg. Again, Jakubowski’s criterion gives tightness of (X ')z in Dyy,.
Let us check that for any ¢ € C7(R)
(x"K(¢)+¥*),_, istightin Dg; (4.62)
(x"K(¢)+£4),., istightin Dg. (4.63)

Note that (X 1'% (¢))x>1 is tight in Dg, and (¢X);1 is C-tight in Dg. Thus, by Corollary V1.3.33 in [11], (4.63) follows.
Now use Corollary 3.4 to get

t
XM @)+ Yf = X" (@) + X5 (o0, £67) + /O <X§”‘, %¢//>ds

t
+// 2(p(€5) — 1) MK (s, d2). (4.64)
0 J[0,00)
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By tightness of (X (¢));>1 in Dg, C-tightness of (¢¥);= and by the definition of Xg‘k, we get that
1k 2.k k Norx 1,
Xo (@) + X" (o0, 1) + | (X5, 5¢" )ds
0

is C-tight. Tightness of (X' (¢))i>1 (for any ¢ € Cg(R)) immediately implies tightness of the processes

t
m—>// 29 (5 ) MK (ds, dz)
0 J[0,00)

for any ¢ € C,f (R); in particular it gives tightness of

t
IH// z2(o(€5) — 1) MK (s, d2).
0 J[0,00)

Again use Corollary V1.3.33 in [11] to get (4.62).
Now use Lemma 4.12, tightness of (X Lk)kzl, (4.62), (4.63) and a simple adaptation of Problem 22 in Chapter 3 from
[6], to derive the result. O

5. Martingale problem for limit points, proof of Theorem 1.7

In the Section 4 we proved tightness of ((X Lk yk gk ))i>1- In this section, we show that the semimartingale characteris-
tics converge (along a suitable subsequence 7y | 0). We proceed by checking the conditions of Theorem 1X.2.4 of [11].
We start by proving some preparatory lemmas in Section 5.1 and then finish the proof of Theorem 1.7 in Section 5.2.

5.1. Preparations

Let (Xl, Y, £) be a process whose law is an arbitrary limit point of the subsequence (X]’k, Yk, Zk)k:mw. Then there
exists a subsequence ((X Lk ykm ka))mz 1 which converges in law to (X 1y, 0). To simplify notation we will continue
to denote that subsequence by ((X Lk yk ¢k ))i>1. Moreover, by Skorohod’s theorem, we may (and will) assume that the
convergence of ((X Lk yk, Zk))kz1 to (X', ¥, ¢) holds a.s. We will prove some helpful lemmas first.

When at time ¢, we have an atom of X ,2 at the point ¢,, then this atom has started growing out of an infinitesimal mass
of X,2 at £, at some time 7(f) < . Furthermore, at some time o (f) > ¢ the atom at £, will collapse. Between 7(¢) and
o (t), the dormant frogs at £, grow. Our aim is to describe the behaviour of our process by a decomposition of the time
axis into intervals where the atom at £, grows. These intervals may be very short and hence may be infinitely many (but
countably many). Just as Brownian motion can be decomposed into excursions from 0, we try a similar procedure here
for the frog model. We formalize this by the following definitions. Define

T(t)=sup{s <t:Y; =0} and o(t)=inf{s >t:Y,; =0). (5.1
Lemma 5.1. P-a.s. for any t > 0 such that Y; > 0, we have

XMy =87 ) Xy (1) forall's € (), 0 (1). (5.2)

Proof. Note that (Y,k - X %({Ef M=o is a sequence of processes which have no jumps up and which are hence lower

semicontinuous. Furthermore, (Y,k — X%({Zf}))eo and Y* differ in supremum norm by at most X7 ki)f 0. Hence, Y is
the Dg-limit of lower semicontinuous processes and is hence also lower semicontinuous.

Fix an arbitrary ¢ > 0 such that ¥; > 0. As Y is lower semicontinuous, we have o (¢) <t < 7(¢).

Let 6 € (0, (o(t) — t(¢))/2). Then Y; > O for all s € [t(t) 4+ §/2,0(t) — §/2]. Since Y is lower semicontinuous, we
infer

&= inf Y, >0
selt(t)+8/2,0(t)—5/2)
Hence,
lim sup inf Ysk >e>0.

k—o0o SE[T()+68,0(1)—5]
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Note that Yxk <xpn if AE’; > 0. Hence, Z’; is constant on [7(¢) + 8, o () — 8] if k is large enough such that Xnx < /2
and infye[r(1)+5.0()—s) YX > &/2. Hence, for those k, we have

k
XMk =S

e Xei s () fors e (T(t) +8,0(1) ). (5.3)

By passing to the limit (and using uniform convergence of 2% to ¢ and of X'¥ to X! on compacts of (t(¢), o (t))) we get
)

X300 =8," 0y Xnty1s(X)  fors € (x(@) +8,0() = 9). (5.4)

By letting § | 0, we are done. (]

As an immediate consequence of Lemma 5.1 we get the following corollary.

