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Abstract. The class of R-diagonal *-distributions is fairly well understood in free probability. In this class, we consider the concept
of infinite divisibility with respect to the operation H of free additive convolution. We exploit the relation between free probability
and the parallel (and simpler) world of Boolean probability. It is natural to introduce the concept of an n-diagonal distribution
that is the Boolean counterpart of an R-diagonal distribution. We establish a number of properties of n-diagonal distributions, then
we examine the canonical bijection relating n-diagonal distributions to infinitely divisible R-diagonal ones. The overall result is a
parametrization of an arbitrary B-infinitely divisible R-diagonal distribution that can arise in a C*-probability space by a pair of
compactly supported Borel probability measures on [0, 00). Among the applications of this parametrization, we prove that the set
of H-infinitely divisible R-diagonal distributions is closed under the operation X of free multiplicative convolution.

Résumé. Dans le cadre des probabilités libres, la classe des *-distributions R-diagonales est assez bien comprise. Dans cette classe,
nous nous intéressons au concept d’infinie divisibilité par rapport a I’opération de convolution additive libre H. Nous exploitons
la relation entre probabilités libres et le monde parallele (et plus simple) des probabilités booléennes. 11 est naturel d’introduire
le concept de distributions n-diagonales, qui sont la contrepartie booléenne des distributions R-diagonales. Nous établissons un
certain nombre de propriétés des distributions 7-diagonales, avant d’examiner la bijection canonique reliant les distributions n-
diagonales aux distributions R-diagonales indéfiniment divisibles. Le résultat principal est la paramétrisation par une paire de
mesures boreliennes sur [0, 00) a support compact de toutes les lois R-diagonales H-indéfiniment divisibles pouvant apparaitre
dans un C*-espace de probabilités. Parmi les applications de cette paramétrisation, nous montrons que I’ensemble des distributions
R-diagonales H-indéfiniment divisibles est fermé sous I’opération X de convolution multiplicative libre.

MSC: Primary 46L.54; secondary 46L.53; 60E07; 60E10
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1. Introduction

Free additive convolution H is a binary operation on the set P of Borel probability measures on R, reflecting the
addition operation for free selfadjoint elements in a noncommutative probability space. The properties of this operation
parallel in many respects the ones of the usual convolution on P, for instance in the treatment of infinite divisibility.
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One way to approach H-infinite divisibility is to use a bijection constructed in [5] which relates free independence

to another form of noncommutative independence, namely Boolean independence. In this paper we focus on prob-
ability measures with compact support, so we view this bijection as a map B : P, — Pc(mf'dw), where P, is the set
of probability measures with compact support on R, while Pc(mf'dw) consists of those measures u € P, which are

H-infinitely divisible, that is, have the property that for every n € N, there exists u, € P, satisfying

M BBy =p. (1.1)
B

n

The bijection B connects the fundamental transforms of free and Boolean probability, the R-transform and respec-
tively the n-series. For u € P, both of these transforms R/, (z) and 7, (z) are convergent power series. The bijection
B is described by the equation

Ry =nu, HneP.. (1.2)

More precisely, for every u € P, there exists a uniquely determined measure v € P(Einf'div) such that R, = ,,, and one
defines B(w) :=v.

At the level of compactly supported distributions, the bijection B is precisely the parametrization of H-infinitely
divisible distributions provided in [19]. This was extended in [5] to the space P of all Borel probability measures
on R. In a different direction, the bijection B was extended in [3] to the space of joint distributions for k-tuples of
selfadjoint elements in a C*-probability space. Our goal in this paper is to use a multivariate version of the bijection
B in order to study H-infinitely divisibile R-diagonal distributions, a significant class of x-distributions considered in
free probability.

To explain our results, we introduce some notation. We let D, (1, ) stand for the collection of all x-distributions of
(generally, not selfadjoint) elements in a (generally not tracial) C*-probability space. There is a natural operation H
on D, (1, x) which corresponds to the addition a + b of two variables a, b in the same space such that {a, a*} is free
from {b, b*}. Infinite divisibility in D.(1, %) is defined as in (1.1), and we denote by D, (1, *)-d) the collection of
H-infinitely divisible elements of D, (1, x). The notions of R-transform and n-series also have natural extensions to
the context of *-distributions.

The results of [3], specialized to two selfadjoint variables, can be applied to D.(1, *) after a simple change of
coordinates. There is again a bijection B(j ) : Dc(1, %) = Dc(1, *)(inf'div) defined by the requirement that

RIB%(L*)(;L) =N, MEDC(lv*)* (13)

This is analogous to the condition (1.2) satisfied by the original bijection IB, but proving the existence of B(j 4) is more
than a trivial extension of the proof for B, and requires a mixture of combinatorial and analytic methods.

We turn now to R-diagonal x-distributions, which can be succinctly described as the distributions in D, (1, %)
that are invariant under multiplication by a free Haar unitary (see [15, Theorem 15.10, p. 244]). This class of
x-distributions has received quite a bit of attention in the free probability literature. In particular, elements with R-
diagonal x-distributions were among the first examples of non-normal elements in W*-probability spaces for which
the so-caled ‘Brown spectral measure’ was calculated explicitly (in [10]), and for which the Brown measure tech-
niques could be used to find invariant subspaces (in [17]). R-diagonal *-distributions also appear in large N limit
results for random matrices, in connection to the so-called ‘single ring theorem’ [9].

For our purposes, it is best to consider the original definition [14] of R-diagonal distributions which asks that the
R-transform of the distribution be in some sense ‘diagonal’ [15, Definition 15.3, p. 241]. From this point of view, it
is clear how to define the Boolean counterpart of R-diagonality: we simply say that a x-distribution is n-diagonal if
its n-series is diagonal. The map B(; 4, defined by (1.3) will then give a bijection between the set of all n-diagonal
distributions in D, (1, x) and the set of R-diagonal distributions in D, (1, x) which are H-infinitely divisible.

The above discussion shows that there is some interest in studying n-diagonal distributions. In this paper we point
out a few general algebraic and combinatorial properties of such a distribution w, which actually hold for x in a
larger, purely algebraic space Dyg(1, *). The property of a distribution p € Dy(1, *) of being n-diagonal has an
elegant description phrased directly in terms of the *-moments of w. This result (Theorem 2.8) is reminiscent of
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(but simpler than) the description [13, Theorem 1.2.1] of R-diagonal variables in terms of their *-moments. The n-
diagonal distributions also have other algebraic and combinatorial properties that are analogous to known properties
of R-diagonal distributions. In particular, if @ is an n-diagonal element in a *x-probability space (A, ¢) (which means,
by definition, that a has n-diagonal *-distribution with respect to ¢) then it follows that aa* and a*a are Boolean
independent elements of A, and that the coefficients of the n-series of aa™ and a*a are read from the so-called
determining sequences for the x-distribution of a. For details on the terms used above and for a discussion of why this
is indeed analogous to known facts about R-diagonals, see Remark 3.4 below.

In the case in which the n-diagonal distribution w is in D.(1, %), we point out a natural parametrization for u, given
by a pair of compactly supported Borel probability measures on [0, 00). That is, we establish a canonical bijection

{w e De(1, %) : pis n-diagonal} 5 pu < (01,02) € P x P, (1.4)

where P:r :={o € P.:0([0,00)) = 1}. Without going into details, we mention that all the *-distributions appearing
in this paper are defined as linear functionals on the algebra C(Z, Z*) of complex polynomials in the non-commuting
indeterminates Z and Z*, and that the correspondence u <> (o1, 02) from (1.4) amounts to the equalities

o0

u((ZZ*)”)=/ t"doy (1) and M((Z*Z)n)=/oot”d02(t), neN. (1.5)
0 0

In other words, the probability measures o7 and o5 which parametrize  in (1.4) are simply the distributions of ZZ*
and of Z*Z with respect to the functional . The relevant point here is that for any given o1, 02 € P there exists a
unique n-diagonal distribution u € D, (1, x) such that (1.5) holds; we will prove this point by producing an operator
model for u (an operator A on a Hilbert space K, such that the required w appears as *-distribution of A with respect
to a suitably chosen functional on B(K)).

When the bijection B(; «) is applied to { € D (1, *) : u is n-diagonal} in (1.4), we obtain a bijection

v is R-diagonal and

{v €D.(1,%): H-infinitely divisible

}Bve(ol,az)e’ijPj. (1.6)

Thus, we have a parametrization of a general H-infinitely divisible R-diagonal distribution by a pair of probability
measures from P.. Analogously to (1.5), it is possible to write explicitly the relation connecting o1, 0, to the distri-
butions of the elements ZZ* and Z*Z in the noncommutative probability space (C{Z, Z*), v). Theorem 6.4 below
realizes this parametrization by providing precise formulas for the R-transforms of ZZ* and of Z*Z.

An important subclass of R-diagonal distributions consists of those which satisfy the KMS condition for some
parameter ¢ € (0, 00). This is a generalization of the trace condition, where the latter corresponds to the special case
t = 1 (see the review in Section 3 below). For an R-diagonal distribution v which satisfies KMS with parameter ¢,
one can process further the result of Theorem 6.4 in order to obtain explicit formulas for the distributions of ZZ* and
of Z*Z, in terms of the probability measures o1 and o, which parametrize v. These formulas invoke some commonly
used elements of free harmonic analysis on P, and are given in Proposition 6.8.

As an application of the parametrization from (1.6), we prove that the set of H-infinitely divisible R-diagonal
x-distributions is closed under the operation X of free multiplicative convolution. This provides a non-selfadjoint
counterpart to the line of studying closure properties of H-infinitely divisible distributions which was pursued in the
selfadjoint framework in [1] (also, quite recently, in [8]).

In addition to the present Introduction, the paper contains 6 sections. Section 2 introduces n-diagonal *-distributions
and discusses some of their algebraic properties. Section 3 is devoted to a review of R-diagonal x-distributions, with
emphasis on facts that are needed in the present paper. In Section 4 we verify that the bijection B(; ) does indeed
work on D,(1, %) in the way described in (1.3). Section 5 presents the operator model for n-diagonals which is the
main ingredient in establishing the bijection (1.4). Section 6 contains our results concerning the parametrization of
infinitely divisible R-diagonal distributions, and a discussion of the KMS example. Finally, Section 7 discusses the
application to free multiplicative convolution.
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2. p-series and n-diagonal %-distributions

Notation 2.1. (1) We denote by W7 the set | |72, {1,*}" consisting of all non-empty words over the two-letter
alphabet {1, x}. This is a semigroup (without unit) under the natural operation of concatenation. We denote by |w| the
number of letters in a word w € WT.

(2) The algebra of complex polynomials in two non-commuting variables Z and Z* is denoted, as usual, by
C(Z, Z*). For every word w = ({1, ..., £,) € W™ we write

Z¥=2z"... 2 eC(z, z*).

The set {1} U {Z¥ : w € W} is a basis of C(Z, Z*) as a complex vector space.

(3) An algebraic *-distribution is a linear functional u : C(Z, Z*) — C such that (1) = 1. (At this stage we do
not require y to have any additional properties.) The values of x on monomials Z* (with w € W) will be referred
to as x-moments of L.

(4) The collection of all algebraic *-distributions from (3) is denoted Dyjg(1, *).

