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Testing correlation structures has attracted extensive attention in the lit-
erature due to both its importance in real applications and several major the-
oretical challenges. The aim of this paper is to develop a general framework
of testing correlation structures for the one , two and multiple sample testing
problems under a high-dimensional setting when both the sample size and
data dimension go to infinity. Our test statistics are designed to deal with both
the dense and sparse alternatives. We systematically investigate the asymp-
totic null distribution, power function and unbiasedness of each test statistic.
Theoretically, we make great efforts to deal with the nonindependency of all
random matrices of the sample correlation matrices. We use simulation stud-
ies and real data analysis to illustrate the versatility and practicability of our
test statistics.

1. Introduction. Consider random samples obtained from K independent

populations. Let z©) be a p-dimensional random vector for £ =1, ..., K. We de-
note z(e) z,(f? to be the ny independent samples of z(©) for the £th population
and z(z) = (z(e) e z(pe))T =n, Z?ﬁl © as its sample mean. Then the sample

©) (Z(ﬁ) (E))T

covariance matrix and sample correlation matrix of {z; Liseee
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1,...,ng} are, respectively, given by

ny
Se=my—1)7! Z(zl@ - Z(E))(zl@) — i(z))T and

i=1
R, = [diag(S0)] 'S [diag(S0)] /2,

where diag(Sy) is a diagonal matrix constructed from the diagonal elements of S;.
There has been growing interest in the development of methods and theory for
hypothesis testing on correlation structures {Rg}f:1 in different settings [Aitkin
(1969), Browne (1978), Cole (1968), Gao et al. (2017), Jennrich (1970), Kullback
(1967), Schott (1996), Schott (2005), Zhou, Han, Zhang and Liu (2015), Debashis
and Alexander (2014)]. See, for example Anderson (2003) and Cai (2017) for
overviews of statistical challenges associated with such developments.

1.1. Existing literature. Under the classical setting with fixed p as ming{n,} —
00, there are three major testing problems corresponding to K =1, K =2 and
K > 2, respectively. As K = 1, it is one sample testing problem that focuses on
testing Hpp : R; = R, against Ha : Ry # R, where R is the population correla-
tion matrix and R, is a specific correlation matrix. An interesting asymptotic result
is that the test statistic

(n1 — 1) log(IR«|/IR1|) — p + tr(R;'Ry)

is asymptotically distributed as a linear form in 0.5p(p — 1) independent X12
random variables, and not in general X§.5 p(p—1) unless Ry, =1, [Aitkin (1969),
Bartlett and Rajalakshman (1953), Kullback (1967)], where 1, is the p x p iden-
tity matrix. This fact shows that testing the correlation matrix is a more difficult
task than testing the covariance matrix. As K = 2, it is two sample testing prob-
lem that tests Hpy : Ry = Ry against Hqs : Ry # Ry, where Ry and Ry are two
population correlation matrices. Several test statistics as distances between R, and
R, and their asymptotic distributions have been studied in the literature [Aitkin
(1969), Jennrich (1970), Larntz and Perlman (1985)]. As K > 2, it is multiple
sample testing problem that tests Hog : R; = --- = R against Hyg : notHpg.
Many test statistics and their asymptotic distributions have been extended from the
case K =2 to K > 2 [Browne (1978), Cole (1968), Gupta, Johnson and Nagar
(2013), Kullback (1967), Schott (1996)].

Recently, ultra-high dimensional data arise from a variety of applications, in-
cluding neuroimaging and genetics; that is, both p and ming{n,} converge to in-
finity. Testing correlation structures {R(g}f:1 in this high-dimensional setting has
attracted extensive attention in the past decade due to both its importance in real
applications and two major theoretical challenges, including high dimensionality
and dependency [Cai (2017), Debashis and Alexander (2014)]. In this case, the
test statistics developed for the classical setting either do not perform well or are
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no longer applicable. Therefore, under the high-dimensional setting, a collection of
new testing statistics have been developed in the last few years for both the one and
two population testing problems [Bodwin, Zhang and Nobel (2018), Cai (2017),
Cai and Zhang (2016), Gao et al. (2017), Schott (2005), Zhou et al. (2015)]. For the
one sample case, the existing results focus on the test of short-range dependence,
which includes independency as a special case, since the standard random matrix
theory results are not directly applicable for a composite null. Moreover, the ex-
isting testing statistics are particularly powerful under either a “sparse” alternative
or a dense alternative. For instance, Zhou et al. (2015) proposed several extreme
value statistics to test the equality of two large U-statistic based correlation matri-
ces, which include the rank-based correlation matrices as special cases.

1.2. Our contributions. The aim of this paper is to provide a general frame-
work of testing correlation structures {R(g}f:1 for the one, two and multiple sam-
ple testing problems as p — co. Compared with the existing literature discussed
above, we make four major contributions as follows:

(D) For the first time, we develop a set of test statistics to test correlation struc-
tures {Rg}é(:1 for the one, two and multiple sample testing problems under the
high-dimensional setting. Our test statistics are designed to deal with both the
dense and sparse alternatives. Specifically, they are the sum or the maximum of
two terms, including a term for the dense alternative and the other for the sparse
alternative.

(I) We propose the test statistics for testing Ho; : R| = Ry as K =1 and then
derive its asymptotic distribution and power function, even when R, is an arbitrary
correlation matrix. We make great efforts to deal with the nonindependent elements
of population random vectors during the derivation. In contrast, the existing results
based on the standard random matrix theory [Bai and Silverstein (2004)] are lim-
ited to the covariance matrix or independent correlation [Gao et al. (2017), Li and
Xue (2015), Qiu and Chen (2012), Shao and Zhou (2014)].

(IIT) Similar to testing Hoj : R; = Ry, we derive the asymptotic distribution of
the test statistics and stride to deal with the nonindependency of the two random
matrices of the sample correlation matrices for testing Hyy : R; = Ry.

(IV) To the best of our knowledge, we propose the first test statistic for testing
Hogk : Ry = --- = Rk under the high-dimensional setting and then establish its
asymptotic distribution under both Hog and H4 g without assuming the normality.
We also stride to deal with the nonindependency of all random matrices of the
sample correlation matrices.

The rest of this paper is organized as follows. Section 2 focuses on the one
sample problem, whereas Section 3 focuses on two- and multiple-sample testing
problems. In each section, we propose the test statistics and establish its asymptotic
distribution, power function and unbiasedness. Section 5 will present simulation
studies. We apply the test statistics to the ADHD data sets in Section 6. All proofs
are collected in the Appendices.
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2. Test statistics for one sample testing problem. In this section, we focus
on the one sample problem of testing Ho; : R = R, against H4 : Ry # R,. This
section consists of three parts. In Section 2.1, we describe two proposed test statis-
tics. We characterize its asymptotic null distributions in Section 2.2 and its power
properties in Section 2.3.

2.1. Test statistics. We first introduce two terms as follows:
Ln,l = tl‘[(iil — R*)z] and

_ A \2/5—1
Ty —15%13;(51)”101@ Tlhj) (91hj5{R*¢1,,}+8{R*=1,,}),

A — 1 _a 1 _a A 1
where O =n ' 0L (g — 2@ — 20/ Gians1 )72 = 0.5F11hy —
-(1 D - RN -

z,ﬁ N2 /51 + (ZE,-) —ZE- ))2/S1jj]}2 with Ry = (mm)f,j:], R, = (’”*lhj)g’j:p S| =
(s1h j)ﬁ’ =1 and 8y is an indicator function. The first term L, ; is designed for the

dense alternative, whereas 7T}, 1 is for the sparse alternative.
Based on L, 1 and T}, 1, we propose a weighted test statistic M, 1 as follows:

(2.1) My = L1 + Cod1,, 1 >5%(n1,p)}>

where the second term of M}, ; is a hard thresholding, Cy is a large positive number
and s*(n1, p) is a scalar threshold depending on (ny, p). The choices of Cy and
s*(n1, p) will be given in the following Remark 2.1. For a given significance level
o, we construct the acceptance region of M, | to be

1 _
22 (@2 (M — pz0)/[2001 = D7 e(R2)] < g1-a},
where g1_q is the (1 —«) 100% quantile of N (0, 1) and ;0 will be specified below.

We also propose a maximum test statistic Mr/v,l as follows:
M, =max{(Ln,1 = 1£:0)/[2001 = D™ w(R3)],

(2.3) Cy(Ty.1 —4log p +1loglog p)},
where C;, is a positive constant and different C, represents different contributions
from L, 1 and 7, 1 to Mr;,l' For a given significance level o, we construct the
acceptance region of M ,’1,1 to be

1
(... 2D): M)y = cal.

where ¢, is a critical value and the choices of ¢, and C(’) will be given in Re-
mark 2.1.

