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Abstract. We consider the totally asymmetric simple exclusion process on a ring with stationary initial conditions. The crossover
between KPZ dynamics and equilibrium dynamics occurs when time is proportional to the 3/2 power of the ring size. We obtain
the limit of the height function along the direction of the characteristic line in this time scale. The two-point covariance function in
this scale is also discussed.

Résumé. Nous considérons le processus d’exclusion simple totalement asymétrique sur un anneau, avec condition initiale station-
naire. La transition entre la dynamique KPZ et la dynamique d’équilibre a lieu lorsque le temps est proportionnel a la puissance
3/2 de la taille de I’anneau. Nous obtenons la limite de la fonction de hauteur le long de la droite caractéristique dans cette échelle
de temps. Nous étudions également la fonction de covariance a deux points dans cette méme échelle.
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1. Introduction

In this paper we consider the totally asymmetric simple exclusion process (TASEP) on a ring of size L which we
denote by Zj. The dynamics of TASEP on the ring is the same as that of TASEP on Z except the particle at the
site L — 1, once it jumps, moves to the site 0 if 0 is empty, here the i denotes the element i (mod L) in Z; for
ief0,1,...,L — 1}. Let n; = n;(¢) the occupation variable of this model, 0 <i < L — 1. n; is 1 if the site iis
occupied or 0 if the site 7 is empty. We extend the occupation variable to Z periodically by defining n; (t) = ;41 (¢)
for all i € Z. Define the following height function

200(t) + X5y (1 =2n;@)),  £=1,
he(€) = {2Jo(1), =0, (1.1
200(t) = X0y (1= 20;(1),  £<—1,

where Jo(f) counts the number of particles jumping through the bond from 0 to 1 on Z; during the time interval
[0, ¢]. Note that h;(£) — ho(£) =2J,(t), where J¢(¢) counts the number of particles jumping through the bond from ¢
(mod L) to £+ 1 (mod L) on Z;, during the time interval [0, t]. Although n.(¢), J¢(¢) are both periodic in ¢, h;(£)
is not periodic except when the system is half-filled. Indeed, we have h;({ + L) = h;(£) + (L —2N) for all £ € Z and
t >0, where N = ZJL.;& n; is the number of particles on the ring.

We are interested in the fluctuations of 4;(¢) when ¢ and ¢ both increase with order O(L3/?), and L, N go to
infinity proportionally. The scale t = O (L>/?) is called the relaxation time scale, which was first studied by Gwa and
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Spohn [10]. At this relaxation time scale, one expects to see a crossover between the KPZ dynamics and the Gaussian
dynamics and hence the fluctuations are of great interest to both math and physics communities. The crossover lim-
iting distributions were obtained only recently by Prolhac [14] and Baik and Liu [4]. In [14], Prolhac obtained (not
rigorously) the limit of the current fluctuations for step, flat and stationary initial conditions in the half particle system
(with the restriction L =2N). Independently, Baik and Liu also obtained the limit in a more general setting of N and
L for flat and step initial conditions in [4].! The main goal of this paper is to extend the work of [4] to the stationary
initial condition case and prove the rigorous limit theorem of %;(£) in the relaxation time scale. Compared to [14],
there are some other differences besides the rigorousness: We consider a more general setting of stationary initial
conditions than the half-filled one in [14], and a more general object, the height function 4, (£), than the current in
[14], which is equivalent to /,(0). Hence the limiting distribution obtained in this paper, Fy (x; 7, y) in Theorem 1.1,
contains two parameters of time t and location y, in contrast to that of only time parameter in [14].

Due to the ring structure, the number of particles is invariant. Hence it is natural to consider the following uniform
initial condition of N particles: initially all possible configurations of N particles on the ring of size L are of equal

-1 _
probability, i.e., (1%/) = w

particles N and ring size L [12].

For this uniform initial condition, there is a characteristic line £ = (1 — 2p)t in the space-time plane,2 here
p = NL™! is the density of the system. The main theorem of this paper is about the fluctuations of %;(£) near the
characteristic line in the relaxation time scale.

. This initial condition is stationary, and is the unique one for fixed number of

Theorem 1.1. Let ¢ and c; be two fixed constants satisfying 0 < c1 < ¢z < 1. Suppose N is a sequence of integers
such that ci1L < Ny, < caL for all sufficiently large L. We consider the TASEP on a ring of size L with Ny parti-
cles. Assume that they satisfy the uniform initial condition. Denote p;, = N /L. Let T and w be two fixed constants
satisfying T > 0 and w € R. Suppose

_ 2 3/2
ff=— 132 12
N T (=) (12

Then along the line

1/3
e = —2pp)tr +2w(pL (1 — pr))' 27, (1.3)
we have
by (01) — (1 —2p0) 8 — 201 (1 — pp)t
lim P( n(bL) = 2/%“) L lef3 PLL Sx):FU(rl/3x;r,2wr2/3) (1.4)
L—o0 —ZpL (11— PL)2/3tL

for each x € R. Here Fy(x;t,y) is a distribution function defined in (2.1) for any t > 0 and y =2wt*3 e R. It
satisfies Fy(x;t,y) = Fy(x;t,y + 1) and Fy(x;t,y) = Fy(x; T, —y).

Remark 1.1. In [14], Prolhac obtained (1.4) when £;, =0 and p; = 1/2 (and hence w = 0, y = 0) with a different
formula of the limiting distribution. His proof, as mentioned before, is not completely rigorous.

2/3

Note that if we write y = 2wt~/°, then the line (1.3) can be rewritten as

br=0-2p)1 +yL. (1.5)

This expression gives an intuitive reason why the limiting function Fy (x; 7, y) is periodic on y: It is the periodicity
of the shifted height function h;, (€1 +L) — (1 —2p1)lr + L) =hsy, (£r) — (1 —2p1)E 1.

I The formulas of the limiting distribution in two papers [14] and [4] are slightly different and it is yet to be proved that they are indeed the same.
The numeric plots show that they do agree.

21t is the characteristic line of the related Burger’s equation in the space-time plane. See the appendix of [5] for discussions on the Burger’s equation
related to TASEP on a ring.
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To better understand the parametrization in the above theorem, we compare it with the infinite TASEP with sta-
tionary condition, i.e., the stationary TASEP on Z. Suppose initially each site in Z is occupied independently with
probability p. Then the height fluctuation converges along the line £ = (1 —2p)t 4+ 2w(p(1 — p))/3t*/3 for any given
constant w € R, see [2,9],

h(t) — (1 =2p)t —2p(1 — p)t
IP’( R T B R TE §x> =F,(x), xeR, (1.6)

lim

t—00
where F,(s) is the Baik—Rains distribution defined in [6].> Theorem 1.1 of this paper shows that for the stationary
TASEP on a ring with uniform initial condition in relaxation time scale, similar limiting laws hold near the character-
istic line. The difference is that for the ring TASEP, the fluctuations have a periodicity on the parameter y = 2wt?/3,
which is not present in the infinite TASEP model.

The leading terms (1 — 2p7)€; and 2o, (1 — pr)tz in h;, (£1) can be explained as follows. The first term (1 —
2p1)€; measures the change of height along the direction £, : For fixed t,, h;; (£1) — hy, (0) grows as (1 —2p71)¢,
in the leading order since h;, ({1 + L) =h;, (£1) + (1 —2pp) L. The second term 2o, (1 — pr.)¢;, measures the time-
integrated current at a fixed location: h;, (£1) —ho(€1) =2Jp(t1) which grows as 2p;, (1 — py);, in the leading order.

As an application of Theorem 1.1, we can express the limit of two-point covariance function in terms of
Fy(x; t,y). Recall the occupation variable n.(¢) at the beginning of the paper. Define the two-point covariance
function

S(; 1) == E(ne(t)no(0)) — p2, (1.7)

where p = N/L is the system density. It is known that for the stationary TASEP, there is a relation between this
two-point function S(¢; t) and the height function A, (¢): 8S(¢; ) = Var(h, (€ 4+ 1)) — 2 Var(h,(£)) + Var(h,; (€ — 1)).
This relation was proved for the infinite TASEP in [13] but the proof is also valid for TASEP on a ring after minor
modifications. Using this identity and the tail estimate which is provided in the Appendix, we obtain the following
result. The proof is almost the same as that for the stationary TASEP on Z, see [3], and hence we omit it.

Corollary 1.1. Suppose Np, t; and £ are defined as in Theorem 1.1 with the same constants T > 0 and y =
2wt?/3 € R. Then we have

. 26,78 11)

1
-5 =8y :1), (1.8)
Lo (1= )3

if integrated over smooth functions in y with compact support, where
w0 =P [ druiey). (19)
R

Another application is that one can obtain the height fluctuations for other stationary TASEP on a ring. Note that
the uniform initial conditions with N =0, 1,..., L form a complete basis for all stationary initial conditions. Hence
we may apply Theorem 1.1 for other stationary initial conditions. One example is the Bernoulli condition. Suppose
initially each site of the ring is occupied independently with probability p, where p is a constant satisfies 0 < p < 1.
Then we have the following result.