Corollary 5.2. P-a.s. forany ¢ > 0,

1 1,k k— o0 1
Lyioe 500X () = 1z 500X ({6}) foratte=0.
Moreover, if t(t) = sup{s <t:Y; =0}, then, P-a.s. for any ¢ > 0,

12
Lyze) X! () =1{r,2)S, () X1y X) forall x €R,1>0. (5.5

Also, P-a.s. for any ¢ > 0,

t
1
l{yrzg}Y, = I{Y,Zé‘} /() Eangl({ég})ds for allt >0, (5.6)
114G
or equivalently
1
1,000, Y = 1{Y,>0}58§X} ({e,}) foralit=o0, (5.7)

From (1.23) and by construction we have

102y 1.k rok
305X, (6D
I(Xf):WTtl{yfw} fort > 0. (5.8)

t

Lemma 5.3. Let G(x) = le(_l,l)(x). Then there is a subsequence of (ni) which we also denote by (ni), such that
P-a.s., forall T >0,

t t
f 1(X§_)G(—Y;<_)ds—>/ I (Xs_)G(=Ys_)ds ask— oo, (5.9)
0 0
uniformly on t € [0, T].

Proof. Recall that

ot =inf{r: €f =ine}
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and note that 7f =0 a.s. Note that by (1.20), we have 302X} ((in}) = 8, X7 ({in}) for s € (zf,f,,) and hence
192X 1K ({eky) = a,Y%. We have

t t 1
/Ol(xf,)c(—Yf,)dP/O SOXE (e DYy gy ds
’:-l lAl 1

_BZX ({E?_})Yk 1{O<Yk <1}d

k
Y 1{O<Yk <1}d

? /

n,jle, 11
3 5(«@ P A1) = (G )’ )
i—1 i+1
1
+ 5(((Y,k_)2 AT) = (X2F([e5))? A 1)). (5.10)
Note that
e ef -1 M .
XFAEN + Y xFling)’ < Y @am? <2mm =2 o. (5.11)
i=1 i=1
Also note that
[(AYE) A1) = (Y5 )2 An)| =2k X3 ({nG + D)) + Xg* ({nG + D))* <2mam¥s_ +%20f. (5.12)
Recall that P[Yk > x| tl.kH <o) = Xé’k({ink})/(X(z)’k({ink}) + x) for x > 0. Hence
l+1
X5 (i) Xy Xy
P[Yk;+1—1{1<'1kllk 1y~ ] 3 = = )

X im) +x T Xametx T x

and

/\

“imeh)
E[(YY, AK) _f 0 d
[( ko ) {i<n;'ek—1) O ({lnk}) +x *

S/ XMk
X2Mk +x
=Xk (log(K + X2mi) — log(X2mp)).

Note that Kf < sup supp X(Z)’k < 2. Hence, for any ¢ > 0 and K > 0, we have

N n
P|: Z nka_k_ > e:| < P[ max . Yf_k_ > K] +8_1E|: Z nk(Yf_k_ A K):|
i=1 ! i=1,.., nk_ Zt ! i=1 !

< 2%2/K + 2ne ' %2 (log(K + %ami) + |log(Xame) ).

By letting first k — oo and then K — oo, we get

1
Mk K
hmsupP|: Z 77kY h_ > s:| =0 uniformlyin¢ >0 (5.13)

k— 00 i1
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and hence
m
limsupP| > [((AY% VA1) = (Y& )*Al1)|>e|=0 uniformlyins=>0. (5.14)
k—s 00 P Tit1 Tit1—

Combining (5.10), (5.11) and (5.14), we get uniformly in ¢ > 0

t
limsupP|: / I(XE)G(—vE)ds - %(( > (arh?a 1) + (Y1) A 1)) > e}
k=00 0 s<t:AYF#£0
p | e
=limsupP|: / I(XF)G(-YE)ds - —<< S (ark )P a 1) + (Y)Y A 1) > s} =0. (5.15)
k=00 0 2\\ 5 Tl

On the other hand define for the limiting process the sequence of time intervals (tiY oiY) such that
YT[y =0,
AYUiy = —Yaiy_,
Y; >0 forallte (‘L’iy, UiY).
Note that there is at most a countable number of such intervals since all the intervals have positive lengths. We may call

these intervals excursion intervals of Y. For simplicity, we order these intervals in a way that

Y Y Y _ Y ;
041 — Ty <o; —t1; foralli>1.

