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Let M, N and K be d-dimensional Riemann manifolds. Assume that A :=
(An)nen is a sequence of Lebesgue measurable subsets of M satisfying a
necessary density condition and X := (x;),eN is a sequence of independent
random variables, which are distributed on K according to a measure, which
is not purely singular with respect to the Riemann volume. We give a formula
for the almost sure value of the Hausdorff dimension of random covering
sets E(x, A) := limsup,,_, oo An(x;) C N. Here, A; (x,) is a diffeomorphic
image of A, depending on x;. We also verify that the packing dimensions of
E(x, A) equal d almost surely.
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1. Introduction and main theorem. Limsup sets, defined as upper limits of
various sequences of sets, play an important role in different areas of mathematics.
One of their earliest occurrences originates from the study of random placement
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of circular arcs in the unit circle by Borel [7] in the late 1890s. He stated that a
given point belongs to infinitely many arcs provided that the placement of arcs
is random and the sum of their lengths is infinite. This statement is the origin of
what is nowadays known as the Borel-Cantelli lemma. We refer to [37] for more
details and references on the historical development. Related to geometric measure
theory and fractals, limsup sets appear implicitly already in the investigation of the
Besicovitch-Eggleston sets concerning the k-adic expansions of real numbers [5,
16]. They play also a central role in Diophantine approximation. For instance,
the classical theorems of Khintchine and Jarnik provide size estimates in terms of
Lebesgue and Hausdorff measure for limsup sets consisting of well-approximable
numbers (cf. [26]).

In the modern language, random covering sets are a class of limsup sets de-
fined by means of a family of randomly distributed subsets of the d-dimensional
torus T := R?/Z4 . Supposing that A := (A,),en is a deterministic sequence of
nonempty subsets of T¢ and x := (x,),en is a sequence of independent random
variables which are uniformly distributed on T¢, define a random covering set
E(x, A) by

oo 0
E(x,A) :=limsup(x, + Ap) = [ | Gk + Ap),
n— oo

n=1k=n

where x + A := {x + y : y € A}. We denote the Lebesgue measure on T¢ by L.
It is easy to see that L(E(x, A)) = 0 for all x if the series ) ;2| L(A) converges.
On the other hand, it follows from the Borel-Cantelli lemma and Fubini’s theorem
that L(E(x, A)) = 1 almost surely provided the sets A, are Lebesgue measurable
and the series Y jo | L(Ay) diverges. Note that this result is essentially the higher
dimensional analogue of Borel’s original idea concerning the covering of the circle
by random arcs, which we discussed in the beginning of this section.

The case of full Lebesgue measure has been extensively studied. In 1956,
Dvoretzky [15] posed a problem of finding conditions which guarantee that the
whole torus T¢ is covered almost surely. Even in the simplest case when d = 1
and the generating sets are intervals of length (), N, this problem, known in lit-
erature as the Dvoretzky covering problem, turned out to be rather long-standing.
After substantial contributions of many authors, including Billard [6], Erd6s [19],
Kahane [34] and Mandelbrot [44], the full answer was given in this context by
Shepp [50] in 1972. He verified that E(x, A) = T' almost surely if and only if

1
Z—zexp(ll + -+ 1) = o0,

n

n=1

where the lengths (I,,), < are in decreasing order. In full generality, the Dvoretzky
covering problem is still unsolved. The higher dimensional case has been studied
by El Hélou [18] and Kahane [36] among others. In [36], a complete solution is
provided in the case when generating sets are similar simplexes.
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For various other aspects of random covering sets, we refer to [1, 18, 22, 23, 27,
29, 30, 35-37, 41, 43, 51]. Recent contributions to the topic include various types
of dynamical models (see [24, 33, 42]) and projectional properties [11].

Further motivation to study limsup sets stems from Diophantine approximation.
Recall that, for ¢ : N —]0, ool, the set of ¢ well-approximable numbers consists
of those x € R for which there exist infinitely many g € N such that

x—B‘ < 6@
q

for some p € Z. Given ¢, the determination of the size of these limsup sets and
various variants is an important theme in Diophantine approximation and there is
a vastly growing literature on this branch of metric number theory; see [2, 3] and
the references therein.

In the circle T!, the study of ¢ well-approximable numbers may be regarded as
a variant of the shrinking target problem or dynamical Diophantine approximation
formulated in the following manner: assuming that X is a metric space, T: X — X
is a dynamical system, (r,),cN i a sequence of positive real numbers and xg € X,
determine the size of the set

limsup 7" (B(xo, rn)) = {x € X : T"(x) € B(xo, r,) for infinitely many n € N},
n—oo

where B(x, r) is the open ball with radius r centred at x € X. Indeed, letting xg =
0,ry =q¢(q) and T : T!' — T! be the rotation by an angle x, we recover that the
set of ¢ well-approximable numbers consists of those x such that T (0) € B(0, rq)
for infinitely many g € N. Another variant of this question, called the moving target
problem, is concerned with the investigation of the limsup set

{x € X :x € B(T"(x0), r) for infinitely many n € N};

see [4, 8]. A recent account on this line of research is provided in [24]. Observe
that, by replacing the map T with the random walk on T¢ driven by the Lebesgue
measure, the random covering set E(x, A) may be viewed as a moving target prob-
lem limsup set provided A, = B(0, r,) for all n € N. For an interesting application
of limsup sets to the study of Brownian motion, we refer to [39].

In this paper, we focus on the natural problem of determining almost sure val-
ues of Hausdorff and packing dimensions of random covering sets in the case when
they have zero Lebesgue measure. We denote the Hausdorff and packing dimen-
sions by dimg and dimp, respectively. For d = 1 and for an arbitrary decreasing
sequence A = (A,)nen of intervals of lengths (/,,),enN, the almost sure Hausdorff
dimension of the random covering set is given by
ogn

[e.e]
(1.1) dimgE(x, A) =inf{l0 <7 <1:) ()" <oo{=limsup .
n—o00 —logln

n=1
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For [, =n™%, a > 1, this is proved by Fan and Wu [25] and, as explained in their
paper, the method works also for more general decreasing sequences (/;;)neN. Us-
ing an approach different from that of [25], Durand [14] generalised the result of
[25] and obtained a dichotomy result for the Hausdorff measure of E(x, A) for
general gauge functions. The dimension result (1.1), as well as its analogy in T¢
for random coverings with balls, can also be derived from the mass transference
principle proved by Beresnevich and Velani in [3] (see [31] for details). In addition
to random covering sets, the mass transference technique has proved to be a useful
tool in studying the limsup sets in the context of Diophantine approximation and
shrinking target problems; see, for example, [2, 3, 24, 28]. However, its applica-
bility is essentially limited to the case when the sequence A consists of balls and,
therefore, it cannot be utilised in the general setting of this paper.

Notice that the methods used in [14, 25] rely essentially on the ambient space
being a torus and generating sets being balls. One needs to employ new ideas in
investigating random covering sets generated by more general sets. The case when
the generating sets are rectangle-like was first studied in [31]. More precisely, as-
sume that the generating sets in A are of the form A, = I1(L,(R)) for all n € N,
where IT: R?Y — T¢ is a natural covering map, R is a subset of the closed unit
cube [0, 119 with nonempty interior and, for all n € N, the map L, : RY > R isa
contracting linear injection such that the sequences of singular values of (L;),eN
decrease to O as n tends to infinity. Note that the singular values of L, are the
lengths of the semi-axes of L, (B(0, 1)). Under this assumption, according to [31],
almost surely the Hausdorff dimension of E(x, A) is given in terms of singular
value functions ®’(L,) (for the definition see [31]), that is, almost surely

o0
(1.2) dimHE(X,A)=inf{O<t§d: ZCDt(L,,)<oo}
n=1
with the interpretation inf @ =d.
In [47], Persson proved that (1.2) remains valid when dropping off the mono-
tonicity assumption on the singular values of (L;),en in [31]. Indeed, he showed
that, for a sequence A of open subsets of T¢, almost surely

(1.3) dimp E(x, A)zinf{0<t§d: > gi(An) <oo},
n=1
where
_L(F)?
(1.4) & (F) =0

for all Lebesgue measurable sets F' C T¢ with £(F) > 0, and

(1.5) 1(F) = / /F =yl L) dL(y)
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is the ¢-energy of F. For simplicity, we use the notation |x — y| for both the Eu-
clidean distance and the natural distance in T¢. When the generating sets of A
are open rectangles, the lower bound in (1.3) equals the right-hand side of (1.2).
Hence, the monotonicity assumption on (L;),cN is not needed.

Inspired by the results of [31, 47], we aim at an exact dimension formula for the
random covering sets constructed from an arbitrary sequence A of open sets or,
more generally, Lebesgue measurable sets satisfying a mild density condition. To
this end, we introduce the following notation. For 0 <t < oo, the f-dimensional
Hausdorff content of a set F C R? is denoted by

o0 o0
(1.6) HL(F) :=inf{2(diaan)t :Fc Fn],

n=1 n=1
where diam is the diameter of a subset of R?. For a sequence A = (A,)nen Of
subsets of RY, we define

o0
(1.7) to(A) ::inf[0<t§d: Y HL(An) <oo}

n=1
with the interpretation inf @ = d. If A is a sequence of Lebesgue measurable sub-
sets of RY, we set

(1.8) so(A)::inf{0<s <d:) Gy(An) <oo}

n=l1

with the interpretation inf & = d, where
(1.9) G,(E) :=sup{gs;(F): F C E, F is Lebesgue measurable and L(F) > 0}

with the interpretation sup @ = 0. Finally, given F C R?, we say that a point x € F
has positive Lebesgue density with respect to F if

. . L(FNB(x,r))
liminf ————
r—0 E(B(x, r))

and, moreover, the set F has positive Lebesgue density if all of its points have
positive Lebesgue density with respect to F.

As a consequence of our main theorem (see Theorem 1.1), we will prove that
almost surely

(1.10) dimy E(x, A) = so(A) = 10(A)

provided that A = (A, ),en is a sequence of Lebesgue measurable subsets of T
having positive Lebesgue density. It is worth noting that so(A) could be strictly
larger than Persson’s lower bound [i.e., the right-hand side of (1.3)] even when A
consists of open sets (see Example 7.1).

Let us first give some remarks and briefly illustrate our main strategy in the
proof of (1.10). The whole proof consists of three parts: dimg E(x, A) < #(A),
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s0(A) = t9p(A) and dimg E(x, A) > s9(A) almost surely. The assumption of pos-
itive Lebesgue density is only used in the proof of the equality sq(A) = fp(A).
Without this assumption, the equality may fail and, furthermore, it may happen
that almost surely dimyg E(x, A) < 79(A) and dimpg E(x, A) > 50(A) (see Exam-
ples 7.2 and 7.4).

The proof of the upper bound [i.e., dimg E(x, A) < #y(A)] is direct and sim-
ple. To prove the equality so(A) = 79(A), we manage to establish certain relations
between the quantities 1. (-) and G,(-) (see Lemmas 3.2 and 3.10). The proof
of these relations employs some potential theoretic arguments, and is rather long.
A key ingredient is a subtle and technical result (Proposition 3.8), which allows
us to approximate a given measure u and its s-energy simultaneously by a certain
sequence of normalised Lebesgue measures. As for the lower bound, we note that
if U is open, then a straightforward approximation argument implies that

Gs(U) =sup{gs(V):V C U,V isopenand L(V) > 0}.

With Persson’s result, this characterisation can be employed to give a more direct
proof of the fact that so(A) is a lower bound for dimy E(x, A) in the case when
A is a sequence of open sets. However, this method does not work if the sets
in the sequence A fail to be open.3 For this reason, we need to make use of a
completely different approach to deal with a more general generating sequence A.
For that purpose, we introduce the notion of minimal regular energy, which allows
us to give a lower bound of the Hausdorff dimension of random covering sets
under certain energy condition (see Section 4). A rather sophisticated random mass
distribution argument is then carried out in Section 5 to verify this condition.

Regarding the packing dimension of random covering sets, we show that if the
sets in A are Lebesgue measurable and £(A,) > 0 for infinitely many n € N, then
almost surely

(1.11) dimp E(x, A) =d.

For open generating sets, this result is immediate since E(x,A) is a Gg-set,
which is almost surely dense. As in the case of Hausdorff dimension, replacing
open generating sets by Lebesgue measurable ones (of positive measure) turns
out to be a subtle task. The strategy in the proof of (1.11) is somewhat anal-
ogous to that of (1.10). However, instead of the minimal regular energy and a
mass distribution argument, we apply a result that allows us to conclude that
dimp E(x, A) = d by estimating, for compact sets F, the number of dyadic cubes
intersecting F NUJ72, (x, + A,) in a set of positive Lebesgue measure (see Propo-
sition 6.4). Observe that since E(x, A) is almost surely dense, the box counting
dimension of E(x, A) exists and is equal to d almost surely.

3When A consists of open sets, it is also unclear whether Persson’s method could be used to prove
this lower bound in our more general setting, where the translations x = (x;),cn are independent
with a law not singular with respect to L.
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To summarise, the equation (1.10) gives a characterisation of the almost sure
value of the Hausdorff dimension of random covering sets in T¢ for rather gen-
eral generating sequences A when the translations X = (x,),eN are independent
and uniformly distributed. As illustrated by Example 7.2 (see also Example 7.4),
the assumption on positive Lebesgue density cannot be replaced by the weaker as-
sumption that £L(A, N B(x,r)) > 0 for all r > 0, x € A, and n € N. In our main
result, Theorem 1.1, we will further generalise (1.10) and (1.11) in several differ-
ent directions. First, we will replace the uniform distribution by an arbitrary Radon
probability measure which is not purely singular with respect to the Lebesgue mea-
sure. Second, we will be able to replace the torus T by any open subset of R?, in
particular, by R jtself. These generalisations allow us to deduce (1.10) and (1.11)
for many natural unbounded models, including the case when (x,),cn are inde-
pendent Gaussian random variables on R? and (Ap)nen are Lebesgue measurable
subsets with positive Lebesgue density supported on a fixed compact subset of R?.
Finally, we extend (1.10) and (1.11) to Lie groups and, more generally, to smooth
Riemann manifolds. To achieve this, note that when the ambient space is T¢, the
structure is linear in the sense that the random covering set is of the form

(1.12) E(x,A) =limsup f(x,, An),
n— o0

where the function f: T¢ x T¢ — T9 is defined as f (x, y) = x + y. Thus, a natu-
ral attempt to extend (1.10) and (1.11) to Lie groups or, more generally, to smooth
manifolds is to study a nonlinear structure where f is a smooth mapping.