2.2. Null distribution. Our first theoretical result is to characterize the limit-
ing null distribution of L, 1. We introduce two assumptions that will be used later.
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Assumption (a) specifies the moment assumption of zl@ . Assumption (b) speci-

fies the ratio of the dimension of zl@ to the sample size ny. We then introduce
Assumption (a) as follows.

ASSUMPTION (a). (Z) has the independent component structure Zl@ = ug) +

X, 12 (E) , where W(Z) (wgz, . ;Q)T with independently and identically dis-
trlbuted (i.i.d.) elements u)gl) ’ E(wgz) =0, E[(wgz) ] =1 and the kurtosis of
w(f) is equal to B, = (wgf )] — 3. That is, {w( ) -} are standardized i.i.d. random

variables only requiring that the fourth moment ex1sts The spectral norm of Ry is
bounded.

Assumption (a) imposes the independent component structure on z , which
has been commonly used in random matrix theory [Bai and Sllversteln (2004),
Chen, Zhang and Zhong (2010)]. It only requires the existence of moments until
the fourth order. The identically distributed assumption is not critical for most
theoretical developments below.

We state Assumption (b) as follows.

ASSUMPTION (b). The ratio of the dimension p to the sample size n¢ tends to
a constant, that is, p/n¢ — y; € (0, 00).

Assumption (b) gives the convergence regime of the data dimension and the
sample sizes. It assumes that the data dimension increases proportionally with the
sample size, even when the limit y, can be extremely small (or large). Therefore,
the data dimension may be much smaller (or greater) than the sample size.

Our first theoretical result quantifies the limiting distribution of the statistic

= L e
tr[(R; — Ry)?]. Let = denote the convergence in distribution.

THEOREM 2.1. If Assumptions (a)—(b) hold for £ = 1 and under Ho1, we con-
clude that:

(LD (L1 — pz0)/12011 — ) e (RD] 5 N(O, 1);

(12) (Myy — p:0)/[2G11 — D' tr(R2)] 5 N(0, 1) holds under some addi-
tional conditions, including s*(ny, p) — 4log p — 400 and (C1), (C2) and (C3)
in Cai, Liu and Xia (2013) for R, and zlgl), where [0 is defined as

(nf—ni—Dp* _2ni+m+1 “3np) &
T T T e e T T jzlj/zl(r*l”/)
nippi 2n1 B Xp: P "
(n1— 1% (n —1)? = "3y *'JJ
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(n? —5n)B1 & P
- Z[m” gl(u%j}-,)“

j=1

(n? —3n ),3
+ 2l(n1 1)p1 Z Z[(r*m/) Z(V*lhj) (r*lhj/) ]

j=1j=1

with rypj being the (h, j) entry ofRifork =1/2,1,3/2 and 2.

REMARK 2.1. When Ry, = I,, Cai and Jiang (2011) proved that
maxi<j<j<pni(Finj — r*lhj)z — 4log p + loglog p converged to a type I ex-
treme value distribution function F () = exp[—(8n)_1/ 2 exp(—t/2)] under Hy.
When R, # I, similar to (22) of Cai and Zhang (2016), we conclude that
max1§h<j5pn1(f1hj — r*lhj)zél_h}. — 4log p + loglog p converges to the type I
extreme value distribution function under Hy; and (C1), (C2) and (C3) in Cai, Liu
and Xia (2013) for R, and zgl). The choices of s*(n1, p), Co, Cé and ¢, are given
as follows:

e Choice of the threshold s*(ny, p): The test statistic M, | mainly targets at L,, 1.
For simplicity, the threshold is taken to be

s*(ny, p) =[4+ (loglogn; — 1)2](10gp —0.25loglog p) + uo,

where ug satisfies exp[—(87r)_1/2 exp(—ugp/2)] = 0.99. The threshold ensures
that even if n; and p are small, the probability of the event {7}, 1 > s*(n1, p)}
is bounded by 0.01 under Hy;. The probability of the event {7}, | > s*(n1, p)}
becomes negligible under Hy; when either n1 or p is relatively large.

o Choice of the constant Cy: The role of Cy is to ensure that the second term
of M, 1 acts as the main term in M, ; when T, 1 > s*(ny, p). It is enough to
require that Co/[2(n; — 1)~ tr(R2)] is far away from g;_. For simplicity, let
Co be p? throughout this paper.

e Choice of the constant C{, and the critical value c,: Theorem 2.1 shows that
(Ln1 — 1z0)/[2(n1 — H-! tr(Ri)] is asymptotically distributed as N (0, 1) un-
der Hp;. To balance the contribution of L, ; and that of T, i, C() should be
relatively small for extremely dense Ry — Ry, whereas C(, should be large for
extremely sparse R; — R,. However, it is unknown whether Ry — R, is dense
or sparse, so we choose C(/) such that (L,1 — pz0)/[2(n1 — 1)_1 tr(Ri)] and
Cy(T,,1 —4log p +loglog p) have the same (1 —«/2)100% quantile, where « is
the significance level. That is, we have Cy = g1—q/2/u( and cq = g1—q/2, Where
uy, satisfies exp[—(87)~1/2 exp(—up/2)] =1 — «/2. Then we have P(M,’L1 >
q1-a/2) < a under Hy;.

PROOF. We will give the skeletons of the proof of Theorem 2.1. The details
of the proof are placed in Appendices. The proof proceeds in three steps.
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Skeleton of Step 1. To obtain the expansion of tr[(ﬁl — R,)?] as follows:
t[(Ry — Ry)?] = tr(S?) + tr(R2) — 2tr(S1R,)
— 2tr{S?[diag(S1) — I,]} +2tr{[diag(S1) —I,]SiR.}
+2tr{S?[diag(S1) — I,]*} — 1.5tr{[diag(S1) — I,]°S R}
+ tr{S:[diag(S1) —I,]Si[diag(S1) —I,]}
— 0.5tr{[diag(S1) — I,,]Si[diag(S1) — I, |R.} + 0, (1),

we assume Cov(z(l)) =R without loss of generality. This step is mainly to use

the Taylor expanswns of s1 =1—(s1j; — D+ (15 — 1)? +o(p~ 1y and slu/z =

2(51” 1)+ (Sljj 1)2+0(P_1) with S; = (Sll_])l’J:]-

Skeleton of Step 2. We want to derive the limits of the following four
terms: tr{S3[diag(S1) — I,1%}, tr{[diag(S1) — I,1°S1R.}, tr{Si[diag(S1) — I,,1S; x
[diag(S1) — 1,1} and tr{[diag(S1) — I,]S1[diag(S1) — I, IR} in probability.

Skeleton of Step 3. We want to derive the limiting null distribution of (tr(S%) -
Etr(S}), tr(S1R,) — Etr(S1R,), tr{S3[diag(S1) — I,1} — Etr{S3[diag(S;) — I,1},
tr{[diag(S1) — I,1S1R,} — Etr{[diag(S;) — I,,]SlR*)} Thus by the delta method,
we obtain the central limit theorem (CLT) of tr[(R; — Rx)?]. Because these terms
involve diag(S1) — I,, we cannot directly use the random matrix theory on linear
spectral statistics of St to obtain the limiting distribution of these terms. To solve
the problem, we construct four martingale difference sequences to establish the
CLT of these terms. Especially, the derivation of the CLT for the case Ry # 1, is
much more difficult than the derivation for the case R, =1,. [

COROLLARY 2.1. Under the assumptions of Theorem 2.1, we have the fol-
lowing results:
o If R, is the identity matrix 1, then i, reduces to
(nf—ni—1p*  (j+4ni+Dp  3pmip

ni(ng — 1)? (ny —1)3 (n —1)3

e [fthe population is Gaussian, then [, reduces to

MHz0 =

(n% —ny— l)p2 Zn% +n;+1
ni(ng —1)? (n —1)3

—3n1) &
=13

te(R2) +

Z Z(r*ljj’)

j=1j'=1

where ry jjr is the (j, j') entry of R.

Theorem 2.1 provides a unified framework of testing Hp; : R; = R, for an arbi-
trary R,.. Our test statistics account for both dense and sparse alternatives, and they
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work for zlgl) satisfying the independent component structure specified in Assump-
tion (a) and a ratio of p/n; = y; in Assumption (b). Technically, to prove Theo-
rem 2.1, we develop a set of novel tools to deal with the dependence between S;
and diag(S1), which is technically nontrivial and is of independent interest for han-
dling the sample correlation in more general settings. In contrast, Gao et al. (2017)
only established the CLT of the sample correlation matrices of a high-dimensional
vector whose elements have an identity correlated structure R, = I,. Moreover,
their theoretical result involves some two-dimensional contour integrals, which
can be difficult to compute.