By Corollary 5.2, we know that
1 2yl
5axxs({zs})zasys, (5.16)

for any s such that Yy > 0. Hence, we get

t t

1

f [(Xs2)G(=Y,_)ds = / S X ({6 Yo No<r, <nds
0 0

Y

% 1
= > / S0RXL ({6, )oYy, _<nyds

. T;
lZlIUiy<l !

r
+ / ~2X! ({6, N)Ye_ljoy,_ <1y ds
() 2

oY
= 2 / (3 Ys)Ys—Ljo<y,_<1yds
i>lio) <t fi

t
+ (axysf)stl{0<Ys_<l}ds
(1)

1

ZE(( Z (AYS)Z/\1>+((Y,_)2/\1)). (5.17)
s<t:AYs#0

Note that by the properties of the Skorohod topology

> (@v)’an)<liminf Y7 ((A¥H) A1)

s<t:|AYs|>e s<t:|AYK|>e

<timsup Y (AY)Pal< Y (Ar)2al). (5.18)

k—o00
- s<t:|AYK|>e s<t:|AY|>e
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Note that, using the explicit distribution of Y K given rk+ | <00, we get (for k large enough such that X217 < ¢)
t+|

2 2 —
E[(AY ) 1{|AY" j<e} | tfe1 < 0o] <E[(Y; ) Liye <o Tl < 00] < 4ncae.

il i+ Tkl

This shows that (uniformly in # > 0)

limsupE|: 3 (AYSk)Z]SSYZS. (5.19)

k=00 s<t:0<|AYK|<e

Putting together (5.15), (5.17), (5.18) and (5.19), and passing to a suitable subsequence of (1x) if needed, we get the claim
of the lemma. u

Lemma 54. Let H € R — Ry be a bounded continuous function with compact support and such that H equals 0 in
some neighbourhood of 0. Then, P-a.s., forall T > 0,

t t
/ 1(X*)H(-YE)as "1’?/ I(Xs_)H(=Ys_)ds (5.20)
0 0
uniformly on t € [0, T].

Proof. The proof of this lemma goes along the lines of the proof of Lemma 5.3 and it is in fact even simpler. We omit
the details. 0

5.2. Convergence of functionals
Recall that (Xl, Y, £) is the almost sure limit of the subsequence ((Xl’k, Yk, Ek))kzl in Dy xrxR. Let us assume that

the subsequence (%) is chosen such that also the claims of Lemmas 5.3 and 5.4 hold.
With a slight abuse of notation let N’ ﬁ denote a family of point processes on R; x R related to the jumps

(AXSZ’k)({E]S‘_}). Recall that this family introduced in (3.6) was related to the jumps (AXE’”)({EZ_}) (see (3.5)) and
was denoted by AV}!. That is,

k —
NR@td2) =) 12k o8 ax2hyqep (@1 d2). (5.21)
N

Let N %/ be the corresponding compensator measure and let MK = =Njx k Nﬁ’/. Furthermore define Na, Ny, Ma
similarly but with Y replaced by Y.
Recall from Corollary 3.4 that (X%, Y*, ¢¥) is a solution to the following system of equations: for any ¢ € CZ (R)

(X}, )= (x4, 0) + / <X1 k —¢”>d +/ / M- (ds. dz), (5.22)
0, oo)
= X2 ((—o0, €51 / / MK (ds, dz). (5.23)
0,00)
In fact, by the very defintion of X(l)’k and Xé‘k, we have Xé’k = Xé and Xé‘k((—oo, in]) = X?((—o00, in)]) for all i € Ny,

hence Xo™* ((—oo, €¥]) = X2 ((—00, €5)).
By Lemma 3.1, we have

Nk '(dt, B) = 13\(0) ( )I(Xk )dt for B C Ry measurable. (5.24)

Lemma 5.5. (X!, Y, ¢) is a weak solution to the following system of equations: for any ¢ € C,f ®)

(X!, ¢)=(X}. ¢)+ /< —¢”>ds+/ /[0 ) _)Ma(ds, dz), (5.25)

Y,:X%((—oo,ﬂt])—/ / Ma(ds, dz), (5.26)
0 J[0,00)



Infinite rate symbiotic branching on the real line: The tired frogs model 881
where
Ma =Na =Ny, (5.27)

and N'a is the point process on Ry x R with the compensator process

NA(dt, B) =1p\0)(Y;-)I(X;)dt  for B C [0, 00) measurable. (5.28)
Moreover,
supp(th) C (—00,¢,] forallt >0 such that th(l) > 0. (5.29)

Proof. Clearly the point processes N 2 (dt, dz) and corresponding compensator processes and martingale measures could

be extended to the processes on R x R while giving zero mass to Ry x (R_\ {0}), that s, J\/'g (dt, B) = Ng’/(dt, B) =0,
for all B C (R_ \ {0}). We will use this trivial extension throughout the proof.
First note that (5.29) is obvious. Now we will derive (5.26). Note that

