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Abstract. In this paper, we are interested in the following problem: find a curve f minimizing the quantity E[min,¢[o, 17 | X — f(¢) 121,
where X is a random variable, under a length constraint. This question is known in the probability and statistical learning context as
length-constrained principal curves optimization, as introduced in (IEEE Trans. Pattern Anal. Mach. Intell. 22 (2000) 281-297), and it
also corresponds to a version of the “average-distance problem” studied in the calculus of variation and shape optimization community
(Ann. Sc. Norm. Super. Pisa CIL. Sci. II (4) (2003) 631-678; Progr. Nonlinear Differential Equations Appl. 51 (2002) 41-65).

We investigate the theoretical properties satisfied by a principal curve f : [0, 1] — R4 with length at most L, associated to a
probability distribution with second-order moment. We suppose that the probability distribution is not supported on the image of a
curve with length L. Studying open as well as closed optimal curves, we show that they have finite curvature. We also derive an Euler—
Lagrange equation. This equation is then used to show that a length-constrained principal curve in two dimensions has no multiple
point. Finally, some examples of optimal curves are presented.

Résumé. Dans cet article, nous nous intéressons au probléme suivant : étant donné une variable aléatoire X, trouver une courbe f
minimisant la quantité E[min,¢[o 1] | X — f(?) ||2], sous contrainte de longueur. Dans le contexte des probabilités et de I’apprentissage
statistique, cette question est connue sous le nom d’optimisation de courbes principales avec contrainte de longueur, selon la définition
introduite dans (/EEE Trans. Pattern Anal. Mach. Intell. 22 (2000) 281-297) ; elle correspond également a une version du « probleme
de distance moyenne » étudié dans la communauté de calcul des variations et d’optimisation de formes (Ann. Sc. Norm. Super. Pisa CL
Sci. 11 (4) (2003) 631-678 ; Progr. Nonlinear Differential Equations Appl. 51 (2002) 41-65).

Nous étudions les propriétés théoriques vérifiées par une courbe principale f : [0, 1] — R4 de longueur au plus L, associée a une
loi de probabilité ayant un moment d’ordre deux. Nous faisons I’hypothése que la loi de probabilité n’est pas a support dans I’'image
d’une courbe de longueur L. Etudiant des courbes optimales ouvertes ou fermées, nous montrons qu’elles ont une courbure finie.
Nous obtenons également une équation d’Euler-Lagrange. Cette équation est ensuite utilisée pour montrer qu’une courbe principale
de longueur contrainte en dimension deux n’a pas de point multiple. Enfin, nous présentons quelques exemples de courbes optimales.

MSC: Primary 60E99; secondary 35B38; 49Q10; 49Q20
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1. Introduction
1.1. Context of the problem and motivation
We focus on the problem:
find a curve f : [0, 1] —> RY minimizing the quantity
E[d(X,Im f)*] =/d(x,1mf)2du(x), (1

over all curves with length L( f), such that L(f) < L.
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Fig. 1. Two examples of principal curves with length constraint: (a) Uniform distribution over the square [0, 112. (b) Standard Gaussian distribution.

Here, d(-, -) is the Euclidean distance from a point to a set, Im f is the image of f, and X is some random vector with
distribution p, taking its values in R?. As an illustration, two examples of length-constrained principal curves, fitted via
a stochastic gradient descent algorithm, are presented in 1. This corresponds to principal curves with length constraint,
as described in [27]. These authors show that there exists indeed a minimizer whenever X is square integrable. Observe
that such a length constraint makes perfectly sense in the empirical case, that is in the statistical framework, when the
random vector is replaced by a data cloud. Indeed, from a practical point of view, it is essential to appropriately tune some
parameter reflecting the complexity of the curve, in order to achieve a trade-off between a curve passing through all data
points and a too rough one. The parameter selection issue was addressed in this statistical context for instance in [4,19]
and [22].

Originally, principal curves were introduced in [23], with a different definition, based on the so-called self-consistency
property. In this point of view, a curve f is said to be self-consistent for a random vector X with finite second moment if
it satisfies:

ftrO)=E[X|1p(X)] as.,
where the projection index #7 is given by

tr(x) = max argtmin”x —f(@® ||

The self-consistency property may be interpreted as follows: each point on the curve is the average of the mass of the
probability distribution projecting there (for more details about the notion of self-consistency, see [40]). Some regularity
assumptions are made in addition: the principal curve is required to be smooth (C), it does not intersect itself, and
has finite length inside any ball in R?. The existence of principal curves designed according to this definition cannot be
proved in general (see [14,15] for results obtained in the case of some particular distributions in two dimensions), which
is the main motivation for the least-square minimization definition proposed in [27].

Note that several other principal curve definitions, as well as algorithms, were proposed in the literature [12,16,22,
34,38,41,42]. Note also that principal curves, in their empirical version, have many applications in various areas (see for
example [20,23] for applications in physics, [26,37] in character and speech recognition, [3,5,16,17,39] in mapping and
geology, [10,11,16] in natural sciences, [9] in pharmacology, and [13,43] in medicine, for the study of cardiovascular
disease or cancer).

1.2. Description of our results
In this paper, we consider general distributions, assuming only that X has a second order moment, and search for a curve

which is optimal for problem (1). We deal with open curves (with endpoints), as well as closed curves (f(0) = f(1)).
Throughout, we will assume that the length-constraint is effective, that is the support of X is not the image of a curve
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with length less than or equal to L. In this context, we prove that a minimizing curve cannot be self-consistent. We
also show that, for an optimal curve, the set of points with several different projections of the curve, called ridge set in
studies about the “average-distance problem” (see Section 1.3), or ambiguity points in the principal curves literature, is
negligible for the distribution of X. Then, we establish that an optimal curve is right- and left-differentiable everywhere
and has bounded curvature. Moreover, we obtain a first order Euler—Lagrange equation: we show that there exist A > 0
and a random variable f taking its values in [0, 1] such that | X — f(#)|| =d(X,Im f) a.s. and

E[X — f()IF = t]my(dr) = 3" (d1), @

where m; stands for the distribution of 7. To obtain that A # 0, we use the fact that an optimal curve is not self-consistent.
Formula (2) allows us to propose in dimension d = 2 a proof of the injectivity of an open principal curve as well as of a
closed principal curve restricted to [0, 1).

1.3. Comparison with previous results

Our framework is related to the constrained problem:

minimize / d(x, )P du(x) over compact connected sets X such that #H! (2)<L. 3)
R4

Here, H¢ denotes ¢-dimensional Hausdorff measure. A connected question is the minimization of the penalized version
of the criterion:

/Rdd(x, P du(x) + A1 (D). )

This issue, called in the calculus of variations and shape optimization community ‘“average-distance problem” or,
for p = 1, “irrigation problem”, has been introduced in [7,8] (see also the survey [29], and the references therein).
Considering a compactly supported distribution, the penalized form is studied for connected sets, with p = 1, in [30], and
for curves, with p > 1, in [31]. In the first article, the authors prove that a minimizer is a tree made of a finite union of
curves with finite length, and they provide a bound on the total curvature of these curves. In the second one, they show
existence of a curve minimizing the penalized criterion

/Rdd(x,lmf)pdﬂ(X)+A£(f). ®)

They give a bound on the curvature of the minimizer, and prove that, in two dimensions, if p > 2 or the distribution p has
a bounded density with respect to Lebesgue measure, a minimizing curve is injective.

For the penalized irrigation problem (4), under the assumption that the distribution p, with compact support, does
not charge the sets that have finite /¢~! measure, which is true for instance if it has a density with respect to Lebesgue
measure, an Euler—Lagrange equation is obtained for p = 1 in [6], whereas [28] uses arguments involving endpoints to
derive one in the case of the constrained version (3), in R?, under the same assumption on j. This assumption implies
that X is almost surely different from its projection on the curve, which is required for differentiability when p = 1, and,
moreover, it is used to ensure negligibility of the ridge set.

For the constrained problem (3), if X* denotes a minimizer and fRd d(x,X)Pdu(x) > 0, it is shown in [35] that
H1 (X*) = L. A similar result in our context is stated in Corollary 3.1 below.

Another related setting is the “lazy travelling salesman problem” of [36]: in R?, taking for s« an empirical distribution
and considering closed curves, the authors study the penalized problem (5) for p = 2 (with AL(f) replaced by ALE(f)).
They show that for A large enough, the problem is reduced to a convex optimization.

Recall that we study in this manuscript the constrained problem (1), for open or closed curves. In our context, the
distribution of X is not required to be compactly supported, and we do not need to assume that u does not charge the
sets with finite ¢~ measure to derive an Euler-Lagrange equation. Indeed, our proof does not rely on the fact that the
ridge set is negligible. Besides, we prove that ambiguity points are actually negligible, which implies in particular that,
for a given optimal curve, the Lagrange multiplier A in equation (2) only depends on the curve f. We decided to focus
on the case p = 2 for which we can state the more complete results. In particular, we are only able to show the default of
self-consistency of an optimal curve when p = 2. As already mentioned, this is a key point to get the main result. Observe
that it would be interesting to define a counterpart of the default of self-consistency when considering other values of p.
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1.4. Organization of the paper

Our document is organized as follows. Section 2 introduces relevant notation and recalls some basic facts about length-
constrained principal curves. In Section 3, negligibility of ambiguity points is given in Proposition 3.1, and the main result
is stated in his complete form in Theorem 3.1.

Injectivity results are presented in 4. Finally, we give in Section 5 explicit examples of optimal curves.

2. Definitions and notation

For d > 1, the space R¢ is equipped with the standard Euclidean norm, denoted by || - ||. The associated inner product
between two elements  and v is denoted by (i, v). Let 7! denotes the 1-dimensional Hausdorff measure in R?.

Forx e R, A C RY, let d(x, A) =infye4 [|x — y|| denote the distance from point x to set A. For r > 0, let B(x, r) and
B(x, r) denote, respectively, the open and the closed balls with center x and radius r. Also, let 9 A stand for the boundary
of A, Card(A) for its cardinality, and diam(A) = sup, ,c, [lx — y|| for its diameter.

For every x € R4, let x/ be its jth component, for j =1,...,d, thatis x = (xl, ... ,xd). For every x = (xl, .. ,xd) €
RY, we set || x[|oo = maxj<j<q |x/|.

Let (2, F, P) be a probability space and X a random vector on (€2, F, IP) with values in R4, such that E[|| X ||2] < oo.
‘We will consider curves, that are continuous functions

f:10,11— R
te (Lo, ..., ).

For such a curve f: [0, 1] — R4, let L( f) €10, oo] denote its length, defined by

L(f)=sup Y | f@) — -], 6)

i=1

where the supremum is taken over all possible subdivisions 0 =1y <--- <t, =1,n > 1 (see, e.g., [1]). Let Im f denote
the image of f.
Let

A(f) =E[d(X,Im f)?],
and, for L >0,
G(L)=min{A(f), f €CL},
where, in the sequel, C; will denote either one of the following sets of curves:
{felo,11->RY, £(f) <L},
{fel0. 11> R L(f) <L, £(0) = f(D}.

Curves belonging to the latter set are closed curves. Note that G is well-defined. Indeed, the existence of an open curve
f with L(f) < L achieving the infimum of the criterion A(f) is shown in [27], and the same proof applies for closed
curves.

It will be useful to rewrite G(L), for every L > 0, as the minimum of the quantity

E[IX - XI°]
over all possible random vectors X taking their values in the image Im f of a curve f € Cy.

Remark 1. If f:[0,1] — R? is Lipschitz with constant L, its length is at most L. This follows directly from the
definition of the length (6). Conversely, if the curve f : [0, 1] — R4 has length L( f) < L, then there exists a curve with
the same image which is Lipschitz with constant L. Indeed, a curve with finite length may be parameterized by arc-length
(1-Lipschitz) (see, e.g., [1, Theorem 2.1.4]).



