The Annals of Probability

2018, Vol. 46, No. 3, 1351-1404
https://doi.org/10.1214/17-AOP1204

© Institute of Mathematical Statistics, 2018

MULTIVARIATE APPROXIMATION IN TOTAL VARIATION, I:
EQUILIBRIUM DISTRIBUTIONS OF MARKOV JUMP PROCESSES

BY A. D. BARBOUR!, M. J. LuczAak? AND A. XIA3

Universitdt Ziirich, Queen Mary University of London
and University of Melbourne

For integer valued random variables, the translated Poisson distributions
form a flexible family for approximation in total variation, in much the same
way that the normal family is used for approximation in Kolmogorov dis-
tance. Using the Stein—Chen method, approximation can often be achieved
with error bounds of the same order as those for the CLT. In this paper, an
analogous theory, again based on Stein’s method, is developed in the multi-
variate context. The approximating family consists of the equilibrium distri-
butions of a collection of Markov jump processes, whose analogues in one
dimension are the immigration-death processes with Poisson distributions as
equilibria. The method is illustrated by providing total variation error bounds
for the approximation of the equilibrium distribution of one Markov jump
process by that of another. In a companion paper, it is shown how to use the
method for discrete normal approximation in Z¢.
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1. Introduction. The Stein—Chen method [Chen (1975)] enables the distribu-
tion of a sum W of indicator random variables to be approximated by a Poisson
distribution in a wide variety of circumstances. In addition, it provides an estimate
of the accuracy of the approximation, expressed in terms of the total variation dis-
tance. Such an approximation is very valuable, since it allows the approximation of
the probability P[W € A] of an arbitrary subset A of Z_ by a Poisson probability,
and not just of sets A with “nice” properties. By contrast, the distance classically
used for quantifying normal approximation is the Kolmogorov distance, as in the
Berry—Esseen theorem, and this measures the largest difference between the prob-
abilities of half-lines. Of course, this can easily be extended to (the unions of small
numbers of) intervals, but gives no information at all, for instance, about the prob-
ability that W is even.

The Poisson family of distributions is, however, too restrictive to be used as
widely as the normal distribution for approximation, because mean and variance
have to be equal. Starting from the seminal paper of Presman (1983), more gen-
eral approximations in total variation have been derived, using more flexible fam-
ilies. In particular, for the translated Poisson family, the Stein—Chen method can
be adapted in a natural way [Rollin (2005, 2007)], allowing for the possibility of
treating sums of dependent indicator random variables. What is more, the order of
the error in total variation approximation obtained in this way, using the translated
Poisson family [Barbour and Xia (1999)] or the discretized normal family [Fang
(2014)], need be no worse than that of the error in the normal approximation, mea-
sured using Kolmogorov distance. This represents a substantial gain in the scope
of the approximation, at relatively small cost.

In this paper, we aim for analogous results in higher dimensions, an undertak-
ing of considerably greater difficulty. The first step is to choose a suitable family
of reference distributions. For the Poisson distribution Po(A), there is a Markov
jump process, the immigration-death process with constant immigration rate A
and unit per capita death rate, whose equilibrium distribution is exactly Po(}), and
whose generator can be used as the corresponding Stein operator [Barbour (1988)].
Proceeding by analogy, we consider the equilibrium distributions of more general
Markov jump processes as possible reference distributions. As in the Poisson case,
their generators automatically yield corresponding Stein equations [Barbour, Holst
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and Janson (1992), Section 10.1]. In addition, they come with a probabilistic rep-
resentation of the solutions to the Stein equation that makes it possible to estimate
the quantities needed in exploiting the method. Although there is often no readily
available exact representation of the equilibrium distributions of Markov jump pro-
cesses, they are shown in Theorem 2.3 of Barbour, Luczak and Xia [(2016), Part II]
under a weak irreducibility condition, to be close in total variation to discrete mul-
tivariate normal distributions, provided that their spread is large. In practice, this
allows the discrete normal family to be used instead for approximation, without
any material loss of accuracy.

We begin with a sequence (X,,n > 1) of density dependent Markov jump pro-
cesses on Z4, where X » has transition rates

(1.1) X —> X+ J atrate ngj(n_lX), Xez7 JeJ,

J is a finite subset of Z¢, and the functions g’ are twice continuously differen-
tiable on R¥. For Poisson approximation in one dimension, we take 7 := {—1, 1}
with g_1 (x) =x and g1 (x) = u for x € R, giving a family of immigration-death
processes X, with equilibrium distributions Po(nu); n plays the part of the num-
ber of summands in the CLT. In higher dimensions, the family is chosen to allow
greater flexibility. We initially suppose only that the equations

(1.2) % FE)= Y I ®)

dt Jeg

have an equilibrium point ¢, so that F(c) = 0; that the matrix
(1.3) A:=DF(c)

has eigenvalues whose real parts are all negative, making c a strongly stable equi-
librium of (1.2); and that the symmetric matrix

(1.4) o= az(c) where az(x) = Z JJTgJ(x),
JeJ

is positive definite.
The process X, has generator given by

(1.5) (A)(X) =" ng” (07" X)(h(X + J) — h(X))
JeJg

for bounded /: Z¢ — R. To approximate the distribution of a random vector W €
74 in total variation by the equilibrium distribution IT, of X,, should it exist,
a key step in using Stein’s method is to show that the expectation E{A, (W)}
is small for a large class of bounded functions 4. In our theorems, we use the
functions & = h s that are determined by solving the Stein equation

(1.6) (Ah)(X) = f(X)
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for h, given any bounded f: Z¢ — R. However, for ease of use, we replace the
operator A, as Stein operator by the simpler operator

(1.7)  Ah(w):= gTr(azAzh(w)) + ART (W) A(w —ne),  weZf,

where ¢ € R, and A and o2 are as in (1.3) and (1.4), respectively; here,
(1.8)  Ajh(w):=h(w+eV) —hw);  Ajh(w) = A;(Arh)(w),

forl1 <j, k< ci , where /) denotes the jth coordinate vector. It is shown in The-
orem 4.6 that A4, is close enough to the original operator 4, for our purposes.

We also define X to be the positive definite symmetric solution of the continuous
Lyapounov equation

(1.9) AL + AT 462 =0;

see, for example, Khalil (2002), Theorem 4.6, page 136. Now nX turns out to be
asymptotically equivalent to the covariance matrix of our approximating distribu-
tion. For a given random vector W whose distribution we wish to approximate, it
is thus clearly a good idea to choose 1, A and o2 in such a way that, solving (1.9),
nY =~ Cov W. There are typically many choices of A and o that yield the same X
as solution of (1.9), and which one is best to use in (1.7) is usually dictated by the
specific context. Having chosen A and o2, it is shown in Theorem 3.2 that there
indeed exists a Markov jump process X, as in (1.1) that yields the corresponding
matrices in (1.3) and (1.4).

Even under the condition that all the eigenvalues of A in (1.3) have negative
real parts, the process X, may not have an equilibrium. However, it is shown in
Barbour and Pollett (2012), Section 4, that it has a quasi-equilibrium close to nc,
and that this is asymptotically extremely close to the equilibrium distribution T
of its restriction to a né-ball around nc, whatever the value of § > 0. For technical
reasons, we use balls in R? derived from the norm | - |5, defined by

(1.10) Y% :=yTs 1y,

where X is as defined above; we let Bs x(c) :={§ € R?: | —c|x <8). Defining
(1.11) X(J):={XeZ {X,X +J} C Bps.x(nc)},

we replace X, with the process X f, having transition rates

(1.12) X - X +J atrate ngi(n'X):= gig](n_lX), i)ftt)lirivii,(n;

for X € Z¢ and J € J, with § to be chosen suitably small and positive; broadly
speaking, we choose § so that ¢ is a strongly attractive equilibrium of the equa-
tions (1.2) throughout Bs 5 (c). Then, if

(1.13) X%(0) € By.s(c) := 29N Bys.x (nc),
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it follows that X 2 is a Markov process on the finite state space E,,,g(c), and so has
an equilibrium distribution; furthermore, if all states in En,(g(c) communicate, this
equilibrium distribution T1? is unique. Assumptions G3 and G4 below guarantee
that this is the case: see Lemma 2.1.

Now, if X3 ~ T12, it follows by Dynkin’s formula and because each set X (J)
is bounded that E{Aflh(Xﬁ)} =0 for all functions /: Z¢ — R, where

(1.14) AhX)=n) gl 'X){h(X+))-hX)},  XeZ‘
JeJ

The essence of Stein’s method for total variation approximation is to find a func-
tion hp = h% , that solves the equation

(1.15) Ahp(X)=1p(X) —TI){B}, X € B,;(c),

for each B C En,g(c). Then, if W is any random element of Z% and B C En,g(c),
it follows that

P[W € B] — TI3{B) = E{(15(W) — I*{B})I[W € B,.5/(c)]}
— TI{BYP[W ¢ B, (0)],
for any 8’ < §, so that

dTv(,C(W), Hg)
(1.16) N -
< sup [E{Ahp(W)I[W € B, 5()]}| +P[W ¢ By 5 (0)].
BCBn.S(C)

Showing that £(W) is close to Hfl in total variation thus reduces to showing that
the right-hand side of (1.16) is small. Bounding the probability P[W ¢ En?g/ ()]
typically involves direct estimates, such as Chebyshev’s inequality. Thus the main
effort goes into bounding |E{Aflh s(W)}.

In order to extract the essential parts of E{.A‘flh (W)}, we expand the expres-
sion for A,‘ih B(X), using Newton’s expansion. To control the remainders in the
expansion, we need to be able to control the magnitudes of the first and second dif-
ferences A jhp(X) and A?khB(X) for 1 < j, k < d. We obtain bounds for these,
given in Theorem 4.1, within a ball | X — nc|y <né/4, for § small enough. They
are derived using the explicit representation

(1.17)  hp(X) =h (X)) =— fOOO(P[x;i(t) € B|X2(0) = X] — I3 {B}) dt,

[see Kemeny and Snell (1960), Theorem 5.13(d); (1961), equation (9)], and de-
pend on careful analysis of the Markov process X,‘z. This is carried out in Sec-
tions 2 and 3. For the remainders in the expansion of E{Aﬁh p(W)} to be small,
we also need to know that dry(L(W), L(W + ) is small for each 1 < j <d,
and that E|W — ncl%: < vn for some constant v. This is true if W ~ 1'[;31, as is
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shown in Proposition 5.2, but needs to be proved separately for any W that is to be
approximated by l'[‘fl.
As a result of these considerations, provided that drv(L(W), L(W + e)) is
small for each 1 < j < d and that E|W — ncl2 < vn, we shall have shown, for
suitable § > 0, that E{AahB(W)I‘S(W)} is close to E{AnhB(W)I‘S(W)} where
15(X) = I[|X — nc|y <ndé/3] and A, is as in (1.7). Hence, for any integer val-
ued random vector W such that IE{.Anh s(W)I, S(W))is uniformly small for all B C
By 5(c), drv(L(W), L(W + e\1)) is small for each 1 < j <d, P[W ¢ Bn s(0)] is
small and E|W — nc|2 < vn, it follows from (1.16) that dpy (L(W), 1'[‘3) is small.
The precise statement of this conclusion, giving a set of quantities that bound
drv(L(W), H,‘i) for an arbitrary integer valued random d-vector W, is presented
in Theorem 4.8. An application is given in Section 5.

2. The analysis of X f,: General processes.

2.1. Main assumptions. The main arguments of the paper are based on the
analysis of a sequence of Markov jump processes X,, whose transition rates are
given in (1.1). For some 69 > 0, we make the following assumptions.

ASSUMPTION GO. Equations (1.2) have an equilibrium c; thus F(c) =

ASSUMPTION G1. All eigenvalues of the matrix A := D F(c) have negative
real parts.

ASSUMPTION G2. For each J € J, the function gj is of class C? in the
Euclidean ball Bs,(c) :={x: |x — c| < do}.

ASSUMPTION G3. There exists gy > 0 such that

inf g (x)>80g (c)= /,L({>O, JeJ.
x€EBs, (c)

ASSUMPTION G4. For each unit vector e/) e R?, 1 < Jj <d, there exists a

finite sequence of elements J; ) s Jr((J J)) of J such that

r(j)

& =35,
=1

For d-vectors, we use | - | to denote the Euclidean norm, | - |; to denote the £ -
norm, and | X |y, to denote | ~!/2X|. For a d x d matrix B, we define the spectral
norm

|Bll:= sup |Byl,
yeR?: |y|=1
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and use || B||1 to denote Z?:l 2?21 |B;j|. Note that, for any d-vector b and d x d
matrix B, the inequalities

d~'bly <vVd"1bTb and d|BIl < \/d=>Tr(BT B) < Jd~!|BJ]?
yield
(2.1) Ibly <d'?|b| and ||B|; <d*?|B|.

For a d x d positive definite symmetric matrix M, we write A(M) for d~! Tr(M),
Amin(M) and Apax (M) for its smallest and largest eigenvalues, respectively, and
p(M) := Amax (M) /Amin(M) for its condition number; we use Sp’(M) to denote
the triple (A(M), Amin(M), Amax(M)).

