The Annals of Applied Probability

2018, Vol. 28, No. 2, 990-1051
https://doi.org/10.1214/17-AAP1324

© Institute of Mathematical Statistics, 2018

A PHASE TRANSITION REGARDING THE EVOLUTION
OF BOOTSTRAP PROCESSES IN INHOMOGENEOUS
RANDOM GRAPHS

BY NIKOLAOS FOUNTOULAKIS*!, MIHYUN KANGT2, CHRISTOPH KOCH*3
AND TAMAS MAKAI™#

University of Birmingham*, Graz University of Technology' and
University of Warwick*

A bootstrap percolation process on a graph with infection threshold » > 1
is a dissemination process that evolves in time steps. The process begins with
a subset of infected vertices and in each subsequent step every uninfected
vertex that has at least r infected neighbours becomes infected and remains
so forever.

Critical phenomena in bootstrap percolation processes were originally ob-
served by Aizenman and Lebowitz in the late 1980s as finite-volume phase
transitions in Z¢ that are caused by the accumulation of small local islands
of infected vertices. They were also observed in the case of dense (homoge-
neous) random graphs by Janson et al. [Ann. Appl. Probab. 22 (2012) 1989—
2047]. In this paper, we consider the class of inhomogeneous random graphs
known as the Chung-Lu model: each vertex is equipped with a positive weight
and each pair of vertices appears as an edge with probability proportional to
the product of the weights. In particular, we focus on the sparse regime, where
the number of edges is proportional to the number of vertices.

The main results of this paper determine those weight sequences for which
a critical phenomenon occurs: there is a critical density of vertices that are
infected at the beginning of the process, above which a small (sublinear) set
of infected vertices creates an avalanche of infections that in turn leads to
an outbreak. We show that this occurs essentially only when the tail of the
weight distribution dominates a power law with exponent 3 and we determine
the critical density in this case.
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1. Introduction. A bootstrap percolation process with infection threshold
r > 1 is a dissemination process on a graph G which evolves in steps. Each ver-
tex may have one of two possible states: it is either infected or uninfected. At the
beginning, there is a subset Ag of initially infected vertices, and all remaining ver-
tices are uninfected. In each subsequent step, any uninfected vertex with at least r
infected neighbours also becomes infected, and never changes its state again. The
set of vertices infected until step r > 0 is denoted by .A;. The process will stop once
there is a step in which no vertices became infected. In particular, if G is a finite
graph then the process always stops, and we denote by Af the set of all vertices
which became infected throughout the entire process.
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The bootstrap percolation process was introduced in the context of magnetic
disordered systems by Chalupa, Leath and Reich (1979). Since then it has been
used as a model for several phenomena in various areas, from jamming transitions
[Toninelli, Biroli and Fisher (2006)] and magnetic systems [Sabhapandit, Dhar and
Shukla (2002)] to neuronal activity [Amini (2010a), Tlusty and Eckmann (2009)].
Certain variations of this process are related to the dynamics of the Ising model
at zero temperature [Fontes, Schonmann and Sidoravicius (2002), Morris (2009)].
A short survey regarding applications can be found in Adler and Lev (2003).

Several qualitative characteristics of bootstrap percolation, for instance the de-
pendence of the final set of infected vertices Af on the set 4p of initially in-
fected vertices, have been studied on a variety of families of graphs, such as trees
[Balogh, Peres and Pete (2006), Bollobds et al. (2014), Fontes and Schonmann
(2008)], grids [Balogh and Pete (1998), Balogh et al. (2012), Cerf and Manzo
(2002), Holroyd (2003)], lattices on the hyperbolic plane [Sausset et al. (2010)]
and hypercubes [Balogh and Bollobds (2006)], as well as on many models of ran-
dom graphs [Amini (2010b), Balogh and Pittel (2007), Janson et al. (2012)].

The most well-studied quantity is the probability that all vertices of the under-
lying graph are eventually infected. In particular, this quantity has been considered
as a function of the density pg of initially infected vertices. More specifically, as-
suming that before the process begins each vertex of the graph is independently
infected with probability pg, what is the probability that the final set contains ev-
ery vertex? In other words, what is the probability that the process percolates?

In several families of infinite graphs, it turns out that there is a critical value for
po above which the probability of percolation is positive. This is the case for the
family of infinite regular trees with degree d + 1 and d > r, as it was proved by
Balogh, Peres and Pete (2006), as well as for (infinite) Galton—Watson trees [this
was shown by Bollobis et al. (2014)]. Fontes and Schonmann (2008) showed that
infinite regular trees also exhibit two thresholds: a critical density p; [that was
proved in Balogh, Peres and Pete (2006)] above which percolation occurs almost
surely and a critical density p. < ps above which infinite infected clusters exist
almost surely.

A large part of the literature on bootstrap percolation processes has been devoted
to the d-dimensional integer lattice Z4 . Schonmann (1992) showed that if the ele-
ments of Ag are selected independently with probability po, then the evolution of
the process is in some sense “trivial”: if r < d, then for every pg > 0 all vertices
of the lattice become infected with probability 1, whereas if r > d, then this does
not happen unless pgp = 1. The former had already been shown by Enter (1987)
for d = r = 2. Moreover, for this case, Aizenman and Lebowitz (1988) identified
a phase-transition phenomenon when the process is restricted to a box of Z? of
side-length n — oo, which Holroyd (2003) later made precise. Let r =2 and G be
the 2-dimensional grid with vertex set V = {1, ...,n}?, and let Ay C V be a ran-
dom subset containing every element independently with probability po = po(n).
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Holroyd (2003) showed that the probability I(n, pg) that the entire square is
eventually infected satisfies I (n, po) — 1 if liminf,,_, oc po(n)logn > w2 /18, and
I(n, po) = Oiflimsup,_, o, po(n)logn < 72/18. This result has been generalised
to higher dimensions by Balogh, Bollobas and Morris (2009) (when G is the 3-
dimensional grid on {1, ..., n}3 and r = 3) and Balogh et al. (2012) (in general).
This is an instance of the so-called metastability phenomenon.

Similar thresholds have been identified in the case of the binomial random graph
G(n, p), where every edge on a set of n vertices is present independently with
probability p. Janson et al. (2012) presented a complete analysis of the bootstrap
percolation process for various ranges of p. Among other results they showed that
when 1/n < p K n~1/" there is a critical function a, = a, (n) such that with high
probability’ the following occurs: if pg < a./n, then there is very little evolution
of the process, whereas if pg > a./n, then eventually almost every vertex becomes
infected. For sparser graphs, this is not the case. When p = c¢/n (i.e., the average
degree is approximately constant) and if pg = o(1), then only a sub-linear number
of vertices will ever be infected with high probability. In fact, no evolution occurs
with high probability. This had been observed previously by Balogh and Bollobds
[see Balogh and Pittel (2007)].

However, this is no longer the case if one considers sparse random graphs which
are inhomogeneous. We focus on random graphs which are defined through a se-
quence of weights assigned to the vertices: these weights determine the probabil-
ity that two vertices are adjacent. More specifically, we are interested in the case
where this probability is proportional to the product of the weights of these ver-
tices. Hence, pairs of vertices where at least one of them has high weight are more
likely to appear as edges. Of course, G(n, p) is a special case of such a random
graph, in which all vertices have the same weight. Amini and Fountoulakis (2014)
showed that such a threshold does exist when the sequence of weights follows a
power law distribution with exponent in the interval (2, 3). They showed that there
is a function a. = a.(n) = o(n) such that if py < a./n, then with high proba-
bility no evolution occurs, but if pg > a./n, then even if pg = o(1), with high
probability a constant fraction of all vertices become infected eventually. In ad-
dition, Amini, Fountoulakis and Panagiotou (2014) determined the value of this
constant. More general results which include those in Amini and Fountoulakis
(2014) were obtained by Karbasi, Lengler and Steger (2015). Similar behaviour
was also observed in geometric random graph models that exhibit a power law de-
gree distribution with such exponent [Candellero and Fountoulakis (2016), Koch
and Lengler (2016)] as well as in several versions of the preferential attachment
model [Abdullah and Fountoulakis (2014), Ebrahimi et al. (2014)].

The aim of this paper is to determine the conditions on the sequence of weights
which characterise the existence of such a threshold function. We show that a criz-

SWith probability tending to one as n — oo.
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ical droplet [in the terminology of Aizenman and Lebowitz (1988)] is formed by a
certain set of vertices of high weight, which we call the nucleus of the infection. In-
formally, this is a set consisting of vertices of high weight which become infected
at some stage and from this set the infection spreads to a positive fraction of the
vertices of the random graph. Effectively, we show that such a nucleus is formed,
if the tail of the empirical distribution function of the weight sequence dominates
the tail of a power law distribution with exponent equal to 3. Furthermore, we
determine the critical density of the initially infected vertices below which this
phenomenon does not occur.

2. Model and notation.

2.1. Inhomogeneous random graphs. The random graph model that we con-
sider is a special yet general enough version of an inhomogeneous random graph
introduced by Soderberg (2002) and studied in its full generality by Bollobas, Jan-
son and Riordan (2007). The model is asymptotically equivalent to a model consid-
ered by Chung and Lu (2002, 2003) and Chung, Lu and Vu (2004). They analysed
several typical properties of the resulting graphs, including the average distance
between two randomly chosen vertices that belong to the same component and the
distribution of the component sizes. Let n € N and [n] := {1, ..., n}. We consider
a graph G = (V, E) with vertex set V := [n] and a random edge set E defined as
follows: each vertex v is assigned a positive weight w, = w,(n) € R™, and without
loss of generality we will assume throughout the paper that w; < wy <--- < w,,.
We denote this weight sequence by w = w(n) := (wq, ..., w,) and the rotal weight
by W := 3} ,cywy,. Any two distinct vertices u,v € V form an edge, that is,
{u, v} € E, independently with probability

. wy,w
(1) Puyv = pu,v(w) = mln{%, 1}-

We refer to this model as the Chung—Lu random graph CL(w). A fundamental
observation is that the weights (essentially) determine the expected degrees of all
vertices: if we ignore the minimum in (1), and also allow for a loop at vertex u,
then the expected degree of that vertex is ), .y w,wy/ W = w,.

For the sake of a more concise exposition of the results and proofs, we assume
that the minimal weight w is at least 1 and the total weight satisfies

) W =An for some A > 1.

Central in our results will be the distribution of the weight of a vertex selected
randomly with probability proportional to its weight. More formally, let X denote
a V-valued random variable whose distribution is given by P[X = u] = % for any
vertex u € V of weight w,,. Then the weight wy of this randomly chosen vertex X
is a RT-valued random variable wy whose distribution function is given by

Plwx <al= )_ %

u:wy <a
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for any a € R. This distribution (of wy) is called the size-biased distribution and
we denote a weight chosen randomly according to this distribution by Z.

Let w = w(n) be a sequence of weight sequences. We will consider events on
the probability space that is the product of the space induced by CL(w) and the
one representing the set of initially infected vertices Ag C V, where each vertex is
initially infected independently with probability po = po(n). We let €2,, denote the
sequence of these spaces. If {£,},,cn is a sequence of events with £, C ,,, we say
that they occur with high probability (whp) if the probability of &, tends to 1 as
n — o0o. Moreover, any unspecified limits and asymptotics will be as n — oo.

We will also be using a probabilistic version of the standard Landau notation.
Let X, be a sequence of nonnegative random variables (where for each n the vari-
able X, is defined on €2,,) and y, be a sequence of nonnegative real numbers. We
say that whp X,, = O(yj) if there exists C > 0 such that X,, < Cy, whp, and whp
X, = Q(yp) if there exists C > 0 such that X,, > Cy, whp. If both hold, we say
that whp X, = ©(y,). Furthermore, we say that whp X;,, = o(y,) if for any ¢ > 0
whp X, /yn < €. In other words, X,,/y, converges to O in probability.

We sometimes also write x;, < y, to denote x, = o(y,) and x, > y, to denote
Xn = w(y,) (as in the standard Landau notation), for two sequences of nonnegative
real numbers. Also, the meaning of “whp X,, < y,”, where {X,,} is a sequence of
nonnegative random variables on €2,,, is now obvious from the above.

2.2. Bootstrap processes. Consider an integer r > 2 and a weight sequence
w=(wi, ..., wy). Let G ~ CL(w) be a Chung—Lu random graph with weight se-
quence w. Given an initial infection rate pg = po(n) € [0, 1], we initially infect
a random subset .49 € V which contains each element with probability po inde-
pendently. As we already mentioned, a bootstrap process is a process evolving in
discrete time steps. At any time ¢ > 0, there is a set A; of infected vertices, which
is defined iteratively by

Ar41:= A, U{v € V| v has at least r neighbours in A, }

for all # > 0. Furthermore, we set Ar := ;>0 Ar.

Critical function. A function p. = p.(n), 0 < p. <1, is called a critical func-
tion (with respect to the initial infection rate pg) if the following three conditions
are satisfied:

L. pe=o(l);
2. if pg < pc, then whp |Ap| = o(n);
3. if po > pc, then whp |Ar| = O (n).

We refer to the two latter cases as the subcritical and the supercritical regime,
respectively. Of course, the above definition yields a class of functions that have
the same order of magnitude. With slight abuse of notation, we will be referring to
the threshold p., and treat it as if it was uniquely defined.
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2.3. Some more notation. Given an interval I C RT, we denote the set of ver-
tices having weight in / by

Vii={veV:w,el},

and in particular if I = [f, oo) for some f € RT we write “> f instead of
“[ f, 00)”, and likewise for intervals ( f, c0), (0, f] and (0, f).

For a set U C V of vertices, we write W[U] for the sum of the weights of
the vertices in U and wmax[U], wmin[U] for their maximal and minimal weight,
respectively. Moreover, we denote by

ﬁ::UﬂAF

the subset of all those vertices in U which eventually become infected. In case
U = V; for some interval ] € R™, we also use the abbreviations

W] = W[V[] and W] = W[V]]

We denote by (lg) the set of all £-element subsets of a set U and for a vertex
u € V we denote by N (u) the set of neighbours of « in G. Furthermore, we write
X ~ D for a random variable with distribution D.

3. Main results and proof outline.

3.1. Main results. Our main result is to characterise two classes of weight se-
quences w: for the first class bootstrap percolation on the Chung—Lu random graph,
CL(w) exhibits a critical phenomenon, while for the second it does not. Roughly
speaking, the first class stochastically dominates the size-biased distribution asso-
ciated to a power law of exponent 3, with a suitable large constant. In contrast, the
second class is stochastically dominated by the size-biased distribution associated
to a power law of exponent 3, with a suitable small constant. In this sense, the
characterisation only has a constant “gap”.