Y (@axZH (o0, £41))* =50 (5.30)

s<t

since the left-hand side of (5.30) is bounded by

M

. 2 k
> X (lim)” < Tame X3 (1) =50,
i=1

Hence, by Theorem 1X.2.4 of [11], it is enough to check that

t t
<Y,k,X§((—oo,e§<]),/ ng*’(ds,dz)G(z)> o (Yt,xg((—oo,ﬂ,]),/ ng(ds,dz)G(z)) (5.31)
0 JR 0 JR

t>0 t>0

in Dg, xR, xR for

(i) each continuous G € C;(R) which is 0 in some neighbourhood of 0 and

(ii) for some bounded and compactly supported function G : R — R that fulfills G(x) = x? in some neighbourhood of 0.
(In the notation of [11], this G is h2, where h is the truncation function used in 1X.2.2 to define their C and which is
defined in I1.2.3.)

k— 00

Using that (X Lk yk Ek) —5 (X1, 7, ¢) almost surely, we will derive that in fact the convergence (5.31) holds a.s. on
that probability space.
Note that by (5.24), for G satisfying either (i) or (ii), we have

/ G(NY'(dt,dz) = 1(XF )G (YK ) dr. (5.32)
R
Similarly, by (5.28), for G satisfying either (i) or (ii), we have

/ G()N\(dt,dz) = 1(X,-)G(Y,-)dt. (5.33)
R

Now the a.s. convergence of f(; fR Nz’/(ds, dz)G(z) follows from Lemmas 5.3 and 5.4. Recall that the convergence in
these lemmas is uniform on compact time intervals and the limiting integrals are clearly continuous functions of 7. In other
words, the third entry on the left-hand side of (5.31) is C-tight. Similarly, we get C-tightness and uniform convergence
of (Xé’k((—oo, Ef])),zo = (X(z)((—oo, Zf])),zo from C-tightness of (Zf)[zo and the fact that X% has a density.

By Corollary V1.3.33 in [11], this together with the convergence of (Yk, Xé'k((—oo, Ef])), k > 1, implies “joint” con-
vergence in (5.31). It is also straightforward to see from our construction that M (ds, B) = N\ (dt, B) = Na(dt, B) =0
for any B C R_. Hence, we get (5.26).
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Now let us show (5.25). Using the above proof it is easy to get that for any G € Cp(R) such that G(x) =0 in a
neighbourhood of zero,

/ / )GRME (ds, dz) =S / f ¢ (€,_)G(2)Ma(ds, dz) (5.34)
[0, oo) [0, oo)

uniformly in # on compacts. In fact, there are only finitely many jumps of size |z| > € in any compact time interval
and both the sizes and the positions converge due to the properties of convergence of Y* in the Skorohod space. The
compensator of these large jumps converges almost surely by Lemma 5.4. Finally, we show that the martingale measure
of the small jumps vanishes in L? as ¢ — 0 uniformly in k. This gives the desired almost sure convergence after passing
to a subsequence of (1) which we also denote by (7).

In order to bound the small jumps in L2, we use that by the Burkholder—Davis—Gundy inequality, we have, for any

T >0,
2
[sup(/ / 1{‘Z|<8 "A(ds,dz)) ]+E[sup</ / ES 1{‘Z|<8 Ma(ds, dz)) ]
t<T [0, oo) t<T [0, oo)
sC||¢||§OE[ / / z21{|z|§e}/v§“<ds,dz)} +C||¢||§OE( / / z21{|z§gwg<ds,dz))
0 [0,00) 0 [0,00)

Arguing as in the proof of Lemma 5.3, derivation of (5.19), the right hand side is bounded by
Cllp 572

This finishes the proof. 0

Recall the Poisson point process N and the corresponding martingale measure M that were introduced in (1.8) and
(1.9). Now we are ready to state the proposition that will help finishing the proof of Theorem 1.7.

Proposition 5.6. Any limiting point (X', Y, £) of {(X"¥, Y¥, Ek)}kzl is a weak solution to the following system of equa-
tions: for any ¢ € Cg(R),

(X!, ¢)=(X}. ¢)+ /< —¢”>d +/ /[0 : s 0.1 x, ) (@M(ds, da), (5.35)
Y, = XO(( 0, K —/ /0 )YS,1|0,1(XS_)](a)M(ds,da). (5.36)

In addition, we have
¢, =inf{x : X}((—00,x]) > 0} A 1
Proof. The proof of this proposition is rather standard and follows line by line the proof of Lemma 3.5. ]
Proof of Theorem 1.7. We define
X7 :=Yi8e, + Lie, 00 X3
This is consistent with (recall (3.4))
2 k

X = Y Sek + I(Zk

With this definition, X?2 is clearly a continuous functional of ¢ and Y and is hence the limit of X 2k as k — oo.
By Proposition 5.6, the process (X 1. X2) is a weak solution to (1.24), and thus the proof of Theorem 1.7 is finished. [J
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