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1 Introduction

Let M be a complete smooth Riemannian manifold of dimension n. We assume that M
is connected and stochastic complete, by the latter we mean that its minimal heat kernel
satisfies [ p;(z,y)dy = 1. Let us denote by r the Riemannian distance and by C([0, 1]; M)
the space of continuous curves: o : [0,1] — M. This is a Banach manifold modelled on
the Wiener space, a chart containing a path ¢ is given by a tubular neighbourhood of &
and the coordinate map is induced from the exponential map given by the Levi-Civita
connection on the underlying finite dimensional manifold. For zq,yo € M we denote by
CyyM and Cy, ,, M, respectively, the based and the pinned space of continuous paths
over M:

CooM ={0e€C(0,1;M): o(0) =z},
CoyyoM ={o € C([0,1; M) : 0(0) =9, o(1)=yo}.

The pullback tangent bundle of C,, M consisting of continuous v : [0,1] — TM with
v(0) = 0 and v(t) € T,)M where o € C([0,1]; M) which for each o can be identified
by parallel translation with continuous paths on T;,,M, the latter is identified with R"
with a frame ug. To define gradient operators we make a choice of a family of L? sub-
spaces together with an Hilbert space structure, and so we have a family of continuously
embedded L? subspaces H, which defines the L? sub-bundle H := U,H,. Firstly we
denote by H the Cameron-Martin space over R",
< oo},

Nl=

= {ne cORY 10 = 0.l = ( [ 1 s

*Mathematics Institute, The University of Warwick, United Kingdom.


http://dx.doi.org/10.1214/17-ECP69
http://www.imstat.org/ecp/

Semi-classical Brownian Bridges

and by H its subset consisting of h with h(1) = 0. If //.(o) denotes stochastic parallel
translation along a path o we denote by H,, and %Y the Bismut tangent spaces:

Ho={/l(o)h:heH},  Hg={/l(o)h:heH h(1)=0}

specifying respectively the ‘admissible’ tangent vectors at o € C,,M and vectors at
0 € Uy y,M. These vector spaces are given the inner product inherited from the
Cameron-Martin space H.

There are many questions concerning the path space C,, M and its topologically
less trivial subspaces Cy, ;,M. Some questions are concerned with the topology, some
others are concerned with the ‘Laplacian’ d*d, where d* is the L? dual of the differential
d, and with the properties of the probability measure defining the L? spaces. These
include the questions whether a Poincaré inequality (spectral gap) holds or whether
the stronger Logarithmic Sobolev inequality holds for the relevant probability measure
on a particular manifold with a particular Riemannian metric. One programme for the
topology is to follow the Hodge-de Rham theory for smooth compact manifolds which
in particular observes that the L? de Rham cohomology groups defined by the complex
of exterior differential forms are topological invariants. The fundamental questions are
then concerned with whether there is a complex of L? exterior differentials on the path
spaces which plays the role of the natural L? de Rham complex of finite dimensional
manifolds. Observing that these manifolds and their tensor tangent spaces are locally
Banach spaces, it is non-trivial to choose a suitable family of Hilbert sub-spaces [20].
These call for the Cameron-Martin theory of Gaussian measures when the space is R"™
with the trivial Euclidean metric. For non-linear spaces, including R™ with a non-trivial
Riemannian metric, there is no longer a suitable Gaussian measure. These call for
Malliavin calculus in which the integration by parts formula is the basis for all studies
and which implies in particular the closability of the fundamental operator d.

As we mentioned earlier, for an L? analysis on C,, ,, M we need a probability measure
which is usually taken to be the probability distribution of the conditioned Brownian
motion. The heat kernel measure, the distribution of a Brownian sheet, offers also an
alternative measure, see [35, 12, 38]. See also [30] for a study of the measure induced
by a conditioned hypoelliptic stochastic process. The Brownian bridge measures are
notoriously difficult to analyse, in particular the Poincaré inequality are known for very
few classes of Riemannian manifolds, [3, 2, 7]. If we suppose that M has a pole ¥, by
which we mean that the exponential map exp, : T, M — M is a diffeomorphism, an-
other probability measure, the probability distribution of the Semi-classical Riemannian
bridge, becomes available to us. For a simply connected Riemannian manifold with
non-positive sectional curvature, every point is a pole. The Semi-classical Riemannian
bridge measures are easier to handle, Poincaré inequalities for these measures could
lead to Poincaré inequalities for the Brownian bridge measures, especially if they are
equivalent.

