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Abstract: Minimum disparity estimation in controlled branching proce-
sses is dealt with by assuming that the offspring law belongs to a general
parametric family. Under some regularity conditions it is proved that the
minimum disparity estimators proposed -based on the nonparametric max-
imum likelihood estimator of the offspring law when the entire family tree
is observed- are consistent and asymptotic normally distributed. Moreover,
the robustness of the estimators proposed is discussed. Through a simulated
example, focusing on the minimum Hellinger and negative exponential dis-
parity estimators, it is shown that both are robust against outliers, and the
minimum negative exponential estimator is also robust against inliers.
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1. Introduction

Branching processes are useful models for the description of the dynamics of
systems whose elements produce new ones following probability laws. Its theory
has been developed from simple models to increasing realism. Added to the the-
oretical interest in these processes there is therefore a major practical dimension
due to their potential applications in such diverse fields as biology, epidemiology,
genetics, medicine, nuclear physics, demography, actuarial mathematics, algo-
rithm and data structures, see, for example, the monographs [9, 23, 25, 29, 34].

In particular, controlled branching processes (CBPs) are discrete time sto-
chastic processes very appropriate to describe the growth of populations in
which the number of participating individuals in the reproduction process is
determined in each generation by a control mechanism. Besides, as is common
in the branching framework, every individual reproduces independently of the
others following the same probability law, which is called the offspring distri-
bution. The novelty of adding to the branching notion a mechanism that fixes
the number of progenitors generation by generation allows to model a great va-
riety of random migratory movements (immigration, emigration, or even both
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depending on the generation sizes). Applications can be found, for example, in
an ecological context. Consider an invasive animal species that is widely recog-
nized as a threat to native ecosystems, but there is disagreement about plans
to eradicate it, i.e., while the presence of the species is appreciated by a part of
the society, if its numbers are left uncontrolled it is known to be very harmful to
native ecosystems. In such a case, it is better to control the population to keep
it between admissible limits (a deterministic control function can be appropri-
ated) even though this might mean periods when animals have to be culled.
Two examples of discussions about this topic are [13, 44]. Another practical sit-
uation that can be modelled by this kind of process is the evolution of an animal
population that is threatened by the existence of predators. In each generation,
the survival of each animal (and therefore the possibility of giving new births)
will be strongly affected by this factor, making the introduction of a random
mechanism necessary to model the evolution of this kind of population. In such
a situation a binomial control process would be reasonable or its approximation
by Poisson distributions as the survival probability of an animal is very low and
the reproductive capacity is high (see Section 2 for details).

Several well-known branching processes can be included in this class as par-
ticular cases by considering specific control mechanisms, for instance, the own
Bienaymé-Galton—Watson (BGW) process, the branching processes with immi-
gration (see [40] and references therein), with random migration (see [46]), with
immigration at state zero (see [7]) or with bounded emigration (see [35]). Other
interesting particular cases are branching processes with adaptive control (see
[4]) or with continuous state space (see [36]).

Since the appearance of the pioneering publication by [47], the probability
theory of the CBPs has been widely studied, showing increased diversity of
behaviours far from those of the classical branching models, and, then, becoming
these processes an interesting and flexible tool for describing more complex
situations (see, for instance [21]). The development of its inference theory, which
guarantees the applicability of these models, has become the main goal in the
most recent researches. For this issue, in a frequentist framework, it is important
to mention [12, 16, 17, 18, 28, 41]. From a Bayesian standpoint, one can find
the papers [14, 15, 31].

From an applied standpoint, it is of interest to develop robust procedures
in the field of branching processes due to the fact that it is not unusual to
find in the development of a population the existence of a small proportion
of individuals whose reproductive capacity is influenced by temporary events
that can provoke outliers in the model. For instance, this may happen due to
the presence of a disease with a low prevalence or punctual changes on the
environmental conditions. These situations can hide the assumption of com-
mon offspring distribution along generations, usually assumed in the context
of branching processes. Moreover, maximum likelihood estimation is badly af-
fected by outliers as is well-known and pointed out in the simulated example
at the end of the paper. Until now, robust estimation has barely developed in
this context. One only can find results in the frame of the BGW processes, by
using weighted least trimmed estimation (see [43]) and by considering minimum
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Hellinger distance estimation (see [42]). The aforementioned facts motivate the
need to go in depth in robust procedures to estimate the original offspring dis-
tribution in the general framework provided by the CBPs. To this end, we make
use of the minimum disparity methodology. This methodology has arisen as one
that attains robustness properties without loss of efficiency. It was introduced
in [30] for discrete models and since then, the literature on it has experimented
a large growth (see [2, 32] for further information). In our context, assuming
that the offspring distribution belongs to a very general parametric family, we
determine minimum disparity estimators (MDEs) of the underlying parameter
and study their asymptotic and robustness properties. The method consists in
minimizing the discrepancy between a nonparametric estimator of the offspring
distribution and the considered parametric family. The discrepancy is measured
by a function called disparity measure. Thus, one can obtain different MDEs
depending on the nonparametric estimator and the disparity measure consid-
ered. Special interest is highlighted in this paper for the negative exponential
disparity and the Hellinger distance. The maximum likelihood estimator based
on the observation of the whole family tree until a certain generation is con-
sidered as the nonparametric estimator. This paper presents for the first time
the application of the technique of minimum disparity for the general class of
branching structure given by CBPs, hence extending the results in [42] in a
double sense: model and measure, and moreover extending the results in [1, 33]
from an independent and identically distributed (i.i.d.) and continuous context
to a dependent and discrete setup. It is worthwhile to point out the fundamen-
tal roles played by the nonparametric estimator and the dependence structure
of the CBP to obtain the asymptotic properties of the MDEs proposed, that
require a different approach from those already established in the i.i.d. setting.

Besides the introduction, this paper is organized into 6 sections and an ap-
pendix. In Section 2, we present the formal model and establish some hypotheses
that we assume throughout the paper. Section 3 is devoted to defining and de-
scribing minimum disparity estimation. The asymptotic properties of MDEs
are also studied; to this end, we introduce the disparity functional associated
to a disparity measure and research its properties. The robustness of MDEs
is studied in Section 5. To illustrate this methodology, we present a simulated
example in Section 6. Concluding remarks about the contributions of the paper
are presented in Section 7. Finally, we dedicate an appendix to the proofs of the
theorems, in order to facilitate the reading of the paper.

2. The probability model

We consider a controlled branching process with random control function (CBP).
Mathematically, this process is a discrete-time stochastic model {Z,, },en de-
fined recursively as:

¢’VL(Z7L)
Zy=N, Zna= Y Xn, neN, (2.1)
j=1
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where Ng = NU {0}, N € Ng, {X,,; : n=0,1,...;5 =1,2,...} and {¢,(k) :
n,k =0,1,...} are two independent families of nonnegative integer valued ran-
dom variables defined on the same probability space (£2,.4, P). Moreover, X,;,
n=20,1,..., 5 =1,2,..., are i.i.d. random variables and for each n = 0,1, ...,
{¢n(k)} k>0, are independent stochastic processes with equal one—dimensional
probability distributions. The empty sum in (2.1) is considered to be 0. We de-
note by p = {px }x>0 the common probability distribution of the random vari-
ables X,,;, i.e., pr = P[X,,; = k], k > 0, which is known as offspring distribution
or reproduction law, and by m and o2 its mean and variance (assumed finite),
and we referred to them as offspring mean and variance, respectively. We also
denote the mean and the variance of the control variables by e(k) = E[¢po(k)]
and o2(k) = Var[po(k)], k € No (assumed finite too).

Intuitively, Z,, denotes the number of individuals in generation n, and X,,;
the number of offspring of the ith individual in generation n. With the control
mechanism ¢, (-), if ¢,(Z,) < Z, then Z, — ¢,(Z,) individuals are removed
from the population (this can model an emigration process, the culling process in
the ecological example above or the presence of predators), and therefore do not
participate in the future evolution of the process. If ¢,,(Z,,) > Z,, then ¢,,(Z,,) —
Z,, new individuals of the same type are added to the population participating
under the same conditions as the others (this can model an immigration process
or a re-population). No control is applied to the population when ¢,,(Z,) = Z,.

Particular cases of CBPs commented in the introduction can be obtained by
considering the following specific control variables:

(a) The evolution of invasive animal species can be described by a CBP by
considering ¢, (k) = Ejnff(o,einf)(k) + kf[einf,esup](k) + Lsup!(e5yp.00) (F),
with I'p standing for the indicator function of the set B, and ;¢ and fsup
nonnegative numbers, £;,¢ < fsup-

(b) The evolution of a population threatened by the presence of predators
can be modeled by setting that ¢, (k) follows a binomial distribution with
parameters k and +, for each n, k € Ny, where ~ represents the survival
probability of an individual or by a Poisson distribution of parameter vk
as v is low and the offspring mean is high.

(¢c) The BGW process is obtained by considering ¢, (k) = k, for each n,k €
Np.

(d) The branching process with immigration can be seen as a particular case
of the CBP. One only needs to set ¢, (k) = k + Y, for each n, k € Ny,
where Y,, are Ny-valued i.i.d. random variables which are also independent
of X5, n=0,1,...,7=1,2,....

(e) A branching process with random migration can be described as a CBP
by considering ¢, (k) = max{0, k+ M, } with {M,,},>0 a sequence of i.i.d.
random variables such that

withp+qg+r=1,p,qr € (0,1).
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(f) The branching process with immigration at the state 0 (see [7]) can be
obtained by using the control function ¢, (k) = max(1, k), for each n, k €
No.

