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Abstract. In this paper, for i and v two probability measures on R4 with finite moments of order o0 > 1, we define the respective
projections for the W,-Wasserstein distance of 1 and v on the sets of probability measures dominated by v and of probability measures
larger than u in the convex order. The Wj-projection of u can be easily computed when p and v have finite support by solving a
quadratic optimization problem with linear constraints. In dimension d = 1, Gozlan et al. (Ann. Inst. Henri Poincaré Probab. Stat. 54
(3) (2018) 1667-1693) have shown that the projection of p does not depend on o. We explicit their quantile functions in terms of
those of 1 and v. The motivation is the design of sampling techniques preserving the convex order in order to approximate Martingale
Optimal Transport problems by using linear programming solvers. We prove convergence of the Wasserstein projection based sampling
methods as the sample sizes tend to infinity and illustrate them by numerical experiments.

Résumé. Soient p et v deux mesures de probabilité sur R4 ayant un moment d’ordre o > 1 fini. Dans ce papier, nous définissons
respectivement les projections de 4 et v pour la distance de Wasserstein W, sur I’ensemble des probabilités dominées par v et sur
I’ensemble des probabilités dominant  pour I’ordre convexe. Pour o = 2, la projection de u peut facilement étre calculée lorsque u
et v ont un support fini en résolvant un probléme de minimisation quadratique avec des contraintes linéaires. En dimension d = 1,
Gozlan et al. (Ann. Inst. Henri Poincaré Probab. Stat. 54 (3) (2018) 1667-1693) ont montré que la projection de u ne dépend pas
de 0. Nous donnons ici I’expression de la fonction quantile de cette projection a 1’aide des fonctions quantiles de u et v. La motivation
de cette étude est de fournir une méthode d’échantillonage permettant de préserver 1’ordre convexe. Cela permet ensuite d’approcher
les problemes de transport optimal martingale en utilisant un solveur de programmation linéaire. Nous prouvons la convergence des
méthodes d’échantillonage basées sur la projection Wasserstein lorsque la taille des échantillons tend vers 1’infini, et illustrons cette
convergence par des exemples numériques.
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1. Introduction

For u, v in the set P(R?) of probability measures on R?, we say that x is smaller than v for the convex order and
denote u <cx v if fRd ¢ (x)u(dx) < fRd ¢ (y)v(dy) for each convex function ¢ : RY > R non-negative or integrable
with respect to i + v. Let us note that when v has a finite first order moment, this implies the same for px and that
fRd xu(dx) = fRd yv(dy) by taking ¢ (x) = |x| for the first claim and ¢ (x1, ..., x4) = %x; for the second. Up to our
knowledge, few studies consider the problem of preserving the convex order while approximating two such probability
measures. We can mention the one-dimensional method based on the quantile functions proposed by David Baker in his
PhD thesis [6] (see the beginning of Section 2.2 for more details). The dual quantization introduced by Pages and Wilbertz
[23] gives another way to preserve the convex order in dimension one (see the remark after Proposition 10 in [23]). This
is unfortunately no longer true for higher dimensions. Take for example the case of the probability laws u = §(9,9) and
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v the distribution on (U, 0) with U uniform on [—1, 1]. We have u <.x v. We calculate their dual quantizers @ and
v on the two triangles 71 and 7, with vertices {(—1,0), (0, —1), (0, 1)} and {(0, —1), (1, 0), (0, 1)}. We easily obtain
=301 +80.1), V= 50,—1) +80,1) + 81,00 + 81,0)- Thus, we have [ x%fi(dx,dy) =1, [x>b(dx,dy) = 3,
which proves that the convex order is not preserved. However, the quantization and the dual quantization give a possible
way to approximate p and v in the convex order. Precisely, the quantization of  gives a probability measure p with
finite support such that & <cx « while the dual quantization of v gives a probability measure v with finite support such
that v <. v. We therefore have 1 <cx V. Though being general, this construction has several drawbacks. First, to define
the dual quantization, v and therefore p must have a compact support. This is a very restrictive assumption. Second,
the calculation of the quantization of u and of the dual quantization of v is in general not obvious in dimension d > 2
and may require an important computation time. This is why one usually pre-calculates the quantization for standard
distributions, see [22] for the Gaussian case. Third, this method only works for two measures and does not generalize to
design approximations of ., v, n € P(R?) preserving the convex order when it <cx v <cx 1.

To avoid the curse of dimension, it is natural to look at the Monte-Carlo method and to consider the empirical measures
nr = % Z{:l dx, and vy = % ij‘zl 8yj, where X1, ..., Xy (resp. Y1, ..., Yj) arei.i.d. random variables with distribution

u (resp. v). Clearly, there is no reason to have }Zf: | Xi = %ZJJ»ZI Y; (a necessary condition for the convex order
from the choices ¢ (x1,...,x4) = £x; with k € {1,...,d}) and even more to have u; <cx v;. In dimension d = 1,
according to Kertz and Rosler [19,20], the set of probability measures with a finite first moment is a complete lattice for
the increasing and decreasing convex orders. The present paper stems from our preprint [1] (Sections 3 and 4), where,
in Section 2 devoted to the one-dimensional case, we also investigate the approximation of py by uy A vy (resp. vy by
wy VvV vy) defined as the infimum of ©; and v; for the decreasing convex order when } Z{zl X; < } Z,J'=1 Y; and for

the increasing convex order otherwise so that pu; A vy <cx vy (resp. ;7 <cx 11 V vy). Unfortunately, this approach does
not generalize to dimension d > 2, where, according to Proposition 4.5 [21], even the set of probability measures with a
constant expectation is no longer a lattice for the convex order. In the present paper, still looking for modifications of j;
smaller than v; in the convex order, we introduce the following minimization problem where o > 1
minimize L S0 1X; = 3 rivi1@
1 i=1 i j=1 rl] J (1 l)
under the constraints Vi, j, r;; > 0, Vi, 211:1 rij=1and ¥}, Zi]=l rij = §
For o = 2, this is a quadratic optimization problem with linear constraints which can be solved efficiently numerically
(see Section 5). In general, this is the minimization of a continuous function on a compact set and there exists a minimizer
r*. We then define

1 J

ugy = TZSX;, with X} =Y "r*y;.
i=1 j=1

By construction, we have u%; <cx Vy. In the next section, we generalize this problem by considering, in place of the point
measures (7 and vy, general elements of P, (RY) = {n e P(RY): fRd |x]¢n(dx) < oo} with ¢ > 1 denoted (with a slight
abuse of notation) by u and v. This leads us to define the projection I'LQB(V) of 1 on the set P(v) = {n € P(RY) :  <cx v}
of probability measures dominated by v in the convex order for the Wasserstein distance with index o:

1/0
Wo(p,n)= min (/ Ix—ylgn(dx,dy)> ,
mell(p,n) \JRA x R4

where IT(u, v) the set of probability measures 7 on R? x R? with marginal laws u and v, i.e. (A X R?) = p(A) and
7(R4 x A) =v(A) for any Borel set A C RY. We show that this projection is well defined for ¢ > 1 and study some of
its properties. Notice that after our preprint [1], Gozlan and Juillet [13] and Backhoff-Veraguas et al. [5] have recently
considered the projection for o = 2. In dimension d = 1, according to Gozlan et al. [14] Theorem 1.5, the projection
does not depend on ¢. We explicit its quantile function in terms of the quantile functions of w and v so that it can be
computed by efficient algorithms when p and v have finite supports. In Section 3, we prove that, when p <¢x v, then
Wo(u, (,u;)%(w)) <2Wy(i, uy) + Wy (v, vy) and deduce that (m)%(w) converges weakly to u as I, J — +o00. More-

over, we extend the construction to the sampling of several probability measures ranked in the convex order. Section 4 is

devoted to the projection v2 of v on the set P(u) = {n € P(RY) : . <cx n} of probability measures larger than u in

Py
the convex order for the Wasserstein distance with index . Last, in Section 5, we illustrate by numerical experiments the

Wasserstein projection based sampling methods and their application to approximate Martingale Optimal Transport prob-
lems. One important motivation of this paper is indeed to tackle numerically the Martingale Optimal Transport (MOT)
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problem introduced in [7], which has received a recent and great attention in finance to get model-free bounds on op-
tion prices. A family of probability measures on R? (Q(x, dy)) ccprd 1s called a Markov kernel on R< if for any Borel
set ACRY R > x > O(x, A) is measurable. We define ITM (u, v) = {r € IT1(w, v) : Vx € R, fRd [ylmy | x (x,dy) <
oo and fRd ymy|x (x,dy) = x} where 7y x denotes a Markov kernel such that v (dx, dy) = u(dx)my|x (x, dy), the set of
martingale couplings. Theorem 8 in Strassen [27] ensures that, when v € P (RY), u <ex v < MM (u,v) + &. Fora
measurable payoff function ¢ : R? x R? — R, the MOT problem consists in finding an optimal coupling 7* € TT™ (u, v)
that minimizes (or maximizes)

/Rd 2 c(x,y)m(dx,dy) (1.2)

among all couplings 7= € IT™ (1, v). In finance, this problem arises naturally if one considers the prices of d assets St 81,
at dates 77 < T>. We assume zero interest rates and suppose that we can observe the marginal laws p (resp. v) of Sz, (resp.
St,) from option prices on the market and that we want to price an option that pays ¢(St,, S1,) at date 75. Any martingale
coupling 7 € TT™ (i, v) is an arbitrage free pricing model: the supremum and the infimum of fRdled c(x,y)m(dx,dy)
over all these couplings give model free bounds on the option price. From the dual formulation of the problem, Beiglbock,
Penkner and Henry-Labordere [7] have proved that the upper (resp. lower) bound is the cheapest (resp. most expensive)
initial value among superhedging (resp. subhedging) strategies. To compute the model free bounds on the option price,
one may consider approximating the probability measures p and v by probability measures with finite supports (typically
the empirical measures of i.i.d. samples) u; = 21'1:1 pidx; and vy = Z/J':l qjdy;, with I, J € N*, x;,y; € R, pi, qj >0

for any i, j and Zi]:l pi = Z]J':I g; =1 and solve the approximate MOT problem: to minimize (or maximize)

1 J
Yo el y)) (1.3)

i=1 j=1

over (7ij)1<i<I,1<<J under the constraints

i J J
rij =0, > pirij=4a;, D orij=1 and Y rijy;j=ux.
i=1 j=1 j=1

This problem falls into the realm of linear programming: powerful algorithms have been developed to solve it numerically.
a martingale coupling between p; and v;. By Strassen’s theorem, this is equiV_aler;t to have w1 <cx vj, which motivates
the interest of preserving the convex order when sampling both the probability measures p and v. It is very natural in the
financial application to consider empirical measures with / = J: once a stochastic model is calibrated to European option
market prices, one basically samples it at different times to price exotic options, which gives the empirical measures at
those times.

2. Wasserstein projection of u on the set of probability measures dominated by v in the convex order
2.1. Definition, existence and uniqueness

Let us first recall that a family of probability measures on R (R (x, dy)) crd is called a Markov kernel on R if for any
Borel set A C Rd, RYs x> R(x, A) is measurable. Besides, we say that the Markov kernel R is a martingale Markov
kernel if for all x € RY, [pa [y|R(x,dy) < o0 and [ps yR(x,dy) = x.