Before presenting our main result in full generality, we will set up some further
notation. Let U, V C R? be open sets and let f: U x V — R be a C'-map such
that the maps f(-,y): U - f(U,y) and f(x,-): V — f(x,V) are diffeomor-
phisms for all (x, y) € U x V. Denote by D1 f and D f the derivatives of f(-,y)
and f(x, -), respectively. We assume that there exists a constant C,, > 0 such that

(1.13) 1D £ e )| [(Dif e, )7 < €

forall (x,y)eU x Vandi=1,2.

Let o be a Radon probability measure on U which is not purely singular with
respect to the Lebesgue measure £. We consider the probability space (U, F,P)
which is the completion of the infinite product of (U, B(U), o), where B(U) is the
Borel o-algebra on U. Assuming that A = (A;),eN is a sequence of subsets of V,
define for all x € U™ a random covering set E(x, A) by

E(x, A) :=limsup f (xq, Ay) = (1) [ f ok, Ap)-

n=1k=n

Now we can finally present our main theorem.

THEOREM 1.1. Let f: U x V — R? be as above and let A C V be compact.
Assume that A = (A,)eN is a sequence of nonempty subsets of A. Then:
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(a) dimgE(x, A) <1(A) forallx € UN.

(b) dimyE(x, A) > so(A) for P-almost all x € UN provided that A is a se-
quence of Lebesgue measurable sets.

(c) so(A) =1t9(A) provided that A is a sequence of Lebesgue measurable sets
with positive Lebesgue density.

(d) dimp E(x, A) =d for P-almost all x € U N provided that A, are Lebesgue
measurable and L(Ay,) > 0 for infinitely many n € N.

It follows immediately from Theorem 1.1(d) that the upper box counting dimen-
sion of E(x, A) equals d almost surely. From the proof of Theorem 1.1(d), we see
that E(x, A) is almost surely dense in a set of positive Lebesgue measure. There-
fore, also the lower box counting dimension equals d almost surely. As a corollary
of Theorem 1.1, we obtain the following dimension result for random covering
sets in Riemann manifolds. Note that in Corollary 1.2 the quantities so(A) and
to(A) are defined as in (1.7) and (1.8) by using the distance function induced by
the Riemann metric and by replacing £ by the Riemann volume.

COROLLARY 1.2. Let K, M and N be d-dimensional Riemann manifolds.
Assume that f: K x M — N is a C'-map such that f(x,-) and f(-, y) are local
diffeomorphisms satisfying (1.13). Let A C M be compact and let A = (A,),eN be
a sequence of subsets of A. Suppose that o is a Radon probability measure on K
such that it is not purely singular with respect to the Riemann volume on K. Then
the statements (a)—(d) of Theorem 1.1 are valid.

As mentioned earlier, choosing K=M =N = e, f(x,y)=x+yando =L,
we recover the previously mentioned setting in T¢. The assumption that the gen-
erating sets are subsets of a compact set A is needed, for example, to guarantee
that E(x, A) is nonempty. A natural class of generating sets A which satisfy the as-
sumptions of Theorem 1.1 and to which the earlier known results are not applica-
ble are regular Cantor sets having positive Lebesgue measure. For the role of other
assumptions in Theorem 1.1, we refer to Section 7 where, among other things,
sharpness of our results will be discussed. Theorem 1.1 has a refinement concern-
ing the Hausdorff measures of E(x, A) with respect to doubling gauge functions.
The exact statement of this result is given in Section 8.

The paper is organised as follows: We begin with technical auxiliary results in
Section 2. In Section 3, we prove items (a) and (c) of Theorem 1.1. In Section 4,
we introduce a new concept called minimal regular energy and show how it can
be used to estimate Hausdorff dimensions of random covering sets. Section 5 is
dedicated to the proof of Theorem 1.1(b) whereas the statement (d) is handled in
Section 6. In Section 7, we explain how Corollary 1.2 follows from Theorem 1.1
and illustrate by examples the role of the assumptions and the sharpness of The-
orem 1.1. In the last section, we give further generalisations of Theorem 1.1 and
some remarks. For example, we present some results concerning Hausdorff mea-
sures of random covering sets with respect to general gauge functions.



1550 FENG, JARVENPAA, JARVENPAA AND SUOMALA

2. Auxiliary results. In this section, we prove technical lemmas which will
be needed in Sections 3—6. When studying random covering sets in the torus, one
often utilises the simple fact that u € x + E if and only if x € u — E for every
E C T¢. In the nonlinear setting, given a parameterised family of diffeomorphisms
W,, we attempt to find a parameterised family of diffeomorphisms X, such that
u € Wy(E) if and only if x € X, (E). It is easy to see that the linearised local
version of this problem has a solution and, therefore, this should be the case for
the original nonlinear problem as well. In order to state this result formally, we
need the following notation.

DEFINITION 2.1. Let U C RY be open. A C'-map W: U x R? — R? is
said to be a uniform local bidiffeomorphism, if there exist ro > 0, yg € R4
and a constant C > 0 such that, for all x € U and y € B(yo, ro), the maps
W(x,-): B(yo,1r0) > W(x, B(yo,709)) and W(-,y): U - W(U, y) are uniform
diffeomorphisms, that is, diffeomorphisms satisfying

2.1) D x|, [(DiW . )~ <€

forallx e U,y € B(yo,r9) andi = 1,2, where D;W and D, W denote the deriva-
tives of W (-, y) and W(x, -), respectively. A uniform local bidiffeomorphism W
generates a parameterised family of uniform diffeomorphisms Wy : B(yg, rg) —
W, (B(y0,10)), x € U, by the formula W, (y) := W(x, y).

LEMMA 2.2. Let Wy : B(yo, r9) > Wy (B(yo,70)),x € U, be a parameterised
family of uniform diffeomorphisms generated by a uniform local bidiffeomorphism
W: U xR? — RY. Then there exists a parameterised family of uniform diffeomor-
phisms X;: V, — X,(V;) where z € W(U, B(yo, o)) and V, C B(yo, ro) is open
such that, for all A C B(yo, ro), we have

ze€ Wi (A) ifand only if x € X, (ANV,).
Furthermore,
(2.2) DX, (y)
forall ze WU, B(yo, r0)) and y € V. Here, C is as in Definition 2.1.

(DX:(») '] = C?

El

PROOF. Since, for all z € W(U, B(yg, r9)), the set U :={x e U : z €
W (x, B(yo, r9))} is open and nonempty, we may define amap R*: U?* — B(yo, ro)
by R*(x) := Tx(z), where Ty := W (x, )~!. That is,

W(x, R*(x)) = W(x, Tx(2)) = z.

Consider z € W(U, B(yo, rg)). We show that R*: U?* — R*(U*%) is a uniform
diffeomorphism. If x,u € U? satisfy R*(x) = R*(u), then Ty (z) = T,(z) =y
for some y € B(yg,r9) and, therefore, W(x,y) = z = W(u, y). Thus x = u,
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implying that R? is injective. Since W (x, Ty (z)) = z for all x € U?, we have
DyW(x, Tx(z)) + D2 W (x, T (2)) o Dy Ty (z) =0, giving

DR*(x) = D, Ty (2) = —(DaW (x, Tx(2))) ' o DiW (x, Ty (2)).
This implies
2.3) |DR )|, [(DR*(x)) ™" < €?

for all z € W(U, B(yg, r0)) and x € U%. Observing that, for all A C B(yo, r9) and
xeU,

zeWx, A) <= T,(x)eA <<= R(x)eA
— xe(R) A,

we may define V., := R¥(U?) and X, := (R®)~!. The claim (2.2) follows
from (2.3). O

For every A C R? and § > 0, let
(2.4) Vs(A) :={x e R? : dist(x, A) <5}

be the closed §-neighbourhood of A. Here, dist(x, A) := inf{|x —a|:a € A} is
the distance between x and A. According to the next lemma, using the notation of
Lemma 2.2, for each Lebesgue measurable set F C R4, the Lebesgue measure of
F N Wy (A) is close to that of W, (A) for most points x € F provided that A is a
subset of a sufficiently small ball.

LEMMA 2.3. Let U CR? rg>0, yoeR? and W: U x R — R? be as in
Definition 2.1. Assume that W, (yo) = x for all x € U and F C U is Lebesgue
measurable. Then, for every ¢ > 0, there is § = §(F, ) > 0 such that, for all
Lebesgue measurable sets A C B(yo, 8), we have

25) L({x e F:L(FNW(A) = (1 —e)L(We(A))) = (1 —e)L(F).

PROOF. We start by proving that x — L(F N W,(A)) is a Borel map. Assume
first that F' and A are compact. Since £ is a Radon measure, we have L(E) =
lims_.o £L(Vs(E)) for all compact sets E. This, in turn, implies that the function
E +— L(E), defined for compact sets, is upper semicontinuous. Moreover, the fact
that the map E — E N A is upper semicontinuous for compact sets A C R¢ (for
the definition of upper semicontinuity in this context see [38], page 200) implies
that the map x — L(F N W, (A)) is upper semicontinuous and, therefore, a Borel
map.

Assume now that F and A are Lebesgue measurable. Since £ is inner regular,
thatis, L(E) = sup{L(C) : C C E, C is compact} for all Lebesgue measurable sets
E CRY, we may choose increasing sequences (F;);en and (A;)jen of compact
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setssuchthat F; C F, A; C A, lim; 00 L(F;) = L(F) and lim;_, oo LW, (A))) =
L(W,(A)) for all x € U. In particular,

lim lim £(F; N W, (A))) =L(F N W,(A))

j—00i—00

for all x € U and, therefore, the map x — L(F N W,(A)) is Borel measurable. It
follows that all the sets we encounter in the proof below are Lebesgue measurable.

First, we prove (2.5) for compact sets F. Clearly, we may assume that L(F) > 0.
Note that (2.5) is equivalent to

(2.6) L({x € F: L(F N Wy(A)) > eL(W,(A))}) < eL(F),
where the complement of a set E is denoted by E€. Now suppose that (2.6) is
not true. Then there exists ¢ > 0 such that, for all § > 0, there is a measurable set
A C B(yp, 6) with L(A) > 0 satisfying L(A) > eL(F), where

A:={x € F:L(F N Wy(A)) > eL(W(A))}.

Suppose that z € W, (A). Since W,(yg) = x for all x € U, we have |z — x| <

(26 =: 4. Denoting the characteristic function of a set £ by xg, we obtain by
Fubini’s theorem that

/AE(FCH Wy (A)) dL(x)
< /F L(FC N Wy (A))dL(x)
(2.7) 2// XF X)) xw, (A (@) xFe(z) dL(z) dL(x)
=// XF(X)XWX(A)(Z)XVS(F)\F(Z)dﬁ(z)dﬁ(X)

= [ op i @dceace).

From Lemma 2.2, we deduce that z € W, (A) if and only if x € X,;(A N V). Fur-
thermore, £(X.(ANV,)) < C*L(A) by (2.2). Thus

(2.8) /A L(FC N Wy (A))dL(x) < C*LAL(V5(F)\ F).

On the other hand, since W, is a uniform diffeomorphism, £(Wy(A)) >
C~L(A) for all x € U. Combining this with the definition of A, inequality (2.8)
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and the fact that L(A) > ¢L(F), we obtain
/A L(FC N Wy(A))dL(x)
> /A L(Wy(A))dL(x)
—¢ /A / ey (2) dLE) AL
> ¢ /A / e (@ xF(2) dL(2) dL(x)

(2.9)
—¢ /A / ey (2) dLE) dLx)

_p /A f vy @) e (2) dL(2) d L)

> C e L(A)L(A) — ¢ /A / Xy (@ xre (2) L) dL(x)

> eL(A)(C™eL(F) — CML(V3(F)\ F)).
Since F is compact, L(F) = lim;_, LV 1 (F)) and, therefore, for every & > 0,

there is § > O such that [Z(VS(F) \ F) < éL(F). Hence, (2.9) contradicts (2.8),
completing the proof of (2.5) for compact sets F.

For a Lebesgue measurable set F, choose a compact set K C F satisfying
L(K)> (1 —¢)L(F). Then

L([x € F: L(FNWy(A) > (1 —e)>L(Wi(A))})
> L([x € K : LK N W, (A) = (1 — &) L(W,(A)})
> (1—e)L(K) > (1 —&)>L(F),
completing the proof of (2.5). U

The last lemma of this section is a counterpart of Lemma 2.3 for energies of
sets.

LEMMA 2.4. Let U CRY, ry >0, Yo € RY and W: U x R4 — R9 pe as in
Definition 2.1. Assume that Wy (yo) = x forall x € U. Let F, F> C U be bounded
Lebesgue measurable sets and let 0 <t < d. Then, for every ¢ > 0, there exists
81 =61(Fy, Fy, &) > 0 such that

/ / / / luy — wa| ™ dLGu1) dLua) dLGx1) dL(x2)
Fixky Jwi (anxwy, (a2)

<(l+e) f /F LWy (AD)£ (Wi (A2) 1 = 22l ™ dL(x1) dL ).

provided that A1, A» C B(yo, §1) are Lebesgue measurable.
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PROOF. Clearly, we may assume that £(F1) > 0 and L(F>) > 0.Let R > 1 be
such that Fy, F, C B(O, R —1). Then

O</:/ lug —us| " dL(uy) dL(uz)
FixF,

</ =l ™ dLGu) dL () < 00,
B(0,R)xB(0,R)
It follows that, for every £ > 0, there exists § € R with 0 < § < 1 such that

// luy — ua| " dLGr) dLGu2)
D(s)
(2.10)
se//F =]~ L) dL (),

where D(8) := {(u1,u2) € B(0O,R) x B(O,R) : |[u; — up| < é8}. Consider 0 <
£ < % and let § > 0 be such that (2.10) is valid. Defining §; := %C‘lé& gives
diam Wy (B(yo, 81)) < &8 forall x € U.