2.3. Power properties and optimality. We examine the power properties of
M, and M) ,. We first establish the asymptotic distribution of the statistic

tr[(ﬁl — R*)z] under the alternative hypothesis Hy.

THEOREM 2.2. Assuming that Assumptions (a) and (b) hold for £ =1, we
have

tr[(R; — R,)?] —
r[(Ry )1 —za —L>N(0, 1,

O7A

where ;4 and o, depend on the alternative population correlation matrix R
and will be given in the Appendix.

Given the result in Theorem 2.2, we can characterize the properties of the power
functions, which is given by

1Ry, @) = P(My1 — 1220)/[2(n1 — D7 r(R2)] > q1—a),
giRy, ) =P(M, | > cq).

In the following, we will study the properties of the power functions g1 (R, &) and
g1 (R, ).

COROLLARY 2.2. Assuming that Assumptions (a) and (b) hold for £ =1, we
have the following results:

o Iftr[(R] — R,)%] > ¢o > 0, then g1 (R, @) > o when the sample size ny is large
enough and cq is any given small constant.

o Iftr[(R) — R,)?] tends to infinity, then g1 (Ry, o) and g/1 (Ry, a) are close to one
asny — Q.

o [f the absolute value of at least one entry of Ry — R, is greater than
nII/ZW and the conditions (C1), (C2) and (C3) in Cai, Liu and

Xia (2013) hold for Ry and "), then g1 (Ry, &) and g (Ry, @) are close to one
asn; — oo.
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Corollary 2.2 shows that the proposed test M}, 1 is asymptotically unbiased. In
the Appendix, we will prove that (i) for the dense alternative tr[(R; — R,)?] — oo,
the power functions tend to one; (ii) for the sparse alternative, if the absolute value
of at least one entry of R; — R, is greater than nl_l/ ZW, then the
power functions will be close to one.

Similar to Cai and Ma (2013), we define

O7(b1,b10) ={R1 : IR —Ry|lF > b1/p/ni or |[Ry — Ryllos > bigy/log p/ni},

where b1, byg are positive constants, |R; — R || F = {tr[(R| — R,k)z]}l/2 and |R; —
Rylloo = maxi<i<j<p |eiT (R1 —Ry)e;| with e; and e; being the ith column and jth
column of the p x p identity matrix, respectively.

THEOREM 2.3. Let0 <o« < B < 1. Suppose that as p/n; — y1 >0asn; —
~+00. Then there exist two constants 0 < by, byg < 1 such that for any test ¢ with
the significance level o for testing Hy1 : Ry = Ry, we have

lim sup inf Er, ¢ < B,
np— o0 RIE(‘BT(bl,blo) !

where ER, is the expectation under the population correlation matrix being R.

Theorem 2.3 shows that no level « test can distinguish the null hypothesis from
the alternative hypothesis with the power tending to one as p/n; — y; > 0, ||[R; —

Ril|lF = O(/p/ny) or |R; —Ry|leo > b1o+/l0g p/n1. Then Theorem 2.3 gives the
lower bound for the optimality of our proposed procedure.

3. Extensions to two and multiple sample testing problems. This section
consists of two parts. In Section 3.1, we focus on the two-sample problem of testing
Hpy : R; = R; against Hao : Ry # Ry, In Section 3.2, we consider the multiple
sample testing problem.

3.1. Extension to two sample testing problem.

3.1.1. Test statistics and their null distributions for two-sample testing problem.
Let R, = (fghj)f j=1 and Sy = (Sghj);: =1 for £ =1, 2. We introduce two terms as
follows:

L,172 = tr[(ﬁl — ﬁz)z] and

P 14 \—1a A2
T,o= max (n] Ounj+ny 6Oj)" Finj — Fanj)”,
I<h<j<p
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where 6y; is defined as

(e) -(e> 0 =
)z3 —2Z;7)
J! J

1/2

Gonj = n; Z{

(SehhSe i)

e © _ 0
@ =87, @i %) ”2

Sthh Sejj

—Oﬁﬁw[

The first term L, is introduced to deal with the dense alternative, whereas the
second term 7}, > is for the sparse alternative.
We propose a weighted test statistic M, > as follows:

(3.1) M2 =Lp2+ Co28(T, ,>5(n1,n2,p)}s

where Cy > and the threshold s(n1, n, p) will be given in Remark 3.1. For a given
significance level «, we construct an acceptance region of M, » to be

{{Zlgaii=1 nf}( (M2 — fiz12)
/2[(m = D7 (o — D7Na) < q1-a),

where [1,17 and a will be defined below.
We also propose a maximum test statistic M, . as follows:

M), , =max{(L, > — fiz12)/{2[(n1 — D' + (n2 — )" Ma},
(3.2) Cp.2(Tn2 — 4log p +loglog p)},

where C) , is a positive constant. For a given significance level ', we construct an
. /
acceptance region of M, , to be

(e =1y M <),

where the positive constant C;) , and the critical value c,> will be given in Re-
mark 3.1.
We establish the asymptotic null distribution of L, > as follows.

THEOREM 3.1. Let R be the common correlation matrix R = R; = Rj. As-
suming that Assumptions (a) and (b) hold for £ = 1 and 2 and under Hyy, we
conclude that:

(L) (Lu — pz12)/ 201 — D™ 4 (12 — D™ (RD)) -5 N (O, 1);

(I1L2) (My2 — pz12)/ QL1 — D™ + (2 — D™ Tw®D) 5> N(0, 1) holds
under some additional conditions, including s(ny,n;, p) — 4logp — +oo and
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(C1), (C2) and (C3) of Cai, Liu and Xia (2013) for R and 2.", where .12 is given
by

2 2 2 2 2
(ny—ng—1p 2n; +ng+1 2 Bengp
D iy 2 By s S R Dy
_i p2pne Xz:ﬂep(n%—Sne) ~pe—3ne
- 120 = 2 1)? =213 "

with rogpj being the (h, j) entry of R* fork=1/2,1,2/3 and 2 and

p p
| 3
bo=p E E rO%jj/(rO%jj’) )

j=1j=1

p p
-1 4
co=p ' ) ronjj Z(ro%jj/) ’

j=1 j'=
P P 14

dy=p~' Y > [2(r01 jiV* o+ Belronn® Y (g1, (g, j,)z}.
j=1j'=1 h=1

REMARK 3.1. Similar to (22) of Cai and Zhang (2016), we conclude that

max_ (ny'O1nj +ny "0;) " (Fiaj — Fan)? — 4log p + loglog(p)
I<h<j=<p
converges to the type I extreme value distribution function under Hpy and (C1),
(C2) and (C3) in Cai, Liu and Xia (2013) for R and z". The choices of
s(ny, na, p), Co.a, C(/)?2 and ¢, 2 are given as follows:

e Choice of the threshold s(n1,nz, p): The test statistic M, > mainly targets at
L, ». For simplicity, we set s(n1, n2, p) as

s(ni,na, p) =4+ (loglog(ni + ny) — 1)2](logp — 0.25loglog p) + uy,

where u satisfies exp[—(8m)~1/? exp(—ug/2)] = 0.99. The threshold en-
sures that even for small ny,ny and p, the probability of the event {7, 2 >
s(ny,ny, p)} is bounded by 0.01 under Hp,. The probability of the event
{T,2 > s(n1,n2, p)} becomes negligible under Hp, when either ny,ny or p
is moderately large.

e Choice of Cy 2, C(’),2 and cq 2 The constants C 2, C()’z and ¢, 2 are the same as
Co, C(y and ¢y in Remark 2.1. Moreover, P(Mr/;,z > ¢1—a/2) < a under Hp.

PROOF OF THEOREM 3.1. We will give the skeletons of the proof of Theo-
rem 3.1. The details of the proof are placed in the Appendices. The proof proceeds
in three steps.
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Skeleton of Step 1. It is assumed that Cov(zl@) = Ry holds for £ =1, 2 without
loss of generality. We obtain the expansion of tr[(R; — R,)?] as follows:

t[(R1 — Ry)?]
= tr(S?) + tr(S3) — 2tr(S182) — 2 tr[S}(diag(S1) — I,,)]
— 2t[S3(diag(Sz) — I,)]
+ 2tr{[diag(S1) — I,]S1S2} + 2 tr{[diag(S2) — I,,]S1S2}

2
+2" ufS3(diag(Se) — 1,,)7]
(=1
2
+ > tr[Se(diag(Se) — I,)S¢(diag(Se) —1,,)]
=1

— 1.5tr{[diag(S1) — I,]*S1S2} — 1.5tr{[diag(S2) — I,]°S1S,)
— 0.5tr{[diag(S1) — I,]S:[diag(S1) —I,]S>}

— 0.5tr{S;[diagS, — I,1S2[diag S, — 1,1}

— tr{[diag(S2) — I,][diag(S1) — I,,]S1S>}

— tr{S;[diag(S1) — I,]S>[diag(S2) — I,,]} + 0, (D).