We denote by v = v, ,, the probability distribution of the Semi-classical Brownian
bridge and by L?(C,, ,,M;R) the corresponding L? space. A Semi-classical Riemannian
Brownian bridge (Z, s < 1) is a time dependent strong Markov process with generator
1A+ Vlogki_4(-,yo) where,

_n _r%(=owe) 1
ki(zo,yo) := (2mt) " 2e™ 2 2 (2o),
and J(y) = |det Dexpgol(y) exp,, | is the Jacobian determinant of the exponential map

at y9. Semi-classical Riemannian Brownian bridges (Semi-classical bridge for short)
were introduced by K. D. Elworthy and A. Truman in [14, 15], over thirty years ago, in
their semi-classical analysis for Schrodinger operators and was inspired by Classical
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Mechanics. They also gave a heat kernel formula in terms of the Semi-classical bridge,
which was further explored in [16] and [37]. If p; is the heat kernel, the Brownian
bridge is a Markov process with generator %A + Vlogpi—+(-,y0). Let us discuss briefly
the two time dependent potential functions that drives the Brownian motion to the
terminal value. They are close to each other as ¢ — 1, by Varadhan’s asymptotic
relations [41]: (1 —t)logp1—¢(x,y0) ~ —27%(x, o). There is also the relation lim,_,; (1 —
t)Vlogp1_+(x,yo) = —%(0) where ~ is normal geodesic from yy to x. The two drift vector
fields V1og p1—.(-, yo) and Vlog ki_(-,yo) differ by —3V log J near the terminal time.

Let us consider the unbounded linear differential operator d on L?(C,, ,,M; R) taking
values in L?(U,H?) where for v € U, H?, its L? norm is

ol = (/C

Another norm can be given, taking into accounts of the damping effects of the Ricci
curvature, which will be discussed later. As the distance function from the Semi-classical
bridge to the pole is precisely the n-dimensional Bessel bridge where n = dim(M), the
advantage of the Semi-classical Brownian bridge measure is that it is easier to handle,
which we demonstrate by studying the elementary property of the divergence operator.
Our main result is an integration by parts formula for d. First order Feyman-Kac type
formulas together with estimates for the gradient of the Feynman-Kac kernel using the
Semi-classical bridge process and the damped stochastic parallel translation can be
found in [34].

Denote by OM the space of orthonormal frames over M and {H;} the canonical
horizontal vector fields on OM associated to an orthonormal basis {e¢;} of R™ so that
H; is the horizontal lift of ue;. For a tangent vector v on M, we will denote by v the
horizontal lift of v to TOM. Let {Q, F, F;, P} be a filtered probability space on which
is given a family of independent one-dimensional Brownian motions {B’}. We define
By = (B},...,B}). Let ug € n~!(z) be a frame at z, u; and @, be the solution to the
stochastic differential equations,

2

(|//,—1v.(o—)yH)2du(a))

r0,Y0 M

dus = Hi(us)0dBl, diy =Y Hi(iis) 0 dB} + Ay(iis)ds, i = uo, (1.1)
=1

i=1

where o denote Stratonovich integration and A, = Vlogk1_s(+, yo) and Ay its horizontal
lift to the orthonormal frame bundle. Then Z, := 7 (i) is a Semi-classical bridge from zg
to yp in time 1. Let Ric, denote the Ricci curvature at z € M, by Ricgj Ty M — T, M we
mean the linear map given by the relation (Riciu, v) = Ricg (u,v).

Denote r = r(+,yp) for simplicity. We will need the following geometric conditions.
Set

1 1 1
d = §J%AJ—% = ¢[Viog 7| —  A(log). (1.2)

C1: The Ricci curvature is bounded.

C2: |[V®| + |V(log J)| < ¢(e* + 1) for some ¢ > 0 and a is an explicit constant to be
given later.

C3: @ is bounded from below.

C4: For each ¢, k; and |Vk,| are bounded, |V®| is bounded.

The condition that the Ricci curvature is bounded ensures that the solution to the
canonical SDE is differentiable in the sense of Malliavin calculus. It also implies that
|W¢| is bounded where W, is the solution to the stochastic damped parallel translation
equation for the Brownian motion (i.e. with the right hand side —%Ricﬁ), and that the
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integration by parts formula holds for the Brownian motion measure. Observe that k;
and |Vk;| are bounded if r.J ~2 and J-2Vlog J~% grow at most exponentially. Here we
do not strive for the best possible conditions, as the optimal conditions will manifest
themselves when Clark-Ocone formula and Poincaré inequalities are studied.

Our main results is the following integration by parts theorem, whose proof is given
in §2. In §3 we discuss the equivalence of the Semi-classical bridge measures and the
Brownian bridge measures, see also [32] for further studies in this direction.

