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DISCRETISATIONS OF ROUGH STOCHASTIC PDES

BY M. HAIRER! AND K. MATETSKI
Imperial College London and University of Toronto

We develop a general framework for spatial discretisations of parabolic
stochastic PDEs whose solutions are provided in the framework of the theory
of regularity structures and which are functions in time. As an application,
we show that the dynamical CI>‘31 model on the dyadic grid converges after
renormalisation to its continuous counterpart. This result in particular implies
that, as expected, the d>‘31 measure with a sufficiently small coupling constant
is invariant for this equation and that the lifetime of its solutions is almost
surely infinite for almost every initial condition.
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1. Introduction. The aim of this article is to develop a general framework for
spatial discretisations of the parabolic stochastic PDEs of the form

oru=Au—+ Fu,é§),

where A is an elliptic differential operator, £ is a rough noise and F' is a nonlinear
function in # which is affine in £. The class of spatial discretisations we work with
are of the form

atué‘:AEuS_'_F&‘(uS’sfi)’

with the spatial variable taking values in the dyadic grid with mesh size ¢ > O,
where A¢, £¢ and F? are discrete approximations of A, & and F, respectively.

A particular example prototypical for the class of equations we are interested in
is the dynamical ®* model in dimension 3, which can be formally described by
the equation

(@4 (P =AD+ (00 —a)® — 1D + &, (0, ) = Do (),

on the torus T3 def (R/Z)3 and for r > 0, where A is the Laplace operator on T3,
a € R is a fixed constant, A > 0 is a “coupling constant”, ®¢ is some initial data
and & is the space—time white noise over L?(R x T?), see [10].

Here, oo denotes an “infinite constant™: (<I>§) should be interpreted as the limit
of solutions to the equation obtained by mollifying & and replacing co by a con-
stant which diverges in a suitable way as the mollifier tends to the identity. It was
shown in [19] that this limit exists and is independent of the choice of mollifier.
The reason for the appearance of this infinite constant is that solutions are random
Schwartz distributions (this is already the case for the linear equation, see [10]),
so that their third power is undefined. The above notation also correctly suggests
that solutions to (d>§) still depend on one parameter, namely the “finite part” of the
infinite constant, but this will not be relevant here and we consider this as being
fixed from now on.

In two spatial dimensions, a solution theory for (<I>‘3‘) was given in [1, 9]; see also
[27] for earlier work on a closely related model. In three dimensions, alternative
approaches to (<I>‘3‘) were recently obtained in [6] (via paracontrolled distributions,
see [14] for the development of that approach), and in [30] (via renormalisation
group techniques a la Wilson).

It is natural to consider finite difference approximations to (CD‘;) for a number
of reasons. Our main motivation goes back to the seminal article [5], where the
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authors provide a very clean and relatively compact argument showing that lattice
approximations [, to the <I>§ measure are tight as the mesh size goes to 0. These

measures are given on the dyadic grid Tg’ C T3 with the mesh size & > 0 by

(1.1) e (@°) =5 TT dof (v)/ 2,
xeT?

for every function ®¢ on T2, where Z, is a normalisation factor and

(€ —a)

S (0°) Lo 3 (07 () — @°(y)) o 3 @ (x)?
X~y eT?
(1.2) .
42 PR HEI
4 xeTg

with Cig) being a “renormalisation constant” and with the first sum running over
all the nearest neighbours on the grid Tg, when each pair x, y is counted twice.
Then the d>§ measure (1 can be heuristically written as

(1.3) p(@) ~e @ T ad),

xeT3

for ® € &’ and for S begin a limit of its finite difference approximations (1.2):

1 00 — A
S(®) = /Ts(E(W)(’“))Z - T“cb(x)2 + Zc1>(x)4) dx.

Since the measures (. with a sufficiently small coupling constant are invariant for
the natural finite difference approximations of (CI>§'), showing that these converge
to (<I>§') straightforwardly implies that any accumulation point of . is invariant
for the solutions of (@g). These accumulation points are known to coincide with
the CI>‘3L measure i [38], Theorem 2.1, thus showing that p is indeed invariant
for (d>§'), as one might expect. Another reason why discretisations of (<I>‘3‘) are
interesting is because they can be related to the behaviour of Ising-type models
under Glauber dynamics near their critical temperature; see [16, 39]. See also the
related result [34] where the dynamical CI>‘2L model is obtained from the Glauber
dynamic for a Kac-Ising model in a more direct way, without going through lattice
approximations. Similar results are expected to hold in three spatial dimensions;
see, for example, the review article [12].
We will henceforth consider discretisations of (<I>‘3‘) of the form

d
(®F,) —- 0= A"+ (G — )@ —A(®) £ D0, = P[0,

on the dyadic discretisation T3 of T3 with mesh size ¢ =2~V for N € N, where
of € RTE, A¥? is the nearest-neighbour approximation of the Laplacian A, &¢ is a
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spatial discretisation of &, and C is) is a sequence of diverging, as ¢ — 0, renormal-
ization constants depending on A. We construct these discretisations on a common
probability space by setting

(1.4) ) e e ) _yzepn). (LX) ERXT,

where |x| denotes the supremum norm of x € R3. Our results are however flexible
enough to easily accommodate a variety of different approximations to the noise
and the Laplacian.

Existence and uniqueness of global solutions to (CD .) for any fixed ¢ > 0 fol-
lows immediately from standard results for SDEs [24, 26] Our main approxima-
tion result is the following, where we take the initial conditions @ to be random
variables defined on a common probability space, independent of the noise £. (We
could of course simply take them deterministic, but this formulation will be how it
will then be used in our proof of existence of global solutions.)

THEOREM 1.1. Let E be a space—time white noise over L*R x T3 ona
probability space (2, .F,P), let g € C"(R>) almost surely, for some n > —2

and let ® be the unique maximal solution of (<I>4) on [0, T,] with fixed constam‘s
a € Rand A > 0. Let furthermore A® be the nearest-neighbour approximation of
A, let Of € R™: be a random variable on the same probability space, let £¢ be
given by (1.4), and let ®° be the unique global solution of (CDé" o). If the initial
data satisfy almost surely

lim || Do; © _ 0,

8_)0H 0 ”cn

then for every a < —% there is a sequence of renormalisation constants
A

(1.5) C® ~Z —3’loge
e

in (QD; ) and a sequence of stopping times T, (which also depend on )\ and a)
satisfying limg_.o T, = T, in probability such that, for every n < n A «, and for
any § > 0 small enough, one has the limit in probability

(1.6) lim | @; @* e =0.

TF

REMARK 1.2. By writing (1.5), we mean that Cig) is a sum of two terms
proportional to A and —A2, respectively, whose asymptotic divergence speeds are
e Vandloge as e — 0.

As a corollary of this convergence result and an argument along the lines of [4],
we have the following result, where we denote by u the CI>§' measure on the torus
with a coupling constant A > 0 and mass mq > 0; see [5] for a definition.
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COROLLARY 1.3. [fa= m(z) > 0 and if the coupling constant X > 0 in (<I>‘3‘)
is sufficiently small, then for p-almost every initial condition ®¢ and for every
T > 0, the solution of (CI>§) constructed in [19] belongs to Cg’a([O, T], T3),f0r
8, o and n as in (1.6). In particular, this yields a reversible Markov process on
CY(T3) with an invariant measure .

In order to prove this result, we will use regularity structures, as introduced in
[19], to obtain uniform bounds (in ¢) on solutions to (CI>§'7 ¢) by describing the right-
hand side via a type of generalised “Taylor expansion” in the neighbourhood of
any space—time point. The problem of obtaining uniform bounds is then split into
the problem of on the one hand obtaining uniform bounds on the objects playing
the role of Taylor monomials (these require subtle stochastic cancellations, but are
given by explicit formulae), and on the other hand obtaining uniform regularity
estimates on the “Taylor coefficients” (these are described implicitly as solutions
to a fixed-point problem but can be controlled by standard Banach fixed-point
arguments).

In order to treat the discretised equation (<I>‘3‘7 ¢)» we introduce a discrete analogue
to the concept of “model” introduced in [19] and we show that the corresponding
“reconstruction map” satisfies uniform bounds analogous to the ones available in
the continuous case. One technical difficulty we encounter with this approach is
that the set-up is somewhat asymmetric since time is continuous while space is
discrete. Instead of considering a fixed model as in [19], we will consider a fam-
ily of models indexed by the time parameter and satisfying a suitable regularity
property. This idea requires some modification of the original theory, in particular
of the “abstract integration” operation ([19], Section 5), and of the corresponding
Schauder-type estimates.

As this article was nearing its completion, Zhu and Zhu [40] independently
obtained the convergence of solutions to (df;, ¢) to those of (@3‘) using different
methods. Additionally, Gubinelli and Perkowski [15] recently obtained a similar
result for the KPZ equation. One advantage of the approach pursued here is that
it is quite systematic and that many of our intermediate results do not specifically
refer to the CI>‘31 model. This lays the foundations of a systematic approximation
theory which can in principle be applied to many other singular SPDEs, for exam-
ple, stochastic Burgers-type equations [17, 22, 23], the KPZ equation [3, 18, 29]
or the continuous parabolic Anderson model [19, 21].

Structure of the article. In Section 2, we introduce regularity structures and
inhomogeneous models (i.e., models which are functions in the time variable).
Furthermore, we prove here the key results of the theory in our present framework,
namely the reconstruction theorem and the Schauder estimates. In Section 3, we
provide a solution theory for a general parabolic stochastic PDE, whose solution
is a function in time. Section 4 is devoted to the development of a discrete ana-
logue of inhomogeneous models, which we use in Section 5 to analyse solutions
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of discretised stochastic equations. In Section 6, we analyse models, built from a
Gaussian noise. Finally, in Section 7, we prove Theorem 1.1 and Corollary 1.3.

Notation and conventions. Throughout this article, we will work in R4*+!
where d is the dimension of space and 1 is the dimension of time. Moreover,
we consider the time—space scaling s = (sg, 1,..., 1) of Rt where s9 > 0 is
an integer time scaling and s; =1, for i =1, ..., d, is the scaling in each spatial
direction. We set |s| def Zfl:o 5;, denote by |x| the £°°-norm of a point x € RY,
and define ||z||s def |£]1/50 v/ |x| to be the s-scaled £°°-norm of z = (7, x) € R4TL,
For a multiindex k € N?*+!, we define [k|, & 3%, sik;, and for k € N¢ with the
scaling (1, ..., 1) we denote the respective norm by |k|. (Our natural numbers N
include 0.)

For r > 0, we denote by C” (R%) the usual Hélder space on R?, by Co (R?) we
denote the space of compactly supported C"-functions and by Bj (RY) we denote
the set of C"-functions, compactly supported in B(0, 1) (the unit ball centered at
the origin) and with the C"-norm bounded by 1.

For ¢ € B(’)(Rd), A>0and x,y € R? we define (p;‘(y) déf)»_dgo()x_l(y —x)).
For a < 0, we define the space C*(R?) to consist of ¢ € S’'(RY), belonging to the
dual space of the space of Cy-functions, with » > —|«], and such that

def _
(1.7) I¢llce = sup sup sup A7z, )| < oo.
9By xeRd 1€(0,1]
Furthermore, for a function R 3 7 > ¢, we define the operator §°' by

(1.8) ste e g,

and for § > 0, n <0and T > 0, we define the space C,‘g’“([O, T, Rd) to consist of
the functions (0, T] >t + ¢ € C* (R?), such that the following norm is finite:
of 1857 llgass

d =1
(1.9) Il 50 = sup [t " ISt llce +  sup |z, s]
ST eor] O s#1€(0,T] O |t —s5/50

El

where |1]g def [£]1/50 A 1 and |t, 5o def [tlo A |s]o. The space C?I’“([O, T1,R%) con-
tains the function ¢ as above which are continuous in time and is equipped with
the norm defined by the first term in (1.9).

Sometimes we will need to work with space—time distributions with scaling s.
In order to describe their regularities, we define, for a test function ¢ on Rt for
A>0andz,7eRH

_ def , _ 0= 1= 1,
(1.10) @™ @ 27 Plo(A 0@ —20), A7 @1 — 21), -, A7 @a — 2a)),

and we define the space C¢ (R¥*1) similar to C*(R¥), but using the scaled func-
tions (1.10) in (1.7).
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. . . o . d .

In this article, we will also work with discrete functions ¢¢ € R”¢ on the dyadic

grid Ag c RY with the mesh size ¢ =2~V for N € N. In order to compare them

with their continuous counterparts { € C¢ (R?) with & < 0, we introduce the fol-
lowing “distance”:

(e) def

|2:¢%] g = sup sup sup A7l{¢, @f) —(¢°, 0}),
peB)xeAd relg, 1]

’

where (-, -)¢ is the discrete analogue of the duality pairing on the grid, that is,

a1l [ ot md el Y meko).
¢ yend

For space—time distributions/functions ¢ and ¢?, for § > 0 and n < 0, we define

def -
665150 = sup ltlg" s ¢ (12
nT o 1e(0,T]

(1.12) ||(Ss’t§' (Ss’t{8||(8) 5
+ sup sty ’ o
s#1€(0,T] O (|t — 5|15 v g)9

Furthermore, we define the norm ||¢¢ ||gi;),a in the same way as in (1.7) and (1.9),

n,T
. . .. .\ £ f
but using the discrete pairing (1.11), the quantities |f|, dof [tlo V € and |s, t], def

Is|e A |t]e instead of |t|p and |s, t|g, respectively, and |t — s|1/%0 / ¢ instead of
|t —s|1/%0.

Finally, we denote by % and %, the convolutions on R?*! and R x Ag, respec-
tively, and by x < y we mean that there exists a constant C independent of the
relevant quantities such that x < Cly.

2. Regularity structures. In this section, we recall the definition of a regu-
larity structure and we introduce the inhomogeneous models used in this article,
which are maps from R (the time coordinate) to the usual space of models as in
[19], Definition 2.17, endowed with a norm enforcing some amount of time reg-
ularity. Furthermore, we define inhomogeneous modelled distributions and prove
the respective reconstruction theorem and Schauder estimates. Throughout this
section, we work with the scaling s = (sp, 1,..., 1) of Rt but all our results
can easily be generalised to any non-Euclidean scaling in space, similar to [19].

2.1. Regularity structures and inhomogeneous models. The purpose of regu-
larity structures, introduced in [19] and motivated by [13, 32], is to generalise Tay-
lor expansions using essentially arbitrary functions/distributions instead of poly-
nomials. The precise definition is as follows.
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DEFINITION 2.1. A regularity structure .7 = (T, G) consists of two objects:

e A model space T, which is a graded vector space T = @, 4 To» Where each
T« is a (finite dimensional in our case) Banach space and A C R is a finite set
of “homogeneities”.

e A structure group G of linear transformations of 7, such that for every I' € G,

every o € A and every t € Ty one has 't — 7 € Ty, with T, déf@ﬁm Tp.

In [19], Definition 2.1, the set .4 was only assumed to be locally finite and
bounded from below. Our assumption is more strict, but does not influence any-
thing in the analysis of the equations we consider. In addition, our definition rules
out the ambiguity of topologies on 7T .

