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A nonbacktracking walk on a graph is a directed path such that no edge
is the inverse of its preceding edge. The nonbacktracking matrix of a graph is
indexed by its directed edges and can be used to count nonbacktracking walks
of a given length. It has been used recently in the context of community detec-
tion and has appeared previously in connection with the Thara zeta function
and in some generalizations of Ramanujan graphs. In this work, we study the
largest eigenvalues of the nonbacktracking matrix of the Erd6s—Rényi ran-
dom graph and of the stochastic block model in the regime where the number
of edges is proportional to the number of vertices. Our results confirm the
“spectral redemption conjecture” in the symmetric case and show that com-
munity detection can be made on the basis of the leading eigenvectors above
the feasibility threshold.
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1. Introduction. Given a finite (simple, nonoriented) graph G = (V, E), sev-
eral matrices of interest can be associated to G, besides its adjacency matrix
A = (Ljy,v)eE)u,vev . In this work, we are interested in the so-called nonbacktrack-
ing matrix of G, denoted by B. It is indexed by the set E= {(u,v) : {u,v} € E} of
oriented edges in E and defined by

Be =1(ex= fi)l(e1 # fr) =1(ea= fi)l(e # f),

where for any e = (u,v) € E, we set e] = u, ex = v, e~ ! = (v, u). This matrix
was introduced by Hashimoto [12]. A nonbacktracking walk is a directed path of
directed edges of G such that no edge is the inverse of its preceding edge. It is
easily seen that for any £ > 1, Bff counts the number of nonbacktracking walks of
k + 1 edges on G starting with e and ending with f.

Our focus is the spectrum of B, referred to in the sequel as the nonbacktracking
spectrum of G, when G is a sparse random graph. Specifically, we shall character-
ize the asymptotic behavior of the leading eigenvalues and associated eigenvectors
in the nonbacktracking spectrum of sparse random graphs in the limit n — oo
where n = |V|.

The random graphs we consider are drawn according to the stochastic block
model, a generalization of Erd6s—Rényi graphs due to Holland et al. [13]. In this
model, nodes v € V are partitioned into r groups. An edge between two nodes u, v



NONBACKTRACKING SPECTRUM OF RANDOM GRAPHS 3

is drawn with probability Wy )4 v)/n, where o (1) € [r] denotes the group node
u belongs to. Thus when the r x r matrix W is fixed, the expected node degrees
remain of order 1 as n — oo. We focus moreover on instances where the fraction
of nodes in group i converges to a limit 7 (i) as n — oo.

An informal statement of our results for eigenvalues is as follows. Let G be
drawn according to a stochastic block model with fixed number r of node groups
such that all nodes have same fixed expected degree o > 1. Let u1, ..., i, denote
the leading eigenvalues of the expected adjacency matrix A := E(A), ordered so
that 1y = > |2 > --- > |u,|. Let ro < r be such that |uy, 1] < /a < |igl.
Then the r( leading eigenvalues of B are asymptotic to (1, ..., iy, the remaining
eigenvalues A satisfying [A| < (1 4+ o(1))4/a.

Community detection. Our primary motivation stems from the problem of
community detection, namely: how to estimate a clustering of graph nodes into
groups close to the underlying blocks, based on the observation of such a ran-
dom graph G? Decelle et al. [8] conjectured a phase transition phenomenon on
detectability, namely: the underlying block structure could be detected if and only
if |a] > ar.

In the case of two communities with roughly equal sizes [7(1) = 7 (2) = 1/2]
and symmetric matrix W, the negative part (impossibility of detection when
|u2| < o/a) was proven by Mossel et al. [25]. As for the positive part (feasibility
of detection when || > /«), it was conjectured in [8] that the so-called belief
propagation algorithm would succeed. Krzakala et al. [20] then made their so-
called “spectral redemption conjecture” according to which detection based on the
second eigenvector of the nonbacktracking matrix B would succeed.

Recently, a variant of the spectral redemption conjecture was proven by Mas-
soulié [23]: the spectrum of a matrix counting self-avoiding paths in G allows us to
detect communities through thresholding of the second eigenvector. More recently
and independently of [23], an alternative proof of the positive part of the conjecture
in [8] was given by Mossel et al. [24], based on an elaborate construction involving
countings of nonbacktracking paths in G.

The two approaches of [23] and [24] to proving the positive part of the con-
jecture in [8], while both relying ultimately on properties of specific path counts,
differ however in the following respects. The method in [23] relies on a clear spec-
tral separation property but its implementation is computationally expensive, as
the counts of self-avoiding walks it relies upon take super-linear (though polyno-
mial) time. The method in [24] is computationally efficient as it runs in quasilinear
time, but the proof does not establish a spectral separation property. The other two
methods conjectured to achieve successful reconstruction, namely belief propaga-
tion and analysis of nonbacktracking spectrum, are computationally efficient and
they are motivated by a clear intuition as described in the spectral redemption con-
jecture.
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Our present work proves the spectral redemption conjecture. More generally
by characterizing all the leading eigen-elements, it determines the limits of com-
munity detection based on the nonbacktracking spectrum in the presence of an
arbitrary number of communities.

Thara zeta function. Hashimoto introduced the matrix B in the context of the
Ihara zeta function [12]. We have the identity

1
det(/ —zB) = ——

(I —zB) @’
where (¢ is the Thara zeta function of the graph; refer to [16, 19, 29, 30]. It follows
that the poles of the Thara zeta function are the reciprocal of the eigenvalues of B.
Our main results have thus consequences on the localization of the poles of the
zeta function of random graphs.

Weak Ramanujan property. Our result also has an interpretation from the
standpoint of Ramanujan graphs, introduced by Lubotzky et al. [22] (see Murty
[26] for a recent survey). These are by definition k-regular graphs such that the
second largest modulus of its eigenvalues is at most 2+/k — 1. By a result of Alon
and Boppana (see [27]) for fixed k, k-regular graphs on n nodes must have their
second largest eigenvalue at least 24/k — 1 — o(1) as n — oo. Hence, Ramanujan
graphs are regular graphs with maximal spectral gap between the first and sec-
ond eigenvalue moduli. A celebrated result of Friedman [9] states that random
k-regular graphs achieve this lower bound with high probability as their number of
nodes n goes to infinity.

Lubotzky [21] has proposed an extension of the definition of Ramanujan graphs
to the nonregular case. Specifically, G is Ramanujan according to this definition if
and only if

max{|A|: A € spectrum(A), |A| # p} <o,

where A is the adjacency matrix of G, p its spectral radius, and o the spectral
radius of the adjacency operator on the universal covering tree of G.

Using the analogy between the Thara zeta function and the Riemann zeta func-
tion, Stark and Terras (see [16]) have defined a graph to satisfy the graph Rie-
mann hypothesis if its nonbacktracking matrix B has no eigenvalues A such that
|Al € (\/pB, PB), Wwhere pp is the Perron—Frobenius eigenvalue of B. Interestingly,
a regular graph G is Ramanujan if and only if it satisfies the graph Riemann hy-
pothesis (see [26] and [16]). Thus, the graph Riemann hypothesis can also be seen
as a generalization of the notion of Ramanujan graphs to the nonregular case,
phrased in terms of nonbacktracking spectra rather than on spectra of universal
covers as in the definition of Lubotzky [21].

Our results imply that for fixed « > 1, Erd6s—Rényi graphs G(n, o/n) have an
associated nonbacktracking matrix B such that pp ~ « and all its other eigen-
values A verify |A| < /o + o(1) with high probability as n — co. In this sense,
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Erd6s—Rényi graphs asymptotically satisfy the graph Riemann hypothesis, which
itself is a plausible extension of the notion of Ramanujan graphs to the nonregular
case. This may be seen as an analogue of Friedman’s theorem [9] in the context
of Erd6s—Rényi graphs. Similarly, for the stochastic block model, our main result
is analogous to recent results on the eigenvalues of random n-lifts of base graphs;
see [6, 10]. Interestingly, in [6], the methods developed in the present paper are
adapted to lead to a new and simpler proof of Friedman’s theorem and its ex-
tensions to random n-lifts. The random graphs studied here will require a more
delicate analysis.

Organization. The paper is organized as follows. We start in Section 2 with
preliminaries on nonbacktracking matrices. We state our main results in Section 3,
namely Theorems 3 and 4 characterizing properties of nonbacktracking spectra
of Erd6s—Rényi graphs and stochastic block models, respectively, and Theorem 5
establishing their consequence for community detection.

In Section 4, we provide the algebraic ingredients we shall need. Specifically,
we establish general bounds on the perturbation of eigenvalues and eigenvectors
of not necessarily symmetric matrices that elaborate on the Bauer—Fike theorem.

In Section 5, we give the proof architecture for Theorem 3 on the nonbacktrack-
ing spectrum of Erd6s—Rényi graphs, and detail a central argument of combina-
torial nature, namely a representation of the nonbacktracking matrix B raised to
some power £ as a sum of products of matrices, elaborating on a technique intro-
duced in [23].

In Section 6, we detail another combinatorial argument needed in our proof,
namely we establish bounds on the norms of the various matrices involved in the
previous matrix expansion. The latter norm bounds are established by the trace
method, adapting arguments due to Fiiredi and Komlés [11].

Section 7 gives the proof strategy for Theorem 4 on nonbacktracking spectra of
stochastic block models.

In Section 8, we establish convergence results on multitype branching processes
that extend results of Kesten and Stigum [17, 18]. These are then used in Section 9
to characterize the local structure of the random graphs under study. Specifically,
we relate the local statistics of stochastic block models to branching processes via
coupling, and then establish weak laws of large numbers on these local statistics.
These probabilistic arguments together with the previous algebraic and combina-
torial arguments allow us to conclude the proofs of Theorems 3 and 4. Section 11
contains the proof of Theorem 5 on community detection.

2. Preliminaries on nonbacktracking matrices. In this section, we explain
how the singular value decomposition of B¢ for ¢ large can be used to study the
eigenvalues and eigenvectors of B. We also comment on analogues of some clas-
sical inequalities known for adjacency or Laplacian matrices of regular graphs.
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We set m = |E |. A priori, B is not a normal matrix. We are interested in its
eigenvalues A{(B), ..., A, (B) ordered nonincreasingly, [A{(B)| > --- > |An(B)].
The Perron—Frobenius theorem implies notably that A1 (B) is a nonnegative real. If
G is connected, A1(B) is equal to the growth rate of the universal cover of G (see
Angel, Friedman and Hoory [1]).

2.1. Oriented path symmetry. An important remark is that despite B not be-
ing a normal matrix, it contains some symmetry. More precisely, we observe that

(B*)ef =Bfe = Be—lf—l. Introduce for all x € RE the notation

-

Xe)=x(eh), ecE.
It is then easy to check that for x, y € RE and integer k > 0,
() (y, B*x) = (B*3, %).

In other words, if P denotes the involution on RE, Px = X, we have for any integer
k>0,

B¥p = pB*,

Hence, B P is a symmetric matrix (in mathematical physics, this type of symme-
try is called PT-invariance, PT standing for parity-time). If (o), 1 < j <m, are
the eigenvalues of B¥P and (x j.k)» 1 < j <m,is an orthonormal basis of eigen-
vectors, we deduce that

m
k v
2 BY =7 0jkxj ik
j=1

We order the eigenvalues,
oLk = ookl == |omkl.
From the Perron-Frobenius theorem, x; x can be chosen to have nonnegative en-

tries. Since P is an orthogonal matrix, (X jk)s 1 < j <m,is also an orthonormal

basis of RE. In particular, (2) gives the singular value decomposition of B¥. In-
deed, if s; x = |oj k| and y; x = sign(o; )Xk, We get

m
3) B¥ = ZSj’ka,ky;k.
=1

This is precisely the singular value decomposition of BX.

For example, for k = 1, it is a simple exercise to compute (07 1)1<j<mu. We find
that the eigenvalues of B P are (deg(v) — 1), 1 <v <n, and —1 with multiplicity
m — n. In particular, the singular values of B contain only information on the
degree sequence of the underlying graph G as noted in [20].
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For large & however, we may expect that the decomposition (2) carries more
structural information on the graph (this will be further discussed in Section 2.2
below). This will be the underlying principle in the proof of our main results. For
the moment, we simply note the following. Assume that B is irreducible. From the

Perron—Frobenius theorem, if £ is the Perron eigenvector of B, ||§|| = 1, then for
any n fixed,
4) 2M(B) = lim 6;/% and  lim [x)4 —&[ =0.

k—oo k— 00

A quantitative version of the above limits will be given in the forthcoming Proposi-
tion 7. Another consequence of (2) is that, for i # j, x; x and X x should be nearly
orthogonal if these vectors converge as k — oo. Indeed, a heuristic computation
gives

(B¥Xix, B*x; 1) (B*Xip xjx) _ (B* X, xj0)

(Xiks Xj k) = = ~
0 kO k 0 kO k 0 kO k

02k Xi 2k Xj2k) 0

0i kO j k

We will exploit this general phenomenon in the proof of our main results.

2.2. Chung, Cheeger and Alon—Boppana inequalities for nonbacktracking ma-
trices. The aim of this subsection is to advocate the use of nonbacktracking ma-
trices. Here, we discuss briefly candidate counterparts for irregular graphs of in-
equalities that are classical in the context of regular graphs. This subsection will
not be used in the proof of our main results, it may be skipped.

The diameter bound of Chung [7] gives an upper bound on the diameter of
a regular graph in terms of its spectral gap. The following lemma, expressed in
terms of the decomposition (3) of Bk, is an analogue.