This step is mainly to use the Taylor expansions of s[Nl =1—(s¢gjj — 1)+ (s¢jj —

D2 +o(p~") and s;;/? =1 = Lsgj; — 1) + 355 — D? + o(p~") with S, =

(selj)w=1 for¢=1,2.

Skeleton of Step 2. We want to derive the limits of the following ten terms
in probability: t[S}(diag(S1) — I)?1, t[S3(diag(S2) — I,)?], tr{[diag(Si) —

I,1°S182}, tr{[diag(Sy) — I,1°81Ss}, tr[Si(diag(S1) — I,)Si(diag(S1) — L)l
tI‘[Sz(dlag(Sz) — Ip)Sz(dlag(Sz) —1I,)], tr{[diag(S1) — I,,]S[diag(S;) — 1,182},
tr{S[diag Sy — I,]S;[diagS,> — I,,]}, tr{[diag(S2) — I,][diag(S1) — I,18:S2},
tr{S1[diag(S1) — T,1So[diag(S2) — T, 1),

Skeleton of Step 3. We want to derive the limiting null distribution of (tr(Sz) —
Etr(S), tr(S3) — Etr(S3), tr(S1S2) — Etr(S1S2), tr[S3(diag(S1) — I,)] —
Etr[Sz(dlag(Sl) — Il tr[Sz(dlag(Sz) - Iy - Etr[Sz(dlag(Sz) — Il
tr{[diag(S1) — I1,]1S1S2} — Etr{[diag(S1) — 1,188z}, tr{[diag(S2) — 1,]S1S2} —
Etr{ dlag(Sz) — I,,]SlSz)} Thus by the delta method, we obtain the CLT of
tr[(R1 — Rz) ]. Because these terms involve the product of any two or three terms
among Si, diag(S1) — I, Sz and diag(S;) — I,, the CLT for Theorem 2.1 is not
directly applicable. Thus, in order to derive the CLT of these terms, eight new
martingale difference sequences are constructed. Especially, the derivation of the
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CLT for the two population case R; = R is very different from and more difficult
than the derivation for the one population case Ry =R,.. [

REMARK 3.2. Under the null hypothesis Hy,, we do not know the true R, so
we have to estimate the terms related to R in the asymptotic mean and variance.
Let

w; =ny/(ny +na), wr)=1—w; and
My; :xl@(xge))T fort=1,2,

. LORD — (1 —ne = DpPng (e =172 = Brnepne — D) (ne — 1)
p(n} —ng+2)

’

£=1,2,

where x{* = (x{,....x{)7 = [diag(Sp)]72(z" — 2) with i = 1,....n,.
Then, we estimate ag = p_l tr(R?), by, co, and d as follows:

ap = w1dy + way,

2 ng
by = szﬂ[lp_l (”g_l > tr{Ry12)/(eMyi [diagMyg) — 1]} — 219510),
=1 i=1

2
do=> wiBy'p” (nelztr a2y [Re = (ne — 1) "' My ]
=1
X [dlag(le) - Ip]z} - 2]7&0)’

ng
dy = P_]{nZ1 ZU{[Re — My (ne — 1)~ ][diag(Mg;) — I,]
i=1

x Ry1 )0 [diagMi) — L]},

with letting ﬂe_l =0if 8, =0, ﬁ{l,Z}/{l} = ﬁz and ﬁ{]g}/{z} = ﬁ]. Finally, we can
obtain an estimate of ;12 as follows:

2 2 2 2 2 2
. (ny—ng—1p pQ2ny+ng+1) Benep
fen=) - +)

do
= (e —1)? = e —1)3 = (g —1)2

2 2 2 2
Be2png 4 Bep(ny —Sny) p(ng—3)ng »
-y ——b _ ——d
2 0+ 2 1 Ot 5y
COROLLARY 3.1. Under the same assumptions of Theorem 3.1, we concluded
that:
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o (Luz— fz12)/2Lny — D™+ (2 — D' pdo} = N(O, 1);

o (Myo— f1212)/{2[(n1 — D)~ + (n2 — D~ Npao} = N0, 1) holds under some
additional conditions, including s(ny, n», p) — 4log p — +o00 and (C1), (C2)
and (C3) in Cai, Liu and Xia (2013) for R and zl@).

3.1.2. Power properties and optimality. In the following, we will study the
power properties of the statistics M, » and M/, ,.

THEOREM 3.2. Under Assumptions (a) and (b), we have
_ =~ = L
oo {t[(R) = R2)?] = parn} = N(O, 1),

where wa12 and oa12 depend on the alternative population correlation matrices
R and Ry and will be given in the Appendix.

Theorem 3.2 gives the asymptotic distribution of the statistic tr[(ﬁl — ﬁg)z]
under the alternative hypothesis. The power function is given by

SR, Ry, @) = P((My 2 — fiz12)/{2[(n1 — D™ + (2 — D™ pao} > q1-a),

and g5(Ry, Ry, o) = P(M,/L2 > cq,2). Then g2(Ry, Ry, @) and g5 (Ry, Ry, @) have
the following properties.

COROLLARY 3.2. Under the same assumptions of Theorem 3.2, we have the
following results:

o [ftr[(Ry — R])z] > co > 0, where cq is a positive scalar, then g2(R1, Ry, o) >
when the sample size is large enough.

o Iftr[(Ry — Rz)z] — 00, then g2(R1, Ry, o) and g/z(Rl, Ry, a) are close to one
as ni, np — Q.

e [If the absolute value of at least one entry of Ry — Ry is greater than
[log(p)log(ni + n2)1"/?//min{ny, nz} and the conditions (C1), (C2) and (C3)
in Cai, Liu and Xia (2013) hold for Rg and 2., € = 1,2, then g2(Ry, Ry, @)
and g/Z(Rl, Ry, a) are close to one as ny, ny — oo.

Corollary 3.2 shows that the proposed test M}, » is asymptotically unbiased. In
the Appendix, we will prove that for the dense alternative tr[ (R — R»)?%] — oo, the
power functions tend to one. For the sparse alternative, if the absolute value of at

least one entry of R; — R is greater than [log(p) log(n| + nz)]'/z/./min{nl, ny},
then the power functions are close to one.

Similar to Cai and Ma (2013), we define
O3 (b2, by) = {R1, Ry : [R; —Ry|| p > bomin{y/p/ni,/p/n2}

or Ry — Rl > boomin{y/log p/n1, /log p/na},
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where b, byg are positive constants, ||[R; — R || F = {tr[ (R —R2)2]}1/2 and |R| —
Roloo =maxi<i<j<p |eiT (R1 —Ry)e;| with €; and e; being the ith column and jth
column of the p x p identity matrix, respectively.

THEOREM 3.3. Let0 <o < B < 1. Suppose that p/n; — y; >0 as n; — oo
fori =1, 2. Then there exist two constants O < by, boo < 1 such that for any test ¢
with the significance level « for testing Hyy : R; = Ry, we have

lim sup inf ERr, R, ¢ < B,
nim—oo R R2€®F (br.byg)

where ER, R, is the expectation under the two population correlation matrix being
R and R».

Theorem 3.3 shows that no level « test can distinguish between the null hypoth-
esis and all alternative hypotheses with the power tending to one as p/n; — y; >0
for i = 1,2 and |R; — Ro|lF = O(min{y/p/ni,/p/n2}) or Ry — Rafleo >
byo min{./log p/n1, /log p/n>}. Then Theorem 3.3 gives the lower bound for the
optimality of our proposed procedure.

3.2. Test statistic for multiple sample testing problem. We extend the test
statistic from two samples to K samples. The one weighted test statistic is con-
structed as

~ ~
M, x = Z w6, [ (Re, — Ry, |+ Tk,
1<t;<t<K
where
In.xk = Co Z w[‘l’Zza{maxlghqu(naléelh_/-i-nzzlé@hj)"(felhj—fthj)2>S(nz] ey, p)Y

1<t;<lr<K

with {wy, ¢,, 1 < €1 < €2 < K} being a vector of weights.
For simplicity, we focus on the asymptotic distribution of M,, k.
We first present a key lemma as follows.

