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This article studies the Gram random matrix model G = %ETZ, Y=
o (WX), classically found in the analysis of random feature maps and ran-
dom neural networks, where X = [x{,...,x7] € RP*T is a (data) ma-
trix of bounded norm, W € R"*P is a matrix of independent zero-mean
unit variance entries and o : R — R is a Lipschitz continuous (activation)
function—o (W X)) being understood entry-wise. By means of a key concen-
tration of measure lemma arising from nonasymptotic random matrix argu-
ments, we prove that, as n, p, T grow large at the same rate, the resolvent
0=(G+ yIT)_l, for y > 0, has a similar behavior as that met in sam-
ple covariance matrix models, involving notably the moment & = %E[G],
which provides in passing a deterministic equivalent for the empirical spec-
tral measure of G. Application-wise, this result enables the estimation of the
asymptotic performance of single-layer random neural networks. This in turn
provides practical insights into the underlying mechanisms into play in ran-
dom neural networks, entailing several unexpected consequences, as well as
a fast practical means to tune the network hyperparameters.
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1. Introduction. Artificial neural networks, developed in the late fifties
[Rosenblatt (1958)] in an attempt to develop machines capable of brain-like behav-
iors, know today an unprecedented research interest, notably in its applications to
computer vision and machine learning at large [Krizhevsky, Sutskever and Hinton
(2012), Schmidhuber (2015)] where superhuman performances on specific tasks
are now commonly achieved. Recent progress in neural network performances
however find their source in the processing power of modern computers as well as
in the availability of large datasets rather than in the development of new math-
ematics. In fact, for lack of appropriate tools to understand the theoretical be-
havior of the nonlinear activations and deterministic data dependence underlying
these networks, the discrepancy between mathematical and practical (heuristic)
studies of neural networks has kept widening. A first salient problem in harness-
ing neural networks lies in their being completely designed upon a deterministic
training dataset X = [x1,...,x7] € R? *T 5o that their resulting performances
intricately depend first and foremost on X. Recent works have nonetheless es-
tablished that, when smartly designed, mere randomly connected neural networks
can achieve performances close to those reached by entirely data-driven network
designs [Rahimi and Recht (2007), Saxe et al. (2011)]. As a matter of fact, to han-
dle gigantic databases, the computationally expensive learning phase (the so-called
backpropagation of the error method) typical of deep neural network structures be-
comes impractical, while it was recently shown that smartly designed single-layer
random networks (as studied presently) can already reach superhuman capabilities
[Cambria et al. (2015)] and beat expert knowledge in specific fields [Jaeger and
Haas (2004)]. These various findings have opened the road to the study of neu-
ral networks by means of statistical and probabilistic tools [Choromanska et al.
(2015), Giryes, Sapiro and Bronstein (2016)]. The second problem relates to the
nonlinear activation functions present at each neuron, which have long been known
(as opposed to linear activations) to help design universal approximators for any
input—output target map [Hornik, Stinchcombe and White (1989)].

In this work, we propose an original random matrix-based approach to under-
stand the end-to-end regression performance of single-layer random artificial neu-
ral networks, sometimes referred to as extreme learning machines [Huang, Zhu
and Siew (2006), Huang et al. (2012)], when the number 7 and size p of the in-
put dataset are large and scale proportionally with the number n of neurons in
the network. These networks can also be seen, from a more immediate statis-
tical viewpoint, as a mere linear ridge-regressor relating a random feature map
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o(WX) € R™*T of explanatory variables X = [x,...,x7] € RP *T" and target
variables y = [y1, ..., yr] € R¥T for W € R"*P a randomly designed matrix
and o(-) a nonlinear R — R function (applied component-wise). Our approach
has several interesting features both for theoretical and practical considerations.
It is first one of the few known attempts to move the random matrix realm away
from matrices with independent or linearly dependent entries. Notable exceptions
are the line of works surrounding kernel random matrices [Couillet and Benaych-
Georges (2016), El Karoui (2010)] as well as large dimensional robust statistics
models [Couillet, Pascal and Silverstein (2015), El Karoui (2013), Zhang, Cheng
and Singer (2014)]. Here, to alleviate the nonlinear difficulty, we exploit concentra-
tion of measure arguments [Ledoux (2005)] for nonasymptotic random matrices,
thereby pushing further the original ideas of El Karoui (2009), Vershynin (2012)
established for simpler random matrix models. While we believe that more power-
ful, albeit more computational intensive, tools [such as an appropriate adaptation
of the Gaussian tools advocated in Pastur and Serbina (2011)] cannot be avoided to
handle advanced considerations in neural networks, we demonstrate here that the
concentration of measure phenomenon allows one to fully characterize the main
quantities at the heart of the single-layer regression problem at hand.

In terms of practical applications, our findings shed light on the already in-
completely understood extreme learning machines which have proved extremely
efficient in handling machine learning problems involving large to huge datasets
[Cambria et al. (2015), Huang et al. (2012)] at a computationally affordable cost.
But our objective is also to pave to path to the understanding of more involved neu-
ral network structures, featuring notably multiple layers and some steps of learning
by means of backpropagation of the error.

Our main contribution is twofold. From a theoretical perspective, we first ob-
tain a key lemma, Lemma 1, on the concentration of quadratic forms of the
type o (w'X)Ao (X w) where w = ¢(w), w ~ N(0, 1), with ¢ : R — R and
o : R — R Lipschitz functions, and X € R? T A € R™ " are deterministic ma-
trices. This nonasymptotic result (valid for all n, p, T) is then exploited under a
simultaneous growth regime for n, p, T and boundedness conditions on || X || and
||A]l to obtain, in Theorem 1, a deterministic approximation Q of the resolvent
E[Q], where Q = (2T + yIr) "1,y > 0, £ = 0(WX), for some W = p(W),
W € R"*P having independent A/(0, 1) entries. As the resolvent of a matrix (or
operator) is an important proxy for the characterization of its spectrum [see, e.g.,
Akhiezer and Glazman (1993), Pastur and Serbina (2011)], this result therefore al-
lows for the characterization of the asymptotic spectral properties of %ETE, such
as its limiting spectral measure in Theorem 2.

Application-wise, the theoretical findings are an important preliminary step for
the understanding and improvement of various statistical methods based on ran-
dom features in the large dimensional regime. Specifically, here, we consider the
question of linear ridge-regression from random feature maps, which coincides
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with the aforementioned single hidden-layer random neural network known as ex-
treme learning machine. We show that, under mild conditions, both the training
Eain and testing Esr mean-square errors, respectively, corresponding to the re-
gression errors on known input—output pairs (x1, y1), ..., (x7, yr) (with x; € R?,
y; € R?) and unknown pairings (%1, 1), ..., (X7, y7), almost surely converge to
deterministic limiting values as n, p, T grow large at the same rate (while d is
kept constant) for every fixed ridge-regression parameter y > 0. Simulations on
real image datasets are provided that corroborate our results.

These findings provide new insights into the roles played by the activation func-
tion o () and the random distribution of the entries of W in random feature maps as
well as by the ridge-regression parameter y in the neural network performance. We
notably exhibit and prove some peculiar behaviors, such as the impossibility for
the network to carry out elementary Gaussian mixture classification tasks, when
either the activation function or the random weights distribution are ill chosen.

Besides, for the practitioner, the theoretical formulas retrieved in this work al-
low for a fast offline tuning of the aforementioned hyperparameters of the neural
network, notably when T is not too large compared to p. The graphical results
provided in the course of the article were particularly obtained within a 100- to
500-fold gain in computation time between theory and simulations.

The remainder of the article is structured as follows: in Section 2, we introduce
the mathematical model of the system under investigation. Our main results are
then described and discussed in Section 3, the proofs of which are deferred to
Section 5. Section 4 discusses our main findings. The article closes on concluding
remarks on envisioned extensions of the present work in Section 6. The Appendix
provides some intermediary lemmas of constant use throughout the proof section.

Reproducibility: Python 3 codes used to produce the results of Section 4 are
available at https://github.com/Zhenyu-LIAO/RMT4ELM.

Notation: The norm | - || is understood as the Euclidean norm for vectors and
the operator norm for matrices, while the norm || - || ¢ is the Frobenius norm for
matrices. All vectors in the article are understood as column vectors.

2. System model. We consider a ridge-regression task on random feature
maps defined as follows. Each input data x € R” is multiplied by a matrix
W € R**P; a nonlinear function ¢ : R — R is then applied entry-wise to the
vector Wx, thereby providing a set of n random features o (Wx) € R" for each
datum x € R”. The output z € R? of the linear regression is the inner product
z = BTo (Wx) for some matrix 8 € R"*“ to be designed.

From a neural network viewpoint, the n neurons of the network are the virtual
units operating the mapping W;.x — o (W;.x) (W;. being the ith row of W), for
1 <i < n. The neural network then operates in two phases: a training phase where
the regression matrix 8 is learned based on a known input—output dataset pair
(X, Y) and a testing phase where, for 8 now fixed, the network operates on a new
input dataset X with corresponding unknown output Y.
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During the training phase, based on a set of known input X = [x{,...,x7] €
RP*T and output ¥ =[y1,...,yr] € R4*T datasets, the matrix B is chosen so
as to minimize the mean square error %ZiTzl lzi — vi 1% 4+ )/||,B||2 , where z; =
BTo(Wx;) and y > 0 is some regularization factor. Solving for 8, this leads to the
explicit ridge-regressor

B = lz<izT2 + yIT)IYT,
T \T
where we defined ¥ = o (W X). This follows from differentiating the mean square
error along B to obtain 0 = y8 + %ZiTzla(Wxi)(ﬁTa(Wx,-) — yi)T, so that
(#2227 +y1,)B = + YT which, along with (+ZET+y ) 'Z =2(+ZTE +
yIr)~!, gives the result.
In the remainder, we will also denote

1 -1
0= <?2T2 +yIT)

the resolvent of %ZTE. The matrix Q naturally appears as a key quantity in the
performance analysis of the neural network. Notably, the mean-square error Etin
on the training dataset X is given by

1 2
(1) Evain = [ YT~ 5T 1% = y? YTy Q2.

Under the growth rate assumptions on n, p, T taken below, it shall appear that the
random variable Ey,i, concentrates around its mean, letting then appear E[Qz] as
a central object in the asymptotic evaluation of Eiy.

The testing phase of the neural network is more interesting in practice as it

unveils the actual performance of neural networks. For a test dataset X e RPXT of
length T, with unknown output Y e R*T | the test mean-square error is defined
by

1,4 A
Etest = ?“ YT - ETIB ”i‘,

where ¥ = o (WX) and B is the same as used in (1) [and thus only depends
on (X, Y) and y]. One of the key questions in the analysis of such an elemen-
tary neural network lies in the determination of y which minimizes Eg (and is
thus said to have good generalization performance). Notably, small y values are
known to reduce Ey,in but to induce the popular overfitting issue which gener-
ally increases Eg, while large ¢ values engender both large values for Ei, and
Eest.

From a mathematical standpoint though, the study of Eg brings forward some
technical difficulties that do not allow for as a simple treatment through the present
concentration of measure methodology as the study of Eyn,in. Nonetheless, the
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analysis of E,i, allows at least for heuristic approaches to become available,
which we shall exploit to propose an asymptotic deterministic approximation for
Eest.

From a technical standpoint, we shall make the following set of assumptions on
the mapping x — o (Wx).

ASSUMPTION 1 (Sub-Gaussian W). The matrix W is defined by
W=p(W)

(understood entry-wise), where W has independent and identically distributed
N (0, 1) entries and ¢(-) is Ag-Lipschitz.

For a = ¢(b) € R¢, ¢ > 1, with b ~ N(0, 1), we shall subsequently denote
a~ Ny, Iy).

Under the notation of Assumption 1, we have in particular W;; ~ N(0, 1) if
@(t) =t and W;; ~U(—1, 1) (the uniform distribution on [—1, 1]) if () = -1+
2\/% > e~ dx (¢ is here a /2 /7 -Lipschitz map).

We further need the following regularity condition on the function o.

ASSUMPTION 2 (Function o). The function o is Lipschitz continuous with
parameter A, .

This assumption holds for many of the activation functions traditionally con-
sidered in neural networks, such as sigmoid functions, the rectified linear unit
o (t) = max(¢, 0) or the absolute value operator.

When considering the interesting case of simultaneously large data and ran-
dom features (or neurons), we shall then make the following growth rate assump-
tions.

ASSUMPTION 3 (Growth rate). Asn — 00,
0< lirr}linfmin{p/n, T/n} < lim”supmax{p/n, T/n} < o0
while y, A5, Ay, > 0 and d are kept constant. In addition,
limnsup I X < o0,

lim sup max |Y;;| < oo.
n ij
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3. Main results.

3.1. Main technical results and training performance. As a standard prelimi-
nary step in the asymptotic random matrix analysis of the expectation E[ O] of the
resolvent Q = (%ETE + yIr)~!, a convergence of quadratic forms based on the
row vectors of X is necessary [see, e.g., MarCenko and Pastur (1967), Silverstein
and Bai (1995)]. Such results are usually obtained by exploiting the independence
(or linear dependence) in the vector entries. This not being the case here, as the
entries of the vector o (X w) are in general not independent, we resort to a con-
centration of measure approach, as advocated in El Karoui (2009). The following
lemma, stated here in a nonasymptotic random matrix regime (i.e., without neces-
sarily resorting to Assumption 3), and thus of independent interest, provides this
concentration result. For this lemma, we need first to define the following key ma-
trix:

) ® =E[o(w'X) o (w'X)]
of size T x T, where w ~ N, (0, I).
LEMMA 1 (Concentration of quadratic forms). Let Assumptions 1-2 hold. Let

also A € RT*T such that |A| < 1 and, for X € RP*T and w ~Ny(0, 1)), define
the random vector o = o (w'X)" € RT. Then

c

_ T
P<‘10TA0 1 tr QDA‘ > t)< Ce W13
T T -

. 2
mm(’—2 ,1)
0

Jortg=0(0)| + Aprs ||X||\/¥ and C, ¢ > 0 independent of all other parameters.
In particular, under the additional Assumption 3,

P(‘laTAa - ltrCIDA‘ > t) < Ce—cnminG,r?)
T T -

for some C, c > 0.