Let A; and A, be Lebesgue measurable subsets of B(yp,d1). Recall that
Wy (yo) = x for all x € U. Thus, if u; € Wy, (A;) fori =1,2 and [x; — x2| > %8,
we have |u| — up| > (1 — 28)|x; — x| and, therefore,

/{()q,xz)eFl x Fy:lxi —xa|> 168}

/ / lur — wal ™ dLGuy) dLGuz) ALy AL ()
Wy, (AD)X Way (A2)

@.11) < _25)_,/ 1 — x|

{(x1,%2)€F1 x Fa:|x1—x2|> 18}
X L(Wy, (A1) L(Wy,y(A2))dL(x1)dL(x2)
<(1-2&7"

x //ﬂsz LWy, (AD)L(Wy(A2))|x1 — x2| " dL(x1) dL(x2).

To estimate the remaining part of the integral, we make the change of variables
u; = Wy, (;) = W(x;, u;) fori =1, 2. The Jacobians of these coordinate transfor-
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mations are bounded from above by C¢. By Fubini’s theorem,

/;(XI X2)€F| x Fyilx; —x2| <36}

f f luy — ua) ™ dL(uy) dLGu2) dL(x1) dL(x2)
Wi, (AD)X Wy (A2)

SCZd// / 1 |W (x1, 1) — W (x2, i2)| ™"
A x Ay J{(x1,x2)€F1 X Fp:|x1 —x2]< 56}

X dL(x1)dL(xp)dL(n1)dL(uy) =: L.
Recall that, by the choice of 81, we have |W(x1, 1) — W(x2, uip)| < & provided
that |x1 — x| < %5. The fact that, for i =1, 2, we have |W (x;, it;) — W (x;, yo)| <
Cé1 < 1forall x; € F; and u; € A; gives W(x;, i1;) € B(0, R). Making the change
of variables x; = W (x;, ;) for i = 1,2 and using the fact that the Jacobians are
bounded by C¢, inequality (2.10) gives

4d S =t s N - -
L<cC //A . f fD ) [P Bl L@ AL AL ) dL )
212) < CMEL(ANL(A) / fF B = Rl LG AL ()
1 X2

<O [[ LW (AD) LW (A2) [f1 = %ol dLG) AL (o).
1 X2
Combining (2.11) and (2.12) gives the claim. [

3. Upper bound for Hausdorff dimension. In this section, we prove claims
(a) and (c) in Theorem 1.1. We begin with the following observation.

LEMMA 3.1. Let (Ep)nen be a sequence of subsets of R?. Then

o
dimH<limsup E,,) < inf{t >0: Z Héo(En) <00¢.
n=1

n—oo

PROOF. For 0 <s < o0 and 0 < § < oo, we denote by H*® and Hj the
s-dimensional Hausdorff measure and §-measure, respectively. Let ¢ > 0 with

o | HL(E,) < oo. For the purpose of proving the claim, it suffices to show
that dimy (limsup,,_, ., E,) <. In what follows, we prove a slightly stronger re-
sult that H' (limsup,,_, o E;) =0.

Let ¢ > 0 and let N € N so that Y 02 y HL (E,) < % For every n > N
and k € N, we choose U, x C R? such that Url Unk D E, for all n > N and

O N 2 (diam U, )" < ¢'. Clearly, diam U, x < ¢ and, therefore,

o0 oo o0
Hg(limsup E,,) < H@( U En> <> ) (diamUyx)' <&’
n—0o0

n=N n=N k=1
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As ¢ can be arbitrarily small, we have H' (limsup,,_, ., E,) = 0, which completes
the proof. [

PROOF OF THEOREM 1.1(A). The inequality dimpgE(x,A) < 79(A) fol-
lows directly from Lemma 3.1, using a simple observation that H._(f(x, E)) <
(Cw)'"HL (E) for all x € U and E C V, where C, is the constant appearing in
(1.13). O

The rest of this section is devoted to proving that sg(A) = #9(A) under the as-
sumptions of Theorem 1.1(c), where sg(A) and f9(A) are as in (1.8) and (1.7),
respectively. We start by proving that so(A) < #9(A).

LEMMA 3.2. Let E C RY be a Lebesgue measurable set. For all t > 0,
we have H.L (E) > G(E). In particular, for every sequence A := (Ap)neN of
Lebesgue measurable subsets of R9, we have so(A) < to(A).

PROOF. We may assume that £(E) > 0 and H._(E) < oo. Let ¢ > 0. We
choose disjoint Borel sets E,, n € N, such that (U2, E, D E and
Y o0 [(diam E,)" < HL (E) + e. Notice that, for all n € N,

I(ENE,)= // X — y| ™ dL(x)dL(y) > (diam E,) ' L(E N Ey)2.
(ENE,)x(ENEy)
It follows that

3.1) L(E)= Y L(ENE,) =) (diamE,) ™ L(E N E,)*.
n=1 n=1

From (3.1) and the Cauchy—Schwarz inequality, we obtain

(Z(diam En)f) I(E) > (Z(diam En)f> (Z(diam E) ' L(EN En)z)

n=1 n=1 n=1

00 2
> (Z L(EN En>> = L(E)*,
n=1

which implies that }"°° , (diam E,,)" > g,(E) [see (1.4)]. Hence, HL_(E) + ¢ >
g:(E). Letting ¢ tend to zero, gives HL (E) > g/(E). As HL (-) is a monotone in-
creasing function, we conclude that HL_(E) > G,(E). According to this inequal-

ity, we have so(A) < f9(A) for every sequence A of Lebesgue measurable subsets
of R. O

REMARK 3.3. The following extension of Lemma 3.2 can be proven with the
same argument: if u is a finite Borel measure supported on E and ¢ > 0, we have

(E)?
H (E s _
~(F) = [exelx =yI7tdpn(x)du(y)
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We proceed by estimating H._(E) from above by means of G,(E). Our es-
timate is based on a technical result stated in Proposition 3.8. In what follows,
the restriction of a measure p to a set E C R? is denoted by u|g, that is,
wle(F) :== w(ENF)forall F ¢ R?. Fora Radon measure onRY and 0 < s < d,
let

I(w) = / v — Y™ dp ) din(y)

be the s-energy of . Given a Borel set E C RY, let P(E) be the space of Borel
probability measures supported on E, and let E™ be the set of points in E having
positive Lebesgue density, that is,

Et.= {x ¢ E - liminf ZENBE D) o}
r—0 L(B(x,r))

We denote by E the closure of a set E C RY, by B(0,1) C R? the closed unit
ball centred at the origin and by C(B(0, 1)) the family of continuous maps from
B(0,1) to R.

We continue by verifying several elementary lemmas.

LEMMA 3.4.  Letting s > 0, the mapping n — I5(n) is lower semicontinuous
on P(B(0, 1)), when P(B(0, 1)) is equipped with the weak-star topology.

PROOF. The result is well known (see, e.g., [40], (1.4.5)) and follows from the

fact that the mapping (x, y) — |x — y|~* is nonnegative and lower semicontinuous
onRY x R4, O

LEMMA 3.5. Let n € P(B(0,1)). Suppose that (F,)nen is a sequence of
Borel subsets of B(0, 1) satisfying lim,_, oo n(F,) = 1. Then n,, := n(Fn)_1n|Fn
converges to n in the weak-star topology as n tends to infinity. Moreover,
limy,— o0 Is (1) = I5(n) for all s > 0.

PROOF. Letting g € C(B(0, 1)), we have that
0= [1g = gxr,ldn = (1= n(F)) max [g(o).
xeB(0,1)
From this, it follows that

tim, [ gdn,= Jim n(F ™" [ gxn,dn= [ g

n—oo

and, therefore, 1, converges to 1 in the weak-star topology.
Let s > 0. By Lemma 3.4, we have liminf,_, » I;(n,) > I;(17). Notice that, for
alln e N,

I(n) = 1(Fy) ™2 / /F =y dneo dn() < n(E) ),
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which implies that limsup,,_, o, Is(n,) < I;(). Hence, lim,_, o I;(n,) = I;(n), as
desired. [

For a Borel set F € B(0, 1) and s > 0, we recall the notation I,(F) = I;(L|F)
from (1.5). For every k € N, define

(3.2) Q= {[0,27%) + a:a € 27F77).

LEMMA 3.6. Let F C E(O, 1) be a Borel set, and let 0 < s < d. Then, for
every p € R with 0 < p <1, there exists a Borel set F| C F so that L(F|) =
PL(F) and I;(F1) < 2p*I5(F).

PROOF. Let 0 < p < 1. Write u := L|Fr and choose a large integer £ € N so
that

23/d 3
33 14+ — -
(3.3) (14 ) -
Since I;(u) < 0o, there is n € N such that
1
(3.4) > / =3 dr@ dp () < 3PP ().

Q.0'€Qn
dist(Q,Q")<27"¢

Here, dist(Q, Q') = inf{lx —y|:x € Qandy € Q} For each Q € Q,, con-
struct a Borel subset Q of QO N F such that L’(Q) = pL(Q N F). Defining
Fi:=Ugeo, Q we have F; C F and L(F)) = pL(F).

We proceed by showing that I;(Fp) < 2p21S(F). Set n := L|F,. Since F1 C F,
inequality (3.4) gives

3 ff ey dn) dn ) < 5.
0.0'€Q, xQ
dist(Q,Q") <27 "¢

The proof will be complete, once we show that
_ 3
(3.5) > / v =y dn@ dn () = S pP ().

0,0'€Qy
dist(Q,Q")=>2-"¢

Note that if Q, Q' € Q,, with dist(Q, Q') >27"¢, x € Q and y € Q’, we obtain
dist(Q, Q') < |x — y| < dist(Q, Q') +2+/d2™"
and, therefore, by (3.3),

%dist(Q, Q/)—s < |x _yl—s SdiSt(Q, Q/)—s
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This, in turn, implies that

foXQ/ e = yI7 dn () dn(y)

=dist(Q. 0') "n(Q)n(Q')
= pais(0. ) w@u(@) =5 | [, b1 dn dne.
Summing over Q, Q' € Q,, withd(Q, Q') > 27"¢, we obtain (3.5) as desired. []
The following lemma is a special case of Proposition 3.8.

LEMMA 3.7. Let E C B(0, 1) be a Borel set with L(E) > 0, and let k, m € N.
Assume that Eg C E is a nonempty Borel set such that

L(ENB(x,r)) 1
30 LBG) Tk

forallx e Egand 0 <r <27,  Let 0 <s <d and u € P(Eo) with I;(1) < o0.
Then there is a sequence (Fp,),en of Borel subsets of E with positive Lebesgue
measure such that the sequence |1, ‘= E(Fn)’1£|pn, n € N, converges to  in the
weak-star topology as n tends to infinity, and limy,— o Iy (1) = I ().

PROOF. We divide the proof into three steps.
Step 1. Construction of (jin)neN. For all n € N, let

{Xn 10 X, py D 1Xnyi — X, j| = 27" forall i # j}

be a subset of E(y with maximal cardinality. Then

DPn
E() C U B(xn,,', 2—n)‘
i=1

Fori=1,..., p,, we denote by O, ; the set of points y € B(x, ;,2™") for which

i is the smallest index such that |y — x, ;| =minj—y . p, |y — xp,j|. Then the sets
Oni, i =1,..., pn, are pairwise disjoint Borel sets satisfying

Pn Pn
3.7) Eoc|JOni=JB(xi.27") and

i=1 i=1
(38)  B(xni, 27" 1) C QniCB(xni,27")  foralli=1,..., p,.
Foralli =1,..., p,, define

o M(Qn,i)
(3-9) €= L(EN B(xp;:,27"72))
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and set ¢ :=max;—1, .. p, ¢;- Lemma 3.6 implies that, for every i =1, ..., p,, we
can construct a Borel set F}, ; such that

(3.10) Fni CENB(xy;,27"72),
(3.11) L(Fui)="L(ENB(xp;,27""%)) and
c
261'2 —n—2
(3.12) Is(Fn,i)S?[s(EmB(xn,i’z ))
By (3.10), the sets F;, ;,i =1,..., p,, are pairwise disjoint and, moreover,
(3.13) dist(Fy;, Fp ) >27"""  fori # j.

We complete the construction in step 1 by setting

pll
Fo:=|JF. and wp,:=LF) "LlF,.
i=1
Observe that L(F,) > 0 since L(B(x,r)NE) > 0forall x € Eg and r > 0.
Step 2. Convergence of (in)nen. By (3.9) and (3.11), we have L(F, ;) =
c‘lu(Qn,i) foralli =1,..., p,. It follows that

(3.14) L(F)=c ! and
(3.15) n(Qn,i) = pin(Fn i) = n(Qn.i)

foralli=1,..., p,. Let F C R? be a compact set. From (3.15) and the fact that
diam(Q, ;) <2-27" [see (3.8)], we conclude that, for all ¢ > 0 [recall (2.4)],

limsup i, (F) <limsup Y~ w0 (Qn.i) < pu(Ve(F)).
n—o0 n— 1<i<pn
Qn,iCFs

Combining this with the fact that ©(F) = lim,_.¢ w(Vo(F)), leads to the conclu-
sion limsup,,_, o, n (F) < w(F). The weak-star convergence now follows from
the Portmanteau theorem [38], Theorem 17.20.