2112 S. Delattre and A. Fischer

Remark 2. Let L > 0. Suppose that X satisfies G(L) = E[lX — }A(]||2]. Writing

E[IX — X1 =E[| X — X — E[X — X1|*] + | ELX] - ELX]],
we see that, necessarily,
E[X]=E[X], @)

since, otherwise, the criterion could be made strictly smaller by replacing X by the translated variable X +E[X]-E[X],
which contradicts the optimality of X.

Observe that (7) remains true in a more general setting, as soon as the constraint corresponds to a quantity invariant by
translation.

3. Main results and proofs
3.1. Negligibility of the ridge set
Givenacurve f:[0, 1] — RY, consider the set
Prx)= {y elm f, ||x — y|l =d(x,Imf)} = B(x,d(x,lmf)) NIm f.

If P (x) has cardinality at least 2, x is called an ambiguity point in the principal curves literature (see [23]). Properties
of the set of such points, named ridge set in the shape optimization community, have been studied for instance in [32].
In particular, the ridge set is measurable. Using property (7), it may be shown that the ridge set of an optimal curve
for X is negligible for the distribution of X. Section 3.3 below presents the proof of this result, as well as the proof of
measurability, provided for the sake of completeness.

Proposition 3.1. Let f € Cy be an optimal curve for X (A(f) = G(L)).

1. The set Ay ={x e R, Card(Py(x)) > 2} of ambiguity points is measurable.
2. The set Ay is negligible for the distribution of X .

Remark 3. The fact that the ridge set is negligible for the distribution of X may be extended to the context of computing
optimal trees under ! constraint. Indeed, the result relies on property (7), and ! measure is translation invariant.

3.2. Main theorem and comments

Recall that a signed measure on (€2, F) is a function m : F — R such that m(&) = 0 and m is o-additive, that is
m(Uk21 Ap) = Zkzl m(Ay) for any sequence (Ay)x>1 of pairwise disjoint sets. For an R4-valued signed measure m on
[0, 1], that is m = (ml, e md), where each m/ is a signed measure, and for g : [0, 1] — R4 a measurable function, we
will use the following notation: [(g(r), m(dt)) = Z?:l [ g’ (tym’ (dr).

~ ANprgbability space (fz, F , E") will be called an extension of (2, F, P) if there exists a random vector X defined on
(2, F,P), with the same distribution @ as X. For simplicity, we still denote this random vector by X throughout the
paper.
Theorem 3.1. Let L > 0 such that G(L) > 0 and let f € Cp such that A(f) = G(L). Then, L(f) = L. Assuming that f
is L-Lipschitz, we obtain that

o f is right-differentiable on [0, 1), || f/ ()| = L forall t € [0, 1),
e [ is left-differentiable on (0, 1], ||fé(t)|| =L forallt € (0, 1],

and there exists a unique signed measure f" on [0, 1] (with values in R?) such that

o fI((s.1]) = fL(t) — fl(s) forall0<s <t <1,
e £7([0,1]) =0.

In the case Cp, ={f : [0, 1] — R4, L(f) <L}, we also have

o f7({0) = £/(0),
o 11D =—f{(D).
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~ Moreover, there exists a unique ). > 0 and, there exists a random variable f with values in [0, 1], defined on an extension
(2, F,P) of the probability space (2, F,P), such that

o |[X— f(H)l=d(X,Imf) a.s.,
e for every bounded Borel function g : [0,1] — R?,

E[(X - /(). g®)] = 2 /[0 (& ") ®)

Remark 4. Let m;x denote the conditional distribution of f given X. Then, equation (8) can be written in the following
form:

/ / (x—f(t),g(l))mﬂx(x,dt)dM(X)=—/\/ (g, f"(dn)).
R4 J[0,1] [0.1]

Remark 5. Whenever the function g is absolutely continuous, an integration by parts (see for instance [24, Theo-
rem 21.67 & Remarks 21.68]) shows that equation (8) may also be written

1
E[{X — f(®),8®D)] =4 fo (g'®). fi®)dt. ©
To see this, let us write

£7(10. 11)g (1) = £”(10))(0) + /( 80" an)+ /( @0 s1)as

Since f”([0, 1]) = 0, we have
02/ (8(f),f//(df)>+/ (8/(3)’fr/(s)>dS,
[0,1] ,1]

which, combined with (8), implies the announced formula (9).

Remark 6. If the curve f has an angle at 7, which means that f;/(t) # f;(t), we see that
E[(X = fD)Li—y] = =2f"({1}) = 2(f,(O) = [} (D) #0.

So, at an angle, P(f =1¢) > 0.
Besides, when C;, ={f : [0, 1] — RY, L(f) <L}, we have

E[(X = fD)1—)] = —=2f"({0}) = =1/ (0).
which cannot be zero, since f;(0) has norm L > 0. This implies that P(f=0) > 0.

Remark 7. Regarding the random variable 7, let us mention that 7 is unique almost surely whenever the curve is injective
since f(f) is unique almost surely (it is the case in dimension d < 2; see Section 4). In general, it is worth pointing out
that Theorem 3.1 does not ensure that it is a function of X, as (X, ) is, in fact, obtained as a limit in distribution of (X, #,)
for some sequence (fn)nzl- Besides, note that we do not know whether A depends on the curve f.

Remark 8 (Principal curves in dimension 1). Let C;, ={f :[0,1] — R, L(f) < L}. It may be of interest to consider
the simplest case of dimension 1, where the problem may be solved entirely and explicitly Assume that X is a real-valued
random variable, and that, for some length L > 0, G(L) > 0. Consider an optimal curve f with length L(f) < L. Using
Corollary 3.1 below, we have that, in fact, L(f) = L, so that the image of f is given by an interval [a,a + L]. In this
context, solving directly the length-constrained principal curve problem in dimension 1 leads to minimizing in a the
quantity

A(a):=E[d(X,Im f)*] =E[(X — a)*1{x<q)] + E[(X —a — L) Lx=as1)]-
The function A is differentiable in a, with derivative given by

A'(a) =2E[(@ — X)1(x<a)] + 2E[(@+ L = X)L {xoas1)].
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Moreover, A’ admits a right-derivative A (a) = 2(P(X < a) + P(X > a + L)), which is positive since G(L) > 0 implies
that we do not have X € [a,a + L] almost surely. Hence, A is strictly convex, which shows that the minimizing a is
unique, so that the image of the principal curve f is also uniquely defined.

Besides, observe that equation (8) from Theorem 3.1 takes the following form in dimension 1: for every bounded Borel
function g : [0, 1] — R,

E[(X —a)lix<a)gO) ]+ E[(X —a — L)1{x=a+1)8(1)] = AL(g(1) — g(0)).
In particular, we get

E[(X —a)l{x<a)] = —AL,

E[(X —a— D1ixsat+p)] = AL,

which characterizes A. Let us stress that we directly see in this case that A > 0, since, otherwise X € [a,a + L] almost
surely, which contradicts the fact that G(L) > 0.

3.3. Proof of Proposition 3.1
1. Note that
A=|xeR? Card(B(x,d(x,Im f)) NIm f) > 2}
= {x e R, diam(B(x,d(x,Im f)) NIm f) > 0}
=R?\ {x eRY, diam(B(x,d(x,Im f)) NIm f) = 0}.
For every x € R?, we may write

diam(é(x,d(x,lmf)) ﬂImf) :nlgrolodiam(B(x,d(x,Imf) + 1/n) ﬂIrnf).

Since f is continuous, f ([0, 1] N Q) is dense in Im f. For every n > 1, the countable set B(x,d(x,Im f) + 1/n) N
f([0,11NQ) is dense in B(x,d(x,Im )+ 1/n) NIm f, so that both sets have the same diameter. Yet, it can be easily
checked that the diameter of a countable set is measurable, and finally, we obtain that the set .4 of ambiguity points is
measurable.

2. To begin with, we prove that, for every j =1, ..., d, itis possible to construct a random vector X with values in Im f
such that | X — X|| =d(X,Im f) a.s., and

X/ =maxnj(B(X,d(X,Imf)) ﬁImf).
Here, 7; stands for the projection onto direction j, that is, for x = (x] s xd) eRY, wi(x) = x/. Let {t1,tr,...} be
an enumeration of the countable set [0, 11N Q. Let ¢ > 0, x € R?. First, note that the set {r € [0, 1], || (1) — x| <

d(x,Im f) + €} is open. It is nonempty since the distance from x to the closed set Im f is attained. We deduce from
this that Card({r € [0, 11N Q, || f(#) — x|l <d(x,Imf) + ¢}) = 0o. Let us define the sequence (k (x))nen by

kl(x)y=min{k: | f(t) — x| <d(x,Im f) + ¢}
k' o) =min{k > k7 (x) : | f () — x| <d(x,Im f) + ¢}, meN.
Let je{l,...,d}. We set

P =min{p = 1. £ ) 2 Sup S o) — .
me

We define )A(g x) = f(tk”*(‘)(x))’ which is a measurable choice. Notice that, since {f«/ (txm(xy), m € N} = Jrj(B(x,

d(x,Im f)+¢) N £([0, 11N Q)) is dense in nj(é(x, d(x,Im f) + &) NIm f), both sets have the same supremum.
Let

M, (x) =7;(B(x,dx,Im f)+&)NIm f),  T(x)=mx;(B(x,d(x,Im f)) NIm f).
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The limit of )A(g (x) is given by lim,_,o max IT; (x). Yet, note that, for every &, I1(x) C I1;(x) so that
max I[T(x) < maxIT;(x). (10)
Moreover, if ¢ is small enough, then for all y € I1,(x), d(y, [1(x)) < n(e), where n tends to 0 with ¢, and, thus,
max [T, (x) <max IT(x) + n(e). (11)

Combining inequalities (10) and (11), we obtain that lim,_,o max IT; (x) = max IT(x).

Set ¢, = 1/n. Up to an extraction, we may assume that ()A( ¢, (X), X) converges in distribution to ()A( ,X)asn— oo.
The random vector X satisfies X — }A(|| =d(X,Im f) and X/ = max TT1(X).

Similarly, as may be seen by replacing X by —X, there exists a random vector Y with values in Im f such that
X — ¥ =d(X,Im f) as., and

Y/ =minz;(B(X,d(X,Im f)) NIm f).

Now, we use this result to show that A is negligible for the distribution of X. Assume that P(Card(P (X)) > 2) > 0.
There exists a first coordinate j such that P(Card(sr; (Py(X))) > 2) > 0. Then, it is possible to construct X/ and ¥/
sucp_that P(Xj > I?j) =1 and IP’()A(j > I?j) > 0. Yet, by property (7), IE[X] =E[X] = E[?], and, in particular,
E[X/] =E[Y/], which leads to a contradiction. Thus, P(Card(Pf(X)) =1) = 1.

In the next sections, we present two lemmas, which are important both independently and for obtaining the main result
Theorem 3.1.

3.4. Properties of the function G

The first lemma is about the monotonicity and continuity properties of the function G. Observe that G is nonincreasing,
since { £ :[0, 1] — R, L(f) <L} C{f:[0,11— R4, L£(f) < Ly} when L < L5, so that G(L2) < G(Ly).

Lemma 3.1.

1. The function G is continuous.
2. The function G is strictly decreasing over [0, Lg), where Lo =inf{L >0, G(L) =0} € R} U {o0}.