Notation 2.2 (Series and their coefficients). (1) The algebra of formal power series in two non-commuting inde-
terminates z and z* is denoted, as usual, by C((z, z*)). The collection Cy((z, z*)) C C{(z, z*)) of power series with
vanishing constant coefficient is a two-sided ideal in C((z, z*)). An arbitrary element f € Co{(z, z*)) is of the form

o0
f(z,2%) = Z Z a2t = Z oyz”, 2.1
n=141,...0,€{l,%} weW+
where the coefficients o, are complex numbers, and for w = (¢1, ..., £,) € W' we use the notation z* = b gt

(2) Given w € W, we denote by Cf,, : Co{(z, z*)) — C the linear functional which extracts the coefficient of z%
from a series f € Co{(z, z*)). That is, if f is given by (2.1), we have Cf,,(f) = o), w € WT.

(3) It will be convenient to also have a dedicated notation for certain products made with the linear functionals Cf,,
from the preceding paragraph. More precisely, let n be a positive integer and let m = {Bjq, ..., B} be a partition of
{1, ..., n}; the latter term means that By, ..., By (which are called the blocks of ) are non-empty sets with B; N B; =
@ fori # j and with By U---U By ={1,...,n}. Given a word w = ({1, ..., £,) € WT with |w| = n, we then define
a functional (non-linear unless 7 consists of only one block) Cf,,., : Co{(z, z*)) — C, as follows. For every block
Bi={bi1,....,bin} where 1 <b; | <--- <b; y, <n, weset

w|B; = (L1, ..., L) |B; = Uy, ..., Ly, ) € {1, %)™,
Then we define
k
Clur () =] [ Cluis, (f).  f € Coffz. 2¥))-
i=1

[Suppose, for instance, that n =5, w = {{1,4,5},{2,3}}, and w = (€1, ..., £5). Then Cfy.» (f) = Cf(¢, ¢4,05(f) -
Cley,05)(f), f €Col(z, 2%)).]

Definition and Remark 2.3 (Moment series, n-series). Fix p € Dy (1, *). (1) The moment series of 1 is defined as
My =3 e+ (Z7)2" € Col(z, 2%)).
(2) The n-series of w is defined as
=M1+ M) ' =0+M,)"'M, € Cof(z, ")), 2.2

where all the algebraic operations are performed in the algebra C((z, z*)).
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(3) It is immediate from (2.2) that the series M, can be retrieved from 7, by the formula

My=n,0 =0 =1 =n)" ", (2.3)

(4) The right-hand side of (2.3) can be written as a geometric series Y -, nﬁ, which converges coefficientwise, in
the sense that for every w € W™ one has

o0
Cty,(My) = Z Cfy (nﬁ) (convergence in C).
k=1

The series on the right-hand side of the latter equation is convergent due to the obvious reason that, denoting |w| =: n,
one has Cf,, (nﬁ) =0 for all £ > n. It is also worth recording that for 1 < k < n the coefficient Cf,, (nﬁ) can be related
(via a direct inspection of how the k-fold product of n,, with itself is formed) to the generalized coefficients Cf,.
from Notation 2.2:

Cfy (1)) = > i (110)- (24)
7 interval partition
with k blocks of {1,...,n}

In (2.4) we used the customary term of interval partition for a partition & of {1, ..., n} such that every block B of &
is of the form {a,a+ 1, ..., b} forsome a < b in {1, ..., n}. We will also use the customary notation Int(n) for the set
of all interval partitions of {1, ...,n}. By summing over 1 <k <n in equation (2.4), one obtains a very useful explicit
formula for the coefficients of M, in terms of those of 7,,, namely

Cf, (M) = Z Clyr(ny),  weWT with |w| =n. (2.5)

m €lnt(n)

An analogous argument converts (2.2) into the formula

Cly() = Y (=D"Cly (M), weW? with [w|=n, (2.6)

melnt(n)

where || denotes the number of blocks of the partition 7.
Remark 2.4. It is clear that the map Dyag (1, %) > u = M, € Co((z, z*)) is bijective. Equations (2.2) and (2.3) show
that the map Dye(1, %) > > 1, € Co((z, z*)) is a bijection as well. In other words, we can define a distribution

w € Dyg(1, %) by specifying its n-series.

Definition 2.5. A word w € W is said to be alternating when it is of the form

w=(,*%1,%....,1,x)=(,%)" or w=0C1,%1,...,% 1)=( 1",
— —
2m 2m

for some positive integer m. In the first case w is said to be of type (1, *), and in the second case w is said to be of type
(%, 1). In these formulas, powers are taken relative to concatenation. Note in particular that alternating words have
positive, even length.

Definition 2.6. (1) A distribution u € Dyg(1, *) is said to be n-diagonal if Cfy,(1,) = 0 for every word w € wt

which is not alternating.
(2) If w is n-diagonal, its n-series is thus of the form

nu(z.2%) =D an(z2)" + D Bu(z*2)",
n=1 n=1
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with o, B, € C for n € N. The sequences (a,);,>, and (B8,),2, will be called the determining sequences of the
n-diagonal distribution p.

The main goal of the present section is to reveal an equivalent characterization of n-diagonal distributions, which
is phrased directly in terms of *-moments. For this purpose, we require one more concept related to words in W.

Definition and Remark 2.7. (1) A word w = ({1, ..., £,) € WT is said to be mixed-alternating if n = 2m is even
and if the letters of w are such that ox_1 % oy, for k = 1,2, ..., m. Equivalently, w is mixed-alternating when it
belongs to the concatenation subsemigroup of W generated by the words (1, %) and (x, 1).

(2) By grouping factors, it is easily seen that every mixed-alternating word w can be written in a unique way as a
concatenation of alternating words such that consecutive words are of different types. Indeed, if we write such a word
as

W=wiwy- - Wp, 2.7
where p > 1, each wj; is alternating, and w; is not of the same type as w; 41,1 = 1,2, ..., p — 1, then the boundaries
between the words wy, ..., w), can be retrieved at the places where w has two consecutive identical letters.

[For example, w = (1, %, 1,%,1,%,%,1,%, 1, 1,%,%, 1,%, 1) is mixed-alternating and its canonical factorization
(2.7) is wiwawzwg with wi = (1, %), wy = (x, D2, w3 = (1, %), wg = (x, 1)%]

Theorem 2.8. For every distribution j1 € Dag (1, %), the statements (a) and (b) are equivalent.

(a) w is n-diagonal.
(b)  satisfies the following conditions®:
(nDM1) Whenever w € W is not mixed-alternating, it follows that (Z"¥) = 0.
(nDM2) Whenever w = wy---wp € W is mixed-alternating and factored as in (2.7), it follows that W (Z¥) =
H(Z™Y) - (ZP).

The proof of the implication (b) = (a) in the above theorem requires two auxilliary results.

Lemma 2.9. Suppose that a distribution |1 € Dyg(1, *) satisfies the condition (1DM1). Then Cf,,(n,,) =0 for every
word w € W that is not mixed-alternating.

Proof. Suppose that w is not mixed alternating and |w| = n. We prove that Cfy,(n,) = 0 by showing that each
term in the right-hand side of (2.6) vanishes. Indeed, let # = {J1, ..., Jy} € Int(n) be a partition where the intervals
J1, ..., Jy are listed in increasing order. Observe that w = (w|Jp) - - - (w|J,,) (concatenation product). Since w is not
mixed-alternating, there must exist an index 1 < k < m such that w|Jy is not mixed-alternating. For this k, condition
(nDM1) yields Cfy, s, (M,,) = 0. Therefore the term indexed by 7 in (2.6) vanishes as well because Cfy g, (M) is
one of its factors. The lemma follows. ([l

Lemma 2.10. Let 1, v € Dyg(1, %) be such that

(1) Both  and v satisfy conditions (W"DM1) and (nDM2), and
(2) Cfy(nu) = Cfy(ny) for every alternating word w € W.

Then = v.

Proof. If w € W is not mixed-alternating then pu(Z%) = v(Z¥) = 0 because u and v satisfy (yDM1). Thus it
suffices to verify that u(Z"%) = v(Z") for mixed-alternating words w. In fact, it suffices to prove this equality when

3The acronym nDM is meant to suggest n-Diagonality-in-Moments.



Eta-diagonals and infinite divisibility for R-diagonals 913

w is alternating. Indeed, suppose for the moment that the equality has been proved for alternating words and let
w € WT be a mixed-alternating word. Consider the canonical factorization w = wy - - - w p indicated in (2.7). We have

/L(Zw) = ,u(Z"”) . /,L(Zw/’) (by (nDM2) for /L)
= v(Z w') S v(Z wP) (by assumption on alternating moments)
= v(Zw) (by (nDM2) for v).

We conclude the proof by showing that £ (Z") = v(Z"¥) for every alternating word w. By symmetry, it suffices to
verify that u((Z*2)™) =v((Z*Z)™) for every m € N. Fix m and write u((Z*Z)™) and v((Z*Z)™) as sums indexed
by Int(2m), in the way indicated in (2.5). We show that for every m € Int(2m), the terms indexed by 7 in the two
sums (for u and for v) are equal to each other. If 7 has a block B of odd cardinality, then the terms we are looking at
are both equal to 0 because they include the factors Cfy, g (#,,) and respectively Cf,,g(n,), and these factors are zero
by Lemma 2.9. If all the blocks of & are even, we write m = {J1, ..., Ji} where the intervals Ji, ..., J; are listed in
increasing order, and where |J1| = 2d, ..., |Ji| = 2dy for some dj, ..., d; € N. The terms indexed by 7 in the two
sums we consider are then

k k
[ [Cfiya (nu)  andrespectively [ [ Cf,. jya (1), (2.8)

i=1 i=1

where we used the fact that (x, 1)"|J; = (, 1)%, for 1 <i < k. The two products in (2.8) are indeed equal by assump-
tion (2) in the statement. O

Proof of Theorem 2.8. Suppose first that p is n-diagonal. We verify that it satisfies (PDM1) and (DM2). The
hypothesis on 1 says in particular that Cfy,(1,,) = 0 for every w € W+ which is not mixed-alternating. To prove
(nDM1), we must show that Cf,,(M,) = 0 for every such word. This argument is carried precisely as in the proof
of Lemma 2.9, with the roles of M, and n, being reversed and with (2.5) in place of (2.6). The reader will have no
difficulty verifying the details.

In order to show that u also satisfies ()DM2), fix a mixed-alternating word w € W7, with canonical factorization

w=wi---Wp as in (2.7). Set n = |w| = |wy| + --- + |wp|, and let pg be the partition of {1,...,n} into intervals
Ji, ..., Jp (written in increasing order) with lengths |J1| = |wy], ..., |Jp| = |w,|. Given a partition 7 of {1,...,n},
we write w < po if every block B of 7 is contained in one of the blocks Ji, ..., J, of pg. (This relation is usually

called the reverse refinement order on partitions.)