For a real function 4 : Z¢ — R, we define

| AR 7= max |AR(CX)

. 2 . .
: [A“h(X)] o '_1§3§‘~’§d|A”h(X)|‘

For any a > 0, we then set
714,00 := max{|n(X)|: X € Z¢,|X — nc| <a);
(2.2) | ARlg 00 :=max{|AR(X)| : X € Z9,|X — nc| <a};
HAzhHa’w = max{”Azh(X)Hoo: X eZ% |X —nc| <al,
for ¢ as above. For g: R? — R twice differentiable, we set

||D2g(x)|| :=limsup sup 7! |Dg(x +ty) — Dg(x)
t—0 y:lyl=1

’

where D denotes the differential operator. We then define the quantities

J J 2,7
D D
(2.3) Lg:=max |gJ |80; 1 := max Dg |50; L, :=max w
Jeg gl (c) JeJ g’ (c) Jeg  gl(c)

finite in view of Assumptions G2 and G3, where || H |5 := sup, ¢ p; () [l H (x)|], for
any vector- or matrix-valued function H and for any choice of norm || - ||.
We also define

A=Y g I =T(0?):;  y:=) ¢ @I

JeJ JeJ
. . DI —1/2 1.
Jmax = max [T e i= 5r1€a§|2 2J;
(2.4) |
o5 =377 o= Chin(03);

A= (o2 :d_lA; o i=d3? ; := min
(%) 1% y fhs 1= i 41y



1358 A.D. BARBOUR, M. J. LUCZAK AND A. XIA

where o2 is defined in (1.4), and ¥ in (1.9). In the sections that follow, we establish
many bounds that depend on these basic parameters. They are mainly expressed as
continuous functions of the elements of the set

(2.5) K:={Lo, L1, L2, €0,Sp'(6%/N), SP' (2), d ™ Jinax, | AN/, A/ 114,80}

and, with slight abuse of notation, are said to belong to the set K. If they are
also continuous functions of another parameter, such as §, they are said to belong
to K(8). The A-factors ensure that the quantities remain invariant if all the tran-
sition rates g’ are multiplied by the same constant. In particular, constants of the
form «; and K; belong to /C, and the implied constants in any order expressions
also belong to K.

The d-dependence in 2(o?) and d= Ty is put in to ensure that the quantities
do not automatically have to grow with the dimension 4. It is chosen in this way
for the latter in view of Lemma 3.1, and for the former by comparison with o2 = I.
In order to avoid many provisos in the bounds, we shall assume throughout that
d < n'/*, which is ultimately no restriction, since our bounds are typically of no
use unless d is rather smaller than n'/7.

We note two immediate consequences of Assumptions G3 and G4.

LEMMA 2.1. Assumptions G3 and G4 imply that o* is positive definite, and
that, for any § > 0, there exists ny.1(8) < oo such that the process X,‘i is irreducible

on B, 5(c), defined in (1.13), as long as n > ny 1(6).

PROOF. For the first statement, if x” 62x =0, then x’ J =0 for all J € J,
because of Assumption G3. This, from Assumption G4, implies that x” () =0
forall 1 < j <d,sothatx =0.

For the second statement, setting rmax := maxi<;<qr(j), it is immediate that,
under the transitions for the Markov process X?, the states X and X e/ commu-
nicate, for all 1 < j <d, as long as | X — nc|y <né — rmaxjrfax. Hence, starting
from an X with |[X — nc|y < maxi<j<g |e(j)|z, it follows that all states X with
|X — ncly < nd — rmaxJZ,, intercommunicate.

For the remainder, we note that, because the set J is finite, the infimum
inf, cpa. yjp=1 MINje7 uT =17 is attained at some u. Then minjc7ul =17 >
0 together with F(c) = 0 would imply that ul X =17 =0 for all J € 7; and this
is impossible, as argued above. Hence there exists k., > O such that, for all # with
luls =1, minje s uTx=1J < —k,; without loss of generality, we can also take
ke < 1.

Taking any X with |X — nc|y < né, write X — nc = xu, for u € RY with
|u|y =1 and x > 0. Then, noting that /1 —y <1 —y/2in0 <y <1, we have

min |X +J —nels = %igﬂx —nelz 42X —ne)'2 7T 41715}
<x{l—2x"Tky +x2{1Z V)

max
<x —ku/2,
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provided that x > max{k,, {Jnim}2 / k4}. Thus each state with | X —nc|y < nd com-
municates with some state X’ for which | X’ —nc|y < |X —nc|x — k4 /2, and hence,

repeating this step, with one such that |X — nc|y < ndé — ”maerEax- Combining
these results, we see that X fl is irreducible, provided that
n>ny1(8) :=58""{(rmax + DI, + max{k.. {72, )2/ ki) ). O

If Assumption G4 is not satisfied, then the lattice generated by the jumps in J
is a proper sublattice of Z¢.

2.2. X5 stays close to nc. 1In this section we show that, whatever its initial

value X 2 (0), the process Xfl rapidly gets close to nc. Thereafter, it remains close
to nc with high probability for a very long time. To formulate our results, we define
the hitting times

() == inf{u > 0: \Xfl(u) —ncls = nn};
(2.6)

3 (n) :=inf{u > 0: | X2 (u) — nc|y, <nn},

for any 0 < n <4 < dp.
We begin by establishing some Lyapunov-Foster—Tweedie drift conditions,
showing that X f, has a strong tendency to drift towards nc in the | - |z norm.

LEMMA 2.2. Let X, be a sequence of Markov jump processes, whose tran-
sition rates are given in (1.1), and such that Assumptions GO-G4 are satisfied.
Define

ho(X) := (X —nc)T 271X — ne) =X — nel3;
ho(X) :=exp{n~10ho(X)}, 6> 0.

Then there exist positive constants K5, 822 and 6, in K and 8&12(61) e K(d)
such that, for any § < min{d,>, 5/2.2(d)} and any X € By, 5(c) with |X — nc|g >
K> r+/nd, we have

Aho(X) < —arho(X);
1
Ahg(X) < —En—lalehomhem, 0<6<6;

for the latter inequality, we also require that n > ny» € K. The quantities
K»2,870, 85.2 (d) and 0y are given in (2.12), (2.14) and (2.19).

PROOF. It is immediate that, for the above choice of A,

ho(X+J)—hoX)=JTS "X —ne)+ X —=no)T="1y+ T2y,
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Multiplying by ngsj (x), where x :=n~!'X, and adding over J, we have

A ho(X) =n{F(x)T 71X — nc)
(2.7)
+ (X =)=V F @)+ Te(2 o2 (x)) ),

aslongas |X —nc|y <né— Jn)?ax, where F is as defined in (1.2), and o2 as in (1.4).

For | X —nc|y > né — anlax, the truncation (1.12) may change this expression: see

below. Now, using (2.3), for x, y € Bs,(c), we have

1
|[F(x) = F(y) = A(x = y)| < 3 Y 1g @ Lalx — yl{lx =yl + 2|y —cl}

JeJ
(2.8)
< AL|x —yl{lx =yl + |y —cl}.
Substituting (2.8), with y = ¢, into (2.7), and using (1.9), we have
Aho(X) < =X —no)T27 16?27 HX —ne) +nTr(Z 7102 (x))
2.9)
—i—2AL2n_l ||Z_1/2H|X — nc|2|X —nc|y.
Using the inequalities
(X —no)T=7 10?271 (X — ne) = Amin(02)1X — nclx;
(2.10) 5 s s
Amin(2)|X —nely, < [X —ne|” < Amax (X)X — ncly,

it first follows that (X —ne)T T 10?21 (X — ne) > 20X — nc|22. Then

1
(2.11) nTr(Z o (x)) <nLoTr(og) < 5o¢1|x—nc|§S
if | X —nc|y > Kop~/nd, where
2Ly
(2.12) K3,= dT(lTr(a%) <4Lop(0?)p(D),

since (1/2da;) Tr(0d) < p(02) < p(a?)p(X). Finally,
1
(2.13) 2ALoan Y| =7V21X = nel?|X — nelg < SolX = nelk

if | X —nc|ly <nmin{dy, 85.2(61)}, where

(2.14) S12im 0 8 (d) =~ Y Pmin(2).
' 2T ™ Y T AR Lok (D)

This proves the first part of the lemma for all X such that |X —nc|y <nd — J.2 .
If n6 — JE, <|X —nc|x <néd, we may have g’/ (n~'X) > g/ (n=' X) =0 for
some J. However, from the definition of 4, these J represent transitions for which

ho(X + J) — ho(X) > 0, and replacing g/ (n~!X) by zero makes the value of
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Aflho(X ) even smaller than that given in (2.7), and hence preserves the inequal-
ity (2.9).

For the second part, taking § < 8,2, we note thate® — 1 < x + x%inx < 1. Now,
for JIEaX <nédyp and | X — nc|y <nédro, we have

0 0
—[ho(X + ) = ho(X)| = {2/ | X — el + (JE)7) <36005.820,

max

and J %, <ndyoif n > (d ')}, /822)*? =i ny2, because n > d*. Hence it fol-
lows that n='0|ho(X + J) — ho(X)| < 1 for all X € By s(c),if 60 <01, n>na»

and

(2.15) 01 maxd22 < 1/3;
note that then d6; € K. Then, for X such that |X — nc|x <né — JZ,,, and with
X = n*IX,
—1 _
Ahg(X) =nho(X) Y g’ (x)fe" IhoX+=hol0) _ 1},
JeJg
Hence, if | X — nc|s <né — J2,, we have
n Z gJ(x){en*'e(ho(XH)—ho(X)) . 1}
JeJ
<n 'O ho(X) +n Y g ()nT20% |ho(X + J) — ho(X)|.

JeJg
Since
[ho(X + ) — ho(X)|* < {21X = nels|JIs + 13}
< 1TB 81X = nel} +2(/5,)7),
it follows in turn that, if § < min{s;», 85.2 (d)}, then
n Z gJ(x){en_le(ho(X—I—J)—ho(X)) —1)
Jed
< —n"'0a1ho(X) +2n 107 Lo Tr(0 ) {4ho(X) + (2, )*).

if 6 < 6. But now, if 6; is also chosen so that

1 1
(2.16) 8d91L0)\max(U%) =< Zal = g)\min(o’%)’

we have 862%L Tr(a%)ho(X) < }‘Oalho(X), and if

1
(2.17) 2d601 Lodmax (02) (12, )* < a1 dK3,,

max
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and |X — nc|s > Kaov/nd, we have 260%Lo Tr(02)(J. 2% < 10a1ho(X) also, so
that then

_ 1
(218) n Z gJ(x){en 10 (ho(X+J)—ho(X)) _ 1} < _Enflaleho(x).
JeJg

Note that (2.15), (2.16) and (2.17) are satisfied by choosing

doy =min{1/(3d "1 JZ 575).
(2.19)
1/(64Lop(c2)p(2)), 1/4(d~"1Z, )} e K,

since we assume that n > d*. As for the first part, if n8 — anlax <|X —nc|y <né,
the inequality (2.18) is still true, completing the proof of the second statement of

the lemma. O

REMARK 2.3. If the functions gJ are linear within Bj, s, then L, =0, and
we can take min{822, 85 ,(d)} = 822 = 80/+/Amax ().

The first of the drift inequalities in Lemma 2.2 is now used to show that X?
quickly reaches even small balls around nc, if § < min{§, 7, 552 (d)}.

LEMMA 2.4. Let X, be a sequence of Markov jump processes, whose tran-
sition rates are given in (1.1), and such that Assumptions GO0-G4 are satisfied.
Let ay be as in (2.4) and Ky5, 622 and 8§.2(d) as in Lemma 2.2. Then, if

8 <min{s;2, 8’2.2(0,’)} and n > max{K>1+/d/n, 2n~ty max} we have

P (1) > 11X5(0) = Xo] < 4(nn) "% Xo — nclke .

PROOF. As before, let ho(X) := |X — nc|%, and define My(r) :=
ho(Xg (t))e“!". Then it follows from the first part of Lemma 2.2, by a standard
argument, that Mo(t A f,‘f(Kz,z«/d /n)), t > 0, is a nonnegative supermartingale

)
with respect to the filtration F X :=(.EX”,t > 0) generated by X ,‘2 This implies
that

(nn — J ) Efe M () < 1}1X2(0) = Xo)
<E{Mo(r A (1) 1X5(0) = Xo} < ho(Xo),

since ho(X‘S (fa(n))) > (nn — max)2 because the jumps of X‘S are bounded in
¥-norm by JZ . Letting t — oo, we have

) |Xo — nclx |2
E{ea1rn(77)|X2(O) = XO} < {_—JE} .

max

The lemma now follows immediately. [
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The second drift inequality in Lemma 2.2 implies that the process X ,‘i takes a
long time to get far away from neighbourhoods of nc. For use in what follows, we
define

logn _1 .
(2.20) Y(n) =4 @i and ¥~ (n) :=min{n >4: ¥(n) <n}.

LEMMA 2.5. Let X,, be a sequence of Markov jump processes, whose transi-
tion rates are given in (1.1), and such that Assumptions GO—G4 are satisfied. Then
there exists Ko 5 € KC such that, for all n <6 < min{§, 2, 5/2.2(61)} and for 61 as in
Lemma 2.2, we have

P8 (n) < t|X3(0) = Xo] < (nK2.5At + exp{n~'01|Xo — nc|: e 07’

if n > nas. In particular, for any § < min{8,5, 8, ,(d)}, for any n <8, and for
any T > 0, there exists no5(T) € K(AT) such that, for all |Xo — nc|y < nn/2
andt < T, we have

P[z, (3n/4) < 11X, (0) = Xo] <2n~%,
as long as n > max{n, 5(T), w_l(n)}. The quantities K, 5 and ny 5(T) are defined
in (2.22) and (2.23), respectively.
PROOF. It follows from the second part of Lemma 2.2 that, for 0 < 6 <6,

Mo (t) :=ho(X2(1)) — Hp /Ot]l{\Xﬁ(s) —nely, < Kaov/nd) ds

. 5 .
is an FX»-supermartingale, where

Hy := max Aihe(X).
XeZa: | X—nc|y<Kpz+/nd

Clearly, recalling n > d*, Hjy is bounded by

2.21) n Y |87 |5, exp{n ™ 0[Kaov/nd + I I} <nAKys,
JeJ

for

(2.22) Kys:= Loexp{6i[K22 +d 7' J5, ]} e K.

By the optional stopping theorem, applied to Mg (min{¢, r,f(n)}), it thus follows
that

P8 () < 1|X3(0) = Xo] — nAKas5t <exp{n~'0]Xo — nel3).
proving the first claim. The second follows for n > max{n5(T), 1//_1 (n)}, where
(2.23) nas5(T) := max{Ky5AT, na2},
since, for such choices of n,

2 _ 2 _
nKysAT <n®/* <n* <"/% andthus e "0 /16 < =4, O
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3. The analysis of X ,‘3: Elementary processes. In this section, we conduct
a more detailed analysis of the Markov jump processes Xﬁ. The results that fol-
low are used to bound the solution to the Stein equation (1.15) and its differences,
using the representation given in (1.17); this is an essential step in proving our
approximation theorem. In order to find Markov jump processes that yield a given
pair A, o2, we only need to consider ones whose transition rates satisfy more
restrictive conditions than Assumptions G0-G4; we refer to them as elementary
(sequences of) processes. Since this simplifies some of the coming arguments, we
conduct them within the context of elementary processes, though analogous results
hold under the previous assumptions; see Remark 6.4. We retain Assumptions GO
and G1, replacing the remainder with the Assumptions S2—-S4 below.

