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NONPARAMETRIC BAYESIAN POSTERIOR CONTRACTION
RATES FOR DISCRETELY OBSERVED SCALAR DIFFUSIONS!
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We consider nonparametric Bayesian inference in a reflected diffusion
model dX; = b(X;)dt + o(X;)dW;, with discretely sampled observations
X0, XA, ---, Xnua. We analyse the nonlinear inverse problem corresponding
to the “low frequency sampling” regime where A > 0 is fixed and n — oo.
A general theorem is proved that gives conditions for prior distributions IT
on the diffusion coefficient o and the drift function b that ensure minimax
optimal contraction rates of the posterior distribution over Holder—Sobolev
smoothness classes. These conditions are verified for natural examples of
nonparametric random wavelet series priors. For the proofs, we derive new
concentration inequalities for empirical processes arising from discretely ob-
served diffusions that are of independent interest.

1. Introduction. Many fundamental models for dynamic stochastic phenom-
ena in continuous time are based on the concept of a diffusion, whose evolution is
described mathematically by

dX[:b(Xt)dt‘i‘O'(Xt)th, IZO,

where W; is a standard Brownian motion. Diffusions occur naturally in the phys-
ical and biological sciences, in economics and elsewhere, and their deep relation-
ship to stochastic and partial differential equations makes them a central object of
study in modern mathematics. Various specifications of the drift function b and
the diffusion coefficient o lead to a flexible class of random continuous motions.
In scientific applications, a key challenge is to recover the parameters b, o from
some form of observations of the diffusion. Unless specific knowledge is avail-
able, the resulting statistical models for the parameters o, b and the probability
laws P,; of the Markov process (X; : ¢t > 0) are naturally infinite-dimensional
(= “nonparametric”).

Statistical observations in the real world usually are collected in a discrete fash-
ion, say in form of observed increments Xq, Xa, ..., X, of the diffusion, where
1/A is the sampling frequency. We are interested in the possibly most realistic sce-
nario where A > 0 is fixed and more information accrues in form of an increasing
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sampling horizon nA — o0. As revealed in the seminal paper by Gobet, Hoff-
mann and Reif} [13], this “low frequency” sampling regime implies that inference
on (o, b) constitutes a nonlinear nonparametric inverse problem, and the authors
solve this problem in a minimax way by a delicate estimation technique based on
ideas from spectral theory.

Alternative methodology for nonparametric inference in diffusion models
has been put forward recently, notably of a Bayesian flavour; see Roberts and
Stramer [23], Papaspiliopoulos et al. [19], Pokern et al. [21], van der Meulen et al.
[31], van Waaij and van Zanten [29] and references therein. While such Bayesian
methods are attractive in applications [14, 26, 30], particularly since they pro-
vide associated uncertainty quantification procedures (‘“‘credible regions”), our un-
derstanding of their frequentist sampling performance is extremely limited. This
is particularly so in the “low frequency” regime when A > 0 is thought to be
fixed: the only references we are aware of are the consistency results in [15, 16,
32], which only hold under the very restrictive assumption that o is constant and
known, and only in a weak topology. As pointed out by Stuart [26] and van Zan-
ten [30], obtaining theoretical performance guarantees for Bayesian algorithms in
nonlinear inverse problems is, however, of key importance if such methods are
to be used in scientific applications. Only very few rigorous results are currently
available.

In this paper, we give the first proof of the fact that nonparametric prior distri-
butions on the diffusion parameters (o, b) give rise to posterior distributions that
contract at the (minimax) frequentist optimal convergence rates over natural regu-
larity classes, in the low frequency sampling regime. This is achieved by using the
generic “testing approach” introduced in the landmark paper Ghosal et al. [9]; see
also [10] and [34]—but the adaptation to the diffusion case requires the resolution
of two major mathematical obstacles to obtain satisfactory results:

e The “small ball probability conditions” need to reflect the inverse problem
nature of the discrete sampling scheme, and the resulting perturbation of the “in-
formation theoretic distance” (KL-divergence) associated to the statistical experi-
ment needs to be precisely quantified. For linear inverse problems, this has already
been noted in the paper by Ray [22]. In the nonlinear diffusion setting here, how-
ever, the situation is much more complicated, and requires a fine analysis of the
inverse operator of the infinitesimal generator of the diffusion (which could be
viewed as the linearisation of the nonlinear inverse operator). In the case of high
frequency (A — 0) or continuous observations, small ball probabilities may be
computed for an information distance closely related to the L>-distance on b and
o (see [33]), but to obtain optimal results in the low frequency setting one has to
show that instead small ball probabilities may be computed in a weaker norm—
precisely, as we show, in a certain negative order Besov norm. Simultaneously, one
has to ensure that the invariant measure u is correctly modelled by the (induced)
prior too—note that the smoothness degree of u is generally not identified by the
regularity of (o, b). This last fact also should guide practitioners who often devise
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priors for o and b without paying attention to the implied model for the invariant
measure.

e The construction of frequentist tests with sufficiently good exponential error
bounds for type two errors in a large enough support set of the prior in [9, 10]
relies on properties of the likelihood ratio test and the associated Hellinger distance
between experiments. In the setting of diffusions, this approach appears difficult to
implement—instead we use the “concentration of measure” approach of Giné and
Nickl [11] to the construction of such tests. To do this, we prove a Bernstein-type
inequality for empirical processes driven by discretely sampled diffusions, relying
on work of Adamczak [1], and use it to derive sharp concentration bounds for
the estimators (and resulting plug-in tests) put forward in Gobet et al. [13]. These
concentration results, which are of independent interest, are derived in Section 3.

We demonstrate that our general conditions are verified for natural nonparamet-
ric priors on (o, b). It is convenient to give a hierarchical prior specification that
first models the inverse diffusion coefficient o —2, and then, conditional on o2, the
drift function b, which explicitly generates a prior for the invariant measure u too.
The individual prior choices are quite flexible and allow for general random series
priors, as we show, with one technically vital restriction that they are constrained to
a fixed regularity class that ensures sufficient smoothness of the individual param-
eters. This is necessary to deduce various probabilistic properties of the diffusion
that our proofs rely on. In particular, following [13], we rely on the assumption that
the diffusion considered is a reflected one, and hence lives in a compact interval
of R. This corresponds to the usual von Neumann boundary conditions required
for the infinitesimal generator L to be injective and to have a discrete spectrum.
As a consequence, to cope with these boundary conditions, we model b and o
only in the interior of the given interval (this also has some deeper mathematical
reasons since the second eigenfunction of L identifies b, o only in the interior of
the domain, and since our approach to construct tests is based on first estimating
this eigenfunction). Again, these are concessions to the mathematical intricacies
of the problem at hand, and further hard work will be required to alleviate those.
We discuss possible extensions and limitations of our approach in Section 2.3.3
below.

2. Main results.

2.1. A nonparametric model for diffusions on [0, 1]. Consider a scalar diffu-
sion process (X; : ¢ > 0) on [0, 1] starting at X¢ = xg9, and whose evolution is
described by the stochastic differential equation (SDE):

(1) dX, =b(X,)dt +o(X)dW,,  t>0,

where the process is reflected at the boundary points {0, 1} (for a precise definition
see Section 3 below). For the pair ¢ = (o, b) € C([0, 1]) x C([0, 1]), we maintain
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the following model:

O:= {19 =(0,b):b0)=b(1)=0c'(0)=0"(1)=0, b, 0, 0" exist,

max([blloo, |8 I lloe, 16 o 07 o) < D, _inf o000 =,
where D, d are arbitrary fixed positive constants. For (o, ) € ®, the SDE (1) has
a pathwise solution described by the Markov process (X; : ¢ > 0) with invariant
measure [ = lsp, Whose law we denote by Py, whenever Xo ~ w. The obser-
vation scheme considered is such that increments Xg, Xa, ..., X, are sampled
at distance A > 0, and we study statistical inference on o and b when n tends to
infinity as A > 0 remains fixed (the “low frequency sampling” regime). Thus, the
X;a’s form an ergodic Markov chain and we write p,5 (A, x, ¥) for the associated
transition probability density functions with respect to Lebesgue measure dy. We
shall also—in abuse of notation—write u both for the invariant measure and its
density.