Next, we use (2.5) to express the coefficient Cf,, (M) = (Z") as a sum indexed by Int(n). The special structure
of the coefficients of n, implies that a partition 7 € Int(n) has a zero contribution to that sum unless w < pp. It is
immediate that the partitions € Int(n) satisfying w < pop are in natural bijective correspondence to tuples of partitions
(1, ..., mp) where my € Int(Jy), ..., m, € Int(Jp). This correspondence is such that for 7 < (i1, ..., 7,) we have

wa;n(nu) = Cfun;m (nu) te wap;np (nu)-

These observations lead to the formula

p

M(Zw) = Z Cluyimy (1) -+~ Chu i, (1) = H( Z wai;m(n#))
m€lnt(Jy),..., i=1 “melnt(J;)
p€lnt(Jp)

In the latter product, one more application of (2.5) identifies

Y Clum ) =p(2"), 1<i<p,

i elnt(J;)

thus implying the desired conclusion that u(Z") = f’: | (ZP).
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Conversely, assume now that p satisfies conditions (nDM1) and (nDM2). We show that it is n-diagonal by an
indirect argument: we construct an n-diagonal distribution v € Dy (1, *) and then prove that = v. The distribution v
is defined by specifying its n-series (see Remark 2.4), namely Cfy, (n,) = Cf,,(5,,) if w is alternating and Cf,, (n,) =0
otherwise. To prove that u = v we show that u and v satisfy the hypothesis of Lemma 2.10. Indeed, both n and v
satisfy (nDM1) and (nDM2): & does so by hypothesis, while v does so because it is n-diagonal and by virtue of the
implication (a) = (b) proved above. On the other hand, if w € W is an alternating word, the equality Cf,, UM
Cf,, (ny) is true by the definition of v. This concludes the proof of the theorem. ]

Remark 2.11. Let (A, ¢) be a noncommutative probability space (that is, .A is a unital algebraover C, ¢ : A — Cisa
linear functional, and ¢ (1) = 1), and let ay, a; € A. Recall [18] that aj, a; are said to be Boolean independent provided
that, given positive integers n, py, ..., p, and indices i1, ..., i, € {1,2} such that iy # iz fori =1,...,n — 1, the
following identity is satisfied:

P Pn p Pn
(p( lll ) 'ain ) = gD(al'll) . (p( in )
Now consider the noncommutative probability space (C(Z, Z*), u), where p € Dyie(1, #) is n-diagonal. Condition
(nDM2) of Theorem 2.8 can be restated as saying that ZZ* and Z*Z are Boolean independent in (C(Z, Z*), ).

Remark and Notation 2.12. Another relevant fact concerning an n-diagonal *-distribution x concerns the individual
n-series of ZZ* and Z*Z in the noncommutative probability space (C(Z, Z*), ). If a is an element in a noncom-
mutative probability space (A, ¢), then its moment series and n-series My, n, € C[[z]] are defined as in Definition 2.3
but using moments in place of *-moments: first we set M,(z) = ZZO: 1 ¢(a™)z", and then define

Na(2) = Mu(Z)/(l + Ma(Z)) e C[z].

The coefficients of M, and n, are related to each other via summations over interval partitions which are analogous
to those shown in (2.5), (2.6) (and are derived the same way, by starting from the algebraic relations satisfied by the
series themselves). We explicitly record here the analogue of (2.6):

Chna)= Y (D" [Te(@@®). neN, (2.9)

pelnt(n) Bep

where (by analogy with Notation 2.2(2)) we use the notation Cf, : C[[z]] — C for the linear map that extracts the nth
coefficient of a series in C[[z]].

When applied to the elements ZZ* and Z*Z from the framework of Theorem 2.8, these observations yield the
following result.

Proposition 2.13. Suppose that 1 € Dyg(1, %) is an n-diagonal distribution, and let ()52 Bl (,Bn)oo be its deter-
mining sequences (as introduced in Definition 2.6(2)). Then in the noncommutative probability space ((C(Z VASNITHN
the elements ZZ* and Z*Z have n-series given by

oo o0
Ny @)= o and ., ()= B
n=1 n=1

Proof. By symmetry, it suffices to prove the first formula. Equation (2.9) yields

Cli(n,)= Y. DT u((zz9)®), nen. (2.10)

pelnt(n) Bep

For the remainder of the proof, we fix n € N and verify that the right-hand side of (2.10) is equal to cy,.
For every partltlon p = {J1, ..., Jk} € Int(n), with intervals Ji, ..., Ji written in increasing order, we define a
doubled partition p = {J], .. Jk} € Int(2n). This is the interval partition uniquely determined by the requirement
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that fl e j;c come in increasing order and satisfy |7,~| =2|J;| for 1 <i < k. With this notation, it is easily seen that
the right-hand side of (2.10) can be written as

> (=DPICE 5 (M)
p€lnt(n)

This, however, is the same as

Y (=DICE i (M)

melnt(2n)

Indeed, due to the special structure of the x-moments of u described in Theorem 2.8, all the terms in the latter sum,
corresponding to partitions 7 € Int(2n) which are not of the form p, are equal to 0. We conclude that

Cla(n,) =Y (=D pynir (M) = Clit sy (1) = ot

 €lnt(2n)

where (2.6) is used in the second equality. ([

3. R-transforms and R-diagonal *-distributions

The discussion in Section 2 is better put into perspective when one compares it to the parallel (more elaborate)
free probability framework. In the free probability framework, instead of n-series one works with R-transforms, and
one has the concept of what it means for a -distribution p € Dyg(1, %) to be R-diagonal. The class of R-diagonal
x-distributions is in fact rather well-studied in the free probability literature. Here we review some of their basic
properties, mostly following [15, Lecture 15], and with emphasis on the facts we need in the present work.

Remark 3.1. On a combinatorial level, switching to the world of free probability comes to using non-crossing par-
titions instead of interval partitions. We recall that a crossing of a partition w of {1,...,n} consists of integers
1 <a <b < c<d <n such that the set {a, c} is contained in a block of 7 and {b, d} is contained in a different
block of &. A partition is non-crossing if it has no crossings. We denote by NC(n) the collection of all non-crossing
partitions of {1, ..., n}.

Similarly to the lattice Int(n), the set NC(n) is partially ordered by reverse refinement. The minimal and maximal
elements with respect to this partial order are denoted by 0, (the partition of {1, ..., n} into n singleton blocks) and
respectively 1, (the partition of {1, ..., n} into one block).

We record a notation and an elementary observation needed in the final part of this section. For every n € N,
we denote by NCE(2n) the collection of all the partitions & € NC(2n) with the property that every block of 7 has
even cardinality. Observe that if 1 € NCE(2n) and if V = {k1 < kp < --- < ko, } is a block of &, then the numbers
ki,ko, ..., ko, have alternating parities. Indeed, for every i = 1,...,2m — 1, the set {k; + 1, k; +2,...,kix1 — 1} is
a union of blocks of , and hence has even cardinality, which implies that k;1 is of opposite parity from ;.

For a discussion of other elementary facts concerning NC(n), we refer to [15, Lecture 9].

Remark 3.2 (Review of R-transforms). (1) The R-transform of a x-distribution € Dye(1, *) is the series R, €
Co((z, z*)), whose coefficients are uniquely determined by the requirement that they relate to the x-moments of u by
the formula

Cly(My) = Y Clyz(Ry), weWandn=|wl. (3.1)
weNC(n)

Equation (3.1) is the free probabilistic counterpart of (2.5). It is often referred to as the moment-cumulant formula for
free cumulants (see [15, Lecture 11] for an explanation of this terminology).

One can also define the series R;, by an equation involving the series M, and R, themselves (rather than their
coefficients, as in (3.1)). More precisely, R, is the unique series in Cy((z, z*)) that satisfies the functional equation

R (214 Mo (202)). 2 (14 Moz ) = Mz ) (32)
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(see [15, Corollary 16.16]). This is the free probabilistic analogue of (2.2), but now we only have an implicit functional
equation rather than an explicit formula describing the series R,,.

An easy inductive argument in the moment-cumulant formula (3.1) shows that one can recover M, from R, and
that (as in Remark 2.4) we have a bijection

,Dalg(L *) > I’L = RI'L S CO((Z, Z*>>

In other words, one can define a distribution u € Dyig(1, *) by specifying its R-transform.

(2) Consider the framework of Remark 2.11, where we discussed the moment series and n-series M, n, € C[[z]]
associated to an element a in a noncommutative probability space (A, ¢). In that framework one also has an R-
transform associated with the element a € A. This is the series R, € C[[z]] that relates to M, by

Ct,(M,) = Z Cfn;n (Ry), neN (3.3)
weNC(n)
and
Ra(z(1+ Ma(2))) = Ma(2). (3.4)

These formulas are analogous to (3.1) or (3.2), respectively. For a detailed discussion of the algebraic aspects of R-
transforms (covering both the series R, in part (1) of this remark and the series R, in part (2)), see [15, Lecture 16].

Definition 3.3. (1) A -distribution u € Dy (1, *) is said to be R-diagonal when Cf,(R,) = 0 for every word
w € WT that is not alternating.
(2) If u is R-diagonal, its R-transform is thus of the form

Ru(e.2%) =D an(z2®)" + ) Bulc*2)" (35

with a,, B, € C for n € N. The sequences (o) and (B,);,2 | are called the determining sequences of .

Remark 3.4. The concept of an n-diagonal *-distribution from Section 2 obviously parallels the one of an R-diagonal
x-distribution, with the n-series in place of the R-transform. The basic properties of n-diagonal distributions proved
in Section 2 are the counterparts of known facts concerning R-diagonal distributions, as noted below.

(1) Remark 2.11 is the Boolean counterpart of [15, Corollary 15.11, p. 244]: if u is R-diagonal, then Z*Z and
ZZ* are freely independent in the noncommutative probability space (C(Z, Z*), ).

(2) Theorem 2.8 is the counterpart of [13, Theorem 1.2.1] which describes R-diagonal distributions in terms of
their x-moments.

(3) Proposition 2.13 is analogous to [15, Proposition 15.6, p. 241] which gives a precise formula, first found in [11],
for the coefficients of the one-variable R-transforms Rzz+ and Rz+z in terms of the determining sequences (ozn),‘;o=1
and (B,);2, from (3.5). This formula is more elaborate than the relation found in Proposition 2.13 for n-diagonal
elements. It states that

Clu(Rzz*) = X r—(v.... ViyeNCm) @ViI Bival -+ - By and
(3.6)
Cla(Rz+2) = X r (v, ViyeNCm) BIviiival - - v s

where the blocks of 7 are arranged so that 1 € V1. For example, the first three coefficients of Rzz+ are a1, ar + a1 81
and a3 + 20081 + o1 B2 + o1 B

Equations (3.6) lead to the following observation: an easy induction on n (where one singles out the terms indexed
by the partition 1, € NC(n) on the right-hand sides of the equations) shows that the determining sequences (a,),
and (ﬂ,,);’lo=1 can be retrieved from the coefficients of Rzz+ and Rz+z. Hence the R-diagonal x-distribution p €
Dayg(1, %) is completely determined by these R-transforms.
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In Section 6 we require a reformulation of (3.6) in terms of operations with series rather than individual coefficients.
This reformulation is given in the next proposition. The formulas (3.7) bear a striking resemblance to the functional
equation (3.4) of the R-transform. In fact, (3.7) collapse to Rzz+(z) = Rz+z(z) = M,(z) in the special case o, = B;,
n € N, in which case we can take a = b.

Proposition 3.5. Let u € Dag(l,*) be an R-diagonal x-distribution with determining sequences (ct,),o, and
(Bn)y2 |- Suppose we are given some elements a and b in a noncommutative probability space (A, ¢) such that

R.(2) = Z(xnz” and Rp(z) = Zﬂnzn.

n=1 n=1

Then, in the noncommutative probability space (C{(Z, Z*), ), we have
Rzz+(z) = Ra(z(1+ Mp(2))) and Rzxz(z) = Ry(z(1 4+ M4 (2))). (3.7

Proof. The argument is analogous to the proof of (3.2) (see, for instance, the proof of [15, Theorem 16.15]). For the
reader’s convenience, we describe the basic idea.