Note that this lemma partially extends concentration of measure results involv-
ing quadratic forms [see, e.g., Rudelson, Vershynin et al. (2013), Theorem 1.1], to
nonlinear vectors.

With this result in place, the standard resolvent approaches of random matrix
theory apply, providing our main theoretical finding as follows.

THEOREM 1 (Asymptotic equivalent for E[Q]). Let Assumptions 1-3 hold
and define Q as
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where § is implicitly defined as the unique positive solution to § = %tr ®Q. Then,
for all ¢ > 0, there exists ¢ > 0 such that

|E[Q] — O < cn™2te.

As a corollary of Theorem 1 along with a concentration argument on % tr O, we

have the following result on the spectral measure of %ETE, which may be seen as
a nonlinear extension of Silverstein and Bai (1995) for which o (¢) =¢.

THEOREM 2 (Limiting spectral measure of %ETE). Let Assumptions 1-3
hold and, for A1, ..., AT the eigenvalues of%ETE, define u,, = % ZiTzl 35, . Then,
for every bounded continuous function f, with probability one

[ rdun~ [ rap.—o.

where [i, is the measure defined through its Stieltjes’ transform m, (z) = [(t —
)7} dii, (1) given, for z € {w € C, J[w] > 0}, by

1

@=7u(5rs 1)_1
my (z) = —tr = -
=N\ r1ys, T

with §; the unique solution in {w € C, J[w] > 0} of

5 1t<I><n ® 1>_1
=—trd| = - .
i\ riys, T

Note that f1, has a well-known form, already met in early random matrix
works [e.g., Silverstein and Bai (1995)] on sample covariance matrix models. No-
tably, fi, is also the deterministic equivalent of the empirical spectral measure of
%PTWTWP for any deterministic matrix P € RP* T such that PTP = ®. As such,
to some extent, the results above provide a consistent asymptotic linearization
of %ZTE. From standard spiked model arguments [see, e.g., Benaych-Georges
and Nadakuditi (2012)], the result |E[Q] — Q|| — O further suggests that also the
eigenvectors associated to isolated eigenvalues of %ETE (if any) behave similarly

to those of %PTWTWP, a remark that has fundamental importance in the neural
network performance understanding.

However, as shall be shown in Section 3.3, and contrary to empirical covariance
matrix models of the type PTWTW P, & explicitly depends on the distribution of
W;j (i.e., beyond its first two moments). Thus, the aforementioned linearization
of %ETE, and subsequently the deterministic equivalent for u,, are not universal
with respect to the distribution of zero-mean unit variance W;;. This is in striking
contrast to the many linear random matrix models studied to date which often
exhibit such universal behaviors. This property too will have deep consequences in
the performance of neural networks as shall be shown through Figure 3 in Section 4
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for an example where inappropriate choices for the law of W lead to network
failure to fulfill the regression task.

For convenience in the following, letting § and ® be defined as in Theorem 1,
we shall denote

3)

_n (o}
T T146
Theorem 1 provides the central step in the evaluation of Ey,j,, for which not

only E[ Q] but also E[Qz] needs be estimated. This last ingredient is provided in
the following proposition.

PROPOSITION 1 (Asymptotic equivalent for E[QAQ]). Let Assumptions 1-3
hold and A € RT*T be a symmetric nonnegative definite matrix which is either ®
or a matrix with uniformly bounded operator norm (with respect to T). Then, for
all € > 0, there exists ¢ > 0 such that, for all n,

tr (‘PQAQ)

E10a01- (040 + RS0

ov0)

As an immediate consequence of Proposition 1, we have the following result on
the training mean-square error of single-layer random neural networks.

THEOREM 3 (Asymptotic training mean-square error). Let Assumptions 1-3
hold and Q, V be defined as in Theorem 1 and (3). Then, for all € > 0,
1 _
12" (Eain — Etrain) = 0

almost surely, where
LT Tal2 y? Ty N2
Etrain:_“Y _Zﬂ”FZTtrY YQv

! tr\IJQ2

- )/ T
Eirgin = —trY YQ[—
‘ —Luwg)?

T +IT]Q.

Since Q and ® share the same orthogonal eigenvector basis, it appears that
Erain depends on the alignment between the right singular vectors of ¥ and the
eigenvectors of ®, with weighting coefficients

1 T (1 . -2
( v )2(1—1- Ai n 2= IA(A ) ) 1<i<T
ri+y L= I A0+ )2 -

where we denoted A; = A; (W), 1 <i < T, the eigenvalues of W [which depend
on y through A;(W) = T(1+5))‘ (®)]. If liminf, n/T > 1, it is easily seen that
8 — 0 as y — 0, in which case E,j; — 0 almost surely. However, in the more
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interesting case in practice where limsup,n/T <1, — oo as y — 0 and Eyin
consequently does not have a simple limit (see Section 4.3 for more discussion on
this aspect).

Theorem 3 is also reminiscent of applied random matrix works on empirical
covariance matrix models, such as Bai and Silverstein (2007), Kammoun et al.
(2009), then further emphasizing the strong connection between the nonlinear ma-

trix o (W X) and its linear counterpart WCD%.

As a side note, observe that, to obtain Theorem 3, we could have used the fact
that tr YTY Q% = —% tr Y TY Q which, along with some analyticity arguments [for
instance when extending the definition of Q = Q(y) to Q(z), z € C], would have

directly ensured that % is an asymptotic equivalent for —E[ Q?], without the need
for the explicit derivation of Proposition 1. Nonetheless, as shall appear subse-
quently, Proposition 1 is also a proxy to the asymptotic analysis of Es. Besides,
the technical proof of Proposition 1 quite interestingly showcases the strength of
the concentration of measure tools under study here.

3.2. Testing performance. As previously mentioned, harnessing the asymp-
totic testing performance E.g seems, to the best of the authors’ knowledge, out of
current reach with the sole concentration of measure arguments used for the proof
of the previous main results. Nonetheless, if not fully effective, these arguments
allow for an intuitive derivation of a deterministic equivalent for Eieg, Which is
strongly supported by simulation results. We provide this result below under the
form of a yet unproven claim, a heuristic derivation of which is provided at the end
of Section 5. . A

To introduce this result, let X = [X1,...,%;] € RP *T be a set of input data with

corresponding output ¥ = [, ..., y#le R¥*T We also define ¥ = o(WX) €

R”*T . We assume that X and ¥ satisfy the same growth rate conditions as X and
Y in Assumption 3. To introduce our claim, we need to extend the definition of
® in (2) and ¥ in (3) to the following notation: for all pair of matrices (A, B) of
appropriate dimensions,

® 5 =E[o (wTA)Ta (wTB)],
_n Dyp
S T1+6

where w ~ N, (0, I,,). In particular, ® = ®xx and ¥ = Wy .
With these notation in place, we are in position to state our claimed result.

Wag

CONJECATUARE 1 (Deterministic equivalent for Eg). Let Assumptions 1-2
hold and X,Y satisfy the same conditions as X,Y in Assumption 3. Then, for
all e > 0,

l_ -
nz S(Etest — Etest) > 0



1200 C. LOUART, Z. LIAO AND R. COUILLET

almost surely, where

1, A
Etest:?HYT_ET:B”i",
= _List 0T ApT)2
Etest—fHY Ve OV [

%HYTYQWQ[IHIJ Lirlr 41 0) (W ¥ Q)}
- 1 = | =~ Ir vy T T~ T T v v .
1—Llwwols ¥ 7 Y XX XX

While not immediate at first sight, one can confirm (using notably the relation
WO+ yQ=I7)that, for (X,Y)=(X,Y), Etrain = Etest, as expected.

In order to evaluate practically the results of Theorem 3 and Conjecture 1, itis a
first step to be capable of estimating the values of ® 4p for various o (-) activation
functions of practical interest. Such results, which call for completely different
mathematical tools (mostly based on integration tricks), are provided in the subse-
quent section.

3.3. Evaluation of ®4p. The evaluation of ® 43 = E[o(w'A) o (w'B)] for
arbitrary matrices A, B naturally boils down to the evaluation of its individual
entries, and thus to the calculus, for arbitrary vectors a, b € R?, of

®4p = E[o(w'a)o (w'h)]
“4) ) .
=Q27)"2 /a(gp(uv)Ta)a(w(w)Tb)e—szH dw.

The evaluation of (4) can be obtained through various integration tricks for a wide
family of mappings ¢(-) and activation functions o (-). The most popular activa-
tion functions in neural networks are sigmoid functions, such as o (t) = erf(t) =

% fé e‘“2 du, as well as the so-called rectified linear unit (ReLU) defined by
o (t) = max(¢, 0) which has been recently popularized as a result of its robust be-
havior in deep neural networks. In physical artificial neural networks implemented
using light projections, o (t) = |¢| is the preferred choice. Note that all aforemen-
tioned functions are Lipschitz continuous and, therefore, in accordance with As-
sumption 2.

Despite their not abiding by the prescription of Assumptions 1 and 2, we be-
lieve that the results of this article could be extended to more general settings, as
discussed in Section 4. In particular, since the key ingredient in the proof of all our
results is that the vector o (wT X) follows a concentration of measure phenomenon,
induced by the Gaussianity of w [if w = ¢(w)], the Lipschitz character of ¢ and
the norm boundedness of X, it is likely, although not necessarily simple to prove,
that o (w'X) may still concentrate under relaxed assumptions. This is likely the
case for more generic vectors w than J\@, (0, I,) as well as for a larger class of
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TABLE 1

.
Values of ®qp for w~ N0, Ip), Z(a,b) = m
a(t) Dup
t a'b
max(t, 0) ﬁ lalllbll(£(a, b)acos(—ZL(a, b)) + /1 — Z(a, b)?)
7] %Ilallllbll(l(a,b) asin(Z(a, b)) + /1 — Z(a, b)?)
erf(t) 2 asin( 247b )
T \/§1+2na||2)<1+2nbn2)
Lir=0 3 — 57 acos(ZL(a, b))
sign(r) 2 asin(Z(a, b))
cos(t) exp(—5 (llal|> + [|b]1)) cosh(a b)
sin(7) exp(—3(llal|® + [|b]|?)) sinh(ab).

activation functions, such as polynomial or piece-wise Lipschitz continuous func-
tions.

In anticipation of these likely generalizations, we provide in Table 1 the val-
ues of @y, for w ~ N (0, Ip) [i.e., for ¢(¢) =t] and for a set of functions o (-) not
necessarily satisfying Assumption 2. Denoting ® = ® (o (¢)), it is interesting to re-
mark that, since arccos(x) = — arcsin(x) + %, & (max(t,0)) = @(%t) + CD(%|t|).
Also, [®(cos(?)) + P(sin(#))]q.p = exp(—%”a — b||?), a result reminiscent of
Rahimi and Recht (2007).2 Finally, note that ® (erf(xt)) — ®(sign(z)) as xk — oo,
inducing that the extension by continuity of erf(«¢) to sign(z) propagates to their
associated kernels.

In addition to these results for w ~ N(O, [ p), we also evaluated @4, =
Elo (wTa)o (w'h)] for o (t) = g“ztz + ¢1t + ¢o and w € R? a vector of indepen-
dent and identically distributed entries of zero mean and moments of order k equal
to my (so m1 = 0); w is not restricted here to satisfy w ~ N¢ (0, 1). In this case,
we find

Do = L3 [m3(2(ab)* + llalPIb]?) 4 (ma — 3m3)(a®) (b%)] + t2maa"b
+ oim3[(@®) b+ a” (b)] + cagoma[llal® + 16112 + 2.

where we defined (¢2) = [af, e af,]T.

It is already interesting to remark that, while classical random matrix models
exhibit a well-known universality property—in the sense that their limiting spectral
distribution is independent of the moments (higher than two) of the entries of the
involved random matrix, here W—for o (-) a polynomial of order two, ®, and

2t is in particular not difficult to prove, based on our framework, that as n/T — 0o, a random
neural network composed of n/2 neurons with activation function o (#) = cos(¢) and n/2 neurons
with activation function o (f) = sin(#) implements a Gaussian difference kernel.
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thus w, strongly depend on E[Wl-’}] for k = 3, 4. We shall see in Section 4 that
this remark has troubling consequences. We will notably infer (and confirm via
simulations) that the studied neural network may provably fail to fulfill a specific
task if the W;; are Bernoulli with zero mean and unit variance but succeed with
possibly high performance if the W;; are standard Gaussian [which is explained
by the disappearance or not of the term (@"0)? and (a®)T(b?) in (5) if my = m%].

4. Practical outcomes. We discuss in this section the outcomes of our main
results in terms of neural network application. The technical discussions on The-
orem 1 and Proposition 1 will be made in the course of their respective proofs in
Section 5.