LEMMA 1. Lete= (u,u), f =(v,v) € E be such that

x1k(@)x1,k(f) > 52,k/51 k-

Then the graph distance between u and v is at most k + 1.

PROOF. Observe that if Bf 1> 0 then u and v are at most at distance k + 1.
On the other hand from (3),

m
Bff—l —s1kx1k(@)x1k(f) = Z ojixjx(@xr(f)
j=2
has absolute value at most s; ; from the Cauchy—Schwarz inequality and the or-
thonormality of the x; ¢, 1 < j < m. Thus, finally, Bff—1 > 51 kx1.k(€)x1 £ (f) —52.

g
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Cheeger-type inequalities connect the expansion ratio (isoperimetry) of the
graph and its spectral gap; for a survey, see [14]. For a subset X C E of edges,
we measure its volume by

Vi(X) =Y x7 (o).

eeX

By construction, our volume is normalized Wlth Vk(E ) = 1. We say that X C E
is edge-symmetric if X = X where X = {¢~!, e € X}. For example, the set of
edges adjacent to a given subset of vertices is edge—symmetric. If X, Y are edge-
symmetric, we define

Ex(X,Y)= Y xixexix(f)B;.

ecX, feY

Since Bé‘f is the number of nonbacktracking walks of length k 4 1 starting with e
and ending with f, Ex(X,Y) measures a kind of conductance between X and Y
with a proximity range of radius k + 1. If X = E \ X, the scalar

(X)) = Ek(XC) = Ek(X, Xc),
can be thought of as the outer surface of a set X. The kth expansion ratio of G is
then defined as
2 (X)

hry = min .
xcE,x=x Vi(X) A Vi(X)

In (2), after reordering the eigenvalues of BXP as o1 > 024 > -+ > Opmiks
o1,k — 02,k plays the role of the spectral gap in the classical Cheeger inequality.
With this new convention, the following lemma is the analogue of the easy part of
Cheeger’s inequality for graphs.

LEMMA 2.

o1,k — 02k < 2hy.

PROOF. The argument is standard. For simplicity, we drop the index k. From
the Courant—Fisher min-max theorem, we have
(x, BkPx) (x, BkX)

0= max -——— = max
x)=0  |x|? (=0 ||lx]|?

Let X C E be edge-symmetric. We set

x1(e) x1(e)
v e - vRe

x(e) = I(e € X°).
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By construction (x, x;) =0 and ||x||> =1/ V(X) + 1/ V(X°). Hence,

1 1
(—V(X) + V(XC)> 2> (x, B¥¥) ZB x(e)X(f).

However, using the edge-symmetry of X and X°¢,

(x, BEX) = Bisxi(@)%1(f)
V(X)ZKJZEIX o
1 . 25 (X)
Py, 2, PR = vy

e, feXe
Also, using the singular value equation B¥X| = ox1,
> Biymi@i(N= Y Byui@i(f) - B(X)=01V(X) — Z(X),
e, feX ecX,fekE
and similarly for X¢. So finally
<1+1)>(1+1><1+1>22(X)
—_— o — o] — .
v T vxe) = \veo T v \vn T v
Since, for x, x>0, 1/x + 1/x" <2/(x A x’), it concludes the proof. [J

The Alon-Boppana theorem gives a lower bound on the second largest eigen-
value of the adjacency matrix of a regular graph (see [14, 27]). We conclude this
paragraph with an elementary bound of this type. We introduce for e € E,

Sk(e) = |B*PS.|,  where 8,(f) =1(e= f).

In words, Sk (e) is the number of nonbacktracking walks of length k 4 1 starting
with e. As already pointed, if B is irreducible, the Perron eigenvalue is the growth
rate of the universal cover of the graph: for any e € E,

M(B) = 11m Sl/k = 11m Sk(e)l/k

‘We observe that
ST+ (m—1)s3 > te(B*B*) > Z Sk (e)
eckE

where B* denotes the transpose of B. Hence, we find

1
(5) 3k = — > Sile) — —=
ecE

This last crude inequality gives a lower bound on the second largest singular value
of B,



10 C. BORDENAVE, M. LELARGE AND L. MASSOULIE

3. Main results. We now state our results on the nonbacktracking spectra of
Erd6s—Rényi graphs first, and stochastic block models next.

3.1. Erdds—Rényi graphs. Let the vector x on RE be defined as
x(e)=1, ecE.

The Euclidean norm of a vector x € R¢ will be denoted by ||x||. We have the
following theorem.

THEOREM 3. Let G be an Erdbs—Rényi graph with parameters (n, o /n) for
some fixed parameter o > 1. Then, with probability tending to 1 as n — oo, the
eigenvalues A (B) of its nonbacktracking matrix B satisfy

M(B)=a+o(l) and |r(B)| <o+ o(l).

Moreover, the normalized Perron—Frobenius eigenvector associated to \i(B) is
asymptotically aligned with

BZB*KX
B B* x|l

where £ ~ k log, n for any 0 <k < 1/6.

Theorem 3 is illustrated by Figure 1. We conjecture that the lower bound
|A2(B)| > y/a — o(1) holds, it is reasonable in view of Figure 1. We shall prove
a weaker lower bound; see forthcoming Remark 12. It is also an interesting open
problem to study the convergence of the empirical distribution of the eigenvalues
of B.

FI1G. 1. Left: eigenvalues of B for a realization of an Erdés—Rényi graph with parameters (n, o/n)
with n = 500, « = 4. Right: eigenvalues of B for Example 2 withn =500,r =2,a=7,b=1.
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3.2. Stochastic block model. For integer k > 1, we set [k] = {1,...,k}. We
consider a random graph G = (V, E) on the vertex set V = [n] defined as follows.
Each vertex v € [n] is given a type 0, (v) from the set [r] where the number of
types r is assumed fixed and the map oy, : [n] — [r] is such that, for all i € [r],

. 1 . .
(6) (i) = — 3 Uon() =i) =7 (@) + o(D),
v=1
for some probability vector m = (7 (1), ..., m(r)). For ease of notation, we often

write ¢ in place of o,,.
Given a symmetric matrix W € M, (R;) we assume that there is an edge be-
tween vertices # and v independently with probability

Wo w),0(v) A
n

1.

We set I[1 = diag(w(1),...,7(r)) and introduce the mean progeny matrix M =
[TW (the branching process terminology will be clear in Section 8). Note that
the eigenvalues of M are the same as the ones of the symmetric matrix § =
I1'2WTI1/? and in particular are real-valued. They are also the same as the
nonzero eigenvalues of the expected adjacency matrix A := E(A) conditioned on
the vertex types. We denote them by 1 and order them by their absolute value,

lwrl < -+ < lpal < w1
We shall make the following assumptions:
@) w1 > 1 and M is positively regular,

that is, for some integer k > 1, M k has positive coefficients. In particular, 141 is the
Perron—Frobenius eigenvalue. It implies notably that for all i € [r], w(i) > 0. We
define rg by

pio>poand  ppo <

(with w,4+1 = 0). Since M = M1/28T1~ Y2, the matrix M is diagonalizable. Let
{ui}ic[r) be an orthonormal basis of eigenvectors of S such that Su; = p;u;. Then
i =117V 2y; and Y = [1Y/2y; are the left- and right-eigenvectors associated to
eigenvalue w;, o7 M = u; ¢/, Mr; = u; ;. We get

(8) (Di, ¥j)=206ij and (¢, )z =Jij,

where (x, y)r = > w(k)xiyx denotes the usual inner product in 22(7r). The fol-
lowing spectral decompositions will also be useful:

©) M=) g and W= iy,
k=1

k=1

where the second identity comes from ¥ = [1¢y and W = n'm.
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We will make the further assumption that each vertex type has the same asymp-
totic average degree o > 1, that is,

(10) a=Y w@W;=Y My  forall je[r]
i=1 i=1

This implies that M*/« is a stochastic matrix and we then have
(11) wi=a>1, p1=1 and Y =n".
We will also assume that a quantitative version of (6) holds, namely that for some
y € (0, 1],
(12) 7 — 7Tnlloo = max|w (i) — 7w, (i)| = O(n77).
i€lr]

The random graph G is usually called the stochastic block model (SBM) or
inhomogeneous random graph; see Bollobds, Janson and Riordan [5] and Holland,
Laskey and Leinhardt [13]. A popular case is when the map o is itself random

and o (v) are i.i.d. with distribution (7 (1), ..., 7 (r)). In this case, with probability
one, condition (12) is met for any y < 1/2.

EXAMPLE 1. If r =2, then we have 7w (1) = 1 — 7(2). Under condition
(10), we have Wy = (w (1)W1 + (1 — 27 (1))W12)/(1 — (1)) so that u; = o =
7MW+ (1 = (1))Wi2 and up = 7 (1) (Wi — Wio).

EXAMPLE 2. Ifr > 2, w(i) =1/r and W;; =a # b= W;; for all i # j so
that condition (10) is satisfied. We have u; = o = (a + (r — 1)b)/r and ur =
= =(a—b)/r.

For k € [r], we introduce the vector on RE ,
(13) xc(e) =g¢r(o(e2))  forallecE.
In particular, x; = x. Our main result is the following generalization of Theorem 3.
THEOREM 4. Let G be an SBM as above such that hypotheses (7), (10), (12)
hold. Then with probability tending to 1 as n — 00,
M(B)=ux+o(l)  forkelrol and fork > ro, M (B)| < Va+o(1).
Moreover, if i is a simple eigenvalue of M for some k € [rol, then a normalized
eigenvector, say &k, of Ai.(B) is asymptotically aligned with
BEB*K )Ek
I BEB* Xl
where £ ~ klog, n for any 0 < k < y /6. Finally, the vectors & of these simple
eigenvalues are asymptotically orthogonal.

(14)
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It follows from this result that a nontrivial estimation of the node types o (v)
is feasible on the basis of the eigenvectors {§;}><k<, provided ro > 1. More pre-
cisely, for vertex type estimators & (v) : [n] — [r] based on the observed random
graph G, following Decelle et al. [8], define the overlap ov(d, o) as the minimum
over permutations p : [r] — [r] of the quantity

1 n
15 — 1= - k).
(15) N UX:% & (v)=poo (v) ?g[%n( )

We shall say that 6 has asymptotic overlap § if ov(G, o) converges in probability
to § as n grows. It has asymptotic positive overlap if for some § > 0, ov(6,0) > §
with probability tending to 1 as n grows. Note that an asymptotic overlap of zero is
always achievable by assigning to each vertex the type £* that maximizes 7 (k). In
the case where all communities have asymptotically the same size, that is, 7 (i) =
1/r, zero overlap is also achieved by assigning types at random.

As conjectured in [8] and proven in [24], in the setup of Example 2 with r =2,
the best possible overlap is o(1) with high probability when rg = 1, that is, when
w2 < /1. Conversely, adapting the argument in [23], when r¢ > 1, we have the
following.

THEOREM 5. Let G be an SBM as above such that hypotheses (7), (10), (12)
hold. Assume further that w (i) = 1/r, that ro > 1 and that for some k € {2, ..., ro},
wi is a simple eigenvalue of M. Let & € RE be a normalized eigenvector of B
associated with A, (B).

Then there exists a deterministic threshold T € R, a partition (I, 17) of [r] and
a random signing w € {—1, 1}V dependent of & such that the following estimation
procedure yields asymptotically positive overlap: assign to each vertex v a label
& (v) picked uniformly at random from I if @ (v) Y eier—v &k (€) > T//n and from
1~ otherwise.

The reason for the existence of the signing w € {—1, 1}V in the above statement
is that we do not know a priori whether the vector & or —&, is asymptotically close
to (14). In the simplest case, we will be able to estimate this sign and the vector w
willbe equal to —Torland IT ={i € [r]: (i) >0}, - =[r]\ IT.

We now explain the main differences with [23]. While [23] constructs a sym-
metric matrix counting self-avoiding paths of length ¢ of order logn and stud-
ies its spectral decomposition, we analyze the nonbacktracking matrix raised to
the power £. The fact that the nonbacktracking matrix is nonnormal complicates
significantly the analysis and requires new algebraic ingredients provided in Sec-
tion 4. We establish general bounds on the perturbation of eigenvalues and eigen-
vectors of not necessarily symmetric matrices that elaborate on the Bauer—Fike
theorem. The proof then requires path counting combinatorial arguments similar
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to [23], except that we are dealing here with nonbacktracking paths instead of self-
avoiding paths (see Section 6). As in [23], we provide a local analysis of the graph
and we make it in a systematic way. In particular, the law of large numbers for
local functional given in Section 9.3 might be of independent interest. Moreover,
due to the nonnormality of the nonbacktracking matrix, we need to get estimates
of cross-generational functionals which were not required in [23].

3.3. Notation. We say that a sequence of events E, holds with high proba-
bility, abbreviated w.h.p., if lim,_, o, P(E,) = 1. The operator norm of a square
matrix C is denoted by

ICx|
ICIl = sup :
x20 Xl
We denote by C* the transpose of C.

Given a (nonoriented) graph G = (V, E), we denote by y = ()0, ..., k) a walk
of length k where each y; € V and {y;, yi+1} € E foralli € {0, ...,k —1}. We also
denote the concatenation of two walks y and ¥’ by (¥, y’). A walk is nonback-
tracking if for all i € {0, ...,k — 2}, ¥i # yi+2. A walk contains a cycle if there
exists i # j with y; = ;.