By symmetry, it suffices to prove the first equality in (3.7). We show that the coefficients of z" in the series Rzz+(z)
and R,(z(1 + Mp(z))) are equal to each other for every n € N. The formal series expansion

Ra(z(1+ Mp(2))) = i am (z(1 + Mp(2)))"

m=1

yields

Chy(Ra (z(1 4 Mp(2)))) = D amClum (1 + Mp)™), neN.

m=1

Recall that the coefficients of 1 + M}, are moments of b, and expand (1 + M), to obtain

n

Chy[Ra(2(1 4+ Mp)(@))] =) amp(b 1) - p(b). (3.8)

m=1 kiyeoky>0
with ky+---+k,=n—m

On the other hand, (3.6) yields

Ci(Rzz+) = Z Z Z amPBivy) - Bv,, neN.

m=1SC{1,...,n} with 7={V1,..., Vp}eNC(n)
|S]=m and 1€S§ with V=8

For a fixed set S = {s1,...,sm} C{1,...,n}withl =51 <52 <--- <, <n, the collection of non-crossing partitions
{mr € NC(n) : S is a block of 7} is naturally identified with the Cartesian product

NC(sp —s1—1) x -« X NC(spp — S—1 — 1) Xx NC(n — sy,),

in a way that converts the sum

> Bival - Biv,|

T={Vi,....V,}eNC(n)
with V]ZS
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into the product

m

H( > I1 /3|V|>’ (3.9)

=1 “mpeNC(s¢41—s¢—1) Vemy

where we set §,,41 = n + 1. An application of the moment-cumulant formula (3.3) shows that ]—IVEM B =
@ (bser! —se—1y (See the proof of [15, Theorem 16.15] for more details.) We conclude that

n m
Chi(Rzz)=Y_ Y. am[[e@ "), neN (3.10)
m=1SC{1,...,n} with (=1
|S]=m and 1S
Finally, observe that for every fixed m € {1, ..., n} there is a natural bijection between tuples (k1, ..., k,) € NU{ODH™

with k1 + - -- + k;;, = n — m (on the one hand) and subsets 1 € S C {1, ..., n} with |S| = m (on the other), given by
the formula

ki, ....kp)—>S={1,h+2, ki +ky+3,....1+-- -+ kp_1 +m}.

The inner sums on the right-hand sides of (3.8) and (3.10) are identified term by term via this bijection, and this
concludes the proof. ]

In the remainder of this section we discuss the R-diagonal x-distributions that satisfy the KMS condition. This
is a special case of the class of x-distribution studied in [16] (see, for instance [16, Remark 2.10]). The best known
example of a KMS R-diagonal distribution is the one where, in the framework of the next definition, one sets «; = A,
B1=1and o, = B, =0 for n > 2; this is called the A-circular distribution, and is studied in detail in [16, Section 4].

oo

Definition 3.6. Let ju € Dyig(1, *) be an R-diagonal *-distribution with determining sequences («,,);2 | and (B,)72 ;,

and let ¢ be a positive real number. We say that u satisfies the KMS condition with parameter ¢ if
ot,,:tﬂm neN. (311)

The following result shows that the KMS condition is a generalization of the trace property, where the latter
property occurs for the value ¢ = 1 of the parameter.

Proposition 3.7. Let i € Dyg(1, %) be an R-diagonal *-distribution, let t be a positive real number, and suppose that
W satisfies the KMS condition with parameter t. Denote by

U :C(z,2*)— C(z, z¥)
the unique unital algebra homomorphism such that
U(Z)=tZ and U,(Z*)= %Z*.
Then
w(PQ)=u(QU,(P)), P,QeC(z,Z%). (3.12)

Proof. Both sides of (3.12) are bilinear in P and Q, so it suffices to check the equation when both P and Q are
monomials. Using the notation Z 9 — 1, we must show that

w(z2°z2")=w(2"U(Z%)), v,weWt Uiz} (3.13)



Eta-diagonals and infinite divisibility for R-diagonals 919

Equivalently, we must show that the set
S={veWwtru{e}: u(Z"2") =u(Z"U;(Z2")), w e WH U {¢}}

is equal to W U {@}. The set S is clearly closed under concatenation and contains &. Therefore, it suffices to show
that {1, ¥} C S. In other words it suffices to prove that

w(zz")=tu(z2¥z) and w(Z*z")= %;L(Z“’Z*), we W U{g}. (3.14)

We only prove the first equality in (3.14); the verification of the second one is analogous. The case w = & follows
from the fact (incorporated in the definition of an R-diagonal distribution) that ©«(Z) = 0. For the remainder part of
the proof we fix a word w = ({1, ..., £,) € W™, for which we prove that £ (ZZ*) =tu(Z%Z). Observe that

W(ZZy) = Cfy, (M), wW(ZyZ) = Cfy, (M),

where w; := (1,41,...,4,) and wy := (¢1,...,4€,,1). It is convenient to view w; and w, as functions from
{1,...,n+ 1} to {1, %} and to record the fact that

W2 = W] O Ypil, (3.15)

where y,,41 is the cyclic permutation 1 = 2+ ---+—>n+1— 1 of {1,...,n 4+ 1}.
For every partition & = {V1, ..., Vi} e NC(n + 1) we denote by yn;ll (7r) the partition (still in NC(n + 1)) whose
blocks are ynjrll VD, ..., ynjrll (Vi). The desired conclusion Cfy,, (M) = tCf,, (M,,) is obtained from
Cfy, .z (Ry) =tCf -t (n)(R,L), T eNC(n+1), (3.16)

W23Y, 1

using the moment-cumulant formula. Indeed, sum both sides of (3.16) over m € NC(n + 1) and invoke (3.1) applied
to the words w1 and w;. The sums thus obtained are precisely Cf,,, (M) on the left side and tCf,,, (M,,) on the right.

Thus, it remains to prove (3.16). Fix a partition # = {Vy, ..., Vx} € NC(n + 1) such that 1 € V1. Then ynjrll () =
{W1, ..., Wi}, where W; = Vn_+11(vj)’ 1 <j<k,andn+1¢€ W.Itfollows from (3.15) that wy | V; = wy | W; € wt
if 2 < j <k, and thus

Ctu,v; (Ry) = Cluyjw; (R, 2<j <k (3.17)
For the remaining block, we show that
Cfu, v, (Rw) =1 - Cfyyyw, (Ry). (3.18)

Indeed, suppose that Vi = {ji, ..., ju} with 1 = j; < jo <--- < jj,, and therefore W) ={jp — 1, ..., j,, — l,n + 1}.
Both sides of (3.18) are O if m is odd or if m is even but w1|V] is not an alternating word. If m is even and w1 |V is
alternating, then we find that w|V| = {1, x)™/2 and wo|Va = {x, 1}"/2, which implies that Cfy, v, (Ry) = o, /2 and
Cty,w; (Ry) = Bmy2- In this case, (3.18) follows from the KMS hypothesis.

Finally, for the partition 7 fixed in the preceding paragraph we write:

k
Chuyir (Ry) = Chuy vy (R [ | Chun v, (R
j=2
k
= tCfyyw, (R,,) ]_[ Cfuyw; (Ry)  (by (3.17) and (3.18))
j=2

= thwz;V,;ll(ﬂ)(R“)’

thus concluding the proof of (3.16). U
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Remark 3.8. The converse of Proposition 3.7 is also true. More precisely, every R-diagonal distribution u €
Dyig(1, ) that satisfies (3.12) for some ¢ € (0, +00) must also satisfy the KMS condition for the same value of ¢.

To see this, let (ery);,2 and (B,);2; be the determining sequences of . Equation (3.12) yields, in particular, the
identity
w((zz*)"y=tu((z*2)"), neN. (3.19)

This identity implies o, = tB;, n € N, by induction on n. For the induction step one invokes the moment-cumulant
formula in order to expand both sides of (3.19) as sums over NC(2n); then the action of the cyclic permutation y2;1
on NC(2n) can be used in the same way as it was done in the proof of Proposition 3.7.

4. The framework of D.(1, #) and D.(k), BBP bijections
We now introduce the analytic framework which is of interest for the present paper.

Definition 4.1. (1) Let (A, ¢) be a C*-probability space (which means that A is a unital C*-algebra, ¢ : A — C is
a positive linear functional, and ¢(1) = 1), and let a € A. The *-distribution of a is the functional p € Dyg(1, *)
determined by the requirement that

M(Zw) = (p(aw), weWt.

(2) We denote by D.(1, *) the set of all elements of Dye(1, *) that are equal to the *-distribution of some element
in a C*-probability space.

(3) Free additive (respectively, multiplicative) convolution is a binary operation on D.(1, *) denoted by H (respec-
tively, ). This operation is uniquely determined by the following property: given elements a, a’ in a C*-probability
space (A, @) such that {a, a*} is free from {a’, (a’)*}, the *-distribution of @ + a’ (respectively, aa’) is the free additive
(respectively, multiplicative) convolution of the x-distributions of @ and a’. See [15, Lectures 5 and 7] for more details.

(4) An element i € D.(1, %) is said to be H-infinitely divisible if for every n € N there exists i, € D.(1, %) such
that

w=pu, B---HBu,.
B

n times
The set of all E-infinitely divisible distributions in De(1, %) is denoted by DIV (1, ).

The main result of this section is the following theorem. The series R, and 7, appearing in the statement of the
theorem are as defined in Sections 2 and 3.

Theorem 4.2 (BBP bijection on D.(1, x)). There exists a bijection
B(1.) : De(1, %) = DIV (1, ),
determined by the requirement that

RB () =Mus 1 € De(l, ). .1

More precisely, for every . € D (1, %) there exists a unique *-distribution v € Dgnf'div)(l, *) such that R, = n,, and
we define By ) (1) :==v.

Definition and Remark 4.3 (Framework of D.(k)). We reduce Theorem 4.2 to an analogous theorem proved in [3]
for the space, denoted by D, (2), of joint distributions of pairs of selfadjoint elements in a C*-probability space. The
passage from D, (1, x) to D.(2) is natural, and essentially amounts to the change of variables

a+a* a—a*)
9

*
(a’a)'_)< 2
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for a in a C*-probability space (A, ¢). In order to clarify this idea, we review briefly the framework of D, (k). Fix
keN.
(1) We denote by C(X71, ..., Xi) the algebra of polynomials in the non-commuting indeterminates X1, ..., Xk.
(2) Let (A, ¢) be a C*-probability space and let by, ..., by € A be selfadjoint. The joint distribution of by, ..., by
is the linear functional A : C(X1, ..., Xz) — C which is determined by the requirement that A(1) = 1 and

AMXi - Xi) =@y -+ b)), neNji,... i, e{l,... k}.

(3) We denote by D (k) the set of all linear functionals A : C(X1, ..., Xx) — C that can arise as joint distributions
of k-tuples of selfadjoint elements in some C*-probability space.

(4) Free additive convolution is a binary operation on D, (k) denoted* by H. This operation is uniquely determined
by the following property: given selfadjoint elements ay, ..., ar and by, ..., by in a C*-probability space (A, ¢) such

that {ay, ..., a} is free from {b1, ..., bi}, the joint distribution of a; + b1, ..., ax + by is the free additive convolution
of the joint distributions of ay, ..., ar and by, ..., by. The concept of H-infinite divisibility in D, (k) is introduced as
in Definition 4.1(4). The set of E-infinitely divisible distributions in D¢ (k) is denoted by DI (k).