In particular, Lemma 3.1 admits the next useful corollary.
Corollary 3.1. For L > 0,if G(L) > 0 and f €Cy, is such that A(f) = G(L), then L(f) = L.
Proof. If L(f) < L, then Lemma 3.1 would imply G (£L(f)) > G(L) = A(f), which contradicts the definition of G. [

Proof of Lemma 3.1. 1. Set L > 0. Let us show that G is continuous at the point L. Let (Li)xen be a sequence in Ry
converging to L, with Ly # L for all k € N. Let f € C, be such that A(f) = G(L), and let X stands for a random vector
taking its values in Im f such that || X — )A(|| =d(X,Im f) a.s. For every k € N, let f; : [0, 1] — R be a curve such that
L(fi) < Lk, A(fi) = G(Ly) and || fi (1) — fu(@)|| < Lyt —t'| for ¢, 1" € [0, 1].

Observe that the sequence (G (Lg))keN is bounded since E[ || X ||2] < 00. Let us show that G(L) is the unique limit point
of this sequence. Let y : N — N be any increasing function. Our purpose is to show that the sequence (G (Ly (x)))ken
converges to G(L).

Let us check that the f; are equi-uniformly continuous and that the sequence (f;(0)) is bounded. Since the se-
quence (Lg)reN is bounded, say by L', the f; are Lipschitz with common Lipschitz constant L', and, thus, they are
equi-uniformly continuous. For every k € N, ¢ € [0, 1], we have || fx (£)|| > | fx(0)|| — L't > || fx(0)|| — L’. Thus, if there
exists an increasing function « : N — N such that || fi)(0)|| — oo, one has G (L)) — oo, which is impossible since
G(Ly) <E[|X|1*] < 0. So, the sequence (fz(0))ken is bounded.

Consequently, there exists an increasing function o : N — N such that the subsequence (fyoy (x))ken converges uni-
formly to some function ¢ : [0, 1] — RY. Note that the curve @ is L-Lipschitz, since for all ¢, ¢/,

le@ = ()| < e® = foopmy @] + || fooyary @) = foopar (') | = | foopa (t') = o (')
< o) = fooyy O | + Looywy |t = 1’| = || fooyar (1) — ()

|

’
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which implies, taking the limit as k — oo, |l@(t) — ¢(@")|| < L|t — t’|. We have £L(¢) <lim;_,», Ly = L. Now, observe
that

min| X = fooy o] = min| X — ()|
= (min] X = fowyao®) [ = min| X = o)) (min| X = fooy 0] +min X —p()]))
= lo(™) = Foorw ()N (1X = Foopw ()] + [X = (7)),

where | X — ¢(t*)|| = min, || X — ¢(¢)]|. Since E[|X|?] < co and Sooy ) converges uniformly to ¢, this shows that
A(fooyk)) converges to A(p).
Finally, let us check that A(¢) = G(L). If L =0, then for every k, Ly > L, thus A(f50yx)) = G(fooyk)) < G(0) for
every k. Consequently, A(¢) < G(0), which implies A(g) = G(0) since ¢ has length 0. If L > 0, note that, for every k,
" X is a random vector with values in L" Im f since X is taking its values in Im f. Moreover, 7 Li f has length at most L
smce f has length L. Thus, for every k

I:H on(k) X” j| > G(Looy)) = A(fUOV(k))

taking the limit as k — oo, we obtain
E[IIX — X|I*] = A(e).

which means that A(¢) = G (L) since L(p) < L.

2. We have to show that G is strictly decreasing as long as the length constraint is effective (that is G(L) > 0). Let
us prove that for 0 < L < L,, we have G(Ly) < G(L1) if G(L1) > 0. Let f : [0, 1] — R? such that L(f) < L; and
A(f)=G(Ly).Forty € [0, 1] and r > 0, we define ZW by

Z} =) +r A X! - fj(to))l{szfj(,o)} + (=) V(X = FT o) x1 < 11 10))»
whereJ min{i : | X' — fi(to)| = |1 X — f(t0)]loo),
Zi,=flt) ifi#di=1,....d

Observe that Z,o, , takes its values in

d
Cto,r)=|J{xeR?:x" = f'

j=1

— fio)| <}

(see Figure 2). Indeed, all coordinates of ZO, are equal to the corresponding coordinate of f(#y) apart from the Jth
coordinate that is the first coordinate for which the distance between X and f (7o) is the largest one. Let us check that
,Or—f () =r.
If X7 > f7 (1), either Z} —f’(to) =r,orZ}, —f’(to) =X — (1) <r.
If X7 < f7 (1), either f/(t0) — 2 . =r,or f/(t0) = Z] ., = f’ (1) — X' <r.
Then, letting again X be a random vector with values in Im f such that || X — X | =d(X,Im f) a.s., we set

A

Xior = X1 1

UX=RI=1X—Z 1) T Ziyr UIX=XI>1X—Z.r 1}
Since X — Zipr I = IX = Fa)I? = 1X = Fao)l& + (X = £ (0)lo = 1)}
X = R12 = 1X = Rpor I
=[IX = X1> = I1X = Zy,r1%],.
=[1X = XI? = |X = o) |* + |X = ra) |, = (1X = r@ |, = )31
= (10 =21 =[x = s+ | X = £l = (1% = fal =],
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Fig. 2. Example in R2, illustrating the support of ZO, re

IX = X112 — | X — fao)|* +2r| X = fo)]|

=
[ £0) = X|* +2(x = ft0), f(t0) = X) +2r]| X —
[

) . )
> [‘Hf(m)—X|!2+2<X—X’f<f°)‘x>+ vl

since for every x € RY, lx|| < \/EH)CHOO
z[—Hf(to) X|* +2(x = %, f(to) - )+TIIX

since | X — X[ < || X — f(t0)|-

f(to)

—7],

—| £y = X|P +2(X — X, f0) - X)+2r| X — f00)] o, — ],

f0)] =1,
ROIE rz}
+
X|| —r }
+
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Besides, X 1o, takes its values in Im f U C (1o, ), which is the image of a curve with length at most L 4 4dr, so that

E[IX — Xy, 121> G(L1 +4dr).
Thus,

. . L2
G(L1) > G(Ly +4dr) —|—E|:[—Hf(to) — xH2 +2(X = X, f(to) — X)+

T ix =R —r2:| }
+

Vd

12)

Since G(L1) >0, P(|| X — )A(|| > 0) > 0, thus there exist § > 0 and K < oo such that n := P(K > || X — )A(|| >§) > 0.
Recall that for all (t,1), we have || f(t) — f(t)|| < Ly|t —t'|. Then, for every p > 1, there exists k, 1 <k < p, such

that | X — f( )| < ‘ and so, we have

1 1.

NE

UR—rck kyj<tly =

=

=~
Il
—_

Thus,

p
ZP(K > X - X =8,

k=1

£ o(2)] <)

Consequently, for every p > 1, there exists 7, € [0, 1] such that

r(r=
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According to (12), we obtain

G(L1)>G(L1+4dr)+IE|:—||f(tp)—X|| +2(X — X, f(1) — )+T||X X||—r]
+

+=—r

{Kan—fﬂza,||)?—f'(rp)||sﬁ—,'}<_?_ p
2KLy  2r§
— —r7).
P Vd
2ré

Now, choosing r > 0 such that Wi —r2>0and L| + 4dr < L,, we finally obtain, taking p large enough,

L? 2KL, 28
zG(L1+4dr)+IE|:1 ! Ly 2)}

n( L
> G(Ly +4dr) + (=1 -
P\ p

G(Ly1) > G(L1+4dr) > G(L). ]
3.5. Default of self-consistency

The next lemma states that a principal curve with length < L does not satisfy the so-called self-consistency property,
provided that the constraint is effective, that is G(L) > 0.

Lemma 3.2. Let L > 0 such that G(L) >0, and let f € Cy be such that A(f)=G(L). If X is a random vector with
values in Im f such that | X — X|| =d(X,Im f) a.s., then ]P(]E[X|X] #+ X) > 0.

Proof. First of all, observe that £(f) = L since G(L) > 0, according to Corollary 3.1. Assume that E[X |)A( 1= X as..
For ¢ € [0, 1], we set X, = (1 —¢)X. Then,

IX = Xe> = IX — X+ eX|I>=IX — X2+ 2| X%+ 26(X — X, X).
Since E[X|X] = X a.s., E[X — X|X] =0 a.s., and thus, E[(X — X, X)] = E[(E[X — X|X], X)] =0, so that
E[1X — X[1*] =E[IX — X|*] + B[ X*]. (13)
The random vector X ¢ 1s taking its values in the image of (1 — ¢) f, which has length (1 — &) L. Observe that
E[[1X %] < oo, (14)
since E[|| X [|?] < oo and
E[I1X[°] < 2E[IX — X|I*] + 2E[ X |I°]
<2E[[|x - 7 O] +2E[1X1°]
< 6E[IX 2] + 4] f O,

We will show that, adding to (1 —¢) f a curve with length ¢ L, it is possible to build ﬁ; with E[|| X — I?g 1?1 <E[||X — )A(||2],
which contradicts the optimality of f.

For ¢ € [0, 1], let f; = (1 — &) f. We then define )A(mo,, as the variable X 1, corresponding to f;. More precisely,
similarly to the proof of Lemma 3.1, we define, for ¢y € [0, 1] and r > 0, the random vector 7 e,10,r» With values in

d
C(to,r)=U{xeRd:xi= X

Jj=1

— fiay| =r}.

by

21 = 100 +r AT = L) xi5 11y + (1) V (X = £ () x0 - 1)
~ where J =min{i :|X' = f{(t0)l = IX = fe (t0)lloc},
ZL o, =fi) ifi#Ji=1,....4d.
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We set

Xesor = X1 1

WX =Rell<IX—Ze s T Zeo.r WX =X 51X~ Zesgr I}

By the same calculation as in the proof of Lemma 3.1, we obtain
o 2 o 2 o 12 o o
X — Xell® = 11X = Xe s I = [— | fe(t0) = Xe|” +2(X — Xe, felto) — Xe)
+ 2%~ S —rﬂ
Nz +
Since [|X — fe(to)l| > |1X — f(t0)ll — &l £ (t) || = I X — X || — &l f (t0) I, we get
A A A 2 A A
I1X = Xell® = 11X — Xer 1> = [—(1 —&)?|| f(t0) = X|” +2(1 — &)(X — Xe. f(t0) — X)
+ X - K- 2—res||f<ro)|} —rz] :
d Vd n

7

Thus,

E[IX — Xo )1 = 1X — Xe 0., 171X ]

> ——Hf(to) — X[ + 21 — e)(BIX|X] = Xe, f(10) — X) + 2 E[IX — X|IIX] - 2 el £ (o) | — rz}
L Vd Vd +

= || f) = X|> +201 =&)X, f10) — X) + 2 E[IX — X|I1X] - 2 el f(to) | —r2]
L Vd Vd +

> | = | fa0) = X|* = 261XN| £ o) — X || + 2 E[IX — X|IIX] - 2—’st<ro> = rz} : (15)
L Vd Vd +

Besides, since G (L) > 0, there exist § > 0, K < 00, such that
n=P(IX] < K. E[IIX — X[[|X] = 5) > 0.
Moreover, for every p > 1, Z,le 1{|| f—rky<Ly = 1 since f is L-Lipschitz. Consequently,
p =P

;)
=—)=zn
p

i]}»(llffll < K E[IX - X|1X] 26, HX_ f( )

k
k=1 p

Hence, setting

Ap={||f<|| <K, E[IX - X[IX] =8,

a(5)] =5
p p

we see that there exists ¢, € [0, 1] such that P(A,) > %. From (15), we get

E[IX — XelI> = 1X — Xe.r, 1]

> E[lA,, [—Hf(tp) — X|? =261 X0 £ 1) — X + 2—rﬂa[nx - X|I1X] - iest(rp)u - rz} ]
Vd Vd +