For convenience, we will extend matrices and vectors from RE with E =
{(u,v) : {u, v} € E} to REW) where E(V) = {(u,v) : u # v € V} is the set of
directed edges of the complete graph. The vector x is defined by x (e) =1 for all
ec E(V). Recall that for x € RE(V) we defined

Xe)=x(eh), ec E(V).

4. Algebraic tools: Perturbation of eigenvalues and eigenvectors. One
main tool in our analysis is the Bauer—Fike theorem on the perturbation of eigen-
values of matrices. The form given below elaborates on the usual statement of the
theorem which in general omits the second half.

THEOREM 6 (Bauer—Fike theorem; see [4], Theorem V1.5.1). Let D be a di-
agonalizable matrix such that for some invertible matrix V and diagonal matrix A
one has D = V~YAV. Let E be a perturbation matrix.

Then any eigenvalue | of D + E verifies

(16) min|p — 2| < IE- V- [V

’

where A; is the ith diagonal entry of A.
Denote by R the right-hand side of (16) and C; := B(A;, R) the ball centered at
A; with radius R. Let T be a set of indices such that

(17) (U c,~> N <U c,-) =0.
ieT i¢T
Then the number of eigenvalues of D + E in | ;7 C; is exactly |Z|.
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The following proposition on perturbation of rank one matrices will be a basic
ingredient to deduce from expressions like (2) quantitative versions of (4). It relies
on the stability of eigenvalues and eigenvectors of matrices with a well separated
spectrum and which are not too far from being normal (A is normal if and only if
A*A = AA*; see [15]). In this setting, high powers of the matrix can be used to
give good estimates on the largest eigenvalues and their eigenvectors.

PROPOSITION 7. Let A € M, (R), ¢',£ > 1 be mutually prime integers, 6 €
R\ {0}, and cp, c1 > O such that for any k € {£,£'}, for some xi, yr € R", Ry €
M}’l (R)a

AR =05 xyF + Ry,

with (yi, xi) = co, |xk|lllyell < c1 and

2

C,
IRl < =——2—10/*.
206 Vv )y

Let (\;), 1 <i <n be the eigenvalues of A, with |A,| <--- <|A1|. Then:

(1) A1 has multiplicity one and we have
. 2c\ '/ 1/¢
A1 =0l <C|01/€ and fori=2, Ail<{—) IRl
o

with C = 71/2 +2+/c1 vV 1log(2(c1 V ¢ ).
(ii) There exists a unit eigenvector W of A with eigenvalue A\ such that

X¢
[lxell

v -] <seg iR

The condition on the scalar product (xx, yx) implies that the left and right eigen-
vectors of O¥x; y;; associated with the eigenvalue 6% are not orthogonal. The two
mutually prime numbers ¢ and ¢’ will be used to lift some possible ambiguities on
the phase of the eigenvalue A1 (to the best of our knowledge, this idea is new). The
Bauer-Fike theorem and its variants are commonly used in polynomial eigenvalues

problems; see, for example, [28] and references therein.

PROOF OF PROPOSITION 7. We can assume without loss of generality that
0 =1. We fix k € {¢, £’} and let X = x/|lxkll, ¥ = ye/llyklls o = llxellllyell, v =
(Vk, xx). We have

AkZU)Zy*—I-Rk:S—i-Rk.

The first step of the proof is to apply the Bauer—Fike theorem to A* to obtain an
estimate of )J]‘. To this end, we write S = UDU !, where D = diag(v,0,...,0),
U=, fa,..., fu) with fi =y and (f;);>2 is an orthogonal basis of ﬁL (we will
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soon check that U is indeed invertible). We can also assume that X € span( f1, f2).
Obviously, the eigenvalues of A* coincide with the eigenvalues of D + U~ R, U.
We have to compute the condition number of U':

kW)= Ul|U™.

We consider the unitary matrix V = (f1,..., fu). Let a, b € C be such that X =
af) + bf,. We find

wrr (W 0 . _f(a O
VU_(0 In—2> w1thW_(b 1).

k(U)=x(V*U) =k (W).

As |al? + |b|> = 1 we have
sy (1 b
‘vw_<b1>

The eigenvalues of WW* are 1 & |b|. We deduce that

14 |b]
U)= | ——.
k(U) Ty

Now, by assumption, |b| = /1 —|a|? = \/1 — X, 97 < \/1 —c(z)cl_2 <

cécl_z/l We obtain that

In particular,

k(U) <k =2qcal.

Notice that by assumption £ v £’ > 2 and 2«||R¢|| < co < |v|. An application of
Theorem 6 to D + U ™' R U then implies that there is a unique eigenvalue of A*
inthe ball {z € C: |v —z| <« | Ri||} and all the other eigenvalues lie in the disjoint
domain {z € C: |z| < k|| Rk||}. Consequently,

(18) A —v] <klRe] and fori>2, 1 < Kl Rl

In particular, the eigenvalue )Jf has multiplicity one in A¥, and thus A; has multi-
plicity one in A.

In the second step of the proof, we deduce from what precedes an estimate on
A1: we now bound the difference between A1 and 6 = 1. First, by assumption,

(19) co<v=ci.

From (18), we deduce that ||)»’f| — v| < cp/2 and hence co/2 < |)Jf| < 2c;. Since
forall x e R, |¢¥ — 1] < |x|e*t, we get

[l = 1] < |@en* = 1]V [(co/D* = 1] < ea/k,
with ¢2 = /(2e1) V Tlog(2(c1 V ¢j ')).
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We now control the argument w € (—m, w] of A1 = |A1|exp(iw). By assump-
tion, v > ¢o > 0, hence by (18) the real part of )Jl‘ is positive. There thus exist an
integer g € Z and some ¢ € (—1/2, 1/2) such that

kw=2qgm +¢m.
Since |x| < (/2)|sin(x)| for x € [—7 /2, w /2], we obtain from (18) that
kIRl = 211 [sin(em)| = 1111°2le] = colel,

so that |e| < (k/co)|| Rkl = clca] IIRk|l. The above holds for k € {£, £’}. Hence,
with the notation e = &(£), &' =e(l'), g =q({), ¢’ = g(¢') we have

_2qm em  29'm  &m
ol ¢ v I
so that

v ,E_S’E—sﬁ/
q qt= >

Using the assumption || Ry || < c%/(ch (£ v £)), we find that both ¢'¢ and ¢’ have
modulus strictly less than 1, and hence so does the right-hand side of the last
display. It follows that g€’ = ¢’¢. Since ¢ and ¢’ are mutually prime, we deduce
that ¢ divides ¢ and ¢’ divides ¢’, so that modulo 27, w = en /¢ = &'m/¢. Thus
fork e {£,¢'},
_ ime/k _ _ 7l e

= = alle ™/ = 1]l -1 = (14 ) 58+ 2
As € < 1/k, the right-hand side of the above is no larger than k=!(2c; 4 7/2) if
k > 2, which must hold for some k € {¢, £'}. This completes the proof of the claim
of Proposition 7 on eigenvalues.

The final step of the proof gives an estimate on the leading eigenvector using the
eigenvector equation of A¥. Consider now a normed eigenvector z of A associated
with 1, which for fixed k € {¢, ¢’} admits the orthogonal decomposition z = zp +
z1, where z € span(j%, X). Applying A¥, we obtain

Mz =o0%5fz0 + Rez.

Projecting onto {Ji, ¥ }* yields |1 [%||z* || < ||Rk||. Using the bound |A{[F > co/2
gives

2
Mﬂsgwm

Projecting onto span(yy, Xi) yields

A8 z0 — o & Fiz0] < I Rkll-
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This implies
s 2| Rl
T Bl LA e )
llzoll |21 zoll collzoll
where ¢ is some scalar and we have used |\ |k > co/2. We now use the following

general inequality:

(20)  if |ju]| = ||v]| =1 and for some t > 0, ||[u — tv|| < ¢ then |lu — v|| < 2e.
We deduce that
‘ 0 o AR
lzoll collzoll

From the triangle inequality, ||zo|| > 1 — llz1||. We then have

g . 8l Rl
lz = Zll < 2] + Jlz0 = lzoll%] + 1 = llzoll < o
Finally, since A = A’f has multiplicity one in A, the eigenspace of A1 for A coin-

cides with the eigenspace of k’l‘ for AK. This completes the proof of Proposition 7.
OJ

We now provide an extension of Proposition 7 to arbitrary rank tailored to our
future needs. For x = (x1, ..., x,) € C", the multiplicity of z € C in x is defined
as Y ; 1(x; = z), the number of coordinates of x equal to z.

PROPOSITION 8. Let A € M,(R), £’ < £ < 2{' be mutually prime odd inte-
gers, 0 = (01, ...,0,) € R\ {0})" such that for any k € {€, £'}, for some vectors
Xk 1s Yk1s -« - s Xk.r» Yk.r € R" and some matrix Ry € M, (R),

.
k k
A:Z@%ﬂ@+m
j=1

Assume there exist co,c1 > 0 such that for all i # j € [r], (yk,j, Xk j) = co,
Ik, MYk I < e1s Xk js Yri) = Xk, jis Xki) = (Vk,j» Ye.i) = 0 and

k_ 2
IR < (CO(CO)/ )+ A Cy >19k,
4cy 2(6 Vv &)y

where ¥ = min; |0;|, y = min{6; /0; : 0; > 0; > 0or6; < 0; < 0} (the minimum
over the empty set being +00). Let (A;), 1 <i <n, be the eigenvalues of A with
[An| < -« <|A1|. Then there exists a permutation o € S, such that for all i € [r],

[Ai — 05 ()| < @

e 178
and fori>r i1, ws(ﬂ) IRV,
(&)
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with C =m/2+2+/c1 V 1log(2(c1 V co_l)). Moreover, if 0, iy has multiplicity one
in 0, A is a simple eigenvalue and there exists a unit eigenvector ; of A with
eigenvalue A; such that

H . X060 (i)

- H < IR,
lxe,0 i) Il

with C' = 24clcal/(1 A (coy® —c1)4 A co).

PROOF. We may assume that 9 = 1. Fix k € {¢, £’} and let X; = xi ; /llxx I,
i = vk il lykjlls oj = OFlxa iy jll, vj = 0%k jo Xk j) = 0 (T j» % j)- Let
H; = span(x, j, yx,j). By assumption, the vector spaces H;, 1 < j < n, are or-
thogonal. For ease of notation, let us assume for all j € [r], H; has dimension 2
(the case where x; ; and yy ; are colinear is identical). We consider an orthonor-
mal basis (f1,..., f;) of C", such that span(f2;_1, f2j) = Hj, f2j—1 =y;. We
have

,
AR =305+ Re=UDU ™" + Ry,
j=1

where D = diag(vl, 0, V2, O, [ VN 0, ey 0), U = ()21, fz,fz, f4, ey )Zr, fzr,
..., fn) (provided that U is indeed invertible). Arguing as in the proof of Propo-
sition 7, denote by V the unitary matrix V = (fi, ..., f,) and decompose X; as
Xj=ajfrj—1+bjfrj. Then V*U has a block diagonal structure with blocks W,

1<j<r,and I,_3,, where
_(% O
Wi= (bj 1)'

k(U) =maxx(W;) <k = 2c1cal.
J

We find, as in Proposition 7,

Now, by assumption, 2« | Ri|| < coA (coyk — 1)+ is less than the minimal distance
between the distinct eigenvalues of D. We deduce from Theorem 6 applied to
D + U~ 'R, U that there is a permutation s € S, such that

Q1) M=y <klRell and fori>r4+1,  [nF <wllRill.

Importantly, we claim that the permutation s = s; € S, issuch thatfor 1 <i <vr,
Ose(iy = 95@/ ()- Indeed, we first observe that the assumptions ykco > ¢1 and k odd
imply that v; = v; is equivalent to 6; = 0. Assume first for simplicity that all
0; are positive and let m| be the multiplicity in 6 of #{ = max; 6;. Then the m
eigenvalues such that |Af —vj| < «|| Rl for some j such that 6; =1 are precisely
the m largest eigenvalues of A. If m; < r, we may then repeat the same argu-
ment for the second largest value of the set {1, ..., 6,}. By iteration, we deduce



20 C. BORDENAVE, M. LELARGE AND L. MASSOULIE

the claimed statement when all 6; have the same sign. In the general case, we no-
tice that if [A{ — vj| <& =K ||Rg| with 6; > 0, then v; > co, |sin(AY)| < &/co,
|arg(kf,)| <me/(2co) and |arg(kf)| <mel/(2col’) < /2 (we use here the as-
sumption ¢ < 2¢'). It follows that if |)»f/ — vj| < «||Ry| with 6; > 0 then we
cannot have I)»f —vj| < «llR¢|l with 6;; < 0. We may thus repeat the previous
argument by considering the largest eigenvalues of A with positive real part and
the largest eigenvalues of A with negative real part separately.

We now bound the difference between A; and 6;(;y. By assumption, c¢l6;| <
|vjl < c116;|. Hence, arguing as in the proof of Proposition 7,

[IAil — 165y || < 21051/ k,

with co = +/c1 Vv 11og(2(cy VC(;])). We next control the argument w; € (—m, ] of
A =] sign(eg(i))ei“’. Arguing as in the proof of Proposition 7, we get for p € Z,
|w —2pr| <mle|/k and we may conclude the proof of the claim of Proposition 8
on eigenvalues as in Proposition 7.