4.1. Simulation results. We first provide in this section a simulation corrobo-
rating the findings of Theorem 3 and suggesting the validity of Conjecture 1. To
this end, we consider the task of classifying the popular MNIST image database
[LeCun, Cortes and Burges (1998)], composed of grayscale handwritten digits of
size 28 x 28, with a neural network composed of n = 512 units and standard Gaus-
sian W. We represent here each image as a p = 784-size vector; 1024 images of
sevens and 1024 images of nines were extracted from the database and were evenly
splitin 512 training and test images, respectively. The database images were jointly
centered and scaled so to fall close to the setting of Assumption 3 on X and X (an
admissible preprocessing intervention). The columns of the output values ¥ and
Y were taken as unidimensional (d =1) with Yy, Y1 j € {—1, 1} depending on
the image class. Figure 1 displays the simulated (averaged over 100 realizations
of W) versus theoretical values of E.,j, and Eeg for three choices of Lipschitz
continuous functions o (), as a function of y.

Note that a perfect match between theory and practice is observed, for both
E'rain and E'eg;, which is a strong indicator of both the validity of Conjecture 1 and
the adequacy of Assumption 3 to the MNIST dataset.

We subsequently provide in Figure 2 the comparison between theoretical for-
mulas and practical simulations for a set of functions o (-) which do not satisfy
Assumption 2, that is, either discontinuous or non-Lipschitz maps. The closeness
between both sets of curves is again remarkably good, although to a lesser extent
than for the Lipschitz continuous functions of Figure 1. Also, the achieved perfor-
mances are generally worse than those observed in Figure 1.

It should be noted that the performance estimates provided by Theorem 3 and
Conjecture 1 can be efficiently implemented at low computational cost in practice.
Indeed, by diagonalizing ® (which is a marginal cost independent of y), Eigin can
be computed for all y through mere vector operations; similarly, Eieg is obtained
by the marginal cost of a basis change of @, and the matrix product ®, ;®5 .,
all remaining operations being accessible through vector operations. As a conse-
quence, the simulation durations to generate the aforementioned theoretical curves
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FIG. 1. Neural network performance for Lipschitz continuous o (-), W;j ~ N(0, 1), as a function
of v, for 2-class MNIST data (sevens, nines), n =512, T = T =1024, p=1784.

using the linked Python script were found to be 100 to 500 times faster than to gen-
erate the simulated network performances. Beyond their theoretical interest, the
provided formulas therefore allow for an efficient offline tuning of the network hy-
perparameters, notably the choice of an appropriate value for the ridge-regression
parameter y .

4.2. The underlying kernel. Theorem 1 and the subsequent theoretical find-
ings importantly reveal that the neural network performances are directly related
to the Gram matrix &, which acts as a deterministic kernel on the dataset X. This
is in fact a well-known result found, for example, in Williams (1998) where it is
shown that, as n — oo alone, the neural network behaves as a mere kernel operator
(this observation is retrieved here in the subsequent Section 4.3). This remark was
then put at an advantage in Rahimi and Recht (2007) and subsequent works, where
random feature maps of the type x — o (Wx) are proposed as a computationally
efficient proxy to evaluate kernels (x, y) — @ (x, y).

As discussed previously, the formulas for Erain and Eieg suggest that good per-
formances are achieved if the dominant eigenvectors of ® show a good alignment
to Y (and similarly for ¢ ; and Y). This naturally drives us to finding a priori sim-
ple regression tasks where ill-choices of ® may annihilate the neural network per-
formance. Following recent works on the asymptotic performance analysis of ker-
nel methods for Gaussian mixture models [Couillet and Benaych-Georges (2016),
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F1G. 2. Neural network performance for o(-) either discontinuous or non-Lipschitz,
Wij ~ N0, 1), as a function of y, for 2-class MNIST data (sevens, nines),n =512, T =T = 1024,
p="T84.

Liao and Couillet (2017), Mai and Couillet (2017)] and [Couillet and Kammoun
(2016)], we describe here such a task.

Let xq, ..., XT/2 NN(O, %C]) and XT/241s-++» XT NN(O, %Cz) where C; and
C» are such that tr C; = tr Cs, ||C1 ||, ||C2 || are bounded, and tr(C; — C5)? = O(p).
Accordingly, yi,...,y7/241 = —1 and yr/241,...,yr = L. It is proved in the
aforementioned articles that, under these conditions, it is theoretically possible, in
the large p, T limit, to classify the data using a kernel least-square support vector
machine (i.e., with a training dataset) or with a kernel spectral clustering method
(i.e., in a completely unsupervised manner) with a nontrivial limiting error prob-
ability (i.e., neither zero nor one). This scenario has the interesting feature that
xiij — 0 almost surely for all i # j while ||x; ||2 — %tr(%Cl + %Cz) — 0, almost
surely, irrespective of the class of x;, thereby allowing for a Taylor expansion of
the nonlinear kernels as early proposed in El Karoui (2010).

Transposed to our present setting, the aforementioned Taylor expansion allows
for a consistent approximation ® of ® by an information-plus-noise (spiked) ran-
dom matrix model [see, e.g., Benaych-Georges and Nadakuditi (2012), Loubaton
and Vallet (2010)]. In the present Gaussian mixture context, it is shown in Couillet
and Benaych-Georges (2016) that data classification is (asymptotically at least)
only possible if ®; ;j explicitly contains the quadratic term (xl.T X j)2 [or combina-
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tions of (xiz)ij, (sz-)Tx,-, and (xiz)T(xJZ-)]. In particular, letting a, b ~ N (0, C;)
with i =1, 2, it is easily seen from Table 1 that only max(¢, 0), |¢|, and cos(¢) can
realize the task. Indeed, we have the following Taylor expansions around x = 0:

asin(x) =x + 0(x3),
sinh(x) = x + O(x%),
acos(x) = % —x+ 0(x3),

x2
cosh(x) =1+ = + 0(x%),

2

5 TX X 3
xacos(—x) ++4/1—x =1+7+?+0(x ).

2
xasin(x) +y1—x2=1+ % +0(x),

where only the last three functions [only found in the expression of &, corre-
sponding to o (t) = max(¢, 0), |¢|, or cos(¢)] exhibit a quadratic term.

More surprisingly maybe, recalling now equation (5) which considers nonnec-
essarily Gaussian W;; with moments m; of order k, a more refined analysis shows
that the aforementioned Gaussian mixture classification task will fail if m3 =0
and my = m%, so for instance, for W;; € {—1, 1} Bernoulli with parameter %
The performance comparison of this scenario is shown in the top part of Fig-
ure 3 for o) = —1t> + 1 and Cy = diag(I,2,41,2), C2 = diag(d1,2, I2),
for W;; ~ N0, 1) and W;; ~ Bern [i.e., Bernoulli {(—1, ), (1, 3)}]. The choice
of o(t) = rat> + 1t + o with ¢ = 0 is motivated by Couillet and Benaych-
Georges (2016), Couillet and Kammoun (2016) where it is shown, in a somewhat
different setting, that this choice is optimal for class recovery. Note that, while

the test performances are overall rather weak in this setting, for W;; ~ N, 1),

E\est drops below one (the amplitude of the Y,- ), thereby indicating that nontriv-
ial classification is performed. This is not so for the Bernoulli W;; ~ Bern case

where Eieg is systematically greater than |I?,",-| = 1. This is theoretically explained
by the fact that, from equation (5), ®;; contains structural information about the
data classes through the term 2m%(xiT X j)2 + (mg4 — 3m%) (xiz)T(sz-) which induces
an information-plus-noise model for ® as long as Zm% + (myg — Sm%) # 0, that is,
my % m% [see Couillet and Benaych-Georges (2016) for details]. This is visually
seen in the bottom part of Figure 3 where the Gaussian scenario presents an iso-
lated eigenvalue for ® with corresponding structured eigenvector, which is not the
case of the Bernoulli scenario. To complete this discussion, it appears relevant in
the present setting to choose W;; in such a way that my4 — m% is far from zero,
thus suggesting the interest of heavy-tailed distributions. To confirm this predic-
tion, Figure 3 additionally displays the performance achieved and the spectrum of
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second eigenvector of ® for different W;; (first eigenvalues are of order n and not shown; associated
eigenvectors are provably noninformative).

® observed for W;; ~ Stud, that is, following a Student-t distribution with degree
of freedom v = 7 normalized to unit variance (in this case my = 1 and my4 = 5).
Figure 3 confirms the large superiority of this choice over the Gaussian case (note
nonetheless the slight inaccuracy of our theoretical formulas in this case, which
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is likely due to too small values of p,n, T to accommodate W;; with higher order
moments, an observation which is confirmed in simulations when letting v be even
smaller).

4.3. Limiting cases. We have suggested that ® contains, in its dominant eigen-
modes, all the usable information describing X. In the Gaussian mixture example
above, it was notably shown that ® may completely fail to contain this information,
resulting in the impossibility to perform a classification task, even if one were to
take infinitely many neurons in the network. For & containing useful information
about X, it is intuitive to expect that both inf), Eain and inf, Eest become smaller
asn/T and n/p become large. It is in fact easy to see that, if ® is invertible (which
is likely to occur in most cases if liminf, 7/p > 1), then

lim Eyrain =0,
n—00

- 1,4
JHm Erese — ?H PT—@g oYL =0
and we fall back on the performance of a classical kernel regression. It is inter-
esting in particular to note that, as the number of neurons n becomes large, the
effect of y on E flattens out. Therefore, a smart choice of y is only relevant for
small (and thus computationally more efficient) neuron layers. This observation is
depicted in Figure 4 where it is made clear that a growth of n reduces E i, to zero
while Eg saturates to a nonzero limit which becomes increasingly irrespective
of y. Note additionally the interesting phenomenon occurring for n < T where
too small values of y induce important performance losses, thereby suggesting a
strong importance of proper choices of y in this regime.

Of course, practical interest lies precisely in situations where 7 is not too large.
We may thus subsequently assume that limsup, n/7 < 1. In this case, as sug-
gested by Figures 1-2, the mean-square error performances achieved as y — 0
may predict the superiority of specific choices of o (-) for optimally chosen y. It
is important for this study to differentiate between cases where r = rank(®) is
smaller or greater than n. Indeed, observe that, with the spectral decomposition
b= UrArUrT for A, € R"™*" diagonal and U, € RT*",

F) 1td>(nq>+l)_l 1tA(n Ar+1)_1
= —1r —_—— = —1r — s
T T1+s 7T 7 O \T1gs TV

which satisfies, as y — 0,

r
5 — , r<n,
n—r

5 A 1t<1>("q>+1>_1 >
> A=—trd(=— , > n.
Y T TA T r=n

A phase transition therefore exists whereby § assumes a finite positive value in the
small y limit if r/n < 1, or scales like 1/y otherwise.
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As a consequence, if r <n,as y - 0, ¥V — %(1 — %)Cb and Q ~ %Ur X
Ar_lUrT + %V, VrT, where V, € RT*(=1) g any matrix such that [U,V,] is or-
thogonal, so that \IJQ — UrU;r and \IJQ2 — UrAr_lU,T; and thus, Eiin —
l trYV, VTYT = %HY V,||%, which states that the residual training error corre-
sponds to the energy of ¥ not captured by the space spanned by . Slnce E'train 18
an increasing function of y, so is Eyin (at least for all large n), and thus - 1YV, 1B fa
corresponds to the lowest achievable asymptotic training error.

If instead r > n (which is the most likely outcome in practice), as y — 0, Q ~
%(—— + I7)~! and thus

1 2

I | ~tr¥YaQ

Etain —> —trYQA|: " 2
T 1= tr(PA0n)

where Wy = %% and QA = (%% + 1)L

These results suggest that neural networks should be designed both in a way that
reduces the rank of ® while maintaining a strong alignment between the dominant
eigenvectors of @ and the output matrix Y.

Interestingly, if X is assumed as above to be extracted from a Gaussian mixture
and that ¥ € R'*T is a classification vector with Y; j € {—1, 1}, then the tools
proposed in Couillet and Benaych-Georges (2016) (related to spike random matrix

WA + IT] OaYT,
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analysis) allow for an explicit evaluation of the aforementioned limits as n, p, T
grow large. This analysis is however cumbersome and outside the scope of the
present work.

5. Proof of the main results. In the remainder, we shall use extensively the
following notation:

T T
| wy

T=ocWX)=|: |, W=]|:
o, w,

that is, o; = a(w;rX)T. Also, we shall define £_; € R®~DXT the matrix ¥ with
ith row removed, and correspondingly

Q_i= (isz _ LT +yl )_l
—-i=\7 77 i vir .
Finally, because of exchangeability, it shall often be convenient to work with the
generic random vector w ~ N, (0, I7), the random vector o distributed as any
of the o;’s, the random matrix X_ distributed as any of the X_;’s, and with the
random matrix Q_ distributed as any of the Q_;’s.

5.1. Concentration results on . Our first results provide concentration of
measure properties on functionals of X. These results unfold from the follow-
ing concentration inequality for Lipschitz applications of a Gaussian vector; see,
for example, Ledoux (2005), Corollary 2.6, Propositions 1.3, 1.8 or Tao (2012),
Theorem 2.1.12. For d € N, consider p the canonical Gaussian probability on
R4 defined through its density du(w) = (Zn)_%e_%”w”z and f : RY > TRa Af-
Lipschitz function. Then we have the said normal concentration

(©) M(Hf—/fdu‘zt})§Ce_cg,

where C, ¢ > 0 are independent of d and 1. As a corollary [see, e.g., Ledoux
(2005)], for every k > 1,

- fran)=(S2)'

The main approach to the proof of our results, starting with that of the key
Lemma 1, is as follows: since W;; = (p(W,- ) with W; ;i ~N(0, 1) and ¢ Lipschitz,
the normal concentration of W transfers to W which further induces a normal
concentration of the random vector o and the matrix X, thereby implying that
Lipschitz functionals of o or ¥ also concentrate. As pointed out earlier, these



1210 C. LOUART, Z. LIAO AND R. COUILLET

concentration results are used in place for the independence assumptions (and their
multiple consequences on convergence of random variables) classically exploited
in random matrix theory.