- P(A )[ L? 28KL+2r6 2reM 2}
b R s A —2,
R N N N/
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where M = sup,¢[o.17 | £ (#)[|. Since )A(wp,r takes its values in f; ([0, 1]) UC(e, tp, ), which is the image of a curve with
length at most (1 — ¢)L + 4dr, then choosing r such that 4dr = ¢L, we have

N 5 . oo n( L* 2KLe Ld¢ MLe> L%¢?
E[IX - X,, £ IT]<E[IX-X "] -—|-— - T o532 T 557 T Te2
P> 3d p p p 2d3/ 2d3/ 16d

nL?> 2nKLe  nLde N nMLe*> nL?g?

p? 2d3/2p © 243/2p  16d2%p’

=E[IIX — X|I*] + £’E[I1X)1*] +

using (13). Then, taking & = %, we get

nL* 29yKLp  nLsp  nMLp*> nL?p?
3 p3 2d32p2 T 2d432p3  16d2p3

2
~ A p ~
E[IX =X, o ] <E[IX = XI°] + FJE[IIXIIZ] +

If p is small enough, then ,oZIE[H)A( 121 — '27?/; < 0. Then, taking p large enough, this leads to a random vector Y, with
values in the image of a curve with length at most L, such that E[|| X — ¥ |2] < E[||X — X|?]. O

Equipped with lemmas 3.1 and 3.2, we can present the proof of the main result.
3.6. Proof of Theorem 3.1

To obtain a length-constrained principal curve, we have to minimize a function which may not be differentiable. We
propose to build a discrete approximation of the principal curve f, using a chain of points v{,..., v, n > 1, in R,
For every n > 1, linking the points yields a polygonal curve f,. The properties of the principal curve f will be shown
by passing to the limit. The chain of points is obtained by minimizing a k-means-like criterion, which is differentiable,
under a length-constraint This criterion is based on the distances from the random vector X to the n points and not to the
corresponding segments of the polygonal line f;,, which allows to simplify the computation of the gradients.

We have chosen to present the proof for open curves, that is in the case C; = {¢ : [0, 1] — RY, L(p) < L}. It adapts
straightforwardly to the case of closed curves, which turns out to be even simpler since there are no endpoints and so all
points of the curve play the same role. Note that the normalization factor “n — 1”” below becomes “n” in the closed curve
context.

First insight into the proof
To facilitate understanding, we sketch the proof in a simpler case. Assume that X has a density with respect to Lebesgue

measure, and consider a polygonal line f;, with vertices v{, ..., v} obtained by minimizing under length constraint the
criterion
0 _ : 2
Fn(xl,...,x,,)_E[ min | X — x| ] (16)
1<i<n

For h = (hy,....hy) € RD", VEO.h = 3 E[-2(X — )?n,hi>1{)}:vl_,t}], where X is such that | X — X| =
minj <<y | X — v}'||. For differentiability, it is convenient to write the length constraint as follows:

n
(=1 lx —xial* < L%

i=2

Let 7, be defined by Iy = ”1%1 on the event {)A( = vf}. For a test function g, set h; = g(fl_Tll) fori =1,...,n. Then, we
obtain the Euler—Lagrange equation

E[(X = fu(n). ()] = —An /[0 1](g(n, £dn)). (17)

Up to an extraction, f,, converges uniformly to an optimal curve and 7, converges in distribution. Using the default
of self-consistency (3.2), it may be shown that every limit point of the sequence (1,),>1 is positive. Together with the
discrete Euler-Lagrange equation (17), this allows to prove that f," converges weakly to a signed measure f”. Finally,
the desired Euler-Lagrange equation is obtained as the limit of (17).
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Complete proof
Let us now start the complete proof of the theorem.

First, some notation is in order. Let Z be a standard d-dimensional Gaussian vector, independent of X. Let (&), (7,)
and (&,) be sequences of positive real numbers such that

&, =0/n), n, = O /n), ne, — 00, &, — 0.

We also introduce i.i.d. random vectors 5{“, ..., &), independent of X and Z, with same distribution as a centered random
vector & with compactly supported density, such that ||£] < n,.
We will construct a sequence of polygonal lines converging to the optimal curve f by linking points v{, ..., v)

obtained by minimization of a criterion generalizing (16). Proving differentiability in this case is a little more involved in
this case.

To begin with, since the random vector X is not assumed to have a density with respect to Lebesgue measure, we
convolve it with a Gaussian random vector: we define, for n > 1, X,, = X + ¢, Z. So, X is approximated by a sequence
(Xn)n>1 of continuous random variables.

For1l <i <n,let

i—1

n.__
1

n—1"

In order to be able to prove results which are true for any optimal curve f, we have to ensure that the points v}, ..., vy
n > 1 are located on this curve f. To this aim, we add to the criterion (16) a penalty proportional to

>l - 1P

With this penalty, we cannot affirm any more that the x;’s are pairwise distinct. To overcome this difficulty, a random
vector &/" is added to each x;: the points x; + &/, approximating the x;’s, are almost surely pairwise distinct.

The desired chain of points is then defined, for n > 1, by minimizing in x = (x1,...,x,) € (Rd )"* the criterion
2 Z 2
Fy(xr,...x) = E[ min [ X, —x; — /"] +e, ;Hxi — £, (18)
1=
under the constraint
n
(=1 Il —xial* < L2 (19)
i=2
Lemma 3.3. There exists (v}, ..., v)) € R, satisfying
n
=1 Y or = < 12,
i=2
such that
n
Fu(vf, ..o vp) =ming Byt oo, x)i (0= 1) ) g —xima|* < L2 4.
i=2
Let X be such that X} € {x; + &', ..., x, + £} and
10— K2 = min |, —x ] 0
,,,,, vy)

almost surely. In the sequel, X, will stand for X ,(,U‘

Lemma 3.4. sup,.| F,(v],...,v)) < oo.
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We define the sequence (f;),>1 of polygonal lines approximating f, where each f, : [0, 1] — R?, n > 1, is given by
fa@ =o'+ —D( =) (], —vf), <<, 1<i<n—1.

This function f, is absolutely continuous and we have f, (1) = (n — 1) (v"
of f,, we obtain the following regularity properties of f,.

v!) fort € (¢, ¢ ). Using the definition

i+1 i+l

Lemma 3.5. Forn > 1, the curve f, satisfies:

L L(fa) = L.
2. Forallt,t" [0, 1], | fu(t) — fu(t)| < L1t —1'].
Asymptotically, the penalty term ensuring that the points vf, ..., vy, n > 1 belong to the curve f can be neglected.

s Unos

Lemma 3.6. There exists ¢ > 0 such that, for all n > 1,

SnZHU _f

:Iﬁ

Lemma 3.7. The sequence (f,)n>1 converges uniformly to the curve f.

Let f, = t!' on the event {)A(,, =v!' + £}, 1 <i <n. Note that the sequence (f2)n>1 is bounded. Thus, up to extending
the probability space (2, F, P), and extracting a subsequence, we may assume that (X, #,,) converge in distribution to a
tuple (X, 7). This implies the next result.

Lemma 3.8. There exists a random variable f with values in [0, 11, defined on an extension of the probability space
(2, F,P), such that

|X - fd] =dX.Im f) aus.

In order to be able to state a first order Euler-Lagrange equation for the criterion (18), we show that the quantity
E[mini << | Xp — x; — &' 2] is differentiable at x;. Recall the definition (20) of X i

Lemma 3.9. The function (x1, ..., x,) = E[minj<;<, | X, —x; — & ||2] is differentiable, and, for 1 <i <n, the gradient
with respect to x; is given by

3 ) R
a_;q]E[li%‘En | X0 —x; - &7 | ] = —2B[(Xo = X3) Ve i)
The Lagrange multiplier method then leads to the next system of equations satisfied by vy, ..., vy,.

Lemma 3.10. For n > 1, there exists a Lagrange multiplier A, > 0 such that
—E[(X, — )%n)l{j(n:v('_;’_g,n}] + Sn(v;l - f(tln)) + An(n — 1)(”? - U?_l - (v?+l - v,n)) =0, 2<i=<n-—1,

-E[(X, — X”)l{)?n:v'f-ﬁ-ff}] + Sn(v;l = f(0) —Au(n — 1)(”; - vlf) =0,
B — R,y )+ En = S + 2l — DO — 07 ) =0,

Lemma 3.11. If A is a limit point of the sequence (A,)n>1, then A € (0, 00].

Hence, up to an extraction, we may assume that the sequence (1,),>1 converges to a limit A € (0, oo].
Let 8¢ denote the Dirac mass at £. For every n > 2, we define f, on [0, 1] by

n—1

f,;’=<n—1>{2(v:-ul—v:’—(v?—v D)o+ (05 = )30 — (0} — v 1)5], en

i=2

which is a vector-valued signed measure.
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Lemma 3.12. The sequence (f,)n>1 converges weakly to a signed measure f" on [0, 11, with values in R?, which is the
second derivative of f. The following regularity properties hold:

f is right-differentiable on [0, 1), || f/(t)|| = L for all t € [0, 1),
f is left-differentiable on (0, 11, || f; ()| = L for all t € (0, 1],
(s, t) = fl@) — fl(s) forall0<s <t <,

f"([0,1]) =0.

F7({0h) = £(0),

S == f (.

These properties imply in particular that A is finite.
Lemma 3.13. We have X < oo.
Finally, collecting all the results allows to derive the Euler—Lagrange equation.

Lemma 3.14. For every bounded Borel function g : [0, 1] — R4,

E[(X — /(). s))] = —* /[0 (@ 7).

Moreover, A depends only on the curve f.

Proof of Lemma 3.3. Since E[|| X, 121 < 2E[||X|I%] + 2d§,$ < oo and E[||€]12] < 17,% < 00, F, takes its values in [0, c0)
and is continuous. The constraint (19) defines a nonempty closed set D,,. Since

lim F,(x1,...,x,) =00,
It 4+l || =00
(X1,.e0sXn)EDy

the optimization problem reduces thus to minimizing a continuous function on a compact set. (]

Proof of Lemma 3.4. Recall that, forall 7, € [0, 1], || f(t) — f(")|| < L|t — t’|. Hence, we have
: 2
(=D Y () = £ =12,
i=2

and consequently, we may consider (xy,...,x,) = (f(t]),..., f(t;)). We see that

Fy(v2, .. ") <E[| X, — £0) — &[]

<2B[|1X, & "]+ 2| r O

<2E[IIX 2] +2d¢7 + 22 + 2] F O =
Proof of Lemma 3.5. By definition of f,:, and using that v'l’, ..., vy satisfy constraint (19), we have
1 5 n—1 5 1 n—1 )
LI ar = 0= 17 =P x =g == D Yoty = < 2,
i=1 i=1

Hence,

1 5 172
£(ﬁ1)5</0 (FHG] dt) <L,

and for all 7, ¢’ € [0, 1],

<L/|t—1] 0

1
|20 = fu(t)]| = H /O Lene ey fr(u) du
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Proof of Lemma 3.6. The aim is to show that there exists ¢ > 0 such that, forall n > 1,

anHv -

The following upper bound will be useful:

:IQ

min | X, = £ () =& = min | X £(7)[]| < &l Z1 4 0.