It is easy to verify that {Z,},>0 is a Markov chain with stationary transition
probabilities. Moreover, from now on we assume

(a) po >0 or Plp,(k) =0] >0, k>0,
(b) ¢,(0) =0 almost surely (a.s.).

Such conditions guarantee that 0 is an absorbing state and the states k = 1,2, ...
are transient. Whence it is verified that P[Z,, — 0] + P[Z,, — oo] = 1.

In addition, for our purpose, we suppose that the offspring distribution be-
longs to a general parametric family:

Fo = {p(0) : 0 € 6}, (2.2)

where p(8) = {pr(0)}r>0 and O is a subset of R, that is, p = p(fy) for some
0y € O, referred as to the offspring parameter. For ease of presentation, we
establish the results for a scalar parameter 6, although these can be generalized
for a vector value parameter. The aim of this paper is to estimate 8 efficiently
and robustly by choosing # € © which provides the best adjustment to the
observed sample in terms of the disparity measures.

To develop this methodology we need to consider nonparametric estimators
of the offspring distribution. In this sense, in [18], nonparametric maximum
likelihood estimators (MLEs) based on different samples are provided. Let de-
note a generic nonparametric estimator of p based on a sample, say A,,, by
P = {Pn.k k>0, satisfying p,, > 0, for each k > 0, and Y ;- prr = 1 (where
n indicates that we observe the data up to the generation n).

3. Minimum disparity estimation

In this section, we introduce the notions of disparity measure and minimum
disparity estimator, and present several interesting examples of them. Although
we focus our attention on probability distributions defined on the nonnegative
integers, that is, those which can be offspring distributions, the definitions and
results given in this section keep valid for whatever discrete model. Let I' be the
set of all probability distributions defined on the nonnegative integers, Fg the
parametric family introduced in (2.2), and G(-) a three times differentiable and
strictly convex function on [—1,00) with G(0) = 0. The disparity measure pg
corresponding to G(-) is defined for any ¢ € I" and 6 € O, as

pe:I'x© — [0,00]

(0,0) = pala.0) =) G(S(q,0,k)pr(0),
k

=0
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where §(q, 0, k) denotes the “Pearson residual at k7, that is,

5(0.0.k) { #&,) -1, 1fpk(9). > 0;
0, otherwise.
Note that one has different disparity measures pg by considering different func-
tions G(-); however, we drop G and write simply p in order to ease the notation.
Moreover, notice that the Pearson residual at £ depends on the probability dis-
tribution ¢ and on the parameter 6, and that §(q, 0, k) € [-1,00), for each ¢ € T,
fe0O,and k> 0.

Due to the fact that G(-) is strictly convex, one has that p is nonnegative.
Moreover, when G(-) is also nonnegative and has a unique zero at 0 it is verified
that p(q,6) = 0 if and only if ¢ = p(#). Given a sample X, and a nonparametric
estimator of p, p,, based on it, we define the minimum disparity estimator
(MDE) of 6y for the disparity measure p based on p,, as

01,(pn) = argmin p(pn, ). (3.1)

It is important to mention that this estimator might not exist unless we
assume some regularity conditions on the disparity measure p and on the para-
metric space ©. This issue is addressed below.

Remark 1. Some interesting cases of nonnegative disparity measures are the
following:

(a) The disparity obtained with the function G(6) = (6+1)log(6+1) is a kind
of the Kullback—Leibler divergence. It is denoted by LD(py,0), for each py,
n €N, and 6 € O, and it is known as likelihood disparity. Its minimizer,
0LP (p,), is known as the minimum likelihood disparity estimator (MLDE).
In some cases, this estimator coincides with the MLE.

(b) The disparity determined by the function G(8) = [(6 + 1)%/2 —1]? is the
squared Hellinger distance, denoted by HD(py,0), for each p,, n € N, and
0 € ©. Notice that the squared Hellinger distance between two probability
distributions is the square of the lo-distance between the square roots of the
corresponding probability distributions, i.e., HD(q,0) = ||¢*/? — p(6)'/?||3,
where || - ||z denotes the la-norm defined on T, and for each q¢ € T,
q'/? = {qiﬂ}kzo. In this case, the MDE is the minimum Hellinger dis-
tance estimator (MHDE), denoted by 617° (p,,).

(c) The disparities defined by using either the function G(§) = exp(—dJ) — 1
or G(6) = exp(—9) — 2 (denoted by D(pn,0) and Dy(pn,0), respectively,
for each p,, n € N, and 6 € ©) are both known as negative exponential
disparity (notice both disparities differ only in a constant). The MDE is
denoted by 0N EP (p,) and it is called the minimum negative exponential
disparity estimator (MNEDE).

Other examples are the family of power divergence measures (see [8]), the
blended chi-squared measures, which include Pearson’s chi-squared and Ney-
man’s chi-square, the blended weight chi-squared measures and the blended
weight Hellinger distance family (see [30]).
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Under conditions of differentiability of the model, a useful way for determin-
ing a MDE is to take into account that it must satisfy p(py, 02 (p,)) = 0, where
for each g € T, p(q, 0) denotes the first derivative of p(q, ) with respect to 6. It

is verified, for ¢ € I" and 6 € O,
k=0

where A(0) = (6+1)G'(5) —G(9), and G'(-) and p},(-) denote the first derivative
of G(-) and pg (), respectively. The function A(:) is called the residual adjustment
function (RAF) of the disparity. It is twice differentiable and an increasing
function on [—1,00) that can be redefined (standarized), without changing the
estimating properties of the disparity, so that A(0) = 0, and A’(0) = 1.

Remark 2. The function G(-) and the RAF of the disparity measures of Remark
1 after standardization (that is, for which A(0) = 0 and A’(0) = 1) are the
following:

(a) The RAF of the likelihood disparity is A(§) = § and G(6) = (6+1)log(d+
1) —4.

(b) The RAF of the squared Hellinger distance is A(5) = 2[(6 + 1)1/2 — 1],
corresponding to the function G(8) = 2((6 +1)? — 1)2.

(c) The RAF of the negative exponential disparity is A(6) = —(2+8) exp(—d)+
2, corresponding to G(0) = exp(—J) — 1+ 4.

In [30], the RAFs of different disparity measures are compared (see Figures
4 and 5 in [30]). The RAF of a disparity measure is relevant in determining
the efficiency and robustness properties of the corresponding MDE. Concretely,
A"(0) is demonstrated to play a key role: large negative values of A”(0) corre-
spond to robustness properties and zero value matches a second—order efficient
estimator in the sense of [37].

Before focusing on these matters, first we establish the existence of the min-
imum in (3.1) and its uniqueness. To this end, the approach followed is to
view éﬁ(ﬁn) as the value of a functional T” at p,. We consider the dispar-
ity functional associated with a disparity measure p, defined as 77 : I' — O,
with T%(q) = argmingeo p(q,6), whenever the minimum exists. Notice that
there might exist multiple values of the parameter § which minimize the func-
tion p(q,-). As a consequence, T”(q) would denote any of these values. Clearly,
Tp(ﬁn) = eﬁ (ﬁn)

It is obvious that if the parameter space © is compact and the function p(q, -)
is continuous in O, for each ¢ € I', then T*(q) exists. However, we will weaken
the compactness of © in a similar way as was done in [39] and in [42]. Specifically,
given a disparity p, we limit our study to the subclass of probability distributions
T', C I which satisfies the following condition: there exists a compact set C,, C ©
such that for every ¢ € fp,

inf 0 0* 3.2
eeg\cpp(% ) > plq,07), (3.2)

for some 0* € C,.
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Theorem 3.1 (Existence). It is satisfied:

(i) For each q € fp satisfying that p(q,-) is continuous in C,, there exists
T%(q).

(ii) If p is a disparity measure, 0* € © verifies infgco\x p(p(0*),0) > 0
for some compact set K C O and p(p(6*),-) is continuous in K, then
TP (p(0*)) exists. Moreover, if Fo is identifiable, that is, p(-) is injective,
and the disparity p can be redefined (without changing its minimizer) so
that the related function G(-) is nonnegative and has a unique zero at 0,
then 0* = T (p(6*)).

The proof is provided in Appendix.

Remark 3. (a) Notice that the continuity of px(-) in an arbitrary set B C ©
for each k > 0 leads to the continuity in B of the function p(q,-) associated
with any disparity measure p determined by a bounded function G(-), for
each q € T'. This is deduced from a generalized dominated convergence
theorem (see [38], p.92). The aforesaid condition is satisfied by the negative
exponential disparity. Although the Hellinger distance is defined by a non
bounded function G(-), in this case the condition of continuity of pi(:) in
B for each k > 0 is enough to obtain the continuity of HD(q,-) in B for
each q € T'. This latter is followed by the Cauchy-Schwarz inequality and
the Scheffé’s theorem.

(b) The redefinition of some disparities, without affecting their minimizer, so
that the related functions G(-) will be nonnegative and have a unique zero
at 0 is possible. For instance, for the negative exponential disparity we
can consider the function G(8) = G() + 0 instead of G(5), which verifies
the previous properties and for each q € T, > po i G(8(q,0,k))pr(0) =

In order to study the asymptotic properties of the MDESs, we have to assume
several conditions. Let fix the next assumptions:

(Al) p is a disparity measure associated with a function G(-) which satisfies
that G(-) and G'(+) are bounded in [—1, 00).
(A2) pi(-) is continuous in C), for each k > 0 (where C,, is introduced in (3.2)).