Notation: In all subsequent lemmas and proofs, the letters ¢, ¢;, C, C; > 0 will
be used interchangeably as positive constants independent of the key equation pa-
rameters (notably n and ¢ below) and may be reused from line to line. Additionally,
the variable & > 0 will denote any small positive number; the variables c, ¢;, C, C;
may depend on €.

We start by recalling the first part of the statement of Lemma 1 and subsequently
providing its proof.

LEMMA 2 (Concentration of quadratic forms). Let Assumptions 1-2 hold. Let
also A € RT*T such that |A| < 1 and, for X € RP*T and w ~Ny(0, 1)), define
the random vector o = o (w'X)" € RT. Then

.42
min(5,7)
o

_ cT
P<‘10'TAO' 1 tr CIDA‘ > t>< Ce WIP5ia
T T -
fortg=10(0)] + ApAs || X ||\/¥ and C, ¢ > 0 independent of all other parameters.

PROOF. The layout of the proof is as follows: since the application w
LoTAo is “quadratic” in w, and thus not Lipschitz (therefore not allowing for

a natural transfer of the concentration of w to %UTAO’), we first prove that LT o]l

satisfies a concentration inequality, which provides a high probability O (1) bound
on LT |lo ||. Conditioning on this event, the map w +— LTJTAU can then be shown

to be Lipschitz (by isolating one of the ¢ terms for bounding and the other one for
retrieving the Lipschitz character) and, up to an appropriate control of concentra-
tion results under conditioning, the result is obtained.

Following this plan, we first provide a concentration inequality for |0 ||. To this
end, note that the application ¥ : R” — R, @ — o (¢(w)"X)T is Lipschitz with
parameter A,A, || X || as the combination of the A,-Lipschitz function ¢ : w — w,
the || X||-Lipschitz map R” — R”, w > XTw and the A,-Lipschitz map R7 —
RT, Y — o(Y). As a Gaussian vector, w has a normal concentration and so does
¥ (). Since the Euclidean norm R” — R, ¥ + ||Y || is 1-Lipschitz, we thus have
immediately by (6)

(| gt el et o) < 5

for some ¢, C > 0 independent of all parameters.
Finally, using again the Lipschitz character of o (w" X),

o X)| = o1 < [o(wTX) — o (O1F] < islwl] - [IX]]
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so that, by Jensen’s inequality,
1

! o(w'X) H} <|o |+ AUE[ﬁ

|- o |11

1
<o)+ E[;nwuZ]an

with E[llo(@)|I*] < AZE[lW]*] = pA, [since w ~ N(0,1))]. Letting 1y =
lo(0)] + A2y || X,/ £, we then find

T2

1 T52,2 2
P(H o(w'X H >t +ZO) < Ce aIXI

which, with the remark r > 4t9 = (1 — to)> > 12/2, may be equivalently stated as

2
1 - ZCYZ-I 2
(7 vt > 4ty, P(H—a w'X H 2t> < Ce PorsIXI7
7o)
As a side (but important) remark, note that, since
P(H > >t\/T>—P i U
NTIF B Sivril
< (| 7= y7)
max —
- 1<i<n TI  \n

the result above implies that

=ne(| 7= )
n —_ R—
= ﬁ - n
T2

Vi > 41, P(’ i > ,ﬁ) < Cne_znx%x%uxwﬂ

JT

and thus, since || - || > | - ||, we have

F

_ cT22
vVt > 41y, P( i“ > tﬁ) < Cne 2:11%,\(2,“;(”2.
VT

Thus, in particular, under the additional Assumption 3, with high probability, the

operator norm of \Eﬁ cannot exceed a rate v/ T .

REMARK 1 (Loss of control of the structure of ¥). The aforementioned con-
trol of || X|| arises from the bound | X|| < ||X]||F which may be quite loose (by
as much as a factor +/T). Intuitively, under the supplementary Assumption 3, if
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E[o] # 0, then % is “dominated” by the matrix ﬁE[a] 1}, the operator norm of
which is indeed of order /n and the bound is tight. If o' (r) = and E[W;;] =0, we
however know that || % | = O(1) [Bai and Silverstein (1998)]. One is tempted to

believe that, more generally, if E[o] =0, then || % || should remain of this order.
And, if instead E[o] # 0, the contribution of ﬁE[a] 1} should merely engender

a single large amplitude isolate singular value in the spectrum of % and the other
singular values remain of order O(1). These intuitions are not captured by our
concentration of measure approach.

Since ¥ = o(WX) is an entry-wise operation, concentration results with re-
spect to the Frobenius norm are natural, where with respect to the operator norm
are hardly accessible.

Back to our present considerations, let us define the probability space Ax =
{w, low™X)|| < KJT). Conditioning the random variable of interest in
Lemma 2 with respect to Ag and its complementary A%, for some K > 4,
gives

1 1
P<‘?o(wTX)A0 (w'x)" — s ch‘ > z)

< P(H%G(wTX)AG(wTX)T — %trCDA' > t}, AK> + P(A%).

We can already bound P (A%) thanks to (7). As for the first right-hand side term,
note that on the set {o(w"X), w € Ak}, the function f :RT - R:0 o' Ao is
Kﬁ-LipschitZ. This is because, for all 0,0 + h € {o(w'X), w € Ak},

| £ +h)— )| =|hTAc + (o + W) TAR| < K~/T|h].

Since conditioning does not allow for a straightforward application of (6), we
consider instead f, a K~/T-Lipschitz continuation to R” of f Ax > the restric-
tion of f to A, such that all the radial derivative of f are constant in the set
{0, o]l = K+/T}. We may thus now apply (6) and our previous results to obtain

cTt2

P(|f(oc(w'X)) —E[f(c(w'X))]| = KTt) < e 1XIBZAZ

Therefore,
P({|f(o(w"X)) —E[f (o (w"X))]| = KT1}, Ak)
P({|f(o(w'X)) —E[f(o(w"X))]| = KT}, Ak)

T2

< P(|f(c(w'X)) —E[f(c(w'X))]| = KT1) < e IXI2333
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= [E[f(c(w'X)] —

Our next step is then to bound the difference A
E[f(o(w"X))]|. Since f and f are equal on {0, ||| < KT}

A g
<[, S lF@l F@)duo)
where i1, is the law of o (w' X). Since |A| < 1, for ||lo|| > K+/T, max(| f(o)|

| f(0)]) < |lo |2, and thus
B o||>1<f” 1" dis lo |2k VT Jig oIzt 41 1o

—2/ ({llo? = 1}, A) dt

K2T 00
<o [" T peaar 2 [T p(lo (T 2 0 ar
=K-T
ct
< 2P(AS)K2T +2 f o TR g,
KZT
cTK?

__ cTK? 2C)\.2)\.2 X 2 _
VGIFIXIZ 4 L””e 2333 1X12

<2CTK?e
c
6C
= A X,
where in last inequality we used the fact that for x € R, xe ™ <e~! <1, and

K =410 = 4ho hy ||X||\/¥. As a consequence,
_ L'th
) —E[f(c(w"X))]| = KTt + A}, Ag) < Ce X535

P({|f(o(w'X o
so that, with the same remark as before, for ¢ > %,
)) - E[f(U(wTX))]| > KTt}, -AK) <Ce 21X1123232 ‘
we use the fact that, probabilities being lower than

cTt2

P({|f(o(w'X

To avoid the condition ¢ > IA;—A
one, it suffices to replace C by AC with A > 1 such that
_ T2
ACe NPPF =1 forg<
~ KT
The above inequality holds if we take for instance A = ze™ < since then # <
24CA222 ) X2
% < fKﬁT” | < 6Ci":/kl;’—£X” (using successively A > TC A2|1X]1? and K >
4hory | X1l\/ %), and thus
cth 18C2 C2
T > 1.

w > )ACe™

- 2,2,2
ACe X792 > 3 Ce™
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. C/2 .
Therefore, setting A = max(1, %eTc), we get for every > 0

P({|f(o(w'X)) —E[f(o(w'X)]| = KTt} Ak)

_ T2
252,2
< Ce 21 X11“Ap25 s

cTK?

which, together with the inequality P(A%) < Ce G , gives

P(|f(o(w'X)) —E[f(oc(w'X))]| = KT?)
_ Tct2 _ (,'TK2
<ACe MXIB35 | o 2paIXI?

We then conclude

P<‘ %a(wTX)Aa(wTX)T ~ L w(oa)

)

\2A2A2 min(t?/K2,K?)

< (A +1)Ce 2
and, with K = max(4tg, /1),

. t2
¢T min( 5
{0

1 1 i
P(‘?a(wTX)Ao(wTX)T — ?tr(QDA) > t) <(A+1)Ce HXPipiz

\)

Indeed, if 419 < 4/t then min(tz/Kz, K?) = t, while if 4t > 4/t then min(tz/Kz,
K?) =min(¢?/16t3, 1615) = t*/16t3. O

As a corollary of Lemma 2, we have the following control of the moments of
1T
70 Aoc.

COROLLARY 1 (Moments of quadratic forms). Let Assumptions 1-2 hold. For
w~N,0,1,),0 =0 X)TeRT, A e RT*T such that |A|| <1, and k € N,

1 k 2\ k
[— TAG——trCIDA‘ }<c ( 0") +C2("—)
T JT T

with 1ty = |0 (0)| + AsAp || X || , 1= [ XA Ay, and C1, C2 > 0 independent of
the other parameters. In partlcular, under the additional Assumption 3,

1 k
— TAG — —trdA
T = k2
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PROOF. We use the fact that, for a nonnegative random variable Y, E[Y] =
Jo° P(Y > t)dt, so that
]

o7 1 k
_/ (‘ Ao—?trCDA‘ >u)du

1
_/ Kok 'P(‘ TAG—?trCDA‘>v>dU

0 —imin(ﬁ v)
k—1 n? 2’
5/ kv~ Ce 0 dv
0

1 ¢ 1
El|—=0 Ao — —tr®A
T T

ch2

fo
5] kvk— 1Ce i dv + kvk ICe
0

fo

_cTv
2

dv

L‘TU2 T

f kvk-lce 07 dv—i—f kv*~1ce 7 dv

=( to”) / ktk—1Ce™! dt+( ) / kt*=1ce dr,

which, along with the boundedness of the integrals, concludes the proof. [J

Beyond concentration results on functions of the vector o, we also have the
following convenient property for functions of the matrix X.

LEMMA 3 (Lipschitz functions of X). Let f:R"™*T — R be a i f-Lipschitz
function with respect to the Froebnius norm. Then, under Assumptions 1-2,

(1) () e 7

for some C, ¢ > 0. In particular, under the additional Assumption 3,

() oo Z)-) =

PROOF. Denoting W = (p(W), since Vec(W) = [Wu, cee, Wnp] is a Gaussian
vector, by the normal concentration of Gaussian vectors, for g a A4-Lipschitz func-
tion of W with respect to the Frobenius norm [i.e., the Euclidean norm of vec(W)],

by (6),

6[2

P(lg(W) —E[g(W)]| > 1) = P(|g(p(W)) — E[g(@(W))]| > 1) < Ce "+
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for some C, ¢ > 0. Let us consider in particular g : W — f(X/+/T) and remark
that

o((W+ H)X)) _ (U(WX))‘

g + ) — g = £ . N

f” o (W + H)X) —o(WX)|
\f/_ IHX |
:kﬁm
s% [XXTIH|I

concluding the proof. [J

A first corollary of Lemma 3 is the concentration of the Stieltjes’ transform
%tr(%ZTE —zI7)~ ! of w,, the empirical spectral measure of %ETZ, for all
z € C\R™ (soin particular, for z = —y, y > 0).

COROLLARY 2 (Concentration of the Stieltjes’ transform of u,). Under As-
sumptions 1-2, for 7 € C\ R,
> t)

P(‘lt(lETZ I >_1 E[1t<1ZTE I )_1]
T T e yi T T ZIiT

_ cdistz.RT)2 742
<Ce aRIXI?

for some C,c > 0, where dist(z, RT) is the Hausdorff set distance. In particular,
for z=—y,y >0, and under the additional Assumption 3,

P(’lt 0 ltE[Q]‘ t><C —cnt?
—_ [ > .
T I T I e

PROOF. We can apply Lemma 3 for f: R+ %tr(RTR — zI7)~!, since we
have

|f(R+H)— f(R)]
= '%tr((R +H)(R+H)—zlr)" (R+H)"H+H R)(R'R - zI7) ™' \

< ‘%tr((R +H) (R+ H)—zI7)" (R+ H)'H(R'R - zI7) ™"
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1 _ _
+ ?tr((R+H)T(R+H)—zIT) "HTR(RTR — z17) "
2061 _ _ 2lHIF
T dist(z, RT)3  dist(z, R+)>

where, for the second to last inequality, we successively used the relations
[trAB| < VtrAATVur BBT, |trCD| < ||D| trC for nonnegative definite C,
and [[(RTR — zI7)™ ") < dist(z, R")™!, |[((RTR — zIp)"'RTR| < 1, |(RTR —
)T R =[|(RTR —zI7)"'RTR(RTR — 272 < I(RTR — z07) ™' RT x
RIIZI(RTR — zI7)~ 1|2 < dist(z, RT) "2, forz € C\R™, and finally || - | < |- || .
O

Lemma 3 also allows for an important application of Lemma 2 as follows.