1<i<n 1<i<n

By definition of (vf, ..., ), since (f (tf‘), ..., f(@})) satisfies constraint (19) as already mentioned in the proof of
Lemma 3.4, we may write

Fu(v. -, vi) < B[ min [ x, = £(e7) - ']

1<i<n

Observe that

min [ X, = £(") = & = min [X = )|

1<i<n tel0,1]

<

min [ X, — £(1f) =& | = min | X = £()]|+ | min |x = r(i)] - min | X~ ]

1<i<n

L
<&lZll+nn +—7,
n—1

so that

2
min || X, — £(¢) — &" || < min || X - f(t)“ +<nn+§n||Z||+L)

1<i<n t€[0,1] 1
+ 2<nn +alZl+ L) min | X — f(0)|.
n—1/tef0,1]
Consequently, there exists ¢ > 0, such that
Falvfo ) G+

Besides,

Falof o vi) = B[ min X, = fu(ef) = & 7] + 60 Do) = £ ()"
i=1

1<i<n

and, writing

min X, = £,(7) =& |* = min |x — 5,7
< [ min [ X, = () &' = min |x = fu(e7) | > (min X, = fu(ef) = &7 + min [ X = £u(s7)]])
< (@214 ) (8121 40 42 min | X — (7))
= (Gl Z1l+m)” + 26l 21+ m) min [ X = £ (i)
we obtain
Fa(0f. o) = B[ min X = £, () |*] = @120+ )] = 2(E[1Z1] 4+ o) B[ min | X = £u(s7)]]

+€nZan(ff)—f(ff’)H2
i=1
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> E| min | X — o) = ?E[1ZIP] — n —20,0,E[121]

= 2(eE1Z1] + )] min [ X — £, (s ||]+enZ||fn — 1@

2

’

> G(L) — Cn—z +en > | fale) = ()
i=1

for some constant ¢ > 0. Indeed, L£(f;) < L according to point 1 in Lemma 3.5, which allows to lower bound
E[minsepo,17 |1 X — f.()]1?] by G(L), and moreover, E[minj<;<, [|X — f,(")l] is bounded since (fy,)n>1 is uniformly
bounded and E[|| X %] < co. Thus, there exists a constant ¢3 such that G(L) — % +en iy I fn (" — f(tl?1)||2 <
G(L) + <, which shows that e, >0 || f(t7) — ()% < 22. O

Proof of Lemma 3.7. Point 2 in Lemma 3.5 and Lemma 3.6, together with the assumption ne, — oo, imply that the
sequence (f,)n>1 converges uniformly to the curve f. (]

Proof of Lemma 3.8. Foreveryn > 1,
1% = futi) | = min |1, = £,

min || X, — () — & — min |, — £, ()|

= [1%a = £ = min | X, — £(07) -

1<i<n 1<i<n
n
= ”Xn - fn(fn)” - Z”Xn - fn(fn) - gjn ||1{f(n:fn([ln)+§i"} + Mn
i=1
n
< D X = Fa @) | = 1 X0 = fa) =& 5=y vy + 0
i=1
<2y,
Hence, we obtain
X~ 7] = min [x = 70 as .

Proof of Lemma 3.9. For x = (x1, ..., x,) € (R?)" and w € 2, we set

Gu(x, ) := min || X, (@) —x; — E)|’.
1<i<n

For every x, since the distribution of X, gives zero measure to affine hyperplanes of RY and the vectors X+ 51.”, 1<i<n,
are mutually distinct P(dw) almost surely, we have P(dw) almost surely,

n
2
Gn(x, @) = Y[ Xn(@) = xi = &' (@) | "L, )51~ (@)l <min s 1 X (@) -5~ @) -
i=1

For every x € (R, P(dw) almost surely, y — G, (y, ) is differentiable at x and for 1 <i <n,
a n
g, On(r @) = —2(Xn (@) = xi = & (@) L{x, (@) —x,—& @)l <min 4; | X (@)—x; ! @]}

= =2(Xn (@) = X3 @) iy ymr 0 )
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For every u = (uy,...,un) € (Rd)", we set ||u|| = (27:1 lu; ||2)1/2. Let x® = (xfk), cee x,gk)) be a sequence tending to
x=(x1,...,x,) € (RY)" as k tends to infinity. Then,

n
0 1
(k) _ _ ) o _
[Gn(x .0) = G (x, ) le< oy Cnx @), xﬂ X B
converges P(dw) almost surely to 0 as k tends to infinity. Moreover,

|Gn(x, ) — Gu(x®, )]

— (min [, — 5 — &7+ min | X, —x© —€7])| min %, —,— €] = min %, 5% ~&7]

1<i<n 1<i<n 1<i<n 1<i<n

<2(1 Xl 4+ 1+ el + {7 ]) max o — 1

1<i<n

k]

so that

1Gp(x,-) — G (x®, )]
[lx —x®|

<C(IXall +1),
where C is a constant which does not depend on k. Similarly, we have, for 1 <i <n,

d
Ha—xiG"(x") < C'(IXall + 1),

where C’ does not depend on k, and, thus,

n

k
1 Y — x|

0 k) ,
”x —x(k)|| ;<8Xi n(x ) xl Xi (” n” ) ”x —x(k)||
< C'Vn(1 Xl +1).
Since E[|| X, ||] < oo, the result follows from Lebesgue’s dominated convergence theorem. ([l

Proof of Lemma 3.10. By Lemma 3.9, we obtain that F, is differentiable, and for 1 <i < n, the gradient with respect
to x; is given by

9 . .
EFH(XI’ e Xp) = —ZE[(X,, - Xﬁ)l{f(;qiﬁn}] + Zen(x,- — f(tf)), 1<i<n.
i L
Consequently, considering the minimization of F}, under the length constraint (19), there exists a Lagrange multiplier
An > 0 such that
—2E[(X, — Xn)l{f(n=vfl+$(l}] + 2811(7);1 - f(tln)) + 20 (n — 1)(U,n - v?,1 - (U;l+1 - v?)) =0, 2<i<n-—1,
~2B[(Xy = R)lyg, _yp )] + 260V = F(O) = 220 (1 = D@} = v]) =0,
—2E[(Xn = X)L g ey + 260 ) — (1) + 200 (1 — D = v2_}) =0,

that is,

~EIXn = X (g, oy ]+ n(0f = FU) +dn(n = D] = = 0fy =) =0, 2<i<n—1,
~EI(Xn = X5, _ypyery] + (V] = f(0) = An(n — (05 —v]) =0,
—E[(Xn = X)L _yp o] +n @) = f(D) + Aa(n = D) = V) =0. O
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Proof of Lemma 3.11. Let g : [0, 1] — R< be an absolutely continuous function such that fol lg'(H)||?dt < oo. For
n > 1, we may write

E[(Xn — fuEn), g())]

=

(E[(X, - X, + &)1 {Ry=v'+£" }] g(r"))
1

=

n

(E[(Xn — ﬁn)l{)?,,:v;wg;'}]’ g(1))+ Z(E[gl”l{x =ul4&" }] g(r")

1 i=1

=

n

= S (BLE g e £ e DOl ). ()

I
—_
I
-

+ An ("_1)|: (v3 vl,g(0>>+2<v?’—v§ll — (v — o) &) +{on — v 1,g(1)>}

= Z &' Lz, = ger }] g(r")) + en Z(”zn = f(t). g(t"))

2 n—1
+ An(n — 1)|:Z Vig1 — (t1) Z Vigr — 1)) = (v =i, g(O) + (v —vj_y. g(l)):|
=1 i=2
—Z i L%, —uryer }] g(r")
n n—1
ten ) (o = () g (1)) + An = 1) D (v = v g (1) — 8 (1)): (22)
i=1 i=1
Note first that
D (EE g en ] ()] < mullglloo ) Bl g _ynem] = tnllg oo (23)
i=1 i=1

Then,

n

&n Z(v:’ — f

i=1

<an||v — (@) Nglloo
. 1/2
sen<2||v7—f(rf)||2> Vallglloo

i=1
< eenlglloo (24)

according to Lemma 3.6. Regarding the last term, we may write

12
o[ Sl - St st

2:| 172

(”—1)2 viy — v 8 (1) — 8(1')

n—1 tln
<LVn— 1[2 / oW de
i

i=1

1 ) 1/2
_LUO le®] dt} .
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Thus, if 7 : RY — R? is continuously differentiable, we have

1/2
[E[(Xn — fulE), R (£ @)))]| < Veenllhlloo + An L[/ IVR(f2 ), £, dz}

172

< Veenlhlloo +dnL sup [Vi(fu ()] [/ Uf,;(t)szz]
t€l0,1] 0

< Veenlhlloo + A L? sup | VA(fu(D)].
t€l0,1]

Recall that (X,,, f,) is assumed to converge to (X, 7). Since €, — 0 and ( Jfa)n>1 18 uniformly bounded, we see that A =0
would imply that

E[{X — f@).h(fD))] =0

so that E[X — f(7)| f ()] = 0 a.s. by density of continuously differentiable functions since 4 is an arbitrary such function.
This contradicts Lemma 3.2. |

Proof of Lemma 3.12. For an R?-valued signed measure m = (m!, ..., md) on [0, 1], we set

d 1/2
Il = (lemf ||1V> , (25)
j=1

where ||m/ ||ty denotes the total variation norm of m/. Recall that
n—1
4 n n n
n == 1)|:Z(Ui+l = = (v = vf1))8y + (5 —vf)do — (v — vy 1)51]-
i=2
Thanks to the Euler—Lagrange system of equations obtained in Lemma 3.10, we may write

s L2 < L)

i=1

<Z”E {X—v+$” |+8"Z“”
1/2
<E[IX, — Xall +snf(2||v — f( ||)

i=1

1/2

Consequently, using Lemma 3.4 and Lemma 3.6, &, — 0 and lim,, o A, = A € (0, 00], we obtain that sup,,- || f,/ || < oo,
that is, the sequence of signed measures (f,),>1 is uniformly bounded in total variation norm. Hence, it is relatively
compact for the topology induced by the bounded Lipschitz norm defined for every signed measure m by

18(x) — g(1)]
lgllos < 1, sup S22 7800 41
t#x lx — £

llmllBL = Sup{ H/ g(x)ym(dx)

Let us show that the sequence (f,/),>1 converges weakly to some signed measure. Let v be a limit point of (f;),>1.
There exists an increasing function o : N — N, such that, for every (s, t) such that v({s}) =v({t}) =0,

Folon (G5, 21) = v(Gs, 21), (26)
fa(n)([o t1) = v([0,1]), fa(n)([o 1) = v([0,1)). 27
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Since, for0 <s <t <1, f,/((s,tD) = f,, ,(t) — f,:’r(s), we have, for0 <t < 1,

t
fn(t)=fn(0)-|-tf,i,r(0)+/O £ (0, ul) du

Note that f, .(0) = f£,’({0}), so that the fact that sup,., || f,|| < oo implies in particular that (f, ,(0)),>1 is bounded.
Thus, up to an extraction, by (26), all terms converge: there exists a vector v € R4, such that, for 0 < < 1,

t
f@) =f(0)+tv+/ v((0, u]) du
0
Consequently, v = fr/ (0),and, forO0<s <t <1,

v((s.11) = f(0) = fl ().

In other words, the signed measure v is the second derivative of f in the distribution sense, called hereafter f”, and
(" n=1 converges weakly to f”.

Observe, on the definition (21), that f ([0, 17) =0, so that £ ([0, 1]) = 0.

We have, for 7 such that f”({t}) =

1210, ¢1) = (10, 11), £7(10,0) = £"([0,1)).

Hence, since, for ¢ € [0, 1), £,/ ([0,1]) = f, ,(t), and t > f"([0, t]) is right-continuous, f;(¢) = f"([0,¢]) for t € [0, 1).
Similarly, for ¢ € (0, 11, f/([0,?)) = ,:,Z(t), and 7 — f"([0,1)) is left-continuous, so that f;(t) = f"([0,1)) for 1 €
0, 11.