ASSUMPTION S2. The set 7 contains the vectors {£e¢(), 1 < j <d}.

ASSUMPTION S3. The transition rates gJ (x) are constant in Bs,(c), for all
JeJ\{eV 1< j=<d)}

ASSUMPTION S4. For 1 <j <d, ge(j) (x) is linear and satisfies ge(j) (x) >
1 W) .
78°" (¢) in x € Bs(c).

Defining 1) = {i:1<i<d,A;j #0},1=<j <d, we write
(3.1
g(J) =g

@, V=Y @, go= min (gD AGY),
i) t=/=d

observing that GU) < A, 1 < j < d. We retain the definitions (2.3), noting that,
for elementary processes, Lr = 0 and that Lo < 3/2, and that gy as defined in
Assumption G3 can be taken to be 1/2. As observed in Remark 2.3, since L, =0,
we have

min{82.2, 8 5(d)} = 822 = 80/v/ *max (L)

for the upper bound on é in Lemma 2.2. We also define

(3.2) n@ao =max{(5(d~"JZ,) max{1, vVd61})*>, nys5(1/g.)} € K.

After some work, it follows from the definitions of v and n3 ), and because d* <
n, that n > max{n2), v1(8)} implies that

(3.3) §>20n3* (a1

max

) = 20 /1

these inequalities are used later.
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3.1. Any ¢, A and o* can be associated with an elementary process. In this
section, we relate the generator A,, defined using an arbitrary choice of ¢, A
and o2, to the generator Afl of an elementary process. The main difficulty is to
match o2, overcome by using Tropp (2015), Theorem 1.1.

LEMMA 3.1. Let 62 be any d x d covariance matrix with positive eigenvalues
M>Ay>--->Ag>0. Then o2 can be represented in the form

or= > g’
JeJ

for a finite set J € 74 such that e® € J,1<i<d,suchthat J € J implies that
—J e J,with g(—=J)=g(J), and such that

1
Jil<14+=,/2(d—-1 2y,
Iff}‘f?%' il= 14 2y2( )p(0?)

Furthermore, 3(e®) > }‘Adfor each1 <i <d.

PROOF. Write Aq := %Ad = %kmin(az), so that o2 — Aol is positive definite,
and has condition number ,o(a2 —Aol) < 2p(02). By Theorem 1.1 of Tropp
(2015), we can write

ol —nrl=Y y(JJ",
JeT
where the set 7] is finite, y (J) > 0 for each J € J1, and the vectors J have integer
coordinates with |J;| <1+ %\/ (d — 1)p(c? — Aol). Note that the same covariance
matrix is obtained if y(J)JJT is replaced by %y(]){JJT + (=J)(=J)T}, which
we do, expanding the set 77 if necessary. Writing Aol = 2?21 %Ao{e(i)(e(i))T +
(—eD)(—e@)T}, and taking J = J; U{£e?, 1 <i < d}, the lemma follows. [

Fitting A and ¢ as well, in such a way that Assumptions GO-G1 and S2-S4 are
all satisfied, is now easy.

THEOREM 3.2. For any ¢ € RY, A whose eigenvalues all have negative real
parts, and positive definite o2, there exists a sequence of elementary processes
having F(c) =0, DF(c) = A and o given by (1.4). For these processes, defining
8 = Amin(az)/(SHAH) and A := A(c?), we have 9 > 1/2 in Assumption S4, and
the quantities in K are all bounded by continuous functions of ||A||/A and the
elements of Sp' (o2 /) and Sp'(%).

PROOF. Represent 0% asinLemma3.1.For J € J , define

g(J), ifJEj\{e(i),lfifd};

J o .
SO = e+ (A —0),.  ford—e® 1<i<d.
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With these functions g7, we have 62 =} JeT g’ (c)JJT and, writing F(x) :=
dJeT Jg’(x), we also have F(c) = 0 and DF(c) = A; define )7(02) =

AP Y eq 8’ 1P, |
Now all the transition rates gJ (x) are constant in x, except for J = e 1<i<
d, when they are linear. For g°¢ © , we have

g (1) g(eD) + (Alx — o)),
g (c) g(e®)
and this is at least 1/2 if

’

1 1.,
= clllAll < 2 Amin(0) < S2(e?),
which is in turn true if |x — c| < §p, so that we can take ¢g = 1/2. The same
calculation shows that Lo < 3/2, and it is also immediate, from Lemma 3.1, that
Ly =2||All/ min (") < 4 Al /hnin(0);
(3.4) — SN ) 2572
A/gx =2(07)/ min g(e") <4p(07/1(07));

(3.5) 472302 /A < 1+ p(0?/A(02)).

Finally, again from Lemma 3.1,

27172
(3.6) dlJmaxsd1{d<1+%,/2(d—1),o(02)> } 51-1—‘/%/0(02/)1(02)).

Hence, for this choice of o, the quantities in K are all bounded by continuous
functions of ||A||/A and the elements of Sp’(c2/A) and Sp/(%). O

3.2. The dependence of L(X5(U)) on X5(0). We first show that the distri-
bution £(X f,(U )X ,‘2 (0) = X) does not change too much if the initial condition
is slightly altered. The argument is based on that for one-dimensional processes
given in Socoll and Barbour (2010). We begin by bounding differences of the form

E{f(X2))1X2(0) = X — D} —E[£(X2(U))1X30) = X},

and then prove a sharper bound on second differences.

THEOREM 3.3. Let X, be a sequence of elementary processes. Fix any
8 < 829. Then there are constants K3J.3, 1 <j<d,in K, such that, for all
n > max{n.o), ¥~ (8)} asin (3.2),

Lo (B (G U)X 0) = X =] L (X6 0)1X,0) = X]|

3.7) | GO 1/4 1
<K] n_l/z(—) max{l }
= R33 g ’(g(j)G(j))1/4 U )’

uniformly for all U > 0 and | X — nc|y <né/2.
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PROOF. For any x € £ and any stochastic matrix P, we have |xTP|1 <|x|1.
Hence the quantity being bounded in (3.7) is nonincreasing in U. We can thus

take U < UY) :=1/,/GWg() in what follows, and use the bound obtained for
U = UY) as a bound for all larger values of U. Note that U) < 1/g,.

We begin by realizing the chain Xﬁ with Xfl (0) = X in the form Xfl (u) :=
Xo — el )N,‘f (u) + W,f (u), where the bivariate chain (N,‘f, W,f) with state space
Z4 x 74 starts at (0, 0), and, at times u such that IX;SZ (u) —nc|ly <né — Jrfax, has
transition rates given by

W)=+ 1, W) atrate ng";
3-8) ¢, W)— ((,W+J) atrate
ng’ (Xo— eV + W)/n),  J#—e¥ eJ;

note that the first of these transitions reduces the j-coordinate of X3 by 1. At
other values of X, it may be that gaj (n~'X) does not agree with gJ (n~1'X), and
so the transition rates of (N2, W) may be different from those given in (3.8). For
this reason, if the time interval [0, U] is of interest, we treat any paths of X fl for
which supg_, - | X2 (1) — ncls > nd —3J.%,, separately; the factor 3 ensures that
shifting a path by a vector J'+ J”, forany J’, J” € J, still leaves it entirely within
{X:|X —nclyg <né — Jmax} over [0, U].
Using the bivariate process, we deduce that

drv{Lx, (X)), Lx, o (X5 (WU))}

1
) Z |PX0[X2(U) =X+ Xo]| - Pyy—eti [Xﬁ(U) =X + Xo]|

Xezd
_1
=3 Z

Xezd

Y Py, [N)(U) =P, [W)(U) = X +1eD|N)(U) =1]
>0

=Y Py [N (U) =1 = 1Py, _h [W(U) =X + 1PN (U) =1 —1]

=1
(3.9 |
<5 X YIBx[Ni@) =1] =Py, [N)0) =1~ 1]]
Xez741>0
X qu—],XO_e(j) (X +1e)
1
+5 2 D Px[NiW)=1]
Xezd 1>1
x Jg/lx, (X +1e7) - qllil,xo_e(,») (X +1eY)],
where

(3.10) alx (W) :=P[W2(U) = WIN)(U) =1, X5(0) = X].
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Now, from Barbour, Holst and Janson (1992), Proposition A.2.7,
1
3.11 Po(AM){l} —Po(M){l — 1}| =2maxPo(M){/} < —.
) g' (1) = Po(){l — 1} = 2maxPoGll} < -
Hence, since N,‘f is a Poisson process of rate ng(/) until the time

(3.12) =105 —3n"1u2

n max) ’

where t,f (n) is as defined in (2.6), it follows that the first term in (3.9) is bounded
by

1 N
(3.13) Px, [t < U]+ 5{ng<J>U} 12
Recall that n > max{n .2, ¥ ~1(8)}, so that, from (3.3), § —3n~1JZ > 35/4.

Hence, for any U < U <1 /g«, we can use Lemma 2.5 and the definition of f,‘f
to give

(3.14) Px[t} < U] <Px[c?(38/4) <UV] <2n™*,

uniformly in |X — nc|y < nd/2. Putting this into (3.13), for U < U, gives a
contribution to dTV{/JxO(X,’i(U)), EXo—e(j) (Xfl(U))} from the first part of (3.9) of
at most

1 e
(3.15) 2n*4+§{ng<f>U} 12,

It thus remains only to control the differences between the conditional probabilities
a/x (W) and g/ | x—er (W)
To make the comparison between qll’/X(W) and qllil X—e(/>(W) forl > 1, we

first condition on the whole paths of N,f leading to the events {N,‘E(U ) =1} and
{N,‘f (U) =1 — 1}, respectively, chosen to be suitably matched; we write

1
U (W *
= dsy---dsj—1ds
q;.x(W) Ul '/[‘0’ v 1 -1

x Px[WS(U) = W|(N)Y = vi(-is1, ... 521, 8%)]:
(3.16)

v (W) = i d ds;_1ds*
41, x—eD =l 0.7 s1---dsj—1ds
x Py_,o»[Wo(U) = Wl(N,'f)U =v—1(3 81,0, -],
where

(3.17) Ve s 1) =) 0.y (6),
i=1
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and, for a function Y on R, Y* isused to denote (Y (s), 0 < s < u). Fixing ;1 :=
(51,52, ...,81-1), let sz_l 50).X denote the distribution of (W,‘E)U, conditional on

(N,f)U =v(-;8-1,5") and Xﬁ (0) = X, and let Pg_l,x denote the distribution con-
ditional on (N®)Y = v;_(-;8,—1) and X5(0) = X. Write Iéfﬁl,,,m, jx @, w) to
denote the Radon—-Nikodym derivative d]P’g_l, o/ dIP’gl_l’s*), x €valuated at the
path w*, forany 0 <u < U. Then

Bloy.so.x [Wa (U) = W]

= pU U U U
B /{wU: w(lU)=W} R(Slfl’s*)’j’X(U’ w )dP(Sl—l,S*),X(w )’

and hence
Pg,,l,s*>,x[W,f(U) = W] - ngl,x_em[wrf([]) = W]
(3.18)
= [ L w@)(1 = RY, 1 jx (U0} aPY, ) ().
Thus

Zd }qll,]X(W) - qu—l,X—e(f) (W)‘
WeZ

1
< _l/ dsy---dsj— ds*
U Jo,uy

A U
X Z Egl_l,s,ﬁ),x{|R(Lé1_1,s*),j,X(U’ (W;zs) ) — 1|1{W}(W3(U))}
wWezd

2 U pU SH\U
=ul f[o,uy dsy---dsi1ds"Eeg o x{[1 = Ry 50 jx (U (W) 7)1}

(3.19)

. AU S .
To evaluate the expectation, note that R(Sz_1,s*), j’X(u, W)H"), u=>0,is a

: . : 5. .
]P’gl_1 5,),x “martingale with respect to the filtration /- Xu, with expectation 1. Now,

if the path wY has r jumps of vectors Ji, ..., J, attimes t; < --- < t,, write
(3.20) xy () i=n(w) — eV (v;s1,...,5-1) +Y),
and define

§0=g"0. I #E=eV

e o=0 g0=Y 8"0.

J'eg

(3.21)
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Then, for u < f,‘f, we have

R(lelflys*),j,X(u’ wu)
(3.22) )
eXP(”/O {8(xx_eir () = 8(xx_eh (V) — e(”n_l)}dv)
x [T {87 (rxmetn =) = P71 /87 (xy_oi (1)) }
{k: 0<tr<u}
ifu <s*;

eXP(ﬂ/O {8(xx e (V) = &(xx_oir (V) = e(j)nl)}dv>
x T 187 Crx—ew ) — eVn™1) /87 (x ot (1))}
{k: 0<tr<s*}
ifu>s*;

after the “extra jump” at s*, the chains have come together. Note that
Rgl_l Y, x(u, w") is absolutely continuous except for jumps at the times #.
Then also, from Assumptions S3 and S4,

gl (x—eWn7l)

— =1, J'¢leV ielV),

g7 (x) { !

and

8 x = en) 21 D" lsy -
(3.23) — —1| = =—5—""2=<2Li/n, i€l
g () nge (c)
uniformly in |x — ¢| < §p. Hence, if we define the stopping time
(3.24) Gn=1influ>0: RY o (u, (W))") =2},

the jumps of the martingale IégH’ 500,/ Xo s (W,‘,S )*), stopped at the stopping time

min(U, f,‘ls, ¢n), are of size at most 4L /n. Hence, recalling that Lo < 3/2, the
stopped martingale has expected quadratic variation up to time u of at most

u 4L1 2 J’ -1 P
(3.25) [ (—> n Y g7y, dv <0 K325 G,
oA il
where K 325) := 24L% € IC. This in turn also implies that, for 0 < u < U,
U AU A8 ~ § /\A,f/\An 2
(3.26) B 150 X0 f (R 50y, joxo (0 A By A @y (W)™79) = 1)7)
. <n'K325GPu.