Let IT be a (prior) probability distribution on some o-field S of subsets of ®,
and given (o, b) ~ Il assume that the law of (X; : # > 0)|(o, b) is described by
the diffusion (1) started in the invariant measure 5. If the mapping (o, b) —
Pob(A, x,y) is S-Br measurable for all x, y, then by standard arguments (as in
Chapter 7.3 in [12]), the posterior distribution given the discrete sample from the
diffusion is

(69 b)|XO’ XAa "'aX}’lA

_ Mob(Xo) [Tiz; Pob(A, Xi—1a, Xia) dT1((0, b))
Jo tob(Xo) [T Pob(A, Xi—1ya. Xin) dT1((o, b))
We wish to devise natural conditions on the prior IT that imply that the posterior
distribution contracts at the optimal convergence rate &, in some distance function

d about any fixed “true” parameter pair ¥y = (09, bg) € ®. More precisely, we
wish to prove that, as n — oo,

1'[(19 :d Vg, ¥) > 8, X9, XA, ..., XnA) —0 in [Py, p,-probability,

2

under the “frequentist” assumption that (X; : t > 0) ~ Py p,. The rate §, will de-
pend on regularity properties of (o9, bg) that we describe now.

2.2. Contraction theorem. In [13], it was shown that the frequentist minimax
rates for estimating the parameter (o, b) in L%([A, B])-loss (0 <A< B < 1) are
given by

3) n~s/@s+3) foro? and n G7D/GsHD) for b
whenever (o, b) € O, where the regularity classes ®; C © are defined as

Oy :={0=(0,b)€O: llollgs <D, bl <D}, s>2,
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with H* the usual L2-Sobolev space over [0, 1]. This particular coupling of the
regularities s of o and s — 1 of b is natural; see Remark 7 below.

The above rates reflect the recovery complexity of an ill-posed problem of order
one and two, respectively. For the Bayesian posterior distribution to have good fre-
quentist properties, it is well known [9] that the prior should charge small neigh-
bourhoods of the “true pair” (oy, bg) with sufficient probability, where “neigh-
bourhood” is understood with respect to the information distance induced by the
observations. As noted by [22] for linear inverse problems,

Y=Af +¢, AL L? linear,

with unknown parameter f € L? and Gaussian white noise ¢, a key point is to take
advantage of the fact that the usual information distance || f||;2 (when A =1d)
is transformed to ||Af||;2, which typically corresponds to a negative (or dual)
Sobolev norm || f|| j—» = || f |l (ww) induced by the eigen-basis of A, and where w
denotes the level of ill-posedness.

One of the key contributions of this paper is to produce a similar result in our
nonlinear and non-Gaussian setting of discretely sampling a diffusion. To obtain
sharp results, the Hilbert scale of Sobolev norms will have to be replaced by more
flexible Besov norms. To this end, for s > 0 denote by (B7]_)* the dual space
of the Besov space B} = Bj ([0, 1]), equipped with the usual dual norm [see
(33) below]. We refer to [17, 28] or Chapter 4.3 in [12] for the usual definitions
and basic properties of Besov spaces. We further note that any prior distribution
on (o, b) induces a prior distribution on the invariant measure u of the diffusion
[see (10) below], and the following result implicitly requires this induced prior to
correctly model the parameter w, also. See Remark 7 for discussion.

In what follows, for two sequences (a,, : m € N), (b, : m € N), we write a,, <
b, whenever a,, < Cb,, for all m € N and some fixed constant C > 0, and we
write a,, >~ b,, whenever both a,, < b,, and b,, < a,, hold.

THEOREM 1. Let I1 =I1,, be a sequence of prior distributions on ©, suppose
that Xo, ..., Xnua are discrete observations of a diffusion process (1) started in
the stationary distribution |, and let T1(-| Xo, ..., X,a) be the resulting posterior
distribution (2) on ©.

Assume I1 satisfies for some (0¢, bg) € Oy and g € L2, that:

(1) I(®y) =1 for some s > 2 (and for some d > 0, D > 0),

(ii) there exists a constant C > 0 and a sequence &, satisfying

n—(s+l)/(2s+3) 5 €n S n—3/8(10gn)—1/2

such that for all n large enough
((0,b) € O : [l — peoll L2j0.17) + lo™> =057 (B )*
(4) +11b = boll gz <€)

2
> eansn.
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Then if (X; :t > 0) ~ Py, where Xo ~ o, for true parameters (og, bg) with as-
sociated invariant measure (L) = [Layb,, the posterior distribution contracts about
(ag, bog) in L? = L2([A, B)) forany 0 < A < B < 1, at rates

3
n

2.5

—_— /— .
d,=ne, and §,=n"¢g,;

that is, for some fixed constant M, as n — o0 and in Pp,-probability,

M((0,b): |0 — o] ;2 > M8y, or |b—boll 2 > M8,|Xo, ..., Xna) — O.

REMARK 2. Optimal rates. The optimal choice of ¢, is of the order

g, ~ p~G+D/@s+3)

in which case g, = O(n_3/8(logn)_l/2) is always satisfied since s > 2, and the
resulting contraction rates are of the desired minimax order:

8y p 8/ (2s+3) 8! ~p—G=D/2s+3)
~ R - .

2.3. Examples of prior distributions.

2.3.1. Some preliminaries on function spaces. We now show how Theorem 1
applies to some concrete prior distributions. To do so, we need to define the fol-
lowing Holder-type function spaces C’:

DEFINITION 3. For ¢ > 0 and |7], the largest integer k < ¢t we define
C'([0,10) :={f e C([0, 1]) : I fllle: < o0},

L] (2] — pl
DY) f(x 4+ h) — DV £ ()|
where [| fller := Y [ D" floo +  sup TN -
k=0 O<x<x+h<l Og(l/h)

The additional logarithmic factor in the Holder condition is convenient as then
fec = feH NBy,

follows, which allows to combine knowledge of spectral properties of the diffusion
expressed in terms of Sobolev H'-norms with wavelet characterisations of Holder
and Besov spaces. Note that the continuous imbeddings of C' into H' and into
B!, follow easily from wavelet characterisations of the norms of these spaces
(see [17] or [12], Chapter 4.3, where we note that H' = Béz), and these also imply
that B, |, € N, is continuously imbedded into the classical spaces C of -times
continuously differentiable functions.
In fact, we will work with the equivalent wavelet norm of C’ given by

(5) Ifller =1 fllees N fllenr = slu£2’(f+1/2)ly|<f, Vi)

k]
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where {Y; : k=0, ..., 2L —1,1> Jo— 1}, Jo = 2, Jp € N, is a sufficiently regu-
lar boundary-adapted Daubechies wavelet basis of L>([0, 1]) that also generates
H',C" as well as the Besov spaces B, (see Chapter 4.3.5 in [12]).

We shall assume that the true pair (o9, bo) lies in ©; N (C* x C*~ ). Moreover,
to avoid tedious technicalities about boundary conditions, we assume that bg is
supported in the interior of [0, 1], and that log o, 2 and log o have expansions into
wavelet series supported in the interior of [0, 1]. Such functions can be modelled by
infinite Daubechies wavelet series 1 that are supported in a given fixed interval
[A, B]. The minimax estimation rates over functions satisfying these constraints
are the same as those in (3) up to log n factors (see Remark 5 below), and the minor
loss in generality comes at the gain of substantial technical simplifications. Thus,
we adopt the following condition, formulated in terms of po and op (implicitly
defining bg).

ASSUMPTION 4. For(0 < A < B < 1 given, let Z be the maximal set of double
indices (/, k) such that the Daubechies wavelet functions v, (I, k) € Z, are all
supported in [A, B].

We assume that the invariant density 1o € C**! is of the form

loguo(x) =Y Buvu(x),  x€[0,1],

1,keT

with 2/6+3/21218,,| < B for some B > 0.
We further assume that the diffusion coefficient oy € C*¥ has the form

logog *(x) = Y myn(x),  x€[0,1],
ke

where 2/6+t1/212 |7, | < B.