(5) We denote by Co({x1, ..., xx)) the space of those formal power series with complex coefficients in k£ non-
commuting indeterminates x1, . .., Xy whose constant term is equal to 0. We denote by Cf(;,,... ;) (f) the coefficient of
x;, - x;, inaseries f € Co((x1,...,xx)). Every joint distribution A € D.(k) has a moment series M, an R-transform
R, and an n-series 1,. These are elements of Co((xy, ..., xx)), and their definitions are analogous to Definitions 2.3

and 3.2. A detailed description of these power series and of the relations between their coefficients can be found in [3,
pp. 14-17].

The proof of Theorem 4.2 will be reduced to the following result from [3] (see also [5] for the case k = 1).

Theorem 4.4 (BBP bijection on D, (k)). Let k be a positive integer. There exists a bijection By : D.(k) —
ngf"dw) (k), determined by the requirement that

R, =mi, A €De(k). 4.2)
More precisely, for every A € D.(k) there exists a unique v € Dﬁi“f'div) (k) such that R, = n,, and we define By (1) :=v.

Remark 4.5. We only need Theorem 4.4 for k = 1 and k =2. When k = 1, the space D, (1) is naturally identified with
the space P, of compactly supported Borel probability measures on R. Indeed, given b = b* in a C*-probability space
(A, ¢), Definition 4.3(2) produces a linear functional A : C(x;) — C which becomes, via the Riesz representation
theorem, a Borel probability measure supported on the spectrum of b. The original BBP bijection from [5] was
defined on P, (and on the larger set P of all Borel probability measures on R). In Section 6, we will simply talk about
B(o) for o € P,. In other words if A denotes the functional in D, (1) corresponding to o, then B(o) € P, denotes the
probability measure corresponding to By (1).

The following result creates bijections C and D that we use in conjunction with the case k = 2 of Theorem 4.4.
(The letters C and D are meant to suggest complexification and decomplexification.) The proof is immediate, and
therefore omitted.

Proposition 4.6. There exists a bijection D : D.(1,x) — D.(2) defined as follows. Given € D.(1, ) that is the
x-distribution of an element a in a C*-probability space (A, ¢), D(w) is the joint distribution of the pair

a+t+a* a—a*
2 0 2 )

The inverse of D is the bijection C : D.(2) — D.(1, x) defined as follows. Given \ € D.(2) that is the joint distribution
of a pair by, by of selfadjoint elements in a C*-probability space (A, @), C () is the x-distribution of by + ib;.

Ttis customary to always denote free additive convolution by “H”. The setting in which the symbol H is used should be clear, in each case, from
the context.



922 H. Bercovici et al.

Definition and Remark 4.7. In addition to the transformations C and D, the proof of Theorem 4.2 requires the
corresponding change of variables for power series. Denote by

1 1 1
t1,1=t1,*=§ and t2,1=2—l., tz,*=—2—l,, 4.3)

the coefficients of the linear transformation b = (a +a*)/2, by = (a —a*)/2i. This transformation can now be written
more compactly as

b = Z l‘i,gae, fori =1,2. 4.4)
Le{l,x}

Using the coefficients 7; ¢ we define a map D : Co((z,2*)) — Co((x1, x2)) as follows: given a series f € Co((z,z*)),
the coefficients of the series g = D(f) € Co({xy, x2)) are given by

Cliyin(@ = > tiner iy, Cliey ey (f), n €N, ... iy €(1,2). (4.5)
Ly, lhef{l,x}

The map Dis clearly linear and bijective. Its inverse C: Co({x1,x2)) = Cp{(z, z*)) is defined by a formula analogous
to (4.5), but with [#; ¢] replaced by the inverse matrix

=1, fi,=i and 1, =1, lyy=—l.
Lemma 4.8. For every x-distribution u € D (1, %), we have

Mpgy=DM,),  Rpu =D(R,) and npgy=Dny). (4.6)
Proof. Suppose that u € D.(1, %) is the *x-distribution of an element a in a C*-probability space (A, ¢), and set
b; = Zee{l,*} ti,gaz for i = 1,2. By definition, the joint distribution of by, by is D(u) € D.(2). To verify the first
identity in (4.6), fixn e Nand iy, ..., i, € {1, 2}, and calculate directly

Cty....iy(Mp(uy)) = ¢(biy - bi,)

=o((ti 1a" + i, 4a*) - (ti, 10" + 13, 5a*))

= D i lige(aa™)

C1ee el 5}
= Z iy, ey iy 0, Cey ) (M)
O b1, %)

The second equality in (4.6) follows from a similar multilinearity argument, using the fact that the C*-probability

space (A, @) carries a family of multilinear functionals (k,, : A" — C)Zo:p called free cumulant functionals, such that

Cf(i1,.‘-,in)(RD(M)) =Kn(bil, .. .,bin), ne N, i1, ,in € {1,2} and
Cliey, o (R =ku(a®,...,a"), neN by, ..., 0 {1, *}.

(This multilinearity argument is precisely the one used to describe the behavior of the R-transform under linear
transformations [15, Proposition 16.12].)

The third equality (4.6) follows from a similar multilinearity argument, using the Boolean cumulant functionals
B A" — (C)zo | (for a discussion of Boolean cumulants see, for instance, [12, Section 4.6]). U

Lemma 4.9. Let D : D (1, %) — D.(2) be the bijection defined in Proposition 4.6. Then:
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(1) D(wB ) =D(w) B D) for every ju, ' € De(1, %).
(2) D(Démt—dlv) (1 i *)) _ Délnf—dlv) (2)

Proof. (1) Since every A € D.(2) is uniquely determined by its R-transform, it suffices to verify that D(u B ') and
D(u) B D(u') have the same R-transform. Indeed,

Rpumuy = 5(RMEEM') (by Lemma 4.8)
= lN)(RM) + 5(RM/) (since R,m,r = R, + R, and Dis linear)
=Rp + Rpwy (by Lemma4.8)
= Rpw@Epw)-
Part (2) follows immediately from (1) and from the definition of H-infinite divisibility. O
Proof of Theorem 4.2. We define the required bijection B; ) so that the diagram

Ba.y (inf-div)
D.(1,%) > D (1, %)

Dy D

B, . .
Dc (2) N ,ngf—dlv) (2)

is commutative, where D is defined in Proposition 4.6 and B; is provided by Theorem 4.4 for k = 2. More precisely,
let Do : DIV (1 4y — DY) (9 be the restriction of D; this is a bijection by Lemma 4.9(2). Then define

B« = D()_l oBy o0 D.

Pick an arbitrary u € Dc(1, %), denote B(y (1) = v. We prove that R, = ;. Since D is injective, it suffices to
verify that D(R,) = D(n,,). Indeed, the definition of B(; ) implies B> (D(w)) = D(v), and the definition of B, yields
Rpw)y =1np(u)- Thus

D(R,) = Rpow)y =npw = 5(’7,;),

as required. (]

5. Parametrization of 5-diagonal distributions in D, (1, *)

We show that an n-diagonal x-distribution € D.(1, %) is naturally parametrized by the pair of compactly supported
probability measures on [0, co) that arise as the distributions of ZZ* and of Z*Z in the noncommutative probability
space (C(Z, Z*¥), w).

Definition and Remark 5.1. Suppose that u € D.(1, %) is the *x-distribution of an element a in a C*-probability
space (A, ¢). Basic considerations on positive elements in a C*-probability space (see, for instance, [15, Propositions
3.13 and 3.6]) show the existence of compactly supported Borel probability measures o1, 02 on [0, o) such that

o((aa™)") = f T oy and g((a*a)") = f T oy, neN.
0

0

Thus o7 and o7 satisfy

/OO t"doy(t) =pu((22*)"), neN (5.1
0
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and
/oo t"doy(t) =pu((2*2)"), neN. (5.2)
0

Moreover, o1 and o, are uniquely determined by (5.1) and (5.2) since a compactly supported probability measure
on R is determined by its moments. We refer to o and o, as the distributions of ZZ* and Z*Z, respectively, in the
x-probability space (C(Z, Z*), ).

The following theorem provides the parametrization announced in the title of the section.

Theorem 5.2. Let P} denote the set of all compactly supported Borel probability measures on [0, 00). There is
bijective map

®:PHxPH— {u €D (1,%): wis n-diagonal}

described as follows: given o1, 07 € PCJ“ , (01, 02) is the unique n-diagonal x-distribution u € D.(1, %) such that the
distributions of ZZ* and Z*Z in (C{Z, Z*), u) are equal to o1 and o, respectively.

The point of Theorem 5.2 is that the map ® is defined on all of P x P . In other words, for every oy, 02 € P.F
there exists an n-diagonal *-distribution u € D.(1, *) such that (5.1) and (5.2) hold. We prove this by producing an
operator model for p: starting from o1 and o, we construct explicitly an operator A on a Hilbert space K such that
the *-distribution of A with respect to a suitably chosen functional on B(K) is the required n-diagonal distribution.
The bulk of this section is devoted to the description of the operator model. At the end, we complete the proof of
Theorem 5.2. The construction of the operator model is described in the next remark.

Remark and Notation 5.3 (Description of the operator model). Fix 01,07 € 73:“ which we take as the input for
our construction of an n-diagonal operator. In the description of the construction, it is convenient to use the symmetric
square roots of o1 and 0. These are the symmetric compactly supported Borel probability measures 7 and o> on R
with moments given by the formula

© 0 n odd
t"doi(t) =13 . ’
/_oo i® {fooo /2 doj(t), neven,

for j =1, 2. Our construction of an n-diagonal operator proceeds in three steps.
Step 1. We construct a Hilbert space H, a selfadjoint operator X € B(H), and vectors &1, & € H with the following
properties:

(1a) lI&i] = &0 =1,

(1b) (£1,82) =0,

(Ic) (X*&1, &)= (X*&, &) =0fork €N,

(1d) (X*~1¢;,&;) =0and (X*¢;,£;) = [ t*doj(t) forkeNand j =1,2.

In other words, property (1d) says that X has distribution o7 with respect to the vector state defined by &;, and
distribution &, with respect to the one defined by &, on the operator algebra B(#). For the actual construction of X
consider, for j = 1, 2, Hilbert spaces M ;, selfadjoint operators T7; € B(M ), and unit vectors n; € M ;, such that the
distribution of T; with respect to the vector state n; is gj. Thenset H=M &M, X =T\ ® 1>, & =n1 0, and
& = 0@ ny. Properties (1a)—(1d) are then easily verified. (In subsequent steps we only use the properties (1a)—(1d).
The precise description of H, X, &1, and & is not necessary.)

Step 2. Define a rank-one partial isometry Y € B(H) by setting Y (¢) = (¢, £1)& for ¢ € H. We have Y& = &,
Y*¢ = (¢, &) for ¢ € H, and

YY*; = <§1 52)52’ Y*Yé‘ = <§’ El)‘%‘l' (53)

Thus YY* and Y*Y are the orthogonal projections onto the 1-dimensional spaces generated by &, and &1, respectively.
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Step 3. Consider the Hilbert space K = H ® H and the unit vector § = &; ® & € K, then consider the C*-probability
space (B(K), ¢g), where pg(T) = (T&,&) for T € B(K). Let V € B(H ® H) be the flip operator determined by the
requirement that by V(t @ ¢') = ¢’ ® ¢, ¢, ¢’ € H. Note that V is a symmetry (that is, it is self-adjoint and V2 = I).
Finally, define A = V(Y ® X).

This concludes the construction of the variable A in (B(K), ).

We now take on the proof that the operator A constructed above has the desired n-diagonal distribution with respect
to the functional @z. We start by recording some easily verified identities satisfied by A, the proof of which is left to
the reader.