It now remains to control the eigenvector of A; such that 6, ;) has multiplicity
one. First, from (21), A; is a simple eigenvalue of A. Let z be a corresponding
normed eigenvector of A. Applying A¥ yields

(22) )»{-(Z = Z of (Si;kz)fj + Riz.
JElr]

Applying A¥ once more to (22) yields

A2kz =2k Rz + Z ojloj(372) (73%)) + 7} Rez]x;
J€lr]

Multiplying (22) by )»f-‘ and subtracting it to the previous display yields

Z aj[(kff — vj)jsz — S/ijz]ij =0.
Jjelr]

Thus, for all j € [r],
(23) (f —vj)¥jz = ¥jRez =0
Now for j # s(i), from (21), we have
1
[ = vil = vy = vil = A7 = v | = S ((cor” = e1) A o).

It follows that

(3 i)
J

J#s(0) ~ (coyk =y Aco



Moreover, this implies upon dividing (23) by Af:
Vi =

<Z 2)1/2<C_1<Z )L_].Cyjz
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— K “co \ ..
Js@) O Njsts(iy ' i

2>1/2
3 c_1< 2| R

~co\(coYk—c)+ Ao

2
+ — IRkl ),
o

where we have used the fact that |Af| > co/2. It then follows from (22) that for
some constant ¢ = as(,-)(jz;‘(l.)z)/kf.‘,

gj , . - _
Z —i(y;fz)xjﬁ—k,-kl?kz

lz —cXsiyll =
j#st) M
cl 2| Rl 4
<2 + IR,
co \(coy® —c)y+ Aco o

We then obtain the announced bound on ||z — X;(;)|| by appealing to (20). [

We conclude this paragraph with an elementary lemma on the Gram—Schmidt
orthonormalization process. It will be used to obtain vectors which are exactly
orthogonal as in the assumptions of Proposition 8.

LEMMA 9. Let uy,...,u;r be vectors in C" with unit norms such that
[(ui,uj)| <68 foralli # j.If § < k=K, then (ui, ..., ux) are linearly indepen-
dent and, if (uy,...,ur) is the Gram—Schmidt orthonormalization process of
(uy,...,ux), we have for all j € [k],

luj—ujll <8j’.

PROOF. We prove the statement by induction. For k =1, u; = u;. For k > 1,

we denote by vi| the orthonormal projection of uy41 on the span of (uq, ..., ug).
We have
k
et l? =Y (g i) ).
j=1

Now, from the induction hypothesis,
k

J

It is easy to check that /2k(1 + k¥) <27 !(k 4+ 1)**! for all k > 1. In particular, if
8 < (k+1)~® D w41 # upqy and then from (20), [lugy1 — gyl < 2llves1ll <
Stk+ D 1 O

k
e i) <23 (G )| + i — uj)?) < 2k82(1 4+ &%),
1 =1
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5. Erddos—Rényi graph: Proof strategy for Theorem 3. In what follows, we
consider a sequence £ = £(n) ~ « log, n for some « € (0, 1/6) as in Theorem 3.
Note that the diameter of (the giant component of) an Erd6s—Rényi graph with
average degree « is larger than log, n. Hence, for this choice of £, by looking
around a typical vertex up to depth £, we are much lower than the diameter but we
see some cycles. Indeed, it is clear that we need to take ¢ diverging with n as the
local structure of a random graph up to a fixed depth converges to a tree which has
very different spectral properties. It turns out that for £ = £(n) ~ k log, n, we are
still able to analyze the local structure of the random graph while we capture the
spectral property of B.

5.1. Proof of Theorem 3. Let
BZX

o= 6=|B%
IBE x|l ”

B

and
B(¢ B BZB*EX
0 IBEB* x|

(if 8 =0, we set ¢ = 0). The proof relies on the following two propositions.

=

PROPOSITION 10. For some cy1, cg > 0, w.h.p.
(¢, ¢)>co and coa’ <6 <ciat.
PROPOSITION 11. For some ¢ > 0, w.h.p.
sup |B x| < (logn)“a*/?.
x:(x,@)=0,|lx||=1

Let us check that the last two Propositions 10 and 11 imply Theorem 3. Let
R=B'—0¢¢* and y € RE with || y| = 1. We write y = s¢ + x with x € ¢ and
s € R. We find

IRyl = |B*x +s(B'¢ — 07)| < sup |B x|
x:{x,9)=0, [lx[=1
Hence, Proposition 11 implies that, w.h.p.,

24 IR|| < (logn)‘a/?.
We may now apply Proposition 7. If 4; = ;(B), we find that, w.h.p.,
logl
1 —al=00/0), MﬂSWmmmw”W“zva+0<?oyv,
ogn

and the normalized Perron eigenvector & of B satisfies, w.h.p.
1§ = ¢l = O((logm)“a™"/2).
This concludes the proof of Theorem 3.
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REMARK 12. We note that from [15], Theorem 3.3.16, we get that in (3)
Isi,e =@l < IRl and s2¢ <|R].
Hence, from (24) w.h.p.,
S1e= O(ae) and 520 = O((log n)cag/z).

On the other hand, (5) implies that the above upper bound on s2 ¢ is also a lower
bound up to the logarithmic factors, more precisely, w.h.p., s2.¢ > coa*/? for some
co > 0 (it follows from the proof of the forthcoming Theorem 37). Therefore,
the naive lower bound on s2 ¢ in (5) is asymptotically tight and Propositions 10—
11 may be interpreted as a weak Ramanujan property for Erd6s—Rényi random
graphs.

Proposition 10 will follow from a local analysis. Namely, the statistics of node
neighborhoods up to distance ¢ in the original random graph will be related by
coupling to a Galton—Watson branching process; relevant properties of the cor-
responding Galton—Watson process will be established; finally, we shall deduce
weak laws of large numbers for the £-neighborhoods of the random graph from
the estimations performed on the branching process combined with some asymp-
totic decorrelation property between distinct node neighborhoods. This is done in
Section 9 where Proposition 19, which contains Proposition 10, is proven.

The proof of Proposition 11 relies crucially on a matrix expansion given in
Proposition 13, which extends the argument introduced in [23] for matrices count-
ing self-avoiding walks to the present setup where nonbacktracking walks instead
are considered. We now introduce some notation to state it.

5.2. Matrix expansion for BY. For convenience, we extend matrix B and vec-
tor x to REY) where E(V) = {(u,v) : u ;{v € V} is the set of directed edges of
the complete graph. We set for all e, f e RE(Y) | y(e) =1 and

Beyr = AcAgl(ex = fi)l(er # f2),

where A is the graph’s adjacency matrix. For integer k > 1, ¢, f € E (V), we define
Fiff as the set of nonbacktracking walks y = (y, ..., ¥x) of length k starting from
(y0, Y1) = e and ending at (yx—1,¥x) = f in the complete graph on the vertex
set V. We have that

k
(Bk)ef: Z HAVJVH—I'

yerk s=0

We associate to each walk y = (yo, ..., Yx), a graph G(y) = (V(y), E(y))
with vertex set V(y) = {y;,0 <i <k} and edge set E(y) the set of distinct visited
edges {yi, vi+1}, 0 <i <k — 1. Following [24], we say that a graph H is tangle-
free (or £-tangle-free to make the dependence in £ explicit) if every neighborhood
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of radius £ in H contains at most one cycle. Otherwise, H is said to be tangled.
We say that y is tangle-free or tangled if G(y) is. Obviously, if G is tangle-free
and 1 <k < ¢ then BF = B® where

(k)
ef - Z l_[ AVVVH—I ’
yeFts=0

and F ka is the subset of tangle-free paths in Fle‘;rl. For u # v, we set

o

Ay =Apw——.
n

uv

We define similarly the matrix A% on RE)

k
Ag}) - Z l_[ AVthL] .

J/eFel<f+1 s=0

The matrix A®) can be thought of as an attempt to center the nonbacktracking
matrix B¥ when the underlying graph is tangle-free. We use the convention that a
product over an empty set is equal to 1. We also set

(25) Al =1(e=f)A, and B =1(e= [f)A..

Notably, B is the projection on E. We have the following telescopic sum de-
composition:

12
0 =80+ T A (%) TT A

t= OyeFlflS =0 s=t+1
Indeed,
¢ t—1 l
]_[ l_[ys+21_[))v(xl yo) JT s
s=0 t=0s5=0 s=t+1

For 0 <t < ¢, we define R(z) via

14
R(E) ef_ Z H—Vsys+l H A)’sVHl’

yepllj}ls =0 s=t+1

where for 1 <t < ¢ — 1, ef C FK}LI is the set of nonbacktracking tan-

gled paths ¥ = (0, ye41) = (', y") € Tgf! with v/ = (yo, ..., %) € Fly,

= (V4+1,.-+>Ye+1) € FY o f ! for some g, g’ € E(V). Note that since y is non-

backtrackmg, we have g # g’. For t =0, éj} is the set of nonbacktracking
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tangled paths y = (y/, ") with y' =e1, ¥ = (y1,..., Ve41) € Féf for some
¢ € E(V) (necessarily y; = g1 = ez and y» = g5 # ey). Similarly, forr = ¢, Ffj}
is the set of nonbacktracking tangled paths y = (o, ..., ve+1) = (¥, ") with
Y'=f. v =W0o....v) € ng for some g € E(V) (necessarily y, = g2 = fi

and ye—1 = g1 # f2).
We denote by K the nonbacktracking matrix of the complete graph on V. We

define
L=K>—xx*
(L is nearly the orthogonal projection of K2 on x1). We further denote for 1 <
r<{-—1
59 = AC=DLpE-=h,

We then have the following.

PROPOSITION 13.  With the above notation, matrix B admits the following
expansion:

-1
BO A0y Ygpe-n ¥ 3 A 2D
n n =1

27 .
o _ o y)
+—AEDE =S RO,
n l’lt:()

If G is tangle free, for any normed vector x € CEY) one has

-1
o _ o _ L
Bl = [+ TIKB D+ D3 AC el B
(28) 1=l

£—1 14
o [4 — o [4
+;Z||S§ | +ajah +;Z||R§ .
=1 t=0

PROOF. Equation (27) readily follows by adding and subtracting %R,(E) to the

tth term of the summation in (26) and noticing that this term plus %R,((Z) factorizes

into a matrix product. More precisely, for 1 <7 < ¢ — 1, we have

t—1

(ACDE2BED) = Y (Z t]:[]AVsJ/erl)( ) eﬁ Arvml)

g#g/eE(V) v EFey s=0 yeFy ; s=0

{4
= (Rt( ))ef’
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hence we have —Zf [AU-DEg2pE—=h — @ Zf;ll R, Similarly, we have
RYY = KB“D and R“) NG '@

Inequality (28) follows from (27) by noting that Bt =B® a5 G is tangle free,
decomposing K? into L + x x*, and finally using the fact that |K|| <n. O

5.3. Norm bounds. The following proposition will be established in Section 6
using path counting combinatorial arguments.

PROPOSITION 14. Let £ ~ k log, n with « € (0, 1/6). With high probability,
the following norm bounds hold for all k, 0 <k < £:

(29) [ AR < (logn) /2,

(30) [a® x| < (logn)*o*2/n,

(31) ”R(f) | < (logn)Bat=*+/2,

(32) |B®| < ogn)a*  and |KB®| < /n(logn)'Oa,
and the following bound holds for all k, 1 <k <{ —1:

(33) IS < Vadogn)Xat /2,

5.4. Proof of Proposition 11. Together with Propositions 13 and 14, we shall
also need the next two results, established by local analysis in Section 9. In partic-
ular, the forthcoming Lemma 30 implies the following.

LEMMA 15. For € ~ klog, n with k < 1/2, w.h.p. the random graph G is
L-tangle-free.

For the Erd6s—Rényi graph, Corollary 34 states the following.

PROPOSITION 16. For £ ~ klog,n with k < 1/2, w.h.p., for any 0 <t <

£ — 1, it holds that
sup (B x,x)| < (logn)’n'/?a!/?.
lxll=1,{B¢x,x)=0

We now have all the ingredients necessary to prove Proposition 11. In view of
Lemma 15, we may use the bound (28) of Proposition 13 and take the supremum
overof all x, ||x|| = 1, (¢, x) = (x, B'x) = 0. By the norm bounds (29)—(31)—(33)
of Proposition 14, w.h.p.,

[4 {4
a A+ [aO] +2 ZHR“H+ ZHS“H
l‘ 0 t 1

< Cllogm)‘a"*(1 +a'/?//n) = O((logn)a’?).
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Also, from (1), since x = x,

sup (. BYx)[= sup  |(x. BY3)
=1 (. Bx)=0 =1 (x. B*)=0
= sup [(BDx.x).

lxlI=1,(B*x.x)=0
Hence, from Proposition 16 and norm bound (30), w.h.p.,
HA(’_I)X I(x. B(E_t_l)xﬂ < C(logn)“na*/?.

Hence, w.h.p.,
o -1
— > 1A x|, B Dx)l = 0 ((logmy**at?).
n t=1

It remains to use norm bound (32) to deal with the term ||K B¢~V ||/n in (28) to
conclude the proof of Proposition 11.

6. Proof of Proposition 14: Path count combinatorics. In this section, we
use the method of moments to prove the norm upper bounds stated in Proposi-
tion 14. Recall that £ ~ « log, n with ¥ > 0. All our constants will depend implic-
itly on k. We will use a version of the moment method by taking the mth moments
with m of the order logn/loglogn and then applying Markov’s inequality. The
particular choice of logn/loglogn is mainly technical as we will have error terms
of the order (¢m)™ and we want to bound them by a power of n.