REMARK 2.2. One of the simplest nontrivial examples of a regularity struc-
ture is given by the “abstract polynomials” in d 4 1 indeterminates X;, with
i =0,...,d. The set A in this case consists of the values & € N such that « < r, for
some r < oo and, for each « € A, the space 7, contains all monomials in the X; of
scaled degree . The structure group Gpoly is then simply the group of translations
in R%*! acting on X* by h— (X — h)X.

We now fix > 0 to be sufficiently large and denote by 7Tpo1y the space of such
polynomials of scaled degree r and by Foly the set (X*: k|5 < r}. We will only
ever consider regularity structures containing Tpoly as a subspace. In particular,
we always assume that there’s a natural morphism G — G,y compatible with the
action of Gpoly on Tpoly = 7.

REMARK 2.3. For t € T, we will write @, for its canonical projection onto

T, and define ||7|¢ & |Qull. We also write Q_, for the projection onto 7T,
etc.

Another object in the theory of regularity structures is a model. Given an ab-
stract expansion, the model converts it into a concrete distribution describing its
local behaviour around every point. We modify the original definition of model in
[19], in order to be able to describe time-dependent distributions.

DEFINITION 2.4. Given a regularity structure .7 = (7,G), an inhomoge-
neous model (I1, I, ¥) consists of the following three elements:

e A collection of maps I'" : R x R? — G, parametrised by 7 € R, such that

(2.1) e, =1, rrr: =rt

xXy© yz Xz°

for any x, y,z € R? and ¢ € R, and the action of F;y on polynomials is given as
in Remark 2.2 with 7 = (0, y — x).
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e A collection of maps X, : R x R — G, parametrised by x € R?, such that, for
any x € R? and s, r, 7 € R, one has

(2.2) =1, TyEl=3,  ZIr, =Tz,

and the action of X3’ on polynomials is given as in Remark 2.2 with h =
(t —s,0).
e A collection of linear maps IT, : 7 — &’ (R?), such that

(2.3) I,=M.r! (X)) =@ -nf,  ([x®D)y) =0,

X xy?
forall x, y e R?, t € R, k € N%, ko € N such that kg > 0.

Moreover, for any y > 0 and every T > 0, there is a constant C for which the
analytic bounds

24a)  |(Mired) <Clelal, T, < Cliehx =y,
(2.4b) | =3z, < Clizlliz — 5]/,

hold uniformly over all T € 7, with/ € Aand ! < y, all m € A such that m <, all
A€ (0,1],all g € By(RY) withr > —|min.A],and allt,s € [T, T]and x, y € R
such that |t —s| < 1 and |x — y| < 1.

In addition, we say that the map IT has time regularity § > 0, if the bound

(2.5) (T — T15)7, )| < Clizllle — 512002,

holds for all T € 7; and the other parameters as before.

REMARK 2.5. For a model Z = (I1, T', ), we denote by [I1|l,.7, [IUll,.7
and [|X||,,7 the smallest constants C such that the bounds on II, I" and ¥ in
(2.4a) and (2.4b) hold. Furthermore, we define

def
WZly:7 = Iy + IT 7 + 1217
If Z=(I1, T, ¥) is another model, then we also define the “distance” between two

models:
—_ d f - —_ —_
(2.6) WZ; Zlly;r = I =Tl r + 1T =Tllyr + 12 = Zllys7.

We note that the norms on the right-hand side still make sense with I and X

. . def .
viewed as linear maps on 7. We also set || I1]|5 ;7 = ITT]|,;7 + C, where C is the

smallest constant such that the bound (2.5) holds, and we define

def
WZWs.p:r = ITls.p:r + 1T Ny + 1 Zly: 7.

Finally, we define the “distance” || Z; Z ls,,;7 asin (2.6).
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REMARK 2.6. In [19], Definition 2.17, the analytic bounds on a model were
assumed to hold locally uniformly. In the problems which we aim to consider,
the models are periodic in space, which allows us to require the bounds to hold
globally.

REMARK 2.7. For a given model (IT, I', ), we can define the following two
objects:

Q7 gD y) =520 1)(0).  Ceaey =TI =T,

for € T. Of course, in general we cannot fix the spatial point y in the definition
of I1, and we should really write ((lzl(,,x)f)(s, ) (p) = (I8 1) (@) instead, for
any test function ¢, but the notation (2.7) is more suggestive. One can then easily
verify that the pair (IT, I') is a model in the original sense of [19], Definition 2.17.

2.2. Inhomogeneous modelled distributions. Modelled distributions represent
abstract expansions in the basis of a regularity structure. In order to be able to
describe the singularity coming from the behaviour of our solutions near time 0,
we introduce inhomogeneous modelled distributions which admit a certain blow-
up as time goes to zero.

Given a regularity structure 7 = (7, G) with a model Z = (I1, T, X), values
y,n € R and a final time T > 0, we consider maps H : (0, T] x RY — T~y and
define

def (I—n)VvO
”H”y,n;T = Sup Sup sup |t|0 ” Ht(x)”l
te(0,T] xeRd I<y

(2.8) 1H: (x) =Ty Hi () i
+ sup sup sup —7 ]
1€(0,T]y2yerd <y |tlg “lx —y[¥™

lx—yl=<1

where [ € A in the third supremum. Then the space D%” consists of all such func-
tions H, for which one has
def | Hy (x) — 23 Hs (0) Iy
2.9) WHlly 7 = 1Hllyer +  sup  sup sup —————=—=
s#1€(0.T] xeRd i<y |t,s]g " |t —s|r=D/%0
jt=s1<1t,515°

The quantities |¢|p and [¢, s|p used in these definitions were introduced in (1.9).
Elements of these spaces will be called inhomogeneous modelled distributions.

REMARK 2.8. Thenormin (2.9) depends on I" and X, but does not depend on
IT; this fact will be crucial in the sequel. When we want to stress the dependency
on the model, we will also write D;’W(Z).
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REMARK 2.9. In contrast to the singular modelled distributions from [19],
Definitions 6.2, we do not require the restriction |x — y| < |z, s|g in the second
term in (2.8). This is due to the fact that we consider the space and time variables
separately (see the proof of Theorem 2.21, where this fact is used).

REMARK 2.10. Since our spaces D;’” are almost identical to those of [19],
Definition 6.2, the multiplication and differentiation results from [19], Section 6,
hold also for our definition.

To be able to compare two modelled distributions H € D%"(Z) and H €
D¥’" (Z), we define the quantities

IH: Hlly 1

def [— 0 b
= sup sup sup|r] VO Hy(x) — Hi(0)]),
te(0,T]xeRd I<y

| Hy () — T, Hy () — Hy () + T4 B ()l

+ sup sup sup

n—y — ’
1€(0.T] x£yeRd I<y ltlg " lx =y~
l[x—yl<1
Il H ; H|||y,n;T
def =
= ”Ha H”y,r};T

| H; (x) — 285 H (x) — Hy (x) + S5 Hy (x) |l
+ sup sup sup .

s#1€(0,T] xeR?I<y |, 517 1t — s|(v=D/so
lt—s]<t,s]3

The “reconstruction theorem” is one of the key results of the theory of regularity
structures. Here is its statement in our current framework.

THEOREM 2.11. Let = (T, G) be a regularity structure with o & min A <
Oand Z = (I1, 1", ¥) be a model. Then, for every n e R, y >0 and T > 0, there
is a unique family of linear operators R; : D;’U(Z) — C*(RY), parametrised by
t € (0, T, such that the bound

2.11) (ReHy = T Hy (), @3)] SAIelg 7 IH Ny s [Ty

holds uniformly in H € Dy"(Z), t € (0, T], x € R?, » € (0, 1] and ¢ € By(R?)
withr > —|a].

If furthermore the map T1 has time regularity 8 > 0, then for any § € (0, 8] such
that § < (m—2¢) forallt,m € ((—oo, y)NA)U{y} such that { < m, the function
t — R H; satisfies

(2.12) IRH o S I sor (L4 12y )N My 7

n—y.T
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Let Z = (I1,T, £) be another model for the same regularity structure, and let
Rt be the operator as above, but for the model Z. Moreover, let the “maps 11 and
I1 have time regularities 5 > 0. Then, for every H € DV "(Z) and H € Dy "2),
the maps t — R, H; and t — R H; satisfy
(2.13) IRH —RH|| da  SIH; Hlly.r + 125 Zls, .7

nJ/T

for any § as above, and where the proportionality constant depends on || H Wy, n:7s
WE Ny ;7> WZs ;7 and 1 Z1s5,y;7-

PROOF. Existence and uniqueness of the maps R, as well as the bound (2.11),
follow from [19], Theorem 3.10. The uniformity in time in (2.11) follows from the
uniformity of the corresponding bounds in [}9], Theorem 3.10.

To prove that r — R;H; belongs to Cf,f‘y ([0, T1,R%), we will first bound
(R¢Hy, 0%), for A € (0,1], x € RY and ¢ € By(R?). Using (2.11) and properties
of IT and H we get

|(RiHy, 0%)] < |(RHy — T Hy (x), oY) + (T Hy (x), 0%
(214) S )\'y|t|8_y + Z )\‘§|t|(()n_§)/\0 S )\-a|t|8_y’
¢ela,y)NA

where the proportionality constant is affine in || H ||, .7 [ TT]l,/;7, and & is the min-
imal homogeneity in A.
In order to obtain the time regularity of t — R; H;, we show that the distribution

g & def IT" H, (x) — I1§ Hy(x) satisfies the bound

@15 e S e e K T R P T

uniformly over all x, y € R? such that A < [x —y| <1, all s,¢ €R, and for any
value of § as in the statement of the theorem. To this end, we consider two regimes:
e =yl <t —s]"/%0 and |x — y| > |z —s|'/*0.

In the first case, when |x — y| < |t — s|!/%0, we write, using Definition 2.4,

2.16) & =g =T (H(x) = Ty Hi(y)) — T (Hs (x) — Ty Hs (),

and bound these two terms separately. From the properties (2.4a) and (2.9), we get
(L5 (H () = Tiy Hi (7)), €5

S Y MH@-TLH,
(2'17) Cela,y)NA
SO M=yl ey T S A% x =y g

~

Celo,y)NA
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where we have exploited the condition |[x — y| > A. Recalling now the case we
consider, we can bound the last expression by the right-hand side of (2.15). The
same estimate holds for the second term in (2.16).

Now, we will consider the case |x — y| > |t — s|1/%0 In this regime, we use the
definition of model and write

&' =& = (I = I3 (Hi (x) — T3 He ()
(2.18) + I (1 = =) (Hi (x) = Ty Hi ()
— T (Hy (x) — 53 Hy () + T (H () — 5 Hy (7).
The first term can be bounded exactly as (2.17), but using this time (2.5), that is,
(T = T (Hr () = T4 Hi (), 03)] S 2% = y 7= elg 1 — s/,

In order to estimate the second term in (2.18), we first notice that from (2.4b)
and (2.9) we get

(1 =2 (H (x) = F;sz(y))”;

S D0 lt=s|"TO | Hy(x) = T Hi(0) ),

f<m<y

D B e L

~

(2.19)

f<m<y

St — s[5 x — y| 7007,

~

for any §< min,~¢cA(m — ¢), where we have used the assumption on the time
variables. Hence, for the second term in (2.18) we have

(M (1= 23 (Hi (6) = Ty He (1)) €% )
Sl =sP20e§7 30 28w =y,
<y
Since |x — y| > A and ¢ > «, the estimate (2.15) holds for this expression.
The third term in (2.18) we bound using the properties (2.4a) and (2.9) by
(M3 (s () = S H (). 03)| S D 48| Hy () = 2 H (),
i<y

< Z A — s|(y_{)/50|t,slg_y.
i<y

(2.20)

It follows from |x — y| = A, |x - y| > |t — s|1/%0 and ¢ > «, that the latter can
be estimated as in (2.15), when § <min{y — ¢ : ¢ € A, ¢ < y}. The same bound
holds for the last term in (2.18), and this completes the proof of (2.15).



1664 M. HAIRER AND K. MATETSKI
In view of the bound (2.15) and [19], Proposition 3.25, we conclude that
2.21) (R Hy — Ry Hy — &3, %) S |t — s|/%007 s, 1177,
uniformly over s, t € R and the other parameters as in (2.11). Thus, we can write
(RiH; — RsHs, 0%) = (ReHy — ReHy — 31, 03) + (' 0}),

where the first term is bounded in (2.21). The second term we can write as

(63", 0%) = (T = TL) Hy (), @) + (I (Hy () — T3 Hi (x), 05)

+ (I (B — 1) Hy(x). o).

which can be bounded by |t — slg/s"ka_g|s, t|g_y, using (2.5), (2.20) and (2.4b).
Here, in order to estimate the last term, we act similar to (2.19). Combining all
these bounds together, we conclude that

(2.22) (R Hy — Ry Hy, 02)] < 1t — /%02 s, 1177,

which completes the proof of the claim.
The bound (2.13) can be shown in a similar way. More precisely, similar to
(2.14) and using [19], equation (3.4), we can show that

(ReHy — R Hy, 05)| S 211G~ (UL 2 W H s Hly e+ T =Tl [ H 7).

Denoting ;:;C” def l:I; H;(x) — I:Ifc H(x) and acting as above, we can prove an ana-
logue of (2.21):

((R:H, — RiH, — RyHy + Ry Hy — &5 4+, o))
St —sPlon s, 1377 (W Hs Hllyir + 1Z: Zlls, 7).
with the values of § as before. Finally, similar to (2.22) we get
(R Hy — R H, — Ry Hy + Ry Hy, 02)| < |t — 519022 s, )77
< (1H; Hlly..r + 125 Zls.:7),

which completes the proof. [J

DEFINITION 2.12.  We will call the map R, introduced in Theorem 2.11, the
reconstruction operator, and we will always postulate in what follows that R; =0,
fort <0.

REMARK 2.13. One can see that the map 7~3(t, 2 def R: () is the reconstruc-
tion operator for the model (2.7) in the sense of [19], Theorem 3.10.
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2.3. Convolutions with singular kernels. In the definition of a mild solution
to a parabolic stochastic PDE, convolutions with singular kernels are involved. In
particular, Schauder estimates plays a key role. To describe this on the abstract
level, we introduce the abstract integration map.

DEFINITION 2.14. Given a regularity structure .7 = (7, G), a linear map 7 :
T — 7T is said to be an abstract integration map of order B > 0 if it satisfies the
following properties:

e Onehas Z:7,, — Tpuyp, forevery m € Asuchthatm + g € A.

e For every 7 € Tpoly, one has Zt = 0, where 7,01y C 7T contains the polynomial
part of 7 and was introduced in Remark 2.2.

e One has II't — I'Zt € Tpoly, forevery t € T and I" € G.

REMARK 2.15. The second and third properties are dictated by the special
role played by polynomials in the Taylor expansion. One can find a more detailed
motivation for this definition in [19], Section 5. In general, we also allow for the
situation where Z has a domain which is not all of 7.

Now, we will define the singular kernels, convolutions with which we are going
to describe.