For a Markov kernel R(x,dy) on RY, we set

mR(x)=/ yR(x,dy) forxeRds.t./ Iy|R(x,dy) < oo.
R4 R4

It is well known (see [11] pages 78-80 or [24] page 117) that if & € IT(u,v) (resp. w € HM(,u, v)), there exists a
(dx)-a.e. unique Markov kernel (resp. martingale Markov kernel) R such that u(dx)R(x, dy) = m(dx, dy). This kernel
satisfies obviously f erd H(dX)R(x,dy) =v(dy), which we note uR = v later on. Conversely, if R is a kernel satisfying
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wR = v then u(dx)R(x, dy) defines a probability measure in IT(x, v). We define P(R?) the set of probability measures
on R? and, for o>1,

Po(RY) = {M e P(RY), /Rd x| pu(dx) < oo},

the set of probability measures with finite moment of order o.
Suppose that v € P;(R¥) and R is a Markov kernel such that R = v. Then

f IR Gx. dy)u(dx) =f yIv(dy) < oo
R4 x R4 R4

[]€9]
1+]x]

so that mg(x) is defined u(dx)-a.e. Moreover for each convex function ¢ : R — R such that SUpP, cRrd < 00, by

Jensen’s inequality,

/ o (y)v(dy) =/ o (u(dx)R(x,dy)
R4 R4 xR

> / ¢</ yR(x,dy)>u<dx)= / ¢ (mr (1)) (d).
R4 R4 R4

Despite the restriction on the growth of the convex function ¢, by Lemma A.1 below, this ensures that m g#u <cx v.
Foro>1and u,veP, (R?), we consider the following generalization of the minimization problem (1.1):

Minimize J,(R) := fRd |x —mpr(x)|®u(dx)
under the constraint that R is a Markov kernel such that R = v.

Note that this problem is a particular case of the general transport costs considered by Gozlan et al. [15] and Alibert et al.
[3], who are interested in duality results and by Backhoff-Veraguas et al. [S] who deal with existence of optimal transport
plans and necessary and sufficient optimality conditions in the spirit of cyclical monotonicity. Gozlan and Juillet [13]
characterize optimal transport plans between p and v for the cost Jo. When the X; are distinct, (1.1) is recovered by
setting

ij-:l rijdy;(dy) if x = X; forsomei e {l,..., 1}

R(x,dy)={5x(dy) if x ¢ {X1,..., X1}

At optimality in (1.1), by Jensen’s inequality ij':l rijY; = Z]J'=1 rijY;j when X; = X for 1 <k #i < I and the problem
(1.1) modified with the additional constraint 3-7_, r;j¥; = _7_, ri;¥; when X; = X is recovered by setting

1 J .
o liX,= i—17ij0y; (d fxe{X,....X

R(X,dy):{ZiIll(Xix} Liims 2511187, (@) 1 retk d
3x (dy) ifx ¢ {Xy,..., X7}.

According to the next theorem the generalized problem is equivalent to the computation of the projection of wu on the set
of probability measures dominated by v in the convex order for the o-Wasserstein distance.

Theorem 2.1. Let o > 1, u,v € PQ(R"). One has infR., r=y Jo(R) = infyep(y) Wg(,u, n) where both infima are at-
tained. If ¢ > 1, then the functions {mg, : LRy = v and Jy(R,) = infg.,r=y Jp(R)} are u(dx) a.e. equal, ,u%(v) =
mpg, #1L is the unique n <cx v minimizing Wg(u, n) and w(dx)dmp, (x)(dy) the unique optimal transport plan 7 €
ML, W,y such that Wg (i, i) = fpapa 1¥ = y197 (dx, dy).

When o > 1, /L% ) is the projection of u on the set of probability measures dominated by v in the convex order and

,U,QB(V) <cx V. The proof relies on the next lemma, and is postponed after its proof.

Lemma 2.2. Let v € Pi(R?). Then, the set P(v) is compact for the weak convergence topology.
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Proof. We have SUP, P (v) fRd |x|9n(dx) = fRd |x|v(dx). By the Markov inequality, we deduce that for K € (0, +00),
sup,epy N({x : [x[ > K}) < ﬁ fRd |x|®v(dx). By the Prokhorov theorem, this implies that P (v) is relatively compact
for the weak convergence topology. For K € (0, o0) and 1 <. v, denoting by R a martingale Markov kernel such that
nR = v, we have

/ Lo k() =/
R4 R4

< 1 R K 1 d
_/Rded Y= vE) (x,dy)n(dx)+«/_/Rd {Ix|=K17(dx)

/ yR(x,dy)'luxemn(dx)S/ |y x= k) R(x, dy)n(dx)
R‘l Rd Rd

X

Jra |xIn(dx)
=< [I‘Qd |y|1{|y‘z\/flv(dy) + T

Jea Iyl (dy)
E/Rd 11 yvt) + 2220

For (n,)» a sequence in {n € PRY) : n <cx v} weakly converging to 1.0, this implies uniform integrability ensuring
that for ¢ : R¢ — R continuous and such that SUp, cRrd Iﬂfx)ll < 00, lim,— fRd (X)), (dx) = f]R‘l ¢ (X)Noo(dx). With
Lemma A.1 below and the continuity of real valued convex functions on R?, we deduce that 7o, € P(v). Hence P(v) is

compact for the weak convergence topology. ([

Proof of Theorem 2.1. For n € P(RY),

Wg(u,n)ff

R4 x R4

lx—ylgu(dx)n(dy)§29_l</ legu«(dx)Jr/ IyIQn(dy)>,
]Rd ]Rd

where the right-hand side is finite if 7 € P(v) since sup,.p(,) fRd [x|9n(dx) = fRd |x]v(dx). Since n Wg (u,n) is

lower-semicontinuous for the weak convergence topology, by Lemma 2.2, there exists 1, € P(v) such that Wg (m, ne) =
inf, cp@) Wg (u, ). Let P be a martingale Markov kernel such that n, P = v and Q a Markov kernel such that ©Q = 7,
and Wg(u, Ne) = fRdXRd |x — y|2Q(x,dy)u(dy). One has uQ P = n, P = v and, by martingality of P,

mQP(x)Zf zP(y,dz)Q(x,dy)=f yOQ(x,dy).
R xRY R4
With Jensen’s inequality, we deduce that

e
lx — y[°Q(x, dy)u(dy) E/H;d pldx) = Jo(QP). 2.1

Wg(,u,n*):/ X—A;{dyQ(Xyd)’)

R4 x R4
On the other hand, for any Markov kernel R such that uR = v, mg#u <cx v and J,(R) = fRd [x —mpx)|°u(dx) >
Wg (., mg#u). Hence

inf R inf W2 =Wwe . P inf R
R:S}{’:ng( )Znelﬁ(v) o (1, m) o (1, m) = Jp(Q )ZR:IiI}?=va( )

so that both infima are equal and J,(Q P) = infg.;,r=y» J, (R). Moreover, the inequality in (2.1) is an equality. If ¢ > 1,
by strict convexity of x > |x|¢, this implies that p(dx) a.e. R(x,dy) = 5me(x) (dy) so that n, = uQ =mgp#u.

For o > 1, the uniqueness of mp, is also obtained from the strict convexity of x > |x|?. Namely, for any optimal
kernel R, we have

mg,(x) +mgp(x) @
2

k. +ory2)= [ d‘x - ()
1 1
< /Rd Sl =me 0] + S |x —mop (0| pidx)

1 .
= E(jg(R*) + jg(QP)) = R:;L[}szv jQ(R)
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Since u% = v, we necessarily have J,((Ry + QP)/2) =infg.,r=y Jp(R) and then mpg, (x) = mgp(x), u(dx)-
a.e. ([l

Remark 2.3. When ¢ = 1, let us give an example of non-uniqueness for the optimal functions m g and the probability
measures 7, € P(v) such that W (u, n,) = infy,epy Wi(u, n). Let u(dx) = 1jo,17(dx) (resp. v(dy) = 111,21(dy)) be the

uniform law on [0, 1] (resp. [1, 2]). We have
[ xntan - [ mecontan)| = ' [ xuian - [ yv(dy)‘ —1.
R R R R

For A € [0,1], Ry(x,dy) = (1 — A)814x(dy) + Ad2—x(dy) is such that uR; =v, mpg, (x) = (1 + 1) + (1 —24)x and
mpg, #u is the uniform law on [(1 + A1) A (2 — 1), (1 + A1) vV (2 — A)]. Using that mpg, (x) > 1 for x € (0, 1) for the first
equality, we have

inf  J1(R)> inf
R:;uR=v R:uR=v

1
Wl(u,mm#mm(m):f I+ 2xdr=1= inf Wi(u.n).
0 €Pv)

n
Thus all the kernels R; and pushforward measures m g, #u are optimal.

Example 2.4. Let 4 <cx v and ¢ > 1. We assume that v € P,, which implies that y € P,. For a € RY, let % be the
image of © by x > x + «. Then, for any kernel R such that u*R = v,

e
/Rd}x —mg)|*pu(dx) =

o
=‘ / X (dx) — f yo(dy) =‘ f xu (dx) — f xpe(dx)
R4 R4 R4 R4

This lower bound is attained for R(x,dy) = Q(x — «, dy), where Q is any martingale Markov kernel such that uQ = v,
since mg(x) = x — « for this choice. Therefore, for o > 1, (M‘")%(V) = L.

/ x —mp(x)pu*(dx)
R4

@
= |a|®.

Let us observe thatif , v € P, (R?) with o > 1, then we have , v € Py (R?) for any o’ € (1, ). In general, as in the

next example, u%(v) is different from u,%(v).

Example 2.5. Letd =2, 1 = 3(8(1,0) +8(0,0)) Witha € Rand v = J(8(1,0) +8(~1,0)). For o > 1, since, by Theorem 2.1,
,U,QB(V) is the image of u by some transport map and [,LQB(U) <cx V, one has [,LQB(U) = %(8%,0) + 5(7%,0)) for some x, €
[0, 1]. For x € [0, 1], since the distances between (x, 0) and (0, @) and between (—x, 0) and (0, a) are equal whereas (x, 0)
is closer to (1, 0) than (—x, 0), one has 2Wg (4, 3 (8(x,0) +8(—x.0))) = (1 —x)€ + (a* +x2)¢/2. Since the unique minimizer
of x — (1 —x)%+ (a2 +x2) on [0, 1]1is %, one has x, = % and “22(1;) = %(8(1/2,0) +38(—1/2,0))- Since the unique minimizer
of x =~ (1 —x)3 + (5 +x2)3/2 on [0, 1]1is %, fora e {—«/5, «/5}, one has x3 = % and ,u%(v) = %(8(1/4,0) + 8(—1/4,0)-

Nevertheless, the situation is strikingly different in dimension d = 1 where, according to Gozlan et al. [14] Theo-
rem 1.5, the projection does not depend on o. We are going to explicit this projection by characterizing its quantile
function in terms of the quantile functions of p and v.