Notice that under (A2), by Theorem 3.1, T?(q) exists for every ¢ € f‘p. Let fp
be the set of ¢ € f‘p such that T”(q) is unique. Now, in the following theorem the
continuity of the disparity functional is established. Henceforth, all the limits
are taken as n — oo.

Theorem 3.2 (Continuity). Let ¢ and {qn}nen be in T' such that ¢, — q in
li. Assuming (A1), (A2) and that ¢ € '), then T?(qy) eventually exists and the
functional T?(-) is continuous in q, that is, T?(q,) — T*(q).

Analogously, since the Hellinger distance does not satisfy condition (A1),
under the following alternative hypotheses, the result is also established.
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Theorem 3.3 (Continuity for the Hellinger distance). Let ¢ and {gn}nen

be in I' satisfying ||q71/2 — ¢"?||y = 0. If (A2) holds and q € Twp, then
THP (q,,) eventually exists and the functional THP(.) is continuous in q, that
is, TP (qn) — TP (q).

The proofs of Theorems 3.2 and 3.3 are given in Appendix.

Recall that p = p(6y) is the true reproduction law. Observe that under (A1), if
(A2) is verified and p € fp, one obtains T (p) = 6y and for the case of Hellinger
distance, dropping (A1), one also has THP(p) = y. Next theorem establishes
the strong consistency of the MDEs.

Theorem 3.4 (Consistency). Assume (A2) and p € fp, for the corresponding
disparity p. Then if pn i converges to pr(6y) a.s., for each k > 0, one has that:

(i) 67 (pn) eventually exists, is a random variable, and 0°(p,) — 6y a.s. if
(A1) holds. .
(ii) 2P (p,) eventually exists, is a random variable, and 052P (p,) — 0y a.s.

The proof can be consulted in Appendix.

4. Asymptotic normality

The results given in the previous section are general in the sense that the explicit
expression of the nonparametric estimator is not required, and one only needs
to know its properties, as for example, its consistency. However, to establish
the asymptotic normality of the MDEs, explicit formulas of the nonparametric
estimators are needed. For this reason, to develop this section we come back to
the CBP context.

In [18], we provide nonparametric estimators of the offspring distribution
under several sampling schemes. In particular, in a complete data context, we
consider that the entire family tree up to generation n can be observed, that is,
the sample Z; = {Z(k) : 0 <1 < n—1;k > 0}, where Zi(k) = S0 I x4y
0<I<n-1,k >0, with recall Ig standing for the indicator function of the set
B. Intuitively, Z;(k) represents the number of parents in generation [ who have
exactly k offspring. Thus, it is easy to check that ¢;(Z;) = > ;o Zi(k), and
Zig1 =Y oo kZi(k), for | € Ny. Recall that in a general setting p = {pi }r>0 is
the offspring distribution. The MLE of py, for each k > 0, (see [18]), is given by
Pn = {Dn.k Jr>0:

Yi-1(k)

> .
oo k20 (4.1)

Pn.k =

where A; = S 6,(Z)), and Yi(k) = S0 Zj(k), k > 0,0 <1 <n—1L
Intuitively, A; is the total number of parents until generation I, and Y;(k) is
the total number of progenitors with exactly k offspring until generation I.
Consequently, one estimates the probability that an individual has k offspring

as the relative proportion of parents with k& offspring. For the BGW process
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(recall ¢, (k) = k for each k and n), p,, corresponds to the estimator given in
[24], p. 42.

It is proved that p,  is strongly consistent for py on {Z,, — oo}, for each
k >0, (see Theorem 3.6 in [18]), under the following assumption:

(A3) The CBP satisfies that:
(a) There exists 7 = limg_ooe(k)k™! < oo, and the sequence
{o?(k)k™}r>1 is bounded.
(b) 7, = 7™m > 1 and Zj is large enough such that P[Z,, — oo] > 0.

(¢) {Z,1,,"}n>0 converges a.s. to a finite random variable W such that
P[W > 0] > 0.

(d) {W >0} ={Z, = o} as.

In order to establish the asymptotic normality of the MDEs, we add to assump-
tion (A3)(c) that {Z,7,,"}n>0 converges in L' to a finite random variable W,
with 0 < E[W] < oc.

Remark 4. (a) For CBPs verifying (A3)(a), sufficient conditions for (A3)(b)-
(d) are discussed in [19]-[22].

(b) It is easy to check that T, = limy_yo0 E[Zyy1|Zn = k]k™L. For each k € N,
E|Z,11Z, = klk™! can be interpreted as a mean growth rate, thus, T,
1s referred to as the asymptotic mean growth rate. This is the threshold
parameter of CBPs (see [21]).

(c) It can be proved that, under (A3), ¢n(Zn)Zt — 7 a.s., and e(Z,)/
On(Zn) = 1 a.s. on {Z, — oo}. As a result, ¢pn(Zy)7,," — TW a.s.
on {Z, — oo} (see [18], Proposition 3.5).

(d) Since the BGW process can be seen as a CBP with ¢, (k) = k, for each
n,k € No, one has that e(k) = k and o?(k) = 0, for each k € Ny. Con-
sequently, (A3) is fulfilled provided that m > 1 (and taking into account
that 02 < 00).

As a consequence, under (A3), from Theorem 3.4 (i) and (%i), one obtains,
respectively, that the estimators éﬁ (pn) and éf D(p,,) are strongly consistent on
{Z,, = oo}.

Now, we focus our attention on the asymptotic normality. To this end, we
must consider additional conditions on the functions p(-). From now on, we
assume that for each k£ > 0, pi(0) is twice continuously differentiable with
respect to € and:

(A4) For 0 € ©, ¢ > 0, for each 6* € (6 —¢,0 +¢€), and k > 0,
(a) there exists Ji(0) such that [p},(6*)] < Ji(0), and Y 7o, Ji(0) < oo,
(b) there exists Ly(6) such that |p}(0*)] < Li (), and >_py Li(6) < oo,
(c) there exists My(f) such that |u(0*, k)*pp(0*)] < My(6), and
Do Mi(8) < oo, where u(0, k) = (log(pk(6)))" = p}. () /pi(0).
(A5) pisa disparity measure whose RAF A(-) satisfies that A(0) =0, A’(0) =1
and A(9), A'(9), A'(6)(1 + ) and A”(§)(1 + J) are bounded functions on
0 €[-1,00).
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Remark 5. Notice that for a disparity measure p satisfying (A5), (A4) is a suf-
ficient condition to guarantee that p(q,0) can be twice differentiable with respect
to 0.

It is easy to check that the negative exponential disparity satisfies (A5) but
the Hellinger distance does not. In the latter case, to establish the efficiency of
MHDE;, instead of the previous hypotheses, we assume the following condition
on s(0) = {51(0) x>0, With s5x(0) = p(0)/?, in a similar way to that in [3]:

(A6) For 6 € int(0O) (that is, 6 in the interior of ©), s(0) is twice differentiable in
lo; that is, there exist s'(0) = {s}.(0) }x>0 € I2 and s”(0) = {s}(0) }r>0 € l2
and for every (8 in a neighbourhood of zero

Sk(e + ﬁ) = Sk(tg) + 582(9) + ﬁvk(ﬁ),

51 (0 + B) = 51(0) + Bsi(9) + Bui (),
where Y727 Jvp(B8)? — 0, and Y 7o wi(8)? = 0, as 8 — 0.

Let denote 1(0y) = > 5o u(fo, k)?*pr(6o), the Fisher information for 6 con-
tained in the random variable Xo;. Since I(6y) = 4[|s'(60)]|3, either from (A4)(c)
or from §'(6y) € la, 1(0y) < oo is obtained. In addition, observe that although
conditions (A1) and (A5) seem to be quite restrictive, they are satisfied by a
wide set of disparities (see [33]).

Theorem 4.1 (Asymptotic normality). Let be a CBP satisfying (A3), with
p = p(bo) its offspring distribution. Moreover, assume (A2) and p € T', (recall
that in this case TP (p) = 0y ).

(i) If (A1), (A4), and (A5) hold, s'(0y) € 11, and supposing that any sequence
of estimators {@n }nen converging to 0y in probability satisfies

Z Pi(en) — P (00)] > 0, (4.2)
Zlu . k)*Di(0n) — u(00, k)?pr(00)]  — 0, (4.3)

then, it is verified:
AV (02(5n) — o) & N (0,1(60)7Y), (4.4)

where 5 denotes the convergence in probability and 4 represents the con-
vergence in distribution with respect to the probability P[-|Z, — o).
(i) For the Hellinger distance, (4.4) also holds under the assumptions (AG),

bo € int(©), and Y-, sy (0 )p,lg/2 < 0.

The proof of the previous theorem is given in Appendix.
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Remark 6. (a) Notice that to establish the asymptotic normality of the MDEs,
the assumptions are imposed on the offspring distribution and on the dis-
parity measure, so that taking into account Remark 4, (c), for a BGW
process one has that under hypotheses in Theorem 4.1,

1/2

Sz @) 00 S N (0.1600)).
=0

(b) Assuming that we observe Z%, one knows ¢1(Z;) = > ey Zi(k) and Zj41 =
SreokZi(k), 1=0,...,n—1. Consequently, using Theorem 3.4, 4.4, the
continuity of 1(0), and Slutsky’s theorem,

éﬁ(ﬁn) + ZW(An—ll(éﬁ(ﬁn))_l/Qa

with z., the quantile of order 1 — /2 of a standard Normal distribution,
provides an asymptotic confidence interval at (1 — )% level.