DEFINITION 2.16. A function K : R4\ {0} — R is regularising of order
B > 0, if there is a constant » > 0 such that we can decompose

(2.23) K=Y K",
n>0

in such a way that each term K™ is supported in {z € R¥*!: ||z||ls < ¢27"} for
some ¢ > 0, satisfies

(2.24) IDFK ™ ()] < 2Usl=B+klsn

for every multiindex k with |k|s < r, and annihilates every polynomial of scaled
degree r, that is, for every k € N4+ such that |k|; < r it satisfies

(2.25) / FK™ () dz =0.
Rd+l

Now, we will describe the action of a model on the abstract integration map.
When it is convenient for us, we will write K;(x) = K (z), for z = (z, x).

DEFINITION 2.17. Let Z be an abstract integration map of order g for a reg-
ularity structure .7 = (7, G), let Z = (I1, T, X) be a model and let K be regular-
ising of order B with r > —|min.A|. We say that Z realises K for Z, if for every
a € A and every t € T, one has the identity

(2.26) M (Tt + J00) () = /R (ST 7, Koy (y — ))ds,
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where the polynomial J; , 7 is defined by

def

Xk
(2.27) TixT = Z F/R(chil;’r, D*K,_s(x —))ds,

[k|s<a+p
with k € N?*1 and the derivative D* in time—space. Moreover, we require that
L@+ Jhy) = (@ + T 0T,

(2.28)
ST+ T =T+ T0)Z,

forall s,7 € Rand x, y € R?.

REMARK 2.18. We define the integrals in (2.26) and (2.27) as sums of the
same integrals, but using the functions K ™ from the expansion (2.23). Since these
integrals coincide with those from [19] for the model (2.7), it follows from [19],
Lemma 5.19, that these sums converge absolutely, and hence the expressions in
(2.26) and (2.27) are well defined.

REMARK 2.19. The identities (2.28) should be viewed as defining Finr and
XY It interms of Ty, 7, 37 and (2.27).

With all these notation at hand, we introduce the following operator acting on
modelled distribution H € D}"(Z) with y + > 0:

(2.29) (C, H)o(x) & TH, (x) + Jr.0 Hy (x) + (N H), (x).

Here, the last term is Tpoly-valued and is given by

def

Xk
(2.30) (NVH)t(x) = Z F/I;(RS}IS — H;z;th(x), Dth_s(x — .))ds,

[kls<y+B

where as before k € N9*! and the derivative DF is in time—space; see Defini-
tion 2.12 for consistency of notation.

REMARK 2.20. It follows from Remark 2.13 and the proof of [19], Theo-
rem 5.12, that the integral in (2.30) is well defined, if we express it as a sum of the
respective integrals with the functions K " in place of K. (See also the definition
of the operator R* in [19], Section 7.1.)

The modelled distribution K, H represents the space—time convolution of H
with K, and the following result shows that this action “improves” regularity by 8.
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THEOREM 2.21. Let 7 = (T, G) be a regularity structure with the minimal
homogeneity a, let T be an abstract integration map of an integer order B > 0,
let K be a singular function regularising by B and let Z = (I1, ', ¥) be a model,
which realises K for L. Furthermore, let y >0, n <y, n > —so, ¥ <1 + 5o,
y+B¢N, a+B>0andr > —|al,r >y + B in Definition 2.16.

Then K, maps D;’U(Z) into D;’H(Z), where y =y + B8, n=nAa+ B, and
for any H € D}"(Z) the following bound holds:

@30 Wy Hllg,zr S WHIy 7 1Ty 7 12y 7 (L IT 557 + 1Z 7).

Furthermore, for every t € (0, T], one has the identity
t
(2.32) RulICy 1), () = [ (R, Koour =) .

LetZ=(1,T,%) be another model realising K for L, which satisfies the same
assumptions, and let IC,, be defined by (2.29) for this model. Then one has

(2.33) WC, H; Ky Hlly ot SWH Hllynr +1Z; Zll1,s

forall H € D;’" (2) and H € D%’n (Z). Here, the proportionality constant depends

on |Hlly,y;7> WHly,p;7 and the norms on the models Z and Z involved in the
estimate (2.31).

PROOF. In view of Remarks 2.7 and 2.13, the required bounds on the com-
ponents of (K, H),(x) and (IC,, H);(x) — XL (IC,, H)4(x), as well as on the com-
ponents of (), H),(y) — F; «(Ky H);(x) with noninteger homogeneities, can be
obtained in exactly the same way as in [19], Proposition 6.16. (See the definition
of the operator R in [19], Section 7.1.)

In order to get the required bounds on the elements of (K, H),(x) —
F;y (K, H);(y) with integer homogeneities, we need to modify the proof of [19],
Proposition 6.16. The problem is that our definition of modelled distributions is
slightly different than the one in [19], Definition 6.2 (see Remark 2.9). That is why
we have to consider only two regimes, 27 < |x — y| and 27 S | x — y|, in
the proof of [19], Proposition 6.16, where ¢ is from Definition 2.16. The only place
in the proof, which requires a special treatment, is the derivation of the estimate

\mesHs — TS Hy (x), DMK, (x — ) ds| S 20Ks=y=Pomp o=

which in our case follows trivially from Theorem 2.11 and Definition 2.16. Here
is the place where we need y — n < sg, in order to have an integrable singularity.
Here, we use the same argument as in the proof of [19], Theorem 7.1, to make sure
that the time interval does not increase.

With respective modifications of the proof of [19], Proposition 6.16, we can also
show that (2.32) and (2.33) hold. [
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3. Solutions to parabolic stochastic PDEs. We consider a general parabolic
stochastic PDE of the form

(3.1 ou=Au+ F(u,§), u(0,) =uo(-),

on Ry x R?, where uq is the initial data, £ is a rough noise, F is a function in u
and &, which depends in general on the space—time point z and which is affine in &,
and A is a differential operator such that 9; — A has a Green’s function G, that is,
G is the distributional solution of (d; — A)G = §p. Then we require the following
assumption to be satisfied.

ASSUMPTION 3.1. The operator A is given by Q(V), for O a homoge-
neous polynomial on R? of some even degree B > 0. Its Green’s function G :
Rét! \ {0} — R is smooth, nonanticipative, that is, G; = 0 for ¢ <0, and for A > 0
satisfies the scaling relation

2G5, (0x) = Gy(x).

REMARK 3.2. One can find in [25] precise conditions on Q such that G sat-
isfies Assumption 3.1.

In order to apply the abstract integration developed in the previous section, we
would like the localised singular part of G to have the properties from Defini-
tion 2.16. The following result, following from [19], Lemma 7.7, shows that this
is indeed the case.

LEMMA 3.3. Let us consider functions u supported in Ry x R? and periodic
in the spatial variable with some fixed period. If Assumption 3.1 is satisfied with
some B > 0, then we can write G = K + R, in such a way that the identity

(G xu)(2) = (K xu)(z) + (R xu)(2),

holds for every such function u and every z € (—oo, 1] x R%, where * is the
space—time convolution. Furthermore, K has the properties from Definition 2.16
with the parameters B and some arbitrary (but fixed) value r, and the scaling
s=(B,1,...,1). The function R is smooth, nonanticipative and compactly sup-
ported.

In particular, it follows from Lemma 3.3 that for any y > 0 and any periodic
; ecv (Rd), with ¢ € R, which is allowed to have an integrable singularity at
t =0, we can define

o x*
(32) Ry E 37 2 [ (e DERs(x = ) ds.

lkls <y

where k € N?*! and D* is taken in time—space.
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3.1. Regularity structures for locally subcritical stochastic PDEs. In this sec-
tion, we provide conditions on equation (3.1), under which one can build a regu-
larity structure for it. More precisely, we consider the mild form of equation (3.1):

3.3) u=GxF(u,&)+ Suop,

where * is the space-time convolution, S is the semigroup generated by A and
G is its fundamental solution. We will always assume that we are in a subcritical
setting, as defined in [19], Section 8.

It was shown in [19], Section 8.1, that it is possible to build a regularity structure
T = (T, G) for alocally subcritical equation and to reformulate it as a fixed-point
problem in an associated space of modelled distributions. We do not want to give
a precise description of this regularity structure; see, for example, [19, 20] for
details in the case of <I>‘3‘. Let us just mention that we can recursively build two sets
of symbols, F and . The set F contains E, 1, X;, as well as some of the symbols
that can be built recursively from these basic building blocks by the operations

3.4) T I(1), (t,T) > 1T,

subject to the equivalences 7 = 77, 1t = 7, and Z(X¥) = 0. These symbols are
involved in the description of the right-hand side of (3.1). The set &/ C F on the
other hand contains only those symbols which are used in the description of the
solution itself, which are either of the form X* or of the form Z(t) with 7 € F.
The model space T is then defined as span{t € F : |t| < r} for a sufficiently large
r > 0, the set of all (real) linear combinations of symbols in F of homogeneity
|T| <r, where T — |T] is given by

11 =0, | Xi| =si, |E] =a,

(3.5) i ,
IZ()| =zl + B, lr7| =zl + 7]

In the situation of interest, namely the d>‘31 model, one chooses B =2 and o =
—% — i for some « > 0 sufficiently small. Subcriticality then guarantees that 7 is
finite-dimensional. We will also write T4 for the linear span of I/ in 7.

One can also build a structure group G acting on 7 in such a way that the
operation Z satisfies the assumptions of Definition 2.14 (corresponding to the con-
volution operation with the kernel K), and such that it acts on Tpoly by translations
as required.

Let now Z be a model realising K for Z, we denote by R, K; and R, the
reconstruction operator, and the corresponding operators (2.29) and (3.2). We also

use the notation P & Ky + R,R for the operator representing convolution with
the heat kernel. With these notation at hand, it was shown in [19] that one can
associate to (3.3) the fixed-point problem in D?”(Z) given by

(3.6) U=PFU)+ Suyp,
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for a suitable function (which we call again F') which “represents” the nonlinearity
of the SPDE in the sense of [19], Section 8, and which is such that ZF (t) € T for
every T € Ts. In our running example, we would take

(3.7) F(t) = —Q<o(at + A7°) + E,

where Q¢ denotes the canonical projection onto T~ defined in Remark 2.3% and
a and A are the constants from (<I>‘3‘). The problem we encounter is that since we
impose that our models are functions of time, there exists no model for which
1! E = & with £ a typical realisation of space-time white noise. We would like to
replace (3.6) by an equivalent fixed-point problem that circumvents this problem,
and this is the content of the next two subsections.

3.2. Truncation of regularity structures. In general, as just discussed, we can-
not always define a suitable inhomogeneous model for the regularity structure
T = (T, G), so we introduce the following truncation procedure, which amounts
to simply removing the problematic symbols.

DEFINITION 3.4. Consider a set of generators F#" C F such that Fpoly C

JFE0 and such that 772" & span{t € F&":|t| <r} C T is closed under the action
of G. We then define the corresponding generating regularity structure 78" =
(TEn, G). )

Moreover, we define F as the subset of F generated by F&" via the two oper-
ations (3.4), and we assume that F&°" was chosen in such a way that U C F, with
U as in the previous section. Finally, we define the truncated regularity structure

7 = (T, G) with 7Afdéfspan{r eF:lt|<r}cT.

REMARK 3.5. Note that .7 is indeed a regularity structure since 7T is automat-
ically closed under G. This can easily be verified by induction using the definition
of G given in [19].

A set F&" with these properties always exists, because one can take either
FEN = F or F&" = {E} U Fpoly. In both of these examples, one simply has F=
J, but in the case of (CI>§), it turns out to be convenient to make a choice for which
this is not the case (see Section 7 below).

3.3. A general fixed-point map. We now reformulate (3.1), with the operator
A such that Assumption 3.1 is satisfied, using the regularity structure from the
previous section, and show that the corresponding fixed point problem admits local
solutions. For an initial condition u¢ in (3.1) with “sufficiently nice” behaviour at

2The reason for adding this projection is to guarantee that ZF maps 7, into 7, since we truncated
T at homogeneity r. Note also that the presence of this projection does not affect the outcome of the
reconstruction operator when applied to F(U).
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infinity, we can define the function S;ug : RY — R, which has a singularity att = 0,
where as before ; is the semigroup generated by A. In particular, we have a precise
description of its singularity, the proof of which is provided in [19], Lemma 7.5.

LEMMA 3.6. For some 1 < 0, let ug € C"(RY) be periodic. Then, for every
y > 0 and every T > 0, the map (t, x) — S;ug(x) can be lifted to D%’n via its
Taylor expansion. Furthermore, one has the bound

(3.8) WISuolly.n;7 < lluollen-

Before reformulating (3.1), we make some assumptions on its nonlinear term F'.
For a regularity structure .7 = (7, G), let T = (T, G) be as in Definition 3.4 for a
suitable set F&°". In what follows, we consider models on . and denote by DJ;’”
the respective spaces of modelled distributions. We also assume that we are given a
function F: Ty — 7T as above [e.g., (3.7)], and we make the following assumption
on F.

For some fixed ¥ > 0, n € R we choose, for any model Z on , elements
Fo(Z), Io(Z) € D}"(Z) such that, for every z, Io(z) € T, Io(z) — ZFo(z) € Tpoly
and such that, setting

(3.9) F. 1) F@z 1) - Fo),

F (z,-) maps {Ip(z) +1:7T € TN Ty} into T. Here, we suppressed the argument

Z for conciseness by writing, for example, Io(z) instead of Ip(Z)(z).

REMARK 3.7.  Since it is the same structure group G acting on both 7" and T,
the condition Fy € Dg’" makes sense for a given model on .7, even though Fy(z)
takes values in all of 7 rather than just T.

A Given such a choice of Iy and Fy and given H : Rt TN T, we denote by
F (H) the function

A d f A
(3.10) (F(H)),(x) = F(t, 0), H (x)).
With this notation, we replace the problem (3.6) by the problem
(3.11) U=PFU)+ Sug+ Io.

This shows that one should really think of Iy as being given by Iy = P Fy since,

at least formally, this would then turn (3.11) into (3.6). The advantage of (3.11) is

that it makes sense for any model on 7 and does not require a model on all of 7.
We then assume that £, Iy and F satisfy the following conditions.



1672 M. HAIRER AND K. MATETSKI

ASSUMPTION 3.8. In the above context, we assume that there exists y > y
such that, for every B > 0 there exists a constant C > 0 such that the bounds

Il ECHY; ECD|5 5.0 < COH Hlly 7 + 1123 Zlly 1),
(3.12) 110(2); 10Dl 5.7 < CNZ; Zlly 7,
1Fo(2): Fo(Dl; 5.7 = CNZ: Zlly:7.

hold for any two models Z, Z with [| Z|ll,.7 + 1 Z|l,;7 < B and for H € D" (Z),
H e DY"(Z) such that || H |y .7 + I1H Il .7 < B.

REMARK 3.9. The bounds in Assumption (3.8) can usually be easily checked
for a polynomial nonlinearity F in (3.3). See Lemma 7.1 below for a respective
prove in the case when F' is give by (3.7).

The following theorem provides the existence and uniqueness results of a local
solution to this equation.

THEOREM 3.10. In the described context, let o def min fl, and an abstract
integration map L be of order 8 > —«. Furthermore, let the values y > y > 0 and
n, 1 € R from Assumption 3.8 satisfy n <nAa+ B,y <y + B and n > —p.