Interestingly, there can be different types of nuclei, each leading to an outbreak
once infected, depending on some property of the weight sequence w, each pro-
viding its own candidate threshold, which if exceeded [by an w (1)-factor] guaran-
tees an outbreak whp. This behaviour depends sensitively on the following weight
bound ¢y = ¢y (n) defined (pointwise) by

W r
3) o (n) = min{x eRT: |Vay| > (—2) },
4x
where we use the convention that ¢g(n) := w, + 1 if this set is empty. Vertices
whose weight is at least ¢y are called heavy. The subgraph spanned by the heavy
vertices will be called the dense subgraph, while the subgraph spanned by all non-
heavy vertices will be called the sparse subgraph.
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If we consider the bootstrap process restricted to the sparse subgraph, we obtain
the first candidate threshold
w 1/(r—1)
“) ps=ps(n) = (—,H) ;
u€V<¢H Wy
which always exists. On the other hand, studying the process restricted to the dense
subgraph yields the second candidate threshold

1 1/r
5) pa=pan)i= ().
ZMG V2¢H wl;
provided this quantity is finite. This happens if and only if ¢z < w;,. Should both
candidate thresholds exist, the threshold will always be the smallest of the two.

In fact, in Example 9.1, we show that which of the candidates is smaller actually
depends on the weight sequence. Even though it is a priori not obvious why, con-
sidering these two candidate thresholds turns out to be sufficient, due to a matching
lower bound on the threshold p..

THEOREM 3.1. Letr > 2 be an integer, let o« > 0, C > 64r (min{c, 1/2})_3,
and C1 > 0. Furthermore, let w = w(n) be a sequence of ordered weight sequences
satisfying 1 <wp <--- <w, = 00, Wy—r4+1 > AWy, and

(6) P[Zy > x] > g,
X

for all C1 < x < w,. Consider the Chung—Lu random graph G ~ CL(w). Then
the bootstrap process on G with infection threshold r and initial infection rate
po = po(n) has a critical function p..

Furthermore, if g < wy, then min{ps, pa} = o(1) and p. = O (min{ pg, pa});
otherwise py = o(1) and p. = O(py).

Condition (6) on Zy, essentially states that the distribution of the weights in
the weight sequence stochastically dominates a distribution that has power law tail
with exponent equal to 3. Indeed, recall that a distribution function F(x) has a
power law tail with exponent equal to T > O if there exist constants y > 0 and
xo > O such that 1 — F(x) > xry_l, for any x > x¢o. Assume that 7 > 2 (otherwise
the distribution has infinite expected value). If F* denotes the distribution function
of the size-biased version of a random variable whose distribution is F, then for

o0
-Fwzy
X

any x > xo
dz=2Q :
<= xt—2)°
Hence, our claim is verified if 7 = 3.

However, such a critical function does not always exist. In particular, if the
size-biased distribution associated to the weight sequence is dominated by a sized-
biased distribution associated to a power law with exponent 3 with a suitably small
constant, then there is no critical phenomenon.

1
Zt—l
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THEOREM 3.2. Let r > 2 be an integer and let w = w(n) be a sequence of
ordered weight sequences satisfying 1 < w; <--- < w, — 00. Consider a boot-
strap process on the random graph CL(W) with infection threshold r and initial
infection rate po = po(n). If there exist constants 0 < c < 1/30 and c1 > 0 and a
Sfunction h = h(n) — oo such that the size-biased distribution associated with w
satisfies

c
PlZw = f1=
f
for every ci < f < h, then no critical function exists.

3.2. Proof outline. Theorem 3.1 states that the following holds whp: if pg >
D¢, then a constant fraction of all vertices become infected by the end of the pro-
cess, and if pg < p., then only few additional vertices become infected.

In the supercritical regime, that is, po > p., there are two phases. In the first
phase, we show that if pg > p., then there exists a weight-bound ¢x = ¢x (n)
such that the subset of vertices V>4, has the property that whp “almost all”® of its
vertices become infected. The set V>4, is called a nucleus of the process. For the
construction of a nucleus V=4, we first observe that the behaviour of the infection
process on the subgraph spanned by the nonheavy vertices [i.e., the vertices with
weight less than ¢y, defined in (3)] is quite different from that on the subgraph
spanned by the heavy vertices. This is due to the fact that the vertices of weight
less than ¢y span a “sparse” subgraph, while the vertices of weight at least ¢
span a “dense” subgraph. We show that either of these restricted processes creates
a nucleus on its own under some suitable condition on pg. Therefore, the actual
threshold cannot be (substantially) larger than the minimum of these two candidate
thresholds. However, this is already sufficient because we will prove a matching
lower bound for the threshold in Section 7.

In Section 5.2, we analyse the sparse process. We show that if pg > ps, then
the sum of the weights of the infected vertices with weight less than ¢ increases
until whp “almost all” vertices of weight at least ¢ become infected.

The dense process provides a candidate threshold if ¢ < w,,, that is, py exists,
and po > pg, then we use one of the following two approaches. In the first case,
we use the important observation that the subgraph spanned by V-4, stochastically
dominates the binomial random graph G(| Vg, |, ¢>%{/ W). For binomial random
graphs, the evolution of bootstrap percolation is well understood [see Janson et al.
(2012)]. In particular, it follows (cf. Theorem 4.6 below) that if we can find w (1)
infected vertices with weight at least ¢z, then whp every vertex of weight ¢g
becomes infected. However, in the second case, when the number of vertices of
weight at least ¢ is small, then this result is not applicable. The condition that
Wp—r4+1 > W, essentially states that the r highest weights are the same up to a

SWith respect to the total weight.
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multiplicative constant. This is a technical condition which ensures that there are r
vertices of approximately the same weight which will become infected whp. Since
every vertex with weight at least W /w,,_,1 is connected to each of these vertices
with probability one, they also become infected. The proof appears in Section 5.3.

Thereafter, in the second phase, we show that the condition on the size-biased
distribution ensures that whp a set of linear size becomes infected. This is achieved
by partitioning the vertices according to their weights and showing that the infec-
tion spreads from one part to the next, that is, the one containing vertices of slightly
smaller weight. In particular, we show that most vertices of a given part have at
least r neighbours in the previous part. The structure we discover there is very
reminiscent of the construction of a giant r-core, that is, a subgraph of minimum
degree at least r that has linear order. This concept has been studied extensively in
the random graph literature; see, for example, Pittel, Spencer and Wormald (1996).
The details can be found in Section 6.

For the subcritical regime, that is, when pg < p., we show in Section 7 that the
number of infected vertices can be approximated by the total progeny of a sub-
critical branching process. Considering the current generation of newly infected
vertices, we expose sequentially their uninfected neighbours. If an uninfected ver-
tex is adjacent to a newly infected vertex and in addition, it has r — 1 neighbours
within the infected set, then we declare this vertex to be an offspring of the newly
infected vertex. The event that a given vertex becomes infected in a certain step,
conditional on the history of the process is the intersection of nondecreasing and
nonincreasing events. At this point, we make use of the FKG inequality (cf. Theo-
rem 4.7 below) to deduce that these events are negatively correlated, whereby we
can obtain a simple upper bound on the probability of infection at a certain step.
We show that if the initial density of infected vertices is asymptotically below the
threshold function, the process has expected progeny per vertex that is less than 1,
and thus the infection spreads only to a few additional vertices (Section 7.2).

The proof of Theorem 3.2 follows a similar argument. In this case, its assump-
tion on the distribution of the weights implies that the process we just described is
again subcritical. With little more work, we show that this implies that the boot-
strap process terminates after a small number of steps and ends with a set of in-
fected vertices that is sublinear whp. The details can be found in Section 8.2.

4. Fundamental properties and tools. We first perform some fundamental
calculations, which we will be using throughout the paper. We continue with a
collection of concentration inequalities (from the literature) that we will make use
of at some point in our arguments.

4.1. Fundamental properties of the weight sequence. We start out by observ-
ing that the weight-bound ¢y defined in (3), which characterises heavy vertices
tends to infinity.
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CLAIM 4.1. Let ¢y be defined as in (3). Then we have ¢y — o0 and ¢y +
1< %«/ W for any sufficiently large n.

PROOF. Assume that ¢y < wy,, then we have
w’ 2) A" r—1
4" Vopy 4r
since there are only n vertices in total; otherwise we have ¢y > w,, — oc.
Now for the second statement, note that if w, < %«/ W — 2, then we obtain
og+1<w,+2< %\/ W ; on the other hand, if w,, > %\/ W —2 then |V>gﬁ_2| >
=3
1, and thus

— 00,

(s ) =0+o0(5g) =1

where the last inequality holds for any sufficiently large n. Consequently, by the
definition of ¢y we have ¢y +1 < %\/ W-1< %\/ W, and thus the claim follows.
0

REMARK 4.2. Claim 4.1 implies that for any nonheavy vertices u,v € V_g,
we may drop the minimum in (1), that is, they form an edge with probability p, , =
wywy/ W.

Next, we relate sums of powers of vertex weights to the size-biased distribution.
Recall the following standard formula for the moments of a nonnegative random
variable.

LEMMA 4.3 [e.g., Williams (1991)]. Let k > 1 be an integer and X be a non-
negative random variable. Then

o0
E[x*] = k/ *1PIX > x]dx.
0

PROPOSITION 4.4. Let 0 <a < b and let ¥ > 2 be an integer. Then

w! Z u)g=IP’[a§ZW<b]a’9_1

veVia,p)

(7 )
+ (0 — 1)/ x?72Plx < Zyw < b]dx.

In particular, for b = ¢y defined in (3) and r <9 <2r — 1, we obtain the upper
bound

Z wg <4rW'a?~ %,
UGV[abu)
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PROOF. We write
Z w =W Z w —WE[ ]l{aSZw<b}]-

veViap) veVia.p)

Hence, using Lemma 4.3 with k = © — 1 for the random variable Zyw1(,<z, <p) the
first claim (7) follows.

For the upper bound, we will apply (7) with b = ¢ . As a first step, we prove
the following bound on the size-biased distribution for any 0 < y < ¢g:

(8) Ply < Zw < ¢l <2W 1 /y? 1,

To prove this, we observe that for any 0 < y; < y» we have

9) Pyt <Zw=<yl=W=" > w, =W Vs |y
UeViy 11

First, note that if ¢ /2 <y < ¢, then we have something stronger than (8):

O) [Vayl@n v<gu W'~ ‘pu yz¢u2 W
w

2y2r — y2r 1°

Now let S = {y < ¢p : Ply < Zw < ¢]1 = 2W"~1/y? =1} and assume for contra-
diction that S is not empty. Note that (10) implies that for any element y' € S we
have y’ < ¢ /2. Therefore, there exists a y' € S with y’ < ¢ /2 such that 2y’ ¢ S
and 2y’ < ¢g.

Since 2y’ ¢ S and 2y’ < ¢y, we have

(10) Ply<Zw<¢ul <

2Wr—1
Furthermore,
/ @ 2y |Vay| y<ou W1
Py <Zw<2y'] < W < —(y/)Zr :

Consequently, we obtain
Wr—l 2Wr—1 2Wr—1
(y/)erl + (2y/)2r71 < (y/)2r71 ’
resulting in a contradiction, and hence (8) holds for all 0 < y < ¢g.
Next, note that
/¢H 2Wr—1 52 9 <2r 2Wr—laz9—2r
a

P[y/ <Zy< ¢H] <

5T dx < ——mM—
X< 2r — v

and thus we obtain the upper bound
M8) 2W’ !
Z wz? z 01

a 2r—
veVy, o)

r—1
- 22W
x2r—1

+W(19—1)f dx

v<2
< WY1+ @ —1)/Qr—) < 4rwa’ Y. 0
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Note that a priori it is not clear by the definition of the candidate thresholds p;
and pg defined in (4) and (5), respectively, that the claimed critical function p. in
Theorem 3.1 satisfies p. = o(1). However, this is an almost direct consequence of
Proposition 4.4.

COROLLARY 4.5. Under the assumptions of Theorem 3.1 if in addition ¢ >
wy,, then

ps =o(l).

If instead of ¢y > wy,, we have ¢y < wy, then
min{p;, pa} = o(1).

PROOF. Assume that ¢y > w;,. Then we have that Pla < Zy < ¢g] =Pla <
Zy]. Proposition 4.4 implies that under the assumptions of Theorem 3.1 we have

Wn
Z wZH >rW Cx"?dx = Q(Ww,rl_l),

MGV<¢H Ci

and since w,, — oo we have

ps=0(w ") E o).

Now, if w, > ¢g, by the definition in (5) we have

min{ps, pa} < pa = O(¢5") E' o(1). 0

4.2. Tools. We will need the following result due to Janson et al. (2012) for
bootstrap percolation on the binomial random graph G(n, p). The result holds
for any choice (both random and deterministic) of the set 4g of initially infected
vertices.

THEOREM 4.6 [Theorems 5.6 and 5.8 in Janson et al. (2012)]. Consider a
bootstrap percolation process with threshold r > 2 on G(n, p), where p > bn='/"
for some constant b > 0, and the number a of initially infected vertices satisfies
a — 00. Then whp all n vertices become infected eventually.

We also apply the FKG inequality several times in our proofs. We consider the
following setting. Let G = (V, E) be a random graph where every pair of distinct
vertices u, v € V appears as an edge in E independently with some probability
Pu €10, 1].

A graph property is called nondecreasing if it is preserved under the addition of
edges, and it is nonincreasing if it is preserved under the removal of edges.
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THEOREM 4.7 [FKG inequality, see, e.g., Janson, L.uczak and Rucinski (2000)].
Let A be a nonincreasing graph property and B be a nondecreasing graph prop-
erty. Consider the random graph G and denote by A and B the events that G has
property A or B, respectively. Then we have

P[ANB] <PLA]P[B].

Throughout the paper, the proofs will rely on the following collection of con-
centration inequalities. Often we deal with sums of independent random variables
which guarantee exponentially small bounds on the probability of nonconcentra-
tion.

THEOREM 4.8 [Chernoff inequality, e.g., Janson, Luczak and Rucinski (2000)].
Let X;, for 1 <i <m, be independent Bernoulli random variables with mean 0 <
pi <1,andlet X =" | X; denote their sum. Then for any s > 0 we have

2
P[X <E[X]-s] < exp(— 21;[X])

and

2
P[X > E[X]+s] < eXp(_M)'

A similar bound due to McDiarmid (1998) applies also in a more general setting.