(c) Besides the MDEs based on the whole family tree, one can determine the
ones based on other samples. In [18], we also study the mazimum like-
lihood estimation of the offspring distribution under incomplete sampling
schemes, considering the random samples given by the number of individu-
als and progenitors in each generation, that is, Z, = {Z, Z11,00(Z) : 1=
0,...,n—1}, and only by the generation sizes, that is, Z,={Zo,..., Zn}.
The proposed estimators for the offspring distribution, based on Z, and
Z,, are obtained by the Expectation—Mazimization algorithm (EM algo-
rithm). Making use of these estimators, one can obtain MDEs of 0y based
on Z, and Z,, respectively.

5. Robustness

In this section, we address the issue of the robustness of the MDEs of 8. For this
purpose, we will study the behaviour of the corresponding disparity functional
under contamination by considering the following model:

pla,8,L) = (1 — a)p(0) + any, (5.1)

where @ € (0,1), 8 € ©, L € Ny and 7 is a point mass distribution at a
nonnegative integer L. This model is called mixture model for gross errors at
L and it represents the simplest context of contamination. This approach was
introduced in [45] and consists in assuming the contaminated model instead of
the model distribution in order to explain or incorporate outliers.
In the analysis of robustness of an estimator, an essential tool is the influence

curve, which for each disparity p is a function of L € Ny defined as

lim o™ (T (p(a, 0, L)) — T*(p(0)))-

a—0
Although the unboundedness of this function is an indicator of the misbehaviour
of the MDEs of 6 in presence of outliers, the influence curve can be very a
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deceptive measure of robustness (see [30]). For this reason, we will also exam-
ine the a-influence curves of T?(-), which are functions of L € Ny defined as
a Y T?(p(a,0,L)) —T*(p(H))), for each a € (0,1).

Next theorem, whose proof can be read in Appendix, provides an expression
for the influence curves and establishes conditions under which the disparity
functional is robust at p(#) against 100a% contamination by gross error at an
arbitrary integer.

Theorem 5.1 (Robustness). Suppose the parameter space © is compact, (A2)
holds (with C, = ©), and Fg is identifiable. For every a € (0,1) and every
0e0O:

(i) Let p be a disparity measure which can be redefined (without changing its
minimizer) so that the related function G(-) is nonnegative, has a unique
zero at 0 and satisfies (A1) and (A5). For each ¢ € T and t € O, define
5 (000,8) = Y00 G (30, K)pa(2), with G*(6) = G((1 — a)s). If (A4)
holds, T*(p(0,«, L)) is unique for all L € Ny, and there exists a strictly
increasing function f such that f(p*(a,p(0),t)) = p((1 — @)p(8),t), for
t € ©; then

(a) limy, oo T*(p(6,cr, L)) = 6.
(b) TP (p(0,, L)) is a bounded and continuous function of L.
(¢) lima—o o™ (T?(p(0, o, L)) — 0) = (1(0)pL(6)) 'L (0).

(ii) For the Hellinger distance, if TP (p(0)) € int(©), > 1, s%(ﬂ)p,lc/2 <0,
(A6) holds, and THP (p(0, v, L)) is unique for all L € Ny; then (i-a), (i-b)
and (i-c) are also satisfied.

Observe that p’y (0)(1(8)pr(#))~! can be an unbounded function of L. Never-
theless, from Theorem 5.1 (a) and (b), we have that for every o € (0,1), the a—
influence curves are bounded continuous functions of L satisfying limj_,., o' -
(TP(p(0,c, L))—6) = 0, and limy,_, o o~ Y (THP (p(0, a, L)) —0) = 0, respectively.
Consequently, the associated disparity functionals are robust at p(d) against
100a% contamination by gross error at an arbitrary integer L.

Another important concept in the study of the robustness is the asymptotic
breakdown point. Intuitively, the asymptotic breakdown point represents the
smallest amount of contamination that can cause the estimator to take arbi-
trarily large values. Formally, the asymptotic breakdown point of a disparity
functional T7(-) at ¢ € I is given by:

a*(T?,q) =inf{a € (0,1) : b(e; T, q) = o0},

with b(e;T?,q) = sup {|T?((1 — a)g + aq) — T*(q)| : § € T'}. Note that
b(a; TP, q) = oo is equivalent to the existence of a sequence of probability distri-
butions {¢, }nen satistying |T7((1 — @)q + ag,) — T*(g)| — oo and in that case,
we say there is breakdown in T?(-) for a level of contamination equals a. The
sequence {qy }nen is called sequence of contaminating probability distributions.
This fact is useful for the establishment of a lower bound for the asymptotic
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breakdown point of 7°(-) at some probability distribution in the following the-
orem, and in particular, for determining the asymptotic breakdown point of the
MDE:s of 8y based on nonparametric estimators of the offspring distribution.

Theorem 5.2 (Asymptotic breakdown point).

(i) Assume that the contaminant sequence {qn}nen, the distributions of the
family Fo, and 0* € © satisfy:

(a) > op_omin{pr(0*), gni} — 0.
(b) > e omin{pi(), gnr} — 0, uniformly for 6 € © such that |0] < c,
for any fized c € R.

(c) ZZO:() min{py (0*), px(0n)} — 0, if |0,] — co.
(d) G(—1) and lim;_,o, G(t)/t are finite.

Then, the asymptotic breakdown point of the MDE of 0* is at least 1/2.

(ii) Assume (A2), ¢ € Tup, and THP(q) € int(©). Let o(q,p(0)) =
Sncolakpe(0))2, 6 = maxgeo 0(q,p(0)), 0° = limur oo SUDjgs s
0(q,p(0)) and h,, = (1 — a)qg + aqn, 0 < a < 1, with g, € T, for every n.
Assume that for each n > 1, THP(h,) exists and is unique. It holds that
if a < (0— 0%)?/[1+ (6 — 0%)?], then there is no sequence {hy}nen of the
form defined above for which lim,, o TP (h,) — THP (q)| = oo.

The proof of (i) is analogous to that given in Theorem 4.1 in [33] replac-
ing integrals with sums. Intuitively, the assumptions (a)-(c) indicate the worst
possible selection of the contamination and represent the asymptotic singularity
between the probability distributions considered (see [33] for a further descrip-
tion). The proof of (ii) is exactly the same as Theorem 3 in [39] and it is omitted.
In particular, when ¢ is the offspring distribution p = p(y), then ¢ = 1 and
as a consequence, the asymptotic breakdown point for HD is at least 1/2 when
0* = 0, which usually holds.

6. Simulated example

Through a simulated example, we compare the behaviour of the MHDEs,
MNEDEs and MLDEs based on the whole family tree under an uncontami-
nated model and under mixture models for gross errors. To this end, we have
considered as initial model a CBP starting with one individual and Poisson
distributions as offspring and control distributions. In particular, the offspring
distribution is a Poisson distribution with the parameter 3 = 7 and the variable
on(k) follows Poisson distribution with parameter Ak, with A = 0.3, for each
k > 0, n > 0. Therefore, the offspring mean and variance are m = o2 = 7,
and 7, = OpA = 2.1 (see (A3) for definition). In practice, control functions
¢n(k) that follow Poisson distributions with parameters Ak are appropriate to
describe an environment with expecting immigration or emigration according
to the value of the parameter A: the former corresponds to A > 1 and the latter
to A < 1. Recall as was pointed out in the introduction, this control distribution
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can be used to model populations threatened by a predator as an approxima-
tion to the binomial control process. In our example, we consider a model with
expected emigration although supercritical (7, > 1).

First, we show that in a contamination-free context, MHDEs and MNEDEs
are as efficient as MLDEs. To this end, we have simulated 10 generations of
N = 100 CBPs following the previous model, and we have estimated the relative
efficiency of 63 ZP (p,.) to O P (pn), of P (pn) to 05 (5,) and of GYEP (p,) to
0~7LLD (pn) in each generation by the ratios of these mean squared errors:

MSE(HD) MSE(LD) MSE(LD)
MSE(NED)’ MSE(HD)’ MSE(NED)’

where MSE(p)= N='S°N (6°(p,) — 60)%, p € {LD, NED, HD}, where n
indicates the generation, forn = 1,...,10, and ¢ indicates the simulated process,
for i = 1,...,N. The evolution of these estimates is shown in Figure 1 (first
row -left), where one observes that as generations go up, MNED and MHD
procedures are shown as efficient as the MLD one.

In a contaminated context, to illustrate and compare the accuracy of the
estimates obtained by MHD and MNED methods, we have considered several
different contaminated models for the offspring distribution in the aforemen-
tioned CBP. Specifically, we have contaminated the reproduction law according
to the mixture model for gross errors, for a = 0.05, 0.1, 0.15, 0.2, 0.25, 0.3, 0.35,
0.4, 0.45, 0.5, and L = 0,1,...,25, obtaining 260 different contaminated CBPs.

For a generic CBP, the information given by a sample observed until a fixed
generation n depends on its asymptotic mean growth rate, 7,,,, and it is poorer
when 7, = 1 than when 7,,, > 1. This implies that to compare the behaviour
of the different estimators for each one of the contaminated models (which have
asymptotic mean growth rates, called 7,,, (0o, o, L), of different magnitudes) one
needs to observe different numbers of generations depending upon the value of
Tm (0o, v, L). In our example, these values go from n = 8 for 7,,,(6p,, L) = 4.8
to n = 65 for 7,,(60o, @, L) = 1.05.