Step 3. Convergence of (Is(4y))nen. Since the sequence (iy,),eN converges to
1 in the weak-star topology, Lemma 3.4 gives liminf,,_, o Is(14,) > I5(1). Hence,
for the purpose of proving that lim,_, » Is (1) = I;(1), it suffices to show that,
for every € > 0, there exists N € N such that

(3.16) Iy (pn) = (1 + €)1 (1)

forall n > N. Let ¢ > 0 and select £ € N such that

(3.17) <1 + 4)s 142
. — < —.
¢ 2
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Moreover, choose a large integer N > m such that, for all n > N,

_ &
(3.18) f f =y A () d(y) < — Iy (),
(e, y):lx—y| <27 (€48)) 4L
where
L :=max{2° (¢ + 8)*, 2k>I,(B(0, 1)) £(B(0, 1)) *8°}.

Let n > N and set D, :={Q,,; :i =1,..., py}. Notice that if Q, Q" € D, with
dist(Q, Q') >27"¢, x € Q and y € Q’, we have, by (3.8), that

dist(Q, Q') < |x — y| <dist(Q, Q") +4-27"
and, therefore, by (3.17),

-1
(1 + %) dist(Q, 0') ™" < lx —yI ™ = dist(0, 0) .

Combining this with (3.15), we conclude that

/ / ¥ — Y17 dptn () dpn(y)
oxQ’
<dist(Q, Q') un(Q)1n(Q")
=dist(Q, Q') ' n(Q)u(Q’)

< (1 + g) //QXQ, ¥ — ¥ dpa(x) ().

Summing over Q, Q' € D,, with dist(Q, Q) > 27"¢, we obtain that

_ £
) // x =yl sdun(X)dun(y)S<1+—)Is(u)-
0.0'eD, oxQ' 2
dist(Q,Q")=>2""¢

To complete the proof of (3.16), it is sufficient to verify that

_ &
(3.19) > ey di @ dnn ) < S,
0.0'eD, xQ' 2
dist(Q,Q")<27"¢

Since u;, is supported on F, = ipil F, i, the left-hand side of (3.19) is bounded
above by

) [[ = din dua =y + an,
1<i,j<pn FnixFn
diSt(F,“' s Fn’j)<27” +4)
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where

(= Z // |x_y|7sd:un(x)dﬂn(y) and
1<i,j<pni#j FrixFy,j
dist(Fy i, Fp,j) <27 (£+4)

= ¥ [ =y dua).

1<i<py F i X Fyi

We proceed by estimating (/) and (/I) separately. First, we obtain

() = > 2008 1 (B i)t (o) [by (3.13)]
\<i,j<puii#j
diSt(Fn,i’Fn,j)<27" L+4)
= > 2008100 ) Q) [by (3.15)]
I<i,j<pnii#]

dist(Fy i, Fp, j)<27"(£+4)

> 2005 () (Q')
0,0'eb,
dist(Q, Q") <27 (£+4)

s Y ey [[ ey dumdut) by G8)]
Q’Q/eDn QXQ
dist(Q, Q') <2-" (£+4)

<2 +8) f f X — |~ dp (o) d ()
(x,y):lx—y|<27"(£+8)}

A

&
<7l [byGas)).
Set @ := L(B(0, 1)) and B := I;(B(0, 1)). Using the change of variables x = rx,

it is straightforward to see that
(3.20) I(B(x,r)) = L(B(x,r)) a2

for all x € R? and all r > 0. Therefore,

(D= Y I(F)  [by(3.14)]

1<i<py
> 2 L(ENB(xp:,27"7%)  [by 3.12)]
1<i<pn
20(0n.i)I;(E N B(xy i, 272
Z u(Qn,i)"Is( (xn, ) [by (3'9)]

L(E N B(xp,i,27"72))>

I<i<pn

< > (2K B8 )u(Q,, M2 s [by (3.20) and (3.6)]

1<i<p,
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< (2P« ?B8) Y x =y dux)du(y)  [by (3.8)]

1<i<py On,ixOni
< (a2p8) [[ x = ¥ dpx) day)
{G,y):lx—yl=<2-27"}

<2hw  [byGa8)]

We conclude that (1) + (II) < %I s(w), from which (3.19) follows. This completes
the proof of Lemma 3.7. [J

Now we are ready to state the main technical result of this section.

PROPOSITION 3.8. Let E C R? be a bounded Borel set with L(E) > 0, and
let 0 < s <d. Assume that ;1 € P(E™) with I;(i) < oo. Then there is a sequence
(Fy)nen of Borel subsets of E™ with positive Lebesgue measure such that the se-
quence [, ‘= £(Fn)_1£',lpn, n € N, converges to [ in the weak-star topology as n
tends to infinity, and limy,— o Iy (1) = I; ().

PROOF. Without loss of generality, we may assume that £ C B(0, 1). For ev-
ery k,m € N, define

L(E N B(x, 1
Eipm = {er:w > —fora110<r§2_m},
' L(B(x,r)) k
and set £, := f,f:l Ei.m. Then Ex , 1 Ex as m tends to infinity and, moreover,

Ey 1 ET as k tends to infinity. Choose sufficiently large ko € N such that u(Ey,) >
0. For every integer k > ko, pick my € N such that

1
M(Ek,mk) > <1 - E)M(Ek)
Since Ej; 1 E™ as k tends to infinity and u is supported on E™, we have
lim w(Eg m,) =1.
k—o0
Set ny := M(Ek,mk)_lMEk,mk for all k > kg. From Lemma 3.5, we obtain
3.21) Iim gy =p and lim I;(nr) = ().
k—o00 k—o0

Let k > ko. Replacing in Lemma 3.7 the sets E and Eg by E* and Ej n,,
respectively, implies the existence of a sequence (Fy ;);en of Borel subsets of ET
such that

Tim L(Fi) ™ Ll =m and  lim L(L(F) ™ LlR) = 1 ().

1—>00
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Combining this with (3.21), we see that there exists a sequence (ix)xen of natural
numbers such that

lim ﬁ(Fk,i,()*lkayik =u and lim Is(ﬁ(Fk,ik)*lkajk) = I,(1).
k— o0 k— 00

This completes the proof of Proposition 3.8. [

The next lemma states that every Lebesgue measurable set with positive
Lebesgue density is contained in a Borel set with positive Lebesgue density having
the same Hausdorff content as the original set.

LEMMA 3.9. Let R >0 and s > 0. Assume that E C B(0, R) is a Lebesgue
measurable subset of R?. Then there exists a Borel set X C B(0, R) such that
ECX,L(X\E)=0and H} (E)=H. (X). Furthermore, under the additional
assumption ET = E, we may choose X so that X™ = X.

PROOF. The definition of H_(-) implies that, for every n € N, there exists a
sequence (F, ;);en of Borel sets satisfying E C |72, Fp,; and ) 72, (diam F, ;)* <
HS(E) + 1. Defining F := (52, U2, Fy,;. itis clear that F is Borel measurable,
E C F and H] (F) = H.,(E). Moreover, there exists a Borel set A C B(0, R)
such that £ C A and L£L(A) = L(E). Setting X := F N A, it is easy to see that X
fulfils all the desired properties.

If ET = E, the above construction may lead to the situation where X+ # X.
However, we have E C X C X and, therefore, H3 (X1) = H3 (E) = HE (X)
and £(X1) = L(E) = L(X). Note that (XT)T = X . [Indeed, (AT)* = AT for
all Lebesgue measurable sets A C R? since £(A1) = £(A).] Since X is a Borel
set, so is X 1. We complete the proof by deducing that the set ¥ := X has the
following properties: Y C B(0, R) is a Borel set, Yt =Y, ECY, L(Y \ E)=0
and H: (Y) =H (E). O

The next lemma may be regarded as a complementary result to Lemma 3.2.

LEMMA 3.10. Let0 <t <s <d and R > 0. Then there exists a positive con-
stant C = C(s, t,d, R) such that, for all Lebesgue measurable sets E C B(0, R)
with ET = E, we have

H(E) < CG(E).

PROOF. We may assume that E # &. Since E* = E # &, we have L(E) > 0
and, therefore, H:_(E) > 0.

We first assume that E is Borel measurable. By Frostman’s lemma [45], Theo-
rem 8.8, there exists a Radon measure p supported on E such that u(B(x,r)) <r*
for all x € R? and r > 0 and, moreover, w(E) = cHL (E), where c is a constant



DIMENSIONS OF RANDOM COVERING SETS 1565

depending only on d. Next, we make a standard calculation in a slightly compli-
cated looking fashion since that will be useful for later purposes (see Section 8).
Let A(r) :=r' and fz(r) :=r% forall r > 0. Set § := % —1land a:= u(E)” ™
Then A(r) < h(r)'*? for all r > 0. By [45], Theorem 1.15, we have for some con-
stant ¢ depending on ¢ and s that

<10 = [f ully e gy 2l awduco

5/ min{p(E), w(B(x, A= (")) du dpu(x)

5/(/Oau(E)du+/aoo}~z(h_1(u_1))du) dp(x)
< [ (w4 [Tum ) dp

< cL(E)FT < oy (cH (B(O, RY))' T u(E).

Thus 0 < I; () < cu(E) < oo, where ¢ is a constant depending only on ¢, s and R.

Applying Proposition 3.8 to E, we find a sequence ((y)ren of measures such
that u; = ;L(E)E(Ek)_lmp;k and limy_ o0 I; () = I; (). Here, each Ej is a
Borel measurable subset of E with 0 < L(E) < oco. For all sufficiently large
k € N, we obtain

R(E)?

LED? L(Ep) =1 (i) =21 (n) < 2cu(E),

giving

L(Ey)?

HS(E) =c ' u(E) <2éc™! = 261G H(E)

I, (Ex
by (1.9). Choosing C := 2éc~! completes the proof for Borel sets E.

The general case of E being Lebesgue measurable may be reduced to the
above setting in the following manner. By Lemma 3.9, there exists a Borel set
X CB(O,R) sothat XT =X, ECX, H,(X) =H,(E) and L(X \ E) =0.
Since E C X and L(X \ E) =0, we have G,(X) = G,(E). The above established
inequality H} (X) < CG,(X) implies that H} (E) < CG,(E). O

Now we are ready to prove Theorem 1.1(c).

PROOF OF THEOREM 1.1(C). Choose R > 0 such that A C B(0, R). Recall-
ing (1.7) and (1.8), the statement follows directly from Lemmas 3.2 and 3.10. [
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4. Minimal regular energy. In this section, we introduce a new concept of
minimal regular energy and study basic properties of it. We also explain how it
can be used to estimate dimensions of random covering sets. The main results are
Proposition 4.5 and Lemma 4.7, which are needed in our proof of Theorem 1.1(b).

For E C RY, set

k
Po(E) := {u eP(E):u= Zciﬁm,k €N, ¢; >0and E; C E are Borel sets ;.
i=1
Recall from Section 3 that P(E) is the space of Borel probability measures sup-
ported on E. For E C R¢ and 0 < s < d, define

:inf{ls(u) ‘pePYE))  if L(E) >0,
0

Iy (E) = if L(E)=0.

The quantity 'y (E) is called the minimal regular s-energy of E.

LEMMA 4.1. Let E € B(R?) and 0 < s < d. Then the following properties
hold:

(1) If F C E is a Borel set, then I's(E) < T's(F).
(i) If L(E) > 0, then T'i(E) < oo.
(iii) If E is bounded, then I'y(E) > 0.
(iv) For every ¢ > 0, there exists § = 6 (E, ¢) > 0 such that

I(F) <T'(E)+ ¢

provided that F € B(R?) and L(E \ F) < 8.
(v) Let (Ey)nenN be a sequence of Borel subsets of E. Supposing that L(E) <
00, we have

o0 n n
FS(U E,‘) = n]l)l’lolo FS(U E,‘) = lnIi;] FS(U E,‘).
i=1 i=1 "e i=1

PROOF. Statement (i) is obvious. To verify (ii), choose a compact set F C E
with £(F) > 0 (recall that £ is inner regular), and set y := L(F)™'£| . Clearly,
€ Po(E). Since 0 < s < d, we have

I(1) = L(F)™2 / fF =y L@ AL )

< L(F)™ / / X — ¥~ dLG) dL() < oo,
B(0,R)xB(0,R)

where R > 0 is sufficiently large so that F C B(0, R). Hence ['s(E) < oc.
For the purpose of proving (iii), suppose on the contrary that I'(E) = 0. Then
there exists a sequence (i,)neN such that u, € Po(E) and lim,— o0 Is(tty) = 0.
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Since E is bounded, the sequence (u,),en has at least one accumulation point,
say u, in the weak-star topology. By Lemma 3.4, I;(-) is lower semicontinuous
and, therefore, I;(11) = 0, leading to a contradiction since u is a Borel probability
measure. This completes the proof of (iii).

Next, we verify (iv). We may assume that L(E) > 0. Then I';(E) < oo by (ii).
Let ¢ > 0. By the definition of I's(-), there exists u = Zle ¢iL|g; € Po(E) such
that Iy(u) < I's(E) + 5, where E; C E and L(E;) > Oforalli =1,..., k. Define
S1:=min{L(E;):i=1,...,k},

_[Ts(E)+5 o
y = —FS(E)+8 and §:=(1—y)d;.

Let F € B(RY) with L(E \ F) < 8. We proceed by showing that I'y(F) < T’y (E) +
¢. First, notice that, foralli =1, ...k,

LIEENF)Y>L(E;NE)—L(E\F)=L(E;))—L(E\F)
> L(E;) — 8> yL(E)).

Letting 0 < ¢ < 1, by the inner regularity of £, there is a compact set EiCENF
such that L(E;) > oL(E; N F) foralli =1,..., k. Setting

1 k
MUF = — C[,| E:»
CF l=Z1 1TE
where cp := Zf;l ciﬁ(Ei) > 0, the measure pr is supported on F and, therefore,
uwr € Po(F). Using the fact that E; C E foralli =1, ..., k, we deduce that
L(E;) = oL(E; N F) > oy L(E;).

Thus cp > Zle cioyL(E;) = oy and
&
L(ur) < (cp) 2L () < p~ 2y 72 (FS(E) + 5) =0 *(T5(E) +¢).