Theorem 1.1. Assume C1-C4 hold. Then for any F,G € Cyl and h € H° the following
integration by parts formula holds,

/ G(o)dF (J.(o)h.) v(do) + / F(o)dG (J/.(0)h.) v(do)
C M C M

*0,Y0 *0,Y0

1 1
—E [(FG)(:%.)/ (hs + ;us "Ric* (iish s),désﬁ +E {(FG)(@.)/ d@(ashs)ds} :
0 0
Here dB, = dB, + u; 'V log k1 _(#,) ds. In particular d : Cyl C L*(Cy, 4o M) — L*(UsH,)

is closable and

1 1 . 1
div(Giih) = dG (i.h) —G/ (ho + i, Rick(2,h,), dB,) —G/ 4 (i1, hy ) ds.
0 0

For based path space over a compact manifold, with Brownian motion measure (the
Wiener measure), this was proved in [9], for non-compact manifolds see [18, 20], [22],
[40], and [6]. For pinned manifolds with measure coming from the classical Brownian
bridge measure, this was proved in [10] and [29], for a local formula see [8].

Let us now clarify the definition of d. A common definition for d, which we use, is
to take its initial domain to be Cyl, the set of cylindrical functions of the form F(c) =
floy,...,00,) wherem € N, 0 < t; <ty <--- <t, <1, and f is a BC! function on
the m-fold product space of M, or Cyl, the subset containing f(o¢,,...,0,, ) where f is
compactly supported. The H-derivative (Malliavin derivative) of F' in the direction of
u.(o)h. € T,Cyy M is:

(dF)(J.(c Zakf e (@)hey),

k=1

where 0 f denotes the derivative of f in its kth component and // denotes parallel
translation and identified with « in the sequel. Denote by G(s,t) and G°(s, t), respectively,
the Green’s functions of - on (0, 1) with suitable Dirichlet conditions: G(s,t) = s At and
G°(s,t) = s At — st. Then

(VF tk, //tk t( )ka(o—t17o—t27"'7o—tm))

=
I
—

7

(VOF)(U)(t) (tk7 )//fk f( )ka(at17at27 s 70'1‘/,7,,)7

>
Il
=

where V. f denotes the gradient of f in the kth variable. We have

IVE|? Gtk 6) [ s VS Vi 1),

IV GOtk t) (/) tut, Vi S Vi f)-

m
i,j=1
m
ij=1
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It is an open problem whether the closure of d with initial domain BC! agrees wth the
closure of d with initial value the cylindrical functions. This is the Markov uniqueness
problem, studied in [19] where it was only proved that the latter including BC?.

Open Question. It remains to study the validity of Poincaré inequality for v and use
it to explore whether a Poincaré inequality holds for the Brownian bridge measure. See
§3 for a conjecture.

2 Proof of Theorem 1.1

To clarify the singularities at the terminal time we first prove a lemma concerning
the divergence of a suitable vector field on the path space. Let u; be as defined by (1.1),

r2(z0,y 1
%, = (). Recall that k(x,y0) = (2mt) "3 e~ " J =% (z9) and
dBS = dB, +ﬁ;1V10gk1_s(fs,yo)d5~

The reference to yy will be dropped from time to time for simplicity. Define ric, =
u~! Rictu.

Lemma 2.1. Assume stochastic completeness, C2, and h & H°. Then,
fot <hs + grica, (hs), d1_§8> converges to fol <hs + 3rica, (hs), dBS> ast — 1. Furthermore,

lim E ((V logki_(-,y0), @ithe))” = 0,
t—1

fg(hs + iricg, (hs), dB,) converges in L*(2,P) as t approaches 1, and

1 1 ~ 1 1 1
/ hs + =ricg, (hs),dBs :/ hs + =ricg, (hs),dBs ) — / d®(tshg)ds
0 2 0 2 0

1
—/ Vd (logki—s(Zs,90)) (isdBs, tshs).
0

Proof. The singularities in the integral fol <hs + %ricas (hs), st> come from the involve-
ment of Vlog k1_4(Zs,yo) and we only need to worry about

t . 1
g = / <hs + iricﬂ,;(hs)vﬂ;1VI0g kl—s(isay0)> ds. 2.1
0

To deal with | <hs,ﬂ;1V10g kl_s(azs,yo)> ds, which involves the derivative of hy, we

use integration by parts. Since %(ushs) = ushs, by stochastic calculus applied to
d (logki_s) (ushs), where d denotes spatial differentiation, we see that

(Vlogk—+(Zt), ttht)

t n t
:/ <VI0gk1—s(fs)aﬂshs> d5+2/ Vd(logkl—s) (ﬁsei,ﬂshs)ng
0 =170
t
+/ Vd (logki—s) (Vlogki_s(Zs), Ushs)) ds
0

N /O t (; trace V2 + gs) (d (logk1— (1)) (ishs) ds,

the first term on the right hand side being «;. By the following identities,

Vioght_o(x) = —w +Viog(771), Ar=""

1
+ (Vr,ViogJ),
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the following set of formulas are easy to verify.

n_ r(Vr,VlegJ) 1

Alogky—s = 1, T 2A(log J),
ﬁlo ki_s = o — - 2.2
9s BT o — ) 21— )2 (2.2)
2
s T 1 5 1m(Vr,ViegJ)
|[Viegki_s|* = (1_8)2+4|V10gJ| —4—71_8 .