Corollary 1.2. Suppose p € (0, 1) is a fixed constant. We consider the TASEP on the ring of size L with Bernoulli
initial condition of parameter p. Suppose w € R, t > 0 and x € R are fixed constants. Denote

T 132

tp = ————L""7
t vp(l—p) (1.10)
e = —2p), +2w(p(d — p))' i3

3In [6], Fy(s) was denoted by H (s + w2; w/2, —w/2).
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Then

hy U)— (1 =2p)ep —2p(1 — p)t
lim IP’( 1 (b1) = P 11(3 Pl §x> = FB(T1/3)C; T, 2wt2/3). (1.11)
L—00 —2p23(1 — p)2/3t /

Here Fg(x; T, y) is a distribution function for arbitrary t > 0 and y = 2wt?/3 € R, given by

Fi( ) ! / S ( -y )d (1.12)
BWX;T,Y) = e 8t uvlx+ T,y Y. .
2427t JR 4t

A formal proof is as follows. Assume there are pL + y/p(I — p)L'/? particles initially. By applying Theorem 1.1,
we obtain that

P hy (€r) — (1 =2p)ly —2p(1 — p)ig,
/3 =x ’
_2p2/3(1 _ p)2/3tL

pL + y/p(1 — p)L'/? particles with uniform initial condition) (1.13)

converges to
Fy(e'Px —yy —ty% T,y +2y7) (1.14)
as L — oo, where y = 2wt?/3. Together with the central limit theorem, we obtain

(th (br) = (A =2p)tr =2p(1 = p)rr _ x)
—2p23(1 — p)2/31)? -

lim

L—o0

-y /2F 1/3 _ o 2.

u(t'Px —yy—ty*it,y +2y7)dy. (1.15)
= )

By a simple change of variables we arrive at (1.12). This argument can be made rigorous by a simple tail estimate on
the number of particles and then by the dominated convergence theorem. Since the argument is standard, we omit the
details.

Recall that Fy(x;t,y) is symmetric on y. Hence by using the formula (1.12) we have Fp(x;t,y) =
Fp(x; t,—y). However, different from Fy (x; 7, y), we do not expect Fp(x;7,y) = Fp(x; 7,y + 1). It is because
by definition h, (£ + L) — h;(£) — (1 —2p)L = =2 Z‘;’:{;H (nj(t) — p) ~ —2LY2/p(T = p)x where x is a standard
Gaussian random variable. Hence formally

hy (. +L)— A =2p)(p +L)—2p(1—p)ty __ hy (€) — (A =2p) —2p(1—p)1p, X

+-X (16
—2p23(1 — py231)° —2p23(1 — p)¥31,° /3

Here the two random variables on the right-hand side of (1.16) are not necessarily independent. This relation still
strongly indicates that Fp (rl/3x; 7,y + 1) is not the same as Fp (t1/3x; T,¥).

The organization of this paper is as follows. In Section 2 we give the explicit formula and some properties of
Fy(x; t,y). The proof of Theorem 1.1 is given in Section 3 and 4: The finite time distribution formula is provided
in Section 3 and then the asymptotics in Section 4. Finally in the Appendix we give some tail bounds related to the
distribution function Fy (x; 7, ).

2. Limiting distribution Fy

The limiting distribution Fy (x; T, y) is defined as following

dz

V2miz? @D

FuGit.y)=— fdx (M@ +TA2 4286 gy (1 — D)) —
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where the integral is along an arbitrary simple closed contour within the disk |z| < 1 and with O inside. The terms
A;(z) are given by

1 1
A1) =— Liz 2 (2), Ax(z) =— Lis/(2), 2.2)
s T
and B(z) is given by
z : 2
B(z) = i/ (Li1p ()" dy (2.3)
4

Here Li, (z) is the polylogarithm function defined as follows: When |z| < 1, Lis(z) := Z,fil i—i, and it has an analytic
continuation

Liy(2) = % /O

forall ze C\Rxj.
The operator IC;Z))C is defined on the set S; jert = {£ : e2 = z, R(§) < 0} with kernel

dx 2.4

e(bz@] QX,‘E)+<I>Z(;7;XJ)+%(%—I2_”2)

KD (6. ) = K (£ £9: 7. y) = , 2.5
Do) =k EL )= Y P A 25

NES, left

where
1 3 2 (¢ —»?)2
©z(€;x,r)=—§fé +x& — - Lii (e Jdw, &€ S, e (2.6)
—0Q

The terms A;(z), B(z) and K ))C are defined in [4]. They appeared in thetwo-parameter family of limiting dis-
tributions F>(x; 7, y) of TASEP on a ring with step initial condition in the relaxation time scale. More explicitly,
F>(x; 7, ) has an integral formula which is similar to (2.1)

dz
2riz’

Py t.y) = ?§ P AEHEAH2BO) g (] — K2 2.7)

see (4.10) of [4]. It is known that the terms A; (z), B(z) and IC;ZJ)C are well defined and bounded uniformly on the choice

of z (but the bound may depend on the contour). Furthermore, the Fredholm determinant det(/ — IC;Z))C) is periodic
and symmetric on y, which implies F>(x; t,y) = Fa(x; T,y + 1) and F>(x; T, y) = Fa(x; T, —y).

To ensure Fy(x;t,y) in (2.1) is well defined, we still need to check that the derivative in the integrand exists
and is uniformly bounded. The only non-trivial part is to check - det(] (2)) This can be proved by directly
using the super-exponential decaying property of the kernel. The argument is standard and we do not provide details.
Alternately, our analysis in Section 4.6 also implies that d‘i det(! — IC;;) is a limit of a uniformly bounded sequence
hence it is also uniformly bounded. See Lemmas 4.5 and 4.6.

As we discussed in Remark 1.1, the limiting distribution when y = 0 was obtained in [14]. Numeric plots of our
formula Fy (x; 7, 0) match the limiting distribution obtained in [14] well, see Figure 1 in this paper and Figure 5(b) in
[14]. However, a rigorous proof of the equivalence on Fy (x; T, 0) and their formula (see (10) of [14]) is still missing.

For any fixed T > 0 and y € R, the function Fy (x; 7, y) is a distribution function. The proof is not trivial and
we provide it in the Appendix. Similar to F>(x; 7, y), the function Fy (x; 7, ) has the properties Fy (x; 7,y + 1) =
Fy(x;t,y)and Fy(x; t,y) = Fy(x; t, —y). By using the following simple identity (see (11) of [8])

200(1 = pp)tL

E(hi, (61)) = (1 =2pp)r 4+ 2pL(1 — pL)ir + 71

(2.8)
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0.45 T T T T T T T

Fig. 1. The three dashed lines are, from left to right, density functions of FU(t1/3x; 7,0) with T =1, 0.1, and 0.02 respectively. And the solid line
is the density function of Baik—Rains distribution Fq(x).

0.35 -

03 -

0.1 -

0.05 -

1/4
Fig. 2. The three dashed lines are, from bottom to top (along x = 0), density functions of Fy(—1 + %xr]/z; 7,0) with t =0.02, 0.1, and 1
respectively. And the solid line is the density function of the standard Gaussian distribution.
which can also be checked directly from the definition, we have
/ xdFy(x;t,y)=—rt. 2.9)
R

The rigorous proof of this identity is similar to Corollary 1.1. Thus we do not provide details here.
Besides, we expect the following small t and large 7 limits of Fy(x; T, y):

(1) For any fixed x, w € R, we have (see Figure 1 for an illustration)

lim Fy (c'7x; 7,20t??) = Fyy(x). (2.10)

=0

(2) For any fixed y, x € R, we have (see Figure 2 for an illustration)

lim F, < LAY ) ! /x -2 4 @2.11)
im —T+ —x T, = — e ) )
T—>00 v \/E v V21 J—o0 Y
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3. An exact formula of height distribution

In this section, we prove an exact formula for the height function with uniform initial condition. This formula turns
out to be suitable for later asymptotic analysis.

Before stating the results, we need to introduce some notations. Most of these notations are the same as in [4].
Hence we just go through them quickly without further discussions. See Section 7 of [4] for more details.