2.2. Dimensiond =1

Let F (x) = u((—o0, x]) and F, (x) = v((—00, x]) be the cumulative distribution functions and for p € (0, 1), Fu_l(p) =

inf{x e R: F,(x) > p} and F,J I(p) = inf{x e R: F,(x) > p} their left-continuous and non-decreasing generalized in-
verses also called quantile functions. The convex order is characterized as follows in terms of the quantile functions (see
Theorem 3.A.5 [26]): for i, v € P1(R),

1 1
pzar it [ E o= [ R
2.2)

1 1
and Vg€ (0,1), / F/L_I(P)dPS/ F, ' (p)dp.
q q



1712 A. Alfonsi, J. Corbetta and B. Jourdain

Notice that, as a consequence of this characterization, if pu <c v, then for I,k > 1, }Z{IIS i 1 <
IfL Fr (w)du

% Z]Jd: 10 j , as stated by Baker in Theorem 2.4.11 [6].

kr f¥, Fr Gy du

kI

Theorem 2.6. For pu,v € P1(R), let Y denote the convex hull (largest convex function bounded from above by) of
the function [0,1] > g foq Fljl(p) - F;] (p)dp. There exists a probability measure jup(,) such that Vg € [0, 1],
f(;I Fﬂ_lg(v) (p)dp = foq FM_1 (p)dp — ¥ (q). Moreover, up(y € P(v) and for each o > 1 such that ., v € Pp(R), ,u,%(v) =
wpwy- Last, T (x) = Fu_l (Fu(x)) — ¢/ (Fyu(x)—) is non-decreasing and is an optimal transport map: T#u = wpwy and
forall g > 1, Wg (i, wpw)) = [ IT (x) — x| p(dx).

Remark 2.7. The fact that the Wasserstein projection /LQB(V) does not depend on g is in line with a remarkable feature
of the classical optimal transport in dimension 1. Indeed, whatever ¢ > 1, the optimal W, coupling between  and v is
the image 79T of the uniform law on [0, 1] by p — (F,;1 (p), Fv’l(p)) (see for instance Proposition 2.17 [25]). This is
deeply related to the complete lattice structure of P;(R) for the convex order (see top of p. 162 [20]). In fact, the set of
images of w € IT(w, v) by (x, y) = y — x has an infimum for the convex order. Strikingly, it turns out that this infimum
is a minimum (given by 7 °T), which ensures that the optimal coupling does not depend on ¢. Below, to prove that u%( v)
does not depend on o, we show that the set of images of m € I1(u, n) with n <¢x v by (x, y) — y — x also has a minimum
for the convex order.

For probability measures puy = Zi]:l Didy; (resp. vy = Z]J'=1 quSyj) on the real line with (py,..., p;) € (O, 117 and
X1 <xp<...<xj (resp. (q1,..-,q97) € (0, 117 and yI<y2<...<Yyy),the contipuous and piecewise affine function
g [ F,'(p)—F,'(p)dp changes slopeatq € {d _y px: 1 <i <1 —1}U{}{_ qx: 1 < j <J —1} with a change

-1 J-1 . . i
equ.al to) ;. 1{q=Zi=1 o) ikl = Xi) — 2o 1{4=2}£:1 qk}(yj'H — y;) (which can be equal to zero if g = ) ;| px =
Z}i:l gk and x; 1 — x; = yj 41 — y;). Clearly, ¥ is piecewise affine and changes slope at most at points g € {} j_; px :
1 <i <1 — 1} with changes not greater than x; 1 — x; so that (u;)pu,) = Zi[:l piby; with z1 <zp < ... <z;. The
convex hull 1 can be computed by Andrew’s monotone chain algorithm and the points (z;);c; are easily deduced.

The proof of Theorem 2.6 relies on the following lemma and is postponed after its proof.

Lemma 2.8. Let ¢ > 1 and i, v € Py(R). Then (0,1) 3 p — FM_Ql (p) — Fu_l(p) is non-increasing.
P)

Proof. It is enough to check that if p F,]_l(p) — Fﬂ_l(p) is not non-increasing for some n € P(v), one can find

7 € P(v) such that Wg(,u,?f) < Wg(u, n) where, according to Proposition 2.17 [25], Wg(u, n) = fol |Fn_1(p) -
_l . . . _1 _1 . . . . . .

1F . (p)I¢dp. With the left-continuity of p — F,"*(p) — F,; " (p), the lack of monotonicity of this function is equiva-

ent to

0</(0 l)zlln(p,q)dpdq where I = {(p.q) : (p — @) (F; ' (p) = F,'(p) = F; ' (@) + F, ' (@) > 0}.

F () —F  (p)—F Y @+F (@)
Leta(p.a) =11, (. )= =5

I and that 0 < a(p,q) =al(q, p) < 1. For (p,q) € I,

, where one easily checks that the denominator does not vanish on

Folp)—F ' (p)+ F (@) — F N (@)
2 bl

a(p. ) F; (@) + (1 —alqg. p)Fy ' (p) — F ' (p) =
so that by strict convexity,

1

SUE o = R o + R @ - FU @)

> la(p. ) Fy (@) + (1 —alqg. p) F; ' (p) = F ' (p)]°.
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With Jensen’s inequality, we deduce that
1 _ _ _ _
W@Q(“’”)ZE/(O 1)2|F,7 Yp) = F'(|° +|Fy (@) — Frl ()| dpdg
>/<01 la(p. ) Fy @) + (1= alq, p) Fy () = F L (p)|* dpdg

1
>/
0

The right-hand side is not smaller than Wg (i, 77) where 77 denotes the image of the Lebesgue measure on (0, 1) by

9 (0
1+]x[e

Q
dp.

1
f0a<p DF; @) + (1 —alg. p)F; () dg — F (p)

pH fol a(p, q)Fn_1 (@) + 1 —alq, p))Fn_l(p) dq.For ¢ : R — R convex and such that sup, .p
inequality,

< 00, by Jensen’s

1
/ﬂé ¢ (X)7j(dx) < /( e Do (Fy @)+ (1 —alg, p)¢(F, ' (p)dqdp = /0 o(F, (@) dq
Since the right-hand side is equal to fR ¢ (x)n(dx), by Lemma A.1 below, one has 77 € P(v). U

Proof of Theorem 2.6. Let U be uniformly distributed on (0, 1).
Since for all ¢ € [0, 1], i F,;'(p) — F, ' (p)dp = [ F,'(p)dp — q fo ~1(p)dp where the right-hand side is a
convex function of g, one has ¥ (0) =0 and ¥ (1) = fo 1( p) — 1( p)dp. By Lemma A.2 below, the convexity of

both g — ¢ F 1(p) dp and g — [ F;'(p)dp implies that g fo 1(p) dp — ¥ (q) is convex. Let f denote the
left-hand denvatlve of this function and wp(,) the probability d1str1but10n of f(U). By Lemma A.3 below, f is equal to

Fih, sothat¥g € [0, 11, [ ) (p)dp = [ F ' (p)dp — v (q).
Let ¢ € [0,1]. Since ¥ (q) < [] F, 1(p) — F;'(p)dp with equality when g = 1, one has [ le( (p)dp =
I E (pydp — vig) = [ ’l(p) dp with equality when ¢ =1 so that by (2.2), upg, fcx v. By concavity of

[0,1]5g+— —¥(g) = foq M)(U) (p) — 1(p) dp, the left-continuous function (0,1) > p —~ F M)(v) (p) — M_l(p) is
non-increasing.
The set

73(1)) = {17 ePW):(0,)>pr— Fn_l(p) — Fﬂ_l(p) is non-increasing}

is not empty since 1pa), 8. y(ay) € P(v). Let D(1) denote the distribution of Fn’1 (1-U)—F;'(01—U)forne P).
For all € P(v), [ |xID(n)(dx) < 0o and [ xD(n)(dx) = E[F,'(1 —U) — F;'(1 = )] = [px(v — p)(dx).
By Lemma A.4 below, the set {D(n) : n € P(v)} admits an infimum 7 for the convex order and for all g € [0, 1],
fql F7'(p)dp = inf, 5, fql Fpin(p)dp. For n € P(v), since (0,1) 3 p = Fy'(1 = p) — F7'(1 = p) is non-
decreasing, by Lemma A.3, p Fl;(ln)(p) and p — Fn_l(l - p) — F;l(l — p) coincide away from the at most
countable set of their common discontinuities, with the former left-continuous and the latter right-continuous. Hence
for g € 0, 1],

1 1—¢q 1—¢q
/ Fy'(p)dp=inf / Frl'(p)— F ' (pydp=— sup / F, ' (p)—F; ' (p)dp
q nePw)Jo 77673(11)
where the right-hand side is not greater than fo 4 Fu_p(u) (p)— _1 (p) dp since up, € 73(\)). Since n € ﬁ(u) iff FM_l —
F,; ! is non-decreasing, fo |F, N (p)ldp < oo, fo F-Y(p)dp = fo F;Y(p)dp and for all ¢ € [0, 1], fol‘q Fl(p)dp =
fol T F 1 (p)dp (see (2.2)), the definition of v/ 1mphes that for all ¢ € [0, 1] Supne'P(u) fl a F; L(p) — _1(17) dp <
1
Y(l—q)=fy  F'(p) = Fl (p)dp. Hence [ Fy'(p)dp = [y~ le(u) (p) = F' (PYdp = [} Fplpp, ) (P)dp

for all g € [0, 1] which ensures that 7 is the distribution D (up(,)) of F, umu) 1-U)—-F, F7'(1 — U). Therefore, if 0 > 1
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is such that u, v € Py(R),

Wg(ﬂfﬂz(v))=]E[|FJ£<”>(l_U)_Fil(l—U)|Q]=/R|X|Q7T(dx)

< inf E[|[F'0-0)=F'a=0)|%]= inf Wou,n) = inf Wo(u,n),
nePw) [ a K "] nePuy ° neP() ¢

where we used the definition of 7 and the convexity of R 3 x — |x|? for the inequality and Lemma 2.8 for the fi-
nal equality. Since, by Theorem 2.1, /L%(U) is the unique minimizer of Wg (1, m) on P(v), we conclude that up(,) =

0
Fpoy:
From the left-continuity of the quantile functions, we get FM_; o (p) = FM_ 1(p) — ¥/'(p—) for p € (0,1), and
this function is non-decreasing. Thus, 7 is nondecreasing. To conclude the proof, it is now sufficient to check that

T(Fu’l (p) = F/ZI (p) — ¥/ (p—) for a.e. p € (0, 1). Indeed, combined with the inverse transform sampling and Proposi-
tion 2.17 [25], this ensures that T#u = jup(,) and

1
W2 (. p(r)) =/0 |F. () = T(F ()| dp = /R|x — T ()| u(dx).

By definition of the quantile function F7! forallx e R, Fljl (F,(x)) < x and by right-continuity of F,, forall p € (0, 1),
FM(Fu_l(p)) > p. With the monotonicity of F,, we deduce that for all x € R such that F, (x) € (0, 1), F,L(Fﬂ_l(FM x))) =
F, (x). Therefore, if p € (0, 1) is such that p = F,,(x) for some x € R, then T(Fu_l(p)) = Fﬂ_l(p) — /'(p—). Other-
wise, p € [F,(x—), Fy(x)) for some x € R such that ({x}) > 0. We observe that Fu_l(q) and {'(g—) are constant
on (F,(x—), F,(x)] since g > foq F;ZI (u) — Fv’l (u) du is concave on this interval. For p € (F,(x—), F,,(x)], we have
F7'(p) = x and we get T(F,;'(p)) = F;; ' (F..(x)) — ¥/(Fu.(x)—) = F;;'(p) — ¥/(p—). Therefore the equality holds
for p outside the countable set {F, (x—) : x € Rs.t. u({x}) > 0}. O

3. Approximations in the convex order
The next proposition is the key result to construct approximations of probability measures that preserve the convex order.
Proposition 3.1. Leto>1, u,v,us, vy €P, (Rd) such that @ <cx v. Then, we have

Wo(i. (D)) < 2Wo (it 1) + Wo(v, ),

where, for o = 1, by a slight abuse of notation, (ul)%)(w) denotes any n, € P(vy) such that Wi(uy, ny) =
infyep,) Wir, n).