It follows that

1 0 1 1 1
(2A + 85) (logki_s) + §|V10g ki_q® = §|Vlog;<]|2 - ZA(logJ) = . (2.3)

Let Al := —(dd* + d*d) denote the Laplace-Beltrami Kodaira operator on differential
1-forms. By the Weitzenbéck formula, (3 trace V2 + %) d = (%Ald + %Ricﬁd + %d) ,
observing that trace V2 = —V*V, and consequently,

1 s 0 -
<2 trace V= + 85) d (logki_(Z5))

1 0 1
_ - Il 5 TRl 5
=d <2A + 85) (logky—_s(Zs)) + 2Rlc (dlogkyi—s(s))
1 1
= — 5d(|Vlog ky_s()?) +do + 5Ricﬁ (dlogk; _4(Z5)) -
Thus
Ly - 1 , 0 -
Vd (logki—s) (Vlogki_s(Zs), Ushs)) + 3 trace V= + s (d (logki—s)) (shs)
1

=d®(tshs) + §Ric (Vlogk1_s(Zs), tshs) .

Let us return to (Vlogki _+(Z+), Gthe):

(Vlogki—¢(Z¢), Grhy)
t . n t )
:/ <v1ogk1,s(5:8),ashs> ds—l—Z/ Vd (logk:_) (iisei, ishs)dB:
0 —Jo
t 1 t
+/ d(I)(ashs)ds+§/ Ric (Vioght_s(%s), iishs) ds.
0 0
We thus obtain the following relation:
1 t
0 = (Vioghy (&), iehe) + 3 / Dlog kr_s(Ric (ishs))ds
0
t
= (V logk1_ ("), dighe) — / (V®, ishy) ds
0

n t
—Z/ Vd (logk:_) (@ise;, ishs) dBL.
i=170

We will prove that each of the terms on the right hand side converges as ¢t approaches 1.
Furthermore (V logky_+(-), a:h:) converges to zero. We first observe that there exists a
constant C' such that E[r(#;)?] < Ct%. Indeed r; := (i, yo) satisfies

! 7“(5:5)

tl 1 t
Tt — T :Bt+/ fAr(zch)ds—/ ds—f/ (Vr,VlogJ), ds
0 2 0 175 2 0 s
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t t
n—1 T
5t+/0 27 5 /0 1—s %

where 3, is a one dimensional Brownian motion and we have used the fact that Ar =

L 4+ (Vr,VlogJ). Thus r, is a Bessel bridge starting at r(x¢,%) and ending at 0
at time 1. In particular lims; & = yo and (r,t < 1) is a continuous semi-martingale.
Furthermore for any p > 1, E[r(#;)?] < Ct%. If K, denotes the standard Gaussian kernel

on R” then for 21, zo € R™ with |21 — 22| = r(zo, yo),

1

E[r(Z,0)"] = K1 (21, 22)

We also know that E[¢2"¢] < oo for some a and ¢ < 1, invoking condition C2.
2
We show below that (2.1) has a limit as ¢ — 1. Firstly, since |d®| < ce®"”,

2

1
limE[/ <V<I>,ﬁshs>ds} =0.
t

t—1
We work with the first term on the right hand side. By the definition of k;_+,

(V logk1_¢(-,v0), Utht) = 7’(£t><vl7’(_i';), Urhy)

+ (ViogJ; % iighy).

Since |d(logJ;%)| < cer(@)?, limt_ﬂ(VlogJ;t%,thht) converges in L?(Q). Thus

2

lim B ‘(VlogJ—% (&), fiche)| =0,

using the fact that h; — 0. Also, by the symmetry of the Euclidean bridge,
E[r?(Z;,y0)] < C (t A (1 —t)) and hence

g |rE) (Vr@). ahi) | _ el
1-—t 1 —t
Since hy =0, and h € H,
2 1 1 . 2 1 .
|1ht‘ _ hdr| < / lis|?ds — 0,
-t 11—t .

as t — 1, using the fact that h € H. We conclude that
. . 2
lim B [(V logk:—¢(-), @he)]” = 0.