We fix L and N in this section, and denote

P=T (3.1

the density of the system.
For each z € C, define a polynomial

gz(w) =w" (w+ HEN — 2L (3.2)
and its root set

R, = {w :qz(w)=0}. 3.3)

When z = 0, R, is a degenerated set of two points 0 and 1 with multiplicities N and L — N respectively. On the other
hand, when z — oo, R; is asymptotically equal to a set of L equidistant points on a circle |w| = |z|. For our purpose,
we focus on the case when

0<|z| <rg:=p"(1—p)l=". (3.4)

For such z, R, contains L — N points in the half plane {w : (w) < —p} and N points in the second half plane
{w : N(w) > —p}. We denote Ry jefe and Ry right the sets of these L — N and N points respectively. Then we define

Grenw)= [[ w—w),  guiga)= [] w-w), (3.5)

UERy left veRz.right

which are two monic polynomials with root sets Ry jere and Ry riene Tespectively. These two functions satisfy the
following equation

qz,1eft(W) Gz right (W) = gz (w) 3.6)

for all w € C.
For z € C satisfying (3.4) and arbitrary k, £ € Z, we define a kernel KZ(ZZ ¢ acting on EZ(Rz,left) as follows

(2) /
Ky o(u,u') = fo(u) Z oW _v)fz(v) u,u' € Ryefr, (3.7

UERZ right

where the function f; : R, — C is defined by

(qz.right(w))zw_ZN_k"'z (w+1)—(+k+1 s
k,¢ wtp W E Ryeft, .
fa(w) = faw; k, £) := (q;ligh[(w))2w72N7k+2(w+1)7£+k+le’“’ 3.8)
) w+p , WE Rz,right-

We also define a function

k+N-1 —C+L—N+k tv
nuERz,]efl(_u) HUERz‘right (U + 1) e

1_[MERz,left 1_[UERz,right (U - l/l)

CY @k, ) = (3.9)
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Kz(2k) , and Cl(\g) (z; k, £) are the same as KZ(Z) and 61(3) (z) in [4] (with £ and k replaced by a and k — N respectively)
but we emphasize the parameters k and ¢ for our purpose.
Finally we denote Ay the difference operator

A fk) = fk+1)— f(k) (3.10)

for arbitrary function f : Z — C. For an example, Akcl(?) (z; k,0) = CI(\%) (z;k+1,¢) — Cj(\?) (z; k, 0).
Now we state the formula for the distribution function of #,(£).

Theorem 3.1. Suppose £ and b are both integers satisfying b ={ (mod 2). For the N -particle TASEP on the ring of
size L with uniform initial condition, the distribution of the height function is given by

(_1)N+1

(v)

dz

P(h,(£) > b) = )3t

%Ak(cl(\%)(z;k,ﬁ—k 1)-det(I + K oy (3.11)

k=1-"", (3.12)

and the integral is along an arbitrary simple closed contour which contains 0 inside and lies in an annulus 0 <
|z| < rp.

Proof. We consider an equivalent model: the TASEP on X’ (L). The configuration space X (L) is defined by
Xn(L) = {()q,xz,...,xN) ezN X <X <--<XN <X +L}. (3.13)

The equivalence between TASEP on A’y (L) and TASEP with N particles on the ring of size L is as follows: The ring
TASEP can be obtained by projecting the particles in TASEP on X (L) to a ring of size L; On the other hand, in
the TASEP on a ring if we define x; to be the number of steps the kth particle moved plus its initial location, then
(x1,...,xy) € Xy (L) and we obtain the TASEP on Xy (L). See [4] for more discussions on TASEP on a ring and its
equivalent models.

It is not difficult to see that the uniform initial condition for the TASEP of N particles on a ring of size L corre-
sponds to the uniform initial condition in the following set

yN(L):{(yl’)’2»-~-»)’N)EZN:_L+1Syl <y2<--~<y1v§0} (3.14)

in the system of TASEP on X (L). Moreover, for any ¥ € Vy(L), we have the following relation between two
models*

]P’(h,(ﬂ) > b in TASEP on the ring with initial configuration Y) =Py (xk/ (t) > a), (3.15)

where the notation Py denotes the probability of TASEP on Xy (L) with initial configuration Y € Yy (L), and x; (¢)
denotes the location of the k’th particle at time ¢. The relation (3.15)interprets the distribution function of 4, (£) (for
TASEP on a ring) as that of particle location x;/ (¢) (for TASEP on Xy (L)) at time ¢. The parameters ¢, b on the
left hand side of (3.15)could be arbitrary integers satisfying b = £ (mod 2), and k', a on the right-hand side are
determined by

b—t-2 b—1¢ b—t—-2

4We first consider the case when 1 <{¢ < L.Inthis case, hy(£) =2Jy(t) + ho(€) =2Jp(t) +£ —2 Z‘;:l 1 (0). Therefore A (€) > b if and only if
Jo(t) — Zf’:l 1;(0) > (b — £)/2, which is further equivalent to x;/(f) > a. The case when £ > L + 1 or £ < 0 follows immediately from the fact
that h;(¢) =h;(€ — L) + (L — 2N).
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Here the notation [y] denotes the integer part of y, i.e., the largest integer that is less than or equal to y. From the
above formula (3.16) it is easy to see that 1 <k’ < N. Hence xy (¢) is well defined in TASEP on X (L).
Now we sum over all possible initial configurations Y € Yy (L), each of which has probability -1 'We obtain

)
1

P(hi(0) > b) = —~ Z Py (xi (1) > a). (3.17)
N/ YeYn(L)

On the other hand, the one point distribution function for TASEP on Xy (L) with arbitrary initial condition ¥ €
Xy (L) was obtained in [4] (see Proposition 6.1). More explicitly, we have

Py (xx (1) > a)

(_1)(k’71)(N+1) 1 wj*l’*k/‘i’l(w + l)y.,'fjfa+k'+letw N dz
2mi %det[_ 2 w+tp :|i’j=1 Z-0—DL"

(3.18)

weR,

where the integral is along any simple closed contour with O inside. To proceed, we need the following two lemmas.

Lemma 3.1. Suppose wi, wa, ..., wy € Ry, then we have
Tt yi—ilV
Z det[w; (w; +1)% ]i,j:l
YeYn(L)
i—1 - N —1,— i —N1N
= det[w/ ™ (w; + 1) N“]I.’j:l—(—l)N 27 det[w! (wi + 1) N]i,j:l' (3.19)

Lemma 3.2 (Theorem 7.2 in [4]). Suppose z is in the annulus 0 < |z| < rg as in (3.4). For any integer k, we have the
following identity’

1 wj7i7k7N+l(w+])f€+kelw N
1\ k=D(N+1), (k+N—1)L 1
(-1 z det[L > }

WER, w+p i,j=1

=C\ @k e+1)-det(I + K3 ,.). (3.20)
We first assume Lemma 3.1 is true. By inserting (3.18) to (3.17) and then applying Lemma 3.1, we have

P(h,(€) > b)

1 —1H*=2)(N+D 1 wi iK'+ 4 1)y~N—a+k'+1rw N dz
=Ty A = : %det[ > ( i - } I—(K—2)L"
(v) 2mi w+p ij=1Z

Note that by using (3.3) this expression is invariant under the following changes: @ — a — L and k' — k' — N,
therefore we can replace a by a — L[bfyfz] ={¢+1and k' by k' — N[bfyfz] =k + N. The above equation equals to

(3.21)

WER,

2N 2N
1 A (_1)(k+N—2)(N+1) %det[ 1 Z wj—i—k—N+1(w + 1)—/é+ketw i|N dz (3.22)
Ly ok : T 1—(k+N—2)L * :
(N) 2mi L wek w—+p i =12 (k+N-2)

By restricting z in the annulus 0 < |z| < rg and applying Lemma 3.2 we immediately obtain (3.11).

5The identity in [4] includes an integral over z. However, the proof is still valid if we drop the integral in both sides.
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It remains to prove Lemma 3.1.

We take the sum over Y € Yy (L) in the following order: yy, yn—1, ..., ¥1. Obviously, the summation over Y €
Yn (L) is equivalent to that over y;: y;—1 +1<y; < j— N recurrently for j =N, ...,2 and finally —L +1 < y; <
1 — N. Note y; only appears in the jth column in the determinant on the left hand side of (3.19). Hence if we take
the sum over all possible y;, all other columns in the determinant do not change except the jth one. Then for each

J=N,...,2, we have the following sum over y; on the jth column
> wlwi+ ) =w! w4+ )N = Ty 4 1)U, (3.23)
yj=yj-1+1

where the second term is the same as the (i, j — 1) entry thus the determinant does not change if we remove this term.
After taking the sum over yy, ..., Y2, we obtain a new determinant whose first column is the same as before, but the

jth column is w (w, +1)"N*lforall j = .., 2. Then we take the sum over y;. Note that the bounds for y; are
—L + 1 and 1 — N. Therefore we have

> det[w! (w; + 1))
Ye)y

i,j=1

:det[wlj_l(w,' + 1)+ —51(j)w,-j_l(wt +D" L]l j=1

:det[w{‘l(w,-Jrl)*N“]Nj — det[w! ™" (w; + 1)~NHZHDEL=NEDIN (3.24)

i,j=1°

where we used the linearity of the determinant on the first column in the second equation. The notation §;(j) denotes
the delta function. Comparing the above equation with (3.19), we only need to show

det[w! ™! (w; + 1)~NHI=HODE- N“)]H = (DN det[w! (wi + DT N]” - (3.25)

By using the fact that (w; + 1)¢=V N = z! and then exchanging the columns, the above equation is further reduced
to
. AN .
det[w/ (w; + ™V ‘SNU)L’./:l:det[wi](w, - N][/ N (3.26)
which follows from the simple identity
[w (w; + 1)~N+1- aN(/)]” = [w (w; + 1)~ N]” (8 (J)~|—(S(]+1)]lj .- (3.27D)

4. Asymptotic analysis and proof of Theorem 1.1

In this section, we focus on the asymptotics of the formula (3.11) and prove Theorem 1.1. We will follow the frame-
work in [4], where they computed the asymptotics of two similar formulas, one of which contains exactly the same
components C(z) (z; k, 2), K 2) ¥ and det(/ + K, (2) 6) as in this paper. However, there are the following two differ-
ences:

(1) In [4], the asymptotics of C @ )(z k,¢) and det({ + K, @ [) was obtained with a special choice of parameters. More
explicitly, the authors cons1dered a case of discrete tlmes t and an order O (L) parameter k. In this paper, we have
a different setting of parameters, in which we let ¢ go to infinity continuously and k grow as O ().