Let u,v e P, (Rd ) be such that u <cx v. From Proposition 3.1, if we have approximations p; and v; that satisfy

I : : I
Wo (e, o) 1—>_—>|-OO Oand W,(v,vy) J:&-oo 0, then (u;)z(w) also approximates u since we have W, (i, (MI)B(VJ)) I,J:)+oo

0. In particular, if we take i.i.d. samples (X;);>1 (resp. (¥;) j>1) distributed according to w (resp. v), the empirical measure

ny = }Zi[:l 8x, (resp. vy = }ijzl 8y;) satisfy Wo(u, o) — 0 (resp. Wo(v,vy) — 0) almost surely. Indeed,
I—+o00 J—+o00

the law of large numbers gives the almost sure weak convergence of ; towards u as well as the almost sure convergence

of %Z{:l | X9 to fRd |x]¢u(dx). By Proposition 7.1.5 of [4], we get Wy (i, tg) I—:T-oo 0 almost surely. Under more

restrictive assumptions on the measures p and v, we can have almost sure estimates on the rate of convergence. Let us
assume that p is such that &, , = fRd e’* 1 (dx) < oo for some o > o and y > 0. Then, by Theorem 2 of Fournier and
Guillin [12], there are constants ¢, C > 0 depending on g, d, «, ¥, &y, such that

Vx € (0, 1), IE”(WQ(,u, wr) > x) = P(Wg(ﬂ, wr) > xQ) < Cexp(—clxdv(zg)).

1
Therefore we have Y 7o, P(Wy(u, pu1) > (%)dwzg)) < CY%,17% < 0o, which gives that almost surely, there

N T o . P
exists o such that VI > Iy, W,(u, ) < (%)Mzw. Since x — "% is convex, fRd e’ ydx) < co =
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a 1 1
fRd e"I% 1(dx) < oo, in which case we have both Wo (e, pup) = O((bg#)‘”(z@)) and Wo(v,vy) = O((W)‘MZ@))
and thus

1
log(I A J)\ @@
W 0 - Z
Q('u’ (MI)B(V/)) I,J—_>+oo O(( InJ ) )7 as.

Theorem 2 of [12] also gives upper bounds of P(W, (u, ;1) > x) under different weaker assumptions on (. We can repeat
the same argument in those cases and get a weaker rate of convergence of W, (u, 1) towards 0.

We now briefly consider the multi-marginal case. Let o > 1, £ > 2, Iy, ..., I; be positive integers and ,ul, e, ;/ be
probability measures on R? such that ! <¢x ... <cx b and f]Rd Ix|2ut(dx) < co. We consider for 1 <k < ¢, /ﬂ;k =

i l]": 18 Xk the empirical measure of an i.i.d. sample X¥, ..., X ]I‘k distributed according to *. Let us set /Lﬁf = ,bLZ and
define (using for o = 1 the abuse of notation made in Proposition 3.1) by backward induction for k € {1, ..., £ — 1}, the

k+1.0
Tig1seens

projection ,u];kg I of u’}k on the set P(u

forl<k<it-1,

1/5) for the W,-Wasserstein distance. Then, by Proposition 3.1, we have

0 k+1,
Wo (Mk7 Mlk,g...,le) <2W, (Mka Ml;k) + Wo (“kH’ “1,:11,?.,1@)'

Therefore, we deduce by induction that

—1
Wo (i, 1y® 1) <23 WoluX', 1f) + Wo (u', ).
k'=k

We eventually get the following result.

Corollary 3.2. Ler o> 1, i, ..., ut be probability measures on R such that u' <cx ... <cx n* and fRd Ix|eut(dx) <

oo. For1 <k<d,let (X,I-C)izl be i.i.d. according to ,uk and u’}k = Il—k Z[lk:l Sxk for Iy € N*.

Then, as I, ..., Iy — +o0, Zﬁzl WQ(uk, u];kg Iz) converges almost surely to 0. Besides, iffRd eV\Xlauf(dx) for
some a > o and y > 0, we have a.s.

t . 1
k k.0 log(mlnk:]’“”e Ik) dv(20)
D Wolr uy®. 1) = (9(( , .
k=1

ming—; ¢ Iy—+00 ming— ¢ Iz

.....

Proof of Proposition 3.1. We consider o > 1. Let Qﬁ ; (resp. 0%) be a Markov kernel such that y¢7 (dx) Qﬁ ; (x, dy) (resp.
U(dx)Qﬁ(x, dy)) is an optimal transport plan for W, (s, ) (resp. Wy (v, vy)). Let R(x,dy) be a martingale Markov
kernel such that v = £t R. We observe that Qﬁ,RQﬁ) is a Markov kernel such that p; Qﬁ,RQQ =uR 0%2=v0%=vy. By
Theorem 2.1, then using the martingale property of R, the Jensen and Minkowski inequalities, we get

Wo(ur. (uDp,,) < J,°(Q5,RQY)

0 1/e
= (/ Ml(dx)>
]Rd
0 1/0
= (/ /u(dX))
Rd

1/a
< (/ lx —w+z—y[?0%, (x, dw)R(w, d2) 0 (z, dy)m(dx)>
RY xRY xR¥ x R4

/ (x—w+w—y)0%, (x,dw)R(w,dz) Q}(z,dy)
R4 x R4 x R4

/ (x—w+z=y)0%,(x,dw)R(w,dz) 05 (z, dy)
RI xR x R4

1/0 /0
< (/ Ix—wIQQﬁ,(x,dw)m(dx)> + </ Iz—yIQV(dz)Qﬁ(z,dy)>
R4 xR4 R4 xR4

= WQ(H’I’ I‘L) + WQ(”]? U)~

The claim follows since W, (1, (“I)Qaw)) < Wo(m, mr) + Wolur, (M,)QE(W)). O



1716 A. Alfonsi, J. Corbetta and B. Jourdain
4. Wasserstein projection of v on the set of probability measures larger than y in the convex order

Let u,v e P, (RY). We have just presented a construction of a measure M%(v) such that /,L%(V) <cx V. Then, a natural

question is: can we construct similarly a measure v such that u <cy V%

Pw P
measures i/ =7 Zl , 8x, and v’ =7 Z] 1 8y;. A natural construction would be to take (W)%(uz) = %Zjl':l 87,

7 Let us start again with two empirical

where (Yj, j=1...,])e (Rd)J minimizes ijl |Yj — Y;|© under the constraint MI <cx %Z]J':I 571_ (this constraint
can always be satisfied when J =1 by taking Y; = X; for j=1,...,Jorwhen J >d+1bytakingY;, j=1,...,d+1
as the images of the vertices of the canonical simplex by some similarity transformation). The analogous construction for
v%(m would be then to take v%w) = T#v, where T : R? — R? is a measurable map that minimizes fRd ly—T()|%v(dy),
under the constraint y <.x T#v. More generally, we define

= = d <
P(u) argng;&)wg(v n) where P(u) = {UEP(R) " an}

Let us now assume that o > 1. The latter problem coincides with the former one when v is absolutely continu-

ous with respect to the Lebesgue measure (i.e. v(A) = 0 for any Borel set A with zero Lebesgue measure), since

we know in this case that the optimal coupling for the Wasserstein distance W, is given by a transport map, see

e.g. Theorem 6.2.4 in [4]. We now check that it is well defined. Let (17,),>1 € (P, (R4)N be such that 7, € P(u)

and Wy(v,n,) — inf Py Wolv, n). Let m, € I1(v, n,) denote an optimal transport plan between v and 7, for
n—+o0 P ()

W,. We have (f x|, (x))1/e = Wo(n, 80) < Wo(qu, v) + W, (v, 80): the boundedness of the moments ensures that
there is a subsequence such that 7,y and ny(,) weakly converges to oo and 7. This gives infn P Wg (v,n) >
limy,— 400 [(Jx — Y18 A K)oy (dx,dy) = [(Ix — y|° A K)7so(dx, dy) for any K > 0. By monotone convergence, we
deduce that infneﬁ(#) Wo(v, 1) > f [x — ¥|®mso(dx, dy). Clearly, mo is a coupling between v and 1. Besides, from
the uniform integrability given by the bounds on the o-th moment, we get that for any convex function ¢ : RY — R?

such that sup, ga 'ﬂ(f;f <00, [@Gn(dx) < [ Cmgu (dx) = . J $()nac(dx). Therefore, by Lemma A.1 be-

low, 700 € P(u), which shows the existence of a minimum. When v is absolutely continuous with respect to the
Lebesgue measure, we can show that this minimum is unique. Let us consider 7y, n2 € P(u) such that W, (v, n1) =

Wo(v, m2) = inf, 5,y Wo(v, 7). One has %(m + 12) € P(u), and, by Lemma A.5 below, we get Wo(v, %(771 +m2)) <

inf,] P W, (v, ) and 11 = n2 since the inequality is necessarily an equality. In dimension 1, uniqueness still holds

without any assumption on v. Indeed, by (2.2), the probability measure 71, defined by F. 7712 %(F,]_] 1y Fn_zl) is such
that i <¢x 712. Again by Lemma A.5, W, (v, 712) < 1nf,7e7>(ﬂ) W, (v, ) and 1 = 12 since the inequality is necessarily an
equality. We have just proved the following result.

Theorem4.1. Foro > 1,ifu,veP, (RY)Y, then infneﬁ(u) WQQ (v, ) is attained by some probability measure v%(m which

is unique when v is absolutely continuous with respect to the Lebesgue measure or d = 1.

Let us check now that in dimension d = 1, like “73@)* the projection v P does not depend on o > 1.

Proposition 4.2. If i, v € P1(R), then there is a probability VB () such that for all q € [0, 1], f Vp( )(p) dp = w(q) +
fq F Y(p)dp where 1// denotes the concave hull of the function q +— fq F, L(p)— 1(p) dp. Moreover, v°

for each ¢ > 1 such that i, v € P,(R).

P~ VPw

Proof. Let

P(u) = nePwNPI®):(0,1)>pr Fn_](p) — F Y (p)is non-decreasing}.