LEMMA 3.1. Assume that Assumptions (a) and (b) hold for £ =1, ..., K.
Then, {tr[(R¢, — Rgz)z] — At 0y, 1 <41 <€y < K} are asymptotically distributed
as a multivariate normal distribution. Moreover, we have

=~ =~ =~ ~ L
{t[(Re, = Rey)?] = 1ae,er, [ (Rey — Rey)?] — maese,) = N(02,T),

2

where I = {yauu'};, =) With a1l = 0at,6,, VA22 = O atse, and

Vit = OAL 2030y U <y =43 <Ly
0, L1,402, 23, L4 are all unequal.
Moreover, pwae, ey, atse, and Yauy have closed forms and will be given in the
Appendix.
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Based on Lemma 3.1, we can establish the asymptotic null distribution of M,, g
as follows.

THEOREM 3.4. Under the same assumptions of Lemma 3.1 and Hog , we con-
clude that:

—1/2 = = L
(IIII) Vg / Zl§€1<€2§K a)el,fz{tr[(Rzl - Rﬁz)z] - MZ@]@Z} - N(Oa 1)

~1/2 L :
(IL2) vg / [(Mu.k — X 1<0,<ty<k @t1.0,1z010,]1 = N(O, 1) under some addi-

tional conditions, including s(ng,,ne,, p) — 4log p — 400 and (C1), (C2) and
(C3) of Cai, Liu and Xia (2013) for R and 2.”, where vi = 4[tr(R)Pu is given
by

2 —1 —172
Ug = Z wﬁ]ﬁz[(nzl - 1) + (n£2 - 1) ]
1<t;<lr<K
-2
+2 Z wﬁ]ﬁza)ﬁ3ﬁ4(n€2 - 1)
1<l <lr=l3<l4<K
-2
+2 Z We W30y (n€2 - 1)
1<ly<lz<lr=t4<K
-2
+2 Z W0, e, (Mg — 1)77,

1<l1=l3<lyr<ly<K

and [ize,¢, can be similarly defined as (1;12.

REMARK 3.3.  There are two important issues associated with M, k. The first
one is to determine the weights wy, ¢,. Since the asymptotic variance of tr[(Rg, —
R¢,)2] — fiz0,0, is equal to 4[(ng, — 1)™! + (ng, — 1)~ 2[tr(R?)]2, a reasonable
choice of wy, ¢, is we, 0, = [(ng, — )71+ (ng, — D717 for 1 <€) < €5 < K.
The second one is to estimate the asymptotic mean and variance under Hyg , since
we do not know what the true R is. A good estimate of p~! tr(R?) is Zle (ng —
D(ni+---+ng — K)~'a,, where a, was defined in Remark 3.2. Then the estimate
of VK,

K
bk=> (ng— D+ +ng — K) ' paux.
=1
Furthermore, the estimate [i.¢,¢, can be obtained by replacing 1 and 2 by £ and
€7 1in fi712 in Remark 3.2. The C is the same as Cp > in Remark 3.1. The threshold
s(ng,,ng,, p) is obtained by replacing 1 and 2 by £; and ¢; in s(ny,n2, p) in
Remark 3.2.

4. Estimation of the kurtosis 1. To estimate 81 in Theorems 2.1 and 3.1,
we consider two cases as follows.
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Case 1: When R is unknown, the covariance matrix X is unknown. We may
use an estimator of 81 by Zheng et al. (2018) as follows:

5, — MV =2l = DS — [rS1)

p 2
PR

where S| = (slgj)szl and

=m -1~ IZ{ D _ 7T ) —z0)

2
1 1 _
_nllz (M Z(1) (lg)_z(l))]] '

Case 2: For R; = R, for a prespecified correlation matrix R,, we may estimate
B1 as follows:

5 _ (m = DTN (& — E)? — 287
pr=p g[ £ Zj.:l(r*%éjﬂ ]

1 =(1 P -1 1/2
where £ = (v’ — 53 )% Eo=ny ' TJL £ and RSP = (1,00 -

The following lemma gives the consistency of the estimator B1 under the null
hypothesis Hy : R = R,.

LEMMA 4.1. Suppose that E[(zﬁll))g] <c holds forallt =1,..., p, where c

is a positive constant. Under the null hypothesis Ho, and Assumptions (a)—(b), we
have

Br=pr1+o0,(1).

PROOF. Without loss of generality, assume Ez[1 =0and Var(zﬁll)) =1 for all
L. Let eg be the £th column of the p x p identity matrix. We can show the following
results:

(4.1) -l Zz(l) =0,(1),
(4.2) Z (z0)* =E@EN) +0p(1),

4.3) Z ) =ECD) + o, (1),
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where 0, (1) is uniform for £ =1, ..., p. For instance, to prove (4.1), we have

|:< lzz(l) (1)) :|—n1 E(z?l) Ez(l))

=n;'el .e <njy'c=0(1),

where o(1) is uniform forall £ =1, ..., p. It follows that
3 Z (z60)° { 1Zz(”] — el T.e0 +0,(1),

|
125&— Zél) )" +op(D).

Therefore, we have

B — (] Taep)?
(e %,e)?

(= DY G — 807 /E] =

i=1

+op(1)

p
=2+pBi Z[eJTR}k/zeg]4 +o0,(1),
j=1

which yields Bl = B1 +o0,(1). This completes the proof of Lemma 4.1. []

5. Simulation studies. In this section, we carried out simulation studies to
evaluate the finite-sample performance of the proposed test statistics in terms of
the empirical test size and power. We consider both one sample testing prob-
lem and two sample testing problem. For the one sample testing problem, we
set the dimension p to be p = 50, 100, 200, 500 and 1000 and the sample size
n1 to be n; = 100, 120,200 and 300. The data were generated according to

(1) =R!?w (1) fori =1,...,n;, where the elements of W( ) were independently
and 1dentlcally generated from Gaussian population N (0, 1) or Gamma(4,2) —
For the two sample testing problem, we set p = 50, 100, 200, 500 and 1000

and (n1,ny) = (100, 100), (150, 150), (200, 200). The data were generated ac-
cording to z(e) Ré/zwg) fori =1,...,ny and £ = 1, 2, where the elements

of w( ) were independently and identically generated from Gaussian population
N(O, 1) or Gamma(4,2) — 2. For the three sample testing problem, we set p =
50, 100, 200, 500 and 1000 and (ny, nz,n3) = (100, 100, 100), (100, 100, 100),

(100, 100, 200) and (100, 200, 200). The data were generated according to z!” =

Ré/ zwg) for i =1,...,ny; and £ = 1,2, 3, where the elements of w() were

independently and identlcally generated from Gaussian population N (O 1) or
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Gamma(4,2) — 2. We set the nominal size to be 5%, run 2000 replications for
empirical sizes and 1000 replications for empirical powers for each setting.

We consider nine different sets of population correlation matrices for Ry. For
the two sample testing problem, we compare our tests denoted as “FDS” for M, »
and “MAX” for M, . With the extreme statistic test, denoted as “CZ” in Cai and
Zhang (2016). However for the one sample testing problem, we cannot find any
competing method when R, is not an identity matrix, so we do not include any
alternative method. When R, is an identity matrix, we compare our test “FDS”
for M, 1 and “MAX” for M), ! 1 with “GHPY” in Gao et al. (2017) and “LX” in
Li and Xue (2015). For the three sample testing problem, since we cannot find
any competing method, we do not include any alternative method. For the sake of
space, we selectively present some key results in Tables 1-3 and include additional
results in the Supplementary Material [Zheng et al. (2018)]. The first three models
are designed for the one sample testing problem, whereas the middle four ones are
for the two sample testing problem and the last three ones are for the three-sample
testing problem. The ten different models of population correlation matrices are
summarized as follows.

e Model 1.1: The population correlation matrix is setas Ry = R, = (pl =i |)f, =1’
where p is taken as 0.0 and 0.5. ’

e Model 1.2: The population correlation matrix is set as Ry = Ry, +€0.02(1,1
I,)+ 0 —-€)2.5{(og p)/n(ezelT +ere; ), where R, = I,,1,isapx1 Vector
of ones and e is the kth column of the p x p identity matrix. When € = 1, the
signal pattern of R; — R, is dense. When € = 0, the signal pattern of R; — R,
is sparse.

e Model 1.3: The population correlation matrix is setas Ry = R, +€4/log plogn x
(ezelT + eleZT), where R, = (0.25"‘_1‘)14?]-:1 and € = 0.09 and 0.12. In this case,
the signal pattern of R — R, is sparse.

e Model 2.1: The population correlation matrices are set as R; = Ry =
{pV' _f|}p =1 with p = 0.00, 0.25,0.50 and 0.75. The simulation results for
p=0. 25 and 0.75 are included in the Supplementary Material [Zheng et al.
(2018)].