Clearly, from (3.26) and from Kolmogorov’s inequality, once again taking U =
U,
(3.27) Pgl—l,s*),xo [¢n < min{U, f;f}] = n_lK(3'25)G(j)U(j)

— n’lK(3,z5) (G(j)/g(j))l/Z'
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Hence, for this choice of U, from (3.26) and (3.27),

A U
Eg[,hs*),Xo{[l - R(lé,],s*),j,Xo(U’ (W}’?) )]+}

(3.28) . .
<min{1,2n7"2K325(GYV /g +PY L [B < U]

In view of Lemma 2.5, the expectation of the term Pgu 5. Xo [f,‘lS < U] 1is bounded

by 2n—4, uniformly in | X —nc|s < nd/2, because n > max{n2), w_l((S)}. Sub-
stituting this into (3.9), and using (3.19), it follows that

SN W) =1—1] Y lgPxy (W +1e9) =¥ i (W + 1)

[z1 Wezd
(329)  <2{2n" 2K 325(GP /g D) * 4 2Py, [22 < U])
<2{2n7 7K 325(GV /g ) 4 4n74,

uniformly for X¢ such that | Xo — nc|y <né/2, and for n > max{n3.z), w_l (8)}.
Thus the contribution to dTV{»CXO(Xﬁ(U))» LXO_e(j) (Xfl(U))} from the second
part of (3.9) is at most

(3.30) 2K 3.25)(GY) /g D) =12 4 an=4,

and this, with (3.15), proves the theorem. [

REMARK 3.4. As observed after (3.1), we always have GY) < dA; however,
if A= —xI and (X,,) is as in Theorem 3.2, GU)/g(/) = 1 does not grow with d.

Theorem 3.3 bounds differences of the form
E{f (X (U)X, (0) = Xo — eV} — E{ £ (X, (U)| X (0) = Xo},

showing that they are of order O(n~!/?) uniformly in U > 0, for f such that
Il flloo < 1. We now show that the corresponding second differences are of order
o).

THEOREM 3.5. Let X, be a sequence of elementary processes. Fix any
8 < 827. Then there are constants (K3j.15, 1 <j,i <d) in K such that, for any
function f with || flleo < 1,

IE{£(X2(U))|X2(0) = Xo — V) — D) —E{£(X2(U))|X(0) = X — &'}

(3.31) —E{ £ (XJ(W))IX}0) = Xo — e} + E{ £ (X)) 1X}(0) = Xo}]
+

.. GTN\1/2 1
<o () macft s}
8ij U Gijgij
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uniformly for all U > 0, for |Xo — ncls < nd/4, and for n = max{n(.), ¥~ 8)),
where

g =max{g?. gV} g :=min{g®, gV);

Gl = max{g;jﬁ, (GD +GW)).

PROOF. As in the previous theorem, the supremum over f of the quan-

tity being bounded in (3.31) is nonincreasing in U, so that we can argue for

U<U®D = (ijg;)*l/z < l/g;jr-, and then use the bound for U = U%/) for

all larger values of U. We give the detailed argument for j and i distinct; it is
almost identical if they are the same.

Much as for (3.9), we split off Poisson processes of —e/) and —e") jumps. We
write Xfl () :=Xo— e(j)N;f (u) —e® (N/)i (u)+ W,’f (u), where the trivariate chain
(N,‘f , (N’ ),‘31, W,f ) with state space Z%r x Z4 has transition rates

(U, W)y— (I+1,I', W) atrate ng");
L,I',W)— (I,I'+1,W) atrate ng®;
(3.32)
L,U,W)— (I,I'y/ W+ J) atrate
ngJ((Xo —leW) e 4 W)/n), J ¢ {—e(j), —e(i)},
up to the time f,‘f, and starts at (0, 0, 0). Defining
iy x (W) :=Px[W. ) = WINS ) =1, (N')) ) =1'];
px (1 u) =Py [N2 () =1, (N')) ) =1],
this allows us to deduce that
E{f(X2(U))|X2(0) = Xo — ) — D) —E{ £(X2(1))|X2(0) = Xo — "}
—E{£(X2(U))1X5(0) = Xo — D} + E{ £ (X3 (1))|X(0) = X0}

=2 Y ) Apx(—-1LI=1,0)

Xezd 1>010'>0
(3.33) <) xg—eth—e (X 1€ +1e)
—px,(l =11, U)qllil,l’,xo_e(/) (X + 1) +1'e®)
— pxo (L1 =1L, U)q)y_ yo—en (X + 1V +1eD)
+pxo (11, U)ay xo (X + 1D +1eD)}.
Write rjx x (1,1, u) == px( — j,I' —k,u)/px{,l',u) for j, k € {0, 1}, and
RY v x W) i =a sy x ey W/l x (W)
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Then the right-hand side of (3.33) can be expressed as
Yo pxo.1U) Y fw—1eD —1'eD)gf), ¢ (w)
1>01'>0 weZd

U
x {rinx, (1,7, U)Rl,17,e(j),e<i>;z,z/,xo(w)
(334) / U
—r10.x (LU U)RY g iy x, (W)

—_ rOl,Xo(Z7 l/, U)R(g{l,—e(i);l,l’,Xo(w) + 1}
We now use the decomposition
rR=r—-1DR-D+T-1)+R-1+1

in each term of (3.34). The sum corresponding to taking 1 yields nothing. Then,
for the sum corresponding to taking (» — 1) alone, summing over w first and using
[ flloo <1, we have

> pxol 1 U) D0 [ f(w—te —1e®)|gy y, (w)
= wezd

x |ri1,xo (1,1, U) = rio,x, (1.1, U) —ro1,x, (1, ', U) + 1]

<2 > pxo (.1, U)rinx (1,1, U)

1>00'>0
—r10,x,(L, ', U) —ro1,x, (1,1, U) + 1].

(3.35)

As for (3.9) and (3.15), the processes (N,‘f , (N’ )fl) can be coupled to indepen-
dent Poisson processes with rates ng'/) and ng¥, respectively, on the interval
[0, U], with failure probability at most IP’XO[%,‘E < U]. Hence, using 7 to de-
note Po(nU g(-i )), (3.35) gives a contribution to (3.34) of at most

3 SOy — 2D = | D) = O — 1] + 4Py, [20 < U]
[>00'>0
(336)  =ddrv(r, 7D xe))dry( D, 7D xep) + 4P, [} < U]
4 1

S e
/g g nU

for n > max{n 3.z, w_l (8)}, uniformly in |Xo — nc|y <né/4.

We separate the sum corresponding to (r — 1) (R — 1) in (3.34) into three pieces,
corresponding to the subscripts (1, 1), (1,0) and (0, 1), and use || f|lcoc < 1. We
then use an argument similar to that leading to (3.29); we sketch it for the (1, 1)
case. First, by conditioning on the paths of N,f and (N’ ),‘31 and using (3.46) below,

+8n_4,
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it follows, much as for (3. 29) and for (3.28), that, for each [, /' > 0,

Z ql I, Xo (w)|1 1 1,—e) —e®; 11 Xo(w)|

weZd

<min{2, 2072\ /K325 (G + GU)U +4n~ ' K3.5(GP + GD)U

(37 +2Px,[t2 <UINSw) =1, (N')>u) =1'])

< 4n_1/2\/K(3.25) (G(i) + G(j))U
+ 2Py, [2) < UINSw) =1, (N")’ () =1'].
Then, as in treating (3.35), and using Lemma 2.5, we have
Z PXo(l, r, U)‘rll,Xo(l’ U, U) - 1’
1,I'>0

(338)  <2dry(r, 7V xe)) +drv(r D, 7D xe1)} + 4Py, [20 < U]

2 2 »
+ +8n7" <

4
<
for n > max{n3.2), w_l (8)}, uniformly in | X¢ — nc|y <né/4.
Combining the first part of (3.37) with (3.38) gives a contribution to (3.34)
bounded by

(3.39) Kn~'d"2((GD + GV)/gr) ! + 12072,

+ 8n_4,

uniformly for U < U%) and | X —ncls < né/4, for K :=4,/K 3.5 € K. Taking
the second part of (3.37) with (3.38), it is immediate that

22 pxo(L,U, U)|ri1 x, (1,1, U) — I‘PX()[ <U|N‘S(u)—l( )(”):l/]
1,LI'>0

x L{ri1,x,(,1',U) < nz}
< 2n21P’x0[f,f <U]< an=2,
by Lemma 2.5, since n > max{n 3., w_l (8)}. For the remainder, we have at most

2 pxo (LU U)Lrix, (I + LI+ 1,U) > n?}

1,I'>0
(5-40) ~3 D g Oy / 2
<2Px,[t, <U]+2 Y 7P {0 1{rix,(+1.1'+1,U) > n*}.
1,I'>0
Now

|px, (1,1, U) = e D DU} < Py [£2 < U] <2n™*
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This implies that, if
(3.41) min (1}, 7O}, 7O+ 1), 7O + 1)) > 2072,

then ry,x,(l +1, I'+1,U0) <n?, giving no contribution to the sum in (3.40). This
is because
DO - (+DI"+1)

l l,l/ l’U <3 i j ’
mx(+1L0+1,U) < DU+ Br O +1) =7 n2U%; g%

by Proposition A.2.3(i) of Barbour, Holst and Janson (1992), if (3.41) holds,

/
3(”2“1;—(1_11) <100(logn)* < n*,
nU8;;8i
for all n > 40. In proving the first inequality, we assume that nU 8ij = 1, since the
inequality in the statement of the theorem is immediate for smaller nU.
This leaves only a contribution to the sum in (3.40) from [, !’ for which (3.41)
does not hold, and this is at most

2 AP <202 + O {x Oy <202 < 80732,
>0
by Proposition A.2.3(ii), (iii) and (iv) of Barbour, Holst and Janson (1992), if n >
10, because we also have nUgl-J;- <ninU<U%),
The trickiest sum is that corresponding to (R — 1) alone. Using || f|loc < 1, we
need first to examine the quantity

U U
2 4 xeWIRY | i x, W)
weZd

(3.42) ., .,
=Ry o0 —eir1rr W) = Ry vy x, (W) + 1.

We treat it, after conditioning on realizations of the underlying Poisson processes
N? and (N'), as the expectation of the absolute value at time U of an F X
martingale M@ (W?), defined in (3.43) below. Let W := (W (¢),0 < ¢ < u) de-
note the restriction of a function W on R to [0, u]. Write s; := (s1, ..., 1), s;, =
(s}, ..., s)). If realizations of N2 and (N’)}, having [ and [’ points respectively in
[0, U], are denoted by v;(-; ;) and vl’,(-; s;,), as in (3.17), we then denote condi-
tional probability and expectation, given (N)Y = v;(-;s;), (N)9)Y = v (-18))

8 — U U .
and X, (0) = X, by Ps,,s;,, y and Esl,s;,, > and we denote the corresponding con-

ditional density of (W,‘f )* at the path segment W*, with respect to some suitable
reference measure, by

qY (u, WY s, sp, X).
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We then define the Radon—-Nikodym derivatives

q¥ w, W si_1,8,,_y, Xo — el — ey
qY (u, W (s1-1, 5%), (S)_y. 54), Xo)

q¥ (u, W s1-1, (8], _y, 84), Xo — e))
qY (u, W¥; (811, 84), (S)_y» 5), Xo)

g (uw, W"; (s1-1,5:), 8 _, Xo —e®)
qY (u, W (s1-1, 5%), (8)_;. 55), Xo)

these have explicit formulae analogous to (3.22). We use them to formulate the
analogue of the argument used in the proof of Theorem 3.3. For example, we can
write

R{]l (”v Wu; (Sl—l» S*), (S;’—l’ S;), X()) =

Rﬁ)(u’ WY (s1-1, 8%), (52/_1, S;), Xo) =

RE (s WY (s121, 55, (Sp_y. 84), Xo) =

U U
D A xe R gy x, W)
weZd

1

_— — ... / ... / /
= T /[0 Uy dsq dsj—1dsyds) dsy_,ds,

X Z ngl’s/ lyxo—e(f)—e(i)[W(U):w]

I~

weZd
1 / / /
= T — dsy---dsj_1dsydsy---dsy_ds,
U
X ZdE(sH,s*>,(s;,_1,s;>,xo
wezZ

IRG (U, WY (5121, 50, (81, 5L), Xo) [[W(U) = w]}.

The mean zero martingale M (2)(W,‘f ) of main interest to us can then be expressed
as

M@ (W) @) = RY (e, (Wy)"s (81-1, 80, (81 55). Xo)
(343) _R%(ua (W;f)uv (Slflvs*)a (S;/_l,S;)aXO)
- R(I)JI (ua (W;ls)uv (Sl—l’ S*), (S;/fla s;)a XO) + 17
with (W,‘f )Y a random element with distribution }P’g ;.\ v - We also de-
1—1,5%), (S _15%), X0
fine the FXn -martingale
MO (W) = RY G, (W) (511,520, (s} 1), Xo) — 1,

for use in the proof below, as well as for the proof of the estimate of the (1, 1) term
in (3.37) above.
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We now set x° (u) :=n~' (W2 (u) + Xo — eVvy_1 (u; 51-1) — e® vy (s 1))
for u < min{s, s,}. If, for u < min{sy, s.} and |x} (u) —c|x <8 —3n"1JE , there
is a jump of e in W,f at time u, for some 1 <r <d, this gives rise to a jump in

the martingale M (2)(W,‘f ) at u of

Rﬁ(u—,(Wg)ui§(Sl—l,S*) (51/ 1>5 ) XO)
e

( (xS w—) —n~eW) +e?y) 1)
8" (xS (u—))
—R%(“—’(Wf)u_§(sl—lvs*) (Sl/ >3 ) XO)
(ge(") (x,f(u—) _ n_le(j)) )
X —1
8¢ (x3(u—))
— Ry (u—, (W2)" ™5 (s1-1, 8, (87_y 54), Xo)

Ae“ F) 0]
(xy(u—) —n="e")

—1).