Hence I';(F) < Q_Z(FS(E) + ¢). Letting o tend to 1, gives ['((F) < I'y(E) + €.
This completes the proof of (iv).
Finally, (v) follows from (i), (iv) and the fact that

Y

We proceed by giving an equivalent definition of I's(A) although we will not
apply it in this paper. We use the notation p < v to indicate that the measure u is
absolutely continuous with respect to the measure v.
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LEMMA 4.2. Let E C R?. With convention inf @ = 0o, we have

I (E) =inf{I;(n) : n € P(E) with up < L}.

PROOF. It is sufficient to show that, for every u € P(E) with p <« £ and for
every ¢ > 0, there exists n € Po(E) such that

Is(n) < () +¢.

To prove the above fact, we denote by & = Z—Z the Radon—Nikodym derivative of u

with respect to £. Approximating % by step functions, we see that, for every § > 0,
@ere exists a step function g = Zle a; Xg;, where a; > 0, E; is a Borel set and
E; C Eforalli =1,...,k,sothat

@.1) 1o - [[ 1 y|—5g(x>g<y>d£<x>d£<y>' <2
and
4.2) ’/h(x)dﬁ(x)—/g(x)dﬁ(x) <.

Let u := Y"5_, a;L(E;). Then u > 1 — § by (4.2). Defining n:= 1 % a;L|,
implies that n € Py(E). Using (4.1), we get for a small enough § that

L) =u? / X — |~ g(x)g(y) dLx) dL(Y)

) &
<=9 (100 + )

< I(n) +e.

This completes the proof of the lemma. [

LEMMA 4.3. Let (Ey)neN be a decreasing sequence of compact subsets of
RY, and let 0 < s < d. Assume that there exists ¢ > 0 such that [s(Ey) < cforall
n € N. Then H: (N2, En) > ¢~V In particular, dimp(N,2; En) > 5.

PROOF. According to the definition of I'y(-), for every n € N, there exists
Un € Po(Ey) so that I;(u,) < c. Let u be an accumulation point of the sequence
(n)nen in the weak-star topology. Then u is supported on (2 E, and, further-
more, I5(1) < c by lower semicontinuity of /;(-) (see Lemma 3.4). The conclusion
follows from Remark 3.3. [

In the remaining part of this section, we assume that U C R? is open and
(A, (x))nen is a sequence of B (R%)-valued functions defined on U such that:

(C-1) L(A,(x)) <ooforall x e U andn € N, and
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(C-2) limy_, ¢ L((Ap(x) \ An(y)) U (Ax(y) \ Ax(x))) =0 for all x € U and
n eN.

Let UN := -2 1 U be endowed with the product topology. Consider n € P(U)
and set P:=[]2, 1.

LEMMA 4.4. Let E € B(R?) with L(E) < 0o. Then, for all n € N, the map-
ping

(xi)j—y = T (E a1y Ai(xi))

i=1

is upper semicontinuous on U™ :=[[!_, U. Moreover, the mapping

X = (x)i2, > FS<E nJ Ai(xi))

i=I

is Borel measurable on UN.

PROOF. Let x € UN and n € N. By (C-2), L(U/"; A;(x) \ U;?ZI Ai(yj))
is close to O when (y;)!_; € U" is close to (x;)?_,. Applying Lemma 4.1(iv),
we obtain upper semicontinuity (and hence Borel measurability) of the map-
ping (x)7_; = T's(E N Uj_; Ai(x;)) defined on U" and that of the mapping
x— Iy(ENUL, Ai(x;)) defined on UM 1t follows from Lemma 4.1(v) that

n o0
lim T (E n U] Ai<x,-)) =T (E n U] A,-<xl~>>,
1= 1=
which, in turn, implies Borel measurability of the map x — I',(E N U2 | A; (x;))
onUN. O

The next proposition provides a sufficient condition for determining a lower
bound for Hausdorff dimensions of typical random covering sets.

PROPOSITION 4.5. Let E C RY pe compact with L(E) > 0. In addition to
(C-1) and (C-2), assume that A, (x) is compact for all x € U and n € N. Let
0 < s < d. Suppose that, for all compact sets F C E, we have for P-almost all
x € UN that

o0
(4.3) I, (F N (U Aj (x,-))) =Ts(F)  forallneN.
i=n
Then
S, (lim sup Ay, (x,,)) >Ty(E)"" and dimy <lim sup An(xn)) >
n— oo n—o0

for P-almost all x € UY.
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PROOF. From (4.3), we obtain

Ty (E n (U Ai(x,-))> =T(E)

i=1

for P-almost all x € UN. Note that 0 < I';(E) < 0o by Lemma 4.1 claims (ii) and
(iii). Letting £ > 2, Lemma 4.1(v) and Lemma 4.4 imply the existence of a Borel
measurable function 7 : UN — N such that

n1(x)
Ty (E N ( U A,~(x,-))) <1+ HryE)

i=1
for P-almost all x € UV, By Lemma 4.1(i), we find N1 € N and a Borel set A} C
UN1 5o that
Ny

@44 p™M(A)>1-¢" and FS<E N (U A,-(x,))) < (14+€e Hry(E)
i=1

for all (x1,...,xn,) € A1, where V1= ]_[fv:l1 n. Applying (4.3) with F = E N

(UM, A; (x:)), gives for all (xi, ..., xy,) € Ay that

Ny ')
4.5) FS<E N (U A,~(x,~)> N ( U A,-(xj))> <1+ e Hry(E)

i=1 j=N1+1

for (H;’iNlH n)-almost all (xy,+1, Xn,42,...) € ]_[?iNIH U. Moreover, by Fu-
bini’s theorem, inequality (4.5) holds for P-almost all x € Aj x []2 N1 U. As
above, it follows from Lemma 4.1(i) that there exist a natural number Ny > N;
and a Borel set Ay C Ay x [[}2y 4 U C UM with n™2(Ag) > yVi(A) — €72
such that

N1 N>
FS(E N (U Ai(x,-)) N ( U Aj(xj)» <1+ Y1472 (E)
i=1 j=N1+1

for all (x1,...,xn,) € A2.
By induction, we deduce that there exist a strictly increasing sequence (N, )neN
of positive integers and a sequence (A,),en of Borel sets such that A, C U Nu |

Ny
Apt1 C Ay X l_[,-:fvi,ﬂ U,
(4.6) NV (Apg1) = N (Ay) — €71
and

4.7 FS<EH ﬁ( ij A,-(xi)>> < (E(l +£—")>FS(E)

k=1 \i=Nj_1+1
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for all (x1,...,xn,) € Ay. Here No := 0. Defining Q := (72 (A, X ]_[f?iNlJrl U)
and using (4.6), implies that

(4.8) P@Q>1-> ¢"=—",

n=1

Moreover, by (4.7) and Lemma 4.3, we have

H;(ﬁ ILVJ Ai(x,-)>z((ﬁ(lw—i))rs(m)_l and

n=1i=N,_1+1 i=l
4.9)
o0 Ny
dimH<ﬂ U Ai(x,-))zs
n=1i=N,_1+1

for all x € Q. This gives dimy (limsup,,_, ., An(x,)) > s for all x € Q. Since £ can
be taken arbitrarily large, it follows from (4.8) that

HS (limsup A,,(x,,)) >Ty(E)~' and dimH(limsup A,,(x,,)) >
o0 n—oo

n—oo

for P-almost all x e UN. O

The above proof readily leads to the following deterministic version of Propo-
sition 4.5, which may be of independent interest.

PROPOSITION 4.6. Let E C RY be compact with L(E) > 0, and let (Ay)nen
be a sequence of compact subsets of R%. Let 0 < s < d. Suppose that, for all
compact sets F C E, we have that

FS<F n (U Ai>) =Ty (F)  forallneN.

Then
#He,(limsup A,) > To(E) ™' and ~ dimy(limsup A, ) > 5.

n—oo n—oo

In the last result of this section, we give a sufficient condition for the validity
of (4.3). Recall that, by the definition of I's(-), the inequality (4.3) is valid for all
F € B(R?) with L(F) =0.

LEMMA 4.7. Let F € B(R?) with L(F) > 0, and let 0 < s < d. Assume that,
for every e > 0 and é§ > 0 and for every n € N, there exist an integer N > n and a
Borel measurable set @ C UN with P(2) > 1 — § such that

N
(4.10) /Q T, (F nUJ A,-(x,-)> dP(x) < Ty(F) +e.

i=n
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Then, for P-almost all x € UN,

I (F nY A,-<x,~)) =Ts(F)

i=n

foralln e N.

PROOF. Letn € Nand y > 0. By Lemma 4.1(i),

N o0
FS<F nU Al-(x») > FS<F nU A,-(x») > Iy (F)

1=n

I=n
forall x e UN and N € N. Let
0
Q= {x euN: FS<F N (U Ai(x,-)>> > Ty (F) + y}.
i=n

It follows from Lemma 4.4 that 2 is a Borel set. We show that P(R2") = 0. Suppose
on the contrary that P(2") > 0 and choose
P(Q)y P(Q)y
€= =
2(y + 2T (F))

Recall that I’y (F) < oo by Lemma 4.1(ii). Then, for all integers N > n and for all
Borel measurable sets Q@ C UN with P(2) > 1 — 8, we have

N
/Q I (F N A (x,-)) dP(x)

i=n

4.11) and

> / I'y(F)dP(x) + f Iy (F) + y dP(X)
Q\Q Qne’

=P(Q\ Q) (F)+P(QNQ)Ts(F)+y)

> (P(Q) — P(Q))Ts(F) + (P(Q) + P(2) — 1)(Ts(F) +7)

= (2P(Q) — NI (F) + (P(Q) +P(Q) — 1)y

> (1—=28)T5(F) + (P(Q) —8)y [by (4.11)]

=I(F)+e.
This contradicts (4.10) and completes the proof. [

5. Lower bound for Hausdorff dimension. The main purpose of this section

is to verify Theorem 1.1(b). This is achieved by showing first that, under certain as-
sumptions on the measure n € P(U) and the sequence (A; (x)),eN, the assumption

(4.10) of Lemma 4.7 holds. Theorem 1.1(b) then follows by applying Lemma 4.7
and Proposition 4.5.

We start with a simple observation on independent random variables.
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LEMMA 5.1. Let (ap)neN be a sequence of positive numbers such that
Y2 an = 00, and let 0 < ¢ < 1. Suppose that (wp)nen is a sequence of inde-
pendent random variables with w, € {0} U [a,, co[ and the probability P satisfies

6.D P(w, #0) > c.
Then, for all N € N and C > 0, we have

M
1m1P(§:wnzc>=1.

M—o0 NN
PROOF. Observe that the claim is equivalent to the statement
o
Z wy = 00 P-almost surely.
n=1

Assuming to the contrary that this is not true, Kolmogorov’s zero-one law implies
that

o0
(5.2) Z wy, < 00 P-almost surely.
n=1

Define b, := min{l, a,} for n € N. Then either b, = 1 for infinitely many n €
N, or b, = a, for all sufficiently large n € N. In both of these cases, we have
o2 1 by = 00. Defining

- 0 if w, =0,
Wy = .
1 if w, #0,
gives
(5.3) wy = Wnby

for all n € N. In particular, ) 72 ; @b, < oo P-almost surely by (5.2). By Kol-
mogorov’s three series theorem, there exists o > 0 such that:

(1) Y2 P(@,by > ) converges and
(1) Y02 E(&nbn X(i,b,<a)) cOnverges.

Assume first that limsup,,_, ., b, = b > 0. By inequality (5.1), the sum in (i) di-
verges for all « < b and also for « = b provided that b,, > b for infinitely many
n € N, while the sum in (ii) diverges for all & > b and also for « = b provided that
by < b for all large enough n € N, since (@b, X(G,5,<a)) = cby. This leads to a
contradiction. Supposing that lim,_, » b, = 0, inequality (5.1) implies the diver-
gence of the sum in (ii) for all & > 0, which is a contradiction. This completes the
proof. [
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In the remaining part of this section, let U C R? be open and let E C U be a
compact set with L(E) > 0. Assume that n € P(U) satisfies n(E) > 0, n|g < L|g
and

)
5.4 sup —— < 00,
x,yepE h(y)

where h 1= % is the Radon-Nikodym derivative of n|g with respect to L. Set

P:=TI2, n. Let 0 < s < d. Next, we define a special sequence (A, (x)),eN.

DEFINITION 5.2. Let yg € R?. Assume that (Kn)nen is a sequence of com-
pact sets in R¢ satisfying:
(i) L(Kp) >0,
(i) lim,_ 5 diam K, =0,
(iii) lim,_ o dist(yg, K,) = 0 and
(iv) Yp2; gs(Ky) = oo [recall (1.4)].
Choose rg > 0 such that K,, C B(yg,rg) for all n € N. Assume that W: U x

B(yg,r9) — R is a uniform bidiffeomorphism (recall Definition 2.1) satisfying
W(x, yo) =x forall x € U. Define A, (x) := W(x, K,) forall x e U and n € N.

The sequence (A, (x))nenN has the following properties.

LEMMA 5.3. Let (A, (x))neN be as in Definition 5.2. Then the properties
(C-1) and (C-2) from Section 4 are satisfied. Furthermore,

(C-3) forevery e > 0 and for every Borel set F C E with L(F) > 0, there exists
N € N 5o that

£<{xeF:M>

LA, () —1_8}>Z(1_8)‘C(F)

foralln > N, and
(C-4) for all Borel sets Fi, F, C E with positive Lebesgue measure and for
every ¢ > 0, there exists N € N such that

// // lu—v| ™ dLu)dL(v)dL(x)dL(y)
FixFy JJA, (x)xAn(y)
<o) [[ L(A@)LA)) I~ 37 AL dLG)
FixF)
foralln,m > N.
PROOF. Property (C-1) is clearly valid. Note that £(F) = lims_.o L(V5(F))

for all compact sets F C RY [recall (2.4)]. Let n € N. SiIEe W is a uniform
bidiffeomorphism, we have, for every § > 0, that A,(y) C Vs(A,(x)) provided
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y is close enough to x. Thus limy_, £(A,(x) \ A,(y)) = 0 by the continu-
ity of x — L(A;(x)). Furthermore, for every ¢ > 0 and x € U, there exist
81, 62 > 0 such that E(Vgl (A,(»))\ An(y)) <e forall y € B(x, 83). This, in turn,
gives limy_, y L(A,(y) \ A, (x)) =0, implying (C-2). Property (C-3) follows from
Lemma 2.3 and properties (ii) and (iii) of Definition 5.2. Finally, (C-4) is given by
Lemma 2.4 and items (ii) and (iii) of Definition 5.2. [

Now we are ready to prove that the assumption (4.10) of Lemma 4.7 is satisfied
for compact sets.