Let J denote the concave hull (smallest concave function larger than) of the function g fql F,; L(p) — Fr Y(p)dp.
. o ) s 1 S

Therf is a probability measure VB (1) such that fq F”751<M) (p)dp=v(q) + f q F; Y(p)dp. Moreover, Vpu) € P(w). For

n € P(w), let D(n) denote the distribution of F,~ ) - Fy Y(U) for U uniformly distributed on (0, 1). By Lemma A .4

below, the set {D(n) : n € 73(,u)} admits an infimum 7 for the convex order and for all g € [0, 1], fql Fﬂ_l(p) dp =
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inf, .5, fql Fz;{n)(l’)- For n € 73](,u), one has Fg(ln) = Fn_] — F, ! by Lemma A.3 below. With the fact tha:t ne P
if and only if fq Fn_l(p)dp > fq Fﬂ_l(p)dp for all ¢ € (0, 1) with equality for g =0 and [0,1] > g —~ fq Fn_l(p) -
Fv_l (p) dp is concave, one deduces that for g € (0, 1),

1 1 1
ngl(p>dp= inf f F,;l(m—F;l(p)dp:x/f(q):/ F,' (p)—F, ' (p)dp.
q neP () Jq g W

Hence 7 = D(vﬁ(ﬂ)). If w, v € Py(R) for some ¢ > 1, then

YP(w)

We (v, 1)75(M))=]E[|F—1 (U)-F;l(U)|9]=/R|x|@n(dx)

< inf E[|F,'@W)-F'(U)[*]= inf W(,m).
neP(n) neP(n)

By Lemma A.6 below, infﬂeﬁ(#) Wo(v, n) = inf

neP () W, (v, ). Therefore W, (v, V75(u)) = i“fneﬁ(u) W, (v, 1) and

e _ ..
Uﬁ(u) =Vhu)- ([l
For probability measures uy = ZI-IZI Diby; (resp. vy = ij-zl q;jdy;) on the real line with (pi, ..., p1) € (0, 11" and

~ R _ .
X] <xp <...<xj (resp. (q1,.-.,q97) € (0, 11/ and Y <y <...<Yyyj) ¥ isequal to fo le(p) — ijl(p)dp minus

the convex hull ¥ of g — foq Fy, Y(p) — Fy '(p)dp which has already been discussed after Theorem 2.6 and can be
computed by Andrew’s monotone chain algorithm. One then may compute the probability measure (v I P ) which

writes Zle rid;, with K < I+ J,z1 <z <...<zg and (rx)1<k<k denoting the differences between the successive
elements of the increasing reordering of {0} U {> ", pr: 1 <i <I}U {Z,’Czl qr:1<j<J}.

In contrast, when d > 2, the measure(s) v% W do(es) not seem easy to be calculated numerically, even for o = 2. In
fact, the constraint of the convex order is not simple to handle in a minimization program. More precisely, in the case of
empirical measures, one would have to minimize » ;_; |¥; — ¥;|° under the constraint 7 ;_; x; <cx 7 2_j 87,
Even in dimension 1, this constraint is not linear since it is equivalent to max; X; < max; Y;, min; X; < min; Y},
1/ I § 1/ >3 1~y (Y ;

Toim Xi= 52 Yand 130 (Xi = Y;)T < 5375 (Y; = Y;)*t forany 1 < j' < J, see e.g. Corollary 2.2
in [1]. Nethertheless, we can state error estimations similar to the ones obtained for u,% ) in Section 3.

Proposition 4.3. Leto>1, u,v,us, vy €P, (Rd) such that @ <cx v. Then, we have
Wo(Wn, - v) < Woltt, i) +2Wo (v, v)), .1

where by a slight abuse of notation, (v j)% ) denotes any minimizing probability measure when uniqueness is not shown.
1

Proof. We proceed like in the proof of Proposition 3.1. Let Qﬁ ; (resp. 0%) be a Markov kernel such that 17 (dx) Qﬁ ; (x,
dy) (resp. v(dx) 0%(x, dy)) is an optimal transport plan for W, (1, i) (resp. Wy (v, vy)) and R be a martingale Markov
kernel such that ©R = v. We obviously have v; =y Qﬁ ;RQO5. By Jensen inequality and using the martingale property
of R, we have u; <¢x ((x,w,2) > x+2z7— w)#,u,(dx)Qﬁ,(x, dw)R(w, dz), so that

1/o
inf Wy(vy,n) < (/ Ix +z—w—yl®ur(dx)Qf, (x,dw)R(w, dz) 03 (z, dy)) .
neP(ur) R4

We get (4.1) using Minkowski’s inequality and the triangle inequality WQ((UJ)%(M ),v) < WQ((UJ)%(M ),U]) +
1 1
Wo(v,vy).

In the multi-marginal case, defining inductively M};Q = /L}l and fork € {2, ..., ¢}, ,ulflg , as the W, projection of /,L];k
on P(iy % ). we deduce that for k € {2, ..., £},

k
Wo (u". “I;f...,lk) < Wo(n'.np,) +2 Z Wo (" ’“];k/)'
k=2
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Comparing WQ(U -

P ,v) and W, (u, u%’_j(u)) leads to interesting properties.

Corollary 4.4. Foro > 1, u,veP, (Rd), we have

WQ( 7)( )’ ) WQ('U“’MQE(V))

and there is a measurable transport map T : R? — R? such that the only optimal transport plan between v%(u) and v is

Py’ w(dx)R(x,dz) a.e., T(z) —
7= fRd T (z)R(x,dz) — x. Last, in dimension d = 1, when u,v € P1(R), we also have for all o > 1, WQ(vﬁ(M), V) =
Wo (i, kpy) = (fol W/ (u—)|° du)'/@ where W' (u—) is the left-hand derivative of the convex hull Y of the function
(0,113 ¢+ [f F'(p) = F; ' (p)dp.

(dz)ST(Z) (dy). Moreover, for any martingale Markov kernel R such that uR = v%.

Proof. Since u <

W,o(vx
o0y Pw)’ _
converse inequality.

Now, let 0 > 1, R denote a martingale Markov kernel such that uR = v P and Q a Markov kernel such that

, V). Repeating the arguments of Proposition 3.1 (replac-

cx v%(ﬂ) we may replace (i, iy, v, vy) by (1, i, U,P( X
,v). Using that up(v) <cx V to replace (u, iy, v,vy) by (,up(v),u, v, V) in Proposition 4.3, we obtain the

, V) in Proposition 3.1 to get W, (u, M%(u)) <

(dz)Q(z,dy) is an optimal transport plan for W, e

7>< ) P’
ing again (i, g, v, vy) by (u, u, v 7>< X ,V)), we get
e
Weluih) = [ N[ = »R@a0G.an| un
=[], - ) < [ [ c=»oc, an| 2, @
R4 |JRY xR

< —vyl%E dv) = we - W@ e )
_fRded lz—yl vp( (D)0, dy) =W, (P( V) =Wg (i np,)

The equality in the last inequality ensures that V75( )(dz) ae., Q(z,dy) =907 (dy) where T'(z) = fRd yQ(z,dy). More-

over, the equality in the second inequality imphes that u(dx)R(x,dz) ae.,T(z) —z= fRd T(z)R(x,dz) — x.

If Q is another Markov kernel such that V75( )(dz)é(z dy) is an optimal transport plan for WQ(vﬁ( X

(d2) Q+Q(Z dy) is also an optimal transport plan and vp( )(dz) a.e., %(z,dy) is a Dirac mass so that

, V), then

7>< )
0(z,dy) = 0(z, dy).

In dimension 1, we observe that

q
vaew.. [ r wap= [ Fprdp - v
0 0 (4.2)

q
and / Fop o (P)dp = /F;‘(;:)dpw(q).
0 0

Thus, we have Fu; (p) — F7Y(p)=—vy/(p—) and F!' (p) — F;'(p) = ¢/ (p—) for p € (0, 1), which gives the
) I Vhw v

claim. O

The property T(z) —z = f]Rid T(z)R(x,dz) — x, u(dx)R(x,dz) a.e., in Corollary 4.4 indicates that in dimension 1,
an optimal transport map 7" between VB and v should be piecewise affine with slope 1 on the irreducible components
of (u, V5 u)) introduced in Theorem A.4 [8], provided that we can find a martingale Markov kernel R that spans the
whole components. The irreducible components are the countable disjoint open intervals, the union of which is equal
to the open set {t € R, [p(r — x)Tu(dx) < [p(t — x)+v75(ﬂ) (dx)}. This is indeed the case according to the following
proposition which moreover exhibits a common optimal transport map for W, (v73( )’ v) and W, (i, p))-

Proposition 4.5. Let o > 1, i, v € Po(R). Let (t,,1,), 1 <n <N, (resp. (tn, n) 1 <n < N') be the irreducible compo-
nents of (U, Uﬁ(u)) (resp. (Wp(), V). Then, we have N = N’ and Fu(t,) = MB(U) (Ln), Fu(t,, )= /LE(V) (tn )uptoa
renumbering of (1)) 1<n<N-
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Let r be the convex hull of the function [0, 1] > g — fo 1(p) V_l(p) dp. Then, the function T : R — R defined
by

veg | @7, T =F " (Fy, () ad
1<n<N

Y (Fu(tn—)) = Y (Fu(t,))
F;L(;n_) F ([)

—n

Vi<n<N,Vxe(,,t,), Tx)=x-—
is an optimal transport map for W, (V75(u)’ v) and Wy (i, up())-

Proof. We set q,= F,(t,) and g, = F, (t,—). From (4.2) and Lemma A.8 below which characterizes the irreducible
components in terms of the quantile functions, we get

U @ao={ocon ["iwa- ["r) wal
0

1<n<N

q q
= qe[o,li,w<q)</0 F,:%p)dp—/() F;1<p>dp}

q
oo, ["rd mrar= [ F ]
= U (Fl‘»’P(v)(Ln) Fugm(;;_))a

1<n<N’

which gives the first claim. From the second equality and since v is the convex hull of [0,1] > g — fo 1( p) —
F; ' (p)dp, we get

T o
vo¢ | @, 70 v@ =/0 F, (p)dp —/0 ;7 (p)dp (4.3)
1<n<N
and ¥ (q) = tﬁ(q )+ M( gn) for g € [gn, ¢,]. From (4.2), this gives
_ Vg, —Vv(g,)
Vg €(q,.qnl VP( )(6]) =F g+ ——
(’In _gn
“4.4)
| Vg, —vig,)
and  Fo (q)=F, '(q )_%T

—n

Any point g in (0, 1) \ U1<n<N(q ,q,] is the limit of an increasing sequence (qr)k>1 of points in (0,1) \

Ulsnw(q .@,)- Since, by (4.2) and (4.3), = [ Fl (p)dp = o ‘(p)dp and ' A F, M,m(p)dp
1

q m F,'(p)dp, the left-continuity of the quantile functions implies that Frp@ = 1(q) and MP( (q) =
F, ;! (q). We deduce that

Vae 0, D\ | (q,.7.,

1<n<N

Frpw@=F'(@) and Fo (q)=F @) (4.5)

By Corollary 4.4, there exists an optimal transport map T between VA and v. By Proposition 2.17 in [25], we
T -1 _ -1 _ : -1
have dg-a.e. T(Fvﬁ(m (9)) = F, ' (q). For x € R such that F"ﬁw) x—) < F"ﬁ(m (x), since Fvﬁw) is constant (equal to x)
on (FU75 w (x—), FU75 w (x)], we deduce that the left-continuous function F,~ 1 is also constant on this interval. Let now
xeRNY l<n< ~{t,. f2}. By definition of the irreducible components, we have

(=)= Fu(x—) = Fu(x) < Fyy  (X). (4.6)

”P(m VP (u)
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If Foy (=) < Fug (), (F vp( X

(x)] and, by definition of T, T(F -~ ) and Fv are equal on this interval.