(2) The formula (3.11) in this paper contains a new feature. Namely, we have the difference operator Ay, which was
not present in [4]. In the asymptotics, this Ag, after appropriate scaling, converges to the differentiation with
respect to x.
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For (1), one can modify the calculations in [4] to the new parameters. However, in this paper we instead consider a
more general setting of the parameters and prove that both Cy, 2 (2; k, ) and det(I + K. 2) e) converge simultaneously
with this general setting. It turns out that all the choices of the parameters considered i in [4] and Theorem 1.1 in this
paper are included in the general setting. See Section 4.1for details.

For (2), we need to find the asymptotics of AkC(z) (z; k, ) and Ay det(] + K, @) z) The first one can be obtained
straightforwardly, while the second one requires a bound estimate (umformly onL and z) of each term in its expansion,
which guarantees the convergence (uniformly on z) of Ay det(/ + K, @ e)

4.1. Setting of the parameters

In this subsection, we list the following general setting of the parameters.
We suppose the density p = p; = N /L satisfies ¢; < pr, < c2 for some fixed positive constants cy, 2. We assume

P T 3/2
t=tp = ————L""+ O(L), 4.1
SN =T ) @D

for some fixed constant T > 0. Moreover, suppose £ = £;, and k = k are two integer sequences which are bounded
uniformly by O (L*/?) and satisfy

Ly — (1 =2pp)tp —yL
dist( L=t LpL)L r ,Z>=0(L‘/2), 4.2)
and®
kp +pr(1 —pp)tp, — pLlL —1/2
2/3 23,173 =x+O0(L™/7), 4.3)
(1 = pr)*°t

where y = 2wt?/3 and x are arbitrary fixed real constants, and the notation dist(u, Z) denotes the smallest distance
between u and all integers.

Recall that the asymptotics along the line £; = (1 — 2pr)t;, + (¥ + 1)L is the same as that along £; = (1 —
2pp)tr + y L. See (1.5) and its discussions. The condition (4.2) means that the points should be asymptotically on the
L =0 —=2pp)tL + (y +Z)L lines.

To understand the second condition (4.3), we need to view k; (more precisely k;, + Ny ) as the label of the particle
which is at the given location £, at time #; . First we extend the TASEP on a ring to a periodic TASEP on Z by making
infinitely many identical copies of the particles on each interval of length L. More precisely, we define x;4n(f) =
xr(t) + L for all k and ¢. With this setting, the labels of particles are in Z instead of {1,2,..., N}. (4.3) means the
label of the particle located at the site £;, at time t7, is pr€r — pr (1 — pr)fr at the leading order (more precisely
N+ prlr — pr(1 — pr)tr due to our choice of initial labeling: the label is asymptotically N at site O initially), plus
an 0([1/ 3) fluctuation term. The term pr €7, (assuming £;, > 0, otherwise —¢, instead) is asymptotically the number
of particles initially in the interval [0, £ ], while pr (1 — pr)f1 is asymptotically the number of particles jumping
through any given site during time [0, #7,].

The above descriptions are in terms of stationary TASEP on a ring with uniform initial condition. However, re-
calling the discussions at the beginning of Section 4, the formula arising in step initial condition contains the same
components C @ )(z k,¢) and det(I + K. ) Z) whose asymptotics can be found within the same framework. Thus the
conditions (4. 2) and (4.3) can also be 1nterpreted similarly in terms of TASEP on a ring with step initial condition.

Now we consider three different choices of parameters satisfying (4.1), (4.2) and (4.3).

SHere we view tr, ¢y and k as parameters for convenience of our analysis. We can also view 77, £; and b = by , the height of /;(£), as parameters.
By using (3.12), we find that (4.3) is equivalent to

by — (1 =2pp)tp —2p. (1 —pp)tp

_sz/3(1 )2/3,]1‘/3

=x+0(L71?).
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The first choice is to fix the label of particle k7 and then let £; and #;, go to infinity simultaneously. This choice
corresponds to the case when an observer focuses on a tagged particle. Now we rewrite the conditions (4.2) and (4.3)
as

¢ — (A =2p)t=yL+ jL+ O(L'?) (4.4)
and
e — (= pp)tp = p~ "k —xp; (1 = pp)?) 3, (4.5)

where j = jy is an integer sequence. These two equations imply that

L 1
= —j+L— =k +0(L"?). (4.6)
PL PL 197

Now we want #;, growing as (4.1). Hence j grows as [rpz/z(l — pr)~Y2L1/2]. For simplification, we ignore the
O(L'?) in t;, and obtain

L t/pL 1/2] 14 1
= —| ML 2y Y gy 4.7)
:0L|:\/1—PL oL p?

which is a time scaling of TASEP on a ring with step initial condition discussed in [4] (with their k; replaced by
kr, + Npr). See Theorem 3.3 of [4].

The second choice of parameters is to fix the location £; and let k7, and 77 go to infinity simultaneously. This
choice corresponds to the case when an observer focuses on a fixed location. By an argument similar to the previous
case, we find that 77, can be expressed as

L 1-2 L £
1 = |: | oLlT L1/2:| 4 T L (4.8)
1 =2prl L/ oL(1—pL) 1-2p, 1-2pg
when py, is of O(1) distance to 1/2, and
1p =2tL%? (4.9)

when pr = 1/2. Note that when p; = 1/2, the line £; = const which describes the observer’s location in the space-
time plane is also the characteristic line with a constant shift. Hence this case is reduced to the next one, which we
will discuss later. These scalings were discussed in [4], see Theorem 3.4 of that paper.

The third choice of parameters is to fix the line £; — (1 — 2pr)t; = y L. This is exactly the choice we pick in
Theorem 1.1. It means that an observe moves along the direction of the characteristic line. In this case, the time
parameter ¢7, can grow continuously, and the location €7 changes according to £;, — (1 — 2pr )t = y L. Finally the
label of particle grows by the formula (4.3). Note that in Theorem 1.1 we have the height 4, (€1) instead of the label
of particles kr , hence to check (4.3) one needs to use the relation k7 = ZLEbL + 11in (3.12).

For notational convenience, we will suppress the subscript L in the asymptotic analysis from the next subsection
to the end of Section 4.

4.2. Preliminaries: Choice of integral contour and parameter-independent asymptotics

In this subsection we follow the setting of [4] (see Section 8) and give the explicit choice of integral contour. We

also give the limit of R left and Ry rignt, and asymptotics of some parameter-independent components in C](\%) (z; k, 0).
These results are all included in [4]. Hence we do not provide details.
In (3.11), we set

b = (-)Vrlz, (4.10)
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where z is along any given simple closed contour within the unit disk |z| < 1 and with O inside. Then (3.11) becomes
(- l)N +1
L
(v)
here z = z(z) is any branch determined by (4.10). And it is easy to check the integrand above is invariant for z —

2e?™ /L Therefore the choice of z, provided it satisfies (4.10), does not affect the integral.
We first consider the limits of the nodes sets Ry jere and Ry right With z scaled as (4.10). It turns out that after

rescaling these nodes sets converge to the sets S; jef = {£ : 2 = z, N€ < 0} and Sy right = (& : 82 = z, RE > 0}
respectively. The explicit meaning of this convergence is described as below.

dz

P(h;(¢) = b) = iz

jﬁz—LAk(C}VD(z; kot+1)-det(I+ K3 1)) (4.11)

Lemma 4.1 (Lemma 8.1 of [4]). Let z be a fixed number satisfying 0 < |z| < 1 and let € be a real constant satisfying
0<e<1/2. Set 7zl = (—l)N[r(fz where rg = pP (1 — p)]’p. Define the map M jeti from Ryjer N {w @ |w + p| <

o1 = pN6/4_1/2} to Sz left by

(w+p)N'/?