PROPOSITION 5.4. Let F C E be a compact set with L(F) > 0. Then, for
everye > 0,8 > 0andn € N, there exist an integer N > n and a Borel measurable
set Q@ C UN with P(Q2) > 1 — 8§ such that

N
(5.5) /Q I, <F nY A,-(x,-)> dP(x) < [(F) + €.

i=n

PROOF. Lete > 0,8 > 0andn € N. Choose u = Zf;l ¢iL|F, € Po(F) satis-

fying
€
I (n) < Ts(F) + 5

Let 0 < ¥ < 1 be sufficiently small (which will be determined later). By partition-
ing F; into smaller Borel sets, if necessary, such that each new F; is an approxi-
mate level set of the density 4 with small diameter and with n(F;) > O [recall that
L(F) > 0implies n(F) > 0 by (5.4)], we may assume that, foralli =1, ..., k and

m=n,

h(x) L(An(x)) Is(Am(X))}
5.6 , , <1+
60 cvar ma"[ W) LA LAnon | =77
Foreveryi =1,...,k, fix z; € F;. Define, for all m > n,
o LFENA)
Fim:= {x eF;: LA, () > 1 y}.

Using the fact that the map x — L(F N A, (x)) is Borel measurable (see the proof
of Lemma 2.3), we deduce that F; ,, is a Borel set. By (C-3) and (C-4), there exists
an integer M > n such that

(5.7) L(Fim) = (1 —y)L(F)

foralli =1,...,k and m > M and, moreover,

//ixF-//Am(x)xA ) lu = v dLGu)dLw) dLX) dL(Y)

(5.8)
=+ LAG)LAN) [ =y dewdcw)
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foralli=1,...,kandm,p> M.

Applying Lemma 5.1 with a,, = g5(A;,(z;)) and w,, = xF; ,, 85 (Am(zi)) [recall
(1.4)], Definition 5.2(iv) together with inequalities (2.1) and (5.7) imply that we
may choose integers M| := M < My < --- < My recursively such that

Mii1—1
P({erN: > xF,,,,,(xm>gs(Am<z,-))zy‘1}>zl—Z

m=M,;

foralli=1,...,k. Let N := My . Define

=

Mit1—1
(5.9 Q= {x cUN: Z Xpiqm(xm)gs(Am(z,-)) > )/_1}
m:M,-
foralli=1,...,k and set
k
(5.10) Q=9

i=1
Then 2 is a Borel set with P(2) > 1 —y
For all x € 2, we define a finite Borel measure u* as

k
=Y Y cimOLIEAA @)
i=1meS;(x)
where
Six):={meN:M; <m<M;y1,xy € F;;,} and

. L(Am(zi))
Ci,m(X) =i L( 1)1 (An () <pesz(x)gs P(Zt >

Since F and A;(x;) are compact the measure u* is supported on F N UlN:n A;(x;).
Notice that, if x,, € F; ,, inequality (5.6) results in

L(Fi N An(m)) = (1= ) L(An(xm)) = A=)+ )7 L(An(z)),

which, in turn, yields

] —ZC:E(F) >

meS; (x)

LA GD)IEE N Ap(in)) -1
s A i
1A (@) ( 2 &4y )))

PeS;i (%)

L(An(z0))? -
>(1—y)A+y)~ Ichﬁ(m > 7( > g‘y(A,)(zi)))
meS; (x) Is(Am(zi)) PESi (%)

=1-yd+n7"
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where ||uX| represents the total mass of u*. Since |u*||~'u* € Po(F N
N Ai(x;)), we have

L  (d+y)?
= I .
e = A=)

l=n

N
r, (F U A,~<x,->) < (]
In what follows, we estimate [, I;(u*) dP(x). Set

Sq = {S= (S,'){-Czl S C{Mi, M +1,...,M;+; — 1} and

Y 8s(Ap() ZV“}-

PES;
For S € Sq, define

k
S 71 S) = ({xeU" :xp € Fmif meS;, and xy € (Fim)
(5.11) i

ifme{M;, M; +1,..., M| — 1}\55}.

Clearly, 7~ 1(S) is a Borel set. Observe that 2 = Use Sq 7~ 1(S), where the union
is disjoint. Let

J,(A,B) = / /A =y L@ L)

for all Lebesgue measurable sets A, B C R4, Consider S € Sq and define

Qs = > gs(Am(z)

mGS,'

foralli=1,...,k. Then

k ¢ici LOF)LOF)L(Am(zi)L(Ap(zZ)))
.12 =L L X T 5 o A (A e

X

1) Js(Am(xm), Ap(x)) dP(x).

In order to complete the proof of Proposition 5.4, we need two more lemmas.

LEMMA 5.5. Let (Y, F,v) be a probability space, and let u: ¥ x Y — R
and u: Y — R be nonnegative measurable functions. Let Eq, ..., Ey € F with
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V(E;) >O0foralli =1,...,N. Then we have
f(]_[ xE; (Vi) )u(yl,yz) [T dve)
j=1

N v(E)

T V(EDv(E) Elezu(yl’ y2)dv(y1) dv(y2)

and

N N N
/(1:[1 in<y,))u<y1)j1;[1 dviyp) = =255 [, A dvon).

PROOF. The equalities follow from simple calculations. [

We will use the Landau big O notation in the sense that, given positive func-
tions g1, g2: R — R, the notation g;(y) < (1 + O(y))g2(y) means that there
exist C, 8 > O such that g1(y) < (1 4+ Cy)g2(y) when 0 < y <.

LEMMA 5.6. LetSe€ Sq. Foralli,j=1,...,k,m € S; and p € S;, the fol-
lowing properties hold.:

() If m # p, then

/n—l(s> Js (Am Gam), Ap(xp)) dP(x)

P ~1(S))
L(F)L(F;)

(ii) If m = p (which implies that i = j), then
/1(S) Js(Am(xm), Ap(xp))dP(x) < (1 + 0P~ ) s (Am ().

<(14+0) L(Anz)L(Ap(z)) T (Fi, F)).

PROOF. We begin by verifying (i). Recall that, by (5.11),
k
Kot ® = TT( TT x50 o) ( TT s
i=1 "‘meS; nGS;k

where S/ :={M;, M; +1,..., M; 1 —1}\ ;. Notice also that n(F; ), n(F; ) >
0 by (5.7) and (5.4). Applying Lemma 5.5, we deduce

/ g A ). A 3) AP0

_ Py
~ n(Fm)n(Fj.p) //F o, sl Am ). Ap()dn(x)dn(y)
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_(1+4y)? P@al®)
= (L= y)? LOF)L(F)

X // // lu—v| ™ dLu)dL()dL(x)dL(y)
Fi,mXFj,p Am(x)XAp(y)

[by (5.6) and (5.7)]

_U+y) Pxl®)
T (1—y)? L(F)L(F))
To prove (ii), we apply (5.6) and Lemma 5.5 to obtain

fn'(s> Is (AmCom)s Ap(xp)) dP(x)

L(An(z))L(Ap(z))) s (F;, F) [by (5.8)].

_P(x(9)

B n(Fz,m) Fi,m

2P ~'(8))
E(Fl m) Ft m

=1+ y)*P(r () I (An (). O

L (Am(x)) dn(x)

<(+vy) L (Am (i) dL(x)

Now we continue the proof of Proposition 5.4. Recalling (5.12) and (5.9), and
applying Lemma 5.6, yields

I (™) dP
/ﬂ IRATIES

k k k
<P(r"'S)(1+0()) (chicﬂmF,~>+Zc,~2£<ﬂ>2<Qsi>—l)

i=1j=1 i=1
k 2
<P '(9)(1+0()) (Is (W +y (Z cl-L(F») )
i=1
<PE'(®)(1+00M) (L) +v).
Thus, by the choice of u, we have

GRS / 1,(1£%) dPx) < P©)(1 + 0) (I, () + 7)

Seso’
€
=(1+ O(V))(FS(F) +3+ V)-
The claim follows by choosing sufficiently small y. [

We complete this section by proving Theorem 1.1(b).



1580 FENG, JARVENPAA, JARVENPAA AND SUOMALA

PROOF OF THEOREM 1.1(B). We start by reducing the claim to the setting
of Proposition 5.4. We may assume that so(A) > 0. Consider s < sg(A). Since
G,(E) =0 for all E ¢ R? with £(E) = 0, we may assume that £(A,) > 0 for all
n € N by removing sets with £(A,) = 0 from the original sequence A = (A,,),eN
if necessary. Since I (E) < I;(F) for E C F and since L is inner regular, replacing
A, by a suitable subset, we may assume that A, is compact for all n € N and

(5.13) > gy(An) =00

We proceed by constructing a sequence (Kj,),en of compact sets satisfying
Definition 5.2(i)—(iv) such that K,, C A, for all n € N. Indeed, let (Qi);":l1 be the
closed dyadic cubes with side length 2~ ! intersecting A. Notice that, for any Borel
set E C A, we have £ = U;."le E N Q; and, moreover, there exists i € {1,...,m1}
with L(E N Q;) > %E(E). Thus

< L LENQ) LEN Q)
i:ZIgS(EmQ’) ZI(EHQ)_Z 5
L(E)? 1

> = E).
= 2B~ s E)
It follows that

mp oo oo mi

DD e (AN 0= g(A; ﬂQ)_(

i=1j=1 j=li=I

(Aj)=o00

Therefore, there exists kg € {1, ..., m} such that Z -1 gg(A N Qk,) = 0. Define
Ql := Q,- We pick integers n; <np < --- <ny, so that
L(A,; N Q1) >0 foralli=1,..., Ny and ng(An; NQp)>1.
i=1
Since Y% j=Ni+18s (A; N 01) = 00, a similar argument shows that there exist a
dyadic cube O, C Q; with side length 272, and positive integers n N4l <+ <
npy, such that
L(A;;N02)>0 foralli=N;+1,..., Ny and Z 8s(Ap,NQ02) > 1.
i=Ni+1

Repeat this process inductively. As a result, we find a decreasing sequence (OD)ien
of dyadic cubes, an increasing sequence (Nj);en of integers and an increasing
sequence (n7);eN of indices such that, for every k=0, 1...,

L(Ap, N Qiy1) >0  foralli=N;+1,...,Nip; and
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Ni+1

Z gs(Anj N ék—H) > 1.

J=Ni+1

Defining K ; := A,,j N Qk+1 forevery j = Ny +1, ..., Ni41, gives Z?‘;l gs(Kj) =
oo and lim,,_, o diam K, = 0. Finally, setting {yo} := ;2 Qk, leads to

nll)néo dist(yg, K,) =0.

Hence the sequence (K},),cN satisfies items (i)—(iv) in Definition 5.2.

Since the measure o determining the probability P (recall Section 1) is not sin-
gular with respect to L, there exists a compact set £ C U such that o (E) > 0,
o|g <« L and (5.4) is satisfied with h := dng. Let f:UXxV —> R be as in the
Introduction. For all (x,y) e U x V, let Ty := f(x, )~ Vand 7Y = f(-,y)_l.
Then, for all x € U, the set f(U, yp) N f(x,V) is nonempty [it always con-
tains the point f(x,yp)] and open, ygp € Vy := T (f(U,y9) N f(x,V)) and
x €Uy :=T(fWU,y) N f(x,V)). Thus the map W,: V, — U, defined by
Wy () :=TY(f(x,v)) is a diffeomorphism with W, (yp) = x and

IDW,l, [(DW) ™| < (Cu)?,

where C,, is as in inequality (1.13). Clearly, the derivative of the map x — W, (v)
has the same bounds. Let O be an open and bounded set such that E C O C O C
U. Consider 0 < rg < min{dist(yg, V°), (C,) " 2dist(0, U°)}. Then B(yg, o) C
V, for all x € O. Thus, W: O x B(yo, r9) — R¥, defined by W (x, y) = Wy (y),
is a uniform bidiffeomorphism satisfying W (x, yo) = x for all x € O (recall Defi-
nition 5.2). Ignoring a finite number of sets K, if necessary, we may assume that
K, C B(yg, ro) for all n € N. We conclude that all the conditions in Definition 5.2
are fulfilled.
As a result of the fact that 770 is a diffeomorphism, we conclude that

dimg (lim sup f (xn, K,,)) > dimy <1im sup W (xp, Kn))
n—oo n—oo

for all x € U™, Here, we have an inequality instead of an equality since for x, €
U \ O it may happen that K,, ¢ V, . Finally, the claim follows by combining
Proposition 5.4, Lemma 4.7 and Proposition 4.5. [

6. Packing dimension of random covering sets. In this section, we prove
Theorem 1.1(d). For the purpose of studying packing dimensions of random cov-
ering sets, we set

N (E):=#{Q € Qy: LIQNE) > 0)

forall E C R? and ¢ € N. Here, the symbol # stands for the cardinality and Q is as
in (3.2). We begin with a result concerning a lower bound for packing dimensions
of intersections of decreasing sequences of compact sets.
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LEMMA 6.1. Let (E)neN be a decreasing sequence of compact subsets of
R? with positive Lebesgue measure. Let s > 0. Assume that there exists a sequence
(L) neN of natural numbers such that
(6.1) N . (QN Epgy) > 20408

n+1

foralln € N and for all Q € Qy, with L(Q N E,) > 0. Then dimp((;2 | E,) > 5.