LEMMA 4 (Concentration of %OTQ_G). Let Assumptions 1-3 hold and write
WT =[wy,..., wy]. Define o = o (w] X)" € RT and, for WI =[w, ..., w,] and
Y_=0(W_X),let Q_ = (3T E_+ yIy)~'. Then, for A, B € R"*T such that

Al 1Bl <1
1 1 .
P(’?GTAQ_BG -t @AE[Q_]B’ > t) < Ce—cnmin(®.)

for some C, ¢ > 0 independent of the other parameters.

PROOF. Let f: R~ %GTA(RTR + yIr)"!Bo. Reproducing the proof of
Corollary 2, conditionally to %||cr||2 < K for any arbitrary large enough K > 0,

it appears that f is Lipschitz with parameter of order O(1). Along with (7) and
Assumption 3, this thus ensures that
~1)

- p(‘laTAQ_Ba _ laTAE[Q_]Ba‘ o el K)
="\|7 T T =

P(‘l TAQ_B ! TAE[Q_]B
—0 DO — —0O — o
T T

2
+ P<||O;| - K) S Ce—cnl2

for some C, c > 0. We may then apply Lemma 1 on the bounded norm matrix
AE[Q_]B to further find that

1 1
P('?a AQ_Bo — ?trQDAE[Q_]B’ > t>

<P<‘l TAQ_B ! TAE[Q_]B ' 5)
< TO' _bo TO' _ 0>2



1218 C. LOUART, Z. LIAO AND R. COUILLET

1 1 t
+ P('?a AE[Q_]Bo — ?trCDAE[Q_]B‘ > 5)

< C/e—c’n min(2,7)
which concludes the proof. [

As a further corollary of Lemma 3, we have the following concentration result
on the training mean-square error of the neural network under study.

COROLLARY 3 (Concentration of the mean-square error). Under Assumptions
1-3,
1 T 2 1 T 2

for some C, ¢ > 0 independent of the other parameters.

2
> t> <Ce ™

PrROOF. We apply Lemma 3 to the mapping f : R — %trYTY(RTR +
yI7)~2. Denoting Q = (RTR+yIr) ' and 0 = (R+ H)"(R+H)+yIr)™ ",
remark indeed that

|[f(R+ H)— f(R)|
— %trYTY((QH)Z - 0%

< %trYTY(QH - Q)QH’ + '%trYTYQ(QH - Q)‘

- %trYTYQH((R +H)(R+H) - RTR)QQH‘
- '%trYTYQQH((R +H)(R+H) - RTR)Q‘
< ‘%trYTYQH(R—i-H)THQQH’

1
+ —trYTYQHHTRQQH‘

'ﬂ

+ ltrYTYQQH(R +H)TRQ‘

- N

+ ?trYTYQQHHTRQ‘.

As Q" (R+ H)T|| =\/||QH(R+H)T(R+H)QHII and [RQ| = VIQRTRO|

are bounded and % trYTY is also bounded by Assumption 3, this implies
[f(R+H) = f(R)| <CIH| < C|H|F
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for some C > 0. The function f is thus Lipschitz with parameter independent of n,
which allows us to conclude using Lemma 3. [

The aforementioned concentration results are the building blocks of the proofs
of Theorem 1-3 which, under all Assumptions 1-3, are established using standard
random matrix approaches.

5.2. Asymptotic equivalents.

5.2.1. First equivalent for E[Q]. This section is dedicated to a first character-
ization of E[Q], in the “simultaneously large” n, p, T regime. This preliminary
step is classical in studying resolvents in random matrix theory as the direct com-
parison of E[Q] to Q with the implicit § may be cumbersome. To this end, let us
thus define the intermediary deterministic matrix

~ n & -1

0= <?1+—Ol + VIT>
with o = % tr ®E[Q_], where we recall that O _ is a random matrix distributed as,
say, (%ZTE — %alalT + yIT)*l.

First note that, since %tr(b = E[%llallz] and, from (7) and Assumption 3,
P(Lllo]? > 1) < Ce™ for all large 1, we find that L tr & = [ 2P (L]|o |2 >
t)dt < C’ for some constant C’. Thus, o < |[E[Q_]
bounded. ~

We will show here that |[E[Q] — Q] — 0 as n — oo in the regime of As-
sumption 3. As the proof steps are somewhat classical, we defer to the Appendix

some classical intermediary lemmas (Lemmas 5-7). Using the resolvent identity,
Lemma 5, we start by writing

E[Q]- 0 = E[Q(%l% - %ETE)}Q

/ . .
||%tr<1> < % is uniformly

=ElQ1] -0 -F[075T=]0

T14+«
n & -~ 1Z -
=E[Q]—=——0 — — Y E[Qo;0]
(01772 T; [Q0i0/]0.
which, from Lemma 6, gives for Q_; = (%ETE — %aiaiT + )/IT)_l,
E[Q]- 0
o - 1 & oo T
=E[O]l———0 —- =) E g
[Q]Tl—i- 0 T; [Q "1+ L1670 o
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—E[Q]~ e 0- L] E[Q_ioio—,-T]Q
T1+o«o 1+ozT

_ioio] (F ZTQ i0i —)7] ~
T 2 [ (1+a)(1+To,TQ_lo,) ]Q

Note now, from the independence of Q_; and o;0;', that the second right-hand
side expectation is simply E[Q_;]®. Also, explomng Lemma 6 in reverse on the
rightmost term, this gives

EIQ)- 0= %Q
©) =
—I—%% E|:Qola Q( o; To_ ,O’,—Ot)]

It is convenient at this point to note that, since E[Q] — Q is symmetric, we may
write

1 1
E[Q] - Q—ET(—Z(E[Q Q_i1®0 + QPE[Q — 0]

o7 L[ (@ool @ + 0ol Q) (o7 0 )

i=1
We study the two right-hand side terms of (9) independently.

For the first term, since Q — Q_; = —Q%aiaiTQ,i,
LEQ- Q1P 1
?iZI 1 +a 0= 1+OtT |:Q ZGIG Q—l:|q)Q
]_|1_O[T |:Q ZGIU Q<1+—U Q 101):| Q

where we used again Lemma 6 in reverse. Denoting D = diag({l + & oT X

Q_;o;}"_,), this can be compactly written:

T&EQ-0 10, 1 1 .
Ti:l l+a Q l—I—aTE[Q EDEQ] Q

Note at this point that, from Lemma 7, || CIJQ <1+ oz)% and

o557 lepred]
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Besides, by Lemma 4 and the union bound,

P( max D;; > 1+4+a+ [> < Cne—cnmin(;z,t)

1<i<n

for some C, ¢ > 0, so in particular, recalling that @ < C’ for some constant C’ > 0,

2(1+C") 1%
E[max D,-,}:/ P(max Di; >t)dt+ P(max Di; >t)dt
I<i<n 0 I<i<n 2(1+C’) N<i<n

<2(1+C) + o Cpemenmin((—(1+C)21—(14C) 4

o 2(14-C")
0.¢]

=2(1+C")+ Cne " dt
14-C’

=2(1+C) +e "I+ = 0(1).

As a consequence of all the above (and of the boundedness of «), we have that, for
some ¢ > 0,

1 1, e
(10) ?HE[Q?Z DZQ}CDQH <-.

Let us now consider the second right-hand side term of (9). Using the rela-
tion ab" + ba" < aa" + bb" in the order of Hermitian matrices [which unfolds
1
from (a — b)(a — b)T > 0], we have, with a = T'% Qoi(%aiTQ_,-cr,- — «) and
b=T"4 Qai,

—ZE[ Qa,o* 0 + Qoo Q)( o; T0_ioi — a)]

2 1 n 5 y
E| Qoio; < 0; o~—a>]+— E a'aiT
IZ[QZQ "0 0 77 LFlCaoT 0
:ﬁE[ Lympey }+L~q>~,
QT Y TﬁQ 0
where Dy = dlag({T ; TO_ioi — a}i_;). Of course, since we also have —aa' —
bb" < ab" + ba" [from (a + b)(a + b)T = 0], we have symmetrically

—ZE[ Qalo 0 + Qojo Q)( o; T0_ioi — a>]

(Qz

> —ﬁE[QTETpgx Q} — T” . Od
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But from Lemma 4,

1
P(IIDy| > tns_%) = P(max —0Q_j0; —«

1<i<n

1
>tn8_§>

1
g 26,2 ,5t¢
< Cne cmin(n-tt“,n t)

so that, with a similar reasoning as in the proof of Corollary 1,
1 /
H \/TE[Q?ETDgz Q} H < VTE[||D,|*] < Cn* 2,

where we additionally used | Q|| < +/T in the first inequality.

T\nﬁQ@QII < Cn_%, this gives

Since in addition ||

el
<Cn°"2.

% iXZ;E[(QGiOiTQ + QUiUiTQ)(%UiTQiGi a oe)]

Together with (9), we thus conclude that

|E[Q]— Q| < Cn® 2.

Note in passing that we proved that

T
|E[Q — 0-1| = —
n

1 n
=2 _El0— 0]
i=1

~Jisfegon] <

where the first equality holds by exchangeability arguments.
In particular,

1 1 1
o= _tr®E[Q_] = - tr PE[Q] + - tr ®(E[Q_] — E[Q]),
T T T
where |%tr OE[Q_]1—-E[Q)] < % And thus, by the previous result,
1 ~ e 1
oa——=trd0|<Cn 27" =trd.
T T

We have proved in the beginning of the section that % tr & is bounded and thus we
finally conclude that

1 ~ 1
“a — ?trCDQH <Cn®*72.
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5.2.2. Second equivalent for E[Q]. In this section, we show that E[Q] can be
approximated by the matrix Q, which we recall is defined as

where 6 > 0 is the unique positive solution to § = %tr ® Q. The fact that § > 0 is
well defined is quite standard and has already been proved several times for more
elaborate models. Following the ideas of Couillet, Hoydis and Debbah (2012), we
may for instance use the framework of so-called standard interference functions
[Yates (1995)] which claims that, if a map f : [0, co) — (0, 00), x — f(x), satis-
fies x >x' = f(x) > f(x),Va > 1,af (x) > f(ax) and there exists x( such that
X0 > f(xp), then f has a unique fixed point Yates (1995), Theorem 2. It is easily
shown that § — % tr ®(Q is such a map, so that 8 exists and is unique.

To compare Qand 0, using the resolvent identity, Lemma 5, we start by writing
0-0=@-500—> 0§

T (1+a)(1+96)

from which

1 )
a =81 =| ;u(E0-1- )
1 ~ - I
<|zue@-0)f+en!

1 ©®0LdQ
=la—§|=tr Or®0 —I—cn_%“,

T (+4a)(1+9)
which implies that
1 POLDO
ot — 5|<1 — —trM> <enm2E
T (I+a)(1+96)
It thus remains to show that
POLPO
limsup—trM <1
n T (+a)(1496)

to prove that |o — §| < en®=72. To this end, note that, by Cauchy—-Schwarz’s in-
equality,

1 POLDPO 1 _ 1 _
—tr Q70 < " —trCIDZQZ-L—trCDZQZ
T (1+a)(1+96) TA+8)?2T T(l+a)?T

so that it is sufficient to bound the limsup of both terms under the square root
strictly by one. Next, remark that

_nd+9 1

T T
S=—tad0=—trd®Q’0 ' =
pUPO=Fu®0"0 =i n T

_ 1 _
trCDZQZ—I—y?trd)QZ.
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In particular,

212
n 1 5 8T(l+6)2Ttr<DQ 8

0 .
T(1+82T 0= (1+8)=—"— trq>2Q2+y1trc1>Q2 143

T(1+6)2 T

But at the same time, since [|(7® + vIip) N <y!

’

5 < L tr ®
yT
the limsup of which is bounded. We thus conclude that
(11) limsup— L @25 < 1.
n o T(I+82T

Similarly, «, which is known to be bounded, satisfies

a =1 +oz)+ltrd>2Q2 byt w4 0

TA+a)?T T

and we thus have also

limsu " ! trd>2Q2 <1
P T4 a)? T ’

which completes to prove that | — §| < nt3.
As a consequence of all this,

10— 0l =1a - 0§20 B

H(1+a)(1+3)

and we have thus proved that |[E[Q] — 0| < crff“E for some ¢ > 0.
From this result, along with Corollary 2, we now have that

P<‘ltrQ—ltrQ’ >t>

T T
< P(’itrQ—itrE[Q]‘ > — ‘ltrE[Q]— itrQ')
- \|T T T T

1
—5t€ 1
/ ! n 2 !/ _—5C
<Ce c'n(t—cn )<(‘e scnt

for all large n. As a consequence, for all y > 0, % trQ — % tr O — 0 almost surely.
As such, the difference mun mp, of Stieltjes’ transforms m,,, C \ Rt - C,

2> +tu(+27E —zIp) " and my, : C\RT — C, z > Ftr(L 2 e —zIp)7!
[with &, the unique Stieltjes’ transform solution to §, = T tr<I>(T T, — i)™

converges to zero for each z in a subset of C \ R™ having at least one accumu-
lation point (namely R™), almost surely so [i.e., on a probability set .4, with
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P(A;) = 1]. Thus, letting {zx}72, be a converging sequence strictly included in
R™, on the probability one space A = (72 Ak, my, (zx) — mp, (zx) — 0 for all
k. Now, m,,, is complex analytic on C \ R* and bounded on all compact sub-
sets of C\ R™. Besides, it was shown in Silverstein and Bai (1995), Silverstein
and Choi (1995) that the function mj, is well defined, complex analytic and
bounded on all compact subsets of C \ R*. As a result, on A, m,, —mj, is com-
plex analytic, bounded on all compact subsets of C \ R* and converges to zero
on a subset admitting at least one accumulation point. Thus, by Vitali’s conver-
gence theorem [Titchmarsh (1939)], with probability one, m,, — m;, converges
to zero everywhere on C \ R™. This implies, by Bai and Silverstein (2010), The-
orem B.9, that u, — 1, — 0, vaguely as a signed finite measure, with prob-
ability one, and since [, is a probability measure [again from the results of
Silverstein and Bai (1995), Silverstein and Choi (1995)], we have thus proved
Theorem 2.