For each simulated process, we have determined the MHDEs, MNEDEs and
MLDEs of 6, in its last generation. In Figure 1, we show the mean (over the
100 simulations) of the MHDEs (first row -right) and of the MNEDEs (second
row -left) of 0y, for each one of the 260 contaminated models. Moreover, the
respective MSEs for both methods are represented in Figure 1 (second row
-right and third row -left).

In addition, Figure 1 (third row -right) shows the contour plot of the asymp-
totic mean growth rate of the contaminated models, 7,,,(6o, @, L), and the un-
derlying points represent the minimum disparity method which provides the
smallest MSE for each contaminated model. There are two remarkable facts
that can be deduced from this plot. The first one is that the MNEDE sup-
plies more accurate estimates in most of the contaminated models (166 models,
that is 63.85% of the models), but the best method when the contaminated
state is between 3 and 11 is usually the MHD (85 models, that is, 32.69% of
models). Moreover, the MLDE only behaves properly in 9 models (3.46% of
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Fi1G 1. First row. Left: evolution of the estimates of the relative efficiency of 5NED(ﬁn) to
01D () (solid line), the relative efficiency of 0HL (p,,) to 0LP (py) (dashed line) and the
relative efficiency of ONEDL (p,) to 0LP (p,) (dotted line). Right: contour plot of the means
of the MHDEs for each contaminated offspring distribution. Second row. Left: contour plot
of the means of the MNEDEs of 8g = 7 for each contaminated offspring distribution. Right:
contour plot of the MSEs of the MHDEs of 8g = 7 for each contaminated offspring distri-
bution. Third row. Left: MSEs of the MNEDEs of 89 = 7 for each contaminated offspring
distribution. Right: Contour plot of the asymptotic mean growth rates of the contaminated
models (solid line) and points (L, ) where the minimum of MSE of the estimates of g = 7
by the three methods is attained in the MLDE (crosses), in the MHDE (filled triangles) and
in the MNEDEs (circles).
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TABLE 1
Relative bias for Hellinger distance and negative exponential disparity for the mizture
models for gross errors with L = 0 and different values of «.

ATHD (a,L) ATNED (o,1)

« ATLD (a,L) ATLD (a,L)
—0.0001 1.0108310 0.9980851
—0.0002 1.0519480 0.9911580
—0.0003 1.1041350 0.9787859
—0.0004 1.1383230 0.9600473
—0.0005 1.1891900 0.9338905
—0.0006 1.2520860 0.9004372
—0.0007 1.3377720 0.8556661
—0.0008 1.4711780 0.7992881
—0.0009 1.7769600 0.7296631

TABLE 2

Relative bias for Hellinger distance and negative exponential disparity for the mixture
models for gross errors with L = 8 and different values of o.

ATHD (o,1) | ATNFD(q,L)

a ATLD (a,L) ATLD (a,L)
-0.01 1.022095 1.0004884
-0.02 1.041636 0.9985267
-0.03 1.064554 0.9947680
-0.04 1.089620 0.9895525
-0.05 1.117349 0.9830758
-0.06 1.148303 0.9737196
-0.07 1.183068 0.9622187
-0.08 1.222421 0.9480543
-0.09 1.267872 0.9306867

the models), where L is equal to 7 (consequently, the offspring mean remains
unchanging). The second fact is that the most accurate method for estimat-
ing the offspring parameter does not depend on the resulting asymptotic mean
growth rate after contamination, but on the state where the contamination is
produced.

We have also studied the performance of these methods in presence of in-
liers, which correspond to the model introduced at (5.1) with a < 0 such
that p(#,a, L) is a probability distribution. To this end, we compare the po-
tential bias, defined as AT?(«,L) = T*(p(bo,, L)) — T*(p(6p)), with p €
{NED,HD,LD}. In fact, we examine the relative bias of MHDE and MNEDE
with respect to MLDE under mixture model for gross errors located at L = 0
(Table 1), at L = 8 (Table 2) and at L = 20 (Table 3) for different values
of a. The results show that the MNEDE has decreasingly less bias than the
MLDE in all the cases, whereas the inliers have the opposite effect on the
MHDE.
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TABLE 3
Relative bias for Hellinger distance and negative exponential disparity for the mizture
models for gross errors with L = 20 and different values of c.

ATHP (a,L) ATNED (o,1)

ATLD (a,L) ATLD (a,L)
—0.0000075 1.2087000 0.9920636
—0.0000100 1.1790380 0.9820383
—0.0000125 1.1987310 0.9682116
—0.0000150 1.2351010 0.9501191
—0.0000175 1.2755030 0.9272487
—0.0000200 1.3213920 0.8990362
—0.0000225 1.3841210 0.8648598
—0.0000250 1.4062240 0.8240357
—0.0000275 1.6524540 0.7758114

7. Concluding remarks

In the context of controlled branching processes with random control functions,
assuming a general parametric framework for the offspring distribution, we have
studied the minimum disparity estimation of its main parameter.

First, we have established conditions for the existence and uniqueness of
MDE:s for a general discrete model. Moreover, it has been established that the
proposed MDEs are strongly consistent as the associated nonparametric esti-
mators are. In particular, we have considered as the nonparametric estimator
of the offspring law, the MLE based on the observation of the entire family
tree until a certain generation, which is consistent under some regularity con-
ditions. Based on this nonparametric estimator, the limiting normality of the
corresponding MDEs of the offspring parameter, suitably normalized, has been
also established. These results are regarded as a generalization of those given for
BGW processes (see [42]), by considering the more general branching structure
given by CBPs, and more disparity measures besides Hellinger one.

The MDEs proposed for the offspring parameter are appropriate robust alter-
natives to the MLE based on the whole family tree. Focusing our attention on
the MHDE and MNEDE, through a simulated example, we show that both are
robust against outliers, showing more insensitive the MNEDE to gross-errors at
points far from the offspring parameter, and the MHDE when they are at points
close to the same one. However, the robustness against inliers only holds for the
MNEDE.

Appendix
Proof of Theorem 3.1

(i) It is immediate from the definition of I', and the continuity of p(g, -) in C,.
(ii) From inf,ce\ g p(p(0%),t) > 0, it is deduced that 0* € K, and hence,
minge g p(p(0*),t) = 0; consequently, T7(p(6*)) exists. Since the function G(-)
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is nonnegative and has a unique zero at 0, p(p(6*),0) = 0 if and only if p(8*) =
p(0), and from the identifiability of Fg, this can only occur when 6* = 6.

Proof of Theorem 3.2

We present an adaptation and extension of the proofs of Proposition 2 in [1]
and of Theorem 3.2 in [33], developed for general continuous models.

Let § = T*(q) (there exists and it is unique by Theorem 3.1). For each
t € O, using the mean value theorem for the functions hy(y) = G(y/pr(t) — 1),
y € [0,1], k > 0, one can prove that |p(qy,, ) —p(q,t)| < M > 7 o [gnk—qx] — 0,
as n — 0o, being M an upper bound of the function G’(-). Hence,

sup |p(gn,t) — p(g,t)| — 0, (7.1)
te®

obtaining that p(-,#) is continuous in /; for each ¢t € ©. From this latter, it is

deduced that ¢, € I', eventually. In fact, if ¢, ¢ f‘p eventually, for all N € N,
there exists kx > IV such that

e, Plarss?) < min p(gey 1),
therefore ¢ ¢ fp, which is in contradiction with the hypotheses of the theorem.
Thus, using Theorem 3.1, there exists T (qy,), which we denote 6,, to ease the
notation, and 0,, € C, eventually. Finally, one has to show that 6,, — 0.

Note that if p(¢n,0n) < p(q,8), then |p(gn, 0n)—p(q, )| = p(q,0)—p(an, bn) <
p(q,0,) — p(gn,0,); on the other hand, if p(gn,0,) > p(g,0), then |p(qn, 0n) —
p(a,0)| = plan,0n) — p(q,0) < p(gn,0) — p(g,0). Thus,

1p(n:0n) = p(a,0)| < |p(q.0n) = p(an, On)| + p(gn, 0) — p(q.0)]
< 2sup|plgn,t) — plg, )],
te®

and from (7.1), p(gn,6n) — p(q,0). Moreover, |p(qn,0n) — p(q,0,)| — 0 is also
deduced from (7.1), and as a result, p(q, 6,) — p(q,0).

If the sequence {6,},>0 does not converge to 6, then there exists a sub-
sequence {0 }jen € {On}nen such that 6, — 0* # 6, as j — oco. From
(A1), taking into account Remark 3 (a), one has that p(q,-) is continuous and
p(q,0n,;) — p(q,0%), as j — oo. Due to all of the above, one has p(q, ) = p(q, 0%),
which contradicts the uniqueness of T%(q).

Proof of Theorem 3.3

It is analogous to the previous proof taking into account that (7.1) for p = HD
is followed from

sup |HD(gn,t)"/* — HD(q,t)*?| < |la5/* — ¢"/?||2.
teO
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Proof of Theorem 3.4

First of all, note that since p,, » — pi a.s., for each & > 0, by Glick’s Theorem
(see [10], p.10), one has p,, — p a.s. in [;.

(i) Tt is immediate from Theorem 3.2 and the fact that p, — p a.s. in ly.