6.1. Bound (29) on ||A®|. The proof will use a version of the trace method.
For n > 3, we set

logn
(34) m= {7J
13log(logn)

The symmetry (1) implies that AR = A®

of =B 1 With the convention that e(2m +

1) =e(1), we get
AR = atD ACD < (aGD A%

m
k-1 k-1
= (1)2(2 )Hl(A( ))e(2i—1),e(2i)(A( ))e(2i+1),e(2i)
e(),..., e(2m)i=

m
k—1 k—1
= Z H(A( ))e(2i—1),e(2i)(A( ))e*'(Zi)e*I(Zi—H)
e(),....e2m) i=1

(35)

2m k

= Z HHAVi,s—l}/i.s’

yEWgm i=1s=1
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where Wy, is the set of sequences of paths y = (y1, ..., Y2m) such that y; =
(Vi0,---»Vik) € VA ig nonbacktracking tangle-free of length k and for all i =
1,...,2m,

Vik—1, Vi) = Vit1,1, Vi+1,0),

with the convention that y2,,+1 = y1.
We take expectations in (35) and use independence of the edges Ay, together
with EA, |, =0. We find

2m k
(36) EHA(k_])Hzm = Z E H 1_[ Ay g
yeré.m i=1ls=1

where W,i’m is the subset of Wy ,, where each nonoriented edge is visited at least
twice. For each y € W ,, we associate the graph G(y) = (V(y), E(y)) of visited
vertices and edges. We set

v(y)=|V(y)| and e(y)=I|E(y)|.

We say that a path y is canonical if V(y) ={1,...,v(y)} and the vertices are
first visited in order. Wk , will denote the set of canonical paths in Wy ,,. Each
canonical path is isomorphic to (U(”y))v(y)! paths in Wy_,,. We also have the fol-
lowing.

LEMMA 17 (Enumeration of canonical paths). Let Wk (v, €) be the set of
canonical paths with v(y) = v and e(y) = e. We have

Wem (v, €)] < k™ (2km)om=v+D,

PROOF. In order to upper bound |Wy (v, €)|, we need to find an injective
way to encode the canonical paths x € Wi ,, (v, e).

Let x = (xi,1)1<i<2m,0<t<k € Wim (v, €). We set y; r = {Xi 1, Xir+1}, yi,r Will be
called an edge of x. We explore the sequence (x; ;) in lexicographic order denoted
by < [i.e., (i,1) < (i +1,¢) and (i, 1) < (i, + 1)]. We think of the index (i, ) as
a time. For 0 <t <k — 1, we say that (i, t) is a first time, if x; ;1 has not been
seen before [i.e., x; 41 # x;7p for all (i’,¢") < (i,1)]. If (i,¢) is a first time, the
edge y; ; is called a tree edge. By construction, the set of tree edges forms a tree
T with vertex set {1, ..., v}. The edges which are not in T are called the excess
edges of x. Since T has v — 1 edges, it follows that the cardinal of excess edges is
e=e—v+1.

We build a first encoding of Wi (v, €). If (i, t) is not a first time, we say that
(i, t) is an important time and we mark the time (7, ¢) by the vector (x; ;+1, Xi.z),
where (i, T) is the next time that y; ; will not be a tree edge (by convention 7 =k
if x; ; remains on the tree for all # 4 1 < s < k). Since there is a unique nonback-
tracking path between two vertices of a tree, we can reconstruct x € Wk ,,, from the
position of the important times and their mark. It gives rise to our first encoding.
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The main issue with this encoding is that the number of important times could
be large. We have however not used so far the hypothesis that each path x; is
tangle free. To this end, we are going to partition important times into three cate-
gories, short cycling, long cycling and superfluous times. First, consider the case
where the ith path x; contains a cycle. In this case, the first time (7, t) such that
Xit+1 € {xi,0,..., %} is called a short cycling time. Let 0 < o <t be such that
Xi.i+1 = Xi o. By the assumption of tangle-freeness, C := (x; 5, ..., Xj ;+1) 1S the
only cycle visited by x;. We denote by (i, 7) the first time after (i, ) that y; ; in
not an edge of C (by convention t = k if x; remains on C). We add the extra mark
7 to the short cycling time. Important times (i,¢) with 1 <t <o ort <t <k are
called long cycling times. The other important times are called superfluous. The
key observation is that if x; contains a cycle, the number of long cycling times
(i,t) is bounded by € — 1 (since there is at most one cycle, no edge of x can be
seen twice outside those of C, the —1 coming from the fact that the short cycling
time is an excess edge). Now consider the case where the ith path does not contain
a cycle, then all important times are called long cycling times and their number is
bounded by €.

We now have our second encoding. We can reconstruct x from the positions of
the long cycling and the short cycling times and their marks. For each 1 <i <2m,
there are at most 1 short cycling time and € — 1 long cycling times within x; if x;
contains a cycle and 0 short cycling time and € long cycling times if x; does not
contain a cycle. There are at most k%€ ways to position them (in time). There are
at most v? different possible marks for a long cycling time and v?k possible marks
for a short cycling time. We deduce that

|Wk,m(v, €)| < k2me (vzk)zm (v2)2m(e—l).

We use v < 2km to obtain the announced bound. [

PROOF OF PROPOSITION 14, NORM BOUND (29). From (36) and Markov’s
inequality, it suffices to prove that

2m k

&) 5= % E[1T14p . = Clogn e
yerz,m i=1s=1

Observe that if y € ng,m’ v(y) — 1 <e(y) < km because each edge is visited at
least twice and v(y) > 3. As (U("y))v(y)! <n®), any y € Wy, is isomorphic to

fewer than n°") elements in Wk m. Also, from the independence of the edges and
EA%y < a/n for integer p > 2, we get that

2m  k >g(y)

G8) ETT T 4n, . = (5

i=1s=1 n
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Hence, using Lemma 17, we obtain for k < £ (remember that & > 1 so that a¢ <
km
™)

523 3 Mww.ol(%)r

v=3 e=v—1
km+1  km
(39) <na™ YN kP (2km)tmem vt prmest

v=3 e=v—1
2Wm 6m
< nak™ 2™ (em) Z <!) .
n
s=0
For our choice of m in (34), we have, for n large enough,
n'/m — o(logn)’, tm=o(logn)’> and (2¢m)®" <n'?/13,

In particular, the above geometric series converges and (37) follows. [l

6.2. Bound (30) on |A® x|.

PROOF. The bound (30) on ||A®) x || that we will now establish improves, by

a factor \/n on the trivial estimate IA® Y I < Ix AR, Tts proof parallels the
argument used to show (29). We have

E”A(k 1) —IE Z A(k 1)A(k 1)
e f.8
2k
Z 1_[1_[ Yi,s—1:Vi,s’
yewy, i=ls=l

where W,g’ | is the set of pairs of paths (y1, y2) such y; = (yi0, ..., ¥i,k) is nonback-
tracking and (y1.x—1, ¥1.k) = (2.1, ¥2,0) and each edge is visited at least twice. The
only difference with Wk | defined above is that we do not require that (y1,0, ¥1,1) =

(V2.k» Y2.k—1)- However, this last condition (y1,0,71.1) = (Vam.k» Vamk—1) Was
not used in the proof of Lemma 17. It follows that the set of canonical paths

in W,é/  with v distinct vertices and e distinct edges has cardinal bounded by

k*(2k)5—v*+D Since the paths are connected and each edge appears at least twice,
we have v — 1 < e < k. As in the proof of (29), we get from (39) with m =1

EHA(I‘_I)X Hz < Cna*(logn)>.

We conclude with Markov’s inequality and the union bound. [

6.3. Bound (31) on | R"|. Forn >3, we set

logn J

(40) m= {7 .
25log(logn)
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For 0 <k < ¢ — 1, we have that

“ngf—l) ||2m < tr{(RIEZ—l)RIEZ—l)*)m}

(41) om k ¢
= Z 1_[ 1_[ AVi,sflVi,s 1—[ Ayi,sfl]/i,s’
yeT[’,m’ki:15=1 s=k42
where Ty, , is the set of sequences of paths y = (y1, ..., yam) such that vl =
(vi.0,---, Vi k) and yiz = (Yi.k+1, - - -» Vi,¢) are nonbacktracking tangle-free, y; =

(yil, yiz) is nonbacktracking tangled and for all odd i € {1, ..., 2m},

(¥i,0, ¥i.1) = (Vi-1,0, Vi—1,1) and  (¥i.e—1, ¥i.e) = (Vi+1,0—1, Yi+1.0),
with the convention that yy = y2,,.
We define G(y) =(V(y), E(y)) as the union of the graph G(yf), 1<i<2m,
z € {1, 2}. Note that the edges (y; k, Vi k+1) are not taken into account in G(y). As
usual, we set v(y) = |V (y)| and e(y) = |E(y)| > v(y). Since y; is tangled either
(a) G(yl.l) U G(yiz) contains a cycle and is connected or (b) both G(yil) and G(yiz)

contain a cycle. In particular, all connected components of G(y) contain a cycle
and it follows that

v(y) <ey).
Taking the expectation in (41), we find that
2m  k 14
@ BRI = X E[TT4 v [T A
yeTpmr i=1s=1 s=k+2

where Ty k is the subset of y € TE/,m, x such that
43) viy)<e(y)<km+2m{—1—k)y=m@l—-2—k).

Indeed, for the contribution of a given y in (42) to be nonzero, each pair
{Vis—1,Vis), 1 <i <2m, 1 <s <k, should appear at least twice in the sequence
of the 2(¢ — 1)m pairs {y; s—1, Vis}, S Zk + 1.

LEMMA 18 (Enumeration of canonical tangled paths). Let Ty .« (v, €) be the
set of canonical paths in Ty,  with v(y) = v and e(y) = e. We have

‘ﬁ,m,k(vv e)‘ S (4€m)12m(e—v+l)+8m‘

PROOF. We will adapt the proof of Lemma 17 and use the same terminology.
We start by reordering y € 7y, k into a new sequence which preserves as much
as possible the connectivity of the path. First, we reorder y = (y1, ..., Y2;) into
7 =1, ..., Y2m) by setting for i odd, y; = y; and for i even, y;; = y; ¢—. Also,
for i odd, we set k; = k and for i even k; = £ — k — 1. Finally, we write y; =
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), v/) with 9/ = (V0. ..., Vik) and P/ = (Ji k41, - - -, Vie). To each i, we say
that y; is connected or disconnected whether G(y/’) intersects the graph H; =
Uj<i G(y;) UG (/) or not. If y; is disconnected, we define for 0 <7 < ¢, x;, =
Vit If y; is connected, for 0 <7 < k;, we set x; ; = y; 1, and if ¢; > k; is the first
time such that y; ,, € H;, we set for k; + 1 <t < g;, Xi; = Vi,¢;+k+1—¢ and for
gi +1=<t<¢ xi; =y We then explore the sequence (x; ;) in lexicographic
order and set y; ; = {x; ;, x; ;+1}. The definition of first time, tree edge and excess
edge carry over, that is, (i,¢) # (i, k;) is a first time if the end vertex of y; ;, that
is, x; ;+1 has not been seen before. When y; is connected, we add the extra mark
(gi, )7,3%.), if y; is disconnected this extra mark is set to 0. With our ordering, all
vertices of V' (y) \ {1} will have an associated tree edge, at the exception of x; i, 41
when y; is disconnected. If § is the number of disconnected y;’s, we deduce that
there are § + e — v 4+ 1 excess edges. Note, however, that there are at most € =
e — v + 1 excess edges in each connected component of G(y).

We may now repeat the proof of Lemma 17. The main difference is that, for
each i, we use that p/ and p/” are tangle free, it gives short cycling times and long
cycling times for both / and p;”. For each i, there are at most 2 short cycling times
and 2(e — 1) long cycling times. Since there are at most £4™€ ways to position these
cycling times, we arrive at

|72,m,k(v, e)| < (2@1})2’"@4’"6 (v2@)4m (v2)4m(6—1)’

where the factor (261})2’" accounts for the extra mark. Using v < 2¢m, we obtain
the claimed statement. [

PROOF OF BOUND (31). From (42), it suffices to prove that
2m k

(44) S= Z EHHAVH 1Vi,s l_[ AVH 1Yi,s <(C10gn)24m @6= k)m
yeTomr i=1s=I s=k+2

As in (38), we find

2m k e(y)
(45) EHH—VH 1Vis 1_[ AV!S IVH—( ) .

i=1s=1 s=k+2
From (43) and Lemma 18, we obtain
m(20—2—k) m(24—2—k)

s Y X wol(3)
v=1 e=v

m2¢—2—k) oo
a(%fk)m Z Z(4£m)12m(efv)+20mnvfe
v=1 e=v

2—k)m 20m (4£m)12m)
<« 4em)*" (2em )52)(7” .
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For our choice of m in (40), we have £m = o(log n)? and (4¢m)'2m < n24/25 and

(44) follows. [

6.4. Bound (32) on ||B®|. Since ||K|| is of order n, we observe that the
second statement in (32) improves by a factor /n the crude bound ||[K B®|| <
IK[1IB®.