THEOREM 4.9 [McDiarmid (1998)]. Let X;, for 1 <i <m, be independent
random variables satisfying X; < E[X;] + M for some constant M, and let X =
Y1 Xi denote their sum. Then, for any s > 0 we have

2
P[X > E[X]+s] < CXP(_ 2(Var[X]S+ MS/3))'

When the order of magnitude of each individual random variable varies strongly
the following bound may prove to be stronger.

THEOREM 4.10 [Azuma—Hoeffding inequality, e.g., Janson, Luczak and Ru-
cinski (2000)]. Let X;, for 1 <i < m, be independent random variables satisfy-
ing a; < X; <bj;,and let X =" | X; denote their sum. Then, for any s > 0 we
have

2
IP’[XfE[X]—s]gexp(—zzm fb. a~)2)'
i=1(bi —a;
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5. Nuclei. As we described in Section 3.2, the first step towards proving that
an outbreak occurs whp is to show that a subset of vertices of high weight becomes
almost completely infected. We shall call this set a nucleus (see Definition 5.1
below). The total weight of this set is high enough, so that it functions as a source
of the infection of a large part of the random graph. Moreover, the density within
the set is high enough, so that the bootstrap process restricted to the subgraph
induced by these vertices results in its almost complete infection.

DEFINITION 5.1. Let ¢x = ¢pg(n) satisfy ¢pg < min{w,—r 41, W/wy—r41}
and ¢ = o(~/W). We call the quantity ¢g the weight-bound of the nucleus if
there exists a function ¢ = ¢(n) : N — [0, 1), tending to 0 as n — oo, such that
whp

szﬁk >(1- S)sz-

In addition, the set Vg, is called a nucleus.

The goal of this section is to prove the existence of a nucleus in the supercritical
regime.

THEOREM 5.2. Suppose that the assumptions of Theorem 3.1 hold. If addi-
tionally

¢ >w, and po> p;s,

or

¢ <w, and po> min{py, pa},

then there exists a nucleus with weight-bound ¢ .

The proof of this theorem is rather sophisticated and requires some preparation.
Hence, we defer it to Section 5.4. Its proof consists of two theorems (Theorems
5.12 and 5.16) depending on certain properties of the weight sequence. In fact, it
is these two theorems that we use towards the proof of Theorem 3.1. However, we
also prove Theorem 5.2, as we believe it is of independent interest.

5.1. Modified process. The existence of a nucleus will be shown in several
stages. The first stage is a restriction of the bootstrap process to a carefully se-
lected set of vertices and its analysis therein. We modify the percolation process
by restricting it to some breeding ground S for some number of steps. The steps
when this restriction holds is called the breeding phase. The actual definitions of
the breeding ground § used in the sparse and dense process will differ: in the for-
mer it consists of vertices of intermediate weight, while in the latter it is the set of
all heavy vertices.
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More formally, let S C V be a subset of vertices, and let ¢g9 = ¢g(n) be a lower
bound on their weights, that is, ¢g < wpin[S]. Then we initially infect any ver-
tex with weight less than ¢ independently with probability pg (but no vertices
of larger weight). They form the set 3y and for convenience of notation we define
B_1 := @. Now, for any r > 0 we denote by I5; the set of all vertices which became
infected either initially or in some step 1 < ¢’ <t in the following process: in the
tth step, ¢t > 1, we infect all (uninfected) vertices in S having at least r infected
neighbours in B;_1 \ B;_; (but no other vertices are infected). Note that apart from
the vertices in By which were infected initially, only vertices within the breeding
ground S ever become infected in this restricted process. Furthermore, whether a
vertex u € V\ B,_1 becomes infected at time ¢ depends only on the edges connect-
ing u to any of the vertices in B;_; \ B;_» (none of which has been revealed so
far). Thus all these events are independent.

Because this restriction of the process can only delay the time at which any par-
ticular vertex becomes infected (if it becomes infected at all), we have B; N V; C
A; N'Vy, for any ¢ > 0 and any interval I € R™. In particular, this holds at the end
of the breeding phase. At this point, it will be necessary to return to the original
process instead (or another subprocess). Considering these modifications is suf-
ficient for showing that a candidate nucleus is indeed a nucleus, since this only
depends on a lower bound on the total weight of the vertices within the candidate
nucleus which become infected eventually.

We will give a few results that will allow us to control the evolution of the
modified process. We will start with a concentration result on the weight of By.
Recall that we consider a breeding ground S of minimum weight that is bounded
from below by ¢y.

LEMMA 5.3.  If ¢g — 00 and npy — o0, then whp W[Bg] > npo/?2.

PROOF. Since ¢o > 1, we have |Vs4,| < W/¢o = o(n). Therefore, (1 +
o(1))n vertices have weight less than ¢g and each of these vertices is infected inde-
pendently with probability pg. Since npg > 1, the Chernoff bound (Theorem 4.8)
implies that whp at least npg/2 of these vertices become infected. Since the weight
of every vertex is at least 1, the result follows. [

Next, we show that the probability of a vertex u becoming infected in step ¢ + 1
is essentially determined by its weight w,, and the total weight of the vertices which
became infected in the previous steps, that is, W[B;]. The upper bound is almost
immediate.

LEMMA 5.4. Foranyt > 0 and any vertex u € S \ B; we have
w, WIB 1"

Plu € Bi41 | B/l < AW
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PROOF. By a union bound, we have

Wy w w w! WB]"
PlueB 1Bl > ] L‘:VUSWL; > nwvfﬁri!t.
Re(() PR Re(f) PR O

For the lower bound, we use the following intuition which turns out to be justi-
fied: the total weight of infected vertices should increase substantially in each step,
and it should not be dominated by a few vertices of very large weight. So assume
for now that this heuristic applies. In this case, we prove that if the total weight of
infected vertices is already large enough, then u becomes infected whp. Otherwise,
the total weight of infected vertices is still sufficiently large and the upper bound
in Lemma 5.4 is actually tight.

LEMMA 5.5. Let& =&(n), & =§&1(n), & = & (n) be three functions such that
£,&1,& — o00. Let t > 0 and assume that

(11) WIB =& WIBi—1]1 and
WI(B]
(12) Wnax[ B] < ——.
&
Furthermore, let u € S \ B; be such that
(13) WIB ] < (W/wy)/logé  and
4 W
(14) Wmax[Br] < < —.
9w,

Then we have

rW B r
Plu € Bry1 | Br, Bi—1]1= wu}ﬁ#

t
T exp(—1.9,/logé).

Ifu e V\ B, is such that
(15) WIBi1 = (W/wy) /logé,
instead of (13), then we have
P[IN @) N BN\ Bi—1)| =7 | B, B—1] = 1 —o(1/,/logé),
and consequently, if u € S, then

Plu € Biy1 | B, B11= 1 —o(1/,/log).

PROOF. In order to prove the first statement, consider a vertex u of weight
wy,. Next, observe that for any vertex v € B; we have w,w,/W < 1 by (14),
and thus we may drop the minimum in (1), that is, # and v form an edge with
probability p, , = w,w,/ W, independently. Furthermore, since W[B; \ B;_1] =
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14+ o0(1))W[B;] by (11), and W[B;] > wmax[B;] by (12), there are at least r ver-
tices in B; \ B;—1. We bound the probability that # has exactly r infected neigh-
bours in B, \ B;_1:

(16) Plu € Biy1 | B, Bi—1] > PHN(U) N (B; \Bt—l)’ =r|B, Bt—l]-

To compute the right-hand side of (16), we sum over all sets R of  distinct vertices
in B; \ B;_1 the probability that the event {N (1) N (B; \ B;—1) = R} holds, because
these events are mutually exclusive for different r-tuples of vertices. This provides
a lower bound on (16)

Plu € BH-] | B, Bi—1]> Z 1_[ w’;;)v l_[ (1 B wu‘;)v/)

Re(&\?t—l) veER v'eB\(Bi-1UR)

Furthermore, by (14) we have w,w, /W < 4/9. Because 1 — x > exp(—x/(1 —
x)), for any x < 1, the innermost product is therefore bounded by

1,05

VEBN\(B-1UR)

> 1—[ exp(— wu‘;)v//(l _ wuwr‘r;x[Bt]))

V' eB\(Bi-1UR)

(14) 9 wv/)
> _—
> exp( 5 wy, E

U,GBI
( 9 W[Bt])
=expl| — g wy W

(13) 9
> exp(—g,/logé).

Note that this lower bound holds uniformly over all choices of R. Hence, it suffices

to bound
,

wy W wy,
RN | A S s O

Re(Bt\ZrSZ_l) vER RG(BI\Irgt_l) vER

r

> _u (W[B,\Bt_l]’—W[B,]’—2 > w%)

>
r'w wocB,

(W[B,]’(l—0(1))—W[B‘,]’—2 > wﬁ).

Wy EB[

(1) wy,

r'wr

The first claim follows from the fact that

(12)
WIB > winax[BIWIB] = wmax[Bi] D wu = Y wy.

MEB[ MEB;



1008 FOUNTOULAKIS, KANG, KOCH AND MAKAI

For the second statement, let u# be a vertex of weight w, and note that if there
are at least r vertices in BB; \ 3;_; with weight at least W /w,,, then all of them will
be neighbours of u with probability 1. Otherwise, consider B, C B; \ B;—| where
all such vertices have been removed. We have

W[B,] = WIB/1 — WIBi_i] — (r — Dwma[B1 2™ (1 = 0 (1) WIB 1.
We have
BN NB] = T M = BB < (14 och) M
veB;

L Q(oge) 4.

Since |N () N B}| is the sum of independent indicator random variables, the Cher-
noff bound (Theorem 4.8) implies

(E[X]—r)?

PHN@)DBﬂ<r|&W&_J§em(— S

)=mul%9,

and the second claim follows. [

In the analysis of the sparse process, the breeding ground is chosen to be a spe-
cific subset § C V(¢, 4,1 for some suitably chosen function ¢; = ¢;(n) — 0o. We
show that whp the total weight of infected vertices (in .S) increases significantly in
every step until it is large enough so that in the following step “almost all” vertices
in the (candidate) nucleus V-4, become infected. We first show that this holds
in expectation, and then using Chebyshev’s inequality we deduce concentration
around the expected value. However, since heavy vertices, that is, the ones with
weight at least ¢y, increase the variance significantly we need to exclude them.
The details can be found in Section 5.2.

Our approach for the dense process is different. Here, the breeding ground S
is formed by all heavy vertices, that is, the ones with weight at least ¢ 5. Because
these induce a dense graph only the number of infected vertices matters, while their
total weight becomes irrelevant. By Theorem 4.6, we have that if at some point
there are w (1) infected heavy vertices, then every heavy vertex becomes infected
eventually, hence the set of all heavy vertices forms a nucleus V>4, . We show that
whp there are w (1) infected heavy vertices as long as there are w (1) heavy vertices
in total. However, this is not guaranteed. If there are only O (1) heavy vertices, then
we can still ensure that the r vertices of largest weight, n —r + 1, ..., n, become
infected because their weights differ by at most a constant factor. These will in
turn automatically infect any vertex u of weight w, > W/w,_,+1, because u is
connected ton —r + 1, ..., n with probability 1 by (1), providing a nucleus V>4,
also in this case.
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5.2. Sparse process. Ultimately, we want to show that if the initial infection
rate 0 < po < 1 satisfies

(17) Po > Ps,

where p; is the candidate threshold defined in (4), then there is an outbreak. As
a first step, we show that (17) implies the existence of a nucleus V-4, . Since the
details of the proof are very delicate, we split it into three parts: the first contains
all relevant definitions, the second addresses some preliminary calculations which
allow for a more concise exposition of the main argument proving Theorem 5.12
in the final part. How this nucleus triggers an outbreak will be shown in Section 6.

5.2.1. Setup. First of all, we assume that (17) holds, and introduce the param-
eter

(18) Vg = PO/Ps — Q.

Furthermore, in order to define the breeding ground S we observe that roughly
speaking Lemmas 5.4 and 5.5 imply that for some time the probability that a vertex
u of some intermediate weight w, becomes infected is proportional to w;], and,
therefore, the expected total weight of infected vertices of this type is essentially
given by the sum of the (r 4+ 1)st powers of their weights.

With this in mind, we define an auxiliary weight bound ¢; = ¢ (n) as the fol-
lowing (pointwise) maximum:

1
(19) ¢s(n) = max{x eRt: Z w;“ > 5 Z w;“},
Vix.om) Veoy

and note that we have ¢; < ¢y and Vg, ¢,) # F. Now we define S to be a
nonempty subset of Viy 4,). In particular, assume that the vertices in Vg, 4,)
are vj., vj +1,..., vj, arranged in nondecreasing order of weight. Let

(20) S :={vj,vj42,.... ) U{vj, 1},

that is, we include in §” every other vertex of Viy 4, starting from the first one
(the lightest), but we always include the last one. For r > 3, we take S = §.

Recall that the infection of the vertices in a given step is independent and that
the probability that a vertex u of some intermediate weight w, becomes infected is
proportional to wy,. Therefore, the variance is proportional to the (r +2)nd powers.
Since vertices with large weight give rise to large variance we have to exclude
some heavy vertices. In the r > 3 case, we show that it is enough to exclude the
vertices of weight at least ¢5. On the other hand, for r = 2, we need to be a bit
more careful and choose S according to the following procedure. We include in S
each vertex in S’ following the ordering as it appears in (20), so that S is maximal
with respect to

1) > wy <9W2

ues
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Note that since ¢>;‘1 < W? by Claim 4.1, this greedily chosen breeding ground S
contains at least one vertex. Furthermore, by construction we have for any v €
S’\'S

(22) wy+ > wy > 9w

ues

Now we use v; to define the weight-bound ¢g = ¢ (n), which provides an upper
bound on the weights of initially infected vertices in the modified process, by

(23) ¢o := min{¢s, npov; /).

5.2.2. Preliminaries. First of all, we want to guarantee that we can apply
Lemma 5.5 for t =0.

CLAIM 5.6. We have npg — o0 as n — oo. Furthermore, whp W[By] >
npo/2 and winax[Bol < 2W[Bolvs /> = o(WIBo)).

PROOF. We first show that ¢y — o0. For this, note that for x > 0, we have

(24) Yoow <" T we <Xy w, <x"W.

ueV_y ueVoy ueV

Setting mq := (p!~"/2)!/", we thus obtain

24) 1 o1
r+1 ( r 1 —r ( ) r+l
Z w, < myW = Eps W= 2 Z w,
ueVam, ueVepy
and thus
Z r+1 Z r+l Z r+1 Z r+1
w, w, w,
MGV[mO,(?H) M€V<¢H u€V<mO MEV<¢H

Therefore, by the definition (19) of ¢, we have ¢ > mq. Due to Corollary 4.5, we
have p; = o(1), and thus mg = @(p(1 r)/r) > 1.