< N3/41210gN. 4.12)
p1=p

MN,left(w) =&, where& e Sz,left and |&

Then for large enough N we have:
(a) My left is well-defined.

(b) M jeft is injective.

(¢) The following relations hold:

(N</*=1)
Sz,left

€/4
CIMpger) €SO TY, (4.13)

z,left

where I(My 1ef)) 1= M left(Ra et N {Z 2 |2 + p| < p/T— pN/4=12}) the image of the map My ieft, and
S = Seert N 1 €] < ¢} forall ¢ > 0.

2

If we define the mapping My right in the same way but replace Ry ee and Sy 1efe by Ry right and S righe respectively,
the same results hold for My ignt.

Then we consider the limits of gy, et (W), gz right(w) and the following function

N L—N
HMERz,left(_u) HUERz,rigm(U +1)
HMGRz,leﬂ l_[UeRz,right (U - M)

Cj(\,zfl (z) := (4.14)

The first two functions arise from the kernel K z(zk) VI

and the third function Cﬁ)l (z) is part of Cz(\%) (z; k, £). The limits
of these three functions were obtained in [4] as below.

Lemma 4.2 (Lemma 8.2 of [4]). Suppose z, z and € satisfy the conditions in Lemma 4.1.

(a) For a complex number & = &y satisfying ¢ < |E| < N/* with some positive constant ¢, set wy = wy (&) =
—p 4 p/T = pENTY2_ Then for sufficiently large N

Grten(wy) = (wy + DN ED (14 0 (N 10g N)) (4.15)
if RE > ¢, where

1 —
Var )

Similarly for sufficiently large N

. 2.2
bt (§. 2) := — Litjo(ze® 7772) dy. (4.16)

Gurignt(wy) = wi e & (14 O(N'21og N)) (4.17)
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if RE < —c, where
1 3
V21 J -0

(b) For large enough N we have

. 2_.2
Bright (§, 2) = — L11/2(Ze(é Y )/2) dy. (4.18)

Cy @ =29 (14 o(N172)), (4.19)

. 2
where B(z) = 7= [ 129 gy g defined in (2.3).

y

Finally, we need the expansions of two functions g,(w) and 5(&1‘1’; along the line Rw = —p. These estimates
were obtained in [4], see (9.36) and (9.37) of that paper. Below we give a quick summary of these estimates. Write
w=—p+ p/T—pEN"Y/2, where £ €iR. It is straightforward to check that when |£| < N¢/4

- p ~1/2
Nlog(l —/1— peN~'/? +(L—N)1og<1+ EN )
( ) /1 — p
=—l$2+2'04_153N’1/2+0(N6’1) (4.20)
2 3JT=p ’ '
here and below log denotes the natural logarithm function with the branch cut R<.
Together with (3.2) and (4.10), we have for |£| < N¢/4

L—-N
qzz(Lw):Z—l(l—MgN—W)N(lJrilp éN‘l/z) -1
VI=0p

_e_g2/2_z Lo 2p =1 e 8/
B 3JT—pe§/2—;

When |£] > N€/4, it is easy to check that

- ENT12 4 O(Nf—l)). 4.21)

qzz(zv) ‘ > N 4.22)

for some positive constant c.
Similarly, for || < N¢/%, we have

L(w + p) 1 1/2< 1-2p 1 » )
=— N 14+ —&N O(N . 4.23
w(w + 1) p,/1_p$ + /—1_,0é +O(N7) (4.23)

4.3. Asymptotics ofC,(\%) (z; k, 0)

As we discussed before, the asymptotics of Cz(\?) (z; k, £) was obtained in [4] with a specific choice of parameters. The
idea is as following: write Cj(vz) (z; k, 0) as CI(\?)I (z) - CI(\%)Z (z; k, £), where C](\%)l (z) is defined in (4.14) and

Cyr@k 0= [T " JT @w+n e, “424)

UE Ry left VERy right

With the parameter setting in [4], they obtained (see Lemma 8.7 in [4])

lim C](VZ)Z(Z; k,0) = et1/3xA1(Z)+tA2(Z)(1 + 0(N€—1/2))’ (4.25)
N—o00 ’
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where A|(z) = —ﬁ Liz/2(z) and Ax(z) = —\/% Lis/2(z) are defined in (2.2). Together with (4.19) in Lemma 4.2,
one has
C](\%) (Z; k, e) — erl/3xA1(Z)+1’Az(z)+23(z)(l + 0(N€71/2)). (426)

The goal of this subsection is to check the proof of (4.25) in [4] also works under the more general setting (4.1),
(4.2) and (4.3). Considering that the asymptotic analysis in [4] was focusing on a different case which corresponds to
the flat initial condition and (4.25) appearing in the step case was only discussed briefly, and that some parts of the
proof will be used in later discussions, we would like to go through the main steps of the proof of (4.25) with the more
general settings in this paper. However, we will not discuss many details of the calculations unless they are necessary.

First we write the summation in log CI(\%.)z (z; k, £) as an integral. By using a residue computation, it is easy to see
that

(k—1) > log(-u)+ > ((—t+k)logw+1)+1tv)

UE Ry left UeRz,righl
—p+ico w+p dw
:LZL/ Gr(w) — Gy(—p) —— —, 4.27
oo G200 = 20 S 2 @27
where
Gr(w) = (k — 1)log(—w) + (£ —k)log(w + 1) — tw. (4.28)

Now we change variables w = —p + p/T — p§ N~1/2 where & € iR. Recall (4.22), it is sufficient to consider the
. . . . . €/2 . . ..
integral over || < N¢/4 since the integral for || > N¢/4 is exponentially small O (e~V / ). With this restriction and
the assumptions that ¢, k are bounded by 0(L3/ 2), we have
Ga(w) — Ga(—p)
_—k+pt—p(—p)_ Q2p—Dk—p2 _, —(1—=3p+3pHk+pt
- JTI=pNI2 2(1—p)N 3(1 — p)3/2N3/2

For notational simplification we write the first three terms a1£ + WmE* + az€3. By using the conditions (4.1)-(4.3), it
is direct to see that

£+ O(N1/2). (4.29)

aj=—1"Px+ 0N, a=0(N'"?), a=0(),

_ 20 =2p)az e p(=k+pt) _ r+o(N12) (4.30)
JI—pN1/2 3T T= pN32 :
Now by plugging (4.29), (4.21), and (4.23) we obtain that (4.27) equals to an exponentially small term O(e=<N 6/2)

plus

NG _£2
_/‘N z(a1$2+a2§3+a354)<1_ 20—1 e 5/2 §3N_1/2)

_iN€/4 e*fz/2 — 2 31 — 0 e*‘fz/2 —Z
1-2p v —12) 98 —1/2
1+ —=eN"12 ) = 4 0o(NV/?2), 431
x< =t )2m+ (Ne172) 31

By using the symmetry of the integral domain and integrating by parts, we find that the above quantity equals to

a7€/4 inE/4
L /IN ¥ & 20-2pa /IN @t dg o(N17)
U] iners e=822 — 7 27 3T=pN12 " P ) | iness e €22 — ; 2mi

2(1 = 2p)ay .~
=-a1A1(z) + <—m + 3a3>A2(Z) + O(N 1/2), (4.32)
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. 2 d . 4 d
where A1(z) = —\/% Liz2(z) = fms:o 6_5257712—51 and Ay(z) = —\/% Liz/n(z) = —% $E=0 6_5257712—51 are defined

in (2.2). Now we insert (4.30) into the above equation, we obtain that the right-hand side equals to t1BxA () +
TA2(z) + O(N€~1/2). Combing with (4.27), we have (4.25).

4.4. Asymptotics of AkCI(?) (z; k, 0)

By definition, we have

AkC/(VZ) (z; k,0) = C,(\%)(z; k,£) 1_[ (—u) 1_[ v+1)— 1>~ (4.33)

UE Ry 1eft VE Ry right

By applying (4.26) and the following Lemma, we obtain

A1(2) 13 _
Akcj(\/Z)(Zv k) — — pN1/2 e'L’ xAl(Z)+IA2(Z)+2B(Z)(1 + O(NG 1/2))’ (434)

where € is the same as in the previous subsection.

Lemma 4.3. For any fixed € satisfying 0 <€ < 1/2, we have

A1(2)

W(l +O(NT1?). (4.35)

> loglmwy+ ) logv+1)=

UERy left VE Ry right

Proof. By a residue computation similar to (4.27), we write the left hand side of (4.35) as

—ptioo w+p dw

LZL/ log(w/(—p)) —log((w+1)/(1 —p))) ————— —. (4.36)
—p—ioco ( g( /(=p ) g( / P )) w(w + 1)gz(w) 271

The rest of the proof is similar to (4.32) but much easier. We omit the details. O

4.5. Asymptotics of det(I + Kz(zlz o)

Similar to Cj(&) (z; k, £), the asymptotics of det(/ + Kz(zlg ;) Was obtained in [4] with a special setting of parameters.
The argument can be applied here for the general settings by a modification. Below we only provide the main steps
and omit the details.