Recall that f is L-Lipschitz. Moreover, according to Corollary 3.1, L(f) = L since G(L) > 0. Thus, we have
| £/l = L dt-a.e., and, since f, is right-continuous, this implies that || f//(¢)|| = L for all ¢ € [0, 1). Similarly, we
obtain that || f;(t)|| = L for all t € (0, 1]. |

Proof of Lemma 3.13. Observe that f” # 0. Indeed, we have, for example, f”({0}) = f/(0), with | f/(0)]| = L > 0.
Yet, A = 0o would imply f” =0 since sup,,~; (A, % || f,]) < oc. O

Proof of Lemma 3.14. Clearly, it suffices to consider the case where the test function g is continuous. Using equation
(22) and the upper bounds (23) and (24) in the proof of Lemma 3.11, we obtain, for n > 2,

E[(Xn = fuB). gG))] — An <n—1>2 v — v g(if ) — g ()] < 0+ evEnliglloos

and besides

An(n — DZ Vi — V.8 :+1) - g(tzn» =M /[0 1](5’(’)’ f,i’(dt)).

Thus, passing to the limit, we see that f satisfies equation (8).
Finally, the uniqueness of A follows from the uniqueness of X (Proposition 3.1), and the fact that

1
E[(X — X, X)] = ,\/ | £ )| ds =L
0

obtained thanks to equation (9) in Remark 5. O

4. An application: Injectivity of f

In this section, we present an application of formula (8) of Theorem 3.1. We will use this first order condition to show in
dimension d = 2 that an open optimal curve is injective, and a closed optimal curve restricted to [0, 1) is injective, except
in the case where its image is a segment. To obtain the result, we follow arguments exposed in [31] in the frame of the
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penalized problem, for open curves. The main difference is the fact that we have at hand the Euler—Lagrange equation,
which allows to simplify the proof.

Again, we consider L > 0 such that G(L) > 0 and a curve f € Cy, such that A(f) = G(L), which is L-Lipschitz. We
let 7 be defined as in Theorem 3.1. The random vector f(f) will sometimes be denoted by X. Recall that X — X | =
d(X,Im f) a.s. by Theorem 3.1.

To prove the injectivity of f, we will need several preliminary lemmas. Let us point out that Lemma 4.1 to Lemma 4.5
below are valid for every d > 1.

First of all, we state the next lemma, which will be useful in the sequel, providing a lower bound on the curvature of
any closed arc of f. Recall that the total variation of a signed measure v is defined by

d 172
vl = (levf IIiV> :
j=1

where ||v/ |7y denotes the total variation norm of v/. For a Borel set A C [0, 1], f X denotes the vector-valued signed
measure defined by f(B) = f”(A N B) for all Borel set B C [0, 1].

Lemmad4.1. If0<a <b < 1and f(a)= f(b), then ||f(’;’b]

Proof. Let us write

b
0=f<b>—f(a)=/ F@ydr
b
- / [f/<0>+ f”(ds)}dt=(b—a)fr’(0)+ / (b— (s v a) f'ds)
a 0,1] (0,b]

= (b—a)f/(0)+ (b —a) f"((0, a])+f( b](b—S)f”(dS)

—b—a) @)+ / (b — ) 1"(ds).

(a,b]
Thus, f(a b = ["(ds) = — f/(a), which implies ||f(a pill = I £/ (@] =L. O

As a first step toward injectivity, we now show that, if a point is multiple, it is only visited finitely many times.
Lemma 4.2. For every t € [0, 11, the set f~({f(t)}) is finite.

Proof. Let ¢t € [0, 1]. Suppose that f~'({ f(r)}) is infinite. Then, for all k > 1, there exist 19, 11,.... 1% € f ' {f ()}
suchthat0 <y <t <--- <t <1.So, by Lemma4.1, || /| > Z; 1 ||f(tl .1l = kL, which contradicts the fact that f
has finite curvature. (|

In the case C;, = {¢ : [0, 1] — R?, £(¢) < L}, the endpoints of the curve f cannot be multiple points.
Lemma 4.3. Let C; = {¢ :[0,1] = R?, £(¢) < L}. We have f~'({f(0)}) = {0} and f~1({f(1)}) = {1}.

Proof. Observe that, by symmetry, we only need to prove the first statement since the second one follows then by
considering the curve t — f(1 —¢). Assume that the set f~'({ f(0)}) has cardinality at least 2. Thanks to Lemma 4.2, we
may consider fo = min{t > 0: f(t) = f(0)}. For x € Im f, we set 7(x) = inf{t € [0, 1], f(¢) = x}. For every ¢ € (0, 1),
we let

)?g = f(fv 8)1{f>0} + f(o)l{i‘zo}

With this deﬁnition the random vector )A( takes its values in f([e, 1]) U {f(0)}, that is in f([e, 1]) since f(t) = f(0)
fe 1D ( 3 1])

and € < 1. Thus, -
optimality of f, we have

el
1—¢

, which is the image of a curve with length at most L. Consequently, by

2] > E[lIX — X|°].
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Besides, we may write

2 2

&

i
1—¢

=”X—f(+f(—

1—¢

. .
. X

£ +2<X—X,X— 6>

—¢ 1—¢

=||X—>?||2+”f(— :

A A A

(X —X, X - X:) —e(X - X, X)).

~ 1 A ~ ~
=X -XI*+ e X —Xe - eX|* +

1—c¢
As ||)A( — }?8|| < Le since f is L-Lipschitz, we get

E[IX — X, —eX|*] < 2L%* + 2¢”E[|| X ||*] = 2(L* + E[1X1*])&*.
Note that IE[||X %] < o0 by the same argument as in (14). Moreover, thanks to equation (9) in Remark 5, we have

1
E[(X — X, X)] =A/ | £ )| ds = rL>. (28)
0

Furthermore, X — Xa =(f(@) — f(s))1{0<;58}, so that equation (8) implies

A

E[(X - X, X - X,)] =4 /[0 1]((f(t) — f(&))Ljo<i<e), f(d0D)).

Hence,

d .
[E[(X — X, X — Xo)]| stf(o ]|fj(t) — 1 @I|(f") | @)
j=1700

where |(f)/| stands for the total variation of the signed measure ( f”)/. Finally, we obtain

%
el
&

2
— ] <E[IX — X|II’] +2(L> + E[IX[I*])e* + ALep(e) — %uz,

where p(¢) tends to 0 as ¢ — 0. This inequality shows that, for ¢ small enough, E[|| X — 1XT€8 121 <E[IX — )A(||2], which
contradicts the optimality of f. O

For an open curve, there exists a multiple point which is the last multiple point.

Lemma 44. Let C; = {¢ : [0,1] — Rd,£(<p) < L}. There exists 6 > 0 such that for every t € [1 — §,1],
A drop =

Proof. Otherwise, we can build sequences (#)r>1 and (sx)k>1 such that fp — 1 and f(t) = f(sk), with s¢ # t; for all
k > 1. Up to extraction of a subsequence, we may assume that (s;) converges to a limit s € [0, 1]. Hence, we have f(s) =
f (1), which implies s = 1 by Lemma 4.3. Up to another extraction, we may consider that the intervals [sx A tx, sg V t;],
k > 1, are mutually disjoint. Finally, using Lemma 4.1, we obtain

” f// ” z ZH f(/S/ka,Ska]“ =00,

k>1

which yields a contradiction since we have shown that an optimal curve has finite curvature. O

Now, we show that the two branches of the curve are necessarily tangent at a multiple point.
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Lemma 4.5.

() If there exist 0 < tg < t; < 1 such that f(to) = f(t1), then f;(to) = f/(to) = — f (1) = — f;(t1).
(ii) In the case Cp = {¢ : [0, 1] — R4, L(p) < L,p0) =@(1)}, if there exists 0 <t < 1 such that f(t) = f(0), then
fi@®) = @) =—f10)=—f;(1).

Proof. First, we show that point (ii) follows from point (i). Let ¢ € (0, 1) such that f(z) = f(0). Define the curve
g by g(s)=f(s+1t/2) for s € [0,1 —¢/2] and g(s) = f(s +t/2 — 1) for s € [1 —1/2,1]. Clearly, g is a closed
curve, A(g) = A(f) and g is L-Lipschitz. Moreover, one has: g(¢/2) = g(1 —t/2), g/.(t/2) = f/ (1), g,(t/2) = f, (1),
g (1 —1/2) = f/(0) and g,(1 —/2) = f;(1). Consequently, if (i) holds true for g, one deduces (ii).
It remains to show point (i). Suppose that f;(t9) # f,(t0). Let y € (0, 1] and & > 0. We introduce the random vectors
)A(o,y =(1+4y)X and
Xey =1+ y)[XltAe[O,tofe)U(lo+s,l]U{to} + hE(f)lfe[tofs,toJre]\{zo}]’

where 1, (1) = (LOYTOZE) (1 (1 — g)) + f(19 — ¢)).
Let us write

E[IX — Xo., 1] =E[IX — XI*] + E[IX — Xo,, I*] + 2E[(X — X, X — Xo,,)]
=E[IX — XI*] + y?E[IX|I*] - 2E[(X — X,y X)]
=E[IX — X|*] + y*E[IX|I*] — 2yAL*% (29)

For the last equality, we used equation (28).
Note that X, , = X, + (1 +y)(he(t) — f(t))l;e[to_g,,ﬁs]\{to} and that ||k, (t) — f(¢)|| <4eL. So, we have

E[IX — Kooy 2] = E[I1X — Roy 2] + (1 + ¥ 2E[ 1 — £ O Vicpy—e.ose1 101 )
+2(1+ E[(X = Ko,y (he® = F D) Licpiy—eosensiio))]
=E[IX — Xo, I?] + O(£?) + o(e). (30)

Indeed, P([ty — &, t9 + €] \ {t0}) tends to O as e tends to 0. Besides, the random vector X ¢,y 1s taking its values in the
image of a curve of length

Ley:=1+y)(LA=28)+ | fto+ &) — fto—&)])-
Yet, since fz/ (to) # f/(t0), if & is small enough, there exists & € [0, 1) such that
| o +e) = fFlo— )| = | fto+e) = ft0) + £lt0) = fto — )|
_82“f(to+8)—f(to) ‘f(to)—f(lo—é‘)
N & &
Jr2<f(to-lr8) - f(t0)7 f(t0) — f(t0 —S)H'
€

&

2

¥

< 82(2L2 + 2L2a).
Hence, || f(to + &) — f(to — &)|| < eL+/2(1 + &), and, thus,
Ley < (14 p)(L = 26L +¢Ly2(1+ @) = (1 +y)(L — ne),
where n > 0. Let y = '7L—s Then, for ¢ small enough, we get L, < L — @ < L and, using equations (29) and (30), we

have E[|| X — )A(m, ||2] < E[|IX — )A(||2]. This contradicts the optimality of f. So, fé(to) = f/(to). Similarly, we obtain that
f(’(tl) = f/(t). Finally, consider the curve g, defined by

0 = f@) if r € [0, 1o] U [11, 1],
| feo+n 1) ifre o, 11).
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This definition means that g has the same image as f but the arc between 7y and #; is traveled along in the reverse
direction. Since g, having the same image and length as f, is an optimal curve, which satisfies g(fy) = g(#1), we have
gy (t0) = g, (to) and g;(r1) = g, (t1). On the other hand, by the definition of g, we know that f’(to) = g, (t0) = —g;(t1)
and f'(t;) = g, (1) = —g,(t0). Hence, f'(to) = — f'(11). O

We introduce the set
D={ref0,1)|Card(f ' ({f(®}) N[0, 1)) = 2}.

Lemma 4.6. If f (1), t € (0, 1), is a multiple point of f : [0, 1] — R2, then t cannot be right- or left-isolated: for all
teDNO,1),foralle >0, (t,t+e)ND#*Tand (t —e, t)ND # .

Proof. Let 1o € D N (0, 1). Assume that there exists ¢ > 0 such that (fg,t0 + &) N D = or (fg — &,tp) N D = &. We
will show that this leads to a contradiction. Without loss of generality, up to considering ¢ — f(1 — t), we assume that
(to —e,t0) N D =@.Lett; €[0, 1) such that o # #1 and f(fo) = f(#1). By Lemma 4.5, one has f; (1) = — f/(t1).