Note that the assumptions ensure that o, 2 and o are bounded and bounded
away from zero on [0, 1], and that as a consequence, so is 002 € C*. It also implies
that 2by = (O’OZM())/ /o is contained in C*~! and supported in [A, B] (since aoz,uo
is constant outside of that interval).

REMARK 5 (Minimax rates over C*-classes). Assumption 4 is restricting
(00, bp) beyond having to lie in ®;. The lower bound proofs in [13] imply
that these further restrictions do not change the minimax rates, except for a
(logn)?, y > 0, factor induced by the weighting with the factor /% in the wavelet
norm. Note that the lower bound in [13] is also based on wavelets that are sup-
ported in the interior of [0, 1], and works with constant invariant density o =1¢€
C**1, which means that 2b just equals (o2)’.
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2.3.2. Random wavelet series prior. We consider the following hierarchical
prior specification. Let s > 2. Wavelet coefficients will be constructed from ran-
dom variables drawn i.i.d. from probability density

(6) <p:[—§,]§]—>[0, 00), B§§<oo, inf @) =>¢, ¢ >0.
x€[—B,B]

This in particular includes the cases where ¢ is the density of a uniform U[—B, B]
random variable [so that { = 1/(2B)], or the case where ¢ equals the density of
the truncated normal distribution given by ¢(x) =~ 12 for x € [—B, B] and
@(x) = 0 otherwise [so that ¢ > (271)_1/26_32/2].

We first model log o2 as a wavelet series, that is,

a—2<x>=exp{ ) 2‘”‘+1/2>l—2uzkw1k<x>}, xelo, 11,
1,keZ,I<L,

where u;j; are drawn i.i.d. from density ¢ satisfying (6). Here, we can take L, = oo
(so that the prior is independent of »n) but in our result below we also allow for L,
to equal a sequence of integers diverging with .

Conditional on o we use the identity

2.\
:(GM):( )

7 2b %) +o%(logp),
m

and the law of b|o'? is modelled by taking a wavelet prior

Hx)= Y 27682 2,9,x),  xe[0,1], L, e NU{oo},
1,keZ,I<Ly
and the resulting prior e/ [ ¢/ on the parameter ., where the iij; are drawn i.i.d.
from density ¢ satisfying (6), independent of the u;;’s from above. Concretely,
blo? = ((0c?) +a*H')/2,

and the resulting prior distribution induced on (62, b) = (62, ((62) + 0%H')/2)
is denoted by IT=1T1, ; .

PROPOSITION 6. Let o, iLo satisfy Assumption 4 for some s > 2, B > 0 and
choose

_ s —1
25+ 37

& :n—(s+1)/(23+3)(10gn)n, n

Let T1 = HL,,,E be the preceding prior and, if [, = min(L,,, l_,n) < 00, assume
2=+ <o Then T1 satisfies the hypotheses of Theorem 1 for this choice of &,
all D large and all d > 0 small enough. As a consequence, the resulting posterior
distribution contracts about the true parameter (og, bo) at the minimax optimal
rate within logn factors (Remark 2).
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REMARK 7 (Coupling of smoothness indices and ill-posed inverse problems).
In contrast to estimation of o> and b, estimation of i is not ill-posed and possible
at the standard nonparametric rate n~%/ %+ when p is a-smooth. These estima-
tion problems are, however, interacting with each other. On the one hand o, b and
wu are closely related by classical identities [e.g., (7) and (10)], making it natural
that o is modelled one degree smoother than b. On the other hand, the smoothness
of u is not identified by the smoothness of b and o (e.g., even for nonregular b, o
the invariant density p can be very smooth, e.g., constant on [0, 1]). Our results
rely on the assumption that pq is at least s + 1 smooth [whenever (o, b) € O],
and that the prior implicitly models the regularity of w correctly. This is related
to the fact, made explicit in the proofs that follow, that the information distance
between samples X, Xa, ..., Xpa from parameters (o, b) and (o9, bg) does nec-
essarily involve the L2-distance |itob — Magb ll 1.2, and the hierarchical prior from
above takes this into account.

REMARK 8 (Credible sets). While our results imply that Bayesian recovery
algorithms can be expected to work in principle in (scalar) diffusion models, we
emphasise that mere contraction theorems as those obtained here do not yet justify
the use of Bayesian posterior inference (“credible regions”) in scientific practice.
This problem is more involved; see the recent paper [27] and its discussion. An in-
teresting topic for future research in this direction would be to obtain nonparamet-
ric Bernstein—von Mises theorems as in [7, 8] for the diffusion model considered
here. While the contraction results obtained here are useful for this too, obtaining
exact posterior asymptotics will require a more elaborate analysis.

2.3.3. Choice of the prior: Extensions and perspectives. In computational
practice, the methodology closest to the one considered here is described in Sec-
tion 5.1 of [19], where a certain Gaussian prior is chosen for the drift function b,
while the diffusion coefficient is modelled parametrically. A data augmentation
method is devised that allows to sample from the posterior distribution (2) in this
situation. The random wavelet series priors on » from the previous subsection al-
low for truncated Gaussian priors—by choosing B large enough our theory can
approximate the case of a Gaussian prior on the drift function at least in practice.
From a rigorous point of view, however, our proofs rely fundamentally on the tech-
nical restriction that the prior for (o, b) concentrates on a fixed smoothness ball in

C? x C!', a condition not satisfied by Gaussian priors. Whether it can be relaxed

. . . . . 2
is not clear: for instance, the constant C in the Gaussian-type tails e~¢"% of our

tests scales unfavourably as C & e~ I”llo This is not an artefact of our concentra-
tion inequalities but corresponds precisely to the connection between mixing times
of Markov chains and their spectral gap (see also [20]).

The wavelet priors used in the present paper are convenient in our proofs.
They could be replaced by B-spline basis priors with random coefficients. In
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fact, B-spline bases generate wavelet bases by a simple Gram—Schmidt ortho-
normalisation step (see [17], Section 1.3 and page 74), so that proofs would go
through with only formal (but notationally cumbersome) changes.

Another extension of interest would be to allow for “adaptive” priors that select
the generally unknown smoothness degree s by a hyper-prior. While in principle
such results should be within the scope of our techniques, they would require sig-
nificant modification of the spectral bias estimates from [13], and this is left for
future research.

3. Proofs I: Concentration inequalities for reflected diffusions.

3.1. Definitions and transition densities. Let b : [0, 1] — R be measurable
and bounded, let o : [0, 1] — (0, c0) be continuous and let v : [0, 1] — R satisfy
v(0) =1, v(1) = —1. Consider the reflected diffusion on [0, 1]

Here, (W; : t > 0) is a standard Brownian motion and (L;(X) : ¢ > 0) is a nonan-
ticipative continuous nondecreasing process which increases only for X; € {0, 1}.
This model is considered in [13], and under the above conditions there exists a
weak solution (X; : ¢t > 0) of the SDE; see [25]. An in our setting equivalent
construction of this reflected diffusion is by extending b and o to be defined
on R as follows: First, we extend the functions to (—1,1] by o(x) = o(—x)
and b(x) = —b(—x) for x € (—1,0) and second to R by o(x) = o(x + 2k) and
b(x) =b(x +2k) forall x e R and k € Z such that x + 2k € (—1, 1]. If (0, b) € O,
then the so extended functions & and b are bounded Lipschitz functions on R and
we can define the strong Markov process (¥; : ¢ > 0) as the pathwise solution of
the equation

9) dY, =b(Y,)dt + & (Y;)dW,

on the whole of R (see Theorems 24.2 and 39.2 in [5]), where W, is another
Brownian motion. A version of the process (X; : t > 0) can then be obtained from
(Y; : t = 0) by a simple projection described in the proof of the following proposi-
tion.