1) is constant and equal to (x, F,~ l(va( )(x))) on the interval (F,,P( )( x—),

“P( )
We are now going to prove that dg a.e., T(Fv;]( )(q)) = Fv_1 (g), which, by Proposition 2.17 in [25], ensures that T is
i

an optimal transport map between VB ) and v.
If g € (Fop, (1), Fop, (0n=) then Fi ' (q) € (t,,.,) and T (F,
hand side equal to F,~ 1(q) by (4.4) since, by (4.6),

3 w(q,,> ¥,

—— with the right-

(@)= (@)

“7>< ) ”P( )

=n

( VP (u >(£”) F"P( )G )) = (in’q")'

By the above reasoning for x € R N (J,.,-n{t,.7x}, the equality between T(FV;I( )) and F, ! still holds on
<n< u

Fopg o= Fupyy CuD) U By, O, Fo, Gl
Ifg ¢ (va )(Ln ), F”7>( )(t,,)] then F_ (q) <t, orF l (q) > f,,. We deduce that for g ¢ U1<;1<N(FV7>( )(Ln ),
Fop, @l Fil (9) ¢ U1<n<N<z,1,tn> and T(F, (q)) = F; ' (Fug, (Fy = )(q») The right-hand side is equal
to F 1(q) when va( )( V5 )(q) ) = ”P(m( - )(q)) since then va( )( V5 )(q)) = g and otherwise when g >
F"ﬁ(m( V5 )(q) ) since, then, the interval (va( )( v7,< )(q) ), F"P(m( (q))] on which F " is constant con-
tains q.

In conclusion T(F 1 (q)) = F; Y(g) for g outside the at most countable set {F,_ :1<n<N}U

7’() )

{F, VB )(x ):x €eRs.t. F"?’(m (x—) < FUP(M) (x)} and therefore dqg a.e.

With (4.5), we deduce that dg a.e. on (0, 1) \ Ulfan(gn’qn] T(F; Yg) = MP(V) (@).If g € ,-qn) for some
1 <n <N, then F_l(q) e(t,, f,,) and, by definition of 7" and (4.4), T(F_l(q)) = _1(61) - % m,(v) (4)-
Hence dg ae. T(F,; Yg) = /w( )(q) and 7T is an optimal transport map between p and wp,). (]

5. Numerical experiments
5.1. Wasserstein distance

We start by illustrating numerically the convergences obtained in Corollary 3.2, and deduced from Proposition 4.3. We
present on an example the convergence of the Wasserstein projection (i 1)%0}1) (resp. (1)1)%(“ )) toward p (resp. v) for
£ I

the Wasserstein distance when @; and v; are the respective empirical measures of p and v with p <cx v. To do so we
consider an example in dimension one, so that the projections can be calculated explicitly according to Theorem 2.6
and Proposition 4.2. We take u = AN (0, 1) and v = A/ (0, 1.1). For I > 1, we consider independent samples X1, ..., X;
and Yq,..., Y distributed respectively according to u and v. Then, we set puy = %Zil:l 8x,;, vi = %Zi[:l 3y, X; =
IS X =iyl v =1y, Sx,_x, and vy = iyl 8y, _y,- Notice that, to define ji; and vy, we took
advantage of the knowledge of the common mean of n and v. This situation is usual in financial applications: discounted
asset prices are martingales and their means are given by the present values. Equalizing the means can be seen as a first
step towards the restoration of the convex order and we have noticed in our numerical experiments that it improves the
approximation of the limiting problem (see for instance Figure 1). We calculate the Wasserstein projections (1) p(,;) and
(I p@;) (resp. (v1)75( ) and (?1)75(171)) and the 2-Wasserstein distance between each of these measures and p (resp.
V), as explained below.

As a comparison to these projections, we consider the respective approximations of u and v by uy A vy and py VvV vy,
where wy A vy and g V vy are respectively defined as the infimum and the supremum of ©; and v; for the decreasing
convex order when % Zilzl X; < % Z{: 1 Yi and for the increasing convex order otherwise so that ;1 A vy € P(vy) and
wr Vv vy € P(ur). We also consider the approximations by 7I; Ay and I; Vv 7. These approximations can be calculated
explicitly for probability measures with finite support (see [2] or [1]) and are natural alternatives to the Wasserstein
projections in dimension 1.

The graph at left (resp. right) of Figure 1 illustrates the convergence of Wa(u, iy A vy), Wolu, (Wp)pe;)), Walur v
vr,v) and Wa((v)p(,,,) V) (tesp. Walw, i AV, Walw, (D) pe))s Wa(itr v vy, v) and Wa((U1)pz,), v)) toward
zero as I — oo. The corresponding curves are respectively in red, blue, green and magenta. The star (resp. cross) points
indicate the upper bound for Wa(u, (ur)p(,)) (left) and Wa(u, (;u)p(w)) (right) (resp. WZ((UI)P(/L ) v) (left) and
Wz((v,)P( i v) (right)) given by Proposition 3.1 (resp. Proposition 4.3). As expected, the curves in blue and magenta
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Fig. 1. Plot of the logarithms of the Wasserstein distances in function of log(/).
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Fig. 2. Plot of the Wasserstein distances Wp (g, iy A vy), Wa(uy, DPwp)» Wavp, mp vvp) (left) and Wo (iy, iy AVp), Wa(iay, (ﬁ])B(gI)),
Wo(Vy, ii; Vv Vy) (right) in function of 1.

are below these points. Let us mention that all these Wasserstein distances are calculated exactly by using the quantile
function N ~! of the standard normal variable. For instance, if n= Zl-lzl pibz, with Z1 < Zp <...<Z;, Ph=0and
Pi=P_1+piforl <i<lI,

1 P;
W%(u,m:/sz(u(dx)ﬂ(dx))—222,- N~ (p)dp

i=1 Piy

1 \/— 1
2 ~1 2 —1 2
2 —N"LP)?2)2 —~WNI(p_ 2
=1+Zpizi+ﬁzzi(e( (P))=/ _e( ( 1))/)'
i=1 i=1

Asymptotically, the measure (wr)p,,) (resp. (v1)75(m)) seems to slightly better approximate w (resp. v) than u; A vy

(resp. i7 V vy). Nonetheless, all these measures seem to converge for the Wasserstein distance at a rate close to O (I ~1/?)
as indicated by the line in black with equation y = —x /2. This rate is better than the theoretical one stated in Corollary 3.2.
In the right figure, we first observe that equalizing the means improves the approximations and reduces the Wasserstein
distances (see the distances to the black lines). However, the rate of convergence is still roughly in O(I~'/2). We also
observe that there are only very small differences between using 1i; AV or (i) p,;) (resp. iy vV Vj or ('171)75@1)).

In Figure 2 are plotted at left (resp. right) the values of Wa (s, iy A vr), Walur, (up)poyy) = Walvr, (v1)75(w)),
Wa(vr, wr v vp) (resp. Wa(iiy, i AV, Wa(ir, (RD ) = WaOr, 0D pz,))> W2(r, it V' vp)) in function of /. The
corresponding curves are in red, blue and green. We observe that the values of W (uey, iy A vy) and Wa(vy, iy Vv vy) are
very close. As expected, the blue curve is below the two other ones. At right, we observe that all the Wasserstein distances
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Table 1
Comparison of the numerical minimizer of (1.1) for o =2 with the explicit solution (u ’)E(V )

1
10 50 100 200 300

W;-Wasserstein distance 4.4 %1073 1.4 % 107 45%107° 41 %1077 42x 1077

are equal to 0 on our sample for I & 3200, but take again positive values for larger values of /. This shows that the value
of I from which we have ji; <. 7y, if it exists, depends on the sample and may be large.

Now, we conclude this section by checking the accuracy of the solver COIN-OR! for the quadratic optimization
problem (1.1) with ¢ = 2. In fact, in dimension 1, we know that (t.7)p(,,) can be calculated explicitly as described below
Theorem 2.6. In Table 1, we calculate the Wasserstein distance between (ur)p(,,) and the measure obtained by solving
numerically (1.1) with COIN-OR for different sample sizes /. As expected, the difference is very small. This validates
numerically our theoretical results. More importantly, this indicates that the solver is reliable for finding the optimal
solution with the values of I that we have considered in this paper.

5.2. MOT problems in dimension 2 with two marginal laws

5.2.1. An explicit example

Let i and v be respectively the uniform distributions on [—1, 11? and [—2, 2]%. For x = (x!, x2) e R? and y= (yl, y2) €
R?, we consider the minimization of the cost function c(x, y) = |x! — y!|¢ 4 |x? — y?|¢, with ¢ > 2. For any 7 €
M (i, v), we have [go g2 ly — x[137(dx, dy) = [p2 [y13v(dy) — [g2 Ix|31(dx) = 2. Jensen’s inequality gives

/l;ﬂ R2|x1 — y1 |Q + |)c2 — y2|gn(dx, dy)
X

Q 4
2 2
> <f ! — y1|2n(dx,dy)> + (/ |x2 — y2|2n(dx,dy)) =2
R2xR2 R2xRR2

The equality condition in Jensen’s equality gives that |x! — y!| = [x2 — y2| = 1, m(dx, dy)-almost surely. Now, let
us consider X = (X!, X?) be distributed according to & and Z = (Z', Z?) a couple of independent Rademacher ran-
dom variables which is independent of X. Then ¥ = X + Z is distributed according to v and satisfies |Y! — X!| =
|Y? — X?| = 1. The probability distribution 7* of (X,Y) is the unique martingale optimal coupling that minimizes
fszRz c(x, y)m(dx,dy). Indeed, if (}~( ?) is distributed according to an optimal coupling, then Y! — X! and Y2 - X2
follow the Rademacher distribution, and both these random variables are necessarily independent of X in order to satisfy
the martingale property. Last, Y Y!'— X! and Y2 — X2 are necessarily independent, otherwise Y would not follow v.

We now illustrate the MOT and consider independent samples (X1 , Xz), e, (Xl, X2) and (Yl, Yz), . (Yl, YIZ)
respectively distributed according to w and v. We set iy = % Z{:l S(Xil_)‘(}’xiz_)‘(%) and V7 = %Zi[:l S(Yil_y;’yiz_flz),
with X§ = % Sx fand Y} = % > Y. We work with i, and ¥/ rather than with the empirical measures z; and v;
since we have noticed on our experiments that they better approximate u and v (see Figure 1) and give better results for
the approximation of MOT problems (see [2]). Let us mention here that in financial applications, it is generally possible
to calculate ft; and Dy from the empirical measures p; and vy since the mean of u and v is given by the current price of
the underlying assets. To calculate (1 1)%3 @) We have to solve the quadratic optimization problem with linear constraints
described in equation (1.1) for ¢ = 2. The dimension of the problem is thus equal to /2. We have used the COIN-OR
solver in our numerical experiments, which enables us to solve (1.1) for I up to 500. Once (& 1)%)(;[) = } Z{: 1 8( 1.2

is calculated, we can then solve the discrete MOT problem between (1 1)%3(’61) and ;.