Let

fl()
L

y =
and define the functions « and g by

a@) =(f@)— f@),y) forteln,n+e)
B)=(f(t)— f(ty).y) forte (to—e, 1]

Notice, since f(f9) = f(#1), that « and B are restrictions, to [t1, #] + &) and (79 — &, ty] respectively, of the same function.
Nevertheless, this notation «, 8 were chosen for readability.
The functions « and B satisfy the following properties:

e « is right-differentiable and «.(r) = (f/(¢),y) for every t € [t;,#1 + ¢€). Since «.(t;) = L > 0 and «] is right-
continuous, there exists § € (0, &), such that «).(t) > S L for every ¢ € [t1, 11 + §].

e fis left-differentiable and B, (r) = (f/(¢), y) forevery t € (to — ¢, 1o]. Since B, (t9) = —L < 0 and B, is left-continuous,
there exists 8" € (0, &) such that g (¢) < —8'L for every € [1o — &', to].

Without loss of generality, we may assume that 8’ = §, since it suffices to pick the smallest of both values to have the
properties on «;. and ;. In particular, we see that

e « is a bijection from [#1, #] + 8] onto its image «([#1, #; + 8]) = [0, a], where a := a(#; +5) > 0,
e [ is abijection from [ty — J, fp] onto its image B([top — 8, to]) = [0, b], where b := B(t9 — §) > O.
We denote by o' and 8! their inverse functions.
Let z € R? be such that ||z|]| = 1 and (z, y) = 0. For every ¢ € (r;,a~'(b)], we have (f(t) — f(B~ (a(1))), y) = 0.

Then, we may write f(¢) — f(,B_l(a(t))) =(f@) — f(ﬂ_l(oz(t))), z)z. Moreover, for ¢ € (t1, 2~ 1(b)], since there are
no further multiple point before #o, f(t) — f(B~ («(t))) # 0. Thus, there exists o € {—1, 1} such that

fO=fE @) _
1f @) = FB~Ham)]

We suppose, without loss of generality, that the vector z was chosen such that o = 1. Now, let us show that, for ¢ €
(ti,a” (D],

1
(o i) = 3 sup [ ()= FE e))].
t<s<t
Since (z, f/(r1)) = 0, we have, according to Theorem 3.1,
(z. flO)=(z. f@©) = f1(1))
- / z, f"(ds))
(11,1]
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1
= —E[(X = F®. 21y, <]

1 f@ = fB @) > }
=——E|(X — 1, iy |-
A [< 1@ 1f () — fFB~ (@] =r=1

Besides, for ¢ € [0, 1], starting from

IXx=ro| = |X=rOF +|ré& - ro)* +2(x = £, £ = f0)),

we deduce, by optimality of 7, the inequality

—(X=fO. fO - f0) = —||f(t)— fo’

Hence, we obtain

(2, f(t))m [ @ = (B @)1y <i<n]
<22 sw [F6) - 75 @))]. G31)

Similarly, we get, for every # € [8 -1 (a), 19),

(z, fg(t>)< — sup [[£()— fe” ' (B(5))]- (32)

72X r<s<itg

This may be seen for instance by considering the optimal curve parameterized in the reverse direction ¢ — f(1 —¢). For
x €[0,a Ab),let D(x) = f(a ' (x)) — f(B~'(x)). This function D is right-differentiable and

flle' @) BT @)

D (x) = — .
0= Ty T BB )

r

Moreover, o) (! (x)) > §L and —B,(8~" (x)) > 8L, so that

(D;.2) = 57 51 ) + e £ (8 )

For the last inequality, we used the upper bounds (31) and (32) together with the monotony of o and . Observe, since
7= HD(x)H , that (D].(x), z) is the right-derivative of ||D(x)|. As D(0) = 0, the Gronwall Lemma implies that D(x) =0
for all x € [0, a A b), which yields a contradiction, since the considered multiple point is supposed to be left-isolated. [J

We may now state the injectivity result in dimension 2, for open and closed curves.

Proposition 4.1.

) IfCL={p€[0,1]—> R2, L(p) < L}, then f is injective.
(i) IfCr ={p€[0,1] —> RZ, £(p) < L, p(0) = ¢(1)}, then either f restricted to [0, 1) is injective or Im f is a segment.

Proof. (i) C; ={¢ €[0, 1] > R?, £L(¢) < L}.

Thanks to Lemma 4.4, if f has multiple points, there exists a last multiple point. As such, this multiple point is
right-isolated. However, by Lemma 4.6, this cannot happen. So, f is injective.

(i) Cp = (¢ € [0, 11— R%, £(p) < L, p(0) = p(1)}.

We assume that f restricted to [0, 1) is not injective. So, our aim is to prove that Im f is a segment. As f is supposed
not to be injective, the set D = {t € [0, 1) | Card([0, 1) N f~L({f(1)})) > 2} is non-empty. Without loss of generality, we
can assume that D N (0, 1) # @. Indeed, if D = {0}, we can replace f by the curve t — f((# + 1/2) mod 1) for which
D ={1/2}.
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Let us show that D is dense in (0, 1). Proceeding by contradiction, we assume that there exists a non-empty open
interval (a, b) C (0, 1) such that DN (a, b) = &. Since DN (0, 1) # &, one has DN (0, a] # & or DN[b, 1) # &. Consider
the case where D N[b, 1) # &. Define B = inf(D N [b, 1)). There exist two sequences (#)r>1 C D and (sx)x>1 C D such
that #x | B, f(tx) = f(sx) and sg # t for all k > 1. Up to an extraction, s; converges to a limit s € [0, 1]. If 8 # s then
B € D is left-isolated which is impossible by Lemma 4.6. Thus s = B and consequently s; > g for k large enough. This
yields f/(sx) — f/(B). Besides, for all k, f/(tx) — f/(B) and, by Lemma 4.5, f/(t) = — f,(sx), which contradicts the
fact that f has speed L. The case where D N (0, a] # @ is similar.

The next step is to prove that the set [0, 1) \ D is finite. Let ¢ € (0, 1) \ D. Since D is dense, there exists a sequence
(tk)k=1 € D such that # | t. For every k > 1, there exists s; # # such that f(f) = f(sx). If s € [0, 1] is a limit point
of (sx), then f(¢) = f(s) which implies ¢ = s since ¢t ¢ D and ¢ # 0. Therefore limy_, 5, sx = ¢. Up to an extraction, we
may assume that (s) converges increasingly or decreasingly to ¢. By Lemma 4.5, one has f’(#) = — f”(sx) for k large
enough. If sz | ¢, one obtains a contradiction: f/(¢t) = limy f/(tx) = —limy f/(sx) = — f/(¢). Thus s 1 ¢ and one gets
£/ (t) = — f/(t). This means that f(¢) is a cusp. Since || f”||([0, 1]) < oo, there are only a finite number of such points.

Observe that, as a consequence of Lemma 4.5, for every ¢ € [0, 1), Card([0, 1) N f_1 {f(®}) < 3. Indeed, if a point
has multiplicity at least 3, that is there exist 0 <7 <1, < #3 < 1 such that f(¢#1) = f(t2) = f(#3), then, on the one
hand, f/(t;) = —f'(f2) = —f'(t3), and on the other hand, f’(t2) = — f’(#3). Thus, one obtains again a contradiction:
flit) = f(r) = f'(t3) = 0. In other words, D = {r € [0, 1) | Card([0, 1) N Y fo)n) =2).

We introduce the function ¢ : [0, 1) — [0, 1), defined as follows: for ¢ € [0, 1) \ D, set ¢(t) =t and for ¢t € D, set
@) =1t where t’ € f~'({f(1)}) and ¢’ ¢ ¢. Note that ¢ is an involution.

Let us show that the function ¢ is continuous on (0, 1) \ {¢(0)}. First, observe that f is derivable on D N (0, 1) by
Lemma 4.5, and that f” is continuous on D N (0, 1) since f; is right-continuous and f is left-continuous. Let 7 € (0, 1)
such that ¢ # ¢(0) and let (f)x>1 be a sequence converging to ¢. Let s € [0, 1] be a limit point of (¢(#)). Since f(#) =
f(p(tr)), for all k > 1, one has f(s) = f(¢). Necessarily, s € (0, 1) since ¢ # ¢(0). If ¢ D, one has s =t = ¢(t). If
t € D, then s € {t, p(r)}. Since D N (0, 1) is open, # € D for k large enough, hence f'(p(fx)) = —f' (&) for k large
enough. Thus f’(s) = — f/(¢) and consequently s = ¢(z).

Let us show that ¢ is derivable on D N (0, 1)\ {¢(0)} and ¢'(t) = —1forallt € DN (0, 1)\ {¢(0)}. Lett € DN (0, 1),
t # ¢(0). For all & € R such that |h| <t A (1 —t), we have

fa+n)—f®)=f(e+n)— f(e®)

@(t+h)
= f f'(s)ds
@)

1
— (ot + 1) — p(1) /0 Fo) +u(pl +h) — p0))) du.

Besides, since f” is continuous at the point ¢(z) € D N (0, 1) and ¢ is continuous at the point ¢, one has

1
}}1_%/0 @ +u(p+h) —e®))du= f'(e@®) =~ f'@).

One deduces that limy_.o(@(t +h) — @(t))/h = —1.

Let us prove that ¢(¢(0)/2+1t) =¢(0)/2+ 1 —¢ mod 1 for all # € [—¢(0)/2, 1 — ¢(0)/2). From the two previous
steps, one deduces that if ¢(0) =0, ¢(r) =1 — ¢ for all t € (0, 1), as desired, while, if ¢(0) € (0, 1), there exist two
constants ¢; and ¢, such that

pt)=ci1—t V1€(0,900), @t)=co—t Ve (p0),1).

It remains to prove that ¢y = ¢(0) and c» = 1 + ¢(0). As ¢ takes its values in [0, 1), one has ¢(0) <cj <land 1 <c¢; <
1 4+ ¢(0). Moreover, since ¢ is a bijection, ¢c; —t > ¢y fort > ¢(0) or ¢ —t < c1 — ¢(0) for t > ¢(0), thatis co — 1 > ¢y
or ¢3 < cj. In the first case, one gets ¢c; = ¢(0) and c» = 1 4+ ¢(0). In the second case, one gets ¢; = ¢» = 1, which is not
possible: necessarily, ¢(0) = 1/2, since otherwise ¢(1 — ¢(0)) = ¢(0) which yields 1 — ¢(0) = 0, and we see that the
restriction of f to [0, 1/2] is a closed curve with the same image as f, hence f is not optimal.

Finally, define the curve f by

F& = f((p©)/2+1) mod1).
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This curve f has the same image as f and, from the last step, f () = f (1 —1¢) for all ¢ € [0, 1]. Let us show that Im f is
a segment. Otherwise, the curve g defined by

g)=f@) ifrel0,1/2, g =Ff1/2)+2¢—1/2(f()— f(1/2)) ifre[l/2,1]

satisfies L(g) < L(f) and A(g) < A(f), since Imf = f([O, 1/2]), thus f cannot be optimal. O

5. Examples of principal curves
5.1. Uniform distribution on an enlargement of a curve

The purpose of this section is to study the principal curve problem for the uniform distribution on an enlargement of some
generative curve. For A C R4 and r > 0, we denote by

A®r=[xeR?|d(x, A) <r}

the r-enlargement of A. Under some conditions on the generative curve f : [0, 1] — R?, for r small enough, it turns
out that the image of an optimal curve with length L£L(f) for the uniform distribution on an r-enlargement of Im f is
necessarily Im f. More specifically, the radius » must not exceed the reach of Im f.