By standard results for one-dimensional diffusions (e.g., [4], Chapter 4), the
invariant density of the Markov process (X; : t > 0) is given by

1 X 2b
10) (o) = pop(x) = mexp( /0 UZ—g;dy),

with normalising constant

. B | Y 2b(2)
(11D G:=Ggp _fo o20) exp(fo o22) dz) dy.

x €[0,1],
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We see that whenever b and o are bounded and o is bounded away from zero, the
invariant density is bounded and bounded away from zero. Under the stronger as-
sumption (o, b) € ®, we can obtain a similar result also for the transition densities
Pob (A, x, y) of the corresponding Markov process (X; : t > 0). The proof is given
in the supplement [18].

PROPOSITION 9. Let (0, b) € O. Then there are constants 0 < K’ < K < 00
depending only on D, d such that K’ < psp(A,x,y) < K forall x,y € [0, 1].

3.2. A Bernstein type inequality.

THEOREM 10. Let the time difference between observations A > 0 and con-
stants D, d > 0 in the definition of © be given. Then there exists k > 0 depending
only on A, D,d > 0 such that for all reflected diffusions (8) with (o,b) € ® and
arbitrary initial distribution, for all bounded functions f :[0,1] - R, all r > 0,
alln €N, and Z = Y Z(f (X ja) — Eulf (Xo)D),

1. r? r
P(1Z| >r) < Kexp(—;mm(nnfnz ’ 1og(n)||f||oo>)'

L2(w)

PROOF. We make use of the concentration inequality given in Theorem 6 in
[1] with m = 1 and verify the assumptions by using results in [6]. Let Xg, X1, ...
be a Markov chain with values in (S, B). For x € § and A € B, we introduce the
transition kernels P(x, A) = P(X| € A|X¢o=x) and P"(x, A) =P(X,, € A|Xp =
x). For a measurable function V : § — R, we define PV (x) =E[V(X1)|Xo = x].
The following three assumptions are assumed in [6], where we slightly strengthen
the minorization condition to be compatible with the assumption in [1].

(A1) Minorization condition. There exists C € B, B > 0 and a probability mea-
sure v on (S, B) such that forallx e Cand A € B

P(x, A) > Bv(A),

as well as for all x € S there exists n € N such that P"(x, C) > 0.
(A2) Drift condition. There exist a measurable function V : § — [1, oo) and
constants A < 1 and K < oo satisfying

AV(x), if x ¢ C,

PV(x) < .
K, ifxeC.

(A3) Strong aperiodicity condition. There exists B > 0 such that E v(C) = B.

The conditions (A1)—-(A3) are verified for the reflected diffusion as follows: Let
C =0, 1], B the uniform lower bound on the transition density given by Proposi-
tion 9 and v be the uniform distribution on [0, 1]. Then (A1) is satisfied. For (A2),
we can take V constant to one and K = 1. And (A3) is satisfied with 8 = E .
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By Proposition 4.1(ii) and Proposition 4.4, equation (21) in [6] the constant T
in Theorem 6 in [1] is finite. Under conditions (A1)-(A3), there exists a unique
invariant measure p (Theorem 1 in [6]). Using Corollary 6.1 in [6] and that the
Markov chain is reversible, we obtain that for all f € L?(w)

<o\ 1~ [ fau
L2()

(12) Py [ ran

L2(p)

for some p < 1.

Since we are in the case m = 1, the quantity (IE[TZ])_1 Var Z in [1] is equal to
the asymptotic variance, see the third remark after Theorem 6 there. We bound the
asymptotic variance, using (12) and the Cauchy—Schwarz inequality (see also (3)
in [18]), by

n—1
. _ 1+p I+p
1 2
Tim n~! Var, (ZO F(x jA)) < T, Vs (X0) = =1 g,
j:
This establishes the concentration inequality for a fixed pair (o, b) € ®. The con-
stants T and p can be chosen uniformly for the class ® since there is a common

lower bound E on the transition densities. L[]

Note that the above proof can be generalised to diffusions on R, arguing along
the lines of [24].

The following generalisation of the previous theorem to bivariate Markov chains
(Xaj, Xa(j+1) : Jj € N) with invariant measure u2(x, y) = p(A, x, y)u(x) is ob-
tained in a similar way; see the supplement [18] for a proof.

THEOREM 11. Let A, D,d > 0 be given. Then there exists k > 0 depending
only on A, D,d > 0 such that for all reflected diffusions (8) with (o,b) € ® and
arbitrary initial distributions, for all bounded functions f :[0,1> = R, all r >

0.n €N, and Z = 370 (f (Xja. X(j+1)8) = B Lf (Xo, Xa)D),

- r’ r
(12| > 1) = ”XP(_; mm(n||f||2 K 1og<n>||f||oo>)'

L2 (ur

3.3. Concentration inequality for suprema of empirical processes. Let F be a
class of functions. For f € F let either Z(f) = Z?;(l)(f(XjA) —E [ f(Xo)]) or

Z(f) =Y"1Z0(f (Xja, X(j+1a) — By [f (Xo, X)) By a change of variables,
we can rewrite the previous concentration inequalities as

(13) P(|Z(f)| > max(Vv2x, ux)) <ke™*,

where u = «log(n)| flleo and v* = Kn||f||12(m or v? = Kn||f||iz(,u2). Let I be

a subset of a linear space of finite dimension d, and consider a class of bounded
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measurable functions F = {f; : i € I} indexed by I, and such that 0 € F. We de-
fine V2 = sup feF v2, U =k logn sup fer I f lloo to obtain the following functional
concentration inequality.

THEOREM 12. For k¥ = 18 and for all x > 0, we have

P(sup|Z(f)] 2 R(y V2(d +x) + Ud +x))) < 2«e ™.

feF

Given (13), Theorem 12 follows by the usual chaining argument for empirical
processes, given for instance in the form of Theorem 2.1 in Baraud [3]. Baraud’s
proof applies directly in our setting, where we notice that his Assumption 2.1 can
be replaced by (13), since that assumption is only used to apply Bernstein’s in-
equality in the form (13).

4. Proofs II: The main contraction Theorem 1. Our strategy to prove the
main theorem of this article is as follows: In the spirit of [9, 10], we first derive
a general contraction theorem for discretely sampled diffusions that requires the
prior to charge small neighbourhoods of the true parameter measured in the infor-
mation distance (a version of the KL-divergence), and that admits the existence of
certain frequentist tests uniformly in the parameter space. We then show how the
information distance can be controlled by suitable dual Besov norms, and use the
concentration inequalities from the previous subsection to construct suitable tests.

4.1. General contraction theorem with tests. We denote by K(P, Q) :=
Ep[log %] the Kullback—Leibler divergence between two probability measures
P and Q defined on the same o -algebra. We write P, and E,, for the probability
and the expectation with respect to the reflected diffusion started in the invariant
distribution. We also introduce the notation

KL((00, bo), (0, b)) := Egyp, [log(

p()'ob()(A9 XO! XA))1|
pO’b(AaXO’ XA) ’
and for every ¢, k > 0 we define

Be, = {19 = (0, b) € © : KL((00, bo), (0, b)) < &2,

pUb(Aa XO, XA) ) S 282,

(14) Varg ) (10
7070 gpo‘obo(AvXO, XA)

Hob(Xo)
K(iogpys ob) < K, Vargyp (log7> §2K}-
[¢i1201] o a000 M(jobo (XO)

THEOREM 13. Let I1 = I1,, be a sequence of prior distributions on a o -
field S of subsets of ® and suppose that Xy, ..., Xya are discrete observations
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of a reflected diffusion process (8), started in the stationary distribution (1. Let
I1(-|Xo, ..., Xna) be the resulting posterior distribution (2). For ¥¢ = (09, bg) €
O, &,, a sequence of positive real numbers such that &, — 0, \/ne, — 00, and
C, k fixed positive constants, suppose I1 satisfies for all n large enough

(15) M(Bg, ) = e~ Cmei,

Assume moreover that there exists 0 < L < oo such that TI(©\ B,) < Le—(CH4me;
for some sequence BB, € © for which we can find a sequence of tests (indicator
functions) V,, =V (Xo, ..., Xna) and of distance functions d, such that for every
neN, M > 0 large enough,

Eoobo[Wn] — O, sup Eopll — W,] < Le™CF9mei,
e (0.5)€Byidy (0.5).(00,60)) = Mz

Then the posterior distribution T1(-|Xo, ..., X,a) contracts about (og, by) at rate
&n in the distance dy, that is, in Py, -probability, as n — 00,

[1((o, b) : dy((o, b), (00, bo)) > Mey| Xo, ..., Xua) = O.