Using this, we prove that ¢g >> 1. By Proposition 4.4, for 9 =r + 1 and a =1,
we have

Z w < 4rwr,
MEV<¢H

and, therefore, by (18) and (2) we also have

5172
——1 Vs
npovy > Tvs ps =

> — o0,
— dra

implying ¢g — oo and npg — 0.
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Now, we apply Lemma 5.3, which implies that whp

L53
WI[Bo]l > npo/2.
Conditional on W[Bgy] > npg/2 by (23), we have
Wmax[Bol < ¢o < np()vs_l/2 < 2W[BO]VS_1/2. 0

However, we need some more preparation for the inductive argument. The fol-
lowing lower bound of the sums of the (r + 1)st powers of the vertex weights in S
is reminiscent of the definition of ¢ in (19). In fact, for » > 3 the bound follows
from this. However, the proof for » = 2 is nontrivial due to the slightly different
construction of the breeding ground S.

LEMMA 5.7. For any integer r > 2, we have

Z wr+1 Z wr+1

ues ueV<¢H

PROOF. Letr > 3. The definition of qbs in (19) implies that

Z r-l—l Z wr-l—l

MGV[¢S,¢H) M€V<¢H

Now, note that the set S in (20) contains every other vertex (ordered by weight),
and moreover, the vertex of largest weight within Viy_ 4, hence this implies that

(25) Y wth > % o wpth
ues u€Vips )
The same is true if r =2 and S = 5.
Hence, consider r = 2 and assume that S C §’, that is, there exists a vertex
v e S\ S. For any such vertex, we have that wﬂ < qﬁ] < W? by Claim 4.1 and by
(22) we have 3", c g wi > 8W?2. Therefore,

Z wy > Z Wi/ Wimax[S] = W2/ wmax[S]

ues ues

On the other hand, since we picked the elements of S in a nondecreasing order of
the weights, we have for any v € §” \ S that wy, > wmax[S], and thus

P.44,9=3
Yowis > wl S 8W wmalS]

vES\S VEViwmax[$1.657)
But this implies by the pigeon—hole principle that

251
sz Zwi Z Z Z w

ues MGS/ MGVl¢S.¢H) MEV<¢H

as desired. [
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The following lemma will be used later in the proof of Lemma 5.9 as an upper
bound on the second moment of the total weight of the newly infected vertices
during the modified process. The bound will be used along with Chebyshev’s in-
equality in order to show that whp the weight of these vertices is at least a certain
multiple of the current generation.

LEMMA 5.8. For any integer r > 2, we have
Z w”;+2 < 2)‘+7sz§7r.

ues

PrROOF. If r =2, then by (21) we have ), ¢ wf; <9W?2 < 2°W?2, and thus
the claim is immediate.
If » > 3, then recall that S = S’. We abbreviate

(26) Ti=p Wy wit
ues
Note that T = Y, cq w2/ Yuevoy, w’*1 by the definition of ps [cf. (4)], and
hence T < ¢y.
Moreover, since r + 2 < 2r — 1 for any r > 3, applying Proposition 4.4 with
a=7"/2,0 =r+1and ¢ =r + 2, respectively, implies that

(27) Z w;-{-l S4},_‘/‘/}‘7«1—}’ §2r+2WrTl—r
UEVIY2.61)
and
(28) Yoo w P <drw T <2 Rwr
ueVir 2.6
Now if

Z w2+1 52r+6er17r,

ueVey,
then (27) implies
1 1 1 7 1—
Y owt= Y w3 wt <oy
ueVepy ueVoyp ueVir/2.6)

Moreover, expressing the left-hand side using p; [cf. (4)] and the right-hand side
using (26) we obtain

1—r
Pl W < 27 D e (Z w;+2>

ues

and the claim follows by taking the (» — 1)st root and solving for the sum.
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Otherwise, we may assume that
(29) S owptt s ortewrytor,
ueVey,
However, we will show that this leads to a contradiction. First, note that this implies
(28) (29) 1
MGV[Y/2.¢H) u€V<T/2
and we also have
26
IRTAED ST 3D SRS D T
u€V<¢H uesS u€V<¢H ueVoy)
Therefore, we obtain a lower bound on the difference
r+2 r+2 r+1
>oowt = Y T )
MEV<¢H MGV[T/2,¢H) ueVey)2
However, at the same time this difference satisfies

Z w;+2_ Z w;+2TS:¢H Z r+2< T Z r+l

ueVepy ueVir/2.65) ueVery ueVey

a clear contradiction, since Y} ,cy_. LW w), +1'> 0 by (26) and (29), and since
S£@. O

5.2.3. Main argument. Now we show that until almost every vertex with
weight at least ¢ 7/ (log Us)!'/4 becomes infected whp in every step of the process,
the weight of the infected set increases significantly. For simplicity of notation, we
define the scaled total weight v; by

2W(B;]
psn ‘
Note that by Claim 5.6 and (18) we have whp vg = 2W[By]/(psn) > vy (this is

why there is a factor 2 in the definition) and, therefore, these scaled total weights
satisfy

30) v =1 (n) =

€2y 1< po/ps=Vs<vo<vi =....
LEMMA 5.9. Lett >0, r > 2 be integers and assume that

1
(32) WIB,] > 5v§—1exp<—2 log 7)) WIB,_1],

(33) Wmax[B;] = WIB],

~ 2logvg
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and
(34) WIB] < (W/¢n),/logvs.
1—r

Then conditional on the random sets I3; and B;_ with probability at least 1 — v,
we have

(35) W[Bf+1]>—vt 'WIB]exp(—2,/logvy)
and
(36) Wmax[Br+11 < v/ ' WIB, Jexp(—2,/log )/ log U.

PROOF. We first calculate the total weight of vertices that become infected
in step ¢t + 1. Afterwards, we use a second moment argument to show that it is
actually concentrated around its expectation, thereby proving the first statement.
Then we use a first moment argument to guarantee that no vertices of too large
weight became infected whp.

Let + > 0 be an integer and assume that 3, and B;_1 have been realised. Fur-
thermore, recall that we consider the process in which only vertices within the
breeding ground S become infected (apart from those being infected initially).
Moreover, observe that Conditions (32), (33) and (34) imply that their counter-
parts, (11), (12) and (13), respectively, are satisfied. Also, Condition (14) holds
since any two vertices u, u’ € S have weight at most ¢y and by Claim 4.1, the
product of their weights satisfies w,w, < gW. Thereby, Lemma 5.5 is applicable
for all vertices u € S, that is, we have

W(B, 1"
Plu € Byt | By, Bi1] > exp(—1.9 logv)%.
Consequently,
r+1 B]r
E[W[Bi11]1 By, Bi—i] = exp(=1.9/logvy) 3 22 wiB,],

ues

where the last term is a (crude) upper bound on the contribution of the vertices in
S which are already infected at time 7. Now observe that

W[B,]r—lzwr+1 L57 WIB, ™! T @ wiB,!
wr oo 8w “ 8(psW)r—1

(37) ues u€V<¢H
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where in particular the right-hand side grows polynomially in v;. Hence, because
Vs < v;, and thus also exp(—l.9«/10gUs)v,r_1 — 00, we obtain

WIB, 1"
E[WI[Bi111| B, Bi—1] = exp(—1.9\/log ¥, + O(1)) [ r’]

Z wbrt+1

ues

38
(38) D exp(—1.9,/log, + O ()~ WIB,]

> exp(—2,/log Ts) v/ " W[B,]

for any sufficiently large n, because vy — 00.

Next, we want to apply Chebyshev’s inequality, so we need to provide an upper
bound on the variance of W[5;,1]. Because infections (at time ¢ 4 1) take place
independently for all vertices in S \ W[B;], we have

Var[W[Bt—f—l] | By, Bz—l] = Z w,%P[M € Biy1 | By, Bi—1]
ueS\B;

LS wr (wis Wy

(39) ues

L.58
< 2T WRA(WIB W)

(30), W>n
=<

2r+7 W[B[]ZU;_Z.
By Chebyshev’s inequality, we thus obtain
(38),(39) 2 HOWIB v

PI|W[B E|W[B 2
[ [ t+1]§ [ [ t+1]]/] = (exp( zm)vt 1W[Bt)

< ;" exp(5,/logTy).
and the first statement follows since vy < v;.
For the second part of the statement, we define
¢ = v; T W[B]exp(—2,/log V) / log ¥
and note that by Lemma 5.4 the expected number of vertices in S of weight at least
¢ becoming infected at time 7 4 1 is at most

WIB,]" P.449=
Y w, 1[4/] < A WIBY ¢ < (v exp(3ylog ) log i)

ueVic, o)

Because v < v, the second statement follows from Markov’s inequality.
In fact, both error terms are sufficiently small so that by a union bound, both
statements hold simultaneously with probability at least 1 — v,l o0
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Note that (35) and (36) imply that Conditions (32), (33) hold for 7 + 1. We apply
Lemma 5.9 repeatedly in order to show that the total weight of the infected ver-
tices becomes large enough so that every vertex of large enough weight becomes
infected in the next step whp.

LEMMA 5.10. For any integer r > 2, there exists an integer T > 0 such that
whp

WIBr]> (W/¢u),/logvs.

PROOF. We show that in every step t > 0 there are two possibilities: either
this condition is satisfied, that is, we can stop and use T = 7, or else we can ap-
ply Lemma 5.9 once more; note that this ensures that W[B; 1] = w(W[B;]) and
Wmax[Br+1] = o(W[B;41]) for the next step. In this spirit, we denote the event that
we stopped by time T > 0 by 7; (and by —77 its complement), and define a family
of good events

G :={v0 <t <71:(35) and (36) hold}
for T > 0. The core of the proof is formed by the following recursive argument,
whose proof we will postpone for a moment.
CLaM 5.11.  If =Ty, then
(40) P[Go | Bol = 1 —o(1) — vy~
Similarly, for any t > 1,
(41) PIGr | Gemt, =Te, Be, Beot]l = 1= vy

Now assume that Claim 5.11 holds. Then we observe that by definition of the
scaled total weights

Vs (30) W(B;] gz>—1 lvr_l
v WIB—] — 2!

for any ¢ > 1, and thus by a union bound

1
exp(—2,/logvy) > Eig_l exp(—2,/logvy) — 00

P[G: | =Tz, Br,....Bol = 1—0(1) = > v/ " =1-o(l).
t=0

Since we have W[B;] < W for any time ¢ > 0, the recursion must end in finite
time; however, this can only happen because there exists a 7 > 0 such that 77
holds, proving the statement of the lemma.

It remains to prove Claim 5.11. By Claim 5.6, we initially have W[Bg] >

npo/2 — 00 and wmax[Bol < 2W[Bolvs /2.
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If in addition W[By] < (W /¢y )+/log vy, then Lemma 5.9 is applicable for r =
0, and thus Gp holds with probability at least 1 — o(1) — vé_r . Otherwise, we
must have W[By] > (W/¢p)/log 7y, and, therefore, 7y holds. Both cases together
prove (40).

The induction step is proven analogously: let T > 1 and assume G;_; holds,
then if additionally W[B;] < (W/¢y)/log vy, then Lemma 5.9 with = 7 im-
plies that with sufficiently high probability G; holds. Otherwise, we have W[5;] >
(W /¢pr)+/logv, and, therefore, 7; holds. Both cases together prove the induction
step (41). 0

Next, we construct a nucleus (cf. Definition 5.1) for the sparse process. We
consider the candidate nucleus V>g, given by the weight-bound

ox = | W/ wn=rs if ¢ (log V)™ *n > W/wa_r 1,
¢ (logv)™ " if ¢y (logvy) ™40 < W /w11,
where n = n(n) is an arbitrarily slowly growing function, satisfying n — oo but

(logﬂs)_l/4n =o0(1).” We do so by determining a subset Ug € V>4, N Af of
weight

(42)

(43) WUg]1 = (1 —o(1))W>g,.
It will be crucial that this construction requires us to only expose a specific subset
of edge indicator variables.

THEOREM 5.12. Under the assumptions of Theorem 3.1, suppose that py >
Ps. Then whp the following two statements hold:
o There exists a set Uy € (V>¢, N AF) [Where V=4, is defined as in (42)] which

satisfies (43), contains {n —r + 1, ..., n}, and is constructed by only exposing
edge-indicator random variables corresponding to edges in S' x (By U S’ U
VZ¢K)'

e The weight-bound ¢x satisfies ¢x < min{w,_,+1, W/wy—ry1} and ¢x =

o(VW).

In particular, this means that whp V=g is a nucleus.

PROOF. For this proof, we abbreviate d)}, = ¢ (log is)_l/ 4 for convenience
of notation. We first show that the two conditions on the weight-bound ¢k [defined
in (42)] are satisfied. Because w,—,+1 = aw, and ¢y < w, + 1 [cf. (3)] we have

(44) ¢un = duogvy) ™ n = o0(pn) = o(wy—r+1),

7Such an 7 exists since vy — oo by (31).
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since (log V) ~'/*n = o(1). Now if px = ¢}, then we have
) , 44)
ok =y < W/wp—ry1) =0o(W/wy—r+1) and ¢x =y =" o(wy—r+1).

Otherwise, if ¢x = W/w,—+1, then by (42) we obtain

Pk =W/wn_ri1 < Bhyn' =2 0(wnri1).
Thus in both cases the first property of ¢k is satisfied. Furthermore, the previous
argument also showed ¢x = o(¢y) and since ¢y = O(vW) by Claim 4.1 the
second property follows.

It remains to construct the set Uk, or, in other words, show that a significant pro-
portion of the candidate nucleus becomes infected eventually. For this, let 7 > 0 be
an integer satisfying W[Br] > (W /¢p)/logv, as in Lemma 5.10 and condition
on this (high probability) event. In particular, we have

(45) WIBr1= (W/¢n)\/logTs > (W/wy),/log vy,

for any w, > ¢/,.
First, assume that we have ¢x = W/w,_,4+1. We consider the r vertices of
largest weight and observe that

44 / /
Wy > 2 Wy—pt1 > Pyn > Py

and thus the assertion in (45) is true for each of them. Therefore, the second state-
ment of Lemma 5.5 is applicable (with t = T and § = vy — 00) showing that
whp {n —r+1,...,n} € Ary; [using only edges between {n —r +1,...,n} and
(Br \ Br_1) € §']. Moreover, we certainly have V¢, = Vow/w,_,,, S Ar+2, be-
cause every vertex in this set is connected to each vertex in {n —r 41, ..., n} with
probability 1. Thus we set Uk := V>4, , which obviously satisfies (43). Since the
process {BB;} exposes only edges in S’ x (Bp U S’) and the last step only depends
on edges in S’ x V4, the statement follows in this case.