PROOF. Forn e N, set

F,=E,N ( U E)’
0€Qy,
L(ONEL)>0

and let Foo := (2 Fy. Clearly, F, C E, is compact and L(F,) = L(E,). Hence
NZL(Q NF,) = NZ,(Q NE,) forall n € N and Q € U2 Ok. In particular, we
have

(6.2) N{ ., (QN Fypyp) = 2018

foralln e Nand Q € Q,, with £L(Q N F,) > 0. Denoting by dimp the upper box
counting dimension, we will show that

(6.3) dimg(V N Fao) > s

for all open sets V with V N Fy, # @. By the Baire category theorem, (6.3) im-
plies that dimp(F) > s (see, e.g., [21], Proposition 3.6 and Corollary 3.9) and,
therefore, dimp((),2 | E») > s, as desired.

To prove (6.3), let V be an open set so that V N Fo, # &. Then there existn € N
and Q € 9y, suchthat3Q C V and QN F,, # &, where 30 stands for the union of
all elements Q' € Qy, with Q’N Q # @. By the definition of F,,, there is Q* € Qy,
such that 0* N Q # @ and £L(Q* N F,) > 0. Since Q* C 3Q C V, replacing Q
by Q%, if necessary, we may assume that £L(Q N F,,) > 0. Using (6.2) recursively,
leads to

(6.4) N (Q N Fy) =25
for all m > n. Furthermore, we claim that, for every m > n,
(6.5) #Q' € Qp, : 0'NON Foo} = Nj (QN Fp) =2,

from which we conclude that dimg(Q N Fxo) > s and, therefore, dimg(V N Fao) >
s. To prove (6.5), it follows from (6.4) that it is enough to show that Q' N Fy #+
@ for all Q' € Qp, with L(Q' N F,) > 0. For this purpose, consider Q' € Qy,
with £(Q' N F,) > 0. By (6.2), there exists Q] € Q, ., such that Q) C Q' and
L(Q) N Fyu41) > 0. Using this fact recursively, we see that, for every p € N, there
exists Q;, € Qy,,,, such that Q; - Q/p_1 and E(Q;, N Fintp) > 0. Hence, we have
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L(Q' N Fypyp) > 0forall p € N, which implies that QN Fso # @. This completes
the proof of the lemma. [J

Before applying the above result to estimate packing dimensions of random
covering sets, we prove several lemmas.

LEMMA 6.2. Forall A € B(RY) and € € Z, we have N} (A) > 2"/ L(A).
PROOF. The claim follows directly from a simple volume argument. [

Let U c R? be open, and let (A, (x)),eN be a sequence of compact-set-valued
functions defined on U satisfying the conditions (C-1) and (C-2) from Section 4.
Letn e P(U) andset P:=[[72,n

LEMMA 6.3. Let E € B(R?) with 0 < L(E) < 00, and let £ € 7. Then the
mapping

(xi)_ = N <E nJ Ai(x,-))

i=1

is lower semicontinuous on U" for all n € N. Moreover, the mapping

X > NZ‘(E nJ A,-(x,-))

i=l

is Borel measurable on UY,

PROOF. It suffices to prove the first part of the lemma; the second part follows
directly from the first one and the following easily-checked identity:

o0 n
(6.6) N} (E N U1 A,-(xi)> = lim N} (E N U1 A,-(x,-)).

1= 1=
Let (x;)7_, € U™ and write k := N/ (E NJ;_; A;(x;)) for short. Then there are
k different elements in Qy, say Q1, ..., O, such that L(Q;jNU!_; Ai(x;)) > 0 for
all j =1,..., k. It follows from (C- 2) that L(U7_; A;i (x;) \ U 1A (yj)) is close
to 0 when (yl)” | € UMisclose to (x;)!_; and, therefore When (yi)7_; isin a small
neighbourhood of (x;)?_,, we have £L(Q; NUj_; A;(y;)) >O0forall j=1,... k.
Hence N/ (E N U7, Ai(yi)) = k, concluding the proof of lower semicontinuity.
O

The following result may be regarded as an analogy of Proposition 4.5.
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PROPOSITION 6.4. Let E C U be compact with n(E) > 0. Suppose that
nlg < L. Moreover, assume that, for every £,n € N and for every compact set
F C E withn(F) >0,

o0

(6.7) N} (F nY A,-(x,-)) = N} (F)
i=n

for P-almost all x € UN. Then

dimp (hm sup A, (xn)> =d

n—oo

for P-almost all x € UV,

PROOF. Replacing E by a compact subset, if necessary, we may assume that
0< %(x) < oo for all x € E. Thus, for all F C E, we have

(6.8) L(F)>0 if and only if n(F) > 0.

Let g, § > 0. It suffices to verify that

(6.9) ]P’([xe UN:dimp<limsupAn(xn)) zd—é}) >1—¢.
n—oo

For this purpose, we are going to construct a Borel set @ ¢ UN with P(Q) > 1 —¢,
and two sequences (£;)ren and (my)gen of natural numbers such that, for all x €
Q,keNand Q € Qy,, we have

k+1 MmMj+1
(6.10) Ng., (Q nen() U Ai(x,-)> > 2bk+1(d—8)
j=li=m;+1

provided that L(Q N EN5_, Uj”:f';;‘j +1Ai(x)) > 0. By Lemma 6.1, this implies
that

dimp (lim sup An(xn)) >d—38

n—oo

for all x € 2, from which (6.9) follows.
Now we present our construction. Set £1 := 1 and m := 1. Notice that

y1:=min{L(QNE): Qe Q and L(QNE) >0} >0.

Choosing a large integer ¢> > £ so that 268 y1, it follows from Lemma 6.2
that

6.11) N; (QNE) =220y, > 266D

for all Q € Qy, with £L(Q N E) > 0. Hence, by (6.7), for P-almost all x € UN and
for all Q € Qp, with L(Q N E) > 0, we have

o
NL?;(QDEH U Ai(x,-)>=N;2(QmE)>2‘2(d‘”,

i=mi+1
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where we used (6.8) and the fact that Ng"(@ NA)=N;(QNA)forall £ eN,
Q € Q;and A C RY. By (6.6) and Lemma 6.3, we find a large integer m» > m| and
a Borel set Ay C U™ with n2(A3) > 1 — 5 such that, for all (xy, ..., xm,) € A2,

my
Np, (Q nen | Ai(xl-)> > 2bd=9)

i=mi+1
for all Q € Qp, with £(Q N E) > 0. Define a mapping 72: Ay — (0, 00) by

my
(X1, ey X)) 1= minl[,(Q NEN ( U A,-(x,-))) 1 Q€ Qy,

i=mi+1

withE(QﬁEﬂ( Lj A,-(xi)>)>0}.

i:m1+1

By (C-2), the function 7 is continuous, and hence, Borel measurable on A;. Since
(X1, ..., Xmy) > 0 forall (xq,...,xm,,) € Az, there exist y» > 0 and a Borel set
A’ C A such that

2
P2(AL) > ™ (Ay) — — > 1— =
6 3
and
T2(X15 v Xmy) = V2
for all (x1,...,xm,) € A’z. Choose £3 > £ so that 27639 < y>. Lemma 6.2 implies

that, for all (x1,...,x,,) € A, and Q € Qy;,

my
N, <Q NEN ( U a (x,))) > 20y, > 26D

i=mi+1

provided that L(QNEN (U;"ZZmIJrl A;i(x;))) > 0. Again, by (6.7), we find m3 > m

and a Borel set A3 C A}, X H?gmz—i-l UC Ay X ]_[:.":3”12+1 U C U™3 such that
3¢

I
m3( A (TN P
n"™ (A3z) > 0" (A%) Tha 1

and, moreover, for all (x1, ..., Xp;) € Ay, and Q € Qy,,

2 mji1
N, (Q NEN() ( U A,'(xi)>> > b=
j=1 \i=m +1
provided that L(Q N E N (Ui."zzm1 Ai(x;))) > 0.
Continuing the above process, we construct recursively two increasing se-
quences (£x)xen and (mp)xen of integers and a sequence (Ajg)ren of Borel sets
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such that Ay C U™, Agyr C Mg x [T UL ™ (Ag) > 1 — HZDE and in-
equality (6.10) holds for all (x1,...,Xpm,,,) € Ags1. Setting Q := MNie (A X
]_[;?imH] U), gives P(Q2) = limy_, oo "™ (Ag) > 1 — ¢ and, moreover, (6.10) holds
for all x € Q2. This completes the proof. [

Now we are ready to prove our main result on the packing dimension of random
covering sets.

THEOREM 6.5. Let E C R? be compact with n(E) > 0. Suppose that n|g is
equivalent with L|g. Let (A, (x))neN be a sequence of compact-set-valued func-
tions defined on U satisfying the conditions (C-1) and (C-2) from Section 4. In
addition, suppose that, for all compact sets F C E with L(F) > 0,

(6.12) > n({x € F: L(F N Au(x)) > 0}) = o0,

n=1
Then, for P-almost all x € UN,
dimp (lim sup A, (x,,)) —d.

n—oo

PROOF. Let £ € N, and let F C E be compact with L(F) > 0. By Proposi-
tion 6.4, it is sufficient to prove that, for all n € N,

o
(6.13) N (F nY A,-(x,-)) = N} (F)

i=n
for P-almost all x € UN. Note that (6.13) is equivalent to the statement that, for all
Qe Qywith L(ONF) >0,

e}
(6.14) [,(Q nFn|J A,-(x,-)) >0  for P-almostall x € UY.
i=n
Fix Q € Q; with L(QN F) > 0. For all kK € N, we consider the independent events
Er:={xx € ONF:L(QNFNAr(xx)) > 0}.

Replacing F by O N F in (6.12), we have Y22, n(Ex) = oo. Applying the second
Borel-Cantelli lemma, yields (6.14). [

We complete this section by proving Theorem 1.1(d).

PROOF OF THEOREM 1.1(D). Recall from the Introduction that A, (x,) =
f(xn, Ay). Since L is inner regular, we may assume that the sets A,, are compact
with £(A,) > 0 and properties (C-1) and (C-2) are satisfied. Let F C U be a
compact set with L(F) > 0 such that o |g is equivalent with £|r. As in the proof
of Theorem 1.1(b), we may replace f(x,, A,) by W(x,, A,). Then (6.12) follows
from Lemma 2.3. Hence Theorem 6.5 implies the claim. [J
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7. Proof of Corollary 1.2 and examples. The aim of this section is to verify
Corollary 1.2 and to discuss the sharpness of our results. We begin by proving
Corollary 1.2 as a consequence of Theorem 1.1.

PROOF OF COROLLARY 1.2. Observe that, for all sequences (Ej),cn and
(Fy)nen of subsets of N, we have limsup,,_, ., (E, U F,) = (limsup,,_, . E,) U
(limsup,,_, o, F). Therefore, covering M and N by a finite number of coordinate
charts, we may assume that f: K x V — R satisfies the assumptions in Theo-
rem 1.1 with the exception that f(-, y) is not necessarily injective. Recall that as
long as (1.13) is valid, the dependence of f on the first coordinate plays no role
when proving that #g(A) is an upper bound for the dimension and sg(A) = 79(A)
(see Section 3). In Sections 4—6, where the lower bounds are proven, we restrict
our considerations into a bounded set where o is absolutely continuous with re-
spect to the Lebesgue measure. We deduce that, covering K by a finite number of
coordinate charts, we may assume that f: U x V — R? is as in Theorem 1.1 and,
therefore, Corollary 1.2 follows from Theorem 1.1. [J

We continue by constructing examples that demonstrate the sharpness of our
results. We begin with showing that the lower bound proven by Persson [see (1.3)]
is not always sharp.

EXAMPLE 7.1. Let Q1, Q> C R? be disjoint open cubes with side lengths
r1 and rp, respectively. Let 0 < p < 1. Divide Q> into 2"d subcubes Qé and
set Fgp, := U?":‘ﬁ pQé, where pQ is the concentric cube with Q having side
length p times that of Q. Define A := Q1 U Fp,. Using the change of vari-
ables x" = r;x for i = 1,2, one easily sees that I;,(Q;) = Clrl_’,C(Ql)2 and
I;(Fg,) < Czrz_tE(FQ2)2, where Ci and C, are constants depending only on d
and 7. Choosing sufficiently small p > 0, guarantees that £(A) < 2£(Q1) which,
in turn, implies that

§(A) 4L£(01)* Ii(Fg,) <C<r_1>’
8(Fo,) = 1,(Q1) L(Fg)* ™~ \n/’

where C is a constant. Hence, G,(A) > g;(Fg,) > C‘l(%)’gt(A). Since the ratio

:—2 can be chosen arbitrarily large, we conclude that even for open sets and for

o := L, the lower bound given for dimy E(x, A) in [47] by means of g; may be
strictly smaller than the quantity sg(A) in Theorem 1.1 [see (1.8)].

Next, we give an example which shows that if we replace the assumption that
every A, has positive Lebesgue density by a weaker assumption that £(A, N
B(x,r)) >0foralln eN, x € A, and r > 0, Theorem 1.1(c) is not valid and
dimg E(x, A) can be almost surely strictly smaller than #y(A).
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EXAMPLE 7.2. Leto := L onT? and set P:=[]%°, 0. Define f(x,y): T? x
T2 — T2 by f(x,y) =x + y for all (x,y) € T? x T2. For every n € N, let
E,:=1[0,1] x {0} Cc T2 and F, := U2, B(yis 27"~y  T? where the centres y;
are dense in E,. Set A,, := E, U F,, and write A := (A4,)seN, E := (E,),enN and
F := (F;)nen. We deduce that L(A, N B(y,r)) >0forallr >0and y € A, but

.. LA NB(y,r))
liminf =
r—0  L(B(y,r))

for H!-almost all y € E, \ F,, which follows by applying the Lebesgue density
theorem for ’Hl|En and noting that £(A, N B(y,r)) <2rH (B(y,r) N E, N Fy).
Recall that

limsup(x, + A,) = limsup(x, + E,) Ulimsup(x, + F;).
— 0 n—oo

n—oo n

Now Y20, HL (E,) = 0o and Y22 | H! (F,) < oo for all t > 0. Thus fp(A) = 1
and 7o(F) = 0. By Corollary 1.2, we have dimy(limsup,,_, .. (x, + F;)) = 0 for all
X € ('JI‘Z)N. Furthermore, limsup,,_, o, (x, + E,) = & P-almost surely, since

P((xp + Ey) N (xp + Ep) # @ for some n,m € N with n #m) = 0.
We conclude that dimpg(limsup,,_, o (x, + A,)) =0 < 1 =1p(A) P-almost surely.
Observe that so(A) = so(F) = 0.