Lemma 5.4. Consider the framework of Remark 5.3. We have

AA*=X’®YY*,  A*A=Y'Y ®X? (5.4)
and

A2=xyYerX, (A)=Y'XeXr- (5.5)

The following lemma establishes the distributions of AA* and A* A along with a few non-alternating x-moments
of A.

Lemma 5.5. Let A and & be as above, then for any integer k > 0 we have
(1) e (AAK) = [7° ik doi (1),
(2) g (A(AAM*) =0,
(3) ¢e(A*(AAMN) =0,
@) @e((A* AN = [F 1" doa (1),
(5) gs(A(A*AM) =0,
(6) @z(A*(A*A)") =0.
Proof. We verify only the first three equations. The proof of (4)—(6) is similar. We have
(Aa*) = x* @ (ry*) = x* @ (vr*),
SO
k
ve((AA%)) =((X* @ (yY*))e. §) = (X1, &),
and (1) follows from property (1d) in Step 1 of the construction of A. To prove (2), we calculate

A(Aa =vrex)(x** @Yr*),

thus

(YeX)(X*@YY*)E ®&, VE ©&)
(¥ @ X)(X*&6 ® &), 6 &)
(Y X&), &)(X8, ) =0,

ve(A(AA%)")

because (X&>, &) =0, thereby concluding the proof of (2). Similarly,

A*(AA%) = (x @ )V (x* @ YY),
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)
pe (A%(AA7)) = (X @YV (X* @ YY7)5.8) = (X @ V" (2 © X™41). 61 ® &)
= (X&, &)Y X &1, 5)=0
by property (1c) in Step 1 of the construction of A. (I

The next lemma gives some properties of the operator A that are useful in verifying its n-diagonality.

Lemma 5.6. Let A and & be as above, then for any integer k > 0 we have

(1) A*(AA"*E =0,

(2) (A%)*(AAKE =0,

(3) (A*A)(AAM'E = [(C 1 doi (1) - A*Ag,

(4) A2(A*A)ke =0,

(5) (A")2(A*A)kE_0,

(6) (AA*)(A*A)e = [tk doy(t) - AA*E.

Proof. As in the previous proof we only verify (1)—(3). We have
(A)Z(AA*)k =XYRYX)(X*@rr)=Xrx*vxyr,

and using the fact that YY*&, = & we see that Y XY Y*& = (X&;, £1)& = 0 by property (1c). Similarly,
(A*)*(AA%) = (Y X @ XY*)(Xx* @ YY*) = y*x*H @ x¥*,

and (2) follows because Y*X***1g = (X2k+1g, £))& =0 by (1c). Finally, (5.4) yields
(A*A)(AA") = (r'Y @ X)) (X* @ YY*) = Y* Y X* @ X2V Y™,

Observe that Y*Y X&) = (X%, £))& = [;° 1" doy (1) - & by (1d), while YY*&, = &,. Therefore

(A*A)(AA%)" =foor’< doi(1) - (51 ® X*&) =foor" doy (1) - A* AE,
0

0
thus proving (3). (I
Corollary 5.7. Let W = W W, - - - W, be a mixed-alternating word in A and A*, factored as in (2.7) with d > 2. Then

W& = s (W2)ps (W3) - - s (Wa) W16

Proof. Parts (3) and (6) of the preceding lemma yield the conclusion when d = 2. The general case follows easily by
induction on d. O

Proposition 5.8. Let o1 and o, be probability measures in P, and let the operator A in (B(K), ¢¢) be constructed
as in Remark 5.3. Then the *-distribution of A is n-diagonal. Moreover, the distributions of AA* and A* A are o and
02, respectively.

Proof. The second assertion follows from parts (1) and (4) of Lemma 5.5. It remains to prove that the distribution of

A is n-diagonal, and to do this we verify the conditions in Theorem 2.8. Let W = W1 W, - - - W; be a mixed-alternating
word in A and A*, factored as in (2.7). Corollary 5.7 yields

e (W) = e (Wa) 0z (W) -+ o (Wa) (W1 &, &) = H s (W),
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thus verifying condition (nDM2). Finally we verify condition (yDM1). Suppose that V is a word in A and A* that is
not mixed-alternating, and choose a mixed-alternating word W of maximum length with the property that V can be
written as V = U W for some non-empty word U. Also, write W = W1 W, --- W, as in (2.7). We have

d
0 (V) = (VE, &) =] [ e (W)(UW&, £)

j=2

by Corollary 5.7.If |U | = 1, the equality ¢z (V) = 0 follows from Lemma 5.5. If |[U| > 2, then U is of the form U’ AA
or U’'A*A* for some (possibly empty) word U’. In this case, ¢ (V) = 0 by Lemma 5.6. (Il

We conclude the discussion of the parametrization announced at the beginning of the section.

Proof of Theorem 5.2. We first note that the map @ is well-defined. Indeed, let o, 07 € 776+ be given. The existence
of an n-diagonal x-distribution u € D.(1, x) which fulfils the conditions (5.2) is ensured by Proposition 5.8. The
uniqueness of p follows from the fact that an n-diagonal *-distribution is completely determined by its alternating
*k-moments, as we saw in Theorem 2.8.

The surjectivity of @ is immediate from its definition: every n-diagonal *-distribution p € D.(1, *) can be written
as ® (o1, 02), where o1, 07 € P. are the distributions of ZZ* and respectively Z*Z in (C(Z, Z*), j1), in the sense
discussed in Definition 5.1.

Finally, the injectivity of ® is immediate as well. Indeed, if ® (o1, 02) = u, then the moments of o1 and o7 can be
retrieved as alternating moments of x, and compactly supported probability measures on R are determined by their
moments. (I

6. Parametrization of infinitely divisble R-diagonal distributions

In this section we use the BBP method to characterize H-infinitely divisible R-diagonal distributions. The parametriza-
tion mentioned in the title of the section arises naturally, in the way indicated in the following remark.

Remark and Notation 6.1. Let Rﬁi“f‘div) denote the set of all the R-diagonal distributions in D, (1, %) that are H-
infinitely divisible. It is immediate that the bijection B(; ) from Theorem 4.2 induces a bijection (still denoted By; «))

B1,5 : {1t € De(1, %) : p is n-diagonal | — RIM4). (6.1)

On the other hand, Theorem 5.2 provides a natural bijection

D 77;" X Pj — {/L €Dq(1,%): uis n-diagonal}. (6.2)
The map
Wi=B( o0 ®: P x PF — RV (6.3)

is therefore a bijection as well. We refer to W as the BBP parametrization of Rgi“f'div). Every choice of parameters
01,02 € P yields a distribution v = W (a7, 07) € R and every v e R arises from a unique pair o1, 0.

We emphasize that the bijection W works in a really straightforward way: the coefficients of the n-series of o and
o7 give the determining sequences of v = W(o1, 02). It is actually worth recording a direct consequence of this fact,
as follows.

Notation 6.2. We denote by £ the collection of those series f € C[[z]] with the property that f = 1, for some
o € P (where o is, a fortiori, uniquely determined).

Proposition 6.3. Let v € D.(1, %) be an R-diagonal distribution, and let ()52 | and (B,),2, be its determining
sequences. Set f(z) =Y oo an2" and g(z) =Y ooy Buz". Then v is B-infinitely divisible if and only if both f and g
belong to .
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Proof. Ifv e R?"f'div), then v = W (o1, 02) for some o, 02 € P, hence f =1y, and g = 1,,, and so f, g € EF. Con-

versely, suppose that f, g € £+, 50 f = 1n,, and g = 1,, for some o1, 02 € P;. Then the distribution v := W (07, 02)

belongs to RS nf-div) , and the definition of W shows that vV has the same determining sequences as v. This forces v =7,
(inf-div)

hence v € R¢ . (|

The criterion provided by Proposition 6.3 is useful because one can (following the work in [2]) characterize the
series from £ in terms of the associated analytic functions. We will follow up on this in the application presented in
Section 7.

Since we are dealing with free probabilistic structures, it is natural to ask what is the description of the BBP
parametrization W in terms of R-transforms. Recall (Remark 3.4) that an R-diagonal x-distribution v € D (1, %)
is uniquely determined by the R-transforms Rzz+, Rz+z € C[[z]]. The following result thus provides an alternative
characterization of W (o, 07).

Theorem 6.4. Let 01,02 € P and set v =V (01, 02). Then the R-transforms of ZZ* and of Z* Z in the x-probability
space (C(Z, Z*), v) are described as follows:

R77+(2) = Rp(o)) (2(1 + MB(0y) (2))), R7+7(2) = RB(oy) (z(1 + MB(6))(2))), 6.4)

where B(o1) and B(0?) indicate the original BBP bijection (as discussed in Remark 4.5).

Proof. We set i := ®(oy, 02), so v is R-diagonal, p is n-diagonal, and Bj ) () = v. Thus

Ry(z.2%) =nu(z.2%) = Y an(az®)" + > Bul(z*2)".
n=1 n=1

where (an)flil and (/3,,);";1 are the (common) determining sequences for u and for v. By the definition of the bi-

jection @ in Theorem 5.2, o has the same moments as the element ZZ* in the noncommutative probability space
(C(Z, Z*), ). This implies that 15, = 177+, and then Proposition 2.13 gives us the formula 74, (z) =Y - @x2". In
a similar way we find that 1,,(z) = Y o Bnz".

Consider now the probability measures B(o1), B(02) € P.. The definition of B implies

R (@) =10, (@) =Y an?", R0y =00,(@) =Y _ 2"

n=1 n=1

But then Proposition 3.5 applies to the R-diagonal *-distribution v and yields (6.4). (]

As a consequence of Theorem 6.4, we obtain a natural connection between the notions of H-infinite divisibility in
D.(1, x) and in P,. This is stated in the next corollary. The converse of the corollary fails even in the tracial framework
(see Remark 6.9 below).

Corollary 6.5. Let v € D.(1, *) be R-diagonal and let 71, 7> € PCJF be the distributions of ZZ* and Z*Z in the *-
probability space (C{Z, Z*), v) (as discussed in Definition 5.1). If v is B-infinitely divisible in D.(1, %), then t| and
1o are B-infinitely divisible in P..

Proof. By symmetry, it suffices to show that t; is H-infinitely divisible. According to [19, Theorem 4.3], a compactly
supported Borel probability measure on R is B-infinitely divisible if and only if its R-transform can be extended to
an analytic self-map of the upper half-plane C*. Suppose that v = ® (01, 02), where o1, 02 € P. The R-transform
Ry, , which is the same as Rz zx, is given by the first equation (6.4). By [6, Proposition 6.1], the moment series of the
probability measure B(o7) can be extended analytically to C* and this extension satisfies

zeCt = z(14 Mg, () eCt.
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Finally, since B(o) is H-infinitely divisible, [19, Theorem 4.3] assures us that Rp(s,) extends analytically to a self-
map of CT. We conclude that for every z € CT, Rp(o) is defined at z(1 + Mp(,,)(z)), and that

2> Ry (201 + Mp(6,)(2))

is an analytic self-map on C™, as required. (]

In the remainder of this section, we discuss the KMS example. In this special case one can process further the
formulas from Theorem 6.4 and arrive at explicit formulas (stated in Proposition 6.8) for the distributions of ZZ* and
of Z*Z in terms of the probability measures o1, 0, that parametrize v. These formulas call on some commonly used
operations from the free harmonic analysis of P, that are reviewed in the following remark.