(ii) The proof is analogous to that of Theorem 3.2 in [42]. Bearing in mind
Theorem 3.3, to obtain the eventual existence and the consistency it is enough
to prove ||]5,1/2 — p1/2|\2 — 0 a.s. and this is shown from the convergence of p,
to p in l; and the inequality IZ& — 2|13 < [pn —pllr-

The measurability of 62 (p,,) and 0ZP(p,,) is obtained by Corollary 2.1 in [6].

Proof of Theorem 4.1 (i)

To prove (i) we adapt and extend the proofs of Theorem 1 in [1] and of Theorem
3.4 in [33] developed for general continuous models. In order to facilitate the
proof, we will assume that P[Z,, — o] = 1.

Let p(pn,0) and p(p,,0) be the first and the second derivative of p(p,,,0)
with respect to 6. Since 0% (p,) = argmingee p(Pn,0), p(Bn,0° (Hn)) = 0, and
from the Taylor series expansion of p(py, éﬁ(ﬁn)) around fp one obtains

A2 (07(pn) — 00) = =AY p(Pr, 00) (P 05) 1,

where 07 is a point between 6y and 67 (p,). Consequently, from Slutsky’s The-
orem, it is enough to prove

P(Bn,05) D I(0o), (7.2)
~AY2 (b b0) L N(0,1(60)) (7.3)
Observe that
p(ﬁnvg) = _Zp;c(g)A(é(ﬁmgvk))ﬂ
k=0
Pbn,03) = = > DL(O:)AG(Bn, 0, k)
k=0

+ A S (P, 05, k) (1 + (P, 05, k) w05, ) *pi(607,).

k=0

On the one hand, from (A2) and (A3), 6(pn, 0}, k) — 0, and consequently,
using (A5), one has A(d(pn,05,k)) — 0 a.s. and A'(8(pn, 05, k) — 1 as. for
each k € Ny. Therefore, applying the dominated convergence theorem, (A4) and
(A5), one has

S D4 (00)A(5(pn, 05, k) 2> 0,
k=0
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[e )

> A (8(Bns 03, 5)) (1 + 8(Bns 05, k))u(Bo, k)*pi(8o) >

k=0

ZU 00, k)*pr(60) = 1(6o).

Moreover, as 6 converges to 6 in probability, A(d) and A’(§)(140) are bounded,
(4.2) and (4.3),

ST P02)AG (B 05,K) D 0,

[ee]

> A, 05 1)) (1 + 8, 0, k))ulO;, k) 2pr(03) S 1(00),

k=0

hence, (7.2) yields.
In order to establish (7.3), since

— A2 (P 00) = A2 pl(00)8(pn, B0, k)
k=0

A2 Zpk 00)[A(3(pn: 00, k) — 3(pns b0, k)],
again by using Slutsky’s Theorem, it is sufficient to prove that
d
A2 Zpk 00)3(pn, b0, k) = N(0,1(6p)), (74)
k=0

N Zpk (60)[A(5(Pn, B0, k) — 6(Pn, 00, k)] —> 0. (7.5)

Note that due to Y ;- pj.(6o) = 0 and to (A4) (a), then

n—1¢:(Z;)
1/2 Zpk 90 pnvgov - _1/22 Z 007
k=0 =0 j=1
Thus
JANS
d A —
A2 Zpk (60)3(pn, b0, k) < A1 Z u(Bo, Xo:),

k=0

where < indicates equal in distribution. Now, bearing in mind that Elu(0y, Xo;)]=
0, Var[u(by, Xo;)] = 1(6p), An(t2Ft — 1)" Y7, — 1) — 7W a.s., with W the
limit variable introduced in (A3) (this property is deduced by applying Remark
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4 (c¢) and Cesaro’s lemma), the hypotheses of the central limit theorem given in
Theorem I in [11] hold and one has
Api
AEI00) 72 ST ulfo, Xoi) & N(0,1).
i=0
Consequently, (7.4) holds.
Respect to (7.5), applying |A(t? — 1) — (t2 — 1)| < B(t — 1)? for some B > 0
(see [30], p. 1107), one has

A2 Wk (80)[ A (n, 0, ) — 8(5n, B0, k)|
k=0
< 53 3 i (37 )

= BA /2 WZAM, (7.6)
k=0

with
2
Ay = B u@o,R) ()F = pr(00)'72)
=2%WMwMM4M%W@%—m%WW (7.7)

and recall s(6) = p(0)'/2. Let us demonstrate 3 p- A 2 ="1op(1). To this end,

we prove lim, o Y% E[A? ;] = 0. First, taking into account that in [18] it
was proved that

(P (00) (1 — pro(60))) "2 AL (B e — pr(60)) = N(0,1),

1/2 (A1/2

using delta method one obtains that A% (D, — px (90)1/ %) converges in distri-

n/2

bution. Thus, from 7;,"/* — 0 and Slutsky’s theorem, A2 ; = op(1) follows.

Second, let denote V; (k) = Z?;’ll(zi’l) (Itx,_,,=k}—Pr(00)). It can be checked
that E[V;(k)] = 0 and Var[V;(k)] = pr(60)(1 —pr(6o))E[e(Z;—1)]. Moreover, us-
ing (A3)(a) and (A3)(c), for each i € N, E[e(Z;)] < K{E[Z;] < Ko}, for some
constants K{), Ko € R. Consequently,

BAY ] < 47,75, (60)2px(60) KZV ) ]
= 482(90)l2(1—pk(eo))fmnE{Zg(Zi_l)}
n—1
< Kolsi(00)P(1 = pr(6)) > 777
=0

I'We write X, = op(Yn) to mean P[|X,| > €|Ys|] — 0, as n — oo, for each ¢ > 0.
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Since Zl " ™ = =~ 1) (7, — 1)1 = (1 — 1)L, one obtains
sup,, B[A2 ] < oo and {A;, x }nen is uniformly integrable for each k > 1. There-
fore, since Aik = op(1) asn — oo, we have A? | converges to 0 in Iy, as n — oo.
Moreover, Y 7 E[A? ] < K})/? Yoo 18k (00)] < o0, as a consequence, by the
dominated convergence theorem, lim,_, > poo E [Ai,k] = 0.

Now, from (7.6), since 7,,"A,—1 — (T, — 1)~ W a.s., from Remark 4 (c),
one has (7.5).

Proof of Theorem 4.1 (ii)

In order to prove Theorem 4.1 (i), we will make use of a previous result:

Lemma 1. Let be a CBP satisfying (A3) and (A6), with offspring distribution
p =p(6). Assume (A2), p € U'yp and Oy € int(O); then

n ¢1—1(Z1-1)

A;”fz Z s, (B0 5 N (0,115'(60)113)

with respect to the distribution P[-|Z, — o0].

Proof. To simplify the proof, we assume that P[Z, — oo] = 1. Let §; =
I D 1j(90)p;jjfj and G, = o(X,j,¢i(k) : j > 1,k >0,i=0,...,1 —
1); then {8;,G}1>0 is a martingale difference. Indeed, let w € Q such that
Z1-1(w) = z, one has that

(1-1(2)
EBlGa)w) = E| > sk 0oy}
b1-1(z

)
= E|E| ), Skl_lj(eo)P}}{?_j P1-1(2)
=1

() [, (B0 ?] = () D b0}y = 0,

since 0y = argmingeg HD(p, ). In addition, it satisfies
E[B}1Gi-1] = e(Zi-1)|ls' (6o) I3 a.s. (7.8)
To show the latter, let w € Q such that Z;_;(w) = z; then

E[B1Gi](w) = Var[|Gi-1](w)
P1—1(z)
Var Z SXL 11 (6o p;(ll/i



318 M. Gonzilez et al.

dr—1(
—1/2
= FE (Var Z le 1} le y d1—1(2)

= E|¢_1(z)Var Zs’xliu(ﬁo)p;{i
=0

(15" (B0) 2 = (Zu1 (@)1 (00)] 2.

Moreover,
A_l/giﬂ . Trm 1/ Z Zl 1 +1)1/2 ( -1 W)l/Q) Bl
TET A ;1/2 G+ )P

» —(n- l+1)/2ﬁl
() Z S(Zi1) + )12

Because of 7,,"A,,_1 — (T, — 1)717W a.s., it is enough to prove

n Zl 1) + )1/2 _ (TTln_lTW)l/Q) ﬁl
Z (e(Zi1—1) + 1)1/2

= op(mp/?), (7.9)
=1

that is, 7> S ((e(Zi2) + D)Y2 — (75717 W)Y2) By(e(Zi—1) + 1)7Y/2 con-
verges to 0 in probability, and

n —(n—1+1) /Zﬁl

—C Tm
( 1) ;( (Zi_1) + 1)1/2

LN@OISO)E),  (7.10)

as n — co. The proof follows similar steps to those given in Theorem 2 in [41].
For (7.9), using Cauchy-Schwarz inequality,

n

> ((E(ZH) +1)17 - (TleTW)l/Q)Bl(E(Zlfl) +1)7V2 < APBYZ,
=1

with
2
A, = 2 7_l 1) /2( Zl 1) ) ;L(lfl))l/Q o (TW)I/Q) ,

B, = Zr,gg*1>/2(e(zl_1)+1)*1ﬁf.