The reach of a set A C R is the supremum of the radii p such that every point at distance at most p of A has a unique
projection on A. More formally, following [18], we define for A C R?

reach(A) =sup{p > 0|Vx € RYd(x,A)<p=FNacAd(x,a)=d(x, A)} €10, +o0].

The question of the optimality of the generative curve when considering the uniform distribution on an enlargement
has been first addressed in dimension d = 2 in [33]. Observe that related ideas can be found in [21]. Our proof in arbitrary
dimension d > 1 relies on arguments in [18], which moreover allow to show uniqueness.

Theorem 5.1. Let f : [0, 1] — R? be a curve. Suppose that f is injective, differentiable, f' is Lipschitz, and there exists
¢ > 0 such that || f'(¢)|| > ¢ for all t € [0, 1]. Then, the reach of Im f is positive. Let r € (0, reach(Im ] and let X be a
random vector uniformly distributed on Im f @ r. Consider a function V : [0, 00) — [0, 00) continuous, increasing and
such that V(0) = 0. Then, for every curve g : [0, 1] — R? such that £(g) < L(f) one has

E[V(d(X,Im f))] <E[V(d(X,Img))]
with equality if and only if Img =1Im f.

The proof of the theorem is based on two lemmas. For k > 1, A; denotes the Lebesgue measure on R¥ and oy the
volume of the unit ball in R*. From [33, Lemma 42], we have the next result.

Lemma 5.1. Let A be a compact connected subset of R? with H'(A) < oo. Then for all r > 0 one has
M(ADr) < H! (A)otd_lrd_1 + adrd.

Lemma 5.2. Ler f : [0, 1] — R be a curve. Suppose that f is injective, f is differentiable, f' is Lipschitz, and there
exists ¢ > 0 such that || f'(¢)|| > c for all t € [0, 1]. Then, the reach of A =1m f is positive and for all r < reach(A) one
has

r(ADr)=L(og_1r¢ " +agrd. (33)
Moreover, one has

[xeAar|d(x,0(A®r)=r}CA. (34)

Proof. The assumptions on f imply that there exists £ > 0, a set B C R and a function ¢ : (—, 1 + &) — B such that ¢
is bijective, ¢ = f on [0, 1], ¢ is differentiable, ¢’ is Lipschitz and go_l is Lipschitz. From [18, Theorem 4.19], we deduce
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that reach(A) > 0. For r € (0, reach(A)), equality (33) follows from [18, Theorem 5.6 & Remark 6.14]. For r =reach(A),
we can write

L(Nea-1r +ogr? = 1im rg(A® = 1/m) =ha({x e R [d(x, A) <7})

and Ag(A @ r) < L(f)ag_1r?"" + agr? by Lemma 5.1. Thus, equality (33) holds.
Now, we prove (34). Let x € A@r such that d(x, (A @r)) > r. According to [18, Corollary 4.9],if 0 < s < reach(A)
and A, = {y e R?|d(y, A) > 5} then
d(y, A/S) =s—d(y,A) whenever0<d(y, A) <s.

Suppose that d(x, A) > 0, then for all s € [d(x, A),r) one has d(x,A) =5 — d(x,A;). Since lim,_,, d(x,A;) =
d(x,Al)=d(x,3(ADr)), one gets d(x, A) <0. This proves that x € A. O

Proof of Theorem 5.1. We set A =1Im f and B =Im g. On the one hand, denoting by vV~ the inverse of V : [0, ) —
[0, V(00)),

E[V(d(X,B))]= /OOO P[V(d(X, B)) > t]dt

V(00)
:/ (1-P(dx,B) <V~ '®))dr
0

_/V(oo><1 - )Ld((B@V—l(t))ﬂ(AEBr))>dt
=) ra(A®r) '

On the other hand, for ¢t < V(r), by Lemma 5.1 and equation (33), one gets
ra((BavIio)nAen)<rBav o) <H Imgai VIO +agv )
<L(Paa VIO vV O =ra(A0 VD). (35)

Therefore, for all ¢t € [0, V (00)),

1

_M(BeV'o)n@Uen) [1 MA@ v-l(r))}
ra(ADr) - ra(Adr) ],
Consequently,

YO/ Al Ve,
E[V(d(X, B))]z/o (1_W) dt =E[V(d(X, A))].

Suppose that E[V (d(X, B))] =E[V (d(X, A))]. Then, we have
ra(Adr)=r((BeV'®)N(A®r)) dt-ae on[V(r),+00).

By right continuity with respect to ¢, we obtain that A;(A & r) = Ag((B & r) N (A @ r)). From the chain of inequalities
(35) with # = V (), we deduce that £( f) = H!(Im g) and

r((AerNB@&r)=ri((Adr)NBor)=0.

Let us show that A @ r = B @ r. Suppose that (A & r) N (B & r)° # &. Then one can find x € R? and a € A such that
d(x,a)<randd(x,B)>r.Sety=x—¢e(x —a)where0<e <lande <d(x,B)/r —1.0Onehasd(y,a) <r—er <r
and d(y, B) > d(x, B) — er > r. Thus y belongs to the interior of (A & r) N (B & r)¢ which implies A4((A & r) N
(B®r)°) > 0. Therefore (A r)N (B @ r)° =. Similarly one can prove that (A @ r)*N(Bdr)=J.

Finally, from (34), we deduce that

BC{xeBEBr|d(x,B(B€Br))Zr}:{xeAéBr|d(x,8(A@r))Zr}CA.

Since £L(f) = H'(Img), this implies that A = B. O
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5.2. Uniform distribution on a circle
In this section, we investigate the principal curve problem for a particular distribution, the uniform distribution on a circle.

Proposition 5.1. Consider the unit circle centered at the origin with parameterization given by
g(1) = (cos(2mt), sin(27t))

fort €0, 1]. Let U be a uniform random variable on [0, 1] and let X = g(U). Then, for every L < 2m, the circle centered
at the origin with radius % is the unique closed principal curve with length L for X.

Proof. Let f : [0, 1] — R? be an optimal closed curve with length L. We denote by K the convex hull of Im f. Since
Im f is compact, K is a compact convex set (consequence of Caratheodory’s theorem; see, e.g., [25]). Notice that Im f
is included in the unit disk: indeed, if not, since f is a closed curve, with L(f) < 27, there exist u#; and u», such that
f(u1) and f(uz) belong to the unit circle and the arc ¢ € (u, u2) — f(¢) is outside the disk, which is not optimal since
replacing this arc by the corresponding unit circle arc yields a better and shorter curve. In turn, the convex hull K is also
included in the unit disk, by convexity of the latter. Let 7x : R* — K denote the projection onto K et define the curve A
by h(t) = wx (g(t)) for t € [0, 1]. By this definition of % as projection of the unit circle on a set included in the unit disk
containing Im f, we have

A(h) = A(f).

e Let us prove that 4 has length at most L. First, note that & has finite length, since ng is Lipschitz. By properties of the
projection on a closed convex set, we know that the set of points of R? projecting onto a given element of the boundary
0K of K is a cone. This ensures that 4 : [0, 1] — 0K is onto, because a cone with vertex in the unit disk intersects the
unit circle Im g at least once. More specifically, if the cone reduces to a half-line (degenerated case), then it intersects
Im g exactly once. Otherwise, the cone is the region delimited by two distinct half-lines with common origin in the
disk, and, thus, contains an infinity of such distinct half-lines, each of them intersecting Im g once. Hence, for every
v € Im h, there is either one ¢ such that v = h(¢), or an infinity.

We will use Cauchy-Crofton’s formula on the length of a curve (for a proof, see, e.g., [2]). Let d, ¢ denote the line
with equation x cos6 + ysin6 = r. For every curve ¢ = (¢', ¢?), if

Ny (r,0) = Card({r € [0, 11, (1) € dyp}) = Card({ € [0, 11, 9" () cos 8 + * (1) sind =r}),

then the length of ¢ is given by

1 2 poo
—/ f N,(r,0)dr dé.
4 0 —00

Let us compare Nj(r,6) and N¢(r,0) for (r,6) € R x [0, 27]. To begin with, note that N (r, 6) is finite almost
everywhere since & has finite length. So, we need only consider the cases where N, (r, 0) is finite. This allows to
exclude the points v € Im & such that A~ ({v}) is infinite, as well as the cases where a line dr.¢ and Imh have a whole
segment in common. Observing that, if the line d, g does not intersect Im#, then it does not intersect Im f either, since
Im# is the boundary of the convex hull of Im £, it remains to look at the two following cases for comparing Ny, (r, )
and Ny (r,0).

— If the line d, ¢ intersects Im/ at a single point, then this point belongs to Im f.

— If the line d,  intersects Im & at exactly two points, then Im f crosses the line. If Im f were located on one side of
the line, K were not the convex hull. Since f is a closed curve, Im f crosses the line at least twice.

So, Ny (r,0) < Ny(r,0) almost everywhere, that is L(h) < L(f) = L.

e Now, observe that Imh C Im f. Indeed, otherwise, there exists ¢ € [0, 1] such that A(¢) ¢ Im f, which means that
d(g(®),Im f) > d(g(t), K). By continuity this implies that d(g(s), Im f) > d(g(s), K) for all s in a non-empty open
set and one obtains that A(h) < A(f). By optimality of f, this is not possible since L(h) < L.

e Since Imh C Im f and L(f) = L, to obtain that Im f is the circle with center (0, 0) and radius L/2m, it remains
to show that Im# is the circle with center (0, 0) and radius L/2x. Let 9 € [0, 1] and let Ay : R2 — R2? denote the
rotation with center (0,0) and angle 276. We set hg(t) = ma,k)(g(t)), for every ¢ € [0, 1]. Since hg(t) = Ag o
K (Ae_l (g(?))) =Apomk(g(t —0)), hg is a curve with same length as 4. Moreover, Ag(X) has the same distribution
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as X, so that

E[ || 40 (X) — ma00) (A6 (X)) ]
E[[ A6 (X) — Ag (wx (X)) ]

E[]| X — 7k (0]

E[|X — w000 (O[]

By strict convexity, we deduce from this equality that, if P(74, k) (X) # g (X)) > 0, then

E[[[X = (rx (X) + a0 () /2] < A,

Since the random variable (mwg(X) + ma,(k)(X))/2 takes its values in the image of the curve (h + hg)/2 with
length smaller than £(h) < L, that is not possible. Consequently, 74, (k) (X) = 7k (X) almost surely. In other words,
Ay (K)(g(t)) = h(t) for almost every ¢ € [0, 1], and, thus, by continuity, kg (¢) = h(t) for every t € [0, 1]. For ¢ € [0, 1],
let 6 =t. We have h(t) = h;(t) = A; o mg (g(0)) = A;(h(0)). Since A(f) = A(h) and L(h) < L, L(h) = L. Hence,
Im A is the circle with center (0, 0) and radius L/27. O

Remark 9. Observe that radial symmetry of a distribution is not sufficient to guarantee that a given circle will be a
constrained principal curve for this distribution. Let us exhibit two counterexamples.

e Let p > 0 and let U/ denote the uniform distribution on the unit circle. Consider a random variable X taking its values
in R2, distributed according to the mixture distribution

pdo,0)+ (1 — p)U,

where §(0,0) stands for the Dirac mass at the origin (0, 0). Then, for every circle with center (0, 0) and radius r € (0, 1],
because of the atom at the origin, the projection of X on the circle is not unique almost surely, which implies, thanks
to Proposition 3.1, that none of these circles may be a constrained principal curve for X.

e We consider the case where X is a standard Gaussian random vector in R2. Lemma 3.2 ensures that the circle with
center (0, 0) and radius E[|| X ||] = +/7/2 cannot be a constrained principal curve for X because it is self-consistent.
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