By using the property that w™ (w + 1)2~N =zl for arbitrary w € R,, we rewrite the determinant as det(/ 4+ K Z(ZIZ 2
with the kernel o

~ 1
2
K, (i, u2) =ha(uy) , 4.37)
it RZ (1 = v)(u2 = V)ha(v)
where
g2 (w) qz,righl(w)2
LA N s w e R ’1 ft s
ha(w) = hog e (w) = § V0w e (4.38)
o 22(w) Yzsight (W) R, .
wtp  w2N W E Rzrights
with
W) wNw+1)/E=M
g2(w) = gop,e(w) = (4.39)

82(=p) (=p)N (=p + 1)/ LN
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and
22(w) = ok o (w) = w2 (w 4 1)~ (4.40)
Here j = ji in (4.39) is an integer sequence satisfying
t—(1—2p)t—yL=jL+O0(L"?). (4.41)
The existence of such j is guaranteed by (4.2). Moreover, since we assume ¢ and £ are both at most O (L3/?), we have

j=o'.
Now we consider the asymptotics of iz (w). Write w = —p + p/1 — pEN~"1/2_ Then we have

_ oy ww 1) LN 0 L)Y
@ (w)=e G220~ ~ (1 _ /1 peNTV 1+ ———¢N , (4.42)
—,0(—/0-1-1)( ) J1=p

where G is defined in (4.28). If we further assume |£| < N /4 the asymptotics of g»(w) can be obtained by using
(4.29) and (4.20)

g2 (w) = PEHREFNE (1 L (N1, (4.43)

where

b =—a = V3x + O(N_l/z),

1, 1 (I =20)(=pl+k+p(l—p)) 1 _1n

by=—ay—~j=~ =—y+O0(N1?),

2ETR TR ESY 20(1 = p)L 77 +0( )

2 2 (4.44)

l)__a4_2p—1.Nqﬂ_(ﬁ—hwﬁp)@—pb+%%%—bpﬂ—pﬁ+0HJ

BV 3701 = p) L

= —% +O0(N"12).
Here in the second and third equations of (4.44) we used the conditions (4.3) and (4.1). Thus we have

gr(w) =" EHEESE (14 o(N1/2)), (4.45)

Together with Lemma 4.2(a), we immediately obtain the asymptotics of i (w) when |w + p| < p/T — pN¢/4. For
the case when |w + p| > p/1 — pN€/4, one can show that A, (w) decays on w € Ry jere and grows on w € Ry right
exponentially fast as w — oo. The proof is similar to the case discussed in [4] and we do not provide details. The
explicit asymptotics is described in the following lemma, which was proved for the special parameters in [4].

Lemma 4.4 (Lemma 8.8 of [4]). Let € be a fixed constant satisfying 0 < € < 1/2.
(a) When u € Ry ett and |u + p| < po/1 — pNE/*=1/2 e have

N1/2
o1 — p§

where £ = % and Yyright is defined by (4.18), and the error term O(Ne_l/2 log N) in (4.46) is independent
ofuoré.

(b) When v € Ry right and |v + p| < p+/1 — pN€/4’1/2, we have

By () = i€ 57T xk v e (1 4 o (N1 2 1og N)), (4.46)

1 PPA=p1 et b= xe =y -
= en(£:0)+3 2787 (14 0(N<"210g N)), 4.47
@ CNI2 e ( + ( 0g )) ( )
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where ¢ = % and Yief; is defined by (4.16), and the error term O (N€~1/2 log N) in (4.47) is independent
ofvorg.

(c) When w € R, and |w + p| > p/T— pN/*=1/2 e have

_n3e/4
ho(w)=0(e" M), we Ryent (4.48)
or
1 _n3e/4
) = 0(e= M), w € Ryrignt. (4.49)

3e/4 )
Here both error terms O (e~ CN i ) are independent of w.

Lemmas 4.1 and 4.4 indicate the following result

lim det( + K ) =det(1 —K2), ), (4.50)

n—o00

where K ))C is an operator on S; jef; as defined in (2.5). TA rigorous proof needs a uniform bound of the Fredholm
determlnant on the left hand side and an error control when we change the space from R, to S, both of which were
considered in [4] for their choice of parameters. Their argument also works for the general setting of parameters.
Therefore we omit the details.

4.6. Asymptotics of Ay det(I + K(z))

Similar to the previous subsection, we write Ag det(/ + K, (2) g) as Ay det(] + KZQ,: 0

We first need the following two lemmas.

Lemma 4.5. For any fixed positive integer m, we have

Tim JT—pN'2 Y Acde[ K i)

UL,y € Ry Jeft
_ d d K(z) PN 4.51
= Z @ 13 et[— z;y(é"éf)]i,jﬂ' @3
El vvvvv EmESz,leﬂ y=rihx

Lemma 4.6. There exists some constants C and C' which do not depend on z, such that for all positive integer m we
have

N2y |Akdet[lgz(;2,z’£(u,-,uj)]Tj:l|§2mC’" 4.52)

M]’--n“mERz,lcft
forall N > C'.

We assume both lemmas hold. By using the dominated convergence theorem and the two lemmas above, we have

Jim /1 — pN'2 A det(1 + Kz(zlg D= —

m>1

1 d

4.53
ol dy (4.53)

> det[—/cf; GRDIA

i,j=1°
1/3
y= r/xé ,,,,, EmES left

— . )
"Note that Bief (¢ 2) = Dright(—¢. 2) = —/ 2= [Zao Litj2 (e /?) dw for ¢ € S righ.
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Moreover, the right-hand side is uniformly bounded. This further implies d%, ly=r1/3x det(I — Ingi) is well defined and
uniformly bounded. The above result can thus be written as ’

, e d
lim /T—pN'ZAdet(I + K, ) =

— det(1 — K@ 4.54
a5 |y, ( ) (4.54)

uniformly on z.
Now we prove Lemmas 4.5 and 4.6.

Proof of Lemma 4.5. Recall the definition of K 2(2,3 ¢ in (4.37). It is easy to check that
Ap det[kz(;zlz,l (u;, u])]

m
ij=1

Z AL det|: hok,e(ui) }
(i —v;)

ui —vi)hype(vp) | ._
_— Um € Ry sight ( j l) Z,k,l( 1) i,j=1

Z <l—[ (ui + Dv; 1) det[ hok,o(ui) } (4.55)
(vi + Du; (u; —v;)

SR S vl (uj —vi)hore(i) 1; j=

Here we emphasize the parameters in the function /7 (w) to avoid confusion. Hence we have

VI=pN'Z2 S Apdet[ R i u ]

Ulyeeny Um GRz_lefI

= Y Ji—oN" (]‘[ it Do 1) det|: hoike (i) } . (4.56)

(vi + Du; (i —vi)(uj —vi)hore(i) |; j=

ULseeny Um € Ry Jeft i=1

U1, Um € Ry right

Note that there are only O(L*") terms in the summation since |R,| = L, and when |u; 4+ p| > p/T — pN</* or
lv; + p| = po/T— pN€/* for some i the summand is exponentially small (see Lemma 4.4). Therefore we can restrict
the summation on all «; and v;’s of at most p/T — pN¢/* distance to —p. We write u; = —p + p/T — p& N1/ and
vi = —p 4+ p/T— pg; N~1/2 where |&|, |¢i| < N€/*. Then by applying Lemma 4.4 we have

“56)= Y (Z(&—mw(zvel/z))

E1yensbm \i=1

m

ePright (§1)—Pret (i)
det|:
§i¢i(&i—¢Ej— &)

+ 0N, (4.57)

+ O (N2 logN)j|
i,j=1

where the summation is over all possible &; and ¢; such that |&;], |¢;] < N¢/* and —p+p/1— péiN’l/z € Ry jeft and
—p+p/T=pGN7V2 € Ry g foralli = 1,...,m. And

1 1
Gright (€) 1= 2brignt (£, 2) — grsS + Eysz +1!'5x¢,
(4.58)

1 1
e (0) 1= —2b1er (£, 2) — §t§3 + Eygz 7By,
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for £ and ¢ satisfying € < 0 and 9¢ > 0. Recall that the error terms in (4.57) are all uniformly on &; and n; (see
Lemma 4.4), and note that there are at most O (N€/2) elements by Lemma 4.1 part (c). Therefore (4.57) equals to

o Pright (61 —@refe (&) m
i~ Gi)det + O(NM+De=1/2y A5
512 7 .... E WEZI(E &) de [aci(sf—zi)(é,'—;)l,j:l ( ) 4:59)
C1seeesm

Now by using Lemma 4.1 we know that these & and ¢;’s are chosen from a perturbation of /(M lefr) and
I (M rignt), the images of My jere and My rigne respectively. The perturbation size is uniformly bounded by
N3€/4=1/2 log N. Similar to the reasoning from (4.57) to (4.59), we can replace (4.59) by

Gright (§i) —Prefe (5i) m
l

Y Y- “det[s, & G —

&1y EmeI(MN left) =1
[STPR [ EI(MN rlghl)

ij=1

If we choose € small enough such that (m + 2)e < 1/2, then the above quantity converges to

ePright (§1)—refe (L) m
i| (4.61)

EDICE 5’”“[&;(& e

&l Em€S; left 1= 1
Clyeees &m €S2 right

l/l

Fmally we check that (4.61) equals to the right-hand side of (4 51) ThlS follows from the facts that bigne(§,2) =
f Lisp(e=® *12) de for all & € Sz 1eft> and Brerc (8, 2) = f Lij/a(e™ *12) de for all ¢ € S right, and
that Sz,rlght _Sz,left -

Proof of Lemma 4.6. We first prove the following claim.