=1

On the one hand, since (¢(Z;—1) + 1)7m R0 1))1/2 (TW)Y/? as., one has
n -1)/2 n/2
n=o(Cim ) = o(mil?).
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Moreover from (7.8), E[By,] = O(ri/?). As a consequence, A, = o(r1/*) and
=20p(m n/2 ), and hence (7.9) is proved.
To obtain (7.10), we define v,; = Bn_j+1(e(Zn—j) + )7V2 5 =1,....n
then

2 stn/2 g s n »
(=0 ey = Zm g

:UT(L) U(n) T 1/2 Z 7 J/z%J7
j=J+1

where Ugn) = (T, — 1)1/2 E;‘le Tn;j/Q’ynj, J=1,...,n
For J > 1 and given (t1,...,t;) € R/, using analogous arguments to those
given in the proof of Theorem 1 in [26], we prove that, as n — oo,

J
Blexp (83 57?05 = exp (= 5 '60) ||2Zt2 ),
j=1

that is, the random vector (Tn_ll/Q'ynl, ey Tn:J/Q’ynJ) converges in distribution to

a J-dimensional Gaussian Vector which is centered and with covariance matrix
given by ||s'(6)]|3 diag(7,,},. .. T_J); as a consequence of the application of

delta method, one obtains that U(") — Uy, with U, following a N (0, (7.,

1)||s"(60)]]3 Z] 1 Tm3). Moreover, for every n > 0 and € > 0, using Chebyshev’s
inequality, one has

2
PIUS — UM > ¢ < e 2rn-DE || D 72
Jj=J+1
o .
= (7, ) Z Var [THZJ/QWW}
Jj=J+1
-2 / 2 S —j 5(Zn*j)
= - DI Y |G
Qj:;i-l E(Zn_j)+1
< P - VIS0 DY T
j=J+1

As a result, there exists a constant kg > 0 such that

limsup P |U§n) ~UM| > e} < ko Z .0 =0, as J — o0.
n—00 =T+

2We write X;, = Op(Y,) to mean that for every ¢ > 0 there exists a constant M such that
sup,, P[| Xn| > M|Y,|] < e.



320 M. Gonzilez et al.

Finally, from Theorem 25.5 in [5] and the fact that Uy 4 N(0,]|s'(60)]]3), as

J = oo, it is verified UL 4N (0,]]s'(60)3), as n — oo, and hence (7.10) is
obtained. |

Once Lemma 1 is proved, the proof of Theorem 4.1 (i) is analogous to the
proof of Theorem 3.4 in [42]. Recall that THP (p,) = 67 P (j,,) eventually exists,
so applying Theorem 3.3 of [42],

AV OIP(Ba) — 00) = A [an D sk(00) (D)7 — pi(60)?)
k=0
— s (00)117% " sk (00) (B 7 — p(00)/%)]  (7.11)
k=0

where a,, — 0. To obtain the distribution of (7.11), one has to determine the

distribution of Y7 sk(Ho)(ﬁi 2 — pr(60)'/2), which verifies Y2, 5;(90)(13:/,3

pe(00)'/%) = 302, Sk(9o)ﬁ:/k due to 0o = argmingee |[pr(0)'/* — pr(00)/?| 2.
From the fact that

= P2 = 1 — (00)pe(00) /25172
St = 53 o
k=0 k=0

1 o R
—528 (00)pr(00) /2 (B 7 — pi(00)1/*)?

and 1(6g) = 4||s'(6p)||3, it suffices

oo

AN s (B0)pk(80) 20 S N(O, || (80)]13),(7.12)
k=0
A2 Zsk 00)pi(00) ™2 (b} — pr(00) /%) 5 0. (7.13)
k=0
Now, from

n ¢1-1(Z1-1)
1/2 Zsk 00 pk 90 UQP:/I? - A;1/12Z Z SXl,lj (eo)pxl—lj (90)71/2’

and Lemma 1, one has (7.12).

For each k,n > 0, we define Cy,, = 27" A, s, where A? ; are the random
variables introduced in (7.7). Following the same arguments as in the proof of
(i), one establishes (7.13) and this completes the proof.
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Proof of Theorem 5.1

(i) (a) Let 0, = TP (p(6,a, L)). If the sequence {61} >0 does not converge to
0, as L — oo, then there will exist a subsequence, which we continue denoting
{01}L>0, such that 8, — 61 # 0. From the definition of 6y, for each t € ©,

p(p(G,Oé,L),oL) < p(p(evo‘?L)vt)’ (714)

follows; moreover, applying a generalization of the dominated convergence the-
orem (see [38], p.92), one has

p(p(8,a,L),01) = p((1 — a)p(0),61), as L — oo (7.15)
as a consequence, from (7.14) and (7.15), for each ¢t € O,

p((1—a)p(8),01) < p((1 — a)p(d),1). (7.16)

On the one hand, since p*(a, p(6),t) = 0 if and only if t = 0, p*(c, p(8),01) >
0 = p*(a,p(6),0). On the other hand, due to p((1 — a)p(#),t) is an increasing
function of p* (v, p(0), t), one obtains p((1—a)p(6),01) > p((1—a)p(6), 6), which
contradicts (7.16).

(i) (b) The continuity of the function L — T?(p(f,«, L)) is immediate and
the boundedness of the sequence {6L} >0 is deduced from its convergence.

(i) (c¢) By definition of 7, from the Taylor series expansion of p(p(6, o, L), 0r)
around 6 one has

0.—0 o 'p(p(d,a,L),0)
a pp(6,a, L), 67)

where 67 is a point between 6 and 0;,. Consequently, it will be sufficient to prove

iig%)a_lp'(p(&a,L),H) = —u(f,L), (7.17)
lim 5(p(0, o, L), 07) = 1(6). (7.18)

With the same arguments as Theorem 4.1 (3), one can prove

plp(0, v, L), 0)

- Zp%(@)A((S(p(e, Q, L)’ 95 k))v
k=0

ﬁ(p(@,a,L),QZ) _ZPZ(GZ)A((S(p(HvO‘vL)vezvk))
k=0

+ Z A/(é(p(ev o, L), 07, k)u(0r, k)ka(QZ)
k=0
- (14+6(p(0,, L), 07, K)).

Using L’Hopital’s rule and the fact that .-, p}(f) = 0, (7.17) is obtained. To
show (7.18) we use the convergence dominated theorem in the above expression.
(#i) The proof follows similar steps to Theorem 7 in [3] and it is omitted.



322

M. Gonzilez et al.

Acknowledgements

The authors thank the referees for their careful reading of our paper and for
their constructive comments which have improved its presentation. This research
has been supported by the Ministerio de Educacién, Cultura y Deporte (grant
FPU13/03213), Ministerio de Economia y Competividad (grant MTM2015-
70522-P), the Junta de Extremadura (grant GR15105) and the FEDER.

References

Basu, A., SARKAR, S. AND VIDYASHANKAR, A. N. (1997) Minimum
negative exponential disparity estimation in parametric models. Journal of
Statistical Planning and Inference, 58, 349-370. MR1450021

Basu, A. SHiova, H. AND PaArk, C. (2011) Statistical Inference: The
Minimum Distance Approach. Chapman & Hall/CRC. MR2830561
BERAN, R. (1977) Minimum Hellinger distance estimates for parametric
models. Annals of Statistics, 5(3), 445-463. MR0448700

BERCU, B. (1999) Weighted estimation and tracking for Bienayme—Galton—
Watson processes with adaptive control. Statistics € Probability Letters,
42, 415-421. MR1707187

BILLINGSLEY, P. (1979) Probability and Measure. Wiley and Sons, Inc.
MR0534323

BrowN, L. D. AND PURVES, R. (1973) Measurable selections of extrema.
The Annals of Statistics, 1(5), 902-912. MR0432846

Bruss, F. AND SLAVTCHOVA-BoJkova, M. (1999) On waiting times to
populate an environment and a question of statistical inference. Journal of
Applied Probability, 36, 261-267. MR1699619

CRESSIE, N. AND READ, T. R. C. (1984) Multinomial goodness-of-fit
tests. Journal of the Royal Statistical Society, Series B, 46(3), 440-464.
MRO0790631

DEVROYE, L. (1998) Probabilistic Methods for Algorithmic Discrete Math-
ematics, volume 16 of Algorithms and Combinatorics, chapter Branching
Processes and Their Applications in the Analysis of Tree Structures and
Tree Algorithms. Springer-Verlag. MR1678582

DEVROYE, L. AND GYORFI, L. (1985) Nonparametric Density Estimation:
the Ly View. John Willey & Sons. MR0780746

DioN, J. P. (1974) Estimation of the mean and the initial probabilities of a
branching process. Journal of Applied Probability, 11, 687-694. MR0375488
DioN, J. P. AND ESSEBBAR, B. (1995) On the statistics of controlled
branching processes. Lecture Notes in Statistics, 99, 14-21. MR1351256
ELLis, M., ELpHICK, C. (2007) Using a stochastic model to examine the
ecological, economic and ethical consequences of population control in a
charismatic invasive species: mute swans in North America. Journal of Ap-
plied Ecology, 44, 312-322.

GONZzALEZ, M., GUTIERREZ, C., MARTINEZ, R., MINUESA, C. AND DEL
PuerTO, I. (2016) Bayesian analysis for controlled branching processes.


http://www.ams.org/mathscinet-getitem?mr=MR1450021
http://www.ams.org/mathscinet-getitem?mr=MR2830561
http://www.ams.org/mathscinet-getitem?mr=MR0448700
http://www.ams.org/mathscinet-getitem?mr=MR1707187
http://www.ams.org/mathscinet-getitem?mr=MR0534323
http://www.ams.org/mathscinet-getitem?mr=MR0432846
http://www.ams.org/mathscinet-getitem?mr=MR1699619
http://www.ams.org/mathscinet-getitem?mr=MR0790631
http://www.ams.org/mathscinet-getitem?mr=MR1678582
http://www.ams.org/mathscinet-getitem?mr=MR0780746
http://www.ams.org/mathscinet-getitem?mr=MR0375488
http://www.ams.org/mathscinet-getitem?mr=MR1351256

Minimum disparity estimation in controlled branching processes 323

Chapter 11 in Branching Processes and Their Applications, volume 219,
Lecture Notes in Statistics - Proceedings.