Otherwise, we have ¢x = ¢}, and we need to consider the vertices in quﬁ}, \
Br. We observe that (45) shows that the weight of any vertex u € V.4 \ Br is
sufficiently large to apply the second statement of Lemma 5.5 (with t = 7 and &=
vy — 00). Hence, whp each of them has at least r neighbours in Br \ Br_1, and
this events depend only on mutually disjoint sets of edges. So now define Uk :=
{ueVsy |ueBror|Nu)NBr\ Br-1)| > r}, and note that E[W[Uk]] =
(1—-0() Wt -

Consequently, since the weight of each vertex is at most w,, McDiarmid’s
inequality (Theorem 4.9) is applicable (with X, = Lyycyr), M = wy, and s =

Wy Wzdn},) yielding
P(W[Uk]1 < (1 - 0(1))WZ¢/H — wanzb’H]

wa Wy, )
2(Wag, (1= 0(1) +wy fwa W /3))

(46)

< exp(—
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Observe that by the assumption on the size-biased distribution in Theorem 3.1 we
have

w cw
(47) Weg =W D0 3y =WRlZwzeylz .
MEVE(I)}{ H

Furthermore, since ¢x = ¢}, we have ¢pj;n < W/w,_, 41 by (42), and this in turn
shows that W/(;S/H = w(wy,), because w,_,4+1 = q¢w, and n — co. Combined with
(47) this provides Wz«ﬁ}, = w(wy,), and consequently the /r\ight—hand side of (46) is
o(1). Because Ug C (quyH N Af), we thus obtain whp Wx4, = (1 —0(1))Wx4,
also in this case. Because the process {3;} exposes only edges in S’ x (By U S’)

and the last step only depends on edges in S’ x Vg, This completes the proof.
g

5.3. Dense process. In this section, we want to show that if the candidate
threshold p, for the dense process—as defined in (4)—exists, in other words,
(48) du < wp,
and the initial infection rate 0 < pg = po(n) < 1 satisfies

Po > Pd,

then there exists a nucleus V-4, . Throughout this section, we assume that these
two conditions hold, and introduce the parameter

(49) Vd = po/pa — .
Furthermore, we observe that the candidate threshold for the dense process satisfies
w’ 1/r
T
ZMGVZ¢H wu
and thus, since W = An for some constant A > 0, we have
(50) npo = (W/Mvapa = va/r — 0.

The setup for the dense process is much simpler than that for the sparse process.
We use the set

(&2)) S:=Vspy
as breeding ground and define the weight-bound for the initial infection by
(52) ¢o :=min{¢p, \/npo}.

Similarly, as in Section 5.2, we establish some basic properties of W[By], which
for instance guarantee that Lemma 5.5 is applicable at time r = 0.

CLAIM 5.13.  Whp npo/2 < W[Bol < (A + Dnpo and wmax[Bol = o(W[Bo1).
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PROOF. In order to apply Lemma 5.3, it suffices to show that ¢y — o0, since
we already showed in (50) that npg — oo. To do so, we observe that ¢ = O (1)
(over a subsequence) would imply

3/ W\ .
|Vagpu| = (%) =Q(W") =w),

yielding a contradiction since there are only n vertices in total. Hence, Lemma 5.3
is applicable and we have whp

L53 (52)
WIBo]l = npo/2> J/npo = ¢o > Wmax[Bol,

since only vertices of weight at most ¢ are infected initially. On the other hand,
we have

Var[W[Bol] = Y (wippo— (wupo)®) < > wipo <dopoW.

ue V<¢0 ueV_ 0
Theorem 4.9 implies

2\ (52
P[W[Bol = (h + Dpo] < eXp(—%) 2 exp(—v/apo/ 1) 2 o(1),

that is, the claimed upper bound on W[Bp] holds whp. [J

The crucial observation for the dense process is the following consequence of
Theorem 4.6, asserting that once a substantial number of heavy vertices become
infected, all of them will be infected eventually.

LEMMA 5.14. Assume that there is a function a = a(n) such that a — oo for
which |By N Vsg¢,| > a. Conditional on this, whp there exists a time T > 1 such
that Vs¢, C Ar.

PROOF. Consider the random graph induced by the vertex set V>4, , and note
that it stochastically dominates the binomial random graph G (n’, p’), with
n' = Vo | 2 |BiNVagy,| 2 a— 00
and
/ 2 Q) —1/r n—1/r
p =05 /W > |Vag,|” " /4=(n")""""/4.

Now we consider bootstrap process with parameter r on G(n’, p’) where the set
of initially infected vertices is By N V>4,. So |By N V>4, | > a — oo. Hence,
Theorem 4.6 is applicable. Since all vertices which become infected by this process
within t > O steps are contained in A ., we obtain

P[AT > 1: V>4, CAr]— 1,

as n’ — oo and the claim follows since n’ — oo asn — oco. [
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Next, we show that a significant number of heavy vertices become infected whp
if either one of the following additional assumptions holds:

(53) (A + D pow, < (logTa)'/?;

(54) Wo—r41 < W 2ogv)1 A ¢y < W' (logvy) TR

Before we make this statement precise, we perform some calculations motivat-
ing the first assumption. It allows us to distinguish the two regimes of Lemma 5.5
(which is applicable at time t = 0 by Claim 5.13): if (53) holds, then since W = An,
for some A > 1 [cf. (2)] we have

C.5.13 (53)

(55) WIBol <~ (A + DpoW < (W/wy)(logy)'/?,
and thus we also obtain

(52) €.5.13 2W[By] 50 2W[Bolr/? 55 2012w (logv,)1/?

wmaX[BO] = Jhpo = = _12 = _1%2
A/ Po v, wyV,

“9) W

< 9

— 4w,

for any n large enough. This together with Claim 5.13 implies that the first asser-
tion of Lemma 5.5 holds (with § =vy) for all vertices u € Vg, (other vertices
are not considered in the restricted process), that is, we have

rW B r
Plu e By | By = LBl 1.9 /logmy).
r'wr
Because W[Bol/W > po/(2L) =Vgpa/(2)), this implies
49) 5 w’
(56) Plu € By | Bol > w!p; 2 u

ZUGVZ¢H w;

On the other hand, if (53) does not hold, that is, we have (A 4+ 1)pow, >

(log 94)1/2, then we obtain
C.5.13 W(logvy)!/? 1/
W[By] > 2> ———>(W 1 /4,
[Bol = npo/2> 20+ D, > (W /wy)(logva)

for any vertex u whose weight satisfies w, > wy(log v4)~ Y4, Thus the second

assertion of Lemma 5.5 (with £ = V) holds for any such vertex showing that
(57) Plu e By | Bol > 1 —o0(1/,/logvy).

Using these two observations, we prove the following result.

LEMMA 5.15. If either (53) or (54) holds, then there exists a function a =
a(n) such that a — oo for which whp we have |B1 N V=4, | > a.
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PROOF. The idea of this proof is to show that whp a significant number of
heavy vertices becomes infected and, therefore, by Lemma 5.14 all heavy vertices
become infected. The proof is split into two cases.

Case 1. Assume that (53) holds and, therefore, also (56). Summing (56) over all
u € V-¢, we have that E[|B) N V>4, | | Bo] > 1. Consequently, as |B; N V>4, |
is the sum of independent Bernoulli random variables, the Chernoff bound (Theo-
rem 4.8) yields that whp |B; N V>4, | > 1, completing Case L.

Case II. Now assume that (54) holds, but (53) does not hold which implies that
(57) holds. We consider vertices of weight at least w’ := VW (log vg)" /3, and
observe that by (54) all of them are heavy, that is, w’ > ¢y. Moreover by the
assumptions of Theorem 3.1 the number of these vertices satisfies

WP[Zyw > w'] - aCW

Vaw| > ® Q((logv4) 1) - oco.

/
Wp Wp—r+1W

Now note that any such vertex u satisfies

—3/16 —1/4

(54)
wy >w > aw,(logvy) > w, (logvy)

and thus by (57) it becomes infected at time #+ = 1 with probability at least 1 —
o(1/+/logv,). Applying a union bound to a sufficiently small but growing number
of these vertices implies that there is a function a — oo such that whp

B1 N Vagy| = [BiN Vau| 2 a,

completing the proof of the lemma. [J

With this preparation, we will now construct a nucleus (cf. Definition 5.1) for
the dense process. We consider the candidate nucleus V>, given by the weight-
bound

12 1/16

W/wn—r41 ifwy,—pp1>W
on if (54) holds.

(8 gxi= (loeva)

Note that this does not always define a weight-bound ¢ g ; however, we will demon-
strate in Section 5.4 that this suffices to guarantee the existence of a nucleus.

THEOREM 5.16. Under the assumptions of Theorem 3.1, suppose also that
Po > pa. Then whp V>4, as defined in (58) is a nucleus with weight-bound ¢k
such that ¢x < min{w,—_,+1, W/wy_,+1} and ¢pg = 0(\/W). Moreover, the nu-
cleus is completely infected whp and no edges in G[V<g,| have been exposed yet.

PROOF. We start by showing that the weight-bound ¢k is sufficiently small.
Recall that v; — oo by (49). Now if ¢ = W/wy,—,+1, then

bk =W/wp_ri1 < W/ (logvag) 10 = o(v'W) = 0(wp—r11),
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and both conditions are satisfied. On the other hand, if ¢x = ¢, then we have
ok = < W' logvy)~® < W2 (logvy) 10 < W/wn—rs1.

Furthermore, by (3) the number of heavy vertices satisfies

W r
|Vogy | = <W) > 47" (logvg)""* — o0,
H

and thus, in particular, we also obtain

Ok =OH < Wyp—r41.

Therefore, the weight-bound ¢ is sufficiently small in this case as well.

We will prove that whp all vertices of the candidate nucleus becomes infected
eventually. Again, we first assume that ¢x = W /w, 1. In this case, we start by
showing that there is a T > 0 at which whp the r vertices of largest weight become
infected, that is,

(59) (n—r+1,....,n})C Ay.

If (53) holds, then Lemma 5.15 implies in particular that the number of heavy
vertices is w(1) and by Lemma 5.14 they all become infected by some time 7 > 0,
hence (59) holds. On the other hand, if (53) does not hold, then (57) holds for each
of the r vertices of largest weight (since w;,_,4+1 = a¢w,,, for some constant & > 0),
and thus a union bound shows that whp {n —r + 1, ..., n} C B; C Aj, that is, (59)
holds.

Now consider any vertex u € V>w/y,_,,, and note that u is connected to each
vertex in {n —r + 1, ..., n} with probability 1 [cf. (1)]. Consequently, we have
Voor = Vowjw,_rn S Ary1 implying W= px = Wgy» in other words Vs, is a
nucleus.

Now suppose that ¢x = ¢y, that is, (54) holds. Then Lemmas 5.15 and 5.14
imply that whp all heavy vertices become infected eventually, and thus W\z(p K =
W= 4 » completing the proof. [

We conclude this section by proving that if we cannot apply Theorem 5.16, then
the premises of Theorem 5.12 are met, justifying the previous case distinction.

CLAIM 5.17. Assume that we have wy_,+1 <~/ W (log Ud)l/16 and addition-
ally g > «/ W(logﬁd)_l/8. Then we have

)2}‘

pa(logvy)™ > py,

and in particular

po=w(ps).



1024 FOUNTOULAKIS, KANG, KOCH AND MAKAI

PROOF. First, set w’ := +/ W (log Fd)_l/g < ¢y and note that

(W N
(60) Vagpu| < [Vaw| < <m> =47"(logvy)"*,

and consequently
©) 1 L 1 Y7 60) o3 pir—1/2 1 15716
(61) pq = (7) >\ = QW /“(logva) :
evog, Wh Vagn I ( )

since wy,—,4+1 = ¢wy,, for some constant « > 0 by the assumptions of Theorem 3.1.
Therefore,

(60)
Wsgy < 4_r(logﬁd)’/4wn =0(V W(logUd)’/4(logid)l/16)
=o(v'W(logv,)""?)
and thus P[Zy > ¢g] = o((log id)r/z/«/ W). By Proposition 4.4, we have

r+1 on r—1
oo owptt=rw Plpy > Zw > pulp' ' dp
Ci

u€V<¢H
w'/(logTg)' /> C logv,) /2
([ (G e(F ) an)
C n w

w'=0(x/W) W) !
- (loggd)(r—l)r/Z :

Combining (61) with this, we obtain the first statement. Moreover, this then
implies

a_ _ _ Vd _
Po = Vdpd = Wps = w(ps),

that is, the second statement holds as well. [

5.4. The existence of a nucleus: Proof of Theorem 5.2. In the preceding sec-
tions, we gave several constructions for a nucleus, and we will now demonstrate
how these results can be combined into the proof of Theorem 5.2. It is structured
in three steps: at the beginning of each step, we check whether some condition is
satisfied. If it is, then whp one of the preceding results guarantees the existence of
a nucleus; if not, we gained some information and proceed to the next step.

PROOF OF THEOREM 5.2. We intend to use the subsubsequence principle
[cf., e.g., Janson, Luczak and Rucinski (2000)], which states that in order to show
that a certain property holds whp, it suffices to show that for every sequence of
natural numbers there exists a subsequence along which the property holds whp.
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So let N € N be an arbitrary (infinite) sequence of natural numbers satisfying the
conditions of Theorem 3.1. Then it must contain an (infinite) subsequence No € N
satisfying either

(62) ¢H >w, and Po > Pps,
or
(63) ¢u <w, and po>min{p;, pa}.

We thus distinguish two cases.
Case I If along Ny, we have

¢H > w}’lv

then by (62) we have pg > py, and furthermore Corollary 4.5 implies ps = o(1).
Therefore, we consider the sparse process and note that Theorem 5.12 is applica-
ble, proving that whp there exists a nucleus V-4, . In this case, we call Ny sparse.

Case II. Assume now that ¢y < w, along Ng and, therefore, also pg >
min{p;s, pq} by (63). Similarly as before, Corollary 4.5 provides min{py, ps} =
o(1). We split Ny into two subsequences: let N = {n € No : pg > ps} and
Ny ={ne€Ny:pqg < ps}=No\Nj.