The proof of this theorem follows the standard pattern from [9, 10] (see also
Section 7.3.1 in [12]), and is given in the supplement [18].

4.2. Small ball lemma. Recall the sets B, , defined in (14).

LEMMA 14. There exists a constant C > 0 such that for every k > 0 and for
all € > 0 small enough

_ _ &
{(U, b)e®:|lu— /1«0||L2([0,1]) + ”G - ) 2”(31100)* + 1o — b0||(31200)* < E}

- Be,K-

A crucial step in the proof of this key lemma is the observation, partly bor-
rowed from [13], that the L2([0, 1]%)-distance between the transitions densities
Dob» Doghy 18 related to a suitable Hilbert—Schmidt (HS) norm of the difference be-
tween the corresponding transition operators. Using the semigroup representation
Pa = e®L of the transition operators P, we can then approximate the informa-
tion distance on the underlying experiment by the HS-distance between the cor-
responding inverse operators of the infinitesimal generators L of the underlying
diffusions. In turn, we can obtain analytic expressions for the Green’s function of
the inverses of these generators, which ultimately gives the reduction to the dual
Besov norms appearing above. We split the proof into several steps, given in the
following subsections.
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4.2.1. The infinitesimal generator L and its inverse. We begin by defining the
function S(-) = 1/s’(-), derived from the scale function s(-),

1, ()
) 1= 30 u = g e [ S8 dy),

with G the normalising constant of the invariant density as in (11). The infinitesi-
mal generator L = Ly, of the diffusion (8) is given by the action

1 1 /
(16) Lf(x)= 0% f"(x) + bx) f'(x) = ——(S) f' (),
2 m(x)

where the domain of this unbounded operator on L?(u) is the subspace of the
L2-Sobolev space H? with Neumann boundary conditions

dom(L)={f € Hz([O, 11): f/(0) = f'(1) =0}.

We fix the invariant measure g belonging to op and bg and consider L = L},
on L?(up), which by the bound from above and away from zero of the invariant
densities is the same set of functions as LZ(). We introduce

1
V= {f e L% (uo): /(; fduo :0} and V*:={feL*(uo): f constant}.

We denote by wo(L) the operator that sends f to the constant function po(Lf) =
J Lf(x)o(x)dx. We observe that the operator L — (L) leaves the space V
invariant, and denote by (L — po(L))|y its restriction to V. Next, we introduce an
integral operator J and show that J is an explicit representation of the inverse of
(L — po(L))|y. We define

1
Jf@) = fo Koo f@uo@ds,  feV,
with kernel K = K, defined as

u(z)
wmo(z)

1
K(x,z):2G<H(x,Z)— /0 H(x,y)uo(y)dy>,

where

H(x,z)

= Hyp(x,2)

s 1 Y 2b(v) w(z)
_/O <1[M](y) —Jl[z,l](y)/y MO(X)dx) exp(—/o o2(0) dv) dyuo(z)'

Here, 1; ) = 0 if x < z. Writing 1 ,j(y) = Ljox1(y)1z,17(y) and using
11z, 11(y) = 1j0,y1(2) as well as Fubini’s theorem, an alternative representation of J
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is given by

170 =26 | 1 [ (f(z) - 1 fdM)M(Z)dZ<1[o,x](y) - /y 1 dMo)

¥ 2b(v)
X exp( /0 o2(0) dv) dy.

We compute the first two derivatives:

Lunw=26 [ (1@ - [ ran)u@dzen(- [ 52 av).

0 o2(v)
2 X 2b(v)
(17)W(Jf)<x> =26( 00~ [ fauuees(= [ 0 a0)
2b
+26 f (f(z) |1 dﬂ)ﬂ@‘”( 28)
*¥ 2b(v)

xexp(—/(; 0_2—(1))dv)'

It follows

1
Lif(x) =70 (X) (Jf)(X)er(X)—(Jf)(X)

*¥ 2b(v)
_ Eoz(x)ZG(f(x) — / fdu)ﬂ(x) exp<—f0 o2(v) dv)

=~ [ fau

and thus (L — po(L))Jf(x) = f(x) — [ f dpo. Consequently, (L — uo(L))J is
the identity operator on V. We see from the first derivative in (17) that Jf €
dom(L). Using 1o x1(y) = 1y ,1j(x) and Fubini’s theorem, one also sees that
Jo Jf (x)o(x) dx =0, and consequently J f € dom(L) N'V.

To see that (L — po(L))|v is injective, suppose that for f, fi € dom(L) NV we
have (L — uo(L)) f = (L — uo(L)) f1 or equivalently L f = Lf| + co. This implies
by integration with respect to d(x) that S(x) f'(x) = S(x) f{(x) +co fy dp+ci
with ¢ = ¢o = 0 since f/'(0) = f{(0) = f'(1) = f{(1) = 0. Another integration
gives f(x) = fi(x) + c2 and ¢ =0 by f, f1 € V. We conclude that f = f;
showing that (L — po(L))|y is injective, and by what precedes the inverse map-
ping (L — po(L)) |‘_,l :V — dom(L) NV exists, and has integral representation J.
Note that when L = L, then in view of (16) we have 11o(Lgyp,)(f) = 0 for all
f €dom(L), and hence the same integral representation follows for (L) |‘_,1 =
(Laoghy — 10 (Logby)|y -

The following lemma bounds the HS-norm distance between the Green kernels
and is proved in the supplement [18].
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LEMMA 15. There exists C > 0 such that for all (o, b), (09, bg) € ®

</01 /01<K‘”’ — Kogbp) > (¥, 2) o (x)j20(2) dx dZ>1/2

- ~| 1 ~
< Cliptor — roll 20,17 + CHE ) +Cllb — bo”(Blzoo)*‘

(Bl )*

4.2.2. Proof of Lemma 14. We have

X0) Poghy (A, Xo, X
KL((oo,bo),(o,b)):Egobo[log<M0( 0) Pogby (A, Xo A))}

mo(Xo) pob(A, Xo, XA)

We see that this is the Kullback—Leibler divergence between the probability
measures corresponding to the densities 1opogh, = 10(X) Poghy (A, x,y) and
HoPob = Mo(x) pop(A, x, y) with respect to the Lebesgue measure on [0, 112. By
Lemma 8.2 in [9], we have

Poyby
Pob

’

o0

KL((00, bo), (0, b)) < 28> (140 Pob 140 Pogby)

where h%(p, q) = J/P—Va )2 is the usual Hellinger distance between two densi-
ties p, g. The transition densities are bounded from above and from below in view
of Proposition 9. Thus, the Hellinger distance can be bounded by the L?-norm of
the difference between the densities

B2 (140 Pobs 10 Poghy) <

2
loPab — 100 Poobo 17210 112+
M0 Poybg lloo 7 7070 TLA(10.119)

We want to bound the last quantity in terms of the Hilbert—Schmidt norm distance

| Pgb — PZ"b" |lus between the transition operators of the respective diffusions act-
ing on L?(j10). We have the integral representation

(PXb - PZObO)f = f(pob(xv ¥) = Pogby (X, y))f(y) dy

:/ Pob(X,Y) = Pogby (X ¥)
mo(y)
and thus the Hilbert—Schmidt norm is given by

— 2
[P0 = PpP s = [ [ (P PN ey ) ey

FOmo(y)dy

2 o(x)

_// Pob(X, ¥) = Poghy (X, ¥)) o(y)

In summary, we can bound KL((o9, bo), (o, b)) by a constant multiple of

dxdy.