In Figure 3, for o = 2.5, we have plotted yl.2 - xl.2 in function of yl.1 — xl.1 for the points (x;, y;) with positive probability in
the MOT for ((x 1)%2(31), v7). We recall that the optimal coupling for the continuous MOT is given by (X, Y) with X ~ u
and Y = X + Z, Z being a couple of independent Rademacher random variables. Since Y» — Y1 = X> — X1+ Z» — Z;

and Z, — Z; takes values in {—2, 0, 2}, we expect to observe that the points are gathered around the lines y = x — 2,
y =x and y = x 4 2, which is the case on Figure 3. This checks our implementation of the algorithm. Besides, we have

1 https://www.coin-or.org/
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Fig. 3. Plot of yl.2 - yi1 in function of xl.z - xil for the points (x;, y;) with positive probability in the MOT for ((/71)%3@]), vr), with I = 100. In red are
drawn the lines y=x —2, y=xand y =x + 2. B

calculated on 100 independent runs the value of the discrete MOT for ((X 1)%, AT 1) with I = 100: the average is equal

to 2.0064 and the standard deviation is equal to 0.2213, which gives [1.9631, 2.0498] as 95% confidence interval, which
approximates well the value of the continuous MOT.

5.2.2. Model-free bounds on a best-of option

Let (G, Gz) be a centered Gaussian vector with covariance matrix . We denote by u the law of (X ¢ 2) with Xt =
exp(G* — Xyp/2) for € € {1,2}, and by v the law of (Y!,Y?) with Y = eXp(\/zGl — Yy¢). In the financial context,
this choice of marginal laws is usual and corresponds to a two-dimensional Black—Scholes model: (X!, X?) is the price
of two assets at time 7 > 0 and (Y, Y?) is the price of these assets at time 2¢. We are interested in an option that pays
max (Y I_xl y2_x2, 0), i.e. the best arithmetic performance of the two assets, if positive. The price of this option in
the Black—Scholes model can easily be calculated by using a Monte-Carlo algorithm.

Let (X!, X %), L x %) and (Y1, le), (YL Y12) denote independent samples respectively distributed according
to p and v. We set [i; = %251218()7[_1,)7[_2) and V; = %21{218(21’}71_2), with (%l.l,fiz) = (X! +1- )_(},Xiz +1-— )_(%),
()N’i], 171.2) = (Yl.1 +1- 1711, Yl.2 +1-— )_’12), )_(f = % Z{Zl Xf and 17,[ = % 21‘1:1 Yig. We calculate (,TZI)ZB(;[) numerically by
using again the quadratic optimization solver COIN-OR, and then solve the discrete MOT problem between (i 1)%)(51)
and 51 .

We now turn to our example illustrated in Figure 4. We have considered the following covariance matrix ¥ = [0'5 0.1 ]

0.1 0.1
With this choice, the Black—Scholes price of the option is approximately equal to 0.345. With I = 100, we have calculated

on 100 independent runs the value of the minimization and the maximization programs, and then computed the mean
values. We have thus obtained 0.2293 for the lower bound price and 0.4111 for the upper bound price. The corresponding
standard variations are respectively 0.0848 and 0.1422, which makes 95% confidence intervals with half lengths 0.017
and 0.028. In Figure 4, we have plotted the discrete MOT on the same sample for the minimization and the maximization
problem. Precisely, we have plotted the points ()N( il, X l.z)*, i €{l,..., I} in the hyperplane z = 0 and the points (171.1, 17;2)
in the hyperplane z = 1. The edges between the points (X il, X 12)* and ()7].1, YJZ) indicate that the optimal coupling gives
a positive weight to the corresponding transitions. The difference between the two optimal couplings is clear. We can
heuristically explain the graphs as follows. The cost function c(x, y) = max(y! —x!, y> — x2, 0) will anyway be positive
for a large increase of one of the two assets. Therefore, to minimize the cost, one has to gather the large increases of Asset
1 and Asset 2. Instead, to maximize the cost, it is better to gather an increase of one asset with a decrease of the other one.

The CPU time needed for the computation of the Wasserstein projection and for the linear programming problem is
reported in Table 2. The dimension d = 1 rows of the table correspond to the MOT problem between the laws of X
and Y for the cost function max(y — x, 0). What mainly influences the computation time is the dimension 72 in which



1724 A. Alfonsi, J. Corbetta and B. Jourdain

0.0 -1

Fig. 4. Discrete MOT (/ = 100) in dimension 2 for the minimization problem (top) and the maximization problem (bottom).

Table 2
Computation time on a CPU Intel Core i7 at 2.6 GHz with COIN-OR of the quadratic and linear problems in dimensions d = 1 and d =2

1
100 150 200 300 500
Quadratic problem (1.1),d =1 15s 48s 18 s 88s 673 s
Quadratic problem (1.1),d =2 13s 10s 22s 105 s 807 s
Linear problem (1.3),d =1 03s 0.78 s 2s 6.6s 41 s
Linear problem (1.3),d =2 043s 2s 45s 195 120 s

the optimal matrix (r;;) has to be found. The dimension d of the underlying space of the probability measures has a
low impact on the computation time for the quadratic problem (1.1), since the number of equality constraints 2/ does
not change with d. Instead, it has some impact on the linear programming problem (1.3), since the number of equality
constraints (2+d)1 increases with d. Nonetheless, since the resolution of the linear problem is much less time consuming
than the resolution of the quadratic problem, the impact of the dimension d on the overall computation time is rather mild.

5.3. Further directions

In view of Proposition 3.1 and Corollary 3.2, it would be nice to prove the stability of

inf / c(x,y)m(dx,dy)
rellM (u,v) JRI xRE
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with respect to u and v in P(R?) for the weak convergence topology or the Wasserstein distance. On our numerical
example of Figure 3 where the continuous MOT is explicit, the convergence of the discrete optimal cost towards the
continuous one seems to hold. We plan to investigate this property in a future work. Note that for cost functions satisfying
the so-called Spence—Mirrlees condition (see [17]), the stability of left-curtain couplings obtained by Juillet [18] is an
important step in that direction.

To overcome the sample size limitation for the linear programming solvers to compute the solution of problem (1.3),
one can contemplate introducing an entropic regularization of this problem similar to the one proposed by Benamou et
al. [9] for discrete optimal transport. For u; = Z,I: 1 Pidy; Sex vy = Z/J: 19 jéyj and ¢ > 0, the regularized problem is
the minimization of

I J
Zerj(c(xi, yj) +8(lnrfj - 1))

under the constraints risj >0, Zilzlrfj =gqjforjefl,...,J}, ij-zl rfj = p; and ij-zlrijj =pixiforie{l,..., I}.
Since the constraints are affine, this problem can be solved by the iterative Bregman projections presented in [9]. In
particular the solution is obtained by iterating successive entropic projections on the first marginal law constraints, on the
second marginal law constraints and on the martingale constraints. The two first projections are explicit (see for instance
Proposition 1 [9]). The entropic projection on the martingale constraints can be computed using the generalized iterative
scaling algorithm introduced by Darroch and Ratcliff [10]. Such an approach combined with a relaxation of the martingale
constraint has been recently investigated by Guo and Obloj [16].

Appendix: Technical lemmas

Lemma A.l. Let 1, v € P (R?). Then, we have . <cx v if, and only if,

V¢ : RY — R convex and such that sup Pl
verd 1+ 1x]

< oo, / ¢ (On(dx) < f 6 ()v(dx).
]Rd ]Rd

Proof. Let ¢ : R? — R be a convex function. We define ¢*(y) = SUp,cgd X - ¥y — ¢(x) the Legendre—Fenchel transform
of ¢ and have

P(x)=¢™(x)=sup x -y — 9" (y).

yeRd

The function ¢™* : RY — [—¢(0), +0o0] is a convex lower semicontinuous function. Therefore, for any n > 1, there exists
yn with Euclidean norm |y, | < n and inf|,|<, ¢*(y) = ¢*(y,). There exists ng € N* such that ¢*(y,) < oo for n > ny,
otherwise we would have ¢* = +00 and then ¢ = —o0. We set ¢, (x) = SUP|y <y X * Y — ¢*(y) and have for n > ng

X Yn— ¢ () < dp(x) <nlx|+¢(0).

Thus, ¢, is with affine growth and therefore fRd Gn(xX)pu(dx) < fRd ¢n(x)v(dx). By the monotone convergence theorem

the integrals [po (@ — Pny) (X) 1 (dx) (xesp. [pa (Bn — Pny) (X)1(dx)) converge to [pa (¢ — dny) (x) e (dx) (resp. [pa (P —
Pno) (x)v(dx)) as n — oo. We conclude that [y ¢ (x)pu(dx) < [pa ¢ (x)v(dx). O

Lemma A.2. Let f, g : [0, 1] — R be two convex functions and h denote the convex hull of f — g. Then f — h is convex.

Proof. Let0<p<g<landae€[0,1].If h(ap+ (1 —a)g) =(f —g)(ap + (1 —a)q), then, using the convexity of g,
then the fact that 4 is bounded from above by f — g for the two inequalities, we obtain that
(f =W (ap+ (1 —a)q) =g(ap+ (1 —a)g) <ag(p) + (1 —a)g(q)
=a(f(p) = (f =)+ A=) (f(@) - (f —2)@)
sa(f—m(p)+A—-a)(f —h)(qg). (A1)

Otherwise, # is affine on some interval [r, s] with O <r <ap+ (1 —a)g <s <1, h(r) = (f — g)(r) and h(s) = (f —

2)($).Ifr € (p,ap+ (1 —a)q), then replacing o by 3:; in(A.1), we get (f —h)(r) < %(f —h)(p)+ ;:I; (f=h)(g)
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sothat (f —h)(rv p) < 2L (f —h)(p) + =25 (f —h)(@). Ina symmetric way, (f —h)(s Aq) < L2702 (f —h)(p) +
quf_pp(f—h)(q). Hence,
sng—(ap+(1—a)g) (ap+ A —-a)g)—rvV

p
ey OV S R (= G Ag)

=a(f=m(p)+A—-a)(f =h)(g).

By convexity of f and the affine property of / on the interval [r V p, s A q] containing ap + (1 — «)q, the left-hand side
is not smaller than (f — h)(ap + (1 — a)q). O

Lemma A.3. Let f:(0,1) — R be a non-decreasing function and n denote the probability distribution of f(U) for U
uniformly distributed on (0, 1). Then f and the quantile function F,~ ! coincide away from the at most countable set of
their common discontinuities and even everywhere on (0, 1) if f is moreover left-continuous.

Proof. The random variables f(U) and Fn_ L(U) are both distributed according to 1. Hence for p € (0, 1), P(f(U) <

Fyl(p) =P(F; ' (U) < F; ' (p) = psothat F;7 ' (p) = sup, o f(q). By symmetry, f(p) = sup,cq, ) Fy ' (q) with
the supremum equal to Fn_ I p) by left-continuity and monotonicity of F,]_ 1 Hence f(p) > Fn_ I p) > SUP, (0, p) f(q)
with the supremum equal to f(p) when f is left-continuous.