For the final term we observe that
Vr(tgse;)Vr(tshs) B rVdr(ase;, tshs)

Vd (logky—s) (Tsei, Ushs) = — 1_s 1—s

/ |z — 20|P K¢ (21, 2) K1-4(2, 20)dz < C|z1 — zz\%.

(2.4)

We further observe that the Frobenius norm of the Hessian of the distance function

satisfies:

n

1 1 —1
IVdr|| g := Z (Vg 0r,Ej) < Ar < <n " +(Vr,Vlog J>> .

vn—1 vn—1

ij=1

Since |Vlog J| < ce‘”2, for some constant C, which may depend on n,
2
/ Vd (logky_s) (fise;, ishs) dB:

2 2
<o/ |h| ”“l +4C/ |hs|?ds.
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This follows from the following standard computation,

Ehg? hy|? t (hy,2h, h|? Eo b
0 (1—=3) 1—t Jo 1-—s 1— 0 (1—135)

This concludes the proof of the convergence of the integral. The required identity follows
from the formula, given earlier, for ay. O

Let u; be the solution to the equation du; = >, H;(u;) o dB; with initial value
up € 7 Y(20). Then x; := 7(u;) is a Brownian motion on M starting at zo and the
integration by parts formula holds on L?(C,,M; u). For any F,G € Cyl, and h € H(T,, M)
with h(0) = 0, d is the differential on L?(C,,M) with respect to the Brownian motion
measure:

1
E[dF(u.h.)G] = —~E[FdG(u.h.)] + E [FG / (hs + %uglRiCﬁ(ushs),st> : (2.6)
0

If M is compact, see e.g. B. Driver [9]. This is also known to hold if the Ricci curvature
is bounded from below. The divergence of u.h. is

1
div(u.h.):/ (hs +2u_1Rlc (ushs),dBy).
0

The following lemma completes the proof of Theorem 1.1.

Lemma 2.2. Suppose stochastic completeness, C2-C4, and suppose that the integration
by parts formula (2.6) holds for the Brownian motion measure.

Proof. Let h € H°. Our plan is to pass the integration on the path space to the pinned
path space by a Girsanov transform. We first observe that if F' € Dom(d), adapted to G;
where ¢t < 1, then

E[dF(ih.)] = E {dF(uh,)me—fJ@(ws)ds} ,

In fact, the formula for the probablllty density between the original probability measure
on G; and the one for which B; — fo 1V10gk1 s(xs) ds is a Brownian motion, is:

m t ) 1 t
M; = exp [Z/ (Vlogk: —s (s, yo), usei)dBg — 5/ [Vlogk:—s(zs, yo)[*ds | .
i=170 0

By an application of It6’s formula, and identities (2.2-2.3) in the proof of Lemma 2.1,
k _ t
M, = 2=t J0) (24, 40) exp (—/ @(ms)ds) )
k1(0,90) 0

Since the Brownian motion and the Semi-classical bridge are conservative, then (M, s <
t) is a martingale for any ¢ < 1.

Since ® is bounded from below and has bounded derivative, e~ /o ®@)4s can be
approximated by smooth cylindrical functions in the domain of d. Next we observe that

1>
3

)
k1t (z+,90) ,JO

is bounded and smooth, so Tr (202110 (zs)ds helongs to the domain of d. Conse-
quently, for F, G measurable with respect to the canonical filtration up to time ¢ < 1, we

n r?
Vhki—s(-,y0) = 2m(1 — s)"Fe 7w J 7% <
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apply Girsanov transform to the equation du; = H(u;) o dB; and the integration by parts
formula (2.6) to see

E[G(z.)dF(u.h.)] = E[dF (u.h.) G(x.) M{]

=E[(FG)(z.)M;div(u.h.)] = E[(FG)(z.) dM¢(u.h.)] — E[F(z.) dG(u.h.) M{]

- [(FG)(:U,)Mt /Ot <hs + %u;lRicis (ha), dBSH B[P (2.)dG (u.h.) M,]

B [(FG)(m.)Mt d (logk:lt(mt, vo) — /0 t @(ms)ds> (u.h.)] .

Using Girsanov transform again, we shift from (ug, Bs) to (4, Bs) and obtain that

E[G(z.)dF (i.h.] =E {(FG)(@.) /0 (hs + ;aisicgs(hs),dBS>] — E[F(z.)dG(a.h.)]