If N is infinite, then we have

Po > Ps

along Ni. In this case, we consider the sparse process and observe that since p; =
o(1) Theorem 5.12 is applicable, proving that whp there exists a nucleus Vg, .
Once again, we call Ny sparse.

Otherwise, N> must be infinite, and we have

(64) Do > Pd
along N;. Now, if

Wn—r+1 > V W(logvd)l/lﬁ’

along an infinite subsequence of N3, then we consider the dense process. It follows
from Theorem 5.16 that along this subsequence whp there exists a nucleus Vs, .
In this case, we call Ny dense.

Thus, we may assume that there exists an infinite subsequence N3 of Ny along
which we have w;,_, | < VW (log v,)1/16 We consider two more cases. If there
exists an infinite subsequence of N3 along which we have

o < ~VW(logvy) /8,

then we also consider the dense process and apply Theorem 5.16, thus showing
that whp there exists a nucleus V>4, . Again we call Ny dense.
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Therefore, we finally assume that N3 contains an infinite subsequence N4 along
which ¢y > v/W(logvg)~!/3 is satisfied. But this tells us that the requirements
of Claim 5.17 are met along N4. Hence, it would imply that over N4 we also have
po > ps. Thereby, Theorem 5.12 is again applicable, proving that whp there exists
anucleus V=g, . In this final case, we call Ny sparse.

By the subsubsequence principle, the statement of Theorem 5.2 holds along N.

g

Inspired by the case distinction in the above proof of Theorem 5.2, we define
another partition of the set all infinite sequences of natural numbers, which we will
use in Section 6.

DEFINITION 5.18. Let Ny :={N CN: |N|=o0c and N is sparse} and N :=
{N CN: |N|=o00and N is dense}.

6. Outbreak. In the previous section, we proved that in the supercritical
regime there exists a nucleus which gets infected almost entirely. In this section,
we show that once this happens, whp it also causes an outbreak.

THEOREM 6.1. Suppose that the premises of Theorem 3.1 hold. If po > pc,
then whp there is an outbreak, that is, we have

lAF|=0©(n).

Again we use the subsubsequence principle to prove Theorem 6.1. So we fix
an arbitrary infinite sequence of natural numbers Ng and show that it contains a
subsequence along which the probability of an outbreak is 1 —o(1). To this end, we
use the distinction between N being sparse or dense provided by Definition 5.18.

In both cases, the proof is based on partitioning the vertex set Vxc,, where the
constant C1 > 0 is the one from Theorem 3.1, into several layers, each correspond-
ing to a subinterval of [Cy, 00), and then showing that the infection spreads from
layer to layer, starting from a completely or an almost completely infected nucleus.

More precisely, assume that most of the vertices in each of the, say i, heaviest
layers are infected eventually. We prove that also most of the vertices in the (i +
1)st layer must become infected eventually. Some of the details depend sensitively
on the relation of various error-terms. We begin with the definitions of these in the
next subsection.

6.1. Setup. Recall that by the assumptions of Theorem 3.1 there are constants
a > 0 and C satisfying

(65) C > 64r(minfa, 1/2}) "
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and C| > 0 such that w,_,4+1 = c¢w, and for any C; < x < w, we have
C
(66) PlZwy > x]>—.
X
Next, abbreviate

(67) C':= C min{e, 1/2}/2,

and use this constant to recursively define a nonincreasing sequence of layer
weight-bounds.
More specifically, we set ¥| := min{¢x, W/w,} and

C/
(68) Vi1 =

for any i > 1 as long as
(69) Vi = 2max{Cy, A},

where A > 1 is the constant in (2). We denote the maximal such i by i* and observe
that for each 1 <i < i* we obtain

C/
Yiy1 < %’F <Yi.

This implies, in particular, that

C'\!
(70) URELACIR
C
Moreover, for convenience of notation we also set ¥ := ¢ and note that we have
(71) Yo=Y >Y2>-> Y4 > 0.
Furthermore, recall that the weight-bound /¢ satisfies
(72) Yo < min{wp—r4+1, W/wp—r41} and o =o(vW).

If Ny is sparse, then we consider a subsequence Ny which witnesses this fact,
that is, Theorem 5.12 is applicable along Ny. In this case, we set S’ as in Section 5.2
(and recall that § € S’). On the other hand, if Ny is dense, then we consider a sub-
sequence Ny which witnesses this fact, that is, Theorem 5.16 is applicable along
Ny, and define S’ := &. For the remainder of this section, all asymptotic statements
will be with respect to Ny or N, respectively.

Then for any 1 <i <i* such that ¥; < ;1 we call the set

(73) Si =V \ S’
the ith layer, and in case ¥; = v;_; the ith layer is the empty set. We also set
80 1= Vz¢y . We let K; :=Jp<j<; Si be the union of the first i 4 1 layers and let

w® .= W[K;] be its total weight.
The following claim will be useful later in our argument.
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CLAIM 6.2. Forany 0 <i <i*, we have

N1
W = 4 W[V=y, ]

PROOF. For Ny € Ny, we have S’ = &, whereby w® = WI[V=>y,], and hence
the statement holds trivially.

So now assume Ny € N;. Recall that we consider all vertices in V to be ordered
by weight. By the definition of §’, the set KC; contains at least every other vertex
of V>, together with all vertices in V-4, . Therefore, for every vertex in K; \ Ko
its preceding vertex could belong to S’. Thus, roughly speaking, W) is approxi-
mately at least half of W[V, ]. More precisely, by excluding either the last vertex
or the last two vertices of V[y, ¢x) (if the penultimate vertex is not contained in
Ki), we obtain the lower bound

S 1
WO = 2 (W[Vay,] ~26k) = 5 (WPLZy = ¥i] - 26).

as the excluded vertices have weight at most ¢ . Now, we would like to show that
1
WP[Zw = ¥i] — 2¢k > EWP[ZW > Vil
or, equivalently,

(74) %WP[ZW > il = 2¢k.

Recall that by (66) we have

1WIP’[Z > ] > LW
20 T T2y
Furthermore, (71) implies ¥; < ¢ and by Theorem 5.12 we have ¢px = o(~/ W).
Hence, ¢x = o(W/;) and inequality (74) follows. [

Now, for some subset U C V>, , we consider the restricted process AU on
G[;+] with initially infected set A(I)J :=U. In fact, we will use either U = V>4,
(for Ng € Ny) or U =Uk (for Ny € Ny).

Finally, for any i > 0 we introduce two error-terms: we set

1/C "
S ZZ(E) and ¢ ::JZ:(:)&,-

and note that this implies

1 o0
1280<81< <8l*+1§j§(:)8j
(75) .
_1°°<C/>1_1 1 ()1/2
4 4 C 4 1-C'/C — ’
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and also, for any 1 <i < i*, the following estimate (which will be used later):

LA 1, CN\3EeD .,
(76) Sim1¥; 2 > Zwl 2(;) > 20Ty 2a,

Using these we define, for any 0 <i < i*, the event
W= {W[AY NK:]> 1 —e)w?},

that is, W; asserts that the union of the nucleus and the first i layers got infected
almost entirely in the first i steps. Hence, the goal will be to prove that WV;+ holds
whp. We do so inductively in Section 6.2. Depending on the total weight of a layer
(in comparison to the union of the nucleus and the previous layers) the induction
steps can be straightforward or rather complicated.

More precisely, for any 1 <i <i* we say that the ith layer has property £; if

WD > 1+ 8)wi=h.

We will prove in Section 6.2 that if this property holds, then with sufficiently high
probability a large enough fraction of the total weight in the ith layer becomes
infected eventually.

6.2. Infecting large layers. First, we show that if the (i + 1)st layer has
property L;+1, then conditional on W; the expected number of eventually in-
fected neighbours of a vertex in the ith layer is not too small. More precisely,
for 0 <i < i* and a vertex v € §;+1 we denote the number of its neighbours in
.AlU N ]Cl' by

dD () = Z Li{u,v)eE)}-
ueAiUﬂICi

CLAIIA\/I. 6.3. Let0<i <i* If Li+1 holds, then for every v € S;j41 \ By we
have E[d® (v) | W;] > (1 — &)C’ /4.

PROOF. Let0<i <i*andletv € Sj11 \ By. Assume that the event WW; has
been realised. Observe that each one of the indicator random variables satisfies

UL notee = 11 W) = min{ 02 1} > minf P12 4] Pt

w

since Y41 < Y1 < W/w,. Thus, we have

Vietwy Vit WIAY NK;]
) = W

E[d? ) | W] >
(77) MGAIUHK,'
Wi (1 —e)Yipw®
jui W .
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By Claim 6.2, we have

(78) w > iWP[zw > ¥il.

This implies that

(79) B[ ) W] = (1 = e9) i P Zw = Vi),

Now, for any i > 1 the claim follows directly by plugging (68) into the right-
hand side of (79).

Thus, it remains to consider the case i = 0. First, observe that W/w, > ¥
would imply 1 = o, and thus the first layer would be empty contradicting prop-
erty £1. Hence, we may also assume that ¢; = W/w,, and consequently

cw

A (66)
E[d? (v) | Wo] = (1 — e0) WP[Zw = Yol/w, > (1 — £0) oy’
0Wn

But recall that Yo = ¢x < W/wy,—,+1 = W/(aw,), which, in turn, implies that

R ©67)
E[d (v) | Wo] = (1 — e9)aC > (1 —0)C",

proving the claim also in this case, completing the proof. [

Claim 6.3 allows us to compute a suitable lower bound on the expected total
infected weight within the (i + 1)st layer. More precisely, for 0 <i < i* and a
vertex v € S;j41 we consider the random variables

-~

Xiv = wolGo )2
and note that these satisfy 0 < X i.v < wy. Note that

veS;i+1\Bo veS;+1NBoy

For each v € §;4+1 N By we define the random variable X iv = Wyly,, where I, is
the indicator random variable such that P[I, = 1] =P[}_, cAVNK; 1., >r], where
{1u,v}ves, 1.uek; 18 a collection of independent indicator raindom variables with
I, = 1 with probability given by (1).

Hence, setting

VES; 11

conditional on W; the random variable W[Af{H N S;+1] stochastically dominates

~

Xi+1. In the next two lemmas, we will use the stochastic domination in order to
deduce that whp W[AlU N Si+1] is a significant proportion of W[S;41].
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CLAIM 6.4. Forany 0 <i <i*, we have ]E[)?;Jr] I Wil> (1 — 8i2)W[Si+1].

PROOF. First, consider a vertex v € S;4+1\Bp. Since c?(i)(v) is a sum of inde-
pendent indicator random variables, we have
Var[d D (v) | Wi] < E[d? (v) | W;].
Consequently, we obtain from Chebyshev’s inequality that

PO W) < | W] < — 4 @ V]
ELEO ) | Wil — 1)

(80) cgs 4 1
T (1 —&)C (1 —4r/((1 —&)C"))?
(7<5) 8 1

= O (1-8r/CHY
Now observe that from (67) and (65) we obtain the following lower bounds:
C’ > 64r(minfa, 1/2}) 72 > 277,

The second inequality implies (1 — (87/C”))~2 < 2 and also the following upper
bound on the right-hand side in (80)

16 1 r

<
C’' — 8r

Hence, since &g < &;, for i > 0, we have % < 81.2. ‘We therefore obtain

2
&2

[AIV

P[dD ) >r W] > 1—¢2,

for any 0 <i < i*. The random variable ZueA-UﬂICi I, also satisfies Claim 6.3

and, therefore, the above argument also holds there. By summing up over all ver-
tices v € S;41, the statement follows. [

Next, we extend Claim 6.4 and show that the probability that the total infected
weight in the (i 4+ 1)st layer is not large enough is sufficiently small.
LEMMA 6.5. Forany 0 <i < i* for which property L; 11 holds, we have
P{W[AY, | NSis1] < (1 — ) WISit111 Wi] < exp(—2" Wy 2).
PROOF. Let 0 <i < i* and recall that ii-‘,—l is a sum of independent ran-

dom variables fi,v satisfying 0 < fi,v < w, for v € §;+1. Moreover, note that
Claim 6.4 implies

(1 —e)WISit1]1 <E[Xip1 | Wil — & (1 — ) WISi41].
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Therefore, using the above stochastic domination and applying the Azuma-
Hoeffding inequality (Theorem 4.10) to X; 1 we obtain

P{W[AY ;N Sis1] < (A — ) WSi1]| W]
(81)

e2(1 — &) WISt )
2 ZMGSH_] wl,zt

We proceed by bounding the argument of the exponential function on the right-
hand side from below by splitting it into three factors. First, note that we have

WI[Siy1]

2
ZMES,'+| wu

<P[Ris1 < (1— ) WSia1] | W] < exp(—

—1
> Y,

and also

Lt €.6.2,(66) Sit1

WISip1]=WwitD —w® =5, w® vew.

Multiplying these two factors we obtain
1)? ; 76) . ,
W[Sl+1] 5 Z 61+1 wi_ZCW (Z) 21—9,¢_1—chaz 2 2l+11p'1_2W052,
ZMESH.] wl/t 4

because C > 2'0 by (65). Consequently, it remains to bound the last factor

(82)

(75)
ef(l—g)?/2 =27,
and since W[.AiUJrl NSi+1]> )?i+l this yields

(81),(82) . B
PIW[AY NSip1] < (1 =) WISip ] IWi] £ exp(—2" %Wy %),

as desired. [J
We will use the above construction to show inductively the following.

LEMMA 6.6. IfU C Vg4, satisfies
(83) WIU] = (1 - o(1) Way,.
then Wi+ holds whp.

PROOF. We proceed by induction on i and show that W; holds forall 0 <i <
i* with sufficiently high probability. The statement for the base case i = 0 holds

since V>¢, is a nucleus, and thus 1}y holds (with probability 1) by (83).
So now assume that 0 <i < i* and W; holds. Additionally, suppose that

WD < 1+ 8, )W,
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that is, the property £;1 does not hold. Then deterministically we have

a1 Wi i l—e
WIAY N K] = WAV NK] = (1 —gpw® 2" T(S';W(ZH)
l

> (1 —giy)WItD,

implying W 1.
Otherwise, property £;+1 holds, and so Lemma 6.5 is applicable, showing that

WAL NSig1] > (1 — &) WISi11]
with (conditional) probability at least 1 — exp(—2i_6a2W1pf 2). However, this im-
plies
WAL NKip1] = WIAY N Si] + WAV N K] > (1 — ) (WISi1]+ WD)
> (1= i) WD,

and W, follows since €11 > ¢;.
Therefore, W;+ holds with probability at least

i*—1

(1—o(D) [T (1 —exp(=2""%a? Wy ) = 1 —o(1) = Y_exp(—Wy; 2%,
i=0 i=1

by a union bound. Because | < Yo = ¢px = o(~/ W), by (72), the right-hand side
is 1 —o(1), that is, whp we have W[AY N K] > (1 — gg) W, O

REMARK 6.7. Observe that in the proofs of Claims 6.3 and 6.4 and Lemmas
6.5 and 6.6 we only exposed edge-indicator random variables corresponding to
edges in the set IC;x x J:_;(S; \ Bo).