5.2.3. Asymptotic equivalent for ElQAQ], where A is either ® or symmet-
ric of bounded norm. The evaluation of the second-order statistics of the neural
network under study requires, beside E[Q], to evaluate the more involved form
E[QAQ], where A is a symmetric matrix either equal to ® or of bounded norm
(so in particular || Q A|| is bounded). To evaluate this quantity, first write

E[QAQ]
=E[QAQI+E[(Q - 0)AQ]

- n o I ~
=E[QAQ]+E[Q<?m—?E E)QAQ}

_E[0AQI+ 2 F0®0AQ] - - 3 E[Qoi07 040]
= 133 r L 0i0; .
Of course, since QA Q is symmetric, we may write

1 - - 1 _ -
E[QAQ] = §<E[QAQ + QAQ] + %mE[QCDQAQ + QAQ®Q]

- % > _E[Qoio] 0AQ + QAQGiG,-TQ])
i=1

which will reveal more practical to handle.

First note that, since |[E[Q] — Q| < Cng_% and A is such that |QA]| is
bounded, [[EIQAQ1— QAQ| < | QAIIE[Q]— Ol < C'n®~%, which provides an
estimate for the first expectation. We next evaluate the last right-hand side expecta-
tion above. With the same notation as previously, from exchangeability arguments



1226 C. LOUART, Z. LIAO AND R. COUILLET
and using Q = Q_ — Q%O‘O’TQ_, observe that
1 & T = n T =
= > E[Qoi0 0AQ] = FE[Qcm QAQ]
i=1

n_ [0_co"QAQ
- ?E[l +1670 O’]
T _

n 1
= _———E[Q_00"0QAQ]

T1+46
+7kl0 00T0a0" e S !
T1+6 1+ O’TQ o
which, reusing Q = Q_ — Q%OUTQ,, is further decomposed as
1 " TA
— 2 E[Qoic 0AQ]
rI
_ 1 _00"QAQ _007Q_
= E—E[Q_O'O‘TQAQ_] - — E|:Q oo QAQ-00 O ]
T1+3 T21+6 1+ 1070 0

8——0TQ o i|
(1+8)(1++070_0)

E[Q 00T QAQ_coTQ_ (3——aTQ o*):|
T2 (1+8)(1+ 14070 0)?

—E[Q_JUTQAQ_

_ELE[Q POAQ_ ]__LE[Q To_ M}
T T146 T1+56 1+ 1670 0

n oo (8 — %UTQ,G)
o 1
T a +5)(1 + 7070 _0)

70 QAQ (8 — 4070 0')}
(1+8)(1+ 7070 0)?

040- |

nE[Q ooTo I
T _ _
=Z1+2r+ 23+ 2y

(where in the previous to last line, we have merely reorganized the terms conve-
niently) and our interest is in handling Z; + ZlT +Zy+ Z-Zr +Z3+ Z-3r +Z4+ ZI,
Let us first treat term Z,. Since QA Q_ is bounded, by Lemma 4, %GTQA O_o
concentrates around %trCDQAE [O_]; but, as ||P Q]| is bounded, we also have
|%trd>QAE[Q_] — %trd>QAQ| < cng_%. We thus deduce, with similar argu-
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ments as previously, that

1 _TA 1 A A
ol 16T0AQ0_ 6 Lu®0AD
~0-0010- "R <0 00T 0- [1+ 1670 0 ’ 1436 ]

< Q_O'O‘TQ_CI’ZS_7

with probability exponentially close to one, in the order of symmetric matrices.
Taking expectation and norms on both sides, and conditioning on the aforemen-
tioned event and its complementary, we thus have that

A
Ta QAQ _E —trCDQAQH
H [Q 000 1+ O'TQ o:| [Q-0-] 146

< [E[Q_®Q_1|Cn~7 + C'ne™""
< |EB[0_®0Q_1|C"n" 2.
But, again by exchangeability arguments,
T T I ¢ 2
E[Q_®Q_1=E[Q_00'Q_]=E|Qoc' Q1+ 70 0 _o
T 1
= —E[Q—ETDZE Q}
n T

with D =diag({1 + %O‘iTQ_O'j}), the operator norm of which is bounded as O(1).
So finally,

%OTQA Q_o
14+ 4070 0
We now move to term Z3 + Z}. Using the relation ab" +ba" <aa +bb",

(o jrras) oo tosteto

TtrCDQAQH o
}E[Q 0 1 TE2EE < cntt,

HE[Q_GJTQ_

6—40T0_0)? T 1 - -
ﬁﬁE[(l—l—%aTQ_o)“ Qoo Q—} + %E[Q—AQUU QAQ_]
:ﬁZE[leTDZZQ}+LE[Q AQ®QAQ_]
n T 3 Jn - B

and the symmetrical lower bound (equal to the opposite of the upper bound), where
= diag((§ — la-T Q_io))/(1+ %aiTQ [0 )) For the same reasons as above, the

ﬁrst right-hand side term is bounded by Cne 2. As for the second term, for A =
I, itis clearly bounded; for A = ®, using 7 1+5 =Ir—yQ,E[Q_AQ®QAQ_]
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can be expressed in terms of E[Q_®Q_] and E[Q_Q*®Q_] for k = 1,2, all of
which have been shown to be bounded (at most by Crn?). We thus conclude that
TH s T
[6](s- Lomg_s) Q0TTQAL £ 0-AG0TO ¢y
r (1+ 4070 0)?

Finally, term Z4 can be handled similarly as term Z; and is shown to be of norm
bounded by Cn®~2

As a consequence of all the above, we thus find that

E[Q®QAQ] nE[Q-PQAQ-]
E[QA A —
[0AQ]1=0 Q+T 1+46 T I1+6

L
n$r®QAQ .l
T sy EQ-00-1+0(n" ).

It is attractive to feel that the sum of the second and third terms above vanishes.
This is indeed verified by observing that, for any matrix B,

1
E[QBQ]—-E[Q_BQ]= FE[QOUTQ—BQ]

= —E[QooTQBQ<1 + %OTQ_(T)]

[
—E[Q?E DEQBQ]
and symmetrically
1 1
E[0BQ] —E[QBO_] = ;E[QBQ?ETDE Q]

with D = diag(1 + %aiTQ_,-ai), and a similar reasoning is performed to con-

trol EfQ_BQ] — E[Q_BQ_] and E[OBQ_] — E[Q_BQ_]. For B bounded,

||E[Q%ETDZ OBQ]| is bounded as O(1), and thus |[E[QBQ] —E[Q_BQO_]|
is of order O(n~"). So in particular, taking A of bounded norm, we find that

1
- - npud®QAQ
E[QAQ]= QA _77
[QAQ]=QAQ + T 110y

Take now B = ®. Then, from the relation ABT + BAT < AAT + BBT in the
order of symmetric matrices,

Ei000)- JEIQ 0 + 000

E[Q-®Q_]+ O(n"~ )

EHE[leTDz QPO + Q¢Q12TDE Q} H

1
2—(” [Q ETDEQ )y DZQ]H+||E[Q<I>Q<I>Q]||)
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The first norm in the parenthesis is bounded by Cn® and it thus remains
to control the second norm. To this end, similar to the control of E[Q® O],
by writing E[Q®Q®Q] = E[Qo10] Qos0, Q] for 01,0, independent vectors
with the same law as o, and exploiting the exchangeability, we obtain after
some calculus that E[Q® Q] can be expressed as the sum of terms of the form
E[Q44+72L DY 4041 ]0rE[Qyy 72T DYy Qi 73], DoXyy Oy y]for
D, D, diagonal matrices of norm bounded as O(1), while X, and Q4
are similar as ¥ and @, only for n replaced by n + 2. All these terms are
bounded as O(1) and we finally obtain that E[Q®Q® Q] is bounded, and
thus

1 C
HE[QCDQ] - JBIQ ©Q+ Q<I>Q—]H =3

With the additional controlon Q®Q_ — Q_®Q_and Q_PQ — Q_dQ_, to-
gether, this implies that E[Q® Q] =E[Q_®Q_]+ Oy (n~1). Hence, for A =
®, exploiting the fact that Z—1-dQd = & — y QP, we have the simplifica-

: TT+8
tion
E[Q®Q]
___  nE[Q®Qd nE[Q_®Q0dQ_
_ 0p 4 QP00 nEIQ-©000|
T 1+56 T 1+56
1 272
n Ttrfb Q e—1
——E[Q_®Q_1+ Oy. 2
T gy HLQ-®O-1+ Oy 2)
1 272
- - nyuadQ I
=0d — I _— = E[Q® O (n°"2
Q Q+T 1+0)2 [QPQO]1+ Oy (n°"2)
or equivalently
1 272
n #trdQ - - 1
E[Q® 1--1——————>:= ®Q+ Oy (n°72).
[0 Q]( T arsy ) =200+ ("7 2)
. . 1 tro2Q?
We have already shown in (11) that llmsupn%T(lT)2 < 1, and thus
_ 090 el
E[Q@Q]—w O (n°2).
T (+8)?
So finally, for all A of bounded norm,
. o .
. niu®0AQ Q00 1
E[QAQ]= QA —_I — 4+ 0(n°2),
[0AQ1=040 + 7 o= — S e + 0
T (1+6)2

which proves immediately Proposition 1 and Theorem 3.
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5.3. Derivation of ®gp.

5.3.1. Gaussian w. In this section, we evaluate the terms ®,;, provided in
Table 1. The proof for the term corresponding to o () = erf(¢) can be already
be found in Williams (1998), Section 3.1, and is not recalled here. For the other
functions o (-), we follow a similar approach as in Williams (1998), as detailed
next.

The evaluation of &, for w ~ N (0, I p) Tequires to estimate

1 2
I= (271)7?/ o(w'a)o (w'b)e 211" g
RP
Assume that @ and b and not linearly dependent. It is convenient to observe that
this integral can be reduced to a two-dimensional integration by considering the
basis ey, ..., e, defined (for instance) by

a b _ _a'b a
el = ’ ey = oIl llallizl llal
llall | _ (@b
lalllb)1?
and e3,...,e, any completion of the basis. By letting w = wie; + --- +
~ ~ ~ ~ ~ ~ T ~
wpep and a = ajey (ay = |all), b = biey + brey (where by = ﬁ and by =

bl /1 — %), this reduces Z to

1 ) ) o
I=—/ / o (01d1)0 (151 + Taby)e™ 2B D) g diiy.
27 JRJR

Letting w = [, w17, @ =[ay, 0]" and b= [51 , l;z]T, this is conveniently written
as the two-dimensional integral

1

7T=—
2

/ o (@Ta)o (7h)e 1 di.
R

The case where a and b would be linearly dependent can then be obtained by
continuity arguments.

The function o (t) = max(¢, 0). For this function, we have

1 ~ Lpo2
I=—/ a0 b e I g,
27 Jmin(@Ta,wTh)>0
Since a = aj ey, a simple geometric representation lets us observe that

(@] min(@7a, &75) > 0} = {rcos(@)el +rsin@)ea)r > 0,6 ¢ [90 — % %} }
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by by
. L2 A el X
polar coordinate change of variable (with inverse Jacobian determinant equal to r)
to obtain

where we defined 6y = arccos(---) = — arcsin(—=) + % We may thus operate a

1 (% ) )
I= / 2 /' (rcos(@)ay)(r cos(9)by +r Sin(9)b2)re—%r2 10 dr
27 Joo-% Jr+

g

.1 2 ~ . ~ 3 1,2
=a1—/ cos(0)(cos(0)b; +sm(9)b2)d0/ rre 2" dr.
27 Joo—-% R+

. . . _1,2 . .
With two integration by parts, we have that [y r3e~2"" dr = 2. Classical trigono-
metric formulas also provide

3 1 1
/ ® cos(0)2d = = (r — 6)) + = sin(26p)
o—% 2 2

1( ( I;l ) l;l 52 )
= —|m —arccos| — | + ——
2 151 (N

5 1 1/ by \2
/2 cos(8) sin(6) do = ~ sin®(fp) = ~ (—2) ,
bo—5 2 2\l

where we used in particular sin(2 arccos(x)) = 2x+/'1 — x2. Altogether, this is after
simplification and replacement of ap, b and by,

7= %Ha” Ibll(y/1 — Z(a, b)* + Z(a, b) arccos(—Z(a, b))).

It is worth noticing that this may be more compactly written as
1 Z(a,b)
T= o lalllbl [ arccos(—x)dx.
21 -1

which is minimum for Z(a, b) — —1 (since arccos(—x) > 0 on [—1, 1]) and takes
there the limiting value zero. Hence, Z > 0 for a and b not linearly dependent.

For a and b linearly dependent, we simply have Z = 0 for Z(a,b) = —1 and
Z = Slallllb] for Z(a,b) = 1.

The function o (t) = |t|. Since |¢t| = max(¢, 0) + max(—t, 0), we have
|wTa| : |wa|
= max(w'a, 0) max(w'b, 0) + max(w' (—a), 0) max(w' (—b), 0)
+ max(w' (—a), 0) max(w'b, 0) + max(w'a, 0) max(w' (—b), 0).