~-E {(FG)(%.)(Vlogkl_t(a}t, Yo), Githy) — (FG)(E.) /Ot dq)(ushs)ds] :
We take ¢ 1 1, by (2.4) and Lemma 2.1, limsq; (Vlogk: (1, yo), @hs) = 0 in L, hence
E[G(%.)dF (i.h.)] + E[F(%.)dG(@.h.)]
=E [(FG)(@.)/O1 <hs + ;ﬂ;lRicﬁ(ashs),désﬂ +E [(FG)(gE.) (/01 d@(ashs)dsﬂ .

By a limiting procedure we see that the identity holds for G = 1. In particular we
conclude that d is a closable operator. Furthermore, Dom(div) contains Guh where
G € Cyl and

1 1
div(a.h.) = —/ <h5 + ;aglRiC”(ashs),st> - (/ d@(ashs)ds> .
0 0

The conclusion of Theorem 1.1 follows. Observe that under condition C1, the integration
by parts formula holds for the Brownian motion measure. This completes the proof of
Lemma 2.2. O

2.1 Comment

Let us consider briefly for which manifolds our assumptions on ® hold. Denote by
Or the radial curvature which, evaluated at x € M, is the unit vector field tangent to
the normal geodesic between x and the pole pointing away from the pole. The Hessian
of r describes the change of the Riemannian tensor in the radial directions, while the
change of the volume form in the radial direction is associated to the Laplacian of r.
More precisely we have:

1
Lorg = 2Hess(r),  Lgydvol = Ardvol, — Ar =~ — +dr(Viog J),

indicating how the Jacobian determinant adjusts the speed of the convergence so that
the Semi-classical bridge behaves exactly like the Euclidean Brownian bridge.
For the Hyperbolic space, ¢ is bounded from the formula below,

1 1 1
B = gln = 02+ 50 D -3) (5 - sinh(00)).
If (N,o0) is a model space, its Riemannian metric in the geodesic polar coordinates

takes the form g = dr? + f?(r)d6?, then on N \ {o}, Hess(r) = J;/((:)) (9 — dr ® dr). For
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the hyperbolic space of constant sectional curvature —c?, the Riemannian metric is
g= drz—&—(% sinh(er))2d#?. Also Hess(r?) = 2dr®@dr+2cr coth(cr)(g—dr®dr). Furthermore
its Jacobian determinant is J = (%)(”_1).

For manifolds of non-constant curvature we may use the Hessian comparison theorem.
The radial curvature at a point x € M is the sectional curvature in a plane at 7, M
containing the radial vector field 0,.. Let us recall a comparison theorem from [25, R.
E. Greene and H. Wul: let (IV, 0) be another Riemannian manifolds with a pole which
we denote by o. Suppose that (y(t),t € [0,b]) is a normal geodesic in M with the initial
point yo and (y2(t) : ¢t € [0,b]) a normal geodesic in N from o. We suppose that the radial
curvature at »(¢) is greater than or equal to the radial curvatures at «(t¢). By this we
mean the curvature operator R on M and R» on N satisfy the relation (R(w,y)w, ) <
(Ra(w2,¥2)wa, ¥2) for any unit vectors w € ST,y M and wo € ST, N, satisfying the
relation (w, d,) = (ws, 0,) where 0, denotes the radial vector fields for both manifolds.
Then for any nondecreasing function « : Ry — R, Hess(a 0 72)(72(t)) < Hess(a o 7)((t)),
where r; is the Riemannian distance function on N from o. For a precise Hessian
formulas and Hessian estimates for heat kernels on manifolds with a pole please see
[31, 1].

3 Conclusion and further questions

We have proved an integration by parts formula on L?*(Cy, ,,,v) where v is the
probability measure induced by the Semi-classical bridge. A probability measure i on
the path space is said to satisfy the Poincaré inequality if there exists a constant ¢ such

that )
/ (F— / qu) du< e (VP dn

for all F € Dom(d) and the inner product on #H can be defined either by stochastic
parallel translation or by damped stochastic parallel translation.

Conjecture. A Poincaré inequality holds for the Semi-classical bridge measure on a class
of Cartan-Hadamard manifolds. Of course it is reasonable to assume growth conditions
on J, J~! and suitable conditions on the range of the sectional curvature. Observe that
the closure of d depends on the measure used.

We remark that, for the Brownian bridge measure the question whether the Poincaré
inequality holds is not solved satisfactorily. The spectral gap inequality is known to hold
for Gaussian measure on R” by L. Gross [26], who also made a conjecture on its validity.
The spectral gap inequality has been proven to hold on the hyperbolic space [7], for a
class of radially symmetric Riemannian manifolds in [2] where asymptotics estimates
for the spectral gap are also given. The latter is based on estimates in [1]. See also
[3, 23, 5, 21, 17]. A counter example exists [13], see also [28, 24].