X< 2 ) )

If 5, <u < s., the elements —n~'e(/) are removed from the arguments of g?e(r),
simplifying the considerations, but then x?(u) is replaced by x%(u) — n~lel);
the elements —n e are removed if s, < u < S, and then xﬁ (u) is replaced
by xﬁ (u) — nle®:ifu > max{sy, s, }, both elements —n~leW and —n—e® are
removed, and so there is no jump. Now, because the transition rate g¢ (r) (x) is linear
in x,

Ae(r)

(xS () —n~ eV +ey)
( E(r) 8 1>
(x5 (u))

B (Ae(r) (xé(u) —-n- e(j)) B 1)
3¢ (x3(u))

(x (u) —n~le®)
(e Y
2" (xp(u))

g

=0,

and so RY can be replaced by |RY — 1| when bounding the sizes of the jumps,
irrespective of the relative positions of s, s; and u. Since also, from (2.3) and
Assumption S4,

Ae(r) by
(3.44) (x<rfu)5+n )—1 <2n 'YLy,
e (xf(u))
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the remaining contributions to the jump in M® (W,‘f) are at most
4L,
n

+ [RE (e, (W)™ (51-1. 5. (S)_y. 5L). Xo) — 1]}.

{‘Rﬁ(u’ (W}f)uv (S1—19 S*), (S;’—l’ S;), XO) —_ 1|

We can now bound the quadratic variation arising from each of the three terms
individually, by the argument leading to (3.26). Defining

@n :=1inf{u > 0: m(u) > 2},
where
i (u) :=max{RY| (u, (W2)"; (s1=1, 8x), (S)_ 1, 54), Xo),
Ri (. (W))"s (s1-1.8:). (871 52). Xo).
Ry (u, (W2)"s (81-1, 54), (81> 54), Xo)},

we use the martingale M M (W,;S ) and (3.44) with the argument leading to (3.25) to
give

EU
(81-1,54). () _.5%). Xo

3.46)  {[RY(u A T2 AGos (WY 5N (511 5,), (81,0 5). Xo) — 1]7)
<n"'4K(325(GY + GV)u;

the same bound holds for R% and Rgl also, but with 4(G® 4 G)) replaced by
GY) and G, respectively. Hence the expected quadratic variation of the martin-
gale M® (W?) stopped at u A £2 A ¢, is at most

n(G<">+G(J'))/

“(12L1 >2(4K(3.25)(G(i) + G(j))v> dv
0

n n

< 2n_2((G(i) + G(j))u)z(lle)zK(g.zs) < I’l_ng((G(i) + G(j))u)z,

uniformly in |Xo — nc|y <né, and in I, I, s;_1, s;,_,, s and s}, for Kg :=
2(12L1)*K 3.25) € K. This gives a contribution of at most n~! /Kg(G¥ +GV)U
to (3.42), and hence to (3.34), from the expectation of |M @ 1, stopped at
UATSAGy.

Because the martingale M (W?) is not uniformly bounded from below, we
can no longer use an argument as for (3.28) to bound the contributions to (3.34)
from the events £} < U and @, < U. Instead, we consider their contributions for
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2 8 ..
each element of M )(Wn) separately. For example, writing
5 U
Ri] = R{Jl((Wg) ; (S1—1, S%), (SE’—I’ S;), XO);
U._mU
E; :=E

(S1—1.50).(8)_,.50). X0’
U._pU
Py = P(Szfl,S*),(S;/_I,Si),Xo’
we have
3 flw—1eD —1eNEVRVIIW, (U) =w, ) < U]}
weZd

< Eij{ﬁfl[ sup |Xo+ W,‘E(u) —eDvu: i1, s5)
O<u<U

— eV (uss)_y,sL) —ne| > nd — 3J§ax]}

=EY |, I’Xo_e(j)_e(,-){l[ sup | Xo+ W2 () — eV v(u;si-1)

SI=1Sy O<u<U
— e (ussp_y) — eV 1, 1) — eV 1y yy) —ne| = ns — 3J,§ax]}

Py o | Xo—eD—e® [r0(6 =30~ I — 207 /VAmin (D)) < U]

=SSy
Now both the inequalities
| X0 — el — el — nc}2 <né/2
and
28 =3n"UZ =207V Amin(D)) = T2(36/4)
are satisfied if n3/4§ > 20d=1J2

max and | Xo — ncly < ndé/4. Taking expecta-

tions over the realizations of (N;f)U and ((N’ )2)U and invoking Lemma 2.5 thus
gives a contribution to (3.34) of at most 2n—4, uniformly in | Xy — nc|y < né/4,
for n > max{ny5(1/gx), 20d=1JZ /8)*3, v ~1(8)}; this inequality is satisfied if
n > max{n >, w_l(S)}. Then

3 fw—1eV — 1 eNEY{RYI[WE(U) = w, §u < min{U, £]}]}

weZ4
<EY{RYI[@, < min{U, £2}])
< 2P [Gn < min{U, )]+ EY(R] 1[3," < min{U. £7}]}.
where

gl i=influ > 0: RY, (u, (W2)"; (s1-1, 5%), (S)r_1, 5%), Xo) > 2.
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The first of these terms is at most 517~ K(3,25)(G(i) +GUHU, using (3.46) and its
analogues for the quantities Rf/l, Rl% and Rgl appearing in the definition of m(U),
and then applying Kolmogorov’s inequality; the argument is much as for (3.27).
The second is no larger than

U ~11 : ~8
(3.47) 2PS[—17S;/71,XO—E(j)—e(i) [¢, <min{U, 7/ }].

However, under PY

Sl—lssl/7

M’ = {1/RY (u, (W2)"; (s1_1, 54), (sp_y,s5)s Xo), u > 0}

| Xo—eD—el0” the process

is an FX -martingale with mean 1. Arguing much as for (3.25), its expected
quadratic variation up to the time min{U, f,f , ((ﬁ,/l)“} can be shown to be at
most 4n~'K(325)(GY + GYU)U; here, (@) := inf{lu > 0: M'(u) > 2}. Us-
ing an argument much as that for (3.27), Kolmogorov’s inequality now shows
that the quantity in (3.47) is itself at most 8n_1K(3725)(G(”) +GUHU, giving
a contribution to (3.34) of order O(n~1 (G + GW)U). Combining these con-
siderations with (3.36) and (3.39), the inequality of the theorem follows for
n>max{nao), ¥ 1(8)}). O

3.3. Coupling copies of X ,‘2 In this section, we show that copies of Xfl with
different initial states can be defined on the same probability space, in such a way
that they coincide rather quickly. As a consequence, the total variation distance
between their distributions becomes small as time increases. Our arguments are
reminiscent of those in Roberts and Rosenthal (1996).

The basic coupling that we use relies mainly on the drift towards nc to achieve
this. We define the process (Xﬁ,l(t)’ Xfl,z(t)) on B, s(c) x By, s(c) to have the
transition rates

(X1,X2) —» (X1 +J, X2 +J) atrate n{gf(n™'X1) A gi (n7'X2)};
(X1, X2) = (X1, X2+ J) atrate n{g({(n_le)—gg(n_le)}Jr;
(X1, X2) = (X1 +J,X2) atrate n{g({(n_le)—g({(n_IXZ)}Jr,

foreach J € J. Let its generator be denoted by .Zﬁ Our coupling argument begins
with a drift inequality.

LEMMA 3.6. Let X, be a sequence of elementary processes, and define
hi(Xq, Xo) = |X1 — lezz; let a1 be as in (2.4) and 81 := 80/~ max(2). Then,
for § < 381/3, there exists K36 € IC, defined in (3.48), such that, for all (X1, X2)
with max{|X| —nc|g, | X2 —nc|z} <né— JIEaX and | X1 — X2|y = dK36, we have

~s 1
Anha (X1, X2) < —Ealhz(xl, X2),

where hy(X1, X2) := h1(X1, X2) + d*K3 .
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PROOF. For any & > 0, write /&) (X1, X») := h1(X1, X2) + £. By the def-
inition of Aj, the transitions where Poth components of (X1, X>) make the
same jump make no contribution to Aflh(f)(X 1, X2). Hence, for (X, X») with
max{|X| —ncly, | X2 —nc|yg} <né — JIEaX, and writing x; := n1X;,i=1,2,we
have

An® (X1, X2)
=n Y {(g' =g’ () {207 =7 (X1 = X2) + I =71}
JeJ
+ (' () — g/ ) {27 =7 X = X+ T =7
=2(F(x1) = F(x)) T (X1 = Xo) +n Y |g” (xen) — ' )1/ 15,
JeJ

since, for such (X1, X»), gaj (x1) = gJ(xl) and gaj (xp) = gJ(xz). Now, since the
transition rates gJ (x) are all linear in x, we have

2n(F(x1) — F(x2)) £71(X1 — X2)
=-(X1 - X"z’ (X1 — X2)
< —Amin(02)|1X1 — Xa|% = —201h1 (X1, X2).
Then

n Y g’ () — g7 ()|I1% < Li(A/Amin(2))1 X1 — X2l 5V Amax (Z)
JeJg

<a1]|X| — X2/% = a1h1 (X1, X2),
if |[ X1 — X3|y > dK34, where
(3.48) K36 :=max{l, Li(A/a1)/p(Z)/min(Z)} € K.

From this, it follows that
~ 1
AhE (X1, X2) < —a1hi (X1, Xp) < = 5o (Xy, X2) +d*K3),

for § <§61/3 and for | X| — X»|x > dK36. Taking & = d2K32'6 proves the lemma.
]

We now convert the drift inequality into a bound on the distribution of the cou-
pling time
e :=inf{t > 0: X (1) = X} ,(®)},

for arbitrary values of (szl(O), Xﬁ,z(o))- Our broad strategy is as follows. If

max{| X% | (0) — nc|x, |X2 ,(0) — nc|s} > 3n8/8, we run both processes inde-
pendently for a fixed time interval #;, chosen in such a way that we have
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max{| X2 | (1) — nclx, | X2, (t1) — nelx} < 3n8/8, with probability at least 1/16.
If not, we continue to repeat the procedure, over intervals of length #1, until both
X,‘z’l and Xg,z are within 3n6/8 of nc in the | - |z-norm. We then couple the pro-

cesses Xfl pand X 2 , as for Lemma 3.6, and run them until the minimum (3 A 70)
of the time 73, at which | X 2 =X fl ,(2)|x first falls below the value d K3 ¢, and

the time 7, at which first max{| X2 | (t) — ncl|z, |X) ,(t) — nc|z} > nd/2. We call
these two stages together a “drift phase.”

If 7o is the first to occur, we begin another drift phase. If not, we en-
ter a “trial phase,” of length 3 = 1/a;. By Theorem 3.3 and Assumption S2,
and because |X) (1) — X ,(1)|z < dK36 implies that | X3 (1) — X) ,()]1 <

d3? K3 68/Amax (%), we have

B s 3/2 —1/2 dA\'/4
(349 drv(C(X3 | (ts+ 1)) L(XE 5 (3 + 13))) < d¥2Cyn (g—) ,

*
for n > n(32), where we use GY) < dA, and where
— J el

(3.50) Cy:= K36V Amax(X) 1r<n]a§d{K3~3 max(l, (dg(j)X)l/“)} e k.
Hence the two processes can be coupled in such a way that Xfl,l(r3 +13) =

Xz’2(13 + #3), except on an event of probability at most d3/2C*n_1/2(A/g*)1/4,
and this is the coupling that we use. On the event that the values of the two pro-
cesses are equal at time 73 + f3, the coupling is said to have been successful. If
not, a new drift phase begins, [or another trial phase, if IXfL,1 (13 +13) — X;Sl’z(‘l.'g, +
13)|y < dK36 and max{lXﬁ’l(rg + 13) — ncly, |X,‘2,2(T3 +13) — nc|s} < nd/2].
This sequence of steps is repeated until coupling is achieved.

THEOREM 3.7. Let X, be a sequence of elementary processes. Let oy be as
in (2.4), and let 61 := min{3, 80/~/Amax(2)}. Then, for any § <31/3, there is a
constant n37 in K such that, whatever the values of X1, X2 € B, 5(c) :={X €
Z4:|X —nc|ls <néyandt >0,

drv(L(X2()X5(0) = X1), L(X2(1)|X5(0) = X2)) < 9(2n) /102!

for all n > max{d*, n37, v ~'(8/2)}, where as := a1/128. The quantity n37 is
defined in (3.63).

PROOF. Recalling the definition (1.13) of En,(; (c), we begin by writing
By := By.5(c) x Bys(0);

B = [(X1, X») € By: m%IXi —ncly §n5/2};
i=1,

By = {(XI,XZ) € By: m?)él)(l —ncly < 3n8/8};
i=l,

B3 :={(X1,X2) € B: |X1 — Xz|x <dK3e}.
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Clearly, B3 C B; C Bg and B, C Bj. Let
0 :=inf{t > 0: (X) (1), X3, (1)) ¢ B1};
n i=inf{t > 0: (X) (1), X5 ,(1)) € Bo};
13 :=inf{t > 0: (X) (1), X5 ,(1)) € B3}.
Then, for any s, 8 > 0, and for 0 <i <4, we define

3.51 i s = E B(zcAs) ,
(3.51) ei(B.s):=  max  Ey, x,{e")

where the coupling time t¢ is defined for copies of the processes X 2,1 and sz,z
specified using drift and trial phases as above, and where Ey, x, and Py, x, refer
to the distribution conditional on (X} ;(0), X)) ,(0)) = (X1, X2). We shall estab-
lish that, for n large enough,

Px, x,[tc > t] <9(2n)'/16e=11/128,

Fix #{ such that e'l = 128, and write #; 1= aflt{. Then, for any (X1, X») € By,
it follows from Lemma 2.4 that

Px, x,[inf{t > 0: |X) | ()| <nd/4} >n]<1/2,

if also nd > 8J% ; this is true, from (3.3), for n > max{n 3.2, w_1(8/2)}. But

max?’

now, taking n = 36/8 and | Xo — nc|y < §/4 in Lemma 2.5, it follows that
Px,,x.[|X)1 (D] 5 < 38/8] = 1/4,
provided that n > max{n, 7, (t{ K75 (X/al))l/z}, and that 2n—* < 1/2. Hence, for
any choice of (X1, X») ¢ B and for n > max{n, ¥ ~'(5/2)}, where
ni = max{d4, naoyl ek,

it follows that Px, x,[(X5 | (11), X5 ,(11)) € B2] = 1/16, if X2 | and X , are run
independently over the interval [0, #;]. Thus, defining

,8):= max E P
¢(B.s) (X1,X2)€By X0 }

the Markov property yields
¢(B.5) <P {1+15¢(B.5)}/16.