Then, for every model Z as above, and for every periodic ug € C"(R?), there
exists a time T, € (0, +00] such that, for every T < T, equation (3.11) admits a
unique solution U € D;’"(Z). Furthermore, if T, < 00, then

TILIIIT*HRTST(MO’ Z)T”Cn =00,

where St : (ug, Z) — U is the solution map. Finally, for every T < T,, the solution
map St is jointly Lipschitz continuous in a neighbourhood around (ug, Z) in the
sense that, for any B > 0 there is C > 0 such that, if U = Sy (i, Z) for some
initial data (iiy, Z), then one has the bound ||U; U|||W7;T < C4, provided |\ug —
uollen +1Z5 ZWly,r <8, for any 8 € (0, B].

PROOF. See [19], Theorem 7.8, combined with [19], Proposition 7.11. Note
that since we consider inhomogeneous models, we have no problems in evaluating
RU,. O

DEFINITION 3.11. In the setting of Theorem 3.10, let U be the unique solu-
tion to equation (3.11) on [0, 7,). Then for t < T, we define the solution to (3.1)
by

(3.13) u () & (R, U (x).
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REMARK 3.12. If the noise £ in (3.1) is smooth, so that this equation can be
solved in the classical sense, one can see that the reconstruction operator satisfies

(RUp)(x) = (T, U (x)) (),

and the solution (3.13) coincides with the classical solution.

4. Discrete models and modelled distributions. In order to be able to con-
sider discretisations of the equations whose solutions were provided in Section 3,
we introduce the discrete counterparts of inhomogeneous models and modelled
distributions. In this section, we use the following notation: for N € N, we de-

note by & &'H=N the mesh size of the grid Ag &ef (¢Z)?, and we fix some scaling
s=(s0, 1,..., 1) of R“t! with an integer sy > 0.

4.1. Definitions and the reconstruction theorem. Now we define discrete ana-
logues of the objects from Sections 2.1 and 2.2.

DEFINITION 4.1. Given a regularity structure .7 and ¢ > 0, a discrete model
(T1%,I'?, %) consists of the collections of maps

Hi”:T—)RAg, Fe”:A‘nggeg, T:RxR—>G,

parametrised by t e Rand x € Ag, which have all the algebraic properties of their
continuous counterparts in Definition 2.4, with the spatial variables restricted to
the grid. Additionally, we require (IT¢"7)(x) =0, for all T € 7; with [ > 0, and all
xeAdandt eR.

We define the quantities || IT° IIJ(/S.)T and |T"¢ IIS:.)T to be the smallest constants C

such that the bounds (2.4a) hold uniformly in x, y € Ag, t eR, A €[g, 1] and with

)

the discrete pairing (1.11) in place of the standard one. The quantity || X? ”V;T is

defined as the smallest constant C such that the bounds
4.1) | =25z, < Cllzl(1e —s]V/% v e) ™",

hold uniformly in x € Ag and the other parameters as in (2.4b).

We measure the time regularity of I'1¢ as in (2.5), by substituting the continuous
objects by their discrete analogues, and by using | —s|!/%0 v ¢ instead of | — s|1/%0
on the right-hand side. All the other quantities || - ||, ||| - [|®, etc. are defined by
analogy with Remark 2.5.

REMARK 4.2. The fact that (IT¢'7)(x) = 0 if |7| > 0 does not follow auto-
matically from the discrete analogue of (2.4a) since these are only assumed to hold
for test functions at scale A > ¢. We use this property in the proof of (4.35).
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REMARK 4.3. The weakening of the continuity property of £2*' given by
(4.1) will be used in the analysis of the “discrete abstract integration” in Sec-
tion 4.2. It allows us to deal with the fact that the discrete heat kernel is discon-
tinuous at t = 0, so we simply use uniform bounds on very small time scales (see
[22], Lemma 6.7, for a simple explanation in a related context).

For y,n e Rand T > 0, for a discrete model Z¢ = (1%, I'*, ¥?) on a regularity
structure J = (T, G), and for a function H¢ : (0, T] x Af — T~y , we define

|25 € sup sup suplel VO HE (o)
” 1€(0.T]xeAd I<y

(4.2) IHf (x) = T3y HE (30l
4+ sup sup sup = ;
1€, T xtyendl<y  |tle “lx — y[r™

lx—yl=l1

where [ € A. Furthermore, we define the norm

(e) defypre(e)
NEE e = THE L

Hf(x) — X8 HE (x
4.3) +  sup sup su I ),7_(y) U HS (o)l ,
s#1€(0.T] xeadl<y |t,5]¢ 7 (|t — 5|1/ v e)r!

S|
lt—s|<lt,s1p°

where the quantities |¢|. and |z, 5|, are defined below (1.12). We will call such
functions H¢ discrete modelled distributions.

REMARK 4.4. It is easy to see that the properties of multiplication of mod-
elled distributions from [19], Section 6.2, can be translated mutatis mutandis to the
discrete case.

In contrast to the continuous case, a reconstruction operator of discrete modelled
distributions can be defined in a simple way.

DEFINITION 4.5. Given a discrete model Z¢ = (IT%, I'?, X¢) and a discrete
modelled distribution H® we define the discrete reconstruction map R° by R} =0
fort <0, and

(4.4) (REHE)(x) & (M HE (x)) (x),  (t.x) € (0, T] x AY.

Recalling the definition of the norms from (1.12), the following result is a dis-
crete analogue of Theorem 2.11.

THEOREM 4.6. Let 7 be a regularity structure with o def min A < 0 and
Zf = (1%, "¢, %) be a discrete model. Then the bound

(R Hf — 5" HE (o), b) | S 2711277 | HE | [0 |
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holds uniformly in & (see Remark 4.7 below) for all discrete modelled distributions
He,allt €(0,T], x € AY, 0 € By(RY) withr > —|a], all » € [¢, 1].

Let furthermore _Ze = (1%, T%, £%) be another model for 7 with the recon-
struction operator R¢, and let the maps T1¢ and T1° have time regularities § > 0.
Then, for any two discrete modelled distributions H® and H®, the maps t — R{ Hf
and t — R; Hf satisfy

(4.5 [REES, ST, 0+ IS I IE 1),
'IJ/T

@sb) [REHT=REAN), S IHS AN+ 125 20 1
nVT

for any § as in Theorem 2.11. Here, the norms of H® and HE are defined via the
models Z° and Z°¢, respectively, and the proportionality constants depend on ¢
only via ||HE W) 7 WEENS) 7 WZENS,. 7 and N ZE ),

REMARK 4.7. In the statement of Theorem 4.6 and the following results,
we actually consider a sequence of discrete models and modeled distributions
parametrised by ¢ = 27" with N e N. By “uniformity in £”, we then mean that
the estimates hold for all values of ¢ with a proportionality constant independent
of e.

REMARK 4.8. To compare a discrete model Z¢ = (I1%, I'?, ¥¢) to a continu-
ous model Z = (I1, I', X), we can define

“H; Ha”ff))/;T

& sup  sup AT, @) — (57, @), |
o, x, Al tte[-T,T]
, s A
+ sup sup A~ 146 (T, =TT, @) — (T8 — TI&9)T, )|

0, x,h, 1,7 s#te[-T,T] (|t —S|1/50 V5)8
[t—s|<1

9

where the supremum is taken over ¢ € 3], x € A‘g, rele,l]l,l<yandt €T
with ||7]| = 1. In order to compare discrete and continuous modelled distributions,
we use the quantities as in (2.10), but with the respective modifications as in (4.3).

Then one can show similar to (2.13) that for H € D%"(Z ) and a discrete mod-
eled distribution H* the maps ¢ — R;H; and t — R; H/ satisfy the estimate

| RH: REHEII(” SWEs =N -+ 112: 215 + 7,
n v.T

for § > 0 and # > 0 small enough. We will however not make use of this in the
present article.

In order to prove Theorem 4.6, we need to introduce a multiresolution analysis
and its discrete analogue.
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4.1.1. Elements of multiresolution analysis. In this section, we provide only
the very basics of the multiresolution analysis, which are used in the sequel. For a
more detailed introduction and for the proofs of the provided results, we refer to
[8] and [33].

One of the remarkable results of [7] is that for every r > 0 there exists a com-
pactly supported function ¢ € C"(R) (called scaling function) such that

(4.6) Ago(x) dx =1, /Rgo(x)(p(x + k)dx = ok, keZ,

where §. . is the Kronecker’s delta on Z. Furthermore, if for n € N we define the
grid A, & (27"k : k € Z) and the family of functions

4.7) () L2 2p20 (- —x)),  x€A,,

then there is a finite collection of vectors XL C A and a collection of structure
constants {ay : k € K} such that the refinement equation

(4.8) L= arg' ).,
kel

holds. Note that the multiplier in (4.7) preserves the L2-norm of the scaled func-
tions rather than their L'-norm. It follows immediately from (4.6) and (4.8) that
one has the identities

(4.9) Yoa=2"" Y aarem=80m  meZ’.
kel kel

For a fixed scaling function ¢, we denote by V,, C L*>(R) the subspace spanned
by {¢}¢ : x € A,}. Then the relation (4.8) ensures the inclusion V,, C V,,4; for
every n. It turns out that there is a compactly supported function ¢ € C"(R) (called
wavelet function) such that the space VnL, which is the orthogonal complement of
Vy, in V, 41, is given by

VnL =span{yl 1 x € A,},

where 7 is as in (4.8). Moreover, there are constants {by : k € K}, such that the
wavelet equation holds:

(4.10) Y= bl
kel

One more useful property of the wavelet function is that it has vanishing moments,
in the sense that the identity

4.11) /Rllr(x)xmdx:O

holds for all m € N such that m <r.
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There is a standard generalization of scaling and wavelet functions to R?,
namely forn >0 and x = (x1,...,x4) € Aﬂ we define

def
PLNE @l D)L ba), y=01.....ya) €RY.

For these scaling functions, we also define V;, as the closed subspace in L? spanned
by {¢” : x € A%}. Then there is a finite set W of functions on R such that the space

|/ aef Vig1 \ Vpisaspanof {y :y e ¥, x € Aff}, where we define the scaled
function v by

Ve (y) déf2"d/2¢(2n(y1 —x1), ..., 2"(Ya — xa)).

All the results mentioned above can be literally translated from R to R?, but of
course with IC C A‘f and with different structure constants {a; : k € K} and {b, :
keK}.

4.1.2. An analogue of the multiresolution analysis on the grid. In this section,
we will develop an analogue of the multiresolution analysis which will be useful
for working with functions defined on a dyadic grid. Our construction agrees with
the standard discrete wavelets on gridpoints, but also extends off the grid. To this
end, we use the notation of Section 4.1.1. We recall furthermore that we use ¢ =
2~V for a fixed N € N.

Let us fix a scaling function ¢ € Cj(R), for some integer r > 0, as in Sec-
tion 4.1.1. For integers 0 < n < N, we define the functions

(4.12) oV () LN N oy x e AL

One has that (p)lcv " e C"(RY), it is supported in a ball of radius O(27") centered at
x, it has the same scaling properties as ¢} and it satisfies

(4.13) oV Ny =2N25, . x,ye Ay,

where §. . is the Kronecker’s delta on A;{,. The last property follows from (4.6).
Furthermore, it follows from (4.8) that for n < N these functions satisfy the re-
finement identity

(4.14) o= apM it
kekC

with the same structure constants {ay : k € K} as for the functions ¢. One more
consequence of (4.6) is

2—Nd Z ¢i\/,n(y) :2—nd/2’
yeA‘fv

which obviously holds for n = N, and for n < N it can be proved by induction,
using (4.14) and (4.9).
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The functions (pfcv ' inherit many of the crucial properties of the functions ¢,
which allows us to use them in the multiresolution analysis. In particular, forn < N
and ¢ € ¥ (the set of wavelet functions, introduced in Section 4.1.1), we can
define the functions

def
YN 2NN gy, xe Ad,

whose properties are similar to those of y”. For example, ¥¥" € C"(R), and it
has the same scaling and support properties as ;. Furthermore, it follows from
(4.10) that for n < N the following identity holds:

(4.15) Y=Y ey

kel
with the same constants {b : k € K}. It is easy to see that the functions just intro-
duced are not L2-orthogonal, but still, using (4.9), one can go by induction from
N to any n < N and prove the following result.

PROPOSITION 4.9.  In the context just described, for every integer n € [0, N),
the set

lpNm:x e Ay} Uy N™ imen, N),x € Ap),

forms an orthonormal basis of €*(A;) equipped with the inner product (-, -)e.

A generalisation of this discrete analogue of the wavelet analysis to higher di-
mensions can be done by analogy with the continuous case in Section 4.1.1.

4.1.3. Proof of the discrete reconstruction theorem. With the help of the dis-
crete analogue of the multiresolution analysis introduced in the previous section
we are ready to prove Theorem 4.6.

PROOF OF THEOREM 4.6. We take a compactly supported scaling function
pelCr (R?) of regularity r > —|« |, where « is as in the statement of the theo-
rem, and build the functions (p)’cv " ag in (4.12). Furthermore, we define the discrete
functions £{’ &f %" Hf (x) and ¢&/ Ll e

i V= &1 Then from Definition 4.1, we
obtain

el o)l S ey 30 27 HE () ~ T Hf ()

lela,y)NA
(4.16) SIS HE | ey S 2y

le[a,y)NA

o Lo e e K e e L
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which holds as soon as |x — y| > 27". Moreover, we define

e,n edif et N,n N,n
Ry Hp = Z@y L9y
yeAd

It follows from the property (4.13) that R} H} = Rf’NHf and TI$'Hf (x) =
Pen(CE7) (recall that e = 2~N), where the operator P , is defined by

Pen@)E Y (g, o) o

yeAd
This allows us to choose ng > 0 to be the smallest integer such that 27”0 < A and
rewrite
REHS — TS HE (x)
= (Ry" Hf = Pe.ny (877"))

N-1
+ Z (Rf'n“Htg = Pent1(80") = RyVHf + Pen(8))-

n=ng

4.17)

The first term on the right-hand side yields

418)  (REH] = Peng(601), 030 = D (8503 ™ )le) ™ @),
yeAgO

Using (4.16) and the bound |{¢py om0 ok < 210412 we obtain

(RE™HE = Peong (£87), 0%), | S TS0 | HE ) a2 v 27,

Here, we have also used |x — y| < 270 in the sum in (4.18), and the fact that only
a finite number of points y € Ag , contribute to this sum.

Now we will bound each term in the sum in (4.17). Using (4.14) and (4.15), we
can write

R?’n_l—lHts — Pg’n-l,-l(;j,t) — Rf’nHte + Pg’n(é‘;’t) = gin + hf,n’
where g7 , is defined by

N,n+1
dei;cak y+2 k> y—lg "k) (Py
YEAf ke

and the constants {ay : k € K} are from (4.14). For k¢, we have the identity

t,n°

(4.19) Ba= 20 2 2 balel o)

d
yeAd kel ye¥
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Moreover, the following bounds, for n € [ng, N], follow from the properties of the
functions ¢ and ¥7':

|((p}]]\/,n’ Q));>8| S 2n0d/22—(n—n0)d/2, |(w;\/,n’ Q))C\>g| S 2n0d/22—(n—n0)(r+d/2).