It is interesting to investigate the equivalence of the Semi-classical bridge, v, and the
Brownian bridge measure, v;, which might lead to new results /method on the spectral
gap problem for the Brownian bridge measure. For the rest of this section we assume
that the standard SDEs for the Brownian bridge and for the Semi-classical bridge are
conservative. Let (4;) be defined as in (1.1), which is conservative, and let Z5 = 7(as),
the Semi-classical bridge with initial value x.

Remark 3.1. Since the Brownian bridges and the Semi-classical bridges are globally
defined, then for any ¢t < 1 the Radon Nikodym derivative is: % = ¢Ne—=2(N)t where

t
Nt = / <v logpl—s('jsayO) - VIOg kl—s(i'svyﬂ)aasst> .
0

Observe that
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(a) v is absolutely continuous w.r.t. v on [0, 1] if and only if G; := eNe=3(N)e converges
inL'ast — 1.

(b) Suppose that G; — G in L'(Q), in which case the convergence holds also a.s.. If
furthermore G > 0 a.s., then the two measures are equivalent.

If {N; — 1(N);,t € [0,1)} is L' bounded, it converges almost surely and so does G;. If
furthermore lim 1 (Ny(w) — 2 (N),(w)) # —o0, then G(w) > 0. If furthermore N, — Z(N),
converges in L' then its limit is finite almost surely and G > 0. However, the convergence
of G, in L' is a difficult question, which cannot be casually replaced by “almost sure
convergence plus G € L'”. The standard example is the 1-dimensional Brownian motion
stopped when it hits 1.

For the invertibility of %, where v, v, are measures on a topological group, quasi-
invariant under the action of a subgroup whose action is ergodic for v4, see [4]. The
authors used this to prove the equivalence of the heat kernel measure, v,, and the
Brownian bridge measure, v;, on a loop space over a simply connected compact Lie
group. The quasi-invariance of vy, 15 were proved in [36] and [10] respectively, the
ergodicity of v; in [27], and the fact that 15 < 11 in [11]. In the latter a characterisation
for the heat kernel measure by a potential from [5] is a key. We, on the other hand,
will continue to follow the outline in the early remark. For a Riemannian metric of the
form dr? + f(r)2d6? on R", suppose that In.J has bounded derivatives of all orders, and
some other conditions, Aida [1] proved that sup |V log p;(, yo) — + exp;o (z )| is uniformly

bounded on [0,1) x M, c.f. [25]. Observe that Vlogki_;(z,yo) = VT iVlog J and
hence the assumptions below are reasonable.

Lemma 3.2. Let C1,C5,C3, and 6 < 1 be positive constants s.t. C; + 02 g . Suppose

that |V log %P < Cyr¥(z,y0) + Co - l(rg‘;) + C5 forallt < 1. Then the Brownian

bridge measure and the Semi-classical bridge measure are equivalent.

Proof. Since r(Zs,yo) is the n-dimensional Bessel bridge, Ee®*"Pscio.1] r*(#:.0) ig finite
for any ¢ < %. We simply use the standard representation of the Brownian bridge by
a Brownian motion (B;) from which: 7(Zs,y0) < (1 — s)r(zo,yo) + |Bs — sBiy|. Since

2
(N,N); = |Vlog 1’1725003( s)| , the following quantity is finite:

C. ~
sup Bes (VM < (Cape(3C1t3 1=5) subscio, v (Fa,v0)
t<1

By Novikov’s criterion, G; converges in L'. Since {N;—1(N, N),,t € [0,1)} is L? bounded,
it converges in L? and so has a finite limit. Thus lim,_,; G; # 0. 0O
By a theorem in [15], the elementary formula

2 (x()vyo) = kt(l'o,yO)Eefo ®(zs)d

holds if ® is bounded from below and more generally if E {efot cI’(97"5%133} < 00, [31]. The

latter holds if ®(x) < C} + Cyr?(z,yo) where Cy < é. Let W, denote the solution to the
equation

D - 1. 4 = 1 < Hess 72(-, yo) (W;)
= _ _ = # — Z Hess(1 _ i t
dtWt 2Rlc (W) 5 ess(log J)(Wy) 20 —1)

with initial value the identity. Set

Hess r2(-
alt,e) = sup {_mcx@, ») — Hess(log J) (v, ) — HE72(:90)(0,0) } |
lv|=1,0€T: M (1 — t)
ECP 22 (2017), paper 38. http://www.imstat.org/ecp/
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then |, | is controlled by lower bounds on «(t, ). For the hyperbolic space, the Hessian
of the distance square is given by the explicit formula Hebb( %) = 2dr®@dr+2cr coth(cr)(g—
dr ® dr). Suppose that we may differentiate log Eelo ®@:)ds with respect to the initial
point, then

Y P(zs)ds [T T
E [efo ®(@.)ds | dcp(ws(v))]ds}
Eefot P(zs)ds ’
See [1] for this. Suppose that for each ¢, a(t, -) is bounded from below we expect that

dlog Eelo 2(F)ds () = (3.1)
E |df (Wi(v0))| = d(Ef(@))(v0), @0 € M, v € Ty, M,

for every function f € BC!, see e.g. [33, 31]. If ® € BC! then equation (3.1) should
follow by discrete time approximation and by induction.