Hence, reusing the results above, we have here

b
=1 V= 22 +22am)
J

x acos(—Z(a, b)) —2Z(a, b) acos(<(a, b))).
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Using the identity acos(—x) — acos(x) = 2asin(x) provides the expected result.

The function o (t) = 1;>0. With the same notation as in the case o (#) = max(z, 0),
we have to evaluate

1

- / e HIIP g
27 Jmin@@Ta,wTh)>0

7

After a polar coordinate change of variable, this is
o

1 (% 1
T /2 do re_%rzdr:——
(%4 2 2

o —z o Jre
from which the result unfolds.

The function o (t) = sign(¢). Here, it suffices to note that sign(z) = 1;>0 — 1 >0
so that

T T
o(w'a)o(w'b) = 1,750y p>0 + LT (—a)=0lwT(—h)=0

— LyTay=0lwTp=0 = luTaz0luwT(—p)=0
and to apply the result of the previous section, with either (a, b), (—a, b), (a, —b)

or (—a, —b). Since arccos(—x) = — arccos(x) + 7r, we conclude that
26

I=Qmn) % f sign(w'a) sign(wTp)e 2101 g =1 — 22,
RP g

The functions o(t) = cos(t) and o(t) = sin(¢). Let us first consider o (t) =
cos(t). We have here to evaluate

1 - -
I= —/ cos('a) cos(zI)Tb)e*%llwll2 di
27 JR2

1 ~T> o aTs STT CaTi L2
— _f (elw a te 1w a)(elw b te 1w b)e slwll dw,
8w Jr2

which boils down to evaluating, for d € {a + b,a—b,—a+b, —a— 15}, the integral
e—%nduz/ze—%nw—zdnzdw — (2)e 311
R

Altogether, we find

I %(6—%|\a+bllz + e~ 21a=bIP) = o=z Ual+HIBIP) coh (4 Tp).

For o (¢) = sin(¢), it suffices to appropriately adapt the signs in the expression
of 7 [using the relation sin(z) = 21—1(6’ + e )] to obtain in the end

T— %(eguawuz + 210ty — =3 (lalHIB1) ginh (4 Tp)

as desired.
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5.4. Polynomial o (-) and generic w. In this section, we prove equation (5)
for o (t) = {t? + it + o and w € R? a random vector with independent and
identically distributed entries of zero mean and moment of order k equal to my.
The result is based on standard combinatorics. We are to evaluate

@ =E[(2(w"a)” + ciw"a + £0) (&2 (w'b) + Ciw"b + &)]-

After development, it appears that one needs only assess, for say vectors ¢, d € R?
that take values in {a, b}, the moments

2 2
E[(wTC) (wTd) ]: Z ciy Cipdj dj Efwi wi,wjyw j, |
i1i2]1)2
= Zm4ci21dl~21 + Z 771%ci21cijz~1 +2 Z m%cildilcizdiz
i H#] 1702

_ 2 52 2.2 52
= Ymicid + (T X Jmicd;
i1 i1 1=

+ 2(2 — Z )m%cild,-l Cizdiz

ifip i1z
= ma(c?)T (@) + m3(lIel?ld)? = (A) (@)
+ Zm%((c-rd)2 - (CZ)T(dz))
= (ma —3m3)(cA) " (d?) + m3(llc)?lld)? +2(cTd)?),

E[(w"e)*(wd)] = Y circipdiElwi wiyw;1 =Y msc} di; =m3(c?)d,

i1inj i

2
E[(w'e)"] = Y ci iy Elwi, wiy ] = ma %,
i1i
where we recall the definition (a2) = [a%, e af,]T. Gathering all the terms for

appropriate selections of ¢, d leads to (5).

5.5. Heuristic derivation of Conjecture 1. Conjecture 1 essentially follows as
an aftermath of Remark 1. We believe that, similar to X, ¥ is expected to be of

the form ¥ = ° + 31;, where ¢ = E[o(wX)]", with ||%|| < n® with high

probability. Besides, if X, X were chosen as constituted of Gaussian mixture vec-
tors, with nontrivial growth rate conditions as introduced in Couillet and Benaych-
Georges (2016), it is easily seen that ¢ = cl, + v and o= cl, + v, for some
constant ¢ and |[v]], ||D]| = O(1).

This subsequently ensures that ®, ¢ and ¥4 would be of a similar form

®° . +567 and ®° . + 50! with ®° . and @ . of bounded norm. These facts,
XX XX XX XX
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that would require more advanced proof techniques, let envision the following
heuristic derivation for Conjecture 1.
Recall that our interest is on the test performance E\cg defined as

1,4 N
Etest = ?“YT - ETIB ”i",

which may be rewritten as

1 Aa
Etest = — tr(YYT) -

(12)

. A 1 . A
(YosTsY") + mtr(YQETZETz: oY)

=7Z1—72r+ Zs.

If & = %°+o17, follows the aforementioned claimed operator norm control, re-

producing the steps of Corollary 3 leads to a similar concentration for Ey.g, which
we shall then admit. We are therefore left to evaluating E[Z>] and E[Z3].
We start with the term E[Z>], which we expand as

2
E[Z,] = P E[tr(Y 0=TSYT)] T—Ztr Y Q0;67YT)]

)

TS 1+ 10 Q_jo;
2 L S B(r 0 T
= —— T _i0;0:
TT1+8 5 o
2 1 & e 8 — 20T O_j0;
R E|:trY o6 YT T;}
TT1+5; ( Q T )1+TGIT _i0;
2 1 (vElO 10, PT) [tr(y QST DSPT)]
= ——1r — o =< I
TT 1486 XX T1+6
=Zn+2Z»n

with D = diag({§ — %O’ZTQ_I'O',' 1), the operator norm of which is bounded by »n® -3

with high probability. Now, observe that, again with the assumption that T=34
o le with controlled X°, Z>> may be decomposed as

2
TT 1434

[f(YO=TDEYT)] =

P [r(Y Q=TDE°YT)]

1TYTE YOxX'D
TT14+68 T [ 0 U]

In the display above, the first right-hand side term is now of order O(ns_%). As
for the second right-hand side term, note that Do is a vector of independent and
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identically distributed zero mean and variance O (n~!) entries; while note formally
independent of Y QX T, it is nonetheless expected that this independence “weak-
ens” asymptotically (a behavior several times observed in linear random matrix
models), so that one expects by central limit arguments that the second right-hand

side term be also of order O(ng_%).
This would thus result in

E[Z;] =

AT 1
= 1_i_(str(YE[Q_]QJX;(Y )+0(n8 2)
2n 1

= w(Y0d, o ¥T) + OnE
TT1+3r(Q xzx¥)+0((n2)

Zir(Y QW ¥T) + O(nf2),
where we used |[E[Q_] — Q| < Cn®~7 and the definition Vs = %%
We then move on to E[Z3] of equation (12), which can be developed a

E[tr(Y02TS3T2 QY T)]

1
ElZ3] = —
T2T

1 & AT A
=27 > E[t(YQ0i66j0] QYT)]

i,j=1

1 & _;0i67 GioTQ_;
— ZE[tr(Y Q-ii0, = YT)}

T . 1T .
ij=1 I+ 70y Q-ioi 1+ 70,0 j0;

R eluly Q_i0;6] 5/'0]'TQ—J' YT
=g 2B 141670 i0i 14+ L6T0_jo;
= 79 ¥—i0i 79 £-j0j

1 n 5675670 _;
7o (I + o7 0_i01)

In the term Zso, reproducing the proof of Lemma 1 with the condition ||)A( |

bounded, we obtain that ’T’ concentrates around -+ 7 tr & ; ¢, which allows us to

XX

| _ioitr(@ 5 )0T 0
Z32= TZA ZE[tr(YQ (of r( XX)G Q YT)1|

D I+ %oiTQ—iUi)z

- el YQ—iGi(5,-T5'i —u®;)of 0 YT
27 LoTo .52
T i=1 (l + TUi —lal)

1 tr(dDXX) ZE[ ( laiorl.TQ_i YT)}

(1 + ol 0_i0;)?

write
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Sl (2521

=Zp1+ Z3n
with D = diag({%of&i tr CIDTT} _1) and thus Z33, can be rewritten as
1 oz =0 |
Z3pn = — |: (Y D—Y )] 0(1’18_7
NV )

while for Z351, following the same arguments as previously, we have

1 trdg o O_;
2321—— XX ZE[ ( ~i0i%; Q- YT)}
i=1

1+ TUZ Q i07)?

1 trdgs

XX 1 T
=7 = Z(1+8)2 [tr(Y Q_ioio; To_iy )]

ltrCIDXX
Tt Z(1+6)2

1 2
x E[tr(YQa,-oiTQYT)((l +8)% — (1 + ?aiTQ_iai> )}

1 trd;

_ XX T
= Z(1+5)2 [r(YQ_i®xQ_;YT)]

1 trd,

XX T
Z(1+3)2 [tr(Y Q=TDEQYT)]

(CDxx) e—1
XX 4 ’
Fa+o2 (n"72)

where D = diag({(1 +8)% — (1 + 707 Qo) *}1_)).
Since E[Q_AQ_]=E[QAQ]+ Oy (ng_%), we are free to plug in the asymp-
totic equivalent of E[Q A Q] derived in Section 5.2.3, and we deduce
Q‘I’XQ —tr(‘Pqu)XQ)) ] tr(Pg )
(V3 02) T(1+5)>

= SE[u(YQ_®x0 Y7)]=

n _ —
Zyy = ﬁla[trY(QopXQ +

—tr(YQ\I/ or" 1
1 -luior) T

(W) + O(n2).

The term Z3; of the double sum over i and j (j #% i) needs more efforts. To
handle this term, we need to remove the dependence of both o; and o; in Q in
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sequence. We start with j as follows:

AT
ogio;: Q_;
[tr(YQa, %YT)]
14 TO’J- ijo’j

T
[tr(yg _Q )]
zlj;éz e T70;C-j0j
NS
T3Tl oo o]Q-jo; 1+ 700 jo;
= Z311 — Z312,

where in the previous to last inequality we used the relation

;
Q-jojo;Q0-j

Q = Q—/ - 1T
1 70; Q_jo;
For Z311, we replace 1 —|— Q ;0 by 1+ 6 and take expectation over w:
A T
ojo; 0_;
Z311 = |:tl‘(YQ jOiO, AT%YT)]
z 1 j#i 1+ 79 Q—./'O—j'
1 0_;=T.3_;6;070-;
=— ZE[tr(Y L jYT)}
T Tj:l 1+TG] Q__/'O’/
1 I 5 AT T

1 1 & 0_;xT E— G0 TO0_;(6—F070_j0))

+ E[tr(y Al 0= 70) d YT>]
T2T1+8 1+ aTQ

= Z3111 + Z3112-

The idea to handle Z3;12 is to retrieve forms of the type Z 1d;j 0 o= =3TDY
for some D satisfying | D| < n® =3 with high probability. To this end, we use

TS & AT
Q ijE_]: ETZ_Q .O'J'O'j
T T T
& T & AT
DY Qojo; Q Ty 90

-0 n _
T 1—%0‘}-—QO']' T T
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and thus Z311> can be expanded as the sum of three terms that shall be studied in
order:

1 1 " Q Z E—]UJG 0- J(8 Q )
23112——1 8 E[ ( YT)}
+ 1+ 0] 0jo;
L 1 [t (YQ 2P f]TDEQYT>]
= r
TT1+56
1 1 & QGGQZEU((S— QG)O’Q
e E[tr(Y d d d )}
TT 1+ T( — Ta].Ton)
1 1< ATA T 1+
1 ¢ T
X 1—}-?01- Q_joj|Y
= Z31121 + Z31122 — Z31123,
where D = diag({§ — + Q joj¥t_y). First, Z31121 is of order O(n® 2) since

TS .
QE—TE is of bounded operator norm. Subsequently, Z31122 can be rewritten as

z L] E[t (YQETDEQYTH 0(n2)
= =< I = n
31122 7146 T

with here

, (g 1 x5
D = diag 8—?an_jaj ?tr Q—J'TCD}?X

1 1
+ ?tr(Q_jCD)?trCD;d,))

/(1= geTen)(1+elem))]

The same arguments apply for Z31123 but for

. trdy I n
D:dlag{ T <8——JJQ >< TOJQ_jOj>}~ v

which completes to show that | Z3112| < Cn® -3 and thus

1
Z311 = Z3111 + O(ns_i)

1 1

praEe)) E[tr(YQ 1.5 6;070_;YT)]+0(n"2).
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It remains to handle Z3;1;. Under the same claims as above, we have

11 215 ;
l—f—(S E tr(YQ—j#qu(XQ—jY)

Z3111 =

1 0i6,
ZZE[H(YQ _j l<I>XXQ YT>]
IEYAET Pty
Sy efu(r L g o)
PixQ—ij
T2T1+5] oy 1+ 4070 _ijo;
&7
- L
T3T1+812:“§; [ ( 1+ 407 Q_jjo0;

0- 11010 Q—lj YT>]

xx 1+ JTQ ijOi

= Z31111 — Z31112,

where we introduced the notation Q_;; = (%ETE — Lol — %ajajT + yIT)_l.