Remark 6.6 (Some elements of free harmonic analysis on Pj ). (1) Measures o € P, have free additive convolution
powers with real exponent ¢ € [1, c0). More precisely, for every o € P, and ¢ € [1, 00), there exists a unique measure
T € P, such that R; =R, (see [15, pp. 228-231]). This measure t is denoted o When ¢ is an integer, Ty
simply the #-fold convolution ¢ H --- H o. The argument in [15, pp. 228-231] also shows that o ¢ Pt for all
te[l,o0)ifo € Pt.

The analogous result for Boolean convolution provides for every o € P, and t € (0, o0) a Boolean convolution
power ¢¥ € P, such that n,u = 11, (see [18, Theorem 3.6]). As in the free case, 0¥ € Pt for every 1 € (0, 00) if
o€ ’Pj (see, for instance, the operator model constructed in [3, Proposition 4.8]).

(2) The original BBP bijection B : P, — Pc(i"f'div) (Remark 4.5) can be expressed using convolution powers, by the
formula

B(o)= (e oseP.,
which was proved in [4, Theorem 1.2]). The facts reviewed in (1) above imply that B(c) € P; for every o € P
(3) Free multiplicative convolution X is another binary operation defined on the set P*. This operation corresponds
to the product of free random variables. Quite remarkably, B| P+ was shown in [4, Remark 3.9] to be a homomorphism
for X, that is,
B(o Ko') =B(o)XB(o'), o,0' P
(4) The free counterpart of the standard Poisson distribution is the Marchenko—Pastur distribution I1; (also known

as the the free Poisson distribution). This distribution is supported on the interval [0, 4] and it is Lebesgue absolutely
continuous with density

dll(t)/dt = %,/(4—:)/t, 0<t<4.

Its R-transform is
R, (z) =z/(1 —2),
and a simple calculation using the definition of B shows that
IT, =B(%(80+82)). (6.5)

A useful property of I is that it converts moment series into R-transforms via the formula
Romn, =My, oePr. (6.6)

See, for instance, [15, Propositions 17.2 and 17.4].
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Remark 6.7. Let o € P and let 1 > 0 be a real number. The determining sequences (otn)p2y and (By)52, of the
infinitely divisible R-diagonal -distribution v := W (0¥, 0') € RI"M™ gatisfy

D B =n00(), Dt =npu () =11, ().

n=1 n=1
Thus v satisfies the KMS condition with parameter ¢: o, = tf8,, n € N (Definition 3.6).
Proposition 6.8. With the notation of the preceding remark, let Ti, T2 € P be the distributions of ZZ* and of Z*Z
in the noncommutative probability space (C{Z, Z*), v) (as discussed in Definition 5.1). Then

)Eﬂt Eﬂl/t.

11 = (B(o) X I, and v = (B(o)®' K1) 6.7)

Proof. The two formulas in (6.7) have similar proofs. We only verify the first one. Since 7 is the distribution of ZZ*,
we have R;; = Rzz+, and Theorem 6.4 yields

R+, (2) = R(o)) (2(1 + Mp (o) (2))). (6.8)

where o1 = 0¥ and 0, = 0. The relation o1 = ¢ and (1.2) imply B(o1) = B(0)®, and hence Rp(,) = # Rp(o). The
equality (6.8) can be continued as follows:

Ry (m)=t- R]B(g)(z(l + MB(a)(z)))
=1-Mp@)(2) (by (3:4)
=1-Rpo)xm, () (by (6.6))

= R@o)am,)® (2)-
Thus the probability measures t; and (B(o) X IT D are equal because they have the same R-transform. ]

Remark 6.9 (Tracial case). In the special case when ¢ = 1, the preceding proposition reduces to
T1 Z‘QZE(O’)&HL (6.9)

Using (6.5) and invoking the multiplicativity of B (Remark 6.6(3)), we can rewrite (6.9) as

T1 =‘L’2=B<U|E%(50+52)>. (6.10)

This confirms the fact (Corollary 6.5) that 7y and 1, are H-infinitely divisible in P,.

We conclude with an argument showing that the converse of Corollary 6.5 does not hold. Choose a distribution
o € P} that cannot be written as o X %(80 + &) for any o € P;. (For instance, & = %(80 + 81 + &2) is such a
distribution.) Let v € D.(1, *) be the tracial R-diagonal *-distribution defined by the requirement that the common
distribution of ZZ* and Z*Z in (C{Z, Z*), v) is equal to B(c) (see [15, Proposition 15.13] for an argument that v
exists). The distributions of ZZ* and Z*Z are H-infinitely divisible in P., by construction. We show that v is not
H-infinitely divisible in D.(1, x). Suppose, to get a contradiction, that v is H-infinitely divisible. Then v = ¥ (o, o)
for some o € P;. Since 71 = 1, = B(5), (6.10) yields B(5) = B(o X %(50 +87)), and thus ¢ = o X %(80 + 87)
because B is injective, contrary to the choice of .

Example 6.10 (1-circular distribution). Let 2 > 0 be a parameter. If in the setting of Remark 6.7 and Proposition 6.8
we take 0 = 81 (Dirac mass at 1) and ¢ = A, then the resulting *-distribution v € RS“f‘d‘V) is the A-circular distribution
mentioned right before Definition 3.6. Indeed, it is immediate that in this case the series Y oo | B,2" and Y oo | @p2"
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from Remark 6.7 are reduced to ns, (z) = z and respectively to tns, (z) = Az; hence we have oy = A, 1 =1 and
op = B =0 for all n > 2, as required in the definition of the A-circular distribution.

In this example, the formulas indicated in Proposition 6.8 for the distributions of ZZ* and of Z*Z give free Poisson
distributions. In order to make this precise, we need to review another bit of notation: for any two parameters p, g > 0
one has a free Poisson distribution of rate p and jump size q, which we will denote as I, ,, and which appears in the
free analogue of the Poisson limit theorem (see e.g. Proposition 12.11 in [15]). The Marchenko—Pastur distribution
reviewed in Remark 6.6(4) corresponds to p = ¢ =1 (so “I1;” from there becomes “I1y;1”). For general p, g > 0, the
formula given in Remark 6.6(4) for the R-transform of I1; extends to

pqz

Rl'[p;q (7) = 1— qZ-

Returning to the example of the A-circular distribution, an immediate processing of the formulas (6.4) from The-
orem 6.4 gives us that the R-transforms of ZZ* and of Z*Z in the noncommutative probability space (C(Z, Z*), v)
are

AZ z
, Rz« = .
- 7+2(2) iz

Rz7+(z) =

For our example, this shows that the distributions 7; and 7o appearing in (6.7) (Proposition 6.8) are free Poisson
distributions:

1y =1IIy;1 and 71 =TIy,

7. Stability of RI™%Y) under free multiplicative convolution

Remark 7.1. In this section we consider the operation X on D, (1, %), which follows the multiplication of *-free
random variables (cf. Definition 4.1(3)). One has the remarkable fact that whenever u, u’ € D.(1, %) and at least
one of u, i’ is R-diagonal, it follows that © X u’ is R-diagonal as well (see [15, Proposition 15.8]). If we make
the additional assumption that both « and ' are R-diagonal, then we have explicit formulas for the determining
sequences of u X ' in terms of the determining sequences of w and of w'. To be precise, denote the determining
sequences of 1 by (et;)7° |, (Bn)5c . and those of 1" by ()7 |, (B,,)52 ;- Then the determining sequences ()5
(Bn)2, of X ' are given by:
@y = > v Bival - BV i, - s
TUpeNC(2n)
n={V1,...,Vp}eNC(,3,....2n—1)
with 1€V}, and
p={W1,...,W,}eNC(2,4,...,2n)
Pn= > Bivi®ivar v, Biwil - B,
TUpeNC(2n)
7={Vi,...,Vp}eNC(1,3,...,2n—1)

with 1€V}, and
p={Wi,....W;}eNC(2,4,...,.2n)

(7.1)

The formulas (7.1) were proved in [11, Proposition 3.9]. They can also be rephrased in terms of equations for
power series, as shown in the next proposition. The formulas (7.2) in the proposition have appeared before (but only
as a conjecture, without proof), in [13, Section 5.3]. For the reader’s convenience, we include the proof of how (7.2)
is derived from (7.1).

Proposition 7.2. With the notation of Remark 7.1, suppose that we have elements a,b,a’, b’ in a noncommutative
probability space (A, ¢) such that {a, b} is free from {a’, b’} and such that

Ri() =) ", Ry(x)=) Bz’
n=1

n=1
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o o
Re@)=) oy, Ry@)=) B
n=l1 n=1

Assume moreover that B # 0 # o, so the series Ry, and R, have inverses Ré_” and R;,_U relative to composition.
Then:

_~ —1
{Ziil @n" = (Rgo Ry " o M) (2), o)

> —1
Y% Buz" = Ry o RV o My) (2).

Proof. The second equation in (7.2) follows from the first one if we substitute ', a’, b for a, b, a’, respectively. To
prove the first equation, we fix an n € N and we suitably structure the formula for @, provided in (7.1). Let us also
momentarily fix anm <n andaset V1 ={2i; — 1, ..., 2i,, — 1}, where 1 =i; <--- <i, <n.Denote ny = ixy+1 — i,
k=1,...,m, where i, 1 =n + 1. Note that ny + --- 4+ n,, = n and that V| can recovered from ny,...,n,. Use
the moment-cumulant formula as in the proof of Proposition 3.5 (using the cumulant functionals and the fact that the
mixed cumulants of @’ and b vanish on account of freeness) to obtain

m
, , _ nk 1
Z aviBival - Bvyi@w, - Qw, | = om H )-

wUpeNC(2n)
a={V1,....Vp}eNC(1,3,....2n—1)
p={Wi,....,W,}eNC(2,4,...,2n)

Letting V) vary, (7.1) yields, for the n € N that we had fixed:

=Y X Lol

m=1 nyttnp=nk=1
We now let n vary in N, and get that

oo

> @ Z am ()" = Ra(2(2)), (7.3)
n=1

where
g(z)—Z<p )" 12" e ClIz]l. (7.4)

It remains to show that the series g introduced in (7.4) is equal to Ré_n o My, or, equivalently, that one has

Rp 0 g = My, . To see this, apply again the moment-cumulant formula (using, as in [15, Theorem 14.4] the fact that b
is free from a’) to obtain

n
¢o((ba')") = Z Bivi| -+ 'ﬁ|vp|a|’wl| " 'Offw,|- (7.5)
TUpeNC(2n)
n={V1,...,Vp}eNC(1,3,...,2n—1)
p={W1,....W,}eNC2,4,...,.2n)

In (7.5) we can list the blocks of 7 such that 1 € V. A similar argument to the one used above to structure the formula
for &, shows now that

:Zﬁm Z 1_[ e 1), neN,

m=1 ny+Anp=nk=1

and this implies the desired relation M, = Rp 0 g. |
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Remark 7.3. In the notation of Remark 7.1, consider the case (disjoint from the one covered by the preceding propo-
sition) when B, = 0 for every n € N. In anticipation of the proof of Theorem 7.8 below, it is useful to record that in
this case we have

Wy =ty (ai)", Vn e N.

Indeed, in this case the only way to get a non-zero term in the sum on the right-hand side of the first equation (7.1) is
by requiring that w = {V;} with V; = {1, 3, ..., 2n — 1}. But then the condition that 7 Ll p is non-crossing forces p to
be the partition of {2, 4, ..., 2n} into n singleton blocks. Hence the sum giving @, in (7.1) is reduced to just one term,
and yields the formula displayed above.