2 2 b bo |2
||MOPrrb - :u“()pU()b()”L2([0’l]2) 5 ”/’LO“oo” P(AT - PZO OHHS'
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Let (ex)xen be any orthonormal basis of Lz(uo) such that eg = 1 (for instance,
we can take the eigen-basis of the operator Paobo). Then

o0
b b b 2
[ Pgb - PZO OHHS = Z”(Pgb - PZO ’ ek“L2(M0) Z” Pgh 00 O)ek“L2(M0)~
k=0

We denote by MO(PKI’ ) the operator that sends f to the constant function
,LL()(PXb H=/ Pgb f(x)o(x) dx and write the Hilbert—Schmidt norm as

[e.e]
bo |2 b 2
I Pgb - PZO ’ ”HS = Z“ Pgb - ILO(PUb) - PZO ’+ MO(PXb))ekHU(MO)
k=1

[e.e]
b

Z — no(PE?) = PY™)ei |72,y + ZMO Pgbe;)’,

k=1 k=1
where we have used that all e; with k > 1 are orthogonal to e, and thus to all con-
stant functions, and that P$? — 1o(PZ?), Pgobo leave the space V = { f € L?(uo) :
[ fdpo = 0} invariant (note that 1 is the invariant measure for PZObO). By the last
observation, we can write

|PRP — P |

(18)

= [ (PR" = ro(PE")Iv = PRIy s + Z no(PRler)”.
k=1

We represent PZO}’O|V = exp(ALgyh,lv) and

(PSP — 1o (PE2)) 1y = exp(A(Lob — 10(Lop))lv),

possible since, by standard properties of Markov semigroups, the derivatives

d d
(PR = (PRI (1) = - exp(A(Lop = to(Lon)) Iv) (/)

coincide for all f € V Ndom(L), and setting A = 0 gives the identity id|y on both
sides in the last but one display.

For every (o, b), the operators Ly, have a discrete nonpositive spectrum {Ay :
k € N} (e.g., pages 97-100 in [2]), with eigenfunctions u; orthonormal in Lz(,u).
One checks directly that the spectra of Loyp,|v, (Lob — to(Lop))|v equal the ones
of Lyyhy, Loy but with eigenvalue {0} removed (corresponding to ug = 1), and,
in the second case, for different eigenfunctions uy — po(ux), orthonormal for the
scalar product (-, -}y, = (-— [(-)dw, -— [(-)dp), on V. Their inverses L(,Obol;l,
(Lop—po(Lop))| ‘_,1 derived in Section 4.2.1 are bounded linear operators on V (in
view of their integral representations), and in view of their spectral representation
they are also symmetric, and thus self-adjoint for the scalar products (-, -),, and
(-, -)v,u on V, respectively.
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Using the functional calculus and what precedes, we can hence represent
(Pgb — /,L()(Pgb))h/ and (Pgobo)h/ as the composition of the inverses (Lyp —
MO(LUb))l‘_,l, Laoboh_/l and the function f :z — exp(Az*I), which is Lipschitz
continuous on (—o00, 0), with Lipschitz constant A. Proposition 3 in [18] states
that if f is Lipschitz continuous with Lipschitz constant A on the union of the
spectra of two operators 77 and 7>, which are self-adjoint with respect to different
scalar products (-, -)y , and (-, -),,, then we have

| f(T)) — f(T2)|ys < AT — T2llus,

where the HS-norm is for operators from (V, (-, -),,) to (V, (-, -)v ) (and where,
strictly speaking, the operators in the preceding display are composed with suit-
able identity operators between these spaces). Since (-, )y, , and (-, -),, induce
equivalent norms on V, up to constants the same holds when the Hilbert—Schmidt
norm is interpreted for operators from (V, (-, ) ) to (V, (-, -) 4,). We thus obtain
from the results in Section 4.2.1 that

b 2
[ (PRP = 1o(PE") v = PRy s
s ” (Lab B ILO(LUb))l‘_/l - LGobolx_/l “%S
1,1
B /0 /o (Kop = K”Obo)z(x» Do) puop(z)dxdz=A

Before we bound A further, let us next consider the second term in (18). Using
]01 Uob(X) pop(A, x, ¥)dx = usp(y) and Parseval’s identity, we obtain

ad 2
> no(PRler)

k=1

[10(PSPex — ex)]”

e

»
Il
—

2

1 1
( /O [ / 10(X) Pab (A X, Y)er(y) dy — MO(X)ek(x)}dx)

M

=~
Il

1

00 2
Z(f / (1o(x) — uab(x»pabmxy)ek(y)dydx)

1 2
+2 Z( [ ovn - MO(X))ek(x)dx)
k=170

2 2

_, i<fol (ob = 1)@ Pop(A, 3, ) dx ek>

k=1 Ko

o0
+2Z<M’ek>

o k=1 Mo ®o
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L ey — ob (A, X, y)dx\2
:Zf (fo (Kob Mo)li)(c))(;’)b( x,y) X> 1o(y) dy
Mob(y) — MO(Y)>
dy,
+2 /< o (y) 0y)dy

which can be bounded by B % || o5 — o ||i2 (0.1])° using that the transition density

is bounded from above and (o away from zero. Using Lemma 15 for term A, we
obtain, for some constant C > 0 and C large enough, the overall bound

KL((00, bo), (0, b)) < C(A+ B) <&

In order to see

(19) Vargp, <lo g

po‘()b()(A7 XO» XA)

we bound the variance by the second moment and use Lemma 8.3 in [9], which
implies that

woPob |*
0 Poobg

Poyby
EU()bo |:
Pob

Proceeding as for the Kullback-Leibler divergence above shows (19).
It remains to show that

log

R

] < 4h% (o Pobs 10 Pogby)

X
(20) K(Wogbys Hob) <k and  Varggp, (log M) < 2.

Hoyby (XO)

By Lemmas 8.2 and 8.3 in [9], it suffices to bound h2(ob, Maoobo) 1oy / Mablloo-
Using that 15 and pgyp, are bounded from above and from below and bounding
the Hellinger distance by the L?-norm, the Hellinger distance is bounded by a
multiple of || itop — Koy ”22([0,1])‘ So for ¢ > 0 small enough we have (20).

4.3. Construction of tests. We will now construct the tests needed in Theo-
rem 13. The tests are based on the spectral estimators constructed in [13], which
are defined by

A Nog®) f3 W (A dy

@) 820 =2 el
()i (x)

El

) () () (x) —uf [ w(y)a(y)dy
'y (x)2(x) ’

where k1, u] are estimates of the second largest eigenvalue and associated eigen-
function of the operator P?’ and where i is defined in (30) below. Using the
concentration inequality Theorem 12, we can prove the following for these esti-
mators.

(22) b(x) := A" og®))
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THEOREM 16. Let s > 1 and let &, be such that n=6TD/Z+3) < o <
n—38logn)~12. For all D > 0, there exists R > 0 such that for n large enough
we have uniformly in v = (o, b) € Oy

~ =~ _ 2
Py (|62 — UZHLZ([A,B]) > Rne, or |[b— bl 24,5y = Rne)) < e Pren,

We postpone the proof of Theorem 16 to the end of the subsection, but record
how it can be used to construct tests for the separation metric

23) du(@,90) =n""5;%[0% = 07| o u.py + 16 1B = boll 124, 1)

Given Theorem 16 the proof of the following result is elementary (see the supple-
ment [18]).

THEOREM 17. For ¥ € Oy, there exists a sequence of tests (indicator func-
tions) ¥V, = V(Xg, ..., Xua) such that for every n € N,C > 0, there exists
M = M(C) > 0 large enough such that

Eﬂo[\yn] —> 0, sup Eﬂ[l _ \I]n] < e*(C+4)ne%'
nee 9 €@y:d, (9,90)>Me,

In the remaining part of this subsection, we derive concentration inequalities
for the successive steps in the estimation procedure and at the end of the section
we prove Theorem 16. We denote by v, with A = ([, k), |A| = [, a compactly
supported L2-orthonormal wavelet basis of L2([0, 1]) as after (5). Let V; be the
L?-closed linear spaces spanned by the wavelets up to level |A| < J. We define s
to be the L2-orthogonal projection onto V; and 717 to be the L%(u)-orthogonal
projection onto V;. We construct estimators as in [13]. We estimate the action of
the transition operator on the wavelet spaces (Pi) AN = (Pgbwk, Y ) e by

~ 1~
(P =5 > WX a—na) ¥ (Xia) + ¥ (Xa—na) ¥ (Xia))
=1

and the dim(V;) x dim(V;)-dimensional Gram matrix G with entries G, ,» =

(W, Y)Y

G i Xo)yw(Xo) | v (Xna)¥u (Xna)
AN = ) + >

n—1
+> wxmmf(xm)).