Using them and (4.16), we obtain a bound on g; ,:

|gtn’Qx | Z Z| yy+2 ngr § ;V+;+nlk) H( »Q;L)s|
yeAdkeK

<SImE|p e|) perr2,

where we have used |x — y| < 27" in the sum. Summing these bounds over n €
[no, N], we obtain a bound of the required order. Similarly, we obtain the following
bound on (4.19):
5 e @3] S AT 5200 | HE 5 ol 277 277 027 (o),
which gives the required bound after summing over n € [ng, N]. In this estimate,
we have used the fact that |y — x| < 270 in the sum in (4.19).
The bounds (4.5) can be shown similar to (2.12) and (2.13). [

4.2. Convolutions with discrete kernels. 1In this section, we describe on the
abstract level convolutions with discrete kernels. We start with a definition of the
kernels we will work with.

DEFINITION 4.10. We say that a function K¢ : R x Ag — R is regularising

of order B > 0, if one can find functions K ¢ : R9*! — Rand K¢ : R x Ag —R
such that

N—1
(4.20) Ke=3 K@M+ REE K+ K,

n=0
where the function K ¢ has the same support and bounds as the function K ™
in Definition 2.16, for some ¢, r > 0, and furthermore, for k € N¢t! such that
|k|s <r, it satisfies

4.21) /R FKE(2)dz =0

The function K* is supported in {z € R x Ag :Izlls < ce} and satisfies (4.21) with
k=0 and

(422) sup }[%S(Z)| < C8_|5H_ﬂ.
zeRx A4

Now, we will define how a discrete model acts on an abstract integration map.
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DEFINITION 4.11. Let Z be an abstract integration map of order g as in Def-
inition 2.14 for a regularity structure .7 = (T, G), let Z¢ = (I1°, "¢, X¢) be a
discrete model, and let K¢ be regularising of order 8 with r > —|min . 4]. Let fur-
thermore K¢ and K¢ be as in (4.20). We define J* on the grid in the same way as
its continuous analogue in (2.27), but using K ¢ instead of K and using the discrete
objects instead of their continuous counterparts. Moreover, we define

°8 defI/ Hi,szi,slr’ I%f—s(x — )>€ ds

and J, o ,.7, x +j, - We say that Z° realises K ® for 7 if the identities (2.26) and
(2.28) hold for the corresponding discrete objects. As before, these two identities
should be thought of as providing the definitions of I';yZ7 and X' Z7 via I'fyt
and X85,

For a discrete modelled distribution H¢, we define N )f H? asin (2.30), but using

the discrete objects instead of the continuous ones, and using the kernel K¢ instead
of K. Furthermore, we define the term containing K¢ by

423)  (NEH®),(x defl/ (REH? — IS 55 HE (x), KE_ (x — 1)), ds,

and we set Ny H® &f A S H® + N , H?. Finally, we define the discrete analogue of
(2.29) by

(4.24) (K5 H), (x ) & THE (x X) + T HE (0) + (NEHE), ().

Our definition is consistent thanks to the following two lemmas.
LEMMA 4.12. In the setting of Definition 4.11, let min A+ B > 0. Then all the
algebraic relations of Definition 4.1 hold for the symbol Lt. Moreover, for § > 0

sufficiently small and for anyt € A and v € | such that | + B ¢ N and ||| =1,
one has the bounds

(4.25) (15 Ze, @) | S AP i 12 7 (1 4+ 10 1557,

(T8 — TI8%) T, )|
(|t — s|1/50 v g)?

(4.26) <A e (1 + [TE ).

uniformly over & (see Remark 4.7), x € A ,s,t €[-T,T], L ele, 1] and ¢ €
By (RY).

PROOF. The algebraic properties of the models for the symbol Zt follow eas-
ily from Definition 4.11. In order to prove (4.25), we will consider the terms in
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(2.26) containing K¢ separately from the others. To this end, we define

° def o o
vy ETO0E [0S0 K6 =)= k) s
(4.27

(M5 T7) (y) & (I8! — 1159)(Z1) (y).

. def
Furthermore, for x, y € Ag we use the assumption 0% = 1 and set

~ 0,y —x)k
TLEOE K- 3 CET pik s,
k|5 <I+8 '

Using Definitions 4.1 and 4.10 and acting as in the proof of [19], Lemma 5.19,
we can obtain the following analogues of the bounds ([19], equation (5.33))

(e, 7! K,

> Txy

l
< Z ly — x| +l3+§2(50+§)n1|t7r|§2750n’
>0

[ s e T KD ek dy

&

(4.28)

< Z )‘H—ﬂ_{2(50_§)n1|z—r|§2*50”»
>0

fore <|y—x| <1, A €[e, 1], with ¢ taking a finite number of values and with the
proportionality constants as in (4.25). Integrating these bounds in the time variable
r and using the first bound in (4.28) in the case |y — x| < 27" and the second bound
in the case 27" < A, we obtain the required estimate on (lzlfc” I, go%) .

In order to bound (l:If;’ — I:Ii’S)I‘L', we consider two cases |t — s| > 270" and
|t —s| < 270", In the first case, we estimate [1¢/Zt and T1¢*Zt separately using
(4.28), and obtain the required bound, if § > 0 is sufficiently small. In the case
[t —s| < 270" we write

(merserte, Tl KM, — (e 5o e, 1L K &),

s XYy XYy

= (57 27 (55— 1), T K,

B T (K - KD,

and estimate each of these terms similar to (4.28), which gives the required bound
for sufficiently small § > 0.

It is only left to prove the required bounds for lglfc” (Z7). It follows immedi-
ately from Definition 4.1 that |(IT18"a)(x)| < |la||&¢, for a € T;. Hence, using the
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properties (2.2) and (2.3) we obtain

/|H€S‘E€YZ‘T KS >|ds
(429) _/|H8S28Slr‘8lr Ké‘ y_)>8|ds
SO Py — x|t
¢=l

where ¢ € A. Similarly, the second term in (4.27) is bounded by &/*#, implying
that if A > ¢ and min A 4+ 8 > 0, then one has

(4.30) (15 T2, ), | S 3 e PN St
¢=l

which completes the proof of (4.25). In order to complete the proof of (4.26), we
use (4.29) and brutally bound

((TT5" — T15%)Z7, o)), |
<|(T15'Zr, o}),| + |(115° 7, ¢}), |

S Py — xS (= 5] Vo0 v )’ Y eE ARy x|
1) )

from which we obtain the required bound in the same way as before, as soon as
€ (0, minA+g). O

The following lemma provides a relation between ¢ and the operators I'?, X¢.

LEMMA 4.13. In the setting of Lemma 4.12, the operators
@3l) I E I TR T, TR E I -
withs,t e Rand x,y € Ag, satisfy the following bounds:
(T8 0) ] S AT g 3 55 (14 T ) b =y K,
o (T o) S T B = 07 (1 5 ) (1 — s/ v ) A,

uniformly in € (see Remark 4.7), for T as in Lemma 4.12, for any k € N1 such
that |k|s < [+ B, and for ()i being the multiplier of X*. In particular, the required
bounds on I'*ZLt and X°Zt from Definition 4.1 hold.

PROOF.  The bounds on the parts of Jy;'t and J¢*'t not containing K*® can
be obtained as in [19], Lemma 5.21, where the bound on the right-hand side of
(4.32) comes from the fact that the scaling of the kernels K ") in (4.20) does not
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go below ¢. The contributions to (4.31) from the kernel K¢ come via the terms
jf iy ify, jf 255 and jf - We can bound all of them separately, similar to
(4.29), and use |x — y| > ¢ and |t —s|1/%0 v & > ¢ to estimate the powers of ¢. Since
all of these powers are positive by assumption, this yields the required bounds.

Now, we will prove the bound on I'*Z7 required by Definition 4.1. For m </
such that m ¢ N, (2.28) yields

[T Ze], = 1Z(r50) hebom,

<t elnp Sty =

[

where we have used the properties of Z. Similarly, we can bound || Z5*'Zt||,,.
Furthermore, since the map Z does not produce elements of integer homogeneity,
we have for m € N,

TS Tl = 175 | S 1y = 247,

where the last bound we have proved above. In the same way, we can obtain the
required bound on || X8 Z7||,,. O

REMARK 4.14. 1If (IT¢, "¢, ) is a discrete model on 78", which is intro-
duced in Definition 3.4, then there is a canonical way to extend it to a discrete
model on .7 . Since the symbols from F are “generated” by F&°", we only have to
define the actions of TT¢, I'¢ and X¢ on the symbols 77 and Zt € F \ F&" with
1,7 € F, so that the extension of the model to .7 will follow by induction. For the
product 77, we set

(4332) (My't7)(y) = (MY 1) (I T) (),
(4.33b) 2T = (B 7) (25 7), Iyt =My o)(My 7).

For the symbol Zt, we define the actions of the maps (1%, I'?, 3¢) by the identities
(2.26) and (2.28). However, even if the family of models satisfy analytic bounds

uniformly in & on 78" this is not necessarily true for its extension to 7.

The structure of the canonical extension of a discrete model will be important
for us. That is why we make the following definition.

DEFINITION 4.15. We call a discrete model Z¢ = (I1¢, I'?, X¢) defined on ¥
admissible, if it satisfies the identities (4.33b) and furthermore realises K¢ for 7.

REMARK 4.16. If M € fR is a renormalisation map as mentioned in Sec-
tion 3.1, such that M 7A‘ C 7A', where 7A' is introduced in Definition 3.4, and if
Z¢ = (T1%,T'¢, ¥%) is an admissible model, then we can define a renormalised
discrete model Z¢ as in [19], Section 8.3, which is also admissible.

The following result is a discrete analogue of Theorem 2.21.
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THEOREM 4.17. For a regularity structure 7 = (T, G) with the minimal
homogeneity «, let B, v, n, ¥, n and r be as in Theorem 2.21 and let Z¢ =
(T18, T°¢, %) be a discrete model which realises K¢ for L. Then for any discrete
modelled distribution H® the following bound holds:

@34) I HE N < IEE ) I | 5 O (L T8 €+ 221,

and one has the identity

t
(4.35) Ry (K5 H®),(x) = /0 (REHY, Ki_s(x =), ds.

&

Moreover, if Z¢ = (I1¢, T8, £¢) is another discrete model realising K¢ for T,
and if IC; is defined as in (4.24) for this model, then one has the bound

(4.36) llcs, 5 K BN S WHS BN+ 1275 20N

fgr all discrete modelled distributions H _8 and H¥, where the norms on H® and
H? are defined via the models Z° and Z°¢, respectively, and the proportionality
constant depends on € only via the same norms of the discrete objects as in (2.33).

PROOF. The proof of the bound (4.34) for the components of IC; HE? not con-

taining K*® is almost identical to that of (2.31), and we only need to bound the
terms Jé¢H¢ and ./\/’Jf H?. The estimates on /¢ H® were obtained in the proof of

Lemma 4.13. To bound /ff)ng, for x, y € AY, we write
(REH; — T B0 HY () (v) = T (H (v) = T3 HE (0) (9)

+ T T8 (HE () — 35 HYE () (),
where we made use of Definitions 4.5 and 4.1. Estimating this expression similar
to (4.29), but using (4.3) this time, we obtain
(4.37) |NEHS), () o S 11277 TP S e ItF,

where we have used y + 8 > 0.
Furthermore, the operator F;; leaves 1 invariant, and we have

Lo (NEH®), (x) = (NEH®), (x).

Thus, estimating (N; H?);(y) and (N)f H?);(x) separately by the intermediate
bound in (4.37) and using |x — y| > ¢, yields the required bound. In the same
way, we obtain the required estimate on X6 (/\O/]fH r(x) — (N]‘f H?);(x).

The bound (4.36) can be shown similar to (2.33), using the above approach. In
order to show that the identity (4.35) holds, we notice that

(K5 HE), () € Tty + Teatp-
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where 701y contains only the abstract polynomials and o + 8 > 0 by assumption.
It hence follows from Definitions 4.1 and 4.5 that
Ri (K5 HE), () = (1, (K H?), (x)),

which is equal to the right-hand side of (4.35). [

5. Analysis of discrete stochastic PDEs. We consider the following spatial
discretisation of equation (3.1) on Ry x A?:
(5.1) ou’ = A%u® + F*(u®, §°), u (0, ) = uy(),
where u € RAf-fi, &£° is a spatial discretisation of &, F? is a discrete approximation

of F, and A? : Z“(Ag) — E‘X’(Af) is a bounded linear operator satisfying the
following assumption.

ASSUMPTION 5.1. There exists an operator A given by a Fourier multiplier
a : R? — R satisfying Assumption 3.1 with an even integer parameter 8 > 0 and
a measure u on Z¢ with finite support such that

(5.2) (Ao =cF [ p—epu@y.  xeAl
for every ¢ € C(R?), and such that the identity
(5.3) |, Pa=yuan =P,  xer.

holds for every polynomial P on R with deg P < 8. Furthermore, the Fourier
transform of 1 only vanishes on Z¢.

EXAMPLE 5.2. A common example of the operator A is the Laplacian A,
with its nearest neighbour discrete approximation A%, defined by (5.2) with the
measure [ given by

(5.4) p@) =Y (o) —e0),
xeZd:||x||=1

for every ¢ € £*°(Z%), and where | x| is the Euclidean norm. In this case, the
Fourier multiplier of A is a(¢) = —4x2||¢ ||* and

d
(Fw)()=—4> sin*(rg), ¢ eRY,

i=1
where .# is the Fourier transform. One can see that Assumption 5.1 is satisfied
with g =2.

The following section is devoted to the analysis of discrete operators.
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5.1. Analysis of discrete operators. We assume that the operator A® :
EOO(Aff) — EOO(A‘EI) satisfies Assumption 5.1 and we define the Green’s function
of 8t — Af by
(5.5) GE) & e 004 80, ) (x),  (t,x) eRx AY,
where 8. . is the Kronecker’s delta.

In order to build an extension of G° off the grid, we first choose a function
pes (R?) whose values coincide with 8p,. on Z4, and such that (ZFp)(¢) =0 for
|00 = 3/4, say, where % is the Fourier transform. To build such a function, write
@ € C>°(R?) for the Dirichlet kernel @(x) = [ Sm(” %) whose values coincide

with 8 , for x € Z¢, and whose Fourier transform is supported in{¢:|¢]eo < j}.
Choosing any function ¥ € C°(R%) supported in the ball of radius 1/4 around the
origin and integrating to 1, it then suffices to set F¢ = (F @) * V.

Furthermore, we define the bounded operator A% Cp(RY) — Cp(RY) by the
right-hand side of (5.2), where Cp (R?) is the space of bounded continuous func-
tions on R? equipped with the supremum norm. Then, denoting as usual by ¢ the
rescaled version of ¢, we have for G¢ the representation

(5.6) GE(x) = 1i=0(¢'"™ %) (x),  (t.x) eRx A%

By setting x € R? in (5.6), we obtain an extension of G* to R¥*!, which we again
denote by G*.