Now, observe that we have the (deterministic) lower bound

1 e C621 w w
SWETET o WVay ] = - PlZw = Yis] = —
8 i 8 8 Vixq1
(84)
(©®) c'w
~ 16max{Cy, A}

In other words, we have already proven that the total weight of all eventually in-
fected vertices is at least a constant fraction of the total weight W. It remains to
show that this guarantees that whp a constant fraction of all vertices become in-
fected eventually, that is, there is an outbreak.
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6.3. Witnessing the outbreak. To witness the outbreak, we consider the ver-
tices in V_y,. \ By of which there are at least

w (69).(2) A
n—|Vsy.|—IBol=n———om) = (1———0(1))n
(85) - Vi 2max{Cy, A, 1}

1
> —n.

3

For any vertex u € V_y,, \ Bo, we will consider the random variables
Vi i= 15 yzr)
and denote their sum by
(86) Yi= Y VY.
ue€Vey,« \Bo

LEMMA 6.8. There exists a constant y > 0 such that for any U C V>4, sat-
isfying (83) and such that {n —r + 1,...,n} C U, conditional on Wi+, whp we
have

Y > yn.
PROOF. Asthe Y, s are independent, we will deduce this by applying the Cher-
noff bound (Theorem 4.8).

First of all, observe that if we replace u by a vertex ug of weight wy, :=1 < w,,
then we have

87) PV, =1|Wi]=P[dw)>r | W] =P[d (o) =r | Wi].
Because wy,, = 1 and also

(85),w>1
(88) we 2T W32 (1 - 1/G)W

we can drop the minimum in (1), and thus the above probability can be computed
as

6 HiOw=rwidl= Y 1% T (1-3)

Re (A nK*)UGR VE(ALNKH)\R

Because 1 — x > exp(—x/(1 — x)), for any x < 1, for the innermost product we
obtain
( wv/) < Zv/elC,-* wv’)
[1 - ZeXpl — T wny
w W -3

(90) ve(ALNKH\R
88
> exp< 1/(1 — W)) (z)exp(—3k),
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independently of u. Moreover, we have

91) oo J[Twe= ( (AL NK) = (AL NIC) 2 > wg)/r!

RE(AIZ?}CI*) veER UE.A[ZQK:,-*

since the sum on the left-hand side ranges only over monomials corresponding to
r distinct vertices. Furthermore, we have

(92) Yo wp <w, WAL N K],
ve AL NK;

and thus in order for the right-hand side of (89) to be at least a (small) positive
constant, it suffices to show that

93) wy < (1= WAL NK;+],

forn:=1—1/(1+4+ (r — 1)) (and note that 0 < n < 1).
We distinguish two cases, first assume that

WO —Wln—r+1,...,0)] < wo_ry1/2.

Then we observe that w,,_,4+1 > Yo > ¥+ by (71) and (72). Since w;, > --- >
wp—r+1 > Yo and the r vertices of largest weight are infected, that is, {n — r +
1,...,n} C U, we obtain

WAL N K] > WIUT> W{n —r +1,...,n}] > (1 + (r — Da)wy,
implying (93).
Otherwise, we have
WO >Win—r+1,....0)]+wpert1/2> (1+ (r — 1/2)a)wy,
and (83) implies
W[AiU* NKi+]=WUI= (1 —o)(1+ (r —1/2)a)w, > (1 + (r — Da)w,,

for any sufficiently large n. Hence, (93) also holds in this case.
Combining the bounds (90), (91), (92) and (93), it follows from (87) and (89)
that
(WLAL N K1)’
riwr

P[Y, = 1| Wi<] > exp(=30)1

/ r
#) /r
16 max{Cy, A}

where we define the right-hand side to be 4y, which is positive and independent
of U. Thus, by (85) and (86) we have

4 A
%sEmWﬁ]Sn,

(84)
¥ exp<—3x>n(
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and hence applying the Chernoff bound (Theorem 4.8) on Y yields

2
IP’[? <yn|Wpx]< exp(— (WZ:)) ) =o(1). 0

REMARK 6.9. Observe that in the proof of Lemma 6.8 we only exposed edge-
indicator random variables corresponding to edges in (V... \ Bp) x K;x.

Now we combine the above two lemmas and prove Theorem 6.1

PROOF OF THEOREM 6.1. Let &; be the event of Theorem 5.16, and £ denote
the event of Theorem 5.12. For a given set U C Vx4, satisfying (83), let £y be
the event that the random variable ¥ > yn, where y > 0 is as in Lemma 6.8. Now
Lemmas 6.6 and 6.8 imply that if U satisfies (83) and {n —r+1,...,n} C U, then
PlEyl=1—-0(1).

Recall that we are aiming to use the subsubsequence principle. Hence, consider
an infinite sequence No C N.

If No € Ny, then whp (over a subsequence of Ny) the event &; is realised,
that is, we have complete infection of the nucleus V>4, . Using U = V>4, and
{wp—r+1, ..., wy} € U, aunion bound implies

PlE4NEv., 1=1—0(l).

The definition of ¥ implies that if the event £, N Ey. ,  is realised, then every vertex

contributing to Y will eventually be infected, and thus we have | Ar| > Y > yn,in
other words, there is an outbreak.

On the other hand, let Ny € N;. Then whp (over a subsequence of Ny) the event
&, is realised, that is, we have shown almost complete infection of the nucleus
V=4, through the breeding ground S C §’. Let Ug C V=4, be the random subset
of V>4, as in Theorem 5.12.

Next, we observe that the sets By U S" U Ky and (U'* Si)UV_oy,s) \ By are dis-
joint. Moreover, note that {{/{x = U} depends only on edges inS" x (BpU S "UKy),
whereas &y depends on edges in Kjx x ((Ul 18 U V_oy) \ Bo) (cf. Remarks
6.7 and 6.9). Therefore, the two events are independent. Thus, we have

P& NE,]l> Y.,  Pl&ynix =U}]

Ug V2¢K .
WIU T2 3 W=y,

> PlEyIPUk = U]
U§V2¢,K:
WIUI=5 Wy,

=(1-o() >  PUg=Ul=1-o(D).
UEVZ(I}K:
WIUIz 3 Wy,
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Similar to the pggvious case, if the event & N &y, is realised, tl}gn every vertex
contributing to Y will eventually be infected, and thus |Ar| > Y > yn, that is,
there is an outbreak completing the proof of Theorem 6.1. [J

7. Subcritical regime: No linear outbreak. The goal of this section is to
show that in the subcritical regime whp there is no outbreak.

THEOREM 7.1. Under the assumptions of Theorem 3.1, if additionally either

¢n <w, and po<Kmin{py, pq}

or

¢ >w, and po <K ps,
then there is no outbreak, that is, whp we have

|AF| = o(n).
We will use the parameter

_ Jmin{ps, pat/po if pu < wn,

%94) .
Ps/ Po if o > wy.

Since we consider the subcritical regime, we have
95) U —> 00.

Instead of tracking the infection process, we relate it to a branching process,
motivated by the following observation: if vertex v becomes infected at time ¢ > 0
it must have at least one neighbour u which became infected at time ¢ — 1; actually
one can show that typically it has exactly one such neighbour. Hence, we may
consider the vertex v a child of this unique neighbour u (and in case there are
several, choose the smallest among them). Then for each vertex the number of its
children is a random variable, however, they may have different distributions and
be dependent on each other.

We will show that the condition on pg implies that this process is subcritical and
whp it dies out quickly, thereby proving that the total infected population remains
small.

Some of these arguments require us to work on the subgraph spanned by all non-
heavy vertices, and then argue separately for the heavy vertices. We will show that
whp no heavy vertex becomes infected during the process, and thus the relevant
part of the proof is to analyse the behaviour of bootstrap process on the subgraph
spanned by the nonheavy vertices.

We run the bootstrap process on G[V_4,] in the usual way (cf. Section 2.2)
and we denote the set of vertices that have become infected by time ¢ > 0 by
(?, C Vogy. Let ¢ r denote the set of infected vertices at the end of the process.
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7.1. A branching process approximation. In this section, we will prove that
the total infected weight of the C-process will not be significantly larger than the
total weight of the initially infected vertices.

LEMMA 7.2. Whp we have W[ép] =o(uWpy).

We will prove this lemma by coupling the evolution of the bootstrap process
with a stochastic process that is reminiscent of a branching process, where the
offspring distribution depends on the current state.

Fort > 0, let Z; := Cot \Cot_ 1 denote the set of vertices that belong to the 7th
generation and let /; = W[Z;]. In other words, the set Z; consists of the vertices
that become infected in step 7. Thus, Zg = Coo and Co, U o—0ZLs-

Now, let us condition on C, 1. For every vertex y e Z:_1, following the orderlng
of the vertices, we expose its neighbours in V_g, \Ct 1. Foreveryv e Vg, \C; 1
adjacent to y, we expose whether or not there are at least r — 1 other edges between
v and Cot_l. If this is the case, then we include v into Z; and, in particular, we
include the vertex v among the offspring of y — we write v € Xy, where X, denotes
the set of offspring of y. This leads to a partition of Z; into sets Xy, of children for
y € I;_1, that is, we have

L= Uyecotfl \Ci—2 Xy

Using the FKG inequality (Theorem 4.7), we will show the following lemma,
which bounds the probability that v € X).

LEMMA 7.3. Foranyt>0,letv e V<y, \é,_l. We have

Ploe 2,16 <, Widar ™ (e )

PROOF. We will condition on a realisation of Cot,l. Consider the conditional
space where Z; = §;, fori =0, ...,t —land v ¢ Uf.;(l) S = Cot_1. In order for the
event v € &), to hold, we need the following three conditions to hold:

(1) y is a neighbour of v;
(i) v has r — 1 additional infected neighbours;
(iii) there exists no z € C;—1\C;—2 with z < y such that v € A.

We write D(v) for the event that Z’ de (v) < r, where ds (v) is the degree of v
in §;. So, if we ignore the third COIldlthH the conditional probablhty of the event
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v € &), can be bounded as

t—1
(Zi = Si}}

]P)|:U € &)
i=0

r—1
SP[{y,v}GEﬂyl,-..,yr | € USl (i, v} € E} ’D(v),F},
i=0
where I' is some event which does not depend on edges incident to v. Thus, we
can omit I" from the conditioning.

We bound the latter probability from above using the FKG inequality (Theo-
rem 4.7). Note that the event {y, v} € E,3y,...,y,_1 € U;;(l) S; ﬂf;(l){{y,-, v} e
E is nondecreasing, whereas the event D(v) is nonincreasing. Therefore, Theo-
rem 4.7 implies that

r—1
IP’|:{y,v}EE,EIy1,...,yr 16US ﬂ {yi,v}eE}‘D(v)]

=0

— r—1
SP[{y,U}GE»ayl,,yr IGUSlm {)’z,U}GE}:|

i=0 i=0

t—1 r—1 1\’
5wyw;(z W[S,-]) <W) :
i=0
In other words, we have
t—1 r—1 w r
=si | =u(Zwisn) (50
i=0 w

PROOF OF LEMMA 7.2. 'We now provide a stochastic upper bound on /; using
a process that is very similar to a branching process except the offspring distribu-
tion depends on the history of the process. Moreover, the number of offspring of
each individual in each generation are not independent.

Consider the family of Bernoulli random variables I, ,(t), where y € 7,
and v is any vertex, which satisfies I, ,(t) = 1 if and only if v € X,. Hence, by
Lemma 7.3

IP|:U S

and the lemma follows. [

E[1y0(0) | Ci—1] < wy WIC,_1 T (“V)V)

Given C;_1, we write

> > Lay(Ow,.

yeli—1 UEV<¢H\CO'[71
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This implies that

° ° —1
(96) ElL |Gl < LoaWIG—a] w7 Y with,

U€V<¢H

Now, we introduce the stopping time 7" which is the first step ¢+ where either I; =0
or W[C,1> u'/2Wpy. Note that T < 1'/2Wpy, since if I, > 0, then in fact I, > 1.
. Now, let I (t) be equal to I;, if t < T and equal to O otherwise. In other words,
I(t) =1y <7y Let

x () == WIC_11 Ty wpth
U€V<¢H
If t <T,then
97) x(® < (WPWpo) "' w 3wt =g,
U€V<¢H

and furthermore this implies
(98) E[{(t) | C—1] < g1 — D).
Next, we show that
(99) A=l
Indeed, since pg < w! ps we have that
(Wpo) ' < Dwr—tpr-t

w
:M—(r—l)Wr 1 r+1
ZU€V<¢H

_ W
=u r+1
2
U€V<¢H
This together with (97) imply
q=umIR,

and (99) follows since r > 2.
Therefore, taking expectations on both sides of (98) we deduce that

E[I ()] < RE[I(t — D].
Repeating this inequality, we obtain
E[1(t)] < 2'E[1(0)] = 2'E[WICol].
Note that E[W[éo]] < Wpo, and thus
E[/(H] < %' Wpo,
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implying

T
1
(100)  E[W[Cr]] [Zl(r)} (Zit>WPoSI_2Wp0-

t=0

Now, let BB be the event Zr:o I(t) > ' /2Wpo. We have

T
E|:]1{B} Zl(f)} > uPWpoE[Ls].

t=0
This together with (100) imply that
E[Liz]=0(r™"?) = o(1).

Therefore, Markov’s inequality implies that whp the process stops before the total
weight of the infected vertices reaches '/ Wpy, as desired. [

7.2. No outbreak: Proof of Theorem 7.1. Now we consider the process on the
whole vertex set V. Until this point, we showed that if we restrict ourselves to the
nonheavy vertices, then no linear outbreak occurs. We now have to take care of the
heavy vertices. The first observation is that initially whp none of them are infected.

CLAIM 7.4. Whp AgN Vsy, = 2.

PROOF. In the case ¢ > wy,, there is nothing to prove, hence assume ¢y <
wy. Recall that in this case py is well defined and by its definition (5) we have

3) W\’
(101) = X = Veanloh 2 (4 )

ue V2¢H 4¢H

Thus, since | V=g, | < W/¢y, we obtain

(94) de (101) 4 (93)
Efl A0 O Vg 1= [Vagulpo = 2 <

Therefore, the claim follows from Markov’s inequality. [

o(1).