=1

Let u be the eigenfunction of P‘A’b corresponding to the second largest eigenvalue
k1. Let u{ be the eigenfunction belonging to the second largest eigenvalue Ki/ of
the operator 7/} Pgb .

LEMMA 18. ||u{||Oo is bounded uniformly in (o,b) € ®; and J € N.
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PROOF. By Lemma 6.6 in [13], |lu1] gs+1 is uniformly bounded in ®;. By
Corollary 4.6 in [13], this implies that ||u1] | 71 is uniformly bounded, and the
Sobolev imbedding implies the result. [

Subsequently, || - ||,2_, ;2 denotes the usual norm of an operator on 02,

LEMMA 19. Let u1 be the vector associated with the normalised eigenfunc-
tion u1 ofnj P"b with eigenvalue Kl Let J = J, = 00 as n — o0 be a sequence
of integers and let n be such that 2’ < cn'/?/logn for some ¢ > 0. For (26), as-

sume that also 2757 < ¢,/27 /n. Then for all D > 0 there exists C > 0,k > 0 such
that uniformly over ®y

(24) P(H(ﬁA —Pul|.<C —) > 1 —2ke P
n
al J 27 D2’
25) IP’(H(G —Gul|.<C _) > 1—2ce P
n
2'] D2J
(26) P17l <€)= ) 2 1= 20072,
n
2%/ J+2 —D27
(27) <||G Gl p<C-= ) 1 —,2/ 27D
f
D J 2%/ J+2 —D27
(28) P(HPA — Pl < cﬁ) > 1 — 2/ 27D

Moreover, for all §, D > 0 there exists ng such that we have for all n > ny,
(29) P(I2 — plleeqo <8) = 1 —2ke™P?

PROOF. We have

n

~ 1
[(Pa—PLul], = o Y (WX a—naui (X1a) + u{ Xa-1a) ¥ (Xia)
I=1

—E[¥(Xo)u] (Xa) + u (Xo) ¥ (Xa)])-

We express the £%-norm || (ﬁ A — Pi)u1 |l,2 by its dual representation

n

1
> v 2 (W (Xa-na)u] (Xia) +uf (Xg-1a) ¥ (Xia)
r=s i

sup
Ioll 2 <1

— B[y (Xo)ui (Xa) +uf (Xo)¥a(Xa)])
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n

1
Z(U(X(l pau] (Xia) +ui (Xa—na)v(Xia)
nia

= sup
loll, 2 <1.veV,

—E[v(Xo)u] (Xa) + ui (Xo)v(Xa)])|.

We consider the class F = {f(x,y) = (v(x)ulJ(y) + u{(x)v(y))/Z, lvll;2 <
1, v € V;} with dim(V;) = 2/*!. In order to determine V2 and U in Theorem 12,
we use Lemma 18 and calculate for f € F

1£ 172 = uv(x)ul ) + 1] )72,
< uf 121012 < lud 2l cllvl2 < C,
Iflloo = luf oo D0 o)y <C| > lnl| =cC2/2
[Al<J o0 [Al<J o0

We obtain the bounds V2 < Cn and U < C log(n)27/? for some constant C. Ap-
plying Theorem 12 yields

7 37/2 ,
P(su 121 <,/C(D+2)2—+C(D+2)M)> <2ke~D?
fer I n

By choice of J = J,,, the first term with 27 /n dominates the second term for

large n and this implies (24). The bound (25) for G follows in the same way by
considering the class of functions F = {f(x, y) = (v(x)u1 x) + v(y)u{(y))/Z
Ioll 2 < 1,0 € Vy).

We denote the empirical measure by u, = ﬁ Y 7—00x;, - and define

(30) =3 — Z«m N

n<s

Kj(x,y) = X<y Ya)¥a(y) and K;(u) = [ K;(-, y)u(y)dy. We consider
the variance term i — 7y and represent, for By a countable subset of the unit

ball B of L%([0, 1]),

H e L*([0,1]).

|H|l;2 = sup
fe€Boy

f H() £ () d1],
[0,1]

Then ||z — mypllz2 = lln — plic with | Hl|x := supy i |H (k)| and

K= {xl—) /[O’I]f(t)Kj(t,x)dt—/[0’1]f(t)Kj(u)(t)dt:feBo}.

We apply the concentration inequality Theorem 12 to the class K C VJ As in (20)

and (22) in [11], we bound sup,x [|k]lc < C27/? and sup; ||k||L2( , <C.We



POSTERIOR CONTRACTION RATES FOR DIFFUSIONS 1687

obtain

27 log(n)23//2
P(Ia =l 2R (CD+22 + D+ )) <o b,
n n

By choice of J = J,, the term /27 /n dominates the second term and we have for
C > 0 large enough

2'] Dz]
(P N S
n

Since ||u|l g5 is uniformly bounded over ®; [cf. (10)], we have ||pu — myull;2 <

C2775. By the triangle inequality and the assumption 277% < ¢,/2/ /n, we ob-

tain (26) by possibly increasing the constant C. Claim (29) follows by a similar

empirical process type bound for w,, — u, corresponding to the case r = oo in Sec-

tion 3.1.2 in [11], with §, = ﬁs% — 0 there eventually less than any § > 0 (and

using Theorem 12 in place of Talagand’s inequality). Details are left to the reader.
Next, we use the bound

(31) IG =Gl < Y (G —Ges o,
[Al<J
where e, are orthonormal vectors of (V, || - ||,2). We represent
~ 1 1
(G -Gerfp= sup |- S (v(Xg—na)¥n(Xa-na)

Il 2<1vev, | (2 2

+v(XiA) ¥ (Xia)) — E[U(Xo)%(xo)]’-

Similar as before, we consider functions of the form f(x,y) = (v(x)¥(x) +

v(Y()/2. Using [[Yallee < €22 we caleulate | £, , < €27 and

Il £lloo < C27. For fixed A, Theorem 12 yields the concentration inequality

_pad
<2ke b2

. - 22J log(n)2%/
]P’(||(G —Ger], > K( C(D+2)=—+C(D +2)%))
The first term in the sum dominates for large n. Upon choosing a larger constant
C > 0, we obtain

PG - Gl = 02 ) <200
— e — Ke .
M2 Z \/l’_l =
By observing that the sum in (31) is over 27+1 summands, we obtain (27), by
enlarging the constant C if necessary.
The final bound (28) for || P A — Pi Il p2_, o2 follows similarly by considering the

functions f(x, y) = (W) ¥ (y) + v(Y)¥a(x))/2. O
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In the following, we assume 2’ < ¢n'/4/logn and will say that an event A
occurs with sufficiently high probability if for all D > 0 there exists C > 0 such
that P(A) is at least as large as the probability of the intersection of the events in
the previous Qleorem. Then for n large enough the events in (27)—(29) include the
events that |G — G|l 2 < SIG 151, o0 18 — ell oo,y < 3 infieqo 1y s (x).
This implies that G is invertible with |G |2, 2 < 2/G~"|l2_. ;2 and that 7 is
bounded away from zero on [0, 1].

LEMMA 20. Assume 2’ < cn'/*/logn. For n large enough, we have with
sufficiently high probability and uniformly over ©

16 Pa— 6 PLul ] <2
A Aul Z2< n.

PROOF. We decompose

G 'Pr—G'PL=G'(Pa—PL)+ (G ' -G )P}
(32) o ~
=G '(Pa—PL)+ (G -GG 'PY).