GONZALEZ, M., GUTIERREZ, C., MARTINEZ, R. AND DEL PUERTO, I.
(2013) Bayesian inference for controlled branching processes through
MCMC and ABC methodologies. Revista de la Real Academia de Clien-
cias Exactas, Fisicas y Naturales. Serie A. Matemdticas, 107(2), 459-473.
MR3199723

GONZALEZ, M., MARTINEZ, R. AND DEL PUERTO, I. (2004) Nonpara-
metric estimation of the offspring distribution and mean for a controlled
branching process. Test, 13, 465-479. MR2154009

GONZALEZ, M., MARTINEZ, R. AND DEL PUERTO, I. (2005) Estima-
tion of the variance for a controlled branching process. Test, 14, 199-213.
MR2203429

GONZALEZ, M., MINUESA, C. AND DEL PUERTO, I. (2016) Maximum like-
lihood estimation and Expectation-Maximization algorithm for controlled
branching processes. Computational Statistics and Data Analysis, 93, 209—
227. MR3406206

GONZALEZ, M., MOLINA, M. AND DEL PUERTO, 1. (2002) On the class of
controlled branching processes with random control functions. Journal of
Applied Probability, 39, 804-815. MR1938172

GONZALEZ, M., MOLINA, M. AND DEL PUERTO, I. (2003) On the geomet-
ric growth in controlled branching processes with random control function.
Journal of Applied Probability, 40, 995-1006. MR2012682

GONZALEZ, M., MOLINA, M., AND DEL PUERTO, I. (2005) Asymptotic
behaviour of critical controlled branching processes with random control
functions. Journal of Applied Probability, 42, 463—-477. MR2145488
GONzZALEZ, M., MoriNa, M. AND DEL PUERTO, I. (2006) Geometric
growth for stochastic difference equations with application to branching
populations. Bernoulli, 12, 931-942. MR2265669

GONZALEZ, M., DEL PUERTO, I., MARTINEZ, R., MoOLINA, M.,
Mota, M. AND RAaMOS, A. (2010) Workshop on Branching Processes and
Their Applications, volume 197 in Lecture Notes in Statistics - Proceedings.
Springer-Verlag. MR2761879

GuUTTORP, P.(1991) Statistical inference for branching processes. John Wi-
ley and Sons, Inc. MR1254434

Haccou, P., JAGERS, P., AND VATUTIN, V. (2005) Branching pro-
cesses: wvariation, growth and extinction of populations. Cambridge Uni-
versity Press. MR2429372

Heype, C. C. aAND BrowN, B. M. (1971) An invariance principle
and some convergence rate results for branching processes. Zeitschrift
fir Wahrscheinlichkeitstheorie und Verwandte Gebiete, 20(4), 271-278.
MR0310987

INAMDAR, A. AND KALE, M. (2016) Joint estimation of offspring
mean and offspring variance of controlled branching process. Sankhya
A: The Indian Journal of Statistics. DOI 10.1007/s13171-016-0082-2.
MR3575743


http://www.ams.org/mathscinet-getitem?mr=MR3199723
http://www.ams.org/mathscinet-getitem?mr=MR2154009
http://www.ams.org/mathscinet-getitem?mr=MR2203429
http://www.ams.org/mathscinet-getitem?mr=MR3406206
http://www.ams.org/mathscinet-getitem?mr=MR1938172
http://www.ams.org/mathscinet-getitem?mr=MR2012682
http://www.ams.org/mathscinet-getitem?mr=MR2145488
http://www.ams.org/mathscinet-getitem?mr=MR2265669
http://www.ams.org/mathscinet-getitem?mr=MR2761879
http://www.ams.org/mathscinet-getitem?mr=MR1254434
http://www.ams.org/mathscinet-getitem?mr=MR2429372
http://www.ams.org/mathscinet-getitem?mr=MR0310987
http://www.ams.org/mathscinet-getitem?mr=MR3575743

324
28]
29]

[30]

[31]

[42]

[43]

M. Gonzilez et al.

KALE, M. M. (2000) Estimation of parameters in controlled branching
process. Stochastic Modelling and Applications, 3, 1-15.

KiMMEL, M. AND AXELROD, D. E. (2015) Branching Processes in Biology.
Springer-Verlag. MR3310028

LinDsAY, B. G. (1994) Efficiency versus robustness: The case for minimum
Hellinger distance and related methods. The Annals of Statistics, 22(2),
1081-1114. MR1292557

MARTINEZ, R., MOTA, M. AND DEL PUERTO, I. (2009) On asymptotic
posterior normality for controlled branching processes. Statistics, 43(4),
367-378. MR2547706

PARDO, L. (2006) Statistical Inference based on Divergence Measures.
Chapman & Hall/CRC, 2006. MR2183173

Park, C. AND Basu, A. (2004) Minimum disparity estimation: asymp-
totic normality and breakdown point results. Bulletin of Informatics and
Cybernetics, 36, 19-33. MR2139489

DEL PUERTO, I., GONZALEZ, M., GUTIERREZ, C., MARTINEZ, R., MIN-
UESA, C., MoLINA, M., MoTA, M., AND Ramos, A. (2016) Branching
Processes and Their Applications, volume 219 in Lecture Notes in Statistics.
Springer.

DEL PUERTO, I. AND YANEV, N. (2008) Leading-Edge Applied Mathemat-
ical Modeling Research., chapter 11: Branching Processes with Multitype
Random Control Functions: subcritical case, pages 363-374. Nova Science
Publishers, Inc. MR2503807

RaHMOvV, I. AND AL-SABAH, W. (2007) Controlled branching processes
with continuous states. Journal of Applied Probability and Statistics, 2,
123-137. MR2439949

RaAO0, C. (1961) Asymptotic efficiency and limiting information. Proceedings
of the Fourth Berkeley Symposium on Mathematical Statistics and Proba-
bility, 1, 531-546. MR0133192

RovyDEN, H. L. (1988) Real Analysis. Macmillan Publisher Company.
MR1013117

SiMPsoON, D. G. (1987) Minimum Hellinger distance estimation for the
analysis of count data. Journal of the American Statistical Association,
82(399), 802-807. MR0909985

SrRIRAM, T. N. (1994) Invalidity of bootstrap for critical branching
processes with immigration. The Annals of Statistics, 22, 565-1114.
MR1292554

SRIRAM, T. N., BHATTACHARYA, A., GONZALEZ, M., MARTINEZ, R. AND
DEL PUERTO, I. (2007) Estimation of the offspring mean in a controlled
branching process with a random control function. Stochastic Processes and
their Applications, 117, 928-946. MR2330726

SRIRAM, T. N. AND VIDYASHANKAR, A. N. (2000) Minimum Hellinger
distance estimation for supercritical Galton—-Watson processes. Statistics
and Probability Letters, 50, 331-342. MR 1802227

STOIMENOVA, V., ATANASOV, D. AND YANEV, N. (2004) Robust estima-


http://www.ams.org/mathscinet-getitem?mr=MR3310028
http://www.ams.org/mathscinet-getitem?mr=MR1292557
http://www.ams.org/mathscinet-getitem?mr=MR2547706
http://www.ams.org/mathscinet-getitem?mr=MR2183173
http://www.ams.org/mathscinet-getitem?mr=MR2139489
http://www.ams.org/mathscinet-getitem?mr=MR2503807
http://www.ams.org/mathscinet-getitem?mr=MR2439949
http://www.ams.org/mathscinet-getitem?mr=MR0133192
http://www.ams.org/mathscinet-getitem?mr=MR1013117
http://www.ams.org/mathscinet-getitem?mr=MR0909985
http://www.ams.org/mathscinet-getitem?mr=MR1292554
http://www.ams.org/mathscinet-getitem?mr=MR2330726
http://www.ams.org/mathscinet-getitem?mr=MR1802227

Minimum disparity estimation in controlled branching processes 325

tion and simulation of branching processes. Comptes rendus de I’Académie
bulgare des sciences, 57(5), 19-22. MR2077362

Tobp, C., FOrsyTH, D., CHOQUENOT, D. (2007) Modelling the effect of
fertility control on koala-forest dynamics. Journal of Applied Ecology, 45,
568-578.

TUKEY, J. (1960) Contributions to probability and statistics, chapter A
survey of sampling from contaminated distributions. Standford University
Press. MR0120720

YANEV, G. P. AND YANEvV, N. M. (1996) Branching processes with two
types of emigration and state-dependent immigration. Lecture Notes in
Statistics, 114, 216-228. MR1466718

YANEV, N. M. (1975) Conditions for degeneracy of ¢-branching processes
with random ¢. Theory of Probability and its Applications, 20, 421-428.
MRO0375492


http://www.ams.org/mathscinet-getitem?mr=MR2077362
http://www.ams.org/mathscinet-getitem?mr=MR0120720
http://www.ams.org/mathscinet-getitem?mr=MR1466718
http://www.ams.org/mathscinet-getitem?mr=MR0375492

	Introduction
	The probability model
	Minimum disparity estimation
	Asymptotic normality
	Robustness
	Simulated example
	Concluding remarks
	Appendix
	Acknowledgements
	References