Claim 4.1. There exist a positive constant C and C’ uniformly on z such that

Y Y JAmwm|=c (4.62)

U1ERy Jeft \| U2E€ Ry lefit

forall N > C’, where

A _ |E@)I?
uy, u2) i= /b2 )b ) |[E@) E(ua) ) Pa—— TR (4.63)

VE Ry right
and
plw+11 (1 —p)|wl 1/2(‘(1 pIW ‘ p(w+1) D
Ew):=1+ + N F1 4[24 ]). (4.64)
(1=plwl  plw+1] p(w+1) (1-pw

Proof of Claim 4.1. Note that E(w) is always positive and bounded by ¢; N'/? + ¢, uniformly on R,. On the other
hand, ho(u) and ho(v)~! are exponentially small when u € Ry 1eft, V € Ry right are of distance > 0(N5/4_1/2), see
Lemma 4.4(c). Thus it is sufficient to prove the following inequality

2
5 N |E(v)|?
» > |ha@)ha(un) E@)2E (u2)?] »
_ _ , luy — vlluz — v||h2(v)]
U1 E€Ry lef U € Ry Jeft UERz,nghl
1 +p| <N\ fuatp | <N/412 ool <Ne/4-1/2

<C. (4.65)
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On the other hand, it is easy to check that

E(—p+py1—peN"?) =3+

2 e—1/2 e—1/2
m|s|+0(zv ) <34+ CilEl+O(N ), (4.66)

uniformly for all |§| < N €/4 here C; is a constant independent of N (recall that p = py, € (c1, ¢2) depends on L). We
denote

E(—p+ py/1—peNT?) ;= the right-hand side of (4.66). (4.67)
Then (4.65) is reduced to
== |E()[? :
2 2 |h2(”1)h2(”2)E(”I)ZE(MZ)z|( DI o PR ToeesT
u1€Ry, left U2E Ry, left VERy right ! 2 2
lur+p| SNE/A=V2 | |up+p| <N€/4-1/2 lv+p|<Ne/4=1/2
<c. (4.68)

Using Lemmas 4.1 and 4.4, we see that the left hand side of (4.68) converges to

|g—</31eﬂ(£)| 2 169
Z Z ( Z Iél—illéz—il)’ (69

§1€8z et \| £2€Sz right $ES. right

e¢~7right (1) +right (62)
§15

as N — 00, where drigh (§) := dright(§) + 210g(3 + C1/€]) and e (¢) := Prert(¢) — 2log(3 + C1& ). The rigorous
proof of this convergence is similar to that of Lemma 4.5 and hence we do not provide details. Also it is easy to see

that (4.69) is finite. Therefore (4.68) holds for sufficiently large N. (Il

Now we prove Lemma 4.6. This idea is to express the summand on the left hand side of (4.52) as a sum of
determinants det[ A" (u;, u j)] where A®™ has similar structure of A in Claim 4.1, and then apply the Hadamard’s
inequality.

The first step is to write

Z det[ Vo e@i) /o e (u ) ] (4.70)

det[ zk, z(”l’ “1)] (i —vi) (W — vidhor e (Vi)

i,j= 1= i1
Vlseeny UmERz,righl L=

by using a conjugation, here \/h2.x ¢(u;) is the square root function with any fixed branch cut. Denote

Vi, o)/ hoge (1)
(u— )W — v)hop e (v)

Hio(u,u';v) = 4.71)

Similarly to (4.55), we have

N'2Apdet[K D) i up]?_

©(ui + Dy
=N/2 T T ) det|H U
v UZGR (,l_{ (vi + Du; ot e i o] =
Toeees m z,right M=
m n—1 m
=Z Z Nl/z(_p(”n )1—[ —,O(Mwl-l) |:(1—,0)Uin,e(ui,uj;vi):|
(1= p)uty A= o —pi + D) i

n=1vy,..., Um € Ry right
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1

N1/2<1 =P+ )n_ —p(vi + 1) |:(1 — P)vi Hy ¢ (ui,uj; Ui)]m
+Z Z l_[ (I —p)v; det i ) i,j=1

n=1vy,..., UmERL right (1 B p)vn i=1 _,O(vl + 1
m m
=Y " det] A™ (u;. u,-)];.’szl + ) det] A® (s, u,-)]j'szl, (4.72)
n=1 n=1
where
—pui+1) (1—p)vHy.e(ui,uj;v) .
(T—p)u; ZUER7nghtT+1)j: l<i<n-1,
) — 1/2 (=pQun+1) (A=p)vHge(iuj;v) .
AW Wi up) = ANV CEEED — DY g, gD e =1 (4.73)
(1=p)vHy ¢ (uiuj;v) .
ZUERzrigthJ’-l)j’ n+1=<i<m,
and
D ve Ry g k.t (i 15 0), l<i<n-—1,
i 1 .
AP (Ui uj) = 2 veRymgn N N2( (p(vplﬁ) — DHg ¢(uj,uj;v), i=n, (4.74)
(1=p)vHy ¢ (ui,uj;v) .
ZUERZ right —p(v+1) ’ n+1=<i<m.

It is easy to check that |[A"™ (u;,u;)| and |[A? (u;,u;)| are bounded by |A(u;, u;)| defined in the Claim 4.1. By
Hadamard’s inequality, we have

|det[A(")(u,, /) ij= 1|—H Z | AW (u;, /)| <l_[ Z (i 2 (4.75)

I<j=m ' € Ry Jeft

for all distinct uy, ..., Um € Ry left- As a result,

SR LR (A D SEN § WD DRTI:

Ulyeeny Um € Ry 1eft Uly.nny MmERz,Icftl 1 u eRz,letl

all distinct
=( >y |A(u,u')|2) <c” (4.76)

UERZ \eft || U €Ry left

by Claim 4.1. Similarly we have
> |del A% ;. uj)]j”j:1| <cm, 4.77)
all distinct

Also note that Agdet[K) , (u;, u DIy =0 if u; =u; for some 1 <i < j <m. By combing (4.72), (4.76) and
(4.77) we obtain (4.52). O

4.7. Proof of Theorem 1.1
Now we prove Theorem 1.1(a). By using the estimates (4.26), (4.34), (4.50) and (4.54), we obtain
. 2 2
lim /T pN'"Z Ay @ k) - det(! + K,7)))

d

_d AT ALD2BC) gor (] — K@
=5 M OTTMOIIEE der(1 — £12)). (4.78)

y=t1/3%
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Furthermore, by the discussions below (4.50) and Lemma 4.6, we know the left hand side of (4.78) is uniformly
bounded on z.
On the other hand, by using the sterling’s formula and (4.10), we obtain

(=N 1 _ NY(L — N)! _ 2n
(k) VT=pN'22L " LIpN (1 —p)L-NyT—pN1/2z 2

Theorem 1.1 follows immediately by inserting the above two estimates into (4.11).

(1+0(N7)). (4.79)

Appendix: Tail bound of the limiting distribution

In this appendix, we give some tail bounds related to the function Fy. These estimates are not optimal, how-

ever, they are sufficient to show that (1) Fy(x;t,y) is a distribution function, and (2) the nth moments of
hy (€L)—(1=2pp)er—2pr (1—pp)tL
—2p1/2(1—pL)'/2L1/2
t1, are defined in Theorem 1.1. The second statement follows in the same way as Theorem 1 in [3].
For simplification we only consider the case when v = 1. For other values of 7, the statements and proofs are the

same (with different constants).

converges to that of fo” dFy(x; t,y) for any finite n as L — oo, here pr, £ and

Define

hy (Bp) — (1 —2pp)8p —2 1— t

FP ) ::]P’< n(lr) —( 2/3,0L) L /OL]§3 PL)LSX) Al

_ZIOL (1 _pL)2/3tL
and
Np+1
(L) (=1 @, . @ dz

Gy (x) :Wig% (z; kL,ZL+1)-det(l—i—KZ;kL’ELH)zmzLH, (A2)

Np

where the parameters and notations are the same as in Theorem 1.1, and we suppress the parameters T = 1 and y in
the indices for simplification, and

ke =1+ peL —pr(1 = po)te +xp;> (1= pr)*1 . (A3)
By using Theorem 3.1, it is easy to check
(L) t21/3 d @), -
Fy (x):md_iGU (%), (A4)
where X is an point satisfying X = x + O(IL_]/3).