e Model 2.2: The population correlation matrices are set as Ry = (0.5 =i |)§.7/? =1
and R, =Ry + e(lplg —1I,) with € =0.05 and 0.08. In this case, the signal
pattern of R, — Ry is dense.

e Model 2.3: The population correlation matrices are set as Ry = (p = |)j.7/? i=1
and R) =R; + ep(eze1 + e1e2) with p =0.05,0.08,0.10, and 0.12 and €, =
exp(0.008 p)/[1 + exp(0.008 p)]. In this case, the signal pattern of Ry — Ry is
sparse. The simulation results for p = 0.05,0.10 and 0.12 are included in the
Supplementary Material [Zheng et al. (2018)].

e Model 2.4: The population correlation matrices are set as Ry =1, and Ry =
(,0|J'I_J'|)f,’j:1 with € = 0.2,0.225,0.25 and 0.275. In this case, the signal pat-
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TABLE 1
Empirical sizes in Model 1.1 and empirical powers in Models 1.2-1.3 for Hy (in percentage)

wi; ~ N, 1) w;j ~ Gamma(4,2) — 2
€ n Methods p=50 100 200 500 1000 50 100 200 500 1000
Empirical sizes in Model 1.1

0.0 100 FDS 620 475 590 575 625 545 625 6.60 6.55 590
MAX 425 325 350 3.10 330 460 500 430 4.60 4.75
GHPY 485 4.15 470 410 510 485 450 470 575 490
LX 315 190 170 090 090 435 455 355 310 3.10

200 FDS 6.15 515 590 6.05 595 570 555 635 555 585
MAX 440 340 5.05 4.10 380 485 445 510 475 4.65
GHPY 580 4.80 490 485 495 520 435 535 480 5.10
LX 535 340 355 215 200 520 490 540 490 5.00
300 FDS 515 460 515 565 505 625 605 650 585 640
MAX 390 3.80 380 445 350 455 440 510 4.15 4.5

GHPY 445 520 465 510 525 495 550 565 480 585

LX 525 425 390 280 275 515 520 6.05 515 5.65

0.5 100 FDS 550 525 590 595 635 575 6.00 570 580 5.95
MAX 520 4.80 550 565 515 510 445 455 475 410
200 FDS 525 6.00 530 505 625 560 540 575 545 5.10
MAX 4.60 4.65 445 445 490 465 455 420 385 435

300 FDS 585 6.00 500 575 505 450 575 635 580 6.05
MAX 505 425 460 420 400 370 4.65 510 430 430

Empirical powers in Model 1.2

1.0 100 FDS 289 594 90.8 999 100.0 28.1 58.1 92.1 100.0 100.0
MAX 21.0 49.8 86.8 99.8 1000 204 49.6 883 99.9 100.0

GHPY 196 495 869 100.0 100.0 204 469 874 99.3 100.0

LX 7.10 7.6 89 157 233 107 134 161 244 343

200 FDS 58.9 933 100.0 100.0 100.0 558 929 99.9 100.0 100.0
MAX 489 90.8 100.0 100.0 100.0 488 90.2 99.8 100.0 100.0

GHPY 51.6 904 999 100.0 100.0 50.9 89.8 100.0 100.0 100.0

LX 17.8 283 497 8690 97.55 229 340 540 859 96.8

300 FDS 83.4 999 100.0 100.0 100.0 81.9 99.7 100.0 100.0 100.0
MAX 774 99.5 100.0 100.0 100.0 75.6 99.5 100.0 100.0 100.0

GHPY 788 99.6 100.0 100.0 100.0 77.3 99.0 100.0 100.0 100.0

LX 336 59.0 90.6 99.8 1000 372 628 89.6 994 100.0

0.0 100 FDS 750 79.0 852 900 946 745 816 855 921 953
MAX 81.6 844 90.1 933 968 822 87.0 90.1 949 972

GHPY 7.6 6.2 5.5 4.6 5.5 9.0 59 5.1 5.7 5.1

LX 854 88.1 922 947 974 873 90.0 928 958 97.9

200 FDS 714 787 799 846 882 720 764 803 845 884
MAX 779 848 843 884 917 789 823 86.1 893 091.6

GHPY 104 6.2 5.5 53 49 10.1 5.6 6.4 5.1 5.5

LX 833 883 881 906 937 837 863 887 91.8 93.0
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TABLE 1
(Continued)

w;j ~ N, 1) w;j ~ Gamma(4,2) — 2
€ n Methods p=50 100 200 500 1000 50 100 200 500 1000

300 FDS 712 76.6 80.8 843 875 719 768 804 857 864
MAX 772 81.6 860 8.8 905 775 827 854 889 904
GHPY 8.4 7.0 5.2 53 5.1 9.2 6.7 6.8 4.7 5.1

LX 832 8.0 882 90.7 927 826 866 884 916 925

Empirical powers in Model 1.3
0.09 100 FDS 448 441 47.0 468 472 384 397 385 380 38.6
MAX 538 534 550 542 545 463 473 46.1 443 444

200 FDS 99.2 998 998 999 999 970 973 974 975 98.1
MAX 994 99.6 999 999 100.0 983 985 983 982 98.7

300 FDS 100.0 100.0 100.0 100.0 100.0 999 99.9 999 100.0 100.0
MAX 100.0 100.0 100.0 100.0 100.0 999 999 99.9 100.0 100.0

0.12 100 FDS 93.6 946 960 960 963 849 845 826 788 785
MAX 962 96.7 975 975 973 894 885 844 825 823

200 FDS 100.0 100.0 100.0 100.0 100.0 99.8 998 99.7 993 993
MAX 100.0 100.0 100.0 100.0 100.0 999 998 999 996 99.6

300 FDS 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0
MAX 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0 100.0

tern of R, — R is between dense case and sparse case. The simulation results
are included in the Supplementary Material [Zheng et al. (2018)].

e Model 3.1: The three population correlation matrices are taken as Ry = Ry =
R3 =1I,. The model is used for evaluating the empirical performance on Type I
errors of the proposed test Mj, 3.

e Model 3.2: The three population correlation matrices are takenas Ry =Ry =1,
and R3 =1, + 0.03(117 — Ip)fszl. Here, R; — R or R3 — R is dense.

e Model 3.3: The three population correlation matrices are taken as Ry =Ry =1,
and R3 = (5{,':]'} + 0‘25{|i*f|=1})£j:l‘ Here, Rz — R or R3 — Rj is a little
sparse.

Overall, the Type I error rates for our tests “FDS” and “MAX” are relatively
accurate for all sample sizes, for all dimensions, for all correlation matrices, and
for the two different distributions of error terms. For the one sample testing prob-
lem, “FDS” and “MAX” can deal with an arbitrary correlation matrix R,, whereas
other test statistics “GHPY” and “LX” cannot. It seems that both p and p have
some minor impact on its Type I error rates. The proposed tests ‘FDS” and “MAX”
perform very well for both sparse and dense alternatives. Consistent with our ex-
pectations, the statistical powers for rejecting the null hypothesis increase as €, n
and p increase. It seems that “MAX” has a little better performance than “FDS.”
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TABLE 2
Empirical sizes in Model 2.1 and empirical powers in Models 2.2-2.3 for Hyy (in percentage)