The next corollarx presents a reformulation of (7.2) which has the advantage that it introduces in discussion two
power series F' and F, related with the subordination results of [7].

Corollary 7.4. In the framework of Proposition 7.2, we have

!ZZ"_I @2 = Ry(F(2)(1 + My(F(2)))). 76

3% Buz" = Ry (F(2)(1 + My (F(2)))),
where F = M;_U o My, and F= M(E’_D oM.

Proof. By symmetry, it suffices to prove the first of the two equations. Using (7.2), we see that we must verify the
identity

(RS o Myw')(2) = F(2) (1 + Mp(F (2))). (1.7)
Recalling the assumption that ¢(b) # 0, the functional equation M (z) = Rp(z(1 + Mjp(z))) can be rewritten as

RV (w) = (1 +wymy  (w) (7.8)
(see [15, Remark 16.18]). Substitute My, for w in (7.8) to find that

(RS 0 Myar) (@) = (1 4+ My () - (M 0 My ) (2) = (1 + My (2)) - F(2).

Finally, the definition of F' implies that My, (z) = Mp(F(z)), and using this equality in the right-hand side of the
preceding equality yields (7.7). (]

The following lemma is an immediate consequence of the definition of ¥ (Remark 6.1).

Lemma 7.5. Consider a distribution v € ’R?nf'div), and let (ocn)floz | and (ﬂn)go: | be its determining sequences. There
exist positive elements a, b in a C*-probability space (A, ¢) such that

o o
Ri@) =) on" and Ry()=)  Buz".
n=1

n=1

Moreover, the distributions of a and b are B-infinitely divisible.

Proof. Write v = W (01, 02), with o1, 02 € P.". Then

o
D 2" =00, (2) = Reop (2),

n=1
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where B(oy) is a B-infinitely divisible distribution in P (cf. Remark 6.6(2)). Thus taking a to be a positive ele-
ment with distribution B(o) in some C*-probability space will fulfill the required conditions. The argument for b is
similar. (I

In reference to the set of power series £ introduced in Notation 6.2, we record a result which follows easily from
[2, Proposition 2.2].

Proposition 7.6. A series f € Cl[z]l belongs to the set £ if and only if it satisfies the following three conditions:

(1) f has real coefficients;
(i) f has positive convergence radius; L
(iii) f can be extended to an analytic map (still denoted f) of C* into C* such that f(0) = 0 and Arg(z) < Arg(f(z))
forzeCT.

Corollary 7.7. Suppose that the series f(z) =Y -, an2" € ET is not identically zero. Then o) > 0.

Proof. Let n be the smallest integer such that o, # 0 and suppose, to get a contradiction, that either n > 1 orn =1
and &, < 0. Choose y € C* such that |y| =1 and J(y"a,) < 0. We have lim, jo(f (ry)/r") = y"a,, and therefore
S f(ry) < 0 for sufficiently small r, contrary to Proposition 7.6(iii). O

We are now ready for the main result of this section.

(inf-div)

Theorem 7.8. For every v, v' € R (inf-div)

we have v XV € R,

Proof. Let ()52, and (B,);2, (respectively (o), )oo; and (,Bn)‘x’ 1) denote the determining sequences of v (re-
spectively, v"). Two applications of Lemma 7.5, comblned with a free product construction, allow us to construct a
C*-probability space (A, ¢) and positive elements a, b, a’, b’ € A such that

(a) Rq.(2) = Z:ozl a,z" and Rp(z) = Z -1 BnZ",
(b) Ry (2) =32 02" and Ry (2) = 32,2 B 2",
(¢c) {a, b} is free from {a’, b'}.

We know from Remark 7.1 that v X 1" is an R-diagonal distribution in D.(1, *). Let (a,)7° | and (,Bn)C>O denote the
determining sequences of v X V', and set

Fo =Y ", E@=Y B
n=1 n=1

By Proposition 6.3, we have to prove that f 2 € £F. By symmetry, it suffices to show that f € &F, and this is done
by verifying that f satisfies conditions (i)—(iii) of Proposition 7.6. We dlspose first of the simple case in which 81 =
Corollary 7.7 yields 8, = 0 for all n € N, and Remark 7.3 implies that f )=y 02 an (a}z)". The desired concluswn
follows because o} > 0 and the seriesAZflo=1 a,2" belongs to £ . Similarly, if o} =0, Corollary 7.7 yields «;, = 0 for
all n € N, and then (7.1) implies that f = 0.

It remains to show that fe EF when B #0 # . In this case, Corollary 7.4 shows that f: R.(F(2)(1 +
Mp(F(z)))), where F = M, =0y My, . In other words, fis the composition of the three power series R,(z), z(1 +
My (2)), and F(z). We know that R, € EF. It was proved in [7] that F € £. The series z(1 + M(z)) also belongs
to £ by [6, Proposition 6.1]. Proposition 7.6 shows that the set £ is closed under composition. Therefore f e&r,
thus concluding the proof. (]

Corollary 7.9. Suppose that v € Rﬁ.i‘?f'dif) is the x-distribution of an element a in some C*-probability space. Then
the x-distribution of a belongs to RS“f‘d‘V) for every n € N.
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Proof. This follows from Theorem 7.8 and the known fact [11, Proposition 3.11] that the distribution of a” is equal
Xn
to v, (]

We conclude the section by looking again at the KMS example, and by describing explicitly the BBP parametriza-
tion for the powers of a A-circular element.

Remark 7.10. (1) Suppose that v, v’ € D.(1, %) are R-diagonal and satisfy the KMS condition with parameters
t,t" € (0, 00), respectively. Consider the x-distribution v X v/, which is R-diagonal as well (see Remark 7.1). We
claim that v X v also satisfies the KMS condition, with parameter 7z’. Using the same notations for determining
sequences as in Remark 7.1, this claim amounts to the fact that @,, = (¢¢') E, for every n € N. In order to prove this,
we replace o)y, and O{‘/ Wil by By, and t,B‘/Wl B respectively, in the first formula (7.1) to obtain

@ = (1) > Blwi % ws| &y BvitBival -+ Bivil-
TUpeNC(2n)

7={V1,.., VileNC(1,3,....2n—1)

o={W1,....W;}eNC(2,4,...,2n)
leVy,2eW;

To see that the last sum equals ﬁ,l, we observe that pairs (77, p) as above are in a bijective correspondence with
pairs (7, p) such that 7 U p € NC(2n) and 7 = {Wy,...,W;} e NC(1,3,...,2n — 1) and p = {V1,..., i} €

NC(2,4,...,2n). Indeed, p and 7 are obtained as 7 LI p = yz;l(n U p), where we use the permutation y,, from
the proof of Proposition 3.7. Thus, the sum above is equal to
/ / / ~ ~
2. By @i S Pt P

7'Up’eNC(2n)
F={Wi,...,W;}eNC(1,3,....2n—1)
p={V1,...Vi}eNC(2.4,....2n)
leVT/1,26\71

and this equals //3\,, by the second formula (7.1).

(2) Now fix a real number A > 0 and consider the A-circular distribution v = W (§,, §1), as in Example 6.10. If a
is an element in some *-probability space such that the *-distribution of a is equal to v, then we will say that a is a
A-circular element. Such elements do of course exist, for instance we can just take a = Z in the *-probability space
(C(Z, Z*),v). If a is a A-circular element, then Theorem 7.8 and Corollary 7.9 tell us that every power ak has x-
distribution V¥ ¢ Rgi“f'd”’. Moreover, part (1) of the present remark assures us that v satisfies the KMS condition
with parameter A¥. Hence for every k € N we have a BBP parametrization of the form

Xk — \IJ(O,E‘J)J(

Y k ,Uk),

for some probability measure o € P.. For k = 1, we know from Example 6.10 that o7 is the Dirac mass §;. The next
proposition gives a way of describing oy for k > 2.

Proposition 7.11. Let A and (0})72., be as above, and consider on the other hand the probability measures with finite
support (ty)e., defined by

Ak 1
=]+Kk80+l+kk81+kk’ kGN

Tk -

Then one has

opr=71X--- W1y, k>2. (7.9)
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Proof. Asin Remark 7.10(2), we use the notation v for the A-circular distribution. We fix a k € N and invoke Proposi-
tion 7.2 in the special case in which the *-distributions w, i considered there are VB and v, respectively. The power
series

o o o0
Yok DB D B (7.10)
n=1 n=1 n=1

from Proposition 7.2 are equal in this case to the n-series of the probability measures oy, o1 and oy 1, respectively.

(For instance the equality 2;20:1 Bnz" = 1o, (2) follows from the comments at the end of Remark 6.1 and the fact that
Wik . .o

p&k — \Il(akUA , 0x).) Note that, since o1 = 1, for the second power series in (7.10) we actually have Z?zozl B, =z.

The notation of Proposition 7.2 also include some non-commutating random variables a, b, a’, b’, where b is such

that

Rp(@) = Pu2" =10, (2) = RB(o)) (2) (7.11)

n=1

From (7.11) we infer that the distribution of b is B(ox). Similar reasoning, based on the formulas Ry (z) = z and
R, (z) = Az, leads to the fact that @’ and b’ have distributions 8, and 81, respectively. As a consequence, we may
assume without loss of generality that ¢’ = A and b’ = 1 in their noncommutative probability space.

We are interested in the second relation (7.2) from Proposition 7.2. Due to the very simple form of R, and Ry,
this equation simplifies to

> 1
> Bt = M3 (). (7.12)
n=1

The same argument as used in (7.11) shows that the left-hand side of (7.12) is equal to Rp (s, ;)(z). On the right-hand
side of (7.12) we perform the obvious transformation Mj;(z) = Mp(Az) = Mp(,)(Az), and this leads us to a direct
connection between oy and oj41:

1
RB(o.) (@) = XM]B(O';{) (Az2). (7.13)

In order to make use of (7.13), it is convenient to resort to another well-known transform of free probability, the
S-transform. For a probability measure o € P, with non-vanishing mean, one defines the S-transform of ¢ as the
power series

| z+1
Sa(z)=zRf, ‘>(z>=TM; D)

(see, for instance, [15, Definition 18.15 and Remark 18.16 on p. 294]). Some straightforward processing of equation
(7.13) (multiply both sides by A, take inverses under composition, and write the resulting series in terms of the suitable
S-transforms) then leads to the formula

1
SB(ogs1) (2) = T3z OBl (A2). (7.14)

The formula (7.14) was obtained for a fixed (but arbitrary) k € N. We now let k vary and use a straightforward
induction argument, with base case Sg(s,)(z) = S5, (z) = 1, in order to infer that

k—1

SBon (@ =[]

Jj=1

1
14+ AiZ

Vk € N. (7.15)

It remains to make the connection to the 7; indicated in the statement of the proposition. For every j € N, an
elementary calculation shows that B(z;) is the free Poisson distribution I1, /;;.;;, where the notation “I1,.,” is as
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in Example 6.10. Another elementary calculation shows that the S-transform of IT ;;.;, is 1/(1 + A/7). Thus the
right-hand side of (7.15) can be written as Sp(z,)(2) SB(1,)(2) - - - SB(r_1) (2)-

Now, the S-transform is multiplicative with respect to the operation X ([15, Corollary 18.17]). Since B is multi-
plicative as well (Remark 6.6(3)), the observations made in the preceding paragraph lead to the formula

S =SB ®-Ry_ ), k=2
The required equation (7.9) follows from here, since B is injective and since a compactly supported probability mea-
sure with non-vanishing mean is uniquely determined by its S-transform. ]
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