Unfortunately, the function G¥(x) is discontinuous at r = 0, and our next aim
is to modify it in such a way that it becomes differentiable at least for sufficiently
large values of |x|. Since A® generates a strongly continuous semigroup, for every
m € N we have the uniform limit

(5.7) hm 9"G; = (Ag)

This gives us the terms which we have to subtract from G¢ to make it continuously
differentiable at r = 0. For this, we take a function ¢ : R — R such that o(t) =1
for ¢t € [0, %], o()=0fort e (—o0,0)U[l,4+00), and o(¢) is smooth on ¢ > 0.
Then, for r > 0, we define

(5.8) T (0, x) L o(t/ef) Y %;(ASY”wﬂx), (t,x) e R4,
m=r/p ™

The role of the function g is to have T%" compactly supported in ¢. Then we have
the following result.

LEMMA 5.3. In the described context, let Assumption 5.1 be satisfied. Then
for every fixed value r > 0 there exists a constant ¢ > 0 such that the bound

(5.9) |DK(G® — T")(2)| < Cllz|l; ¢ s,
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holds uniformly over z € R4 with |z|ls > ce, for all k € N+ with |k|s <r, for

DX begina space—time derivative and for the space—time scaling s = (8,1, ..., 1).
Moreover, for |t dof |t|1/’3 V ¢, the function Ge(x) &ef |t|dGE(|t|gx) is Schwartz

in x, that is, for every m € N and k € N? there is a constant C such that the bound

(5.10) IDXGE ()| < C(1+ |x) ™,
holds uniformly over (t, x) € R4*1,

PROOF. The function G* — T*" is of class C] on R%*! Indeed, spatial regu-
larity follows immediately from the regularity of ¢ and commutation of A® with
the differential operator. Continuous differentiability at + = 0 follows from (5.7).
Furthermore, since G¢ vanishes on ¢ < 0, we only need to consider ¢ > 0.

Next, we notice that the bound (5.9) follows from (5.10). Let 7 > 0 be such that
the measure p in Assumption 5.1 is supported in the ball of radius 7. Then, for

= (ko, k) € N?*1 with ko € N and |k|s <, we use (5.6) and the identities (5.3),
combined with the Taylor’s formula, to get

GAD  [DFGi)|=[(A)DEGE | S sup sup |DEHGE
yily—x|<kore l:Il|=Bko

where y € R¢, [ € N?. For |t, x||s > ce, in the case |t|'/# > |x|, we bound the
right-hand side of (5.11) using (5.10) with m = 0, what gives an estimate of order
|r|~@HIKI)/B 1n the case |t|'/P < |x|, we use (5.10) with m = d + |k|s, and we
get a bound of order |x|~?~Ils, if we take ¢ > 2r#/B. Furthermore, the required
bound on 7% follows easily from the properties of the functions ¢ and ¢. Hence,
we only need to prove the bound (5.10).

Denoting by .# the Fourier transform, we get from (5.6) and Assumption 5.1:

(5.12) (ZGE)(©) = (Fo)(elt]s g)et\tlg a@©)f (el 'e),

where we have used the scaling property APa(¢) = a(r¢), and where f = &ef

(Fw/a.

We start with considering the case ¢ > &f. It follows from the last part of As-
sumption 5.1 that there exists ¢ > 0 such that f(¢) > ¢ for |¢]co < 3/4. Since
eltls_1 < 1, we conclude that

_ 1 I c -
| DEOFEUITO| < | PIH©F < (1 4 1),

for | ]eo < 3/ (4_8|l‘|8_1), for every m > 0 and for a proportionality constant depen-
dent on m and k. Here, we have used a(¢) < 0 and polynomial growth of |a(¢)].
Since (F)(e|t|;'¢) vanishes for || > 3/(4e]t]7 1), we conclude that

IDEFG) @S (1+1g)™

uniformly in ¢ and & (provided that # > &#), and for every m € N and k € N¢.
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In the case ¢ < €#, we can bound the exponent in (5.12) by 1, and the polyno-
mial decay comes from the factor (#¢)(¢), because ¢ € S (R?). Since the Fourier
transform is continuous on Schwartz space, this implies that (_}f is a Schwartz
function, with bounds uniform in € and ¢, which is exactly the claim. [

The following result is an analogue of Lemma 3.3 for G°.

LEMMA 5.4. Let Assumption 5.1 be satisfied. Then the function G¢ defined in
(5.6) can be written as G® = K¢ + R? in such a way that the identity

(5.13) (G® xp u)(z) = (K® %6 1) (z) + (R %¢ u)(2),

holds for all 7 € (—o0, 1] x Ag and all functions u on R4 x A‘g, periodic in the
spatial variable with some fixed period. Furthermore, K¢ is regularising of order
B in the sense of Definition 4.10, for arbitrary (but fixed) r and with the scaling
s=(B,1,...,1). The function R® is compactly supported, nonanticipative and the
norm || R¥||¢r is bounded uniformly in ¢.

PROOF. Let M : R?T! — R, be a smooth norm for the scaling s (see, e.g.,
[19], Remark 2.13). Furthermore, let o : Ry — [0, 1] be a smooth “cutoff func-
tion” such that o(s) = 0 if s ¢ [1/2,2], and such that }_, .z 0(2"s) =1 for all
s > 0 (see the construction of the partition of unity in [2]). For integers n € [0, N),
we set the functions

_ def — - def — — def -
0n(2) =0(2"M (),  0<0= Y 0n.  O=NZ= ). On

n<0 n>N
as well as
K@M (2)=0,(2)(G° = T*")(2),  R°(2)=0<0()(G* — T*")(2),
Kf(2)=0-N@(G° = T*")(2) + T*" (2).
Then it follows immediately from the properties of o that

(5.14)

Gt = NZI K®" + K° + R°.
n=0
Since ¢ g is supported away from the origin, we use (5.9) and Assumption 5.1 to
conclude that || R¢||¢r is bounded uniformly in ¢. (Actually, its value and deriva-
tives even decay faster than any power.)

Furthermore, the function K ™ is supported in the ball of radius ¢27", for ¢
as in Lemma 5.3, provided that the norm M was chosen such that M (z) > 2c¢||z]|s.
By the same reason, the first term in (5.14) is supported in the ball of radius ce.
Moreover, the support property of the measure p and the properties of the func-
tions o and ¢° in (5.8) yield that the restriction of 7%" to the grid Af;’ in space is
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supported in the ball of radius ce, as soon as ¢ > 2r7 /B, where 7 is the support
radius of the measure p from Assumption 5.1.

As a consequence of (5.2), (5.6) and (5.8), we get for 0 <n < N the exact
scaling properties

K(s,n) (Z) — 2nd12(52",0) (anz), [28(1) — 8—d121 (S_MZ),

and (2.24) and (4.22) follow immediately from (5.9) and (5.8).

It remains to modify these functions in such a way that they “kill” polynomials
in the sense of (4.21). To this end, we take a smooth function P) on R4t!,
whose support coincides with the support of K¢, which satisfies | PV (z)] <egd,
for every z € R?*! | and such that one has

(5.15) /R Ad(l&é‘ — PM)(2)dz=0

Then we define K¢ to be the restriction of K¢ — P to the grid Ag in space.

Clearly, the function K¢ has the same scaling and support properties as K¢, and it
follows from (5.15) that it satisfies (4.21) with k = 0.

Moreover, we can recursively build a sequence of smooth functions P, for
integers n € [0, N), such that P®™ in supported in the ball of radius ¢27", the
function P satisfies the bounds in (2.24), and for every k € N¢+! with |k|s <r
one has

(5.16) fR Ny FK(KED — p® L pOEDy () dz =0
X

Then, for such values of n, we define
KEm = gen _ pm 4 pi+]) REX Re L pO,

It follows from the properties of the functions P that K ¢ has all the required
properties. The function R? also has the required properties, and the decomposi-
tions (4.20) and (5.13) hold by construction. Finally, using (5.10), we can make
the function R® compactly supported in the same way as in [19], Lemma 7.7. [

REMARK 5.5. One can see from the proof of Lemma 5.4 that the function K¢
is (r/sp)-times continuously differentiable in the time variable for  # 0 and has a
discontinuity at t = 0.

By analogy with (3.2), we use the function R® from Lemma 5.4 to define for
periodic ¢; € RAg t € R, the abstract polynomial

(5.17) )€ fés,D"Rffs(x—-)de

[kls<y

where as before k € N?*! and the mixed derivative DF is in space—time.
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5.2. Properties of the discrete equations. In this section, we show that a dis-
crete analogue of Theorem 3.10 holds for the solution map of equation (5.1) with
an operator A® satisfying Assumption 5.1.

Similar to [19], Lemma 7.5, but using the properties of G proved in the pre-
vious section, we can show that for every periodic ug € RA?, we have a discrete
analogue of Lemma 3.6 for the map (¢, x) > S;ug(x), where S° is the semigroup
generated by A®.

For the regularity structure .7 from Section 3.1, we take a truncated regularity

structure 7 = ('7&, G) and make the following assumption on the nonlinearity F°.

ASSUMPTION 5.6. For some 0 <y <y, n €R, every ¢ > 0 and every dis-
crete model Z° on .7, there exist discrete modeled distributions F(Z¢) and
15(Z?), with exactly the same properties as of Fy and I in Assumption 3.8 on

the grid. Furthermore, we define F¢ asin (3.9), but via F¢ and Fg, and we define
ﬁg(H) for H : R} X A’g — T<, as in (3.10). Finally, we assume that the dis-

crete analogue of the Lipschitz condition (3.12) holds for F¢, with the constant C
independent of ¢.

Similar to (3.11), but using the discrete operators (4.4), (5.17) and (4.24), we
reformulate equation (5.1) as
(5.18) U® =P FE(U®) + S°ub + IS,
where P& & IC’}“‘“7 + R;i RE and U¢ is a discrete modeled distribution.

REMARK 5.7. If Z¢ is a canonical discrete model, then it follows from (4.35),
(5.17), (4.4), Definition 4.1 and Assumption 5.6 that
(5.19) ui (x) = (R;Uf ) (x), (t,x) e Ry x A‘Sl

is a solution of equation (5.1).
The following result can be proven in the same way as Theorem 3.10.

THEOREM 5.8. Let Z® be a sequence of models and let ufy be a sequence of
periodic functions on Ag. Let furthermore the assumptions of Theorem 3.10 and
Assumption 5.6 be satisfied. Then there exists T, € (0, 400] such that for every
T < T, the sequence of solution maps St : (ug, Z%) = U® of the equation (5.18)
is jointly Lipschitz continuous (uniformly in €!) in the sense of Theorem 3.10, but
for the discrete objects.

REMARK 5.9. Since we require uniformity in ¢ in Theorem 5.8, the solution
of equation (5.18) is considered only up to some time point 7.
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6. Inhomogeneous Gaussian models. In this section, we analyse discrete
and continuous models which are built from Gaussian noises. In the discrete case,
we will work as usual on the grid Af, with e =27V and N € N, and with the
time—space scaling s = (sg, 1, ..., 1).

We assume that we are given a probability space (€2, F, P), together with a
white noise £ over the Hilbert space H def L2(D) (see [36]), where D défR x T4

and T R/Z is the unit circle. In the sequel, we will always identify & with its
periodic extension to R4+!,

In order to build a spatial discretisation of &, we take a compactly supported
function ¢ : R¢ — R, such that for every y € Z¢ one has

[ eet =y dx=so..

where 6. . is the Kronecker’s function. Then, for x € Ag , we define the scaled
function 0% (y) défe_dg((y —x)/e) and

6.1) ) e, 08), (tx)eRx AL

One can see that £¢ is a white noise on the Hilbert space H, def L*(R) ® Ez(T?),

where T, def (¢Z)/Z and Ez(Tg ) is equipped with the inner product (-, -)..

In the setting of Section 3.2, we assume that Z° = (T1%, "%, £¢) is a dis-
crete model on ’7A’ such that, for each t € F and each test function @, the maps
(TI3'7, ¢)e, TiyT and X357 belong to the inhomogeneous Wiener chaos of
order ||z]| (the number of occurrences of E in ) with respect to &%. More-
over, we assume that the distributions of the functions (¢, x) +— (l'[fc*tr, Ox)es
(t,x) — Fiz;+hlr and (¢,x) — Zi’t’t”’zr are stationary, for all & € Ag and
hy € R. In what follows, we will call the discrete models with these properties
stationary Gaussian discrete models.

The following result provides a criterion for such a model to be bounded uni-
formly in ¢. In its statement, we use the following set:

6.2) F d:ef({t e F:lt| < 0} U FEM) \ Fpoly-

THEOREM 6.1. In the described context, let g = (7A', G) be a truncated reg-
ularity structure and let Z¢ = (I1¢,'¢, X¢) be an admissible stationary Gaussian
discrete model on it. Let furthermore the bounds

6.3) E[|r )y )" <1 E[IZ°) 17 <0

hold uniformly in ¢ (see Remark 4.7) on the respective generating regularity struc-
ture T8 = (TE" G), for every p > 1, for every y > 0 and for some T > c, where
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¢ > 0 is from Definition 4.10 and where the proportionality constants can depend
on p. Let finally T1¢ be such that for some § > 0 and for each t € F~ the bounds

E[|(Hi’t‘r, (pﬁ)sf] < )LZITI—Hc’
(6.4)
BT = 157, ), ] 120905 — o,

hold uniformly in ¢, all ) € e, 1], all x € Ag, all s #t € [-T,T] and all ¢ €

BS(R‘I) with r > —|min .AAU. Then, for every y >0, p > 1 and 5 €10, 98), one has
the following bound on T uniformly in &

&
(6.5) E[l|z°[I§. 1" S 1
Finally, let Z‘i: (18, T8, £¢) be another admissible stationary Gaussian dis-
crete model on T, such that for some 6 > 0 and some & > 0 the maps I'® — re,
%¢ — X¢ and TI¢ — T1¢ satisfy the bounds (6.3) and (6.4), respectively, with pro-
portionality constants of order €%°. Then, for every y >0, p > 1 and § € [0, 8),
the models Z¢ and Z¢ satisfy on Z the bound

. 7e)© =0
(6.6) E[llz*; z¢||,, 1" <&,
uniformly in ¢ € (0, 1].
PROOF. Since by assumption (151, ¢), belongs to a fixed inhomogeneous
Wiener chaos, the equivalence of moments [35] and the bounds (6.4) yield the re-

spective bounds on the pth moments, for any p > 1. In particular, the Kolmogorov
continuity criterion implies that for such p the bounds

B[ sup [Imer ), ]] S ari
te[-T,T]

, , Py
WO TR s,
s#te[~T,T] |t — s]9/%0 ~

6.7)

hold uniformly over x, ¢ and A as in (6.4) and for some k¥ > 0 depending on p.
Going now by induction from the elements of 7€ to the elements of 7, using
Lemmas 4.12 and 4.13 and the discrete multiresolution analysis defined in Sec-
tion 4.1.2, we can obtain (6.5) in the same way as in the proof of [19], Theo-
rem 10.7. The bound (6.6) can be proved similarly. [J

The conditions (6.4) can be checked quite easily if the maps I1°t have cer-
tain Wiener chaos expansions. More precisely, we assume that there exist kernels
WER T such that (WER 1) (z) € HEF, for z € R x A?, and

6.8) Meel. = 15[ om0 Pnenay)

k=il
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where I} is the kth order Wiener integral with respect to £° and the space H; is
introduced above. Then we define the function

(6.9) (/C(s;l<).L.)(Zl . 22) déf«w(a;k).[)(m)’ (W(g;k)f)(ZZ)>H5®k,

forz; #z2 e R x Ag, assuming that the expression on the right-hand side is well
defined.