Choosing ug = 1/32, so that, in particular, 156“01{/16 = 15(128)“0/16 < 31/32,
and then 8 = ugo, it follows for any s > O that

(B, s) <2(128)"0 <31/15.

Considering the possibilities if 7¢ < 15 or if t¢ > 13, it now follows by the strong
Markov property that

(3.52) @o(upat, s) <3lea(upay, s)/15.
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We next consider what happens if the process starts in By. If d K36 > 3né/4,
then B; C B3, and so ¢ (ugaq, s) < @3(upay, s). If not, note that

EXl,Xg{eﬂ(tc/\s)}
<Ex, x, {113 < (tg A9)}} 4+ Exy x,{eP T 119 < (13 A 5)})
(3.53)  +Ex, x, {1 (10 A 13) > 5}}
<Ex, x,{#1{r3 < (1o A5)}}@3(B. 5)
+ PSPy, x,[10 < (13 A )]+ Px, . x,[ (70 A 13) > 5]}0(B, 9),

with the last inequality following from the strong Markov property. Now, in view
of Lemma 3.6, if we define

(3.54) My (1) := ™" 2hy(X] 1 (1), XD, (1)),

then M1(t A 73 A 1p) is an F Xﬁsl’Xﬁl—supermartingale. This implies that
(3.55) A’ K3 6Ex, x, (e ™*1{13 < (10 A )}} < ha (X1, X2),

and also that

(3.56) d? K3 e Py, x,[(t3 A 10) > 5] < ha (X1, X2).

Thence, by Jensen’s inequality and (3.55), for any 0 <u < 1, we also have
(3.57) Ex, x,[€““™/?1{t3 < (vg A 5)}} < [ha(X1, X2)/d* K36 )"

Finally, from Lemma 2.5 with n = §/2, for (X1, X2) € B> and for 8; as in
Lemma 2.2,

(358)  Px,.x,[10 = (13 A5)] <Px, x,[10 < 5] < 2exp{—Tn6; 6% /64},
if s <n/ap and n > max{ns, w*1(8/2)}, where

KasA
2.5 }GIC;

ny = max{n(g.z),

this follows because ny, < n(32), and because, for n and s chosen in this way,
exp{n~101(3n8/8)%} > n® > nK»5As, because 8 > 2 (n) and n > d*.

Hence, taking 8 = ugo1/2, with ug = 1/32 as above, substituting (3.56), (3.57)
and (3.58) into (3.53), and then using (3.52), we have

@2(uoer1 /2, 5) < (2n8/dK3.6)* 003 (ugert /2, s) + P(ug, s, n)go(uoetr /2, 5)
< (2n8/dK36)™ @3 (o1 /2, 5) + 31P(uo, s, n)g2(uoct1 /2, 5)/15,
where
P(u,s,n):= e“‘)“s/z{]P’xl,X2 [t0 < (3 A$)]+Px, x,[(13 A 10) > 5]}

< €““1"/2{2exp{—Tn*"d0,5% /64} + (2n8/d K3 6) "0 15/},
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recalling n > d* for the final inequality. It thus follows that P (ug, s,,n) < 15/62
for all n > max{ns, d*, ¥~1(8/2)} such that

2
(359) < 2n ) uoe_al(l—uo)sn/z < l and e—(7n3/4d9182/64—u0cxlsn/2) < 3
dK; ¢ ~ 62 — 31

Picking s = s, := 64logn/o, and recalling that ug = 1/32 and 2¢(n) <6 <
81/3<1 < K3z, it is enough that n > n3, where

2NT1/30 37\ 1/6
n3 = max{[21/16(67)} , <37> } ek

Hence, for n > max{n», n3, w_l §/2)},
(3.60) #2001 /2, 5n) < 2(2n8/dK3.6)*"p3(100t1 /2. 5n).-

For (X1, X3) € B3, we take 13 = 1/, and use (3.49) to conclude that
(B.61)  g3(uar/2,s,) < {1+ d>2Cn™ 2 (A /) po(uar /2,50
for Cy as defined in (3.50), if n > n(32). From (3.52) and (3.60), we have
(3.62) Po(0a1/2, 5n) < 62(2n8/dK3.6)™*p3(uoe1 /2, 51)/15,

for all n > max{d*, na, n3, ¥ ~1(8/2)}. Taking u = ug = 1/32 in (3.61) and us-
ing (3.62), the coefficient of ¢3(upc1/2, s,) on the right-hand side of (3.61) is at
most

VB2, V2 (A )g) 462208 /d K36)' 10715 < 1/2
if, using n > d* and 8 < 8,/3< 1 < K33,
124C\ %/ A\ 10
n2n4:=624( *> (—) e k.
15 8x
Hence, from (3.61) and (3.62), for n > max{maxa<;<4 1, w_1(8/2)}, we have
1/64

p3(uopar /2, 5,) < 2e

Combining this with (3.62) and the definition (3.51) of ¢, it follows that, for all
(X1, X3) € By, we have

Py, x,[tc > 11 <9@2n)* 0 012 0 <1 <s,,
for n > max{n3.), maxi<;<4ny, w_l (6/2)}. In particular,
Px, x,[tc > su] < 9(2n)210 o~ H0%150/2
However, by the strong Markov property, for ¢ > s,,,

Px, x,[tc > t]1 <Px, x,[tc >s,] max Px, x,[tc >1—s,].
(X1,X2)€By
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Arguing inductively, it follows that, for r € Z4 and 0 < v < sy,
Px, . x,[Tc > sy + v] < (9(2n)> 0™ "0%15/2) 9(2p) 20 g~ 0% V)2,

Take n so large that 9(2n)2H0e—40%15n/% < 1 this is true, for ug = 1/32 and s, =
64logn/ay, if n > ns:=9*21/4 Then, for all (X1, X») € By, we have

Px, x,[tc > rsp +v] < 9(2n)210 o101 (rsn+v) /4

Since ug = 1/32, the inequality in the theorem is thus proved for n > max{n37,
v~1(8/2)}, where

(3.63) n37 = max nj € /C,
1<i<5
with a1 /128 for ap. [
4. Stein’s method based on X?.

4.1. Bounding the solutions of the Stein equation. We now use the results
of the previous section to bound the first and second differences of the solu-
tions hp := h% ,, of the Stein equation corresponding to the generator .A,‘i defined
in (1.14), for the elementary processes satisfying Assumptions GO, G1 and S2-S4.
We recall from the introduction the definitions

@.1) [Af(X)] o= max |A; f(X); |A2F(X)] = max |Ajf(X)
1<j=d 1<jk=d

’

where A; and A ji, as defined in (1.8), denote the components of the first and
second difference operators A and A2, respectively.

THEOREM 4.1. Let X, be an elementary process, satisfying Assumptions GO,
G1 and S2-S4 for some &g > 0. Let 81 := min{3, 69/ Imax(X)}. Then there are
constants ko, k1, ky € IC such that, for any B C 74 and any § < 61/3, the solu-
tion hp := h%’n of the Stein equation

A hp(X) =1p(X) — TI){B)
satisfies
lhp(X)| < al_llcologn; [ARB(X)] o < ocl_ll(ldl/4n_l/2 logn;
HAth(X) | < al_llczdl/zn_l logn,

for all | X — nc|y < nd/4 and n > max{ns7, w_1(8/2)}. The constants ko, K1, K2
are given in (4.3), (4.5) and (4.6), respectively, and o is as in (2.4).
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PROOF. The argument starts from the explicit representation of hp given
in (1.17), which immediately yields

hg(X) = —fooo(ﬂb[xﬁ(t) € B|IX%(0) = X] — 13 (B}) dt

(4.2) =— Y f oo(I@[xﬁ(z) € B|X2(0) = X]
Y€B, 5(c)

—P[X3(r) € B|X2(0) = Y])TI3(Y) dt.

Because § <461/3 and 9 - 21/16 < 10, we can use Theorem 3.7 for n > max{nj37,
v~1(8/2)} to give

o0
|hp(X)| < 205 'logn + 10111621 44
2015' logn

< 2a2_] logn + 10012_]11*1,

with ap = o1 /128, proving the bound on |2 p(X)|, with
4.3) ko := 1536.
Next, from (4.2), we have

hB(X — €(j)) — hB(X)
4.4)

o0

= / (P[X,(@) € BIX;(0) = X] = P[X;(®) € BIX,(0) = X — ]) dr.
0
Taking f(X) :=15(X), Theorem 3.3, with G’ bounded by A, implies that
2a2—110gn 5 s 5 5 .
/ IP[X5(1) € B|X5(0) = X] — P[X2(t) € BIX5(0) = X — V]| dt
0
< K a5 'n"?{2logn + 200 (Ag D) /) A V4
= R33% 2 20 ,

if |X —ncly <né/4 and n > max{na.o), w_1(5/2)}; in performing the integra-
tion, the range is split at r = (Ag/))~1/2. The remainder of the integral is bounded
by 100[2_111*1, as above, if also n > max{n37, wil (6/2)}, since n37 > n(3.2), com-
pleting the bound on |2 (X — ")) — h(X)|, and thence on || A (X)] oo, With

(4.5) 128{10+K<1>(2+ 202 )}(A)l/4elC
. K1 = -~ _ ,
* VAgx 8x

| )
where K,,E )= max|<j<d K3j'3.
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For the second differences, the argument is entirely similar, using Theorem 3.5

for the bulk of the estimate, and bounding the integrand by 2 for 0 < ¢ <
n_l(Ag;r.)_l/z. This gives the bound on | A2 (X) || 0o, With

4.6 — 128110 K® AN K
. = + =t + ek,
(4.6 w2 { VAg* (g*> < \/Ag*>}

where Kiz) =maxi<i, j<d K3]l'5 O

REMARK 4.2. Asin Remark 3.4, the dependence on d, appearing through the
factors d'/* and d'/? in the bounds on [|Ahg(X)|lec and [|A%hg(X)|lse, respec-
tively, is not needed if g_ ' max;< jfd{G(j ) + ¢V} remains bounded as n — oo.
This is the case if A = —A[I, for some A > 0, and if (X,,) is as in Theorem 3.2.

4.2. Reducing the generator. In this section, we show that we can work with

the simpler operator Ay, defined in (1.7), in place of the generator A‘f,. As a first
step in the reduction, we use two technical lemmas to bound the expectation of the
Newton remainder

A7) ea(W,J,h):=h(W+J)—h(W)— AhW)TJ — ! TAzh(W)J

for W a random vector. For n > 0 and f: Z¢ — R, we use the notation

(4.8) 1 1700 = max

| n=<nn

analogous to that of (2.2), but using | - |)3—ba11s, with nc implicit. Similarly, we write
IAR]Y, o and [ A%R]|Z, o for || £II%, ., When f(X) = [[AR(X)]o and f(X) =
I1A27(X) || oo, respectively, so that the conclusion of Theorem 4.1 can be expressed
as

1112400 <o 'kologn: | ARBIY 4 0 <aj ' kid/*n " logn;
4.9)

| A%hp ”;125/4,00 <oy 'ked'?

n_llogn,

for n > max{n37, ¥ 1(8/2)} and § < ;.
Our control over the differences of the functions 4 g is only such that we can
bound their || - ”En,oo norms for suitable 5, so these are the quantities that we

need in our estimates: For instance, if W is a random vector in Z¢ such that
drv(L(W), LW + e)) < &, we immediately have the bound

E{f(W +eD) — fFW)}] < 2¢l flco-

Because we often only have control within certain (large) balls, we are led instead
to bounding a truncated quantity

IE{(f(W + &) — FIWNI[IW — ncls <nml}|
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in terms of || f]| Enz’oo, for suitable choices of n; and 7,. The following lemma,

proved in Section 6.1, provides what we need.

LEMMA 4.3. Suppose that W is a random vector in Z¢ such that
div(LW), LW +eV)) <e, 1<j<d;  P[|W—nclg >né/4] <en.

Then, for f: 74 > R and 1 < Jj <d, and for any U,X € 74 such that
max{|X|x, | X +Ul|xg} <né/6 and né > 12|U |3z,

IE{(f (W + X + U) — f(W + X))I[|W — nc|z <ns/3]}]
< (@lUL + &) £1252.00-

We use Lemma 4.3 to bound the Newton remainder defined in (4.7). Instead of
bounding e> (W, J, h) directly, we bound a perturbation of it,

1 d
(4.10) Ex(W,J,h):=ex(W, J, h)—l—EZJjAjjh(W),
j=1

which can be represented as a sum of third differences of 4. The result, proved in
Section 6.2, is as follows.

LEMMA 4.4. If W is a random vector in Z¢ such that
dry(LOV), LW +eP)) ser, 1sj<d;  P[IW —ncls znd/4] <e2,
then, for any J € 7¢ such that |J|s < né/12,
(1) |E{E2(W, J,)I[|W — nc|s <nd/3]}]|
= HAzh”fa/z,oo(Cz(Lli(J)gl + Cfi(f)sz),
where
Mgy . . @y .
(4.11) Cyy(J) = g|J|1(|J|1 + 1) (111 +2); Cya(J) = §|J|1(|J|1 +1).
If the conditions are replaced by P[|W — nc| > né/4] < 82E and |J| <né/12, then
(i1) |E{E2(W, J,W)I[|W — nc| <nd/3]}|
2 (1) 2
< [A%A],5/2.00(Caa(Der + Ci3(De7),

where ||A2h||m3/27Oo is as defined in (2.2).

REMARK 4.5. Note that, because 0 # J € Zd, we have

cVn <l <P, ¢y <2
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Lemma 4.4 allows us to prove the following reduction theorem, useful for ap-
proximating the generator of any Markov jump process satisfying our general as-
sumptions.

THEOREM 4.6. Suppose that (gJ, Jed),c, A, o?, ¥, 80, Afl and an are as
in Sections 1 and 2.1, and that Assumptions G0-G4 are satisfied. Suppose that W
is a random vector in 72, such that, for some &, v > 0,

(i)  E|W —nc|3 <dvn;
(4.12) .
(i)  drv(CW), L(W+eV))<e,  foreach1<j<d.