wij ~ N, 1) wij ~ Gamma(4,2) — 2
€ (n;,np) Methods p=50 100 200 500 50 100 200 500
Empirical sizes in Model 2.1
0.0 (100, 100) FDS 5.85 6.00 6.20 6.85 4.85 4.65 5.15 5.50
MAX 4.65 5.15 4.90 5.05 3.50 3.45 3.85 4.10
CZ 5.00 5.10 5.85 5.25 3.25 3.70 3.55 3.10
(150, 150) FDS 5.85 6.45 5.50 5.50 4.85 5.55 4.80 4.65
MAX 4.70 5.55 5.10 5.15 4.00 4.35 4.25 3.55
(/4 4.40 4.45 4.80 5.05 3.35 3.95 4.25 2.80
(200, 200) FDS 5.30 5.20 5.25 5.80 4.85 4.95 5.40 5.25
MAX 4.25 4.55 4.45 475  3.60 3.70 4.00 4.20
CZ 4.20 5.45 4.50 470  3.60 4.00 3.00 3.35
0.5 (100, 100) FDS 6.15 6.75 5.60 6.25 5.30 4.20 5.50 5.40
MAX 5.30 5.75 5.00 5.60 345 4.15 4.60 4.55
(/4 5.55 5.45 5.50 5.55  4.00 4.40 4.15 3.95
(150, 150) FDS 6.10 5.95 6.70 6.25 540 5.75 5.70 5.05
MAX 5.30 4.75 5.85 4.85 4.05 4.04 4.20 4.45
CZ 5.60 5.55 4.75 5.00 3.75 3.60 3.85 4.00
(200, 200) FDS 5.20 6.30 6.30 6.90 545 4.90 6.10 5.15
MAX 4.20 5.30 5.05 5.95 4.50 3.65 5.65 4.30
(/4 4.20 4.55 4.95 5.30 4.15 3.70 4.30 4.05
Empirical powers in Model 2.2
0.05 (100, 100) FDS 49.6 83.6 99.2 100.0 48.6 82.8 99.9  100.0
MAX 42.5 78.8 98.7 100.0 41.1 77.6 99.9 100.0
CZ 9.8 10.4 12.6 14.3 9.7 9.8 10.3 10.7
(150, 150) FDS 71.8 96.7 100.0 100.0 70.8 97.3 100.0 100.0
MAX 64.7 94.9 99.9 1000 62.2 95.5 100.0 100.0
(/4 14.4 15.0 16.8 16.6 11.5 11.8 14.1 14.3
(200, 200) FDS 84.9 99.6 100.0 100.0 82.4 99.8 100.0 100.0
MAX 79.5 99.2 100.0 1000 77.3 99.5 100.0 100.0
CZ 14.9 17.5 19.5 23.6 14.6 15.5 17.9 20.6
0.08 (100, 100) FDS 87.7 99.8 100.0 100.0 90.1 99.4 100.0 100.0
MAX 84.2 99.7 100.0 100.0 85.8 99.3 99.9  100.0
(/4 18.4 21.8 24.1 30.1  19.3 20.5 21.6 26.1
(150, 150) FDS 98.5 100.0 100.0 100.0 979 100.0 100.0 100.0
MAX 97.5 100.0 100.0 100.0 97.2 100.0 100.0 100.0
CZ 31.4 32.8 40.2 434 26.0 31.0 36.6 40.1
(200, 200) FDS 99.7 100.0 100.0 100.0 99.8 100.0 100.0 100.0
MAX 99.5 100.0 100.0 100.0 99.6 100.0 100.0 100.0
CZ 37.6 454 53.8 623 373 42.8 49.6 58.7
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TABLE 2
(Continued)
wij ~ N(@©,1) wij ~ Gamma(4,2) — 2
€ (n1,np) Methods p=50 100 200 500 50 100 200 500
Empirical powers in Model 2.3
0.08 (100, 100)  FDS 65.5 86.8 99.6 99.6 61.8 78.5 97.6 96.5
MAX2 728 90.6 99.8 99.8  68.6 83.3 98.8 97.5
Ccz 78.7 93.2 99.9 99.9 76.0 87.7 99.5 98.3
(150, 150)  FDS 94.1 99.4 100.0 100.0 92.6 98.5 99.9  100.0
MAX  96.5 99.6 100.0 100.0 95.2 99.3 99.9 100.0
(074 97.7 99.9 100.0 100.0 97.0 99.5 99.9  100.0
(200,200)  FDS 99.5 100.0 100.0 100.0 99.1 99.9  100.0 100.0
MAX 999 100.0 100.0 100.0 99.5 100.0 100.0 100.0
Cz 99.9 100.0 100.0 100.0 99.7 100.0 100.0 100.0

For the two- and three-sample testing problems, “FDS” and “MAX” also can
deal with arbitrary correlation matrices. It seems that p, p, and the error distri-
bution have little impact on its Type I error rates. The proposed tests “FDS” and
“MAX” perform reasonably well for sparse alternatives, dense alternatives, and
between sparse and dense alternatives. It seems that “MAX” is slightly better than

“FDS.”
TABLE 3
Empirical test sizes in Model 3.1 and empirical powers in Models 3.2 and 3.3 for Hy3 (in
percentage)
w;j ~N(O, 1) w;j ~ Gamma(4,2) — 2

(n1,no,n3) p=50 100 200 500 1000 50 100 200 500 1000

Empirical test sizes in Model 3.1
(50,100, 100) FDS 6.10 6.60 595 6.20 6.60 545 550 6.00 585 5.30
(100, 100, 100) FDS 630 590 520 585 535 590 485 515 590 5.60
(100, 100,200) FDS 4.70 5.60 5.65 575 525 500 535 480 535 5.15
(100, 200,200) FDS 585 545 560 570 455 575 485 540 490 525

Empirical powers in Model 3.2
(50,100, 100) FDS 185 449 86.4 100.0 100.0 144 363 81.6 100.0 100.0
(100, 100, 100) FDS 22.1 525 91.8 100.0 100.0 18.6 50.1 91.0 100.0 100.0
(100, 100,200) FDS 28.8 74.1 99.6 100.0 100.0 26.8 71.2 989 100.0 100.0
(100, 200,200) FDS 389 882 99.9 100.0 100.0 39.2 858 99.8 100.0 100.0

Empirical powers in Model 3.3
(50, 100, 100) FDS 39.7 37.4 37.1 403 53.1 30.1 28.8 321 333 358
(100, 100, 100) FDS 47.2 459 47.7 504 50.1 40.6 432 415 451 46.8
(100, 100,200) FDS 68.1 69.8 703 73.6 73.1 642 652 656 68.8 67.8
(100, 200,200) FDS 84.5 87.5 87.2 89.3 88.8 832 850 851 863 86.1
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6. Real data analysis.

6.1. Alzheimer’s Disease Neuroimaging Initiative (ADNI) data. ‘“Data used
in the preparation of this article were obtained from the Alzheimer’s Disease
Neuroimaging Initiative (ADNI) database (adni.loni.usc.edu). The ADNI was
launched in 2003 as a public-private partnership, led by Principal Investigator,
Michael W. Weiner, MD. The primary goal of ADNI has been to test whether serial
magnetic resonance imaging (MRI), positron emission tomography (PET), other
biological markers, and clinical and neuropsychological assessment can be com-
bined to measure the progression of mild cognitive impairment (MCI) and early
Alzheimer’s disease (AD). For up-to-date information, see www.adni-info.org.”

We consider 749 T1 weighted images collected at the baseline of ADNI1, con-
sisting of 206 normal subjects, 364 mild cognitive impairment (MCI) subjects
and 179 Alzheimer’s disease (AD) subjects. These scans were performed on a
1.5T MRI scanners using a sagittal MPRAGE sequence and the typical proto-
col includes the following parameters: repetition time (TR) = 2400 ms, inversion
time (TT) = 1000 ms, flip angle = 8°, and field of view (FOV) = 24 cm with
a 256 x 256 x 170 mm? acquisition matrix in the x, y and z dimensions, which
yields a voxel size of 1.25 x 1.26 x 1.2 mm?>.

The T1-weighted images were processed using the Hierarchical Attribute
Matching Mechanism for Elastic Registration (HAMMER) pipeline. The process-
ing steps include anterior commissure and posterior commissure correction, skull-
stripping, cerebellum removal, intensity inhomogeneity correction and segmenta-
tion. We performed automatic regional labeling by labeling the template and by
transferring the labels following the deformable registration of subject images. Fi-
nally, we labeled 93 regions of interest (ROIs) and computed their volumes for
each subject.

6.2. Group comparisons. We are interested in characterizing differences
among the three correlation matrices of ROI volumes for normal subjects, MCI
subjects and AD subjects, which are denoted as Rnc, Rmcr and Rap, respectively.
Statistically, we test three two sample testing problems, including Rnc = Rwmcr,
Rne = Rap and Rymcr = Rap, and one three sample testing problem, that is,
RNc = Rwmcr = Rap.

We applied the test statistics M, » and M}, 3 to carry out these tests as follows.
First, for each ROI, we fitted a linear regression model with its ROI volume as
response and age, gender and whole brain volume as covariates by using data ob-
tained from all subjects. Second, for each group, we calculated its correlated matrix
based on the residuals of all ROIs obtained from the first step. Figure 1 presents the

5 ADNI manuscript citation guidelines. https://adni.loni.usc.edu/wp-content/uploads//how_to_
apply/ADNI_DSP_Policy.pdf
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(a) Normal J (b) MCI (c) AD

FI1G. 1. Graphical display of correlation matrices of normal subjects, MCI subjects and AD sub-
Jects.

sample correlation matrices corresponding to the three groups. Figure 2 presents
the difference of the sample correlation matrices among the three groups. Then we
clustered the 93 ROIs according to the correlation matrix of the normal control
group. For example, Cluster 1 includes the large area of prefrontal cortex, and its
functions span over the frontoparietal control network (orbitofrontal cortex, mid-
dle frontal gyrus), default node network and ventral attention network. This region
has been implicated in decision making, complex cognitive behavior, processing
of higher information, decision making, personal expression, social behavior mod-
erating, attention, memory, recognizing faces, characters, etc. Third, we calculated
the p-value of testing Rnc = Rumcr, that of Rnc = Rap, and that of Ryicr = Rap
as 1.23x 1072, 0 and 1.78 x 10~ 11, respectively. Fourth, we calculated the p-value
of testing Rnc = Rwmcr = Rap as 0.