PROOF OF THEOREM 7.1. Now we consider the unrestricted process as de-
scribed in Section 2.2, but starting with Aj, := Cr as the initial set of infected
vertices. This defines a sequence of sets A, for T > 0 and a final set A’.. Now

Claim 7.4 implies that whp Ao C Cr = Aj, and thus
(102) Ap C AL

Lemma 7.2 implies that whp the total weight of Cr satisfies
(103) W[AY] = WICF] = o(uWpo).
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Moreover, this shows that é F contains only few vertices

w;>1,(94),Cor.4.5 2)

(104) |Ap| < WAL/ wi o(W) 2 o(n).

The last step is to show that whp
(105) Al = A,
because due to (102) and (104) this will imply
|AF| < |Ap|=|Ag| = o(n).

It remains to prove (105). In other words, we have to show that whp in the next
step none of the heavy vertices become infected. Once again, in case ¢p > wy,
there is nothing to be shown, so assume ¢y < w,. For any vertex v € V>4, we
have
L54 w! WAL

- r!wr
and note that only heavy vertices can become infected in this step. Thus, summing
over all heavy vertices and using (103), we obtain

E[ ’1\A6|A6]=0<(upo)’ > wZ)-

UEVZ(Z)H

Pv e A; | 4]

Moreover, we have

CONNG) 1
Mpo = pa = ﬁ
MEV2¢H wu

k)

implying
E[A] \ Ay | Ap] = o(1).

Therefore, Markov’s inequality implies that whp (105) holds, and as argued previ-
ously this completes the proof of Theorem 7.1. [J

8. Proof of main results.

8.1. Proof of Theorem 3.1. Theorem 3.1 follows directly from Theorems 5.2
and 6.1.

8.2. Proof of Theorem 3.2. Recall that the assumption on the weight sequence
in Theorem 3.2 is that there exist constants ¢ < 1/30, ¢y and a function h = w (1)
such that forc; < f <h wehave P[Zy > f] <c/f.

For the remainder of the section, assume that pg > h~1 and pPo = a)(W_l/ 2.
Clearly, if whp there is no outbreak for such a py, then this is the case for any
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po = o(1). Moreover, note that if there is no linear outbreak for » = 2, then there
is no linear outbreak for » > 2. So we may restrict ourselves to the r = 2 case.

We aim to apply the branching process argument from Section 7 here as well.
Similarly, as before we could construct the branching process, but unlike the pre-
vious case the typical vertex would have multiple parents during the early stages
of the process. We use Theorem 4.9 instead to track the total weight of the infected
vertices during the early stages of the process. After a point, due to the rapid de-
crease in the sum of the weight of the vertices which become infected in a given
step, a typical vertex which becomes infected in step # — 1 has on average less than
one child in the next generation (in the sense we discussed in Section 7), giving
rise to a subcritical process which dies out quickly. In turn, this implies that the
bootstrap process stops quickly.

We modify the initial step of the process slightly which leads to a stochastic
upper bound: in the initial step, we infect every vertex with weight at least p, !
and in addition we infect every vertex with weight less than po_ with probability
po independently. We denote this set by Ao. More generally, for any 7 > 0 we let
At be the set of infected vertices after the ¢th step. As usual, we set A 1 =4.

Let

kp=W! Z wﬁ“.
veV _
<Pg

Using Proposition 4.4, we bound «; from above by

P!
o < k/ WIPIZy = pldu

(106) <’</ W PIZy >u]du+k/ lap
cin(py ') +c1, k=1,
= k' g1 | ok
Cmpo + +C1, k22

LEMMA 8.1.  Whp W[Ay] < (1 +2¢)Wpo.

PROOF. Since po <h and po — 00, we have Zuev wy < cW/pO_1 =

71
Po

cWpyg. Clearly, IE[W[.AO N V<P61]] < Wpg. Theorem 4.9 1mphes that for large n
we have

P[W[Ap N V_pet]Z Wpo+cWpo]

exp (_ (cWpo)® )
- 2(uev__ wipo+ Py <Wpo/3)

=0
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(106) (cWpo)?

< exp(-— — -
2(c(I+o0(M)Wpolnpy " + py cWpo/3)
Wpo)2

5exp<— (cWpo) )
cW

< exp(—ch(z)) =o(1),
because p(% oW, O

LEMMA 8.2. Ifv¢ /T,, then

]P’[v € fTH.] | ./Z(t, ./Zz—l]

w2 WAL - Wi i)
2 2 :

PROOF. Given a vertex v, in ordeNr for v to become infected at step ¢ + 1 it
must neighbour at least 2 vertices in A, and at least one of these vertices must be
contained in A, \ A;_;. For a set of vertices U, let Ey be the event that for every
u € U we have that the pair (u, v) is an edge. If v ¢ A;, then we have

2
Plve A1 | Ay, Ai1] < Z Z Z P&y, Eur | Ary Ar—i].
Slye ey veysh
The event £y is independent of £y, JZ,, /T, 1, because it depends on edges that
have not been exposed up to time 7. Now, the event £ is nondecreasing, whereas
.A,, .A; 1’s only connection to £ is the event that v has at most one neighbour

in A;—1. But the latter is a nonincreasing event. Hence, the FKG inequality (The-
orem 4.7) implies that P[Ey | A;, A;—1] < P[Ey/]. Thus, we have

PlEy. Eur | Ar. A1) < PIEYIPIEY] = 1‘[ wy [ wa

ueU u'el’

Therefore,

2 2
Poedop | A A=Y ¥ X o5 [Tw [ ww

k:er(A‘,\ZFl)U/e(Xt:l) uel u'el’

B _%,i WIAN A1) WA -1
- w? k! 2—k)!

~ 2 ~ 2
_ w_% WA ] — WA, ]
- w2 2 ’
where the last equality follows, by writing W[A;] = W[A, \ A1+ WI[A,_].
[
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Since ¢ < 1/30, we have that 3c(1 + 2¢) < 1/8. Set 8 = 1/4 and note that
107) (1-=28)8=1/8 > 3c(1 +2c).

LEMMA 8.3. Assume that W[./Zf \,Zf_ﬂ < (1 +20)2B)*Wpqg for every
T <t. Conditional on A;, A;_1, with probability at least

BQRB) (1 +2c)Wp?
1-— exp(— 3 )

we have

WLA 41\ Al < 28) (1 +20) Wo.

PROOF. From Lemma 8.2, we have

- o~ w3 WA — WA,
EWA o \ AT A L)< Y b= ]
w 2
veV _j
<py
Clearly, for n sufficiently large, by (106) we have
> wl < (14o0(1)2cWpy!
veV
<Py
and thus
T2 ~ 2
- o~ o~ G WIA T — WIA, 1]
E[WIA 1\ A1 Ar Aima] < (14 0(D)2e(Wpo) ™ ===

< (1+o(1))2c(Wpo) ™ (WLA] — WLA,_1]) WA,

because W[A_1]+ WA, ] < 2W[A,].
From the assumptions, we have

E[W[ A1\ A1 | A, A1)
< (14 0(1))2c(Wpo) ™ (WLA] — WA, 1) WIA,]
~ t

LT (14 0(0)2e(Wpo) (WIA] = WA 11) 32 WIAL \ A 1]
=0

t
< (14 0(1))2c¢(Wpo) " (W[A] - W[ﬂ,_l])<<1 +20)Wpo Z(zﬂ)’)
=0
< (WILA]1 = WLA,_11)3c(1 4 2¢)/(1 — 2B)

(107) - -
< BWLA] = WLA,_1))

< B2H)' (14 2¢)Wpo.
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A similar argument provides
2 ~ 2
1" — WA 1]

— 5

Var[ WA\ Al < ) <BE2B) (1+20)W.

veV _
<[)O

Now all we have to show is concentration. We will use Theorem 4.9 for
the sum of the weighted Bernoulli-distributed random variables, which gives
W[A;+1 \ A;]. Each summand is bounded from above by Po I Hence, we can

take M = p !in Theorem 4.9 and deduce that
P[WIA 41\ A1 = 2B) (1 +20)Wpo | Ar, Aii]
_ exp(_ (B2B)' (1 +20)Wpo)? >
a 2(B2B) (1+20)W + py ' B2B) (1 +2¢)Wpo/3)

- ( (/3(2/9)t(1+26)WP0)2)
<exp| —
382B) (1 +2c)W

BB (1 + 2c>Wp3)
. .

< exp(— H
PROOF OF THEOREM 3.2. Fix a function T := T (n) satisfying T — oo, but
(Zﬂ)Tng = w(1). Note that such a function exists, because Wp(z) =w(1). Let

& denote the event W[/Trq] < +2c)Wpo/(1 —28) and W[fTT \.ZlT,]] =

o(Wpo).
Now, by Lemma 8.3, with probability

. O(exp(_ﬁ(Zﬁ)T(I;— 2c)ng>> 1 o(l)

we have W[JZT \.Zlf_l] < (2B)*(1 +2c)Wpq for every © < T, and thus £ holds
whp as well. From this point on, we will condition on the event £.

We will give a stochastic upper bound on the evolution of the bootstrap process
after step T, using the branching process framework we introduced in Section 7.

Recall that X, denotes the children of v. Consider the family of Bernoulli
random variables [, ,(¢), where v € Z;_; and u is any vertex, which satisfies
Iy,(t)=1if and only if u € &,.

Following the steps of Lemma 7.3, one can show that

- - 2
Plue Xy | Ay, €] < va[At_ﬂ(%) .

Hence,

~ ~ wy 2
E[1y0 () | A1, €] < va[A,_u(W) .
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Let S be the stopping time which is the first step ¢ after 7 where either A, =
flt_l or W[/T,] > 4W po. In other words, S is the first time where either the process
dies out or the total weight of the set A, exceeds 4W po.

Denote by 7, (¢) the total weight of the offspring of v, that is,

I(t) = Z Iv,u(t)wu-

M6V<pal\gt71
Now, we show that if # < §, then provided that ¢ is small enough, the expected
value of I, (t) is smaller than 1. We have conditional on £
~ WA 1] (106) - _
E[L(t) | A—1] < va; Y wh < 3wy WA 1(Wpo) .

ueV _4

Now, as long as t < S, we have W[.%Nlt_l] <4Wpy. We deduce that
E[L () 1<s) | Ar-1, €] < 12cw,.

Set z = 12c¢. Since 12¢ < 1 (from our assumption that ¢ < 1/30), we have z < 1,
for any n sufficiently large. Denote by 7 (¢) the total weight of the vertices in the
tth generation. Then this is equal to the sum of the random variables 7, (¢) over all
v which belong to the (¢ — 1)th generation. Therefore, we have

E[1()1y<s) | A1, E] <2 (t — D<)

Now, we set I (t) = 1(t)1y;<s). Taking expectations on both sides of the above
inequality implies that for ¢t > T

E[I(t) |E] <zE[I(t —1)|E] <--- < TE[I(T)| €].

The random variable
m ~
=> 1)
t=T

is the total progeny (but without the first 7 generations) until the stopping time S.
We deduce that

8

1
E[Xs| &1 <E[I(T)]|£] Z — E[I(T)| €] =0(Wpo).

as [(T) < I(T) = W[A7 \ Ar_1] = o(Wpg) when & holds.
Markov’s ir~16quality implies P[Xs > Wpgo | £] = o(1). Recall that £ also im-
plies that W[ A7r_1] < 3Wpyg. The result follows as £ holds whp. [
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9. Concluding remarks. To sum up, we have considered the evolution of the
classical bootstrap percolation processes on a general class of inhomogeneous ran-
dom graphs, which is known as the Chung—Lu model. In this model, the vertices
are equipped with positive weights and each potential edge is present with proba-
bility proportional to the product of the weights. Essentially, the typical properties
of the resulting random graph are determined by the sequence of the weights and
its asymptotic properties.

We gave an approximate characterisation of those weight sequences for which
the evolution of a bootstrap process exhibits a critical phenomenon. This is con-
nected to the existence of a critical density of the initial set of infected vertices
such that when the initial density crosses this value then an outbreak occurs whp
even if the initial set is small. Our main finding has to do with the existence of
constants ¢ and C such that if P[Zy, > f] < ¢/f, then no such critical value exists
whereas if P[Zy, > f] > C/f, then it does exist.

The results we have shown assume that W = An and the minimum weight is
at least 1. However, the results also hold under the more general assumption that
W = (1 4+ o(1))An and the minimal weight is bounded away from 0. However,
if we remove the condition that the minimum weight is at least 1, then the lower
bound on C in Theorem 3.1 should also depend on this quantity.

As mentioned earlier, the smaller of the two candidate thresholds gives the criti-
cal threshold. In the following example, we demonstrate that either of the candidate
thresholds can be the minimum.

EXAMPLE 9.1. Fix r =2 and take a weight sequence such that it contains
W1/ vertices of weight W7/12, W2/3/20 vertices of weight W!/3 and each of
the remaining vertices has weight 1. Note that [V 13| = (1 + o(1)W?3)20 <

W2324 = w2/@W!3)* and |V=i| = n = o(W?). In addition, |V. sl =
Wi >o—4 = W2/(2«/ W)4. Therefore, W1/2 > o > W13 Thus,
3wl =0(w").

u€V<¢H

Clearly, 3"cy.,, wi = W?>/!%. This gives us

L — oW ) =W ) = o (s 2)1/2).

Zu€V<¢H wg ZMEV2¢H wy

Thus, the minimum in Theorem 3.1 is achieved by the vertices of weight less than

PH.
Now replace the W!/% vertices of weight W’/12 by W1/? vertices of weight

W3/4_ Note that this has no effect on the value of ¢ . However, we have

1 12 ~29/36 —2/3
(Tev w2) — O(W236) — o (W23,
¢y U

so this time the minimum is achieved by the vertices of weight at least ¢ g .
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Several open questions still remain. The first concerns the exact values of ¢
and C. In particular, is ¢ = C? If not, then what happens in the case where the
weight sequences satisfies P[Zy > f]=¢'/f forc < <C.

Furthermore, our analysis does not consider the case where the initial density
has the same order of magnitude as the critical density. We believe that in this case
an outbreak occurs with probability that is asymptotically bounded away from 0
and 1. If this is the case, it would be interesting to know whether a limiting value
exists for this probability and how it depends upon the parameters of the model.

Acknowledgement. We would like to thank an anonymous referee for making
helpful comments on the presentation of the paper.
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