Lemma A4. For x € R, any non empty subset P* of {n € P1(R) : fR yn(dy) = x} has an infimum w for the convex
order. Moreover for all q € [0, 1], fql Fﬂ_l(p) dp = infycpx fql Fn_l(p) dp.

Proof. The existence of the infimum is given by Kertz and Rosler [20] p. 162. These authors work with the characteriza-
tion of the convex order in terms of the cumulative distribution functions. By the more convenient characterization in terms

of the quantile functions recalled in (2.2), it is enough to check that for all g € [0, 1], IZ(q) = infyepx fql Fn_ I p)dp =
fql F;!(p)dp for some probability measure 7 € P;(R) such that Jg ym(dy) = x. For n € P*, fol Fn_l (p)dp = x and
for all ¢ € [0, 1], fq‘ F7'(p)dp > (1 — q)x. Therefore for all g € [0, 11, ¥(q) = (1 — g)x, ¥(0) = x and /(1) = 0. The
function v being concave on [0, 1] as the infimum of concave functions it is continuous on (0, 1). Since for n € P*,
J(q) </ ql Fy Y(p)dp, J is continuous at 0 and 1 and therefore on [0, 1]. Denoting its left-hand derivative by f, one has

fol |f(p)ldp < oo and forall g € [0, 1], J(q) = fq] f(p)dp with f non-decreasing. One concludes by defining  as the
image of the Lebesgue measure on (0, 1) by f. (]

Lemma A.5. Let o > 1 andn,n1,n2 € PQ(Rd). Then

n+m 1
wg <n, T) = 5 (Wg (.m0 + W3 (n,m)), (A2)
Besides, when n is absolutely continuous with respect to the Lebesgue measure or d = 1 and n has no atom, equality
hollds tfland only if n1 = n2. Last, when d = 1, the statements remain valid with 77142'"2 replaced by the distribution 112 of
Fl4F
%(U) with U uniformly distributed on [0, 1].
Proof. Let n3 = '71;”’2. For i € {1,2,3}, there exists an optimal probability measure m; € Il(n, n;) that satisfies
Wg(n, i) = [gayga |y — X107 (dx, dy). Since @ e I1(n, n3), we have
n+m T+ m 1
we(n =2 ) < —x° dx,dy) = —(We(n, WEn, n2)). A3
Q<n 5 >_/Rded|y x| ———(dx,dy) 2( S, m) + W (n,12)) (A3)

We now suppose that 5 is absolutely continuous with respect to the Lebesgue measure. We know by Theorem 6.2.4 in
[4] that the probability measure m; € I1(n, ;) satisfying Wg(n, ni) = f]Rded |y — x|9m;(dx, dy) is unique, and writes
;i (dx,dy) = n(dx)dr,(x)(dy) for some Borel map T; : R? — R, If (A.2) is an equality, then the inequality in (A.3)
is also an equality and, by uniqueness, 2472 = 73, Hence we get n(dx)éryn) (dy) = n(dx)%(ST, w@y) + 1,00 (dy)),
which gives T1(x) = Ta(x) = T3(x), n(dx)-a.e., and implies 1 = n;.
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When d = 1, if 5 has no atom, according to Theorem 2.9 in [25], 7; is still unique and given by n(dx)d -1 (Fy() dy),
i
FolyF ]
so that the same conclusion holds. Still when d = 1, since Fﬁj 21 = %, by Proposition 2.17 [25] and strict convexity

of x — |x]|9,

1 4
=(F ')+ F ' () — Fy N (p)| dp

1
W (ij12, ) =
o (M2, 1) /0 >

1/ (! 1 1
§§</O }F{ll(p)—F{l(p)deJr/o |Fnzl(p)_Fn1(p)|9dp>=§(ng(m’n)+wg(nz,n))

with equality iff dp a.e. Fn_ll(p) = Fn_zl(p) ie. n =n. (Il

Lemma A.6. Let ¢ > 1 and (1, v € Po(R). The function (0,1) 5 p — F‘)_Q1 (p) — Fv_l(p) is non-decreasing.
P

Proof. It is enough to check that for n € P,(R) N P(w) such that p — Fr L(p) — Fr (p) is not non-decreasing then
W§ (v, VB ) < Wg (v, 1) (indeed F"_ﬁ](n) (p) — F; ! (p) is non-decreasing and VB, € P(1) C P (). By Proposition 2.17

[25] and the definition of v, ),

1 1
W (v, V75(,7))=/0 IFJ;(W)(p)—FJl(p)IQdP=/O | f(p)|°dp.

where f(p) denotes the left-hand derivative of the concave hull J(q) of [0,1]5¢g— ¢(q) := fql F,]_l (p) — Fv_l (p)dp.
Since Vg € [0, 1], fq] Fn’l(p) — F Y(p)dp < fql Fn’l(p)dp - qfol F;"'(p) dp where the right-hand side is a concave
function of ¢, ¥ (1) = ¢(1) =0 and # (0) = $(0) = [, F'(p) — F;'(p) dp. Now either  and ¢ coincide on [0, 1] and
Fn_l — F;! is non-decreasing or the open set {g € [0, 1] : 1/~f(q) > ¢(q)}is non erEpty and writes as tILe at most countable
union Uiel(pi, gi) of disjoint intervals with 0 < p; < g; <1, ¥ (p;) = ¢(pi), ¥ (gi) = ¢(gi) and ¢ affine on [p;, g;].
_ og—sp) _ b B @ F ' @da

For each i in the non empty set I, forall p € (p;, g;i1, f(p) = w(q"']?:g(p") = s so that, by
Jensen’s inequality,
qi qi
Viel, / |f<p>|@dp</ |F N p) = F N ()| dp. (A4)
pi pi

For p € (0, 11\ U;<; (pi. ¢il, either 1; is equal to ¢ on a left-hand neighbourhood of p or there is an accumulation
of intervals ((pi,, qi,))neN at the left of p with (i),en a sequence of distinct elements of I, g;, < p for all n € N
and lim,_,« ¢;, = p. For g in the left-hand neighbourhood of p in the first case and in {g;, : n € N} in the sec-

ond one, J(p) — J(q) =¢(p) —d(g) = fqp Fv_l(r) — Fn_l(r) dr. By the left-continuity of g Fv_l(q) - Fn_l(q)
and the definition of f, one concludes that f(p) = Fv_l(p) — Fn_l(p). Therefore fol 1{p¢Ui51(pi"1i]}|f(p)|g dp =
Jo YpeU,s (orain | Fs (p) = F; ' (p)[€ dp which combined with (A.4) and Proposition 2.17 [25] leads to fy | £ (p)|¢ dp <
fol |F; Y (p) — F7 1 (p)|°dp = Wg (v, ) when ¥ and ¢ do not coincide on [0, 1]. O

Remark A.7. Lemma 2.8 can be proved by similar arguments. But to exhibit 77 € P(v) with Wg (n,n) < Wg (u,n) and
F{ '_F /L_l non-increasing when n € P(v) is such that F,~ I_F " I is not non-increasing, we chose a more elementary
transformation exploiting directly the lack of monotonicity in place of up(,).

Lemma A.8. Let pu,v € Pi(R) be two distinct probability measures such that 1 <cx v and (t,,, ),1<n<NeN*U
{oo} be the irreducible components of (i, v). Then, we have

N

1 1 4 1 -
{qe{O, 1],/0 F, (p)dp>/0 F, (p)dp}=U(FM(L,,),FM(tn—)).

n=1
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Proof. For n € Pi(R), let ¢, (1) = fioo Fy(x)dx for t € R, ¥,(q) = [ Fn_l(p) dp for g € [0, 1] and y,(¢) = 00
for g ¢ [0,1]. One has ¢, (1) = [p(t —x)Tu(dx) < [p(t — y)Tv(dy) = ¢,(t) forall r €eR and (¢,,,7,), 1 <n <N €
N* U {oo} is the countable family of disjoint intervals such that

N
{teR:pu) <@} = Jt,. 7). (A5)
n=1

Since ¢, and v, are the antiderivatives of two reciprocal non-decreasing functions, it is well known they are the
Legendre—Fenchel transforms of each other i.e. ¢,(t) = sup,crfgt — ¥y(g)}. In fact, for t € R, if F,(t—) > 0 then
F,;l(q) <t forqg e (0, Fy(t—)),if Fy(¢) <1 then Fn*‘(q) >t for g € (F(1), 1) and if F;)(t—) < F;(¢) then F,;l(q) =t

F, _
for g € (F(t—), F;(1)]. We deduce that sup, cr{qt — ¥, (@)} = Fy(0)t — ¥ (F (1)) = ”(l)(t - F, Yp)dp = fol (t—

F N (p)tdp = ,(1) and

VieR, {qeR gt —vy(q)=¢,)} =[F,@—), F,)]. (A.6)

Therefore, we have

{t €R, ¢ (1) <(pv(t)} C {t €R,Vq e [Fv(t_)s Fv(t)]: qt —Yu(g) <qt — 1/’\)(61)}
={reR,Vg € [F(t=), (D], ¥ (@) > ¥ (@)}

Hence

U (Fe).r@o)c | U [Feo. Fo]clgelo 1 v.(g) > vu@)}. (A7)

I<n<N I<n<Nte(t,,1n)

Now, we observe that (0, 1) C |J,cr[F(t—), Fi. ()] and, for t € R such that F,,(t—) < F, (1), ¥, (q) is affine for g €
[F(t—), F,.(t)]. Using the convexity of v, we get

{g €10, 11, (@) > ¥u(@)} C U [Fu(=), Fu()].

1€R:Y, (Flu (D) >y (Fu (1)) or Y (Flu (t=))> Yy (Fiu (1))

If Y (Fu(t)) > ¥y (Fu (), we have ¢, (1) = F, ()t — ¥, (Fu (1)) < Fu ()t — ¥, (Fu (1)) < @, (¢) by using that ¢, is the
Legendre transform of . Similarly, ¥, (F,(t—)) > ¥, (F,(t—)) = ¢, (t) < ¢, (1), and we get

lge0..yu@>w@lc |J  [Fut-). Fud]c | [Futy). Fu@a)]

teRipy () <@y (t) 1<n<N

By (A.6),if 1, > —oo, Y, (F,(t,)) =1t,F.(t,) —¢u.(t,). Since ¢, (t,) = ¢,(t,) and the Legendre transform v, of ¢,
is not greater than v,,, we deduce that ¥, (F,(¢,)) = ¥ (Fu(t,)). In the same way, if 7, < +o0, then ¥, (F,(f,—)) =
Yy (Fy (t,—)) so that

{gel0.11.9.@ > @} | (Fult,). Fulm)). (A8)

1<n<N

Now, (A.5) implies that F, (t,) < F,(t,).If F,(¢,) < F,(t,), wenecessarily have t, > —oo, and forg € (F,.(z,), Fu(t,)),
we have Fv_l(q) <t, and Fﬂ_l(q) > t, since F, is right-continuous. Therefore, we have fl{";(t )Fgl(q)dq >

ff{;(g,,) Fv’](q)dq and thus ¥, (p) > ¥ (p) for p € (Fu(t,), F,(z,)]. Similarly, we show that ¥, (q) > ¥ (q) for
g € [F,(t,—), F,(t,—)), which, with (A.7) and (A.8), gives the claim. O
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