PROOF. We only prove the second statement. The first statement is proved
similarly. The argument again parallels that used to show (29). We take m as in
(34). We have

KB < {(KBE2)(KB2)")")

k—1

m k
Z 1_[ 1_[ AV2i71,s7172i71,s 1_[ A)’Zi,sflVZi,s’
i=1s=2

yeWim s=1

(46)

where Wk,m is the set of sequences of paths y = (y1,..., ¥am) such that y; =
(Vi.0s---» Vik) € V¥ +1 are nonbacktracking paths of length k + 1 with the follow-
ing constraints: (y2;—1.1, - - -, ¥2i—1.k) and (2.0, - .., ¥2i k—1) are tangle-free paths
of length k, for alli =1, ..., m, and such that foralli =1, ..., 2m,

Vik—15 Vi) = Vit1,15 Yi+1,0),

with the convention that y»,,4-1 = y1. From (46) and Markov’s inequality, it suffices
to prove that

k—1
(47) S= Z EHHAVZI 1,s—1Y2i—1,s l_[AVZlv 1V2i,s <(C10gn)16m " ka
yeka i=1s=2 s=1

Note that Wy ,, C Wy, and for a path y € Wy, \ Wi, there must exist
i €{l,...,2m}, such that y; is tangled. If i is odd, this can only happen if
vi0 € {¥i2,...,Vik}, hence there are only k& — 1 possible choices for y; ¢. Simi-
larly, if i is even and y; is tangled, then y; x € {y; 0, ..., ¥i.k—2}. Hence, to each path
y in Wk,m we can associate a path y’ in Wy, such that (y2i—1.1,..., V2i—1.k) =
(VQ/,'_1,1: cees J/Q/,'_Lk) and (¥2i,0,---» V2ik—1) = (Vz/,',()v cees Vz/i,k—l) and by previ-
ous argument, there are at most (2k)™ paths in Wk,m which are associated with the
same path y’ in Wk.m. Hence, we have, for k < £,

S<(2£)m Z EHHAVZl 1,s—1Y2i—1,s l_[A}le 1V2i,s°

yeEWrm i=1s=2

If y € Wk 1s a canonical element of Wy ,,, then v(y) — 1 <e(y) < 2km and
v(y) > 3. Also, any y € W, is isomorphic to fewer than n’) elements in Wi.m.
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Moreover, we have that

m k k—1 o e(y)—m
(48) E 1_[ H AV2i—1,.v—1)/2i—l,s 1_[ AV2i,s—17/2i,x = <_> ’
s=1

i=15=2 n

indeed, for any p > 1, EA} , < a/n and, since (y2i+1,0, 2i+1,1) = V2i ks V2ik—1)
at most m distinct edges are covered by the union of {y2;-1,0,)2i-1.1} and
{y2i.k—1, y2i k}. Hence, using Lemma 17, we obtain

n m km+1 2km a\®
55(2@’"(;> >y |Wk,m(v,e)|<;) n'

v=3 e=v—1
km—+1 2km
< (2Z)mnm+la(2k—1)m Z Z k2m (2km)6m(e—v+1)nv—e—1
v=3 e=v—1
X [ 2em)om\*
Snm+1a(2k—1)mZM(£)3Wl(€m)Z( ) .
s=0 n
For our choice of m in (34), the above geometric series converges and (47) follows.
O

6.5. Bound (33) on |S\"].
PROOF. Observe that Loy =O unless e = f, Kep =1, K1, =1 0or K -1 =
1 in which cases L.r = —1. We may thus decompose
L=-1-K,

where [ is the identity, and the nonzero entries of K’ are equal 1 and are the pairs
(e, ) such that K.r =1, K1, = 1 or K 1= 1. Thus,

¢ _ L _ g
I01 = |aG-D)|85D) 4 [aC DR8],

Bounds (29)—(32) imply that the first term has a smaller order than the intended
bound (33). Hence, we only need to bound the last term. We use again the method
of moments. We observe that Kéf <K+ (PK)cr + (K P).s. A straightforward
adaptation of the proof of bound (32) shows that w.h.p., forany 1 <k <{¢ —1,

which completes the proof. [J

7. Stochastic block model: Proof of Theorem 4. In this section, we give the
strategy of proof for Theorem 4. Let £ = £(n) ~ « log,, n for some k € (0, y/6) as
in Theorem 4. Recalling the definition (13) of vector xx, we further introduce for
all k € [r]

_ B'u
1B xkll

(49) O . G =|B'%,
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and
gk: Bf(pk _ B[B*Z)\{k
Ok | BEB* el

(in the above, if 6, = 0, we set ¢ = 0). We also define

H = span(gx, k € [r]).

We then have the following.

PROPOSITION 19. For some b, c > 0, w.h.p.:

(i) blutl <6k <clullifk € lrol,

(i) sign(up)(Ck, ¢x) = b ifk € [rol,
(i) Ok < (logn)°a®/? ifk € [r1\ [rol,
(iv) [{@j, )] < logn)°a2n=v/2ifk + j e [r],
) [(gj. @x)| < (logn)ea* n™7/2 if k # j € [rol,
i) (g}, &)l < (logn)a®2n=7/2 ifk # j € [rol.

Proposition 19 will follow from the local analysis done in Section 9. The next
proposition will be established in Section 10 using a matrix expansion together
with norm bounds derived by combinatorial arguments parallel to the proof of
Proposition 11 for the Erd6s—Rényi graph.

PROPOSITION 20. For some ¢ > 0, w.h.p.,

sup | B%x| < (logn)“a*/?.
xeHL,|x|=1

We now check that the two preceding propositions imply Theorem 4. We

consider (¢1,...,@,7) obtained by the Gram-Schmidt orthonormalization of
(@1, ..., ¢r). By Lemma 9 and Proposition 19(iv), w.h.p. r’ = r and for all k € [r],
(50) gk — @xll = O ((logn)“ o™ /*n=7/?).

Similarly, for k € [ro], we denote by z; the orthogonal projection of i on the
orthogonal of the vector space spanned by ¢;, j € [rol, j #k and ¢, j < k. We
set ¢y = Ek / ||g:k ||. From Proposition 19(v)—(vi), we find w.h.p. for k € [ro],

D 12k — &l = O ((ogn)<a®/>n=7/?).

‘We then set
ro
Do = 0ulk@;.
k=1
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Since [|@r — @kl = o(1), from Proposition 19(i)—(iii), we find by induction on
k € [r], w.h.p. for all k € [r],
|B x| = 0(a).
Consequently, from Proposition 20, we have, w.h.p.,
|B°| = o).
In particular, since Do@x = Okl = B%k + Ok (Cx — Ck), we get for k € [ro],
| B @ — Dogi]| < [ B | lI@r — @ell + | B G — Do | + 0lick — ¢
= O((logn)‘a”/?n=7/?).

We have o7¢/2n=v/2 = p7/24+0(=v/2 Since 0 <k < /6, Tk /2—y /2 <Kk /2, we
thus obtain, if Py is the orthogonal projection of Hy = span(gy, k € [ro]),

(52) | B Py — Do = O(a"/?).

We also set D; = BYP; where P is the orthogonal projection of H| =
span(gg, k € [r]\ [ro]) and C = BY — Dy — Dy. Arguing similarly, from Proposi-
tion 19(iii), w.h.p., for k € [r] \ [ro],

ID1@kll = | B @i || < | B |I1@x — @xll + | B || = O((logn)“a*/?).
Hence,
(53) ID1]| = O((logn)“a*/?).
Also, let y € RE with || y|| = 1. We write y = x +ho+hy withx € H-, hy € H,
ho € Hy = span(gg, k € [ro]). We find

ICyll = |B*x 4+ (B* — Do)ho| < sup || B x| + |B*Py— Dy|.
xeHL,|x|=1

Hence, Proposition 20 and (52)—(53) imply that w.h.p.:
ICI = O((logn)“a'’?).
We decompose B' = Dy + R with R = C + D1, from what precedes w.h.p.:
IR| = O((ogn)‘a'’?).
We are now in position to apply Proposition 8. From (51), the statement of

Proposition 19(ii) also holds with ¢ replaced by . It readily implies Theorem 4.

8. Controls on the growth of Poisson multitype branching processes. In
this section, we derive results for multitype Galton—Watson branching processes
with Poisson offspring that will be crucial for the local analysis of Section 9. We
refer to Section 3.2 for the notation used below.
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8.1. Two theorems of Kesten and Stigum. We consider a multitype branching
process where a particle of type j € [r] has a Poi(M;;) number of children with
type i. We denote by Z; = (Z;(1), ..., Z,(r)) the population at generation ¢, where
Z;(i) is the number of particles at generation ¢ with type i. We denote by F; the
natural filtration associated to Z;. Following Kesten and Stigum [17, 18], we have
the following statement.

THEOREM 21. Forany k € [ro],

V4
Xy = P2 70

M

is an JF,-martingale converging a.s. and in L?* such that for some C > 0 and all
t =0, EXi(t) = 0 and E[X{ (1) Zo] < Cl| Zo]|1-

PROOF. We include the proof for later use. For 0 <s < ¢, we have

-1
Zi =M Zy =3 M N (Zup1 — MZy),

u=s

so that, as ¢; M = 19},

(D Zt) (b Zs) " ks (Zugr — MZ)

(54) = +
14 14 g it

It follows easily that (X(#)) is an J;-martingale with mean 0. From Doob’s mar-
tingale convergence theorem, the statement will follow if we prove that for some
C > 0 and all integer ¢ > 0,

E[XF(1)|Zo] < Cl Zolli = C(1, Zy).

To this end, we denote by Z;1(i, j) the number of individuals of type i in the
(s + 1)th generation which descend from a particle of type j in the sth generation.
Thus, Zje[r] Zsy1(i, j) = Zs4+1(i). We then have

zs}

= > E[(Zos1G, ) — My Zy())1Zs())]
(55) i,jelr]

= Z M;;Zs(j)

i,jelr]
= (j]-v MZS)a

2
E[|Zot1 — MZ, 212, = 3 E[<Zs+1(i) Y Mi,-zso'))
]

ielr] jelr
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where in the penultimate equality we used the fact that the variance of a Poisson
random variable equals its mean. It follows that

E[I1Z+1 — MZ;]%|Z0] = (L, M*F' Zo).

Recall 1 is a left eigenvector of M: 1*M**! = ,ule]l*. We thus obtain
E[Zs+1 — MZ13120] = (L, Zo)pi*".

Hence finally,

- Z, MZ))2|Z
Xk(l)IZO :Z E[{¢x, ( ;12““) N1 Zo]

Ul I3EL Zs+1 — M Zs 1131 Zo)

- Z M/%(H_l)

< (1, Z) i(”—;)+1

=0 “Mi

Since [/L% > w1 the above series is convergent. [

We also need to control the behavior of (¢, Z;) for k € [r]\ [ro]. The next result
is contained in Kesten and Stigum [17], Theorem 2.4.

THEOREM 22. Assume Zy = x. For k € [r]\ [ro] define

(P, Z1)

)
12 l.f/"Lk<M17
X (t) = !
D=0 (g, 7)) N
Mk, &) 2= .
Mtl/2t1/2

Then Xy (t) converges weakly to a random variable Xy with finite positive variance.

Note that Theorem 2.4 in [17] expresses X as a mixture of Gaussian variables.
The normalization in the case ,u% = w1 comes from the fact that M is diagonaliz-
able, and hence all its Jordan blocks are of size 1.

8.2. Quantitative versions of the Kesten—Stigum theorems. We will also need
probabilistic bounds on the growth of the total population at generation ¢ defined
as

St =1Zilli = (1, Zi).

We observe that (10) implies that S; itself is a Galton—Walton branching process
with offspring distribution Poi(u1).
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LEMMA 23. Assume So = 1. There exist cg, c1 > 0 such that, for all s > 0,
P(Vk > 1, S < s,ulf) >1—cre 5,

PROOF. Fork > 1, we set

k
se=p; Vi and  fi=T]00+e0).

=1

It is straightforward to check that fj converges, hence there exist constants cg, c; >
0 such that forall k > 1,

(56) c0< fk<c1 and & <cy.

Using Chernov bound, if Y; are i.i.d. Poi(u) variables then, for any integer £ > 1
and positive real s > 1,

14
(57) P(Z Y; = zms) <e tre)
i=1

where we have set y (s) = s logs —s + 1. In particular, on the event {S; < sfx M]f } e
Fk, we have

]P)(Sk—‘rl - sfk+lM]1€+1 |]:k) < e—.vﬂllc+1f~](y(]+8k+1) < e—CésMII‘+15£+] — e—cé(k-}-l)s’
where we have used the existence of some 6 > 0 such that for x € [0, ¢1], one has
y(+x)> Ox2. Finally, by our choice of ¢ and (56), if s > max(l/cg), 1/cy),
e—COY
P(3k : Sk > sclukJrl Ze cost <

1 _ e—COS

Hence, we deduce the statement of the lemma for some (suitably redefined) con-
stants cg, c; > 0. [

A key ingredient in the subsequent analysis will be the following result, which
bounds by how much the growth of processes s — (¢, Zs) deviates from a purely
deterministic exponential growth.