APPENDIX A: SOME EXPRESSIONS
Let ryp; be the (A, j) entry of R’jﬁ and r¢pj be the (h, j) entry of R’g for k =
1/2,1,3/2,2,3. Let ¢; be the jth column of the p x p identity matrix.

A.1. Expressions of pt;4, p;0 and O'ZZA for one population in Theorem 2.1
and 2.2. Expression of ;4 and |i50:

MzA = [nl(nl — 1) + 2](”1 — 1)72 tr(R%) + (n% —ny— 1)[?2”1_1(”1 - 1)72
+ Binip(n; — 7% = 2r(R1R,) + tr(R?)
p P
—dny(ny — 1)_2[2“(1‘%) +61) Z”l%hj(rléhj)ﬂ

h=1j=1

p p
+2n1(ny — 1) [Ztr(RlR*) +B81). D ¢/R/"Rue; (rl%hj)3:|
h=1j=1



FIG. 2.

(a) Normal-MCI (b) Normal-AD ) (¢) MCI-AD

Graphical display of difference between correlation matrices of normal subjects, MCI subjects and AD subjects.
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p p
+2n1(n1 —2)(n1 — 1)_3[2&(1{%) +B1 Y rizm Z(Vléhj)d'}

h=1 j=1

—1.5ni(np— 1)~ |:2U'(R1R>k) + Bi Ze RIR*eJ Z(rl h] :|

j=1

PP
+ni(n =2 — D7 YD (r1y550)°

j=1j=1
2 z 2 2
X |:2(r11jj/) + Bi Z(rl%hj) (rl%hj/) :|
h=1

p P

—0.5n1(n1 = D72Y" Y (r11j) (raa )

j=1j=1
2 g 2 2

X |:2(r11jj/) + B1 Z(rl%hj) (rl%hj/) :|

h=1
When R; = R,, we have
Mz0 = UzA
= (n7 —n1 — D)p*n; (ny — D72 = [2n + 01 + 1] (11 — D73 r(R2)

3
+%ZZ(&1H) +,31[mp(n1—1)
j'=1j=1

p P
—2n1(ny —1)72 Z X:(”*%hj)(r*%hj)3

h=1j=1

+0-5( —Sny)(ny — 1)~ Z(r*ZJJ)Z(r*‘hJ

j=1
+0.5(n = 3n1)(ny — 1)~ 32 Z(mu) Z@Jk}) USTIZ ]
j=1j=1
Expression of o A:

P
o2 = 8n7 [ (R1RW)?] + 410! Z(e}TR}/ ’R.R}%¢;)?
j=1

+dn}! Z Ze RiR.ejel RiR.e;
j=1j=1
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2 ‘ 2 2
x [2(:»11,,-/) +4ﬁ1hzl(rl%’”) (" 10) }

P
+ 4nl_1 |:2tr(R‘1‘) + Bi Z(rlgjj)21| + 4[111_1 tr(R%)]2

j=1

+4n112 Z(rlz,n(rlz,//)[2011],/) + 1 Z(r1 IDEGI }

j=1j=1

14
—8n;! Ze RiR.e; [Ze RiR.Rie; + 81 ) (r1,) ) R/ RR e }
j=l1 h=1

—8ny! [Ztr(R R)+B1 > eTRl/ZR*R}/Zej(rlzjj)}
j=1

+8n1 Z(r12]])|:2e RiR, Rle] + B1 Z(rl h )2 1/2R l11/2 :|
j=l1

P
+ 8n1_1 Z e;RlR*ej |:2(I”13jj) + Bi Z(Vléhj)z(l"lzhh):|

j=1 h=1

_Snllz Ze RIR*eJ(rlzj/]/)|:2(r11”/) + B1 Z(l‘l h]) (rl h]/) :|

j=lj'=1

—8n; Z(nzu)[%w” + B Z("l Lnj ) (”12hh):|
j=1
When R; = R, we have o2 A= =4[n; tr(Rz)]

A.2. Expressions of w ¢, fze,2,55 "fw]ez and 04¢,¢,¢,¢; in Theorems 3.1-
34.

MAL L,

2
=—2tuRyRey,) + Y _a, {(n%l_ —ng; +2)n; tr(R7)
i=1
+ (17, —ne, — 1) p*n, + Bup

p P
- 4|:2tr(R%’.) +Be Y Z(réi%hj)(rfi%hj)?’}

h=1 j=1
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P p

Tpl/2 3

+ 2[2 tr(Re,Re,) + By, hZi D el Ry Ry eanenes (g, 1) }
=1j=1

+2(ng; —2)(ng;, — 1)~ [2tr(Rg + By, ZW 2]])Z(r€ Lhj ]

j=1

—15ZehR€1Rezeh[2+ﬂ6 Z(re Shj ]

h=1

+ (g, —2)(ng; — 7!

p P p
Xy Z<rei1h,~)2[2<rei1h,~)2 + B D (1) (0 jjoz}
Jj'=1

h=1 j=1
p P p
—0.5 Z Z(”El1hj)(”£21hj)|:2(”£ilhj)2 + Be; Z (rfiihj/)z(’"ﬂiéjj/)ﬂ }
h=1j=1 =1

where ag, = ng; /[(ng; — D1, renj is the (h, j) entry of (Re)* for k =
1/2,1,3/2,2,3 and Rye; 0,1\ () = Ry, Rygg 001\ (02) = Ry
When Ry, =Ry, =R, we have

/“szlfz - M’AZ]ZQ

22: ny, (n%i —ng, — 1)192(”6,- ) (211% + ng; + 1) . (RZ)
= — I
= (ng; — 1)3 n%l_ ny,

p P
+ (g, —3) Y Y o) + Be p(ne, — 1) — 2B, (g, — 1)

h=1 j=1

x ZZ% 1) (o1 050, = 5)By, Z(rm)Z(ro 1)

h=1 j=1 h=1

+0.5(n¢, —3)Be, Z Zmnhj)z Z (roL) (o1 ,.j,>2],
h=1 j=I1 j/:
where rogp; is the (h, j) entry of Ry for k =1/2,1,3/2,2,3. We have Ugéléz =
aae e, +baeye, where
172

P
_ _ 1/2
anee, = 8ng r[(Re Re,)? +4Be,ny ' D (ef R,/ Rngel/ en)’

p p
+4n‘31 Z Z €, RZIRezehej/Rlegzej/
h=1 j'=1
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h=1
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h=1j'=1

p
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p
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h=1

p
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j=1

p
_ 12 12
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p
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h=1

P
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+ Be, Z(rﬂl%hj) e; Rel/ Rngél/ eji|
j=1

P p
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h=1 j=1
X P P
—8n;' > D e Ry Reyen(repjrjr)
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P
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j=1
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and

[tr(Rgl R[z)]2

baee, = 8”6_21 tr[(Rglez)z] +

12225

p
_ 1/2 1/2 2
+4Beng Y (el R/PRy Ry %en)
h=1

p P
—1 T T
+4n,, E E e, Re, Ry ene; Ry, Ry e
h=1j/=1

p
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j=1

p
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h=1

h=1j

p
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Jj'=1

p
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| p
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h=1
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+ Be, Z(rézéhj) € sz{ Rlefg ej:|
j=1

p
- 1/2 1/2
- 8”1321 [2 w(R,Re,) + B, Y e Rei RZIRQ{ e, (Fzzzhh)]
h=1
1 p
+8n,' > (reyomn) [2e,{R42R41Rgzeh
h=1

p
2,TRl/2 1/2
+ A Z(%%hﬂ € R, "Ry Ry, e]}
j=1

p p
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2 : 2 2
x [2(%1»”") + B, X;(rb%hj) ey jj7) }
]:
I~ < 2
—8ny, Z(”Zﬂhh)|:2(r€23hh) + B, Z(Qz%hj) ("€22jj):|-
h=1 Jj=1

When Ry, = Ry, = R, we have ag,e, = 4[n, r(R)1?, bag,e, = 8ny 'ny' x
[tr(R®)]? +4[n, ' r(R?)> and 03, , = 4(ny" +ny)[tr(RH)12.
For £1 #£ £, # k3, we have
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—1
When Ry, = Ry, =Ry, =R, we have oa¢, 0,000, = 4[ng2 tr(R%)]2.
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