In the same way, we assume that the maps I1°7 are given by (6.8) via the re-
spective kernels WER 1 Moreover, we define the functions 8¢t as in (6.9),
but via the kernels W€K ¢ — WEK ¢ and we assume that the functions K€% ¢
and SKEH ¢ depend on the time variables ¢; and #; only via ¢| — f, that is,

(6.10) (KEPTY, (1, x2) E(KER 1) (21, 20),

n—n

where z; = (¢, x;), and similarly for SKER T,
The following result shows that the bounds (6.4) follow from corresponding
bounds on these functions.

PROPOSITION 6.2. In the described context, we assume that for some T € F-
there are values a > |t| VvV (—d/2) and § € (0, a 4+ d/2) such that the bounds

(K)o (x1. x2)]

<Y (10, x1llse + 10, x201s,6) € 10, x1 — x21 2475,
=
(6.11) 1891 (KER 1) (x1, x2))|
|t|25/50

200—28—
St xtlls,e + N7, x2ll5,) 110, 1 — x| 2272075,
>0

hold uniformly in ¢ for t e R, x1,x3 € Ag and k < ||t ||, where the operator §%*

is defined in (1.8), where ||z]|s.¢ def zlls Vv &, and where the sums run over finitely
many values of ¢ € [0,2a — 28 + d). Then the bounds (6.4) hold for t with a
sufficiently small value of k > 0.

Let furthermore (6.11) hold for the function 8K &%)t with the proportionality
constant of order €%, for some 0 > 0. Then the required bounds on (I1¢ — I1°)t
in Theorem 6.1 hold.

PROOF. We note that due to our assumptions on stationarity of the models,
it is sufficient to check the conditions (6.4) only for (ITy't, ¢})e and ((TT5" —
Hf)’o)t, (p(})‘) ¢, and respectively for the map IT°.

We start with the proof of the first statement of this proposition. We denote by

H(()S’k)”r the component of Hg’t 7 belonging to the kth homogeneous Wiener chaos.
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Furthermore, we will use the following property of the Wiener integral [36]:

(6.12) E[f (/] <fllyee.  feHEE
Thus, from this property, (6.10) and the first bound in (6.11), we get

E[($" 7, o),
< / / o e[ G | (CER ) et )| vy o
ad Jag

@13 < uy /xl‘sk(uo,xlns,g + 110, x2ll5.6) 10, X1 — x212%7¢ dxy dxy

=07 [x2|<A

<Ay e f 10, x )2 dx < 222,

for A > ¢. Here, to have the proportionality constant independent of &, we need
20 — ¢ > —d. Combining the bounds (6.13) for each k with stationarity of IT°t,
we obtain the first estimate in (6.4), with a sufficiently small « > 0.

Now, we will investigate the time regularity of the map IT°. For |¢] > A%, we
can use (6.13) and brutally bound

& 2 K, 2 £),0 2
E[(s*' 1150 7. of). |* S EIME v, ¢b).|* + E|G 7. o). |

(6.14)
< kZot < |t|28/S()k2a—28’

for any § > 0, which is the required estimate. In the case |f| < A%, the bound (6.12)
and second bound in (6.11) yield

E[(s*'T15™0 7. of), |

< / f o e o) [[8% (KKER ) (xy, x2) | iy e
Al Jng

615 + [ [ Al 06 e, v d

SlePeor2 3 | xillse + 18, x2ls0)*
£=0" |x2| <A
x )10, x1 — x2[1 3% duxy doxs
S |t|25/50)\’2(¥—25,
where the integral is bounded as before for 2o — 26 — ¢ > —d. Combining the
bounds (6.14) and (6.15) for each value of k with stationarity of IT°7, we obtain

the second estimate in (6.4). The required bounds on (IT¢ — I1°)7 can be proved
in a similar way. [
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REMARK 6.3. Assume that we are given an admissible continuous model Z =
(T1,T, £) on .7 such that the map IT is given on F- by the expansions (6.8) in
which we replace all the discrete objects by their continuous counterparts. Then
one can prove in the same way analogues to Theorem 6.1 and Proposition 6.2 in
the continuous case, that is, when we use ¢ = 0 and use continuous objects in place
of the discrete ones.

6.1. Continuous inhomogeneous models. In this section, we will show how in
some cases we can build a continuous inhomogeneous model from an admissible
model in the sense of [19], Definition 8.29.

For a white noise £ on a Hilbert space H as in the beginning of the previous
section, we assume that we are given an admissible model Z= (1:1 I') in the sense
of [19], Definition 8.29, on the truncated regularity structure  such that for ev-
ery T € F, every test function ¢ on R?*! and every pair of points z,z € R*1,
the maps (I1.7, ¢) and I'.;t belong to the inhomogeneous Wiener chaos of or-
der ||z||| (the quantity ||z|| is defined in the beglnmng of Section 6) with respect

to £. Furthermore, we assume that for every 7 € F there exist kernels W®) ¢ such
that for every test function ¢ on R?*! one has [ga+1 (1) (WP 1) (2)dz € H®*,

postulating that the integral is well defined, and IT,7 can be written as

(6.16) (MLt.p)= Y Ik (S®k / @ WW1)(z) dz),
k=il

where I, is the kth Wiener integral with respect to &, ¢, is the recentered version of
@ and {S;},ge+1 is the group of translations acting on H. Using the scalar product
in H® rather than in H®* and points from R?*!, we assume that the respective
modification of the right-hand side of (6.9) is well defined and we introduce for
these kernels the functions KX® . In addition, we assume that they satisfy the
continuous analogue of (6.10) and the first bound in (6.11) (when ¢ = 0). Then for
every T € F, we can define a distribution IT’ 7 € S’ (R?) by

611 (Mrg)= ¥ 458 [ om0 nendy).
k=Tl

where ¢ is a test function on R?. In fact, the expression on the right-hand side of
(6.17) is well defined, because one can show in exactly the same way as in (6.13)
that for every test function ¢ on R? one has

» A (k)
/Rd /Rd 96 (x1) @y (x2) (KW 1) (x1, x2) dxy dxa| S
Finally, defining the maps I" and X by
(6]8) F;y = f(t,x),(t,y), Z;t — ﬁ(s,x),([,x),

A2

one can see that (IT, I', ) is an admissible inhomogeneous model on .
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7. Convergence of the discrete dynamical <I>g model. In this section, we
use the theory developed above to prove convergence of the solutions of (<I>‘3" o)
where A? is the nearest-neighbour approximation of A and the discrete noise &°
is defined in (1.4) via a space—time white noise &.

Example 5.2 yields that Assumption 5.1 is satisfied, and moreover £° is a dis-
crete noise as in (6.1). The time—space scaling for equation (d>‘3‘) iss=(2,1,1,1)
and the kernels K and K¢ are defined in Lemma 5.4 with the parameters § = 2
and r > 2, for the operators A and A?, respectively.

The regularity structure .7 = (7, G) for equation (CD‘;), introduced in Sec-
tion 3.1, has the model space 7 = span{F}, where

F=I1,8,¥,¥? W WX, T(¥)W, Z(¥)¥?, 7(¥?)w?, Z7(¥?),

7.1) 5
IV, Z(V)V-, X, ...},
v défZ(E), |E|l=« € (—17—8, —%) and the index i corresponds to any of the three

spatial dimensions; see [19], Section 9.2, for a complete description of the model
space 7. The homogeneities A of the symbols in F are defined recursively by the
rules (3.5). The bound o > —1—78 is required, in order for the collection of symbols
of negative degree generated by the procedure of [19], Section 8, not to depend
on «.

A two-parameter renormalisation subgroup SR? C 9 for this problem consists
of the linear maps M on 7 defined in [19], equation (9.3).

In the proof of Theorem 1.1, in Section 7.3, we will make use of the Gaussian
models on .7 built in [19], Theorem 10.22. As one can see from Remark 6.3 and
the continuous versions of the bounds (6.11), one can expect a concrete realisation
of an abstract symbol t to be a function in time if || > —%. In our case, the

symbols E and W3 do not satisfy this condition, having homogeneities o < —%

and 3(o +2) < —3, respectively. This was exactly the reason for introducing a
truncated regularity structure in Section 3.2, which primarily means that we can

remove these problematic symbols from 7. More precisely, we introduce a new

symbol W & 7(w3) and the set

Fgeﬂ dét {\Ij, lII} U .Fpo]y.

Furthermore, we remove & and W3 from F in (7.1) and replace all the occurrences
of Z(W3) by W, which gives

F={1,v,92 v2x; ¥, w2, 7($?) w2, 7(¥?), Z(¥)¥, Z(¥)Y2, X, ...}

Then the model spaces of the regularity structures .7 8" and  from Definition 3.4

are the linear spans of F*" and F, respectively, and the set F~ from (6.2) is given
in this case by

(7.2) F={w, ¥, 02 vix;, ¥, 7(¥?)w? vy},
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In the following lemma, we show that the nonlinearities in (<I> ) and (<I> o) sat-
isfy the required assumptions, provided that the appearance of the renormahsation
constant is being dealt with at the level of the corresponding models.

LEMMA 7.1. Let & & mln.A and let a and X\ be as in (dD ). Then, for any
y > |2a| and any n < &, the maps

(7.3) F(t) = F(t) = —Q<o(at + 173 + E
satisfy Assumptions 3.8 and 5.6 with
Fo=F =28 — 3, lo=1{ =V — ¥,
andy =y +2a, n=3n.
PROOF. The space Ty C 7 introduced in Section 3.1 is spanned by polyno-
mials and elements of the form Z (7). Thus, the fact that the function F defined
in(39) maps {lp+7:7 € 7N Ty} into 7 is obvious. The bounds (3.12) in the

continuous and discrete cases can be proved in exactly the same way as in [19],
Proposition 6.12, using Remarks 2.10 and 4.4, respectively. [J

Our following aim is to define a discrete model Z¢ = (T1¢,T'¢, £¢) on 78",
and to extend it in the canonical way to .7 as in Remark 4.14. To this end, we
postulate, for s, € Rand x, y € A2,

74)  (MEW)(y) = (K% £5)(t.y), Tiw=w,  =S90=y,

Furthermore, we denote the function ¥4 (¢, x) = def (K¢ %, (l'[fc*t\ll)3)(t, x) and set
(Hg”kP)(y)zv‘f (t,y) = ¥ (t.x),
(7.5) MW=V — @y -y )],
TS =W — (YO (t, x) — PO (s, x))1.
Postulating the actions of these maps on the apstract polynomials in the standard

way, we canonically extend Z¢ to the whole .7.
Furthermore, we define the renormalisation constants>

(7.6) % /R Ag(KE(z))zdz, ci & / KS*SKE)(z)zKS(z)dZ,
XA

and use them to define the renormalisation map M* as in [19], Section 9.2. Finally,
we define the renormalised model Z¢ for Z¢ and M* as in Remark 4.16. Usmg the
model Z¢ in (5.19), we obtain a solution to the discretised <I>4 equation (<I> ) with

def 10 (&) 9520
C® = 3xC1 —ncy,

30ne can show that Cfg) ~¢e~ 1 and Cég) ~loge.
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where A is the coupling constant from (<I>§). Before giving a proof of Theorem 1.1,
we provide some technical results.

7.1. Discrete functions with prescribed singularities. 1t follows from Proposi-
tion 6.2 that the “strength” of singularity of a kernel determines the regularity of
the respective distribution. In this section, we provide some properties of singu-
lar discrete functions. As usual, we fix a scaling s = (sg, 1,..., 1) of Rt with
50> 1.

For a function K¢ defined on R x Ag and supported in a ball centered at the
origin, we denote by D; . the finite difference derivative, that is,

def _1(

Dl&‘K (t x) KS([,X+8€i)—K€(t,x)),

where {e;};—1_4 is the canonical basis of R?, and for k = (ko, k1, ..., kg) € N¢tH1
we define D¥ &f DfOD/f"E e D(];f’g. We allow the function K¢ to be nondifferen-

tiable in time only on the set Py def {(0,x):x € A‘g }. Furthermore, we define for
¢ € R and m > 0 the quantity
|DEK(2)]

(¢) def
(7.7) K?¢ = max sup ———————
I:I I:I |k|4<mZ¢P ”Z”(f |kls)AO?

where z € R x A4, k € N“*+! and 1z ]ls.c & |1z]ls v &.
By analogy with Remark 4.7, we always consider a sequence of functions
parametrised by ¢ =2~V with N € N, and we assume the bounds to hold for all &

[I(S)

with proportionality constants independent of ¢. Thus, if | K¢ < 00, then we

will say that K¢ is of order ¢.

REMARK 7.2. We stress the fact that by our assumptions the functions K¢ are
defined also at the origin. In particular, K¢ can have a discontinuity at = 0 and its
time derivative behaves in the worst case as the Dirac delta function at the origin.

The following result provides bounds on products and discrete convolutions x,.

LEMMA 7.3. Let functions K{ and K5 be of orders {\ and >, respectively.
Then we have the following results:

e If 1,8 <0, then K{ K3 is of order ¢y + ¢ and for every m > 0 one has

(7.8) IESTSHIERRMEY S A S1 e

Moreover, if both K 18 and Kzg are continuous in the time variable on whole R,
then K{ K3 is continuous as well.
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e IfeiNG > —|s|and ¢ def st + &+ 15| € N, then K| ¢ K5 is continuous in the
time variable and one has the bound
(7.9) IK;* K508 <OKG0G 0K505)

rm ™ Cosm*

In all these estimates, the proportionality constants depend only on the support of
the functions K} and are independent of ¢.

PROOF. The bound (7.8) follows from the Leibniz rule for the discrete deriva-
tive

(7.10) DEKIKS) D) =) (?) DK (2) DX KS (2 4 (0, el)),
i<k

where k, I € N9, as well as from the standard Leibniz rule in the time variable. The
bound (7.9) can be proved similar to [19], Lemma 10.14, but using the Leibniz rule
(7.10), summation by parts for the discrete derivative and the fact that the products

d
e ETT T] @i—eh

i=10<j<k;

with k € N play the role of polynomials for the discrete derivative.

When bounding the time derivative of K{ x, K5, we convolve in the worst case
a function which behaves as Dirac’s delta at the origin with another one which has
a jump there (see Remark 7.2). This operation gives us a function whose derivative
can have a jump at the origin, but is not Dirac’s delta. This fact explains why
K{ x¢ K3 is continuous in time. [J

The following lemma, whose proof is almost identical to that of [19], Lem-
ma 10.18, provides a bound on an increment of a singular function.