THEOREM 24. Let B > 0 and Zy = x € N be fixed. There exists C =
C(x, B) > 0 such that with probability at least 1 —n_ﬁ,for allk € [rol,all s, t >0,
with0 <s <t,

[ Zy) — 157" (k. Z0)| < C(s + D> (logn)>/2,
and for all k € [r]\ [ro], all t > 0,
(. Z0)| < C(r + D)?u* Qogm) ¥,
Finally, for all k € [r]1\ [ro], all t = 0, E|{¢x, Zt)l2 <C(t+ 1)3u’1.
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PROOF. We start with classical tail bounds for ¥ < Poi()A). From (57) for
s >0,
P(Y — A > As) < e MU+,
with y(s) = slogs 4+ 1 — s. Similarly, for s < 1 one has
P(Y — A < —Ls) < e =9,

where by convention y (x) = +o0o for x < 0. Let §(x) :=y(1 — x) A y(1 + x).
Then for any s > 0,

P(|Y — A| > As) <200,

In particular, for any i € [r], letting y := M Z;, we have, if Z; # 0,
. 12, ..
P(|Zi1G) — y(i)| > sllylly/ 21 ) < 2e= YOG/ @),

Consider first the case where s/|| ylli/ 2 < y(i). As there exists 8 > 0 such that for
all x € [0, 1], 8(x) > 0x2, we get

o211yl

. . 1/2 — - _pn2
P(|Z31G) — y()| > syl *1F) <2¢ 30 <2670,

Consider now the case where s||y|| }/ 2 y(i). As there exists 8’ > 0 such that, for
all x > 1, 8(x) > 0'x, we get

. . 1/2 _ 1/2 L
]P)(|Zt+1(l) —y(1)| >S||y||1/ |‘Ft) 526 0'sllyll 526 9\//715,

since Z; # 0 implies that || y||; > @1 from (10). Thus, there exists some cg > 0
such that, for any s > 0,

, 1/2
sz
P(1Zo41 — MZ ) > sIZi) V1) < ZP(!Z,H@) — ()| > #‘E)

B 2
< 2re C0BAST)

If Z, =0, then Z;;| = 0 and the same bound trivially holds. We thus obtain the
existence of constants cgp, c; > 0 such that, for any u > 1,

1/2
P(Vt >0, | Zis1 — MZi|ls <u(t + D)logn| Z, /%)

>1-— ZZre_CO””Og" >1—cin %,
=1

(58)

Now, from (54), for any s, 0 <s <,

|(¢k’ZS> ¢kazt

Xf I¢il21 Zni1 = MZylla.

It
M
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From equation (58) and Lemma 23, for C large enough, with probability at least
1 —n~#, we have for all & > 0 that || Z41 — MZ|l2 < Cogn)(h + 1) Zp|l;?
and || Zx|l1 < C(og n),u}l’. On this event, we get, for k € [r],
(60, Z4) — 113" (i 20| = C'logmy 2 Z<h + 1)(*“)
/" 3/2 s/2
< C"(logn)”*(s + D
where at the last line, we used that M% > py oand Yo, ha" < c(a)sa® for

0 <a < 1. Similarly, on the same event, for k € [r] \ [ro], from (54), for t > 1
and s =0,

— Pcll2l| Zuy1 — MZ, |2
;‘(Z u u
u=0 My

< C'(logn)*"?u! Z(u + 1)<f1) .

Using now 7 < 1, we have Y0 + D ()" = 0 (2 (Vi /).
For the last result, we define

1 Zi41 — MZ:||2

U =sup 73

=0 (t+ DIZ:l,

From (58) (with n = 2), forany p > 1, EU? = O(1). We obtain from (54) and the
Cauchy—Schwarz inequality,

2
2 I l3N Zss1 — M Z |3
ZE M2(€+1)

E|(¢x, Zi) — pi (k. Zo

U?(s + 1)1 Zs
<'uk ZE 2(s+1)

EllZs 1}
§26+D

<r’u? \/EU“Z

=0(F 1),

where for the last equality, we used the fact that E|| Z; ||2 = O(,u%s ) which follows
from Theorem 21 with k = 1 (recall that ¢; = 1), and the bound of O (¢! /u3")
on the sum, which holds for k ¢ [rg]. [
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8.3. A cross-generation functional. For the subsequent analysis, in order to
control the law of the candidate eigenvectors B{B*t Xk, we also need to consider a
functional of the multitype branching process which depends on particles in more
than one generation. More precisely, assuming that || Zg|; = 1, we denote by V
the particles of the random tree and o € V the starting particle. Particle v € V has
type o (v) € [r] and generation |v| from o0 € V. For v € V and integer ¢t > 0, let
Y} denote the set of particles of generation ¢ from v in the subtree of particles
with common ancestor v € V. Finally, Z} = (Z/(1),..., Z/(r)) is the vector of
population at generation ¢ from v, thatis, Z/ (i) =), ev? 1(o(u) =1i). We set

St =zt =1, Z7).

With our previous notation, Z{ = Z;, S{ = S;. We fix an integer k € [r], £ > 1 and
set

(59) Ok = > b (o (u2es1)),

0, u2041)EP2¢+1

where the sum is over (uo, ..., u2¢+1) € P2e+1, the set of paths in the tree starting
from ug = o of length 2¢ + 1 with (uo, ..., u¢) and (uy, ..., uze+1) nonbacktrack-
ingand ug_1 = ug41 [i-€., (uo, ..., uze+1) backtracks exactly once at the (£ + 1)th
step].

The following alternative representation of Qy ¢ will prove useful. By distin-
guishing paths (uo, ..., u2¢+1) according to the smallest depth t € {0, ..., ¢ — 1}
to which they climb back after visiting u,4; and the node u;,_; they then visit at
level t we have that

£—1
(60) Ore=Y Y L,

t=0ueyy?
where we let for |u| =t >0,

=2 st X bez))
weYy vel"\{w}
We then have the following.
THEOREM 25. Assume Zg = 6y. For k € [rg], Qk,g/,ulzg converges in L? as

£ tends to infinity to a random variable with mean iy (x)/(u%/a —1). Fork €
[r1\ [rol, there exists a constant C such that EQ%’Z < Co?ted.

PROOF. Let F; be the filtration generated by (Zo, ..., Z;). The variables
(L,’ﬁy ¢»u € YY) are independent given F;. We will show that the sum (60) con-
centrates around its mean. Let us first compute the mean of L}, for u € Y. We
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use the fact, that given F;41 and v # w € Yt”+ 1» Z{ and S} | are independent.

Hence, we have with the short-hand notation Ez, = E(:|F;):
Er, LZ,E =Er, Z Ef:+1<¢k, ZtU)E}'zH Séu—t—l'
(v, w)eY| , v#w

{—

By assumption (10), Ex,_,S}” ,_| =« =1 Moreover, we have Ex (k. Z}) =

Wi (r, Z§) so that

B Li e =o'~ (1= 1) X (0. 25)

veYl“
61 _
(©1) = T R (V] = 1)) Z¢0’W)
iglr]
= it gy, Z8)
and
(62) Er, Y L, =ui o g, Z) = up' o V().

ueyy

where Yi (1) = X (t) + (¢x, Zo) and Xy is the centered martingale defined in The-
orem 21.
We now prove the statements of the theorem for k € [rg]. We find similarly

Varz, (L{ ) =Bz (L{ ; —Ex L{,)°

_EE< Z Sz —t— 1¢k’ >>2

vAweY|
< CE.(¢x, Z:) B STy,
where E,(-) = max;c[,jE(:|Zp = §;) and constant C can be taken equal to
Ei Yy |4. For k € [rg], we deduce from Theorem 21 that, for some new C > 0,
(63) Varr, (Z Lzl) = Y Varg (L} ) < Cuj'a® 1S,
ueyy ueyy
We now define

-1 -1
(64) Oke=Y Er, Y Li,=> ' a'v).

t=0 ueyy t=0
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Since k € [ro], px := M%/a > 1. We write

Qk,é =l t—4
—5¢ = Mk Z Pr Yi(D).
k t=0

From Theorem 21, Qk g/,bL% converges a.s. to ux Yx(00)/(px — 1) where Y (0c0) =
Xi(00) + {(¢x, Zo) and Xk(oo) is the limit of the martingale defined in Theo-
rem 21. Moreover, Qi ¢/ ,u ¢ also converges in L2. Indeed, we find easily from
the Cauchy—Schwarz inequality

Oke  MrYx(00) %
E( 20 (1 — Pk Z))
My ok —1

2
= MkE(Z pr (Y () — Yk(OO))>

sui(Zp )(ZE Yi (1) — Yy (00))*pl™ 5).
=0

t=0

Since px > 1, the first term of the above expression is of order O(1). For the
second term, from Theorem 21, for any € > 0, there is 7o such that for all 7 > 7o,
E(Y(t) — Yi(00))? < &. We find that the second term is O (e + ,o,lco_z) =o(l). It
proves that Q. ¢/ ,u,%g converges in L2

We now check that Qy , and Qk, ¢ are close in L? for k € [rg]. For a real random
variable Z, set || Z|, = VIEZ2. From (60)—(63) and the triangle inequality, we
get

-1
1Qke — Okl <Y

t=0

D Liy—Ex Y Lke

ueyy ueyy

S (32))"

ueyy

l
<CY ke IVS 2
t=0

2

= O(ufa”)

=o(uz").

where at the last line, we have used Lemma 23 and k € [ro]. It follows that
1(Qk.e — Qk.0)/ M/%( |l goes to 0 and it concludes the statements of the theorem for
k € [rol].
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For k ¢ [ro], we note that EZ? < E(EyZ)? + EVary(Z) so that 1Zl2 <
IEy Z|l2 + || Vary (Z)'/?||5. From (60) and the triangle inequality, we get

-1
1Okellz<> | > Li,
t=0

=0"uey,

2
(65)

2

ueyy

-1
<Y |Ea( T i)
t=0

ueyy 2

The last statement of Theorem 24 and (63) gives
Varg, (Z LZ,@) = O(S,ozzw_t)a’ﬁ),
ueyy

We deduce from (65) and (62)
-1
1Qkell2 < C Y (™" (e, Zo) |, + o' 22 |1V/Si 1) = O (" €7?).
t=0
This completes the proof. [

We finish this section with a rough bound on Qy ¢.

LEMMA 26. Forany p > 1, there exists a constant C = C(p, ) > 0 such that
forany k € [r],
E|Qk.el” < Ca®?*.

PROOF. We use the notation of Theorem 25. First, from Lemma 23, for any
p=>1, EStp < Ca'P. In particular, for any v € Ylo+1 and k € [r],

Ex. [lox. Z1))” = O(EF,,(5)") = O().
We use twice the bound | Y} x;|P < nP=1 > |xil?. We find

p j—
Y Lyl <SP ER|LE,l

ueyy ueyy

Ex

p
> eS|

-1
<87 Y ExrEx.,

ueyy (v,w)eY{ , v£w
—1 2(p—1 P
SStp Z E;,(Si‘) (p—1 Z Ca'Po—t=Dp
ueyy (v, w)eY| , v#w
<s/7H Y CaTIPER (s1)*
ueyy

<C'a's?,
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for some new constant C” depending on « and p. We deduce that for some new
C=>0,

E|> LY, " < crathor,

ueyy

For a real random variable Z, set || Z||, = (EZ? )!/P. Using (60) and the triangle
inequality we get

ZLH

ueyy

I Qk.ellp = Z

-1
< C Za(€+f) — O(a%).
t=0 O

8.4. Decorrelation in homogeneous Galton—Watson branching processes. We
now establish that the variables Qi ¢ and Q; ¢ are uncorrelated when k # j. To
this end, we need the following lemma.

LEMMA 27. Assume that the type o (0) at the root node o is distributed ac-
cording to the stationary distribution 7. Conditionally, on the branching tree T,
the process of types o (u) attached to the vertices of the tree is a Markov random
field. For any two neighbor nodes u, v of T and any i, j € [r], one has the follow-
ing transition probabilities

l
P(o(u) =ilo()=j,T)=—M,;.
For any two (possibly equal) nodes u, v of T, any k, j€lrl, k # j, one has

(66) E(px (o ()¢ j(oc)|T) =

PROOF. By standard properties of independent Poisson random variables,
conditionally on the type o(0) and on the number of children of the root o, the
types of each of the children of the root are i.i.d., distributed according to M., () /c.
Moreover, 7 is the stationary distribution for this transition kernel, which is re-
versible, as follows from the relation M = ITW and the facts that W is symmetric
together with the assumption (10) that the column sums of M all coincide with
«. The Markov random field property and the expression of the transition kernel
follow by iterating this argument.

We now evaluate the conditional expectation in (66). Let u; = u,...,u; = v
denote the unique path in 7 connecting nodes u and v. Let F; denote the o-field
generated by 7 and the type variables o (u1), ..., 0 (us). We then have by the
Markov random field property

E(¢; (o (us4)) 1 Fs) = > Mw(mju)— ’qb,(o(us))

ze[r]
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where we used the fact that ¢; is a left-eigenvector of M associated with eigen-
value w ;. Thus,

B(gulo @) (o @)IT) = () Elge(o )8, (o @)/

- (ﬂ)H S w15 (0)

o ielr]
=0,
where the last equality follows from -orthogonality (8) between vectors ¢y and
¢j for j#k. 0
We now show the following.
THEOREM 28. Let j # k € [r] and Zo = 6, where ¢ has distribution
(w(1),...,m(r)). Then, for any £ > 0,
EQke¢Qje¢=0.
PROOF. Write Qg ¢ as
Qre= Y. ¢ilo(w)),
(v,w)eP(T)

where the sum extends over a set P(7) of node pairs (v, w) that depends only on
the tree 7. Using the analogue expression for Q ; ¢, one obtains

E(QreQjelT = > Yo E(g(ow)gi(o(w)IT)
(,w)eP(T) (v ,w)eP(T)
=0
by Lemma 27, equation (66). This completes the proof. [

9. Local structure of random graphs. We now derive the necessary controls
on the local structure of the SBM random graphs under consideration. Coupling re-
sults will allow to bound the deviation of their local structure from branching pro-
cesses. Asymptotic independence between local neighborhoods of distinct nodes
will then be used to establish weak laws of large numbers.