Then, for any § < 8o/Amax(X) and for any 0 < &8 < §/2, and for n >
max{n.2), ¥ 1 (8/2)},

IE{(ASh(W) — A,h(W))I[|W — nc|s < né'/3]}]
/1
< d5/2A(ELZ)\maX(Z)vHAhIIE(W,OO
+nHAzh]]55/4’00{&\/vkmax(E)n_l/z

+d"2 (7 /N)e + 32d1/2v/{n(6/)2}}>,

(4.13)

where || AR||Z . and || A2h|| % . are bounded in (4.9).

nn,o0 nn,o0

PrROOF. Consider

An(X)i=nY gl (X/m){h(X +J) — h(X)}
JeJg

(4.14) =n Y ¢/ +Dg’ ©Tn (X —ne) +ei1(X, J, g]))
JeJ
T 1 T A2
X {Ah(X) J+ EJ Ah(X)J + ex(X, J,h)},

where
e1(X,J,8]) =gl (X/n)— g’ (c) —n"'Dg’ ()" (X — ne),

and e, is as in (4.7). Observing that 3" ;. 7 g7 () AR(X)TJ = AR(X)T F(c) =0,
because F(c¢) =0, and that
> gl (I A’h(X)J = Tr{o?A%h(X)};
JeJ
> Dg! @ n M (X —ne) AR T =0T TE{AX — no) ARX)T ),
JeJ
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it follows, once again writing LI(W) :=I[|W —nc|x < nn/3], that
IE{ (A h(W) — A, h(W))I® (W)}

< nE{ > et (W, 71, gi)||h(W + J) — h(W)ILf'(W)}
(4.15) s

+E{ Y |Dg’ (T (W = no)||h(W + J) — h(W) — Ah(W)TJ|1;f’(W)}
JeJ

E{ 3 gl (@ew, J, h)I,‘f/(W)H.
JeJ

Now, from (2.3), and recalling (1.11), it follows that, for X € X,‘E(J),
le1(X. J,83)| = |gf (xX/m) — g7 () = Dg’ ()" n ™' (X —

(4.16) |

< 5n 72X —nel’Lag’ (o),
provided that § /Amax () < 8¢. Since, for | X —nc|y <né’/3 <né/6 andnd/12 >
JZ . we have

max?

X +J —nc|g < JZ, +|X —nc|s <nd/4,

it follows, for such X and n, that |A(X + J) — h(X)| < |J|1||Ah||;>1:5/4,oo and
that (4.16) is satisfied. Hence, since E|W — nc|22 < dvn, we have

nE{ > et (W, 7, gi)||h(W + J) — h(W)|1,f’(W)}
JeJ

Ly Y g @11l AR s 0on ™ "EIW — ncl?
JeJ

l\) |

Ly Y g @111 AR /4,00 AVAmax (E)
JeJ

l\)l'—

1 _
< 5 Lavd® Mo (D) | ARl 4,00

ifnd/12 > J max, and this condition is satisfied for n > max{n37), w_l (5/2)}.
Then, from (6.2) and (2.3), if n > n32) and |X — nc|y <né’/3,

JeJ

L1|X—nc|||A2th5/4oo Y g @UNL(Ih+1)
JeJg

<d*NL1|X = nc|| A%h] s 4 o0



1392 A.D. BARBOUR, M. J. LUCZAK AND A. XIA
hence, since E|W — nc|x < +/dvn,

E{ > |Dg” (T (W —no)|[n(W + ) — h(W) — Ah(W)TJ|I,f/(W)}
JeJ

< dPRL1Y 0k (T AR 5 4 oo
Finally, from Lemma 4.4 and Chebyshev’s inequality,

n

1 & /
IE{ > g’ (ez(W, I+ 5 > J,-A,~,~h(W))1,f (W)H

JeJ j=1

< 3 gl @n| A%h s 4 00 (CL (D +16CE (1) dv/{n(8)?)
JeJ

<n|A%h ”53/4,00(‘13775 + 32d3Kv/{n(8’)2}),

and, for each j, > ;c 7 J; gJ (c¢) =0, because F(c) = 0. This completes the proof
of the theorem. [

REMARK 4.7. Suppose that processes (X,,n > 0) are almost density de-
pendent, in that they have rates as in (1.1), but with g’/(x) being replaced
by gJ(x, n), where limnﬁoonl/zsfl = 0 for all § > 0 small enough, where efl =
SUP|, <5 277 |87 (x,n) — g’ (x)|. Then it is immediate from (4.14) that, if As-
sumptions GO—G4 hold for the transition rates g” (x), then the conclusion of The-
orem 4.6 continues to hold, with the limiting definitions of ¢, A and o2, provided
only that an asymptotically small term

dN{n'?ed}n' 2| AR ||,>Ea/4,oo

is added to the bound given in (4.13). In particular, if ne® is bounded as n — oo,
the asymptotic order of the error bound is not increased.

4.3. Total variation approximation. We are now in a position to prove Theo-
rem 4.8, which gives a measure of the error in the approximation of the distribution
of a random vector W in Z¢ by the distribution 13, if the process X? satisfies the
special assumptions of Section 3. The statement of Theorem 4.8 is to some extent
complicated by the presence of the indicator truncating the range of W in the main
condition (ii1). The truncation is necessary, because Theorem 4.1 only enables one
to bound the differences of the functions .z solving the Stein equation (1.15) in

balls of radius ndé/4, for any 6 < 89/3+v/Amax(%)-

THEOREM 4.8. Given any ¢ € R? and d x d matrices A and o?, with A
having eigenvalues all with negative real parts, and o being positive definite,
there exists a sequence of elementary processes (X,,,n > 1), given in Theorem 3.2,
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satisfying Assumptions GO, G1 and S2-S4 for 8o = Amin(62) /(8| Al]) > 0, having
F(¢c) =0, DF(c) = A and o* given by (1.4). Let X be as in (1.9). Define So =
min{1, 80/3v/Amax(2)} and A := A(c?), and suppose that §' < 30/2. Then, for
any v > 0, there exists a constant C48(v, 8'), which is a function of v, §', |All/A
and the elements of Sp'(62/ ) and Sp' (%), with the following property: if W is
any random vector in Z¢ such that, for some n > max{n37, ¥ ~'(8")} and for some
€1, €20, €21, €22 > O:

(i) E|W — nc|% <dvn;
(ii) drv(LW), L(W +eP))<e;  foreach 1< j<d;
(iii) |E{ AR (W)I[|W — nels <né'/3]}]

<20 (ellh, , e IARIE L

z
+exn| A%h ”nSO/4,oo)v

where .Ztn is as defined in (1.7), then, for any § such that 28’ < § < So,
drv (L(W), Hf,) < Ca3(v, 8/)(51’3n_1/2 +d*e1 +ex0+d ey + d1/2822) logn.

PROOF. From (1.16), we have
drv(L(W), TTI))

< sup [E{Ahg(W)I[W € B,y /3()]}| +P[W ¢ By.s5/3(0)],
BCB, 5(c)

where En,n(c) =74nN By s (nc) and hp := h%’n is as for (1.15). The probability
in the second term is at most 9dv/ {n(8")?}, by (i) and Chebyshev’s inequality.
Then, for 28’ < 8 < 8y and for n > max{n37, ¥ 1 (8")}, we can use (4.9) in (iii),
giving
|E{ A, hg(W)H[|W — ncls < né'/3]|
< Mo?)(e20lhsl%5, 4 o +e2in' 2N 8RBT \ Fenn|A%hs s 40

< ():(02)/0[1)(820160 + 821K1d1/4 + 822K2d1/2) logn.

Finally, from Theorem 4.6 and (4.9) and recalling that L, = 0 for elementary pro-
cesses, for n > max{ns.7, ¥~ 1(8')} and 28’ < § < 8y, we have

IE{(AShg(W) — A,hg(W))I[W € B, 53(c)])

D) {Kle./vxmaX(z) N 32ird /%0
Jn n(8’)?

and noting that y <d V2N Jax completes the proof of the theorem. [

§d3logn

+K2d1/2()7/K)€1},
ol
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5. Application: Approximating a Markov jump process. Suppose that
(X,,n > 1) is a fixed sequence of Markov jump processes with X,,(-) € n~!Z¢ for
some fixed d, and with transition rates determined by the fixed collection of func-
tions (g7 : R? — Ry, J € J), satisfying Assumptions GO—G4 for some ¢ and §.
Then, for large n, X, has a quasi-equilibrium behaviour near nc, in the sense that
the process, if started near nc, remains within any ball En,(g(c) for a length of
time whose expectation, for fixed § > 0, grows exponentially with n. During this
time, its behaviour is asymptotically extremely close to that of X ,‘2, the choice of
8 < 8o having almost no effect; see Barbour and Pollett (2012), Section 4. Thus it
has a quasi-equilibrium distribution that, as n — oo, is asymptotically extremely
close to Hfl, for any 0 < & < §¢. Theorem 5.3 below shows that Hﬁ, in turn, can be
closely approximated by the equilibrium distribution ﬁi of an elementary process.

We begin by noting that the variance of T1% is of the correct order, satisfy-
ing Condition (i) of Theorem 4.8, and that Condition (ii) is also satisfied, with
g1 = 0(mY%). The proofs of these two results are in Section 6.3. Since, for this
application, all the data of the problem, apart from n, are fixed, we can simplify
many statements to order expressions as n — 00.

LEMMA 5.1. Let X,, be a Markov jump process whose transition rates are
given in (1.1), satisfying Assumptions GO0-G4 for some 8§y > 0, and let 63
and &, ,(d) be as in Lemma 2.2. Then, for any 0 < § < min{822,85,(d)}, if
X3 ~T18, we have

E|Xx} — nc}zE =0(n).

PROPOSITION 5.2. Under Assumptions GO-G4, if X;Sl ~ H,‘i for some fixed
8 <min{822, 8 ,(d)}, then, for each 1 < j <d,
dry (T3, TS x &,)) = O (n™'/?),

where ¢ j denotes the point mass at J and * denotes convolution.
We now give the approximation theorem.

THEOREM 5.3.  Under the above assumptions on X, there is a sequence of
elementary processes X, such that, for any fixed 0 < § < min{dg//Amax(2), o},
X,‘z has equilibrium distribution H,‘i satisfying

dry (18, T1%) = 0 (=2 logn),

as n — oo, where & is as in Assumptions G0-G4 for X,,, and So is as in Theo-
rem 4.8 for X,,.
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PROOF. We apply Theorem 4.8, using the elementary process X, given in
Theorem 3.2, that shares the same ¢, A and o2, and hence the same ./Nln, as X,,.
‘We show that, for W ~ l'[‘fl, Conditions (1)—(iii) of Theorem 4.8 are satisfied, with
suitable choices of v, &1 and g7, 0 <1 < 2.

Condition (i) follows immediately for some v > 0 from Lemma 5.1, and Con-
dition (ii) is implied by Proposition 5.2, with £ = O (n~!/2). It then follows from
Theorem 4.6 with 8’ = §/2 that, for any function &, we have

IE{(ASh(W) — A,k (W) I[|W — nc|x < nd/6]}|
(5.1)
= 0™ (0" 21 AR 1Ty 4,00 + 1| AR 4. 00)-

However, since I} is the equilibrium distribution of X¢, it follows that
E{A,‘ih(W)} = 0. Then, since |W — nc|g < nd implies that |W — nc| < 8y, be-
cause 8 < 80/+/Amax(2), it follows that

[E{AYR(W)I[|W — nclx > nd/6]}]

(5.2) <n Yy |g’|s, B{IA(W + J) = h(W)|I[IW — nc|s > n3/6]}
JeJ

<2nLoAllhllnsy,ccP[|W — ncls > nd/6],

where Lo, A and | - |5 are as in Section 2.1. From Lemma 6.1, with the choice
r=2,P[|W —nc|g >né/6]= O(n_z) as n — o0. Then, since the left-hand side
of (5.1) is unchanged if we set h(X) = 0 for | X — nc|y > nd/4, provided that
anlax <nd/12, we can replace [|]|,5,,00 by |2 ”55/4,00 in (5.2) for all n sufficiently

large. These two observations imply, with (5.2), that
[E{AR(W)I[IW — nels <n8/6]}| = O(n™" 17113y 4.00)-
Combining this with (5.1), it follows that
IE{A,h(W)I[|W — ncl|x <n8/6]}]
= 0 210135 4,00 + 1 P NARN TS 14 0o + 1] AR s 4.00))-

which in turn implies that Condition (iii) of Theorem 4.8 is satisfied, with e2q, €21
and e, all of order O (n~/?), proving the result. [

It is shown in Part II, Theorem 2.3, that the equilibrium distributions of el-
ementary processes are at distance O(n~'/?logn) in total variation from dis-
crete normal distributions. The theorem above thus extends this to the quasi-
equilibrium distributions of very general Markov jump processes. However, other
equally explicit approximations may be available. For example, consider the bi-
variate immigration—death process X, with immigration rates no for a single
type 1 individual, nay for a single type 2 individual, and najp for a pair with
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one of each type. Assume that individuals have independent exponentially dis-
tributed lifetimes, with mean 1/u; for type i. This process has equilibrium dis-
tribution IT, := L(N| 4+ N3, N» + N3), where N1, N> and N3 are independent
Poisson random variables with means

n (07 n o
U1 n1+ w2 H2 M1+ U2
noy2

EN3 = .
M1+ 2

It is then easy to show that, for any § > 0, dpv(I1,, I1,(8)) = O(n™"), where
[1,(8) denotes the equilibrium distribution of the restriction of X, to an nd-
ball around its mean né¢, given by ¢ := (,ul_l(a] + alz),uz_l(az + ap)T.
Taking any a := (a1,a2)T > —¢, and then translating X, by (lnai], Lnazj)T
(the integer parts are needed, to stay in Z?), we obtain an almost density de-
pendent Markov jump process X, satisfying Assumptions G0-G4, with J :=
{(1,0), (0, 1), (1, 1), (—1,0), (0, —1)} and

10, n) = ay; g0V (x,n) = ar; gD (x,n) = apa;
g0y =i —n Hnar]); gV, n) = ua(x2 — n7 nay)),

having equilibrium distribution ﬁn i= Il * &(|na, |, lnay))- _
By Remark 4.7 and Theorem 4.8, dTV(Hz, Hfl) = O(n_l/2 logn), where X, is
the elementary process from Theorem 3.2, having

c:=a++¢c, A::(_M1 0 ) and

0 —wm
o2 <2(0tl +a12) o2 )
' a2 20y +a12) /)

Using Theorem 4.8 again, it follows that any other Markov jump process X, sat-
isfying Assumptions GO—G4 with the same ¢, A and o2, restricted to any né-
ball around nc, has an equilibrium distribution at distance of order O (n~'/?logn)
from ﬁ,‘i, and hence also from I1,,. This covers a wide range of processes, but by
no means all. For instance, it is easy to check that 0 < Corr(X !, X2) < 1/2 for all
positive choices of the birth and death rates.