Proposition 3.3. Suppose that ® is bounded, then i:g‘;gzg is bounded. Suppose that
furthermore (3.1) holds. Then for any v € T, M, where V denotes differentiation w.r.t.
the first space variable,

2 2
pl—t($07yo)

kl_t(Io,yO) EA d(I)(Ws(’U))dS

If there exist a constant C such that [V®| < C and sup, ,yej0,1)xm @(t, ) < C (e.g. if
r is convex and if Ric + Hess(log J) > —C') then the Brownian bridge measure and the
Semi-classical bridge measure are equivalent.

1—t
Vlog <c < cE/ elo ar@ndr |G o(z,)|2ds.
0

Proof. By the assumption, p;_+(zo, o) = k1_¢(z0, y0)E [ Jo =" @(@s)d

m < Ee~Jo " ®@)ds We differentiate the
Bold T e (aas

elementary formula and conclude that there exists a constant ¢ such that for any v €
Ty M with |v] =1,

S} , the first statement

follows trivially from the estimate

2

|:ejl tq)(ggs de d(I)( ( ))]d8:|
Eeld @ (Fu(x))ds

‘V log pkt(%o, yo) ? _
k1—¢(zo0, o)

2
<cE

/“ A (W, (v))ds
0

This follows from Cauchy-Schwartz’s inequality and and the boundedness of |®|. Since

- o oy o
%WV}‘? = —(Ric + Hesslog J) (W, W) — w’

~ t ~ 2
we see that |, |2 < efo @(s#:)ds and |V log Qijfﬁiﬁﬁzﬁg

The rest of the conclusion follows from Lemma 3.2. O

< B { St els a(hfc7~)dr|vq>(;ﬁs)|2d8] .

Finally we discuss the equivalence of the radial parts of the two bridge processes,
especially on radially symmetric manifolds. Set

OplogJ = (Vr(-,y0),ViegJ),  0,Vilogpi_(-,y0) = (Viegpi—(-,y0), V7 (-, %0))-

Proposition 3.4. Suppose that 9, log J and 9,V logpi_¢(-, yo) are functions of r(-,yo).

Letd < 5 L and ¢y, ¢y, c3 be positive constants such that ¢, + 155 < 7. Suppose that

1 2
i_t)+3V10gp1 b yo)_ia’"bg‘] S617"2('ay0)+62(1( yto))é

Then the radial parts of the Semi-classical bridge and that of the Brownian bridge are
equivalent.

—|—63.
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Proof. The radial process, 7; = (Z¢,yo), of the Semi-classical bridge satisfies the SDE

"t g,
1t

1
dft:dﬂt+§”

-1
—dt —
Tt
where (; is a 1-dimensional Brownian motion. Since Ar = % — Vlog J, the radial
process of the Brownian bridge satisfies

In—-1

d’l"t:dﬁt—‘r*
2 Tt

1
dt — 5arv log Jdt + 0, log p1—+(-, yo)dt.

Thus (r,) is absolutely continuous with respect to (7,) on [0, ¢] where ¢ < 1 with Radon
Nikodym derivative the exponential martingale of

t 1 ~5
Ny = / (2& log J + 0, log p1—s(-, y0) + ! > dgs.
0

1—s
o= [

1 ~
~2 Ts
S /0 (C]_T‘S + CQW + Cg) ds.

Then by the Cauchy-Schwartz inequality applied to the middle term, the exponential
integrability of the Bessel bridge, and Novikov’s criterion, both eN¢—2(N:N)t and (N,)2
are uniformly integrable. In particular the two measures are equivalent. O

Observe that

2
ds

1 T
— 29, log J + 8, log p1_s(-, I
50rlog J +9rlogpis(-,yo) +

We conclude the discussion on the equivalence problem with the following obser-
vation: the probability distribution of the equation dz; = dB; — c{™;dt, where c # 1, is
singular with respect to that of the classical Brownian bridge measure on [0, 1]. This
and a comparison of their respective Cameron-Martin spaces are proved in [32], where
generalised Brownian bridges are studied.
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