For Z31111, we replace %oiTQ_,- jo; by 8, and take the expectation over w;, as
follows:

Lo zz[( 07|
31111 = T2T1+5 XX 1y

j=lij 1+T0Qlll
1
E[tr(Y Q—;j0i6 @, Q_;;YT)]
2 222 ijoi Xx*=—ij
TT(1+8) oy
1 1

. —
T2T (14 6)2

n oaTs 1 T .
« ZZE[U‘(Y Q_’JG’Gi ) T70; Q_ljol)q>)2injYT>i|

L T ..o
j=1i#j L+ 70, 0—ij0i

n2

- Tzf ( +6>2

Tt T2T (1 +5)2 ZZE[tr<YQ 191 ( - %G"TQ_ijai)

J=li#j

Qix0-j YT)]

E[u(YQ-—®, P4, 0-_YT)]
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1
4+ — § S :E[tr(YQ ;6
27 (1L 8)2 -/
T T(1+8) =ty
0- ]TGIG 10 T< It ))]
D Y'(86 — =07 Q_ijoi
X XXl__ TQ 0 TGZ Q-ijoi
" E[tr(YQ—_®, ¢ @5, O__YT)]
= -5 r I 5 > R
T2T (1_|_5)2 XX " XX
1

S b0 YT
+T2T(1+5)22EtrYQ =L, DE_ 04,0 ;YT)]

n 1 1
————  NE[Yyo_.2T.D'ys_0_;Y"|+ 0(n*2
+T2T(1+5)2,§ [YO-j22;D'E_;Q-;Y ]+ 0(n"2)

n2

72T (146)?
with Q__ having the same law as Q_;;, D = diag({§ — +0, O_;joi}1_))
p i (O] 0 ijo) (P 0Py o) \p
and D' = diagl =1 ors o ol oo =1
O(na_%). Using again the asymptotic equivalent of E[QA Q] devised in Sec-
tion 5.2.3, we then have

n2

727 (1 +6)?

1 - AuT
= ?tr(YQ\IJXX\I’}A(XQY )

E[tr(Y Q- @, ®p, O Y]+ O(n°77)

both expected to be of order

Z31111 =

Bltr(Y OBy Py O ¥YT)]+ O(n"3)

; tr(YQWx QYT)
XX XX Q) tr(\Ilz QQ)

1 _
+ ? tr(\IIX Q\If

+0(n*3).

Following the same principle, we deduce for Z3;12 that

;6.7 Q_ijoio; To_
7 . —ijOi0; . ijoi —ij YT>]
i = T3T1+522 [(

=1i#j 1+ F05 0 _ijoi X4 01 0_jjoi
I o
T3T(1+8)3 ZlgE (¥ Q-ijoi0) Oij V) 7 M(@ s Ot i)
J=11F]
! T
+T3T(1+8)3ZZEUYQ ~joiDio] QY1)+ 0(n"2)

J=li#j
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nt 1 E[t (YO__ox0__YT) L i@, 0@ )}
= T o L —tr A - P
73T 1456 X T XX XX
+O(n8_%)
1 _ Lir(y 0wy 0Y") |
= to(We, OV, )2 ——+0(n""2
7 WixQ¥yg) I~ Lu(u2 02) (n"72)

with D = +tr(® 4 0—ij P, )[(1 +8)% — (14 F0, 0_;j0;)%], also believed to
be of order O(n’“’_%). Recalling the fact that Z311 = Z3111 + O(ng_%), we can thus
conclude for Z31; that
1 A Ay T
Z311 = ?tr(YQ\IJXf(\IJ)A(XQY )
1 . _ Luwyowyorm
+ - tr(Ux QW (W, O)2 -
T XXX — Lww 02)

1 o lurQwy o) i

As for Z317, we have

1 2 Q_io;olQ_io;6] 60 0_;
Zajs = ZZE[H<Y jOj9; ¥—-joiY; JjOj - YT)]
gj

5 LT T
T 5z I+ 70;0-joj 1+ 70,0

= lA Xn:E[tr(Y

737

T T 5 £ T
Q_jO'jO'j Q_jE_jE_j O‘jUj Q_j YT):|
LT LT :
1+TO'J- —joj 1+TO'J- —joj
Since Q_; % =T i > j 1s expected to be of bounded norm, using the concentration

T ¢

: . . TS .
inequality of the quadratic form %U}-Q_j -’f]a j» we infer

1 & Q_jojo] Q ;YT
Z310 = 7 ZEI:tr(Y | d )

=1 (1+ 70] Q—j0))?

1 A _1
X (ﬁ tr(Q_jEIJ-E_jCDJA(X) + O0(n® 2)>]
1 n
= ZE[tr(Y
TT =

1

+ 0(n°72).

Q_iociolQ_;YT 1 N
(1070 J-;jﬂ)(FH(Q" =L 05 |
To_
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We again replace TU ; Q j0j by 6 and take expectation over w; to obtain

1 1
Z31n= TT(1+5)22 [tr YO_ a;ch YT) tr(Q—; »T E/(Df(x)}
L 1
TT (1+6)?
1 (Y Q_jo;Djol Q- YT)I ]
E =150,
Xj=1[ (1+TUJ-TQ_]UJ)2 w(Q- i®gx)
—I—O(ne_%)
= E[tr(YQ dx0 YT)itr(Q sTS ¢, )}
TT (1+6)? - -T2 'S¢
1 1 ol e 1
T [tr(YQZ DoY) u(0 5T oy )]+0(n )

withDj = (1482 — 1+ 7 GTQ o) =0n" 2), which eventually brings the
second term to vanish, and we thus get

n
Z31p = —=
T

1 1 1
—— —E|u(YQ_®x0_YT TS o, ]082.
B e - 0x 0¥ (o O]+ o6
For the term # tr(Q_XTS_@ % x) we apply again the concentration inequality
to get

—tr(Q,ZIf),CD}?X)

T2 th Q_joi6] Pyy)

i#]
6T
—ijOi0;
—CDA
()
Tl#j 1+TIQUO'I

1 AT

1 1 0_ij0i6] (8 — 107 Q_ij07)
+ﬁ1+82tr< : 1 : CI)}E'X)

T e
vy 1+T‘7i —ijOi

n—1 1
= ?mtr(q)f(XE[Q**]cbe()

1 1 T A 1
by 05T DS @)+ 0 )
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with high probability, where D = diag({ — %O‘iTQ_,' j0i}i_;), the norm of which
is of order O(ng_%). This entails

n 1
ix) = 2116
with high probability. Once more plugging the asymptotic equivalent of EfQ A Q]
deduced in Section 5.2.3, we conclude for Z3;, that

1 _ Ly QuyQY") |
Zin == tr(Wy, QU )2 _ 0(n®~2
RTR TR TXR 1 - (w3 02 (n"72)

1 A
ﬁtr(Q,EIEJb tr(® 4 EIO_ 1Dy ) + O(n°7?2)

and eventually for Z3;

1 - _ 1 _ _ Lgyowyor"
Z31==t(YOQW, W, QYT 4+ — tr(Ux QW,, oW, n _
31 7 (YOQWy Wiy OY') 7 (WxQWyVix Q) I—J—Itr(\ll}%QZ)

2 - Lir(YQWx OYT) el
— ?tr(\IJJ}XQ\IJXX) I~ Lu(w3 0% + 0(n°72).

Combining the estimates of E[Z>] as well as Z3; and Z3,, we finally have the
estimates for the test error defined in (12) as

1,4 -
= 177~ W3, 017}

%tr(YQ\IJxQYT) 1
I 250 | 7 T Vax
1—2tr(W50%) LT
1 - 5 2 5
+ ?tr(\IJXQ\IJXX‘PgX Q) — ?tr(‘l’)}f(Q\pr()

+ 0(”8_%).
Since by definition, 0=(Wy+ yIT)_l, we may use
WUx0=Wx+ylr —yInNWx+yIn)~ ' =Ir—y0

in the second term in brackets to finally retrieve the form of Conjecture 1.

6. Concluding remarks. This article provides a possible direction of explo-
ration of random matrices involving entry-wise nonlinear transformations [here
through the function o (-)], as typically found in modelling neural networks, by
means of a concentration of measure approach. The main advantage of the method
is that it leverages the concentration of an initial random vector w (here a Lips-
chitz function of a Gaussian vector) to transfer concentration to all vector o (or
matrix X) being Lipschitz functions of w. This induces that Lipschitz functionals
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of o (or X) further satisfy concentration inequalities, and thus, if the Lipschitz pa-
rameter scales with n, convergence results as n — oco. With this in mind, note that
we could have generalized our input—output model z = 8o (Wx) of Section 2 to

Z=,3TO'(X;W)

for o : R? x P — R" with P some probability space and V¥ € P arandom variable
such that o (x; W) and o (X; W) [where o (-) is here applied column-wise] satisfy
a concentration of measure phenomenon; it is not even necessary that o (X; W)
has a normal concentration so long that the corresponding concentration function
allows for appropriate convergence results. This generalized setting however has
the drawback of being less explicit and less practical (as most neural networks
involve linear maps Wx rather than nonlinear maps of W and x).

A much less demanding generalization though would consist in changing the
vector w ~ N, (0, I,,) for a vector w still satisfying an exponential (not necessarily
normal) concentration. This is the case notably if w = ¢(w) with ¢(-) a Lipschitz
map with Lipschitz parameter bounded by, say, log(n) or any small enough power
of n. This would then allow for w with heavier than Gaussian tails.

Despite its simplicity, the concentration method also has some strong limitations
that presently do not allow for a sufficiently profound analysis of the testing mean
square error. We believe that Conjecture 1 can be proved by means of more elab-
orate methods. Notably, we believe that the powerful Gaussian method advertised
in Pastur and Serbina (2011) which relies on Stein’s lemma and the Poincaré—
Nash inequality could provide a refined control of the residual terms involved in
the derivation of Conjecture 1. However, since Stein’s lemma (which states that
E[x¢ (x)] = E[¢’'(x)] for x ~ N (0, 1) and differentiable polynomially bounded ¢)
can only be used on products x¢ (x) involving the linear component x, the latter is
not directly accessible; we nonetheless believe that appropriate ansatzs of Stein’s
lemma, adapted to the nonlinear setting and currently under investigation, could
be exploited.

As a striking example, one key advantage of such a tool would be the possibility
to evaluate expectations of the type Z = E[aaT(%aTQ_a — )] which, in our
present analysis, was shown to be bounded in the order of symmetric matrices by

®Cn*~7 with high probability. Thus, if no matrix (such as Q) pre-multiplies Z,
since || ®|| can grow as large as O (n), Z cannot be shown to vanish. But such a
bound does not account for the fact that ® would in general be unbounded because
of the term ' in the display ® =56 +E[(0 —6)(0 — &) '], where & = E[o].
Intuitively, the “mean” contribution 65 of oo, being post-multiplied in Z by
%O‘TQ_O' — o (which averages to zero) disappears; and thus only smaller order
terms remain. We believe that the aforementioned ansatzs for the Gaussian tools
would be capable of subtly handling this self-averaging effect on Z to prove that
| Z|| vanishes [for o (f) = t, it is simple to show that || Z|| < Cn™']. In addition,
Stein’s lemma-based methods only require the differentiability of o (-), which need
not be Lipschitz, thereby allowing for a larger class of activation functions.
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As suggested in the simulations of Figure 2, our results also seem to extend to
noncontinuous functions o (-). To date, we cannot envision a method allowing to
tackle this setting.

In terms of neural network applications, the present article is merely a first step
towards a better understanding of the “hardening” effect occurring in large dimen-
sional networks with numerous samples and large data points (i.e., simultaneously
large n, p, T'), which we exemplified here through the convergence of mean-square
errors. The mere fact that some standard performance measure of these random
networks would “freeze” as n, p, T grow at the predicted regime and that the per-
formance would heavily depend on the distribution of the random entries is already
in itself an interesting result to neural network understanding and dimensioning.
However, more interesting questions remain open. Since neural networks are to-
day dedicated to classification rather than regression, a first question is the study
of the asymptotic statistics of the output z = 8To (Wx) itself; we believe that z
satisfies a central limit theorem with mean and covariance allowing for assessing
the asymptotic misclassification rate.

A further extension of the present work would be to go beyond the single-layer
network and include multiple layers (finitely many or possibly a number scaling
with n) in the network design. The interest here would be on the key question of
the best distribution of the number of neurons across the successive layers.

It is also classical in neural networks to introduce different (possibly random)
biases at the neuron level, thereby turning o (¢) into o (¢ + b) for a random variable
b different for each neuron. This has the effect of mitigating the negative impact
of the mean E[o (wiTx 7)1, which is independent of the neuron index i.

Finally, neural networks, despite their having been recently shown to operate al-
most equally well when taken random in some very specific scenarios, are usually
only initiated as random networks before being subsequently trained through back-
propagation of the error on the training dataset (i.e., essentially through convex
gradient descent). We believe that our framework can allow for the understanding
of at least finitely many steps of gradient descent, which may then provide further
insights into the overall performance of deep learning networks.

APPENDIX: INTERMEDIARY LEMMAS

This section recalls some elementary algebraic relations and identities used
throughout the proof section.

LEMMA 5 (Resolvent identity). For invertible matrices A, B, Al - B 1=
A~Y(B—-A)B~.

LEMMA 6 (A rank-1 perturbation identity). For A Hermitian, v a vector and
teR,if Aand A+ tvv' are invertible, then
A~y

A+t -1 =
(A+rvvT) 1+t0TA 1y
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LEMMA 7 (Operator norm control). For nonnegative definite A and z € C \
R,

|(A = zI7) 71| < dist(z, RT) ™,
|AA —zIn) 7 <1,

where dist(x, A) is the Hausdorff distance of a point to a set. In particular, for
y >0, A+ yIn <y~ and |A(A+yIr)~'| < 1.
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