6. Technicalities.

6.1. Proof of Lemma 4.3. In order to derive a bound on the truncated differ-
ence |E{(f(W+X+U)— f(W+ X)I[|W —nc|s <né/3]}|, we write
(fFW+X4+U)— f(W+X))I[IW —nc|y <nd/3]
= fx(W+U) = fx(W)
+ fW+X+U{I[IW —nc|s <né/3] = I[IW + U —nc|y <nd/3]},
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where fx(Y):= f(Y + X)I[|Y — nc|s < n8/3). Since | fx(Y)| < 1125 2,00 if
| X |y <nd/6, it is immediate that

E{fx(W +U) — fx(W)}| < etllULILf 115200
Then, on the set
{IY —nc|ly <nd/3 <|Y +U —ncls} U{|Y + U — nc|s <nd/3 < |Y —ncls},
it follows that |Y — nc|y > nd/3 — |U|x > né/4 if n§ > 12|U|x, and that
Y + X + U —nc|s <nd/3+max{|X|s,|X + Ulz} <né/2,
this last by assumption. Hence
|E{f(W+ X+ U)I[IW —nclg <nd/3] = I[IW+ U —nc|z <nd/3))}|
< &0l f s 2,00

and Lemma 4.3 is proved.

6.2. Proof of Lemma 4.4. We prove only part (i), showing that, if Eo(W, J, h)
is as in (4.10), then

[E{E2(W, J, )I[|W — ncls <nd/31}|
< [ 8% 352,00 (CRI D1 + C3 (De2),
for constants CS)(J), C{4(J) given in (4.11), whenever
drv(LW), L(W +ePD)) <e, 1<j<d;  P[|W—nc|z >né/4] <ex
the proof of part (ii) is entirely similar. We begin by taking any function f: Z¢ —
R and any k € Z and 1 < j <d. First, we note that, for X € 74,
k
SNAF(X+A-De)  ifk>1;
©.1)  f(X+keV)—fx)={"",
=3 A F(X —1e) ifk <—1.
I=1
Hence, by considering positive and negative k separately, we find that
. 1
(X +keD) = FO) = kA FO] < SIkI(IK]+ 1D A2 | -
For more general increments J € Z¢, we define
J9 =, Jay .. J5,0,0,...,0), s>1;  JO:=(,...,0).

Then, from the inequalities above, we have

OO = PO T0) = Jy Ay FOC4 T 211l + 147
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and

A F(X+TD) = A FO| < [TV A F oo
Hence it follows that

F(X+T9) = f(X+T6D) = LA £ (0]

1
< {Ew(w )+ |Js||J“—”|1}<|A2f||Oo
Adding over 1 < s <d, this gives
1
fFX+J)— fX)=DfFX)TJ| < S+ DA% f]

The same argument also shows that

1
62)  |f(X+0) = fX) = DI < S0+ DIAf [3/2,00

if | X —ncly <né/3 and |J|g <né/6.

We now prove Part (i) of the lemma by induction on the number r of nonzero
components of J. We write I,/(X) as shorthand for I[|X — nc|x, <nn/3], for any
n > 0. Starting with r = 1, we consider three cases. For J = kel and k > 1, we
have

) 1
h(X +ke) — h(X) — kA jh(X) — Ek(k — DAh(X)

k—
(6.3) [AR(X +1eD) — Ajh(X)} - %k(k— DA;;h(X)

—_

~ o~
|
_ =

Il
I M

Z Auh X+re(J)) A”/’I(X)}

From Lemma 4.3, with X =0 and U = re(/), it follows that

64)  [E{(A;h(W +re) = A (W)WY < (ret +e2) [ A% 5 o
for r <k — 2, if [keW|g = |J|1]eV)|x < nd/12. Multiplying (6.3) by I°(X),
replacing X by W, then taking expectations, invoking (6.4), and adding, this
yields the claim for J = ke/) and k > 1, with the upper bounds Cy (1) (ke(j )y =
Ltk —2)(k — Dk and C3)(keW)) = L(k — Dk. If J = ke' and k = 0, there is
nothing to prove. For J = —ke) and k > 1, we have

h(X — ke — h(X) — (=k)Ajh(X) — %(—k)(—k — DAjA(X)

=1
l

SN {Ajh(X —reP) — Ajin(X))}.

I=1r=1

k
(6.5) =>"{Ajh(X) = Ajh(X —1eV)} - %k(k + DA jh(X)
k

—
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Arguing as before yields the claim for J = —ke/) and k > 1, with
. 1 : 1
) (—keW)) = k- Dk +2); CP) (—keW)) = S+ 1),

again if |ke) | = |J|1|e"’ |z < n8/12. This establishes that the inequality (i) is
true for r = 1, when J has just one nonzero component.

Now, for any 2 < r < d, we assume that (i) is true for all J with at most r — 1
nonzero components, and show that this implies that (i) is also true for all J with
at most r nonzero components. Without loss of generality, we consider any J
with J; =0 for r < j < d. First, we write

WX+ ) —h(X)={h(X+T)—h(X+ T} +{h(X + 7D = (X))
The induction hypothesis gives

B 1 r—1
‘E{(eg(W, g0 1>,h)+EgjjAj,h(W))l;f(W)H

> D (- 2) (-
< [ A% 2,00 (€12 (D)1 + CE (T D) e2).

Thus it remains only to consider the expectation of the quantity

(h(W +J) = h(W+ T — 1A (W)

1, ! 1 s
= S IAh W) = Jr D Jj Arjh(W) + =Ty A h(W) | 1 (W).
j=1

The one-dimensional result gives
’E{ (h(W YT = h(W £+ JD) = L AR(W 4 JCD)
- %Jr(Jr — DAR(W + J<’—1>)>1,f(W)H
< é|],|(|]r| + DA% 5 00 (1] +2)e1 + 322),

leaving an expectation involving the expression

r—1
JAARX A+ T = A R(X) =Y T Arjh(X)}

(6.6) =

1
+ E-Ir(]r - 1){Arrh(X + J(r_l)) - Arrh(X)}
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The first line in (6.6) can be expressed as
r—1

(6.7) T Y AARX +TD) = A (X +TO7D) — I A ch (X))

s=1

From (6.1) with f := Agzh, we have
Arh(X 4+ J9) = Ak (X 4+ JC7D) — JiAh(X)

Js
YAAh(X + TV + (= DeW) = A h(X)), i T =1
=1
[ s
S {Arsh(X + 767D —1eW) — A h (X))}, if Jy <—1.
=1

Hence, multiplying by I,‘l3 (X), taking expectations with W in place of X and using
Lemma 4.3, it follows for the first line in (6.6) that

r—1
1| E{Z{Arh(w +TO) = AW+ J6D) - JsArsh(W)}I,f(W)H

s=1

r—1
1
<10 X 11828 5 o f (19670 + 310 Jer -2
s=1

2

The second line in (6.6) is directly bounded using Lemma 4.3, giving

_ |
<L 18201 5 o (51 e + ).

%|Jr|(|Jr| + DE{(Arh(W 4+ TTD) = A h(W)) I3 (W)}

FAIRARS 1)HA2h||,§5/2,oo(|J('_l)|181 + £2).

N —

=<

This establishes the inequality (i) for J with J; =0 for r < j <d, since it is easily
checked that

o1 B | B
Coa (D) = CL D)+ ST DR+ 2110+ D)
and that
_ _ 1
CRWD = Q) 1T 4+ S1A ] + 1),

The lemma now follows by induction.
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6.3. Proofs of Lemma 5.1 and Proposition 5.2. 'To prove Lemma 5.1, we need
to show that, if X3 ~ T12 for some 8 < 80/+/Amax (%), then E{| X% —nc|%} = O(n).
Now, by Dynkin’s formula, we have E{A3/(X%)} = 0 for any choice of /. Take
h(X) = ho(X) = |X —ncl|% as in Lemma 2.2, for which A3h¢(X) < —a1ho(X) in
|X —ncly > K22+/nd. Then, from (2.9), for all |X — nc|y <nmin{82, 8, ,(d)},
Alho(X) <ndK]|, where, from (2.11), and (2.13),

K{:=Lod™! Tr(a%) < LO)\maX(G%) < Loozlp(az)p(Z).
This implies that
0=E{Aho(X2)} < —1B{|X] — ne|LI[IX — ncls > K2av/nd]} +ndKj.
Since also, using (2.12),
E{|X? — ne| % I[|X —nclg < Kaav/nd]} <ndK3, <4ndLop(c?)p(2),

the claim is proved.
To prove Proposition 5.2, we start with a concentration bound, used to handle
the truncation.

LEMMA 6.1. Define Ky, := 2XK2,5/(d91051) € K. Under Assumptions GO—
G4, for any 0 < § < min{d; 7, 8§.z(d)}, n>nypandn > Kry/d/n,

M {|X —ncls > nn) < n_zde):e_”sz.

In particular, for any fixed n > 0, Hﬁ{lX —ncly >nn}=0m"") as n — oo, for
anyr > 1.

PROOF.  Again, for § < 80/+/max(2) and X8 ~ I1%, we have E{A’h(X?)} =
0 for any choice of &, by Dynkin’s formula. Take 4 (X) = hy, (X) as in Lemma 2.2,
for which, from (2.18) and for n > njy»,

Ao, (X) = — 50~ ariho(Xoho, (X) for [X —nels = KooV/nd.
This, with (2.21), implies that
%n—‘alelE{ho(X)hel (X)I[1X —ncls = K2av/nd]} <nAKas.
Hence, for n > K;,./d/n, it follows that
%”_1“191 (np)2e" 01 M3 {1X —ncly > nn} <nAKys,

proving the first part. The second is then immediate. [

The proof of the next lemma is rather close to that of Theorem 3.3, so we only
give a quick sketch.
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LEMMA 6.2. Under Assumptions GO-G3, for any fixed 5 < min{é, 7, 5/2.2(‘1)}’
and forany J € 7,

dTV{Hi, Hfl *8]} = O(I’l_l/z)

as n — 00, where &€ denotes the point mass at J and * denotes convolution.

REMARK 6.3. Note that we cannot directly replace J by e/) here, to obtain

Proposition 5.2, because e/) may not belong to 7. Under Assumption G4, we can
do so; see (6.12) below.

PROOF OF LEMMA 6.2.  Fix any U > 0, and use the stationarity of T to give
the inequality

(6.8) drv{Il), Mo xe,} < Y T (Xdrv{Lx (X)), Lx(XSWU) +J)},
Xezd

where Lx denotes distribution conditional on {X ﬁ (0) = X}. By Lemma 5.1, it then
follows that, for any 6 < min{d, 2, 552 (d)},

(6.9) dry{IT,, Ty x 7} = Dy (8/2) + O(n~"),
where

Dy, (8) = S IIXdv{Lx (X5W)), Lx(X5U) + )}

X: | X—nc|g<nd’

This alters our problem to one of finding a bound of similar form, but now involv-
ing the transition probabilities of the process X,‘i over a finite time U, started in
any state X which is reasonably close to nc.

By Assumption G3, J-jumps occur in X fl with rate at least n,u({ , whenever it is
in the set X,‘E(J ). Thus, by analogy with (3.8), we can realize the chain X 2 with
Xfl(O) = Xy in the form Xfl(u) = Xo + JN;f(u) + W,f(u), where the transition
(I, W)— (I + 1, W) occurs at rate n ,u({ . This leads to a decomposition

drv{Lx (X)), Lx(X3(U) + 7))

1
610) <3 Y [Py [No(U) = 1] — Px, [No(U) =1 —1]|
>0

9

1
F2 Y B[N =1~ g, (X — 1)~ il x, (X~ 1)
Xezd 1>1

where ql[’]X(W) is as defined in (3.10).
Much as for (3.13), and using Lemma 2.5, the first sum in (6.10) is bounded by

(6.11) Px, [t < U]+ {nplU) ' ? = 0(n~1/?),
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if we choose U = 1/,/AM6’, where f,‘f is as defined in (3.12). For the sec-
ond part of (6.10), we argue as in the proof of Theorem 3.3, using the Radon—
Nikodym derivative R(s, ”*)X(u wh) = d]P’(s[ L5, X/d]P’g . x(w"). As long
as R(s, L5, yu, w") <2 and u < 75, the ]P X -martingale R(s, L5, ¥ (u, w")
makes jumps of size at most 2|J|L1/(ngp), and this enables the quadratic varia-
tion of the stopped martingale to be controlled by n~'|J|?4Lo(L1/e0)>Au, as in

(3.25). Choosing U = 1/,/AM({ once more, and arguing as for (3.27) and (3.29),

the second part in (6.10) is also shown to be of order o=/, Combining these
observations with (6.9), the lemma follows. [

To deduce Proposition 5.2 from Lemma 6.2, take any 1 < j < d. Then it

is immediate from the triangle inequality that, because Zr(J ) J; 0 = = e for

J(]), . J(])

r(j) 3 given in Assumption G4, we also have

r(j)
(612) dTV(l_[(S *83(]) Zd’TV *8](]')) = O(n_l/z)‘
1

REMARK 6.4. Replacing e'/) by any J € J in the statement of Theorem 3.3,
the corresponding conclusion can be established, by adapting the proof much as for
Lemma 6.2 above, for sequences of Markov jump processes satisfying Assump-
tions GO—-G4. In the bounds, Ké'. 3 depends on J through a factor of |J|, and GW
is replaced by A.
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