LEMMA 7.4. Let a function K¢ be of order £ < 0. Then for every k € [0, 1],
teRand x;,xy € A‘gi one has

[KE(tx1) — K6, x2)] S 1 — 22l (Il xa 155 + 1 xS 2 [ K[
For a discrete singular function K¢, we define the function %, K¢ by
def
(7.11) @K@ E [ K@@ -90)dz,
Rx A4
for every compactly supported test function ¢ on R?*+!. The following result can

be proved similar to [19], Lemma 10.16, and using the statements from the proof
of Lemma 7.3.
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LEMMA 7.5. Let functions K{ and K5 be of orders ¢y and (>, respec-
tively, with ¢1 € (—|s| — 1, —|s|] and & € (=2|s| — ¢1,0]. Then the function
(Z: K7)*¢ K5 is continuous in time of order ¢ & C1+ &+ |s| and, for any m > 0,
one has

(&) (&) (&)
[(Z:KT) % K307, S KT om0 KS 0 merso-

The following result shows how certain convolutions change singular functions.

Its proof is similar to [19], Lemma 10.17.

LEMMA 7.6. Let for some & € [g, 1] the function ¥*¢ : R x Ag — R be
smooth in the time variable, supported in the ball B(0, Rg) C R*! for some
R > 1, and satisfies

a1 [ @di=1 D] gET
X £

forall ze R x Ag and k € N4t1 where the proportionality constant in the bound
can depend on k. If K¢ is of order ¢ € (—|s|, 0), then for all k € (0, 1] one has
e e g,e () —K en©
DK — K" x: Y [I;—lc;m 58 |:|K ¢sm+so”
7.2. Convergence of lattice approximations of the <I>§ measure. In this section,
we provide some properties of the lattice approximations . of the d>‘3t measure,

defined in (1.1), which will be used in the proof of Corollary 1.3. We start with
tightness and moment estimates.

PROPOSITION 7.7. If a > 0 and the coupling constant A in (1.2) is small
enough, then for every o < —% the sequence g is tight in C* as ¢ — 0 with
uniformly bounded moments of all orders.

PROOF. The estimate [5], equation (8.2), implies that the 2nth moment of 1,
is bounded by the second moment (up to a multiplier depending on n). Moreover,
it follows from [5], Theorem 6.1, that for any test function ¢ € C° (R?) one has

/ OF ()16 (dD°) = f O ()21 (dD°) + O(2gl1%).

where [i. is the Gaussian measure given by (1.1) and (1.2) with A = C © = .
Since the covariance of [i, is the kernel of (¢ — A®)~! where A? is the nearest-
neighbour approximation of the Laplacian A (see [5], equation (3.2)), one has the
bound

fd)g(go")z/lg(ddf) S, U_I_K,
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for any « > 0 and any scaling parameter v € [¢g, 1]. This yields the respective
bounds on the moments of i, from which the claim follows. [

The following result shows that the measures u. in fact converge as ¢ — 0.
PROPOSITION 7.8. The measures i1, on C¥ converge to the CI>‘3l measure (1.3).

PROOF. By Proposition 7.7, we can choose a subsequence of . weakly con-
verging to a limit . Combining this with [38], Theorem 2.1 (see also [37]) shows
that u coincides with the q>‘3‘ measure (1.3) constructed in [11]. [

7.3. Proof of the convergence result. Using the results from the previous sec-
tion, we are ready to prove Theorem 1.1.

PROOF OF THEOREM 1.1. In order to prove the claim, we proceed as in [38]
and introduce intermediate equations driven by a smooth noise. Precisely, we take
a function ¥ : R* — R which is smooth, compactly supported and integrates to 1,
and for some ¢ € [¢, 1] we define wg(t, X) défé‘“'xﬁ(é‘%, £~ 1x) and the mollified
noise &9 défé * ¢ Then we denote by ®%0 the global solution of

athE,O — Aq)é,o + (C(E,O) _ a)q)é,o _ A‘(q)g‘,O)?) + gé,o, CDE’O(O, ) — (I)O(),

where CE0 =3, — 9329 and ¢*” and CS*? are as in [19], Theo-
rem 10.22 and equation (9.21).

Let Z%0 and Z be the models on .7 built in [19], Theorem 10.22, via the noises
£80 and &, respectively. We will be interested only in their restrictions to the trun-
cated regularity structure 7 1t follows from the proof of the latter theorem that we
are exactly in the setting of Section 6.1, and we can define respective inhomoge-
neous models Z&:% and Z on 7 as in (6.17) and (6.18). Furthermore, Remark 6.3
and the bounds obtained in the proof of [19], Theorem 10.22, on the elements in
the expansions (6.17) of the models yield the following bounds:

(7.13) E[Zlls..7]” <1, E[NZ50% Zls.,.r]” S &%,

uniformly in € € (0, 1], for any T > 0, p > 1 and for sufficiently small values of
6 >0 and 8 > 0. Using Theorem 3.10 and Lemma 7.1, we define the solution &
to equation (<I>§‘) as in Definition 3.11 by solving the respective abstract equation

(3.11) with the nonlinearity F from (7.3) and the inhomogeneous model Z.
In order to discretise the noise ¢ 0. we define the function

S
v et [ e sndy. ) eRx AL

and the discrete noise £6E def V&€ x, £9, where £° is given in (1.4). We take the
function ¥®-¢ in this form, because it satisfies the first identity in (7.12), which in
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general is not true for ¥¢. We define the discrete model Z%¢ by substituting each
occurrence of £¢, C; ) and C, ) in the definition of Z¢ by £5:¢ ,C; &) and C, (&, 8),

spectively, where C 1( is defined as in (7.6), but via the kernel K ¢-¢ def K?%x, ws €,
and C(E ) is defined by replacing K¢ x K¢ by K& x, K% in the second expres-
sion in (7.6). Furthermore, using [ K¢ (8). < C, which follows from Lemma 5.4
and Remark 5.5, and proceeding exactly as in the proof of [19], Theorem 10.22, but
exploiting Proposition 6.2 and the results from Section 7.1 instead of their contin-
uous counterparts, we obtain the bounds (6.3) for each 7 € F&" \ F1y, and (6.4)
for each T € F ~, uniformly in ¢ < & and for § > 0 small enough. We also obtain
the respective bounds on the differences Z%¢ — Z¢, with the proportionality con-
stants of orders £2¢ with 6 > 0 sufficiently small. For this, we can use Lemma 7.6,
because ¢ satisfies the required conditions, which follows from the properties
of . Thus, Theorem 6.1 yields

(7.14) E[IZ°NS),.7]" S 1. E[IZ%% 280, ]" S &%,

uniformly in € < &, for any 7 > 0 and p > 1. We denote by ®*¢ the solution

of (<I>‘31 ¢), driven by the noise £°¢, with the renormalisation constant C (&) def

31.CFF —9x2C.
For every K > 0, we define the following stopping time:

tx L inf(T > 0: @] s = K},
n,T

where the values of §, @ and 7 are as in the statement of the theorem. Then we
have the limit in probability limg_, Tx = T, where T, is the random lifetime
of ®. Our aim is now to prove that

(7.15) lim lim P[] ®; &°|5), =c]=0,

K—o00e—0 T
for every constant ¢ > 0. Then the claim (1.6) will follow after choosing 7 as a
suitable diagonal sequence.
In order to have a priori bounds on the processes and models introduced above,
we define for every K > 0 the following stopping times:

def .

ok Sinf{T > 0: @] psq = K or 0 Zlls.y:r = K. or IZ°N,. 7 = K}

o™ Linf{T > 0: | @ — 70| o = Tor [@° — S

605_ ’
r]T

or [ @50 @5, =1, or 1Z; 2% N5,y = 1, or 12 Z5°II), 1 = 1},
n,T
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def
as well as o Kg = op A o®¢. Then, choosing two constants K > K and using the

latter stopping time and the triangle inequality, we get the following bound:

P[|®; <I>8||( > c]
'IfK
6 <P[|® - &0 0 >c]+ P[0 cI>“||( > c]
(7.16) "@,f s
P[|®%¢ — q>€||< > ]+P[QK <ot]+Plof < k],
VIQK

We will show that if we take the limits &, — 0 and K, K — o0, then all the terms
on the right-hand side of (7.16) vanish and we obtain the claim (7.15).
It follows from the definition of ¢%° that ||Z]|, . z. and [|Z5O||, . . are
K 8,v:08 8,08

bounded by constants proportional to K. Hence, Theorems 5.8 and 4.6, and the
bounds (7.13) yield

lim P[] — <1>€0||CM >c] =0,

VIQK

uniformly in ¢. Similarly, we can use Theorems 5.8 and 4.6, and the bounds on the
discrete models (7.14) to obtain the uniform in & convergence

lim P[[|®° — %¢|¥),  >c]=0.
£—0 C %
'7»@]2

Now, we turn to the second term in (7.16). It follows from our definitions that
we have £%¢ = p%¢ x &, where
e £ def —d £,
(tx) & f P ()L ze 2 .
Moreover, for z = (¢, x) € R x Aff one has the identity

(¥F — 07%)(2) = ¢~ / / Bt 2) — Y (0 1)) Ly e /2 jy—x|<e 2 du Dy,

from which we immediately obtain the bound

Sup ‘Dl{((w&‘ _ Qé‘,é‘)(z)’ 5 8é—|5|—k50—1’
zeRx A4
for every k € N. Hence, using the a priori bounds on the solutions, which follow
from the definition of Q;ée, we can use the standard result from numerical analysis

of PDEs (see, e.g., [31], Chapter 6) that the second term in (7.16) vanishes as
& — 0, as soon as ¢ is fixed.
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The limit limz_, ¢ lim,_, ¢ P[Q%’S < O'I%] = 0 follows immediately from the def-
inition of the involved stopping times, the bounds (7.13) and (7.14), and the con-
vergences we have just proved. Finally, it follows from (7.13) that

lim Plo; <7¢]=0,
K—o0

for a fixed K and uniformly in ¢, which completes the proof. [

PROOF OF COROLLARY 1.3. Let & be space-time white noise on some prob-
ability space (£2, F, P), and let its discretisation £¢ be given by (1.4). Let further-
more ®f be a random variable on the same probability space which is independent
of & and such that the solution to (dDg', ) with the nearest neighbours approximate
Laplacian A¢ and driven by &° is stationary. We denote by . its stationary distri-
bution (1.1), which we view as a measure on C* with « as in (1.6), by extending
it in a piecewise constant fashion. It then follows from Proposition 7.7 that if we
view @( as an element of C% by piecewise constant extension, we can and will
assume by Skorokhod’s representation theorem that &g converges almost surely
as ¢ = 0 to a limit g € C*. In order to use Skorokhod’s representation theorem
[28], the underlying spaces have to be separable which is not the case for C, but
this is irrelevant since our random variables belong almost surely to the closure of
smooth functions under the seminorm (1.7) which is separable.

Before we proceed, we introduce the space C def C,—(])’a([O, 11, T3 U {oo} (the

latter Holder space is a subspace of C,—(]) “*([0, 1], R3) defined below (1.9), containing
the spatially periodic distributions), for o and 7 as in (1.6), and equipped with the
metric such that

def def

d(z.00) L d(oo. )€ (14 I0e) " o0,

d(¢1. ) € min{ll61 — &2l (1, 00) +d(@2.00)). L # 0o,

Denote now by ®? the solution to (d>§, ) with initial condition ®{ and by & the

solution to (<I>§) with initial condition ®y. We can view these as C-valued random
variables by postulating that & = oo if its lifetime is smaller than 1. (The lifetime
of @ is always infinite for fixed ¢.)

Since the assumptions of Theorem 1.1 are fulfilled, the convergence (1.6) holds
and, since solutions blow up at time 7, this implies that d(®*, ®) — 0 in prob-
ability, as & — 0. (The required continuity in time obviously holds for every ®¢
and ®.) In order to conclude, it remains to show that P(® = co) = 0. In particular,
since the only point of discontinuity of the evaluation maps ® — ®(z, -) on C is
oo, this would then immediately show not only that solutions @ live up to time 1
(and therefore any time) almost surely, but also that u is invariant for ®. To show
that ® £ oo a.s., it suffices to prove that there is no atom of the measure p at the
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point co. Precisely, our aim is to show that for every & > 0 there exists a constant
C;z > 0 such that

(7.17) P(HCDSHCQ"I" >C;) <E&.
1,
We fix & > 0 in what follows and work with a generic constant Cz > 0, whose
value will be chosen later. For integers K > 2 and i € {0, ..., K — 2}, we denote
& def &
.= ||P P s
Ok = | Hcg,wx,(wz)/m
where the norm || - || o0 is defined as below (1.9), but on the time interval
7,171,171

[T1, T»] and with a blow-up at Tj. Splitting the time interval (0, 1] in (1.9) into
subintervals of length 1/K, and deriving estimates on each subinterval, one gets

K—1 K-2
[l oe = Qo+ DG+ D20k, <CKT2 37 05 .
" i=1 i=0
if n <0, and for some C independent of K and ¢. Since, by stationarity, the random
variables Q‘}{, ; all have the same law, it follows that

K-2
P( a2 Co) < P(CK—n/z S CE)

(7.18) i=0

< KP(| o > C7'K2Cy),

0,
Cha/k
. . . = def ~_ = .
To make the notation concise, we write Cg 3 = C-lk/2c z. Furthermore, in or-
der to have a uniform bound on the initial data and the model, we use the following
estimate:
P(| %] 00 > Ck) < P(\\@Hcg,gm > Ck gl [ 5] en < L,

1,2/ K

z|ly} < 1)
(7.19)
+P(| 9G] > L) +P(12°]I), > L),

valid for every L, where n and y > 0 are as in the proof of Theorem 1.1.
Recalling that [5], Section 8, yields uniform bounds on all moments of u., and
using the first bound in (7.14), Markov’s inequality implies that

(7.20) P(|®Gler > L) <BiL™  P(|Z°|l)y > L) < BoL ™,

for any ¢ > 1, and for constant By and B; independent of ¢ and L.

Turning to the first term in (7.19), it follows from the fixed-point argument in
the proof of Theorem 5.8 and the bound (4.5a) that there exists p > 1 such that
one has the bound

[9°]cos , = B3L,
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with B3 being independent of ¢ and L, as soon as ||®gllen < L, |||Zg|||§f,)1 <L,
K > L? and L > 2. In particular, the first term vanishes if we can ensure that

(7.21) Ck.i:> B3L>.

Choosing first L large enough so that the contribution of the two terms in (7.20)
is smaller than £/2, then K large enough so that K > L7, and finally C; large
enough so that (7.21) holds, the claim follows.

Let Z be the model from the proof of Theorem 1.1 and let

S:C"x M —C"

be the map S; = R;S; from Theorem 3.10 yielding the maximal solution up to
time ¢, that is, ®; = S;(Po, Z) with the conventions that S;(co, Z) = 00 and
S; (o, Z) = o0 if the maximal existence time T, is less than ¢. Here, .# denotes
the space of all admissible models as in Section 6.1. It follows from (2.32), the
locality of the reconstruction map and the locality of the construction of the model
that S; (g, Z) depends on the underlying white noise only on the time interval
[0, ¢]. Moreover, as a consequence of [19], Proposition 7.11, one has

Ss11(@0, Z) = 5,(5,(Po, 2), Zs),

where Z; is the natural time shift by s of the model 7. Since the underlying noise is
white in time, we conclude that the process @ is Markov. The fact that the measure
w is reversible for @ follows immediately from the fact that u, is reversible for
the discretised process ®°. [
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