Using that G~ P{u{ = «{u{ and ||?;‘1 | <2IIG™ ||, we obtain
A1p ~1pJy,,J
[(G " Pa— G Pr)ui|,
-1 D JN\,,J Py
<2|G7[(|(Pa — Pr)ui |2+ [(G— G)xiui|,p).
The results follows from this and (24), (25). O
LEMMA 21. Assume 2’ < cn'/*/logn. For n large enough, we have with

sufficiently high probability and uniformly over ©

—~ ] 1eJ 22]
|G Pa=G Pyl pp<C—.

Ji

PROOF. From (32), we deduce
~—1= _ _ =~ ~ _
|67 Pa—G7'PA| <2|G7'|(|Ps— PAI+1G ~GI|G™' || PA])
<C(|Pa—PL|+1G-GJ).
The result follows by applying the concentration from (27) and (28). U

LEMMA 22. Assume 27 < cn'/*/logn. Let ©| be the second largest eigen-
I Tl =S . . . ~ . .
value of the matrix G~ P A with corresponding eigenvector u| and eigenfunction
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uy =Y., (W), ¥ € Vy. For n large enough, we have with sufficiently high proba-
bility and uniformly over ®

o - 2/

o] |+ [ =] ]2 < € 2
R 23J R 25J
l@ —uf | <Gy ||M1—Mf||H2<C\/7~

PROOF. By Lemma 21, we have that || G ' Pr—G™! Pg | ;2_, o2 converges to
zero. Thus, the concentration in Lemma 20 carries over to concentration of ¥ and
u; by Proposition 4.2 and Corollary 4.3 in [13]. The uniform choice of p and R
is possible as in the proof of their Corollary 4.15. The second and third claim are
consequences of the first by the usual Bernstein inequalities for functions in Vj:
ity —uf ;0 < €27 i@y — uf |2 and ||y —u] | 12 < €27ty — u]|| 2 (arguing,
e.g., as in Proposition 4.2.8 in [12]). O

PROOF OF THEOREM 16. By starting with a slightly larger constant D> D,
the factor in front of the exponential function can be removed and events of suffi-
ciently high probability are seen to have probability at least 1 — e~ 2’ We then
choose 27 = ns,%. By Lemma 22, the corresponding bias estimates in [13] and the
Sobolev imbedding, we have with sufficiently high probability

1 — k1| + @ — uy]| g1 < Cne’,

|@y —u HLOO([A,B]) <@ — uilly2 < Cn’e;,

where we used that the bias term is dominated by the variance term since &, 2

~

nj(”])/ (2s+3) | For the estimation of L, we choose J>17 differently such that
27 ~ pl/@s+1) and obtain

17— il 2 < Cn=/ @D = o(ned).
In addition, the event can be chosen such that i and /| are bounded from below
on [A, B] uniformly over ®y, since u and u’1 are (Proposition 6.5 in [13]). By
Lemma 6.6 in [13], we have that ||u1|| gs+1, s > 2, is bounded uniformly over Q.
This implies in particular uniform bounds for [|u |72, lu}ll 72, lu]llz2, lu1lle and

|17 | lloo- By the convergence of i1 in H~, 2 these bounds carry over to bounds on ui.
Frorn the expressions (21) for & and (22) for b and the above bounds, we deduce
Theorem 16. [

4.4. Conclusion of the proof of Theorem 1. Theorem 1 follows from Theo-
rem 13: We choose B,, = ©; for all n. By Lemma 14, there exists C such that

_ _ &
{(G’ b) € ©: i~ poll 20,1y + o> =05 2l g1y + 116 = boll g2_ys < E}

C B
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By assumption, we have (4) and by dividing C by C? we ensure (15) with a pos-
sibly different constant C. We define d;, as in (23), so that the existence of tests is
guaranteed by Theorem 17. The result follows.

5. Proofs III: Wavelet series priors. We record the following technical
lemma whose proof is given in the supplement [18]. Define the dual norm

1
(33) I fllsy = sup /Of<x>g<x>dx

: <1
gillglp <

, s >0,

where the norm of Bj_ is defined as in (4.79) or equivalently (4.149) in [12].

LEMMA 23. (a) Let f, g have Bl . -norm at most B'. Then there exists a
constant c(B') such that
e/ — e (Bl )+ = c(B)ISf =gl
(b) For all f € L°°, we have, for s > 0,

1l = 1Ny = 3227172 max| (£ i) r2go,1p |-
l

(¢c) For all (o,b), (09, bg) € © with corresponding invariant measures L, [L0,
assuming also that o, oy, |4, o are all periodic on [0, 1], we have

16— boll g2y S Ml = roll 2 + 07> = 05| g1y

PROOF OF PROPOSITION 6. We first show that I1(®;) = 1: By construction
of the priors (log(o~2),log i) is almost surely norm-bounded in C* x C**! by
E, and this bound carries over to (o2, W) up to constants. By (7), we thus have
1Dlles—1 S lo2lles + llpelles < B.Then by (5) and the remarks before it, we have the
continuous imbeddings (o, b) € (C° x C*~1) C (H* x H*~)n (B, % Bgo_ll) -
C? x C'. Summarising, given B, (0,b) € Oy is true IT almost surely for suitable
D =D(B)andd =d(B).

To verify the small ball estimate, note that by Lemma 23(c) and independence
of the priors,

l_[(l? =(0,b) €O ||u—poll;2+ HJ_2 — 00_2”(31100)* + ||b —b0||(31200)* < Sn)
_ _ 2¢e
> 11(lo™2 = o2 g+ e = ol < 222 )

2 ) &n &n
1_[<||(7 _GO ||(Blloo)* < ?)P<”M - /J“O”L2 < ?)

%
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for some constant ¢ > 0. Examining the first factor, we can use Lemma 23(a), (b)
and the definition of the Besov norm to obtain the lower bound:

-2 -2 n
H(Hloga —logoy HB;II < m)

€
=P 272 max |ty — 271 6H YD 2y, | < 2 ),
(Xl: x| a ' (B)
where uj; =0 for all [ > L,, (when L, < 00). We define #;; = 2!6+1/2127;;, such
~ !
that |t;x] < B, and M(J) = ZIJ:JO Z,%:_Ol 1 <2-27. We choose J = J, of order
gn ~ 276D/ 72 but such that &g, > 277/6+D/ J2 for some constant & > 0 to be
determined later. By choice of L = L,, we have 2-L6+D < 2=/G+D/ j2 50 that

L is eventually larger than J. By choosing ¢ > 0 small enough, the last probability
is bounded below by [all indices (/, k) are tacitly assumed to lie in Z only]

£
IP( 271D max |y — up < —= — 52—””‘)/#)
ZSZJ i c'(B)

> P(rlria}(mlflx It — uik| < c/sn) = 1_[ H]P(ltlk —u| < c'ey)
- I<J k

//(logn)l—z/(s+l)/8rll/(s+1) - e—Cns,%/Z

)M(f) > ¢ ¢

> (¢cen
for some constant C > 0, completing the treatment of this term. For the second
term, notice that since H, Hy = log i1 are bounded functions the exponential map
is Lipschitz on the union of their ranges, and thus ||u — woll2 < || H — Holloo- Then
one proves, using [|Alle S > 212 maxy |(h, Yix)| and proceeding just as above
with u;, =0 for [ > L,, that (again all indices are tacitly assumed to lie in Z only)

P(I|H — Holloo < ¢'€n)
- 2l/2 _p—ls+3/2) -2 ” )
> (; m]le|/31k | < c’ey

—Cnel/2

is lower bounded by e . We conclude overall that for n large enough,

M0 €®: o2 =05 gy + Il —poll2 <ex) ze 5.
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SUPPLEMENTARY MATERIAL

The supplement to ‘“Nonparametric Bayesian posterior contraction rates
for discretely observed scalar diffusions” (DOI: 10.1214/16-A0S1504SUPP;
.pdf). This supplement contains several proofs of results in the main paper and
states and proves a proposition on Lipschitz properties of self-adjoint operators.
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