Proposition A.1 (Left tail bound of F, [(]L)). There exist constants o« > 0, ¢ > 0, C > 0 and C' > 0, such that
FP () <emehl” (A.5)
forall x < —C and L > C'|x]|.

Proposition A.2 (Right tail bound of ngL) ). There exist constants o« >0, ¢ >0, C > 0 and C' > 0, such that

—1/3
t L) P,
$ 1 eGP ()| z e (A.6)
i (= pp23 Y

forallx > C and L > C'x®8

8For general 7, the term x + 1 in (A.6) should be replaced by x + 7.
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Although we use the same notations of constants «, ¢, C and C’ in the above two propositions, their values are not
the same.
We also remark that these two propositions are analogous to Propositions 1 and 2 in [3].

A.1. Proof of Proposition A.1

The idea of the proof is to map the periodic TASEP to the periodic directed last passage percolation (DLPP). The
relation was discussed in [4] and [S] and we refer the readers to Section 3.1 of [5] for more details. Here we give a
brief description.

We first introduce the periodic TASEP. This is equivalent to TASEP on Xy (L) except we have infinitely many
copies of particles, which satisfy xz4+n(t) = xx(t) + L for all k € Z.

Similarly to the mapping between the infinite TASEP and usual DLPP, see [11], there is a mapping from periodic
TASEP to periodic DLPP described as following: Let v= (L — N, —N) be the period vector, and I be a lattice path
with lower left corners (i + xy+1-i(0),7) for i € Z. It is easy to check that I' is invariant if translated by v. Let w(q)
be random exponential variables with parameter 1 for all lattice points q which are on the upper right side of I'. We
require w(q) = w(q + v) for all q. Except for this restriction, all w(q) are independent. We then define

Hyp(q) = max > w(), (A7)

remw

where the maximum is over all the possible up/right lattice paths from p to q. We also define

Hr(q) = max Hp(q). (A.8)

Now we are ready to introduce the relation between particle location in periodic TASEP and last passage time in
periodic DLPP, see (3.7) in [5],

Py(xi (1) > a) =Py(Hr (N +a—k, N +1—k) <1), (A9)
where we use the notation Py to denote the probability functions in periodic TASEP and the equivalent periodic DLPP
model. Using (A.9) and the relation between height function /;(£;) and the particle location xi(¢), see (3.15), it is
straightforward to show the following

FP (0 =Py(Hr(@) <11), (A.10)
where q = (q1, q2) with

2/3 1/3
Qi = —pp)2t+y( —pr)L —xp; (1 — pp) 1),

23 13 (A.11)
@ =pitL —ypLL —xp;”" (1= pp)* 1,
The rest of this section is to show that there exist constants o > 0, ¢ > 0, C > 0, and C’ > 0, such that
Py(Hr(q) <) <e M (A.12)

for all x < —C and L > C’|x|. Then Proposition A.1 follows immediately.

The idea to prove (A.12) is to compare the periodic DLPP with the usual DLPP. This idea was applied in [5]
for periodic TASEP in sub-relaxation time scale. In the case we consider in this paper, we need a relaxation time
analogous of the argument. We first introduce some known results on DLPP model. The probability space for DLPP
is that all the lattice points q are associated with an i.i.d. exponential random variable w(q), we use P to denote the
probability associated to this space. Similarly to the periodic DLPP, we denote G(q) the last passage time from p
to q, and G A (q) the last passage time from the lattice path A to q. Finally we define B(c1,¢2) :={q = (q1,q2) €
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2230? c1q1 < qz < caqq} for arbitrary constants ¢y, c; satisfying 0 < ¢; < ¢;. From now on we fix these two constants
c1 and ¢;. It is known that [11]

lim P(M < x> = Foup(). (A13)
lq|—>o0 s(q)
qeB(ci,c2)

where d(q) = (/q1 + /q2)% and s(q) = (q1q2) "0 (/qr + «/Q2)4/3. The following tail estimate is also needed,
which is due to [1,3],

IED<G(q)—d(q) S_y)ie_qy (A.14)
s(q)

for sufficiently large y > C and q € B(cy, c2) satisfying |q| > C}. Here ¢3, C1 and C| are constants only depend on
c¢1 and c¢;. The last result in DLPP we need is an estimate of the transversal fluctuations. Define Bpg(y) to be the set
of all lattice points r satisfying

dist(r, pg) < ylq — p|*/°, (A.15)

where pq denotes the line passing through the two points p and q, and dist(r, pq) denotes the distance between the
point r and the line pq. We also define ;¥ (q) to be the maximal path from p to q in the usual DLPP. The following
transversal fluctuation estimate is currently known: There exist constants ¢4, C2 and C), such that

P(mg™ (q) € Bg(y) = 1— e~ (A.16)

for all y > C, and and q € B(cy, ¢2) satisfying |q| > C}. The analog of this estimate in Poissonian version of DLPP
was obtained in [7] and their idea can be applied in the exponential case similarly. We hence do not provide a proof
here.

Now we use (A.14) and (A.16) to prove (A.12). We pick k + 1 equidistant points 0 = q®,qM... q® =qonthe
line 0q such that

dist(v,0q) > C|q“*D —q@ |, i=0,1,....k—1, (A.17)

here k is some large parameter which will be decided later. Note that dist(v, 0q) = O(|q|*/?), hence the above in-
equality is satisfied as long as k is greater than certain constant.
Now note that Hr(q) > H1,1)(q) = Ho(q) + O(1) since (1, 1) is at the upper right side of to the initial contour I

by definition, and Hy(q) > Zf.:é Hy) (q*D), therefore

Py(Hr(q) <11) < kPy(Ho(q"") < 1./k). (A.18)
On the other hand, by using (A.16) we know that

Py (Ho(qM) < t1/k) <P(Go(qV) < 1/k) + e~csk ™ lal™ dist(v.00) (A.19)
provided |q| > C)k. Finally, by inserting (A.11) and then applying (A.14), we have

2/3

P(Go(q") <11/k) < ek I (A.20)
provided |q| > Cik and x < —C, where ¢5 and C are constants. By combing (A.18), (A.19) and (A.20), we obtain
Py (Hr(q) < 1) < ke 5K "Il 4 gemesk™ o™ distv.0a) (A21)

Finally we pick k = |x| and (A.12) follows immediately.
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A.2. Proof of Proposition A.2

The proof is similar to that of Theorem 1.1 but we do not need to handle the difference operator. We only provide the
main ideas here.
First we do the same change of variables as in (4.11) and write

(L DY L @ dz
Gy'(x)= T%z (CN @k, e+ 1) -det(I + K, ;1)) 5= (A22)
) koo
Now we assume x is large and pick z on the following circle
|z|=e". (A.23)
With this choice of z, by using a similar argument as in Section 4.3 we have
01(\12)(1; k. l+ )= exA1(Z)+A2(Z)+2B(Z)(1 + O(L_1/3))
1 X
=(1- (x+1)z) 1+ 0(L73) + 0(ze (A.24)
(1= e+ 021+ 0L + 0 e )

provided L > x°. By tracking the error terms, the term O (L~'/3) is analytic in z and can be expressed as ¢ + ¢’z +
O (z2L~'73) with ¢, ¢/ both bounded by O(L~!/3).

Similarly to Section 4.5, we write det(I + Kz(;zlz,ul) as det(] + 151(2,26) whose kernel is defined in (4.37). By a
similar argument as Lemma 4.4, one can show that the kernel decays exponentially

~ N 1 1.3
B2 (6, m)| < e 46 00 T tam) (A.25)

for all £, n € S; 1err and sufficiently large x. Here ¢ > 0 is a constant. The heuristic argument is as following: Suppose
& =a-+1b € S; 1t with a < 0, then a?—b*=2x by (A.23). It is a direct to show that the leading term in the exponent
of h(u) in Lemma 4.4(a) (after dropping the term %y&‘z, whose real part is independent of £ and hence cancels with
the counterpart from 1/h(v)) is

LYE 28 ya<tra< 20
R —3§ +x8 ) =30 —xa=3xa < —2x"" K0 (A.26)

Similar estimates for the leading term in the exponent of 1/4(v) in Lemma 4.4(b) hold. Therefore we have (A.25).
Finally, by using (A.25) and (A.26), it is a direct to prove that

3/2
)

det(I+ K3 )=1+0(e (A.27)

for a different positive constant c. Since the above argument is similar to that in Section 4.5, we do not provide details.
Finally by combing (4.79), (A.24) and (A.27), also noting that z' = (—=1)V IFé‘Z, we obtain that

Gy (x) =/oL (I = p) L' (x + 14 0(e™)). (A.28)

Hence we obtain Proposition A.2.
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