Next, we construct an example illustrating that if the generating sets A, do not
have positive Lebesgue density it is possible that dimy E(x, A) > s9(A) almost
surely. For this purpose, we recall the following notation from [20].

DEFINITION 7.3. Forall 0 <s <d, let

o
Qs(Rd) :={F cR?: F is a Gg-set such that dimH(ﬂ f,~(F)> > s for all
i=1

similarities f;: RY - R? i e N }
We say that the sets in the class G* (R?) have large intersection property.

In [20], Theorem A, Falconer showed that G* (R?) is the maximal class of G-
sets of Hausdorff dimension at least s which is closed under countable intersections
and similarities. Moreover, in [20], Theorem B, he gave several equivalent ways to
define the class G* (R%), one of them being

FEGR!) & ML(FNQ) =M
for all dyadic cubes Q,

(7.1)
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where M is the s-dimensional net content defined as in (1.6) with covering sets
being dyadic cubes. Definition (7.1) was extended by Bugeaud [9] and Durand
[13] for general gauge functions and open subsets of RY.

EXAMPLE 7.4. Leto :=LonT¢ P:=[], o and define f: T¢ x T? — T¢
by f(x,y) =x +y forall (x,y) € T¢ x T¢. Consider 0 <s <t <d and choose
a sequence (B:)ien of open balls such that dimg E(x, (B )ien) =t for P-almost
all x € (T%)N. Fix such a typical covering set and denote it by F. Assume that
(Bi)ien is a sequence of open balls such that dimg E(X, (B;);en) = s for P-almost
all x € (TH)N. Let (r;);en be a decreasing sequence of positive real numbers which
tends to 0 so slowly that E(x, (B(0, %);en)) = T¢ for P-almost all x € (T9)N (for
the existence of such (r;);en, see [36]). Viewing T = [—%, %[dc R?, we define
A;:=r;FUB; foralli € Nand set A := (A;);cN.

The fact that dimyg F' < d implies that L(F) = 0, and hence, G;(A;) = G;(B;)
foralli e N, g1V1ng s0(A) = s [recall (1.8)]. By [14], Theorem 2, we have F €
gf(]—— —[ ). Let F be the lift of F to RY by a covering map. We claim that
Fed (Rd ). Indeed, to prove this claim, by [13], Lemma 10, it is enough to show
that the equality in (7.1) (in which F is replaced by F) holds for all dyadic cubes
O with small diameter. This is the case, since F € G'( -3 d [“) and F is the lift of
F. Since G'(RY) is closed under countable intersectlons and similarities by [20],
Theorem A, we obtain H(x):= =N, (xi +ri F) € G'(R?) for all x € T¢, and thus,
Hx):=Hx) N1-1%, 3[%e g (-1, -[d) by [13], Proposition 1.

Since E(x, (B(O, 7)ieN)) = T for P-almost all x € T¢, every point of T¢ be-
longs to B(x;, 3 1) for infinitely many i e N. Using the fact that the sequence (ri)ieN
tends to zero, we conclude that |—5 Z cUx, B (x,, N ]— s 5 [d forall n € N.
Combining this with the fact H(x) N B(x;, 4 7)N]—3 —[dC x; +riFforalli >n,
leads to H(x) C U2, (x; + r; F) for P-almost all x e 'JI‘d By [13], Proposmon 1,
every Gs-set containing a subset in G (]—— —[d) belongs to G'(]— [d). Thus,
P-almost surely, dimp((,2; U2, (xi +ri F)) > t, giving

dimg E(x, A) > dimg E(x, (r; F)ien) >t > s = 50(A)
for P-almost all x € (T4)N.

Finally, we give examples which show that Theorem 1.1 fails if the distribution
o is singular with respect to the Lebesgue measure.

EXAMPLE 7.5. (a) Let f(x,y) be as in Example 7.4 and let o := §,, for
some xo € T¢. Set P := [172, 0. Defining A, := B(O,n_é) \ {0}, we obtain
s0(A) = t9(A) = d. However, limsup,,_, . (x, + A,) = & P-almost surely. Thus
Theorem 1.1 is not valid.
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(b) Let s < d and let C be the regular 24_corner Cantor set on T¢ with dimy C =
dimp C =s. Set ¢ := H’|c and assume that everything else is as in example (a).
Then E(x, A) C C almost surely. In particular,

dimy E(x, A) < dimp E(x, A) <5 < s0(A) = 10(A) = d

P-almost surely. Hence, for every s < d there exists a measure o with dimgo =s
for which Theorem 1.1 fails.

REMARK 7.6. Seuret [49] and Ekstrom and Persson [17] have recently ob-
tained results for dimensions of random covering sets generated by balls which
are distributed according to singular measures. These results give further exam-
ples demonstrating that the assumption of nonsingularity of ¢ is necessary for the
validity of Theorem 1.1.

8. Further generalisations and remarks.

8.1. A weak large intersection property of random covering sets. In [14, 47],
it is proved that, when A = (A;),cN is a sequence of open balls or general open
sets on T so that o2 8s(Ap) = oo for some 0 < s < d, then almost surely the
random covering set E(x, A) has the large intersection property in the sense that
E(x,A) € G° (cf. Definition 7.3). We remark that this result also holds under a
weaker condition that Z;’f’: 1 Gs(A,) = oo, because one may find open subsets B,
of A, sothat )02 | g4(B,) = 00, according to the following easily checked fact:

Gs(A) =sup{gs(B): B C A, B is open}

whenever A is open. We emphasise that, in the above investigation, the assumption
of A, being open is essential and cannot be dropped, for otherwise E(x, A) may
not be a Gs-set.

Nevertheless, in the general setting that the sets in A are Lebesgue measurable,
we obtain the following weak large intersection property of random covering sets.

THEOREM 8.1. Assuming that A is a sequence of Lebesgue measurable sets,
we have under the conditions of Theorem 1.1 that

o0
dimH<ﬂ E(x/, A)) > s0(A)
j=1
for (T152, P)-almost all (x7) jen € [152, U,
PROOF. This can be verified by modifying the proof of Proposition 4.5 in the

following manner: Let ¢: N — N x N be a bijection obtained using the diagonal
method. Repeat the construction of Proposition 4.5 such that the nth construction



DIMENSIONS OF RANDOM COVERING SETS 1591

step is done using the variable x*(V1, where ¢(n); is the first coordinate of ¢(n).
This leads to the conclusion

dlmH(ﬁ CJ Ai(x! <">1)>

n=1i=N,_1+1

[cf. (4.9)], which implies the desired result. [J

8.2. Hausdorff measure of random covering sets. Letd € N. Denote by & the
collection of functions 4 : [0, co[ — [0, oo[ such that / is increasing, positive near
0, limy,_0h(r) = h(0) =0 and h(r)r ¢ is decreasing. Any element of & is called
a gauge function. For F C R? and h € &, we use H"(F) and ’Hgo(F) to denote
the Hausdorff measure and Hausdorff content of F* with respect to the gauge func-
tion A (cf. [10, 48]). For instance, HQO(F ) is defined by replacing (diam F},)* by
h(diam F},) in the definition (1.6).

In [14], Durand studied the Hausdorff measures of random covering sets on
T4 when A is a sequence of balls of the form A, = B(0,r,). Using the mass
transference principle established in [3], he showed that, for any & € & with
lim, h(r)r_d = 00, almost surely

o0
00 if h =00
0 otherwise.

However, this approach does not extend to the general case when the sets in A are
not ball-like, since the mass transference principle may fail in such situation.

To deal with the general case, let us introduce some notation. For a Lebesgue
measurable set F ¢ R? with £(F) > 0 and h € &, we define the h-energy of F by

n(Pyi= [[ h(x =) dLedLo).
Set gn(F) := L(F)*I,(F)~" and use gn to define G, (F) as in (1.9). Following
the argument in the proof of Lemma 3.2 with routine changes, we can show that
(8.1) H(F) > G (F).

As a generalisation of Theorem 1.1, we have the following result on the Haus-
dorff measures of general random covering sets.

THEOREM 8.2. Let h € &. Under the assumptions of Theorem 1.1, we have:
(i) Y00, HE(An) < 00 = HI(E(x,A)) =0.

(i) Y2, Gu(Ay) =00 = H"(E(x, A)) = oo for P-almost all x € UN, pro-
vided that I,(B(0, R)) < oo for all R > 0 and A,, are Lebesgue measurable.
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(ii1) Assume that r — h(r)yr=4%e is decreasiizg for some ¢ > 0 and, moreover,
assume that h € & is such that the inequality h(r) < h(H)'P is valid for some
6>0andallr > 0. Then

S GrA) <00 = S H(4,) <o,

n=1 n=1

provided that A, are Lebesgue measurable with positive Lebesgue density.

PROOF. Statement (i) follows from a routine modification of the proof of
Lemma 3.1. Statement (ii) follows from the proof of Theorem 1.1(b) with slight
modifications. Indeed, in the proof of Theorem 1.1(b), the only place where the fact
that the kernel is |x|~* is needed is inequality (2.11) (see the proof of Lemma 2.4).
To extend that inequality associated to £, it is enough to have that

(8.2) h(ry < (14 0(e))h((1 —&)r) forall0 <r <2R.

Note that % is doubling in the sense that 4#(2r) < ch(r) for some constant ¢ > 1,
which follows from the fact that /(r)r ¢ is decreasing. Hence, the gauge function
h obtained from / as the linear interpolation of % at points 2", n € N, is equiva-
lent with / and satisfies (8.2). Now Proposition 4.5 implies that 7" (E(x, A)) > 0
[P-almost surely. It is not difficult to see that if > 02 | G, (A,) = oo there exists
a gauge function A’ such that lim,_.o/'(r)h(r)~' =0 and Yo Gr(Ay) = 0.
Therefore, Hh/(E(x, A)) > 0 which implies H" (E(x, A)) = cc.

The proof of (iii) is essentially identical to that of Lemma 3.10. Observe that
one may assume that H"(B(0, R)) > 0 for some R > 0 since otherwise the claim
is trivial. The assumption that h(r)r—+¢ is decreasing is needed at the end of the
proof of Lemma 3.7 when the term (II) is estimated. (Recall that Lemma 3.7 is
needed in the proof of Proposition 3.8.) Observe that heuristically %" (B(0, R)) >
0 means that 4 (r) should be larger than r¢ for small r > 0 and, therefore, A (r)

should be larger than rli+8 for small r > 0. [J

REMARK 8.3. One may expect that, for some R > 0, there exists a constant
C > 0 such that, for all Lebesgue measurable sets F' C B(0, R),

(8.3) H' (F) < CGu(F).

If so, the condition )_,° | G4(A,) = oo in Theorem 8.2(ii) can be replaced by

e}
> HE (A = 0.
n=1
However, (8.3) does not hold for general doubling gauge functions even in the case
where F is a ball. Indeed, let h(r) = r¢ (log r)? forall 0 < r < rg, where rg is cho-
sen such that £ is increasing. A straightforward calculation implies that I;, (B (x, r))
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is comparable to (r?|logr|)~'. Applying [45], Theorem 1.15, to product measures,
making a discrete approximation and using the fact that the sum 7, al.z is min-
imised for the uniform probability vector (ay, ..., a,), it is not difficult to see that
gn(B(x,r)) is comparable to G (B(x, r)). Therefore, G, (B(x,r)) is comparable

to h(r)|logr|~! while H" (B(x, r)) is comparable to h(r).

REMARK 8.4. Here, we indicate how G, (F) can be calculated for some con-
crete examples. Assume that ' = B(x,r). It follows immediately from the def-
inition that G, (F) < h(2r). If h(r)r—9t¢ is decreasing for some ¢ > 0 (thus &
is doubling), one easily sees that I (F) < C rz‘lh(r)*1 for some constant C > 0.
Therefore, G, (F) is comparable to 4 (r). Another easily calculable example is
when F is a rectangle (or parallelepiped in higher dimensions) with side lengths
a > b. Then G4 (F') is comparable to a* for 0 < s < 1 and to ab* 1 forl <s <2.

REMARK 8.5. Basing on the above remark, one can verify that (8.3) holds
in the following particular cases: (i) F is a ball and 4 is a gauge function so that
r > h(r)r=4te is decreasing for some ¢ > 0; (ii) F is a rectangle, and h(r) =r®
for some noninteger s € (0, 2).

8.3. A question on the measurability of level sets of random covering sets. It
is a natural question whether dimE(x, A) takes a constant value almost surely
in the general setting that A is a sequence of Lebesgue measurable sets, where
dim is either the Hausdorff, packing or box counting dimension. It is obvious that
dim E(x, A) does not depend on a finite number of coordinates x;. Therefore,

Fy:={xeUY:dimE(x,A) =5}

is a tail event for every 0 < s < d, provided that F is measurable. In this case, the
Kolmogorov’s zero-one law would imply that x — dim E(x, A) is almost surely a
constant. Theorem 1.1 gives the value of this constant under further assumptions
on A.

Using the results of Dellacherie [12] and Mattila and Mauldin [46], it is easy
to see that F is measurable with respect to the o-algebra generated by analytic
sets provided that the sets A, are analytic for all n € N (for details see [32]). For
Lebesgue measurable generating sets (Ay),eN, We do not know whether the sets
F are measurable or not.

Acknowledgements. We thank Henna Koivusalo and Antti Kdenmiki for in-
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