9.1. Coupling. Fore € E (V)and f € E , we define the “oriented” distance
d(e. f)=minl(y),

where the minimum is taken over all self-avoiding paths y = (yo, Y1, ..., Ye+1)
in G such that (yo, y1) =e, (ye, ve+1) = fand forall 1 <k < ¥, {yk, Yr+1} € E.
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Recall that E (V) is the set of oriented edges of the complete graph whereas Eis
the set of oriented edges of G. In particular, we do not require that e € E. Observe
that d is not symmetric; we have instead d(e, f) = d(f_l, e ).

Then, for integer ¢+ > 0, we introduce the vector Y;(e) = (Y;(e)(7));e[-] Where,
fori e [r],

(67) Yi(e)i)=|{f € E:d(e, f)=t,0(f) =i}|.

We also set

Sie)=|Yi(e)|, = |{f € E:d(e, f) =t}

The vector Y;(e) counts the types at oriented distance ¢ from e.
We shall denote by S;(v) the set of vertices at distance ¢ from v. We introduce
- n(i)
n =3 Lo =i),  md=—=,
v=1
(68) ]
an(i) =) ma(j)Wij, Oy = grelé[lr)](an(i) =a+0(n77),
j=1
where at the last line we have used Assumptions (10)—(12). Central to our lo-
cal study is the classical exploration process of the neighborhood of v which
starts with Ag = {v} and at stage r > 0, if A; is not empty, takes a vertex in A,
at minimal distance from v, say v,, reveals its neighbors, say N;+p, in [n] \ D;
where Dy = [Jg<;<, As the set of discovered vertices at time ¢, and updates
Aip1 = (A U Nigq) \ {v:}. We will denote by F; the filtration generated by
(Ao, ..., Ay). We start by establishing a rough bound on the growth of S;.

LEMMA 29. There exist co, c1 > 0 such that, for all s > 0 and for any w €
[n]U E(V),
P(Vt > 0: 8 (w) <s@,) >1—cre .

Consequently, for any p > 1, there exists ¢ > 0 such that

Ry P
E max ( ,_(v)) <c(logn)?.
velnl, >0\ o)

PROOF. Recall that E|X|? = pfoooxp_llP’(lX| >t)dt and P(max, X, >1) <
1 AY,P(X, >t). Then the second statement is a direct consequence of the first
statement.

To prove the first statement, observe that, in the exploration process, given JF;, if
vy has type j, the number of neighbors of v; in [n] \ D; is upper bounded stochas-
tically by

,
Vi=> Vi
i=1
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where V;; 4 Bin(n(i), W;j/n) = Bin(n(i), 7, (i)W;;/n(i)) are independent. In
particular, for any 6 > 0, using 1 +¢ < ¢, we find

FefVi — ﬁE<1 _ 7T (D) Wij + 7T (D) Wij 60>n(l) < efan(j)Jra,,(j)eg < ef&nJr&nee.
il n(i) n(i) - o

Forany j € [r], we have thus bounded the characteristic function of V; for 6 > 0
by the characteristic function of a Poi(c;,,) variable. It remains finally to repeat the
proof of Lemma 23 from (57) with | replaced by &,,. U

We now check that the random graph G is locally tree-like. For v € [n] and
integer h > 0, we denote by (G, v); the rooted subgraph of G rooted at v, spanned
by the vertices at distance at most & from v. If e = (4, v) € E(V), weset (G, e);, =
(G’, v);, where G’ is the graph G with the edge {u, v} removed (if it was present
in G).

LEMMA 30. Let £ ~ klog,n with k < 1/2. Then, w.h.p. the random graph
G is {-tangle-free and w.h.p. there are fewer than a*‘logn vertices whose (-
neighborhood contains a cycle.

PROOF. We start by proving the second statement. Let T be defined as the
first time ¢ at which all nodes at distance ¢ or less from v have been discovered.
It is clearly a stopping time for the filtration ;. By construction, given F, the
set of discovered edges in V (G, v), builds a spanning tree of V (G, v),. Also,
given F, the number of undiscovered edges between two vertices in V (G, v); is
stochastically upper bounded by Bin(m, a/n) where m = |V (G, v)¢| = S¢(v) and
a=max; ; W(i, j). It follows from Lemma 29 that, for some ¢ > 0,
aES,(v)  cat

<—

(69) P((G, v), is not a tree) <
n n

Hence, from Markov’s inequality,

: ¥4
P(; 1((G, v)¢ is not a tree) > & logn) < ogn”
The second statement follows.

We now turn to the first statement. First, recall that the probability that
Bin(m, ) is not in {0, 1} is at most ¢g2m(m — 1) < g*m?. Also, if G is ¢-tangled,
then there exists v € [n] such that V (G, v), has at least two undiscovered edges.
In particular, from the union bound,

n 2 2 2¢

ES,

P(G is ¢-tangled) < Z a g(v) < «@
n

v=1

= o(1),

where ¢ > 0 and we have used again Lemma 29. [J
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We conclude this subsection with a coupling of the process Y;(e) and a multi-
type Galton—Watson tree. Recall that for probability measures P, Q on a countable
set X, the total variation distance is given by

1

dry(P, Q) =3 ) [P(x) = Q)| =minP(X #¥),
xeX

where the minimum is over all coupling (X, Y) such that X 4 P,Y 4 0.

PROPOSITION 31. Let £~ klog, n with0 <k < 1/2 and e = (u,v) € E(V).
Let (T, o) be the random rooted tree associated to the Galton—Watson branching
process defined in Section 8 started from Zy = 84 (v). The total variation distance
between the law of (G, e)¢ and (T, 0)¢ goes to 0 as O ((logn)atn=r1=6)) The
same holds with (G, e)¢ replaced by (G, v),.

PROOF. We prove the first statement; the proof of the second statement is
identical [see comment below (70)]. If e = (u, v) and G’ = G \ {u, v}, we consider
the filtration F; associated to the exploration process of (G’, v). We let t be the
stopping time where all vertices of (G, ¢), have been revealed. We set yp = 6, and
at step ¢ > 0, we denote by y;+1 = (y;1(1), ..., yr+1(r)) the number of discov-
ered neighbors of v; in [n] \ D; of each type. If o (v;) = j then, given F;, the vari-
ables (y;+1(i))ie[r) are independent and y, (i) has distribution Bin(n, (i), W;;/n)
where

t
(70) nt(i)=n(i)—Zys(i)—]l(t=0,a(u)=i)
s=0

[the last term comes from the difference between G and G'; this term is not present
in the case of the second statement on (G, v)¢]. We perform the same exploration
process on (T, 0), that is a breath-first search of the tree, we discover at each step
the offsprings say x;4+1 = (x;+1(1), ..., x;41(r)) of the active vertex v;. In particu-
lar, if v; has type j then the variables (x;41(i));¢[r] are conditionally independent
and x;41(i) has distribution Poi(sr (i) W;;). To couple the two processes, we shall
use the following classical bounds (see, e.g., [2]):

. A ) A . ) /
(71) dtv <B1n (m, —), Pm(k)) <— and dry(Poi(r),Poi(X)) <[r—2|.
m m

For 0 <t < 7, define the event Q; = {|D;| < caelogn} € F;, where D; is the
set of discovered vertices. By Lemma 29, for ¢ large enough, t < ca‘ logn and
holds with probability larger than 1 — 1/n. Also, by (69), with probability at least
1 —ca’/n, (G, e); is a tree. It follows that by iteration, it is enough to check that,
if ©; holds, there exists C > 0 such that

(72) drv(Prs1, Qrg1) < Cn V70,
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where P,y is the distribution of y,y| under P(:-|F;) and Q,4+1 has the law of
Xr+1 = (X1, ..., x;) where x; are independent with distribution Poi(z (i) W;;), with
Jj = o (v). However, from (71) and the triangle inequality, we have

AW
drv(Pry1, Q1) =drv <Pz+1, &) Poi (M))

ielr] n

+ dTV<® Poi (nt(lnﬂ) Qz+1>

i€lr]
SC@ ZW1]|7Tn(l)_7T(l)|

i=1

From (12), the latter is O(n~"”"~%)). We thus have proved that (72) holds for
some new C > 0. [

ne (i)

<Z< — (i)

Wl]

We will use the following corollary of Proposition 31.

COROLLARY 32. Let £ ~«log,n with 0 <k <y A1/2. For e € E(V),
we define the event E(e) that for all 0 <t < £ and k € [r]: |{¢, Yi(e)) —

i bk, Ye(e)] < (logn)*al’, if k € [rol, and |{gr. Yi(e))| < (logn)*a'/?, if
ke[r1\ [rol.

Then w.h p the number of edges e € E such that € (e) does not hold is at most
(logn)za

PROOF.  First, with exponentially small probability there are fewer than 2an
edges in E. From the union bound, it is thus enough to prove that for any e € E V),
P(E(e)°) < C(logn)a‘n~7. To show this, use the coupling result of Proposi-
tion 31 to deduce that with probability at least 1 — C(logn)a‘n~7, the processes
(Y:(e))o<r<¢ and (Z;)p<r<¢ coincide. It then remains to use Theorem 24 with
=101

9.2. Geometric growth of linear functions of nonbacktracking walks. For k €
[7], we recall that

xk(e) = pr (o (e2)).
The next proposition asserts that for most e € E, (B xx, 8.) grows nearly geomet-

rically in # with rate z4; up to an error of order o'/2.

PROPOSITION 33. Let £ ~ klog, n with 0 <k <y A 1/2. There exists a ran-
dom subset of edges E¢ C E such that w.h.p. the following hold:
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(i) forallec E\ E;,0<t <¢,
(B ks 8e) = 1 (B i 8e)| < Qlogm)*a”? ifk €[],
(B xk: 8e)| < (logm)*a’/? ik € [r]\ [rol,
(ii) foralle € Eg,0 <t <€ and k €[],
(B Xk 8e)| < (logm)e’,

(i) |E¢| < (logn)3atn!~7.

PROOF. We define E ¢ as the set of oriented edges such that either (G, e2)¢
is not a tree or the event £(e) defined in Corollary 32 does not holds. Then by

Lemma 30 and Corollary 32, w.h.p. E, satisfies condition (iii). Moreover, by defi-
nition if (G, e>)¢ is a tree

(73) (B' Xk, 8¢) = (¢, Yi(e)),

and statement (i) follows from Corollary 32. For statement (ii), we simply use that
w.h.p. G is tangle free (by Lemma 30), hence, there are at most two nonbacktrack-
ing walks of length ¢ from e to any f. We get

(B Xk 8e) < 2l Pxlloo St (€).
However, by Lemma 29 w.h.p. for all # > 0 and all e € E, [S;(e)| < C(logn)a’.
O
COROLLARY 34. Let £ ~ klog,n with 0 < k < y /2. With high probability,
foranyO <t <{—1andke€|[r],

sup (B! xx, x)| < (ogn)’n'/?a!/2.
(B xk,x)=0,Ix||=1

PROOF. We write

(B x. x)= Y xe(B"xu. 8e) + Y Xe(B xx 8e) =1+ J.

eeéz e¢Ey
From the Cauchy—Schwarz inequality, the first term is bounded w.h.p. by
1] < (logn)?e’ > |xe| < (logn)®a’ /| E|
e€Eg

< (logn)4oz’a€/2n(1*”)/2 — O(nl/Zat/2)’
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where we have used that o//2a*/2n=7/2 < p¥=v/2+°() and k < y /2. For the sec-
ond term, if k € [ro], using (B*xx, x) = 0, we get similarly w.h.p.

1< 1878 xel[(B i 8el| + 3 1l (B xies 8e) — 1k “(B  xk, 8|
ecE, e¢Eq

< (logn)?a'taltat?n =112 4 (logn)*\/|E|a'/?
< (logn)znl/zozt/zo/n_)’/2 + C(logn)4n1/2al/2.

Finally, if k € [r] \ [ro], we simply write w.h.p. |J]| < Ze¢E¢ |xe || (B xk, 8e)| <
(logn)*n'?a!/?. O

9.3. Laws of large numbers for local functions. We first prove weak laws of
large numbers for general local functionals of SBM random graphs that will then
be applied to specific functionals of interest.

9.3.1. Weak laws of large numbers for local functionals: Convergence speed.
We start with a general variance bound for local functions of an inhomogeneous
random graph. A colored graph is a graph G = (V, E) withamap o : V — [r].
We denote by G* the set of rooted colored graphs, that is, the set of pairs (G, 0)
formed by a colored graph G and a distinguished vertex o € V. We shall say that
a function t from G* to R is ¢-local, if T(G, 0) is only function of (G, 0),.

PROPOSITION 35. There exists ¢ > 0 such that if t, ¢ : G* — R are £-local,
|T(G, 0)| < ¢(G, o) and ¢ is nondecreasing by the addition of edges, then

n 12
V: G,v) | <cna?(E 4@, .
ar(Z 7( v)) <cna; ( 52?[1;(](,0 ( v))

v=1

PROOF. We first bound the expectation of

zZ=Y 3*G,u),

u=1

where X (G, u) is defined as the number of vertices at distance £ from u € V. By
Lemma 29, for any u € [n],

&@—l—l -1 ]
IP’(E (G,u) > sﬁil) < cre €08,
0p —

Hence, for any p > 1, for some ¢, > 0,

n
EZ? <n? 'EY (G, u) < cpnPa;®.

u=1
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Now, for 1 <k <n,let Xy ={1 <v <k:{v,k} € E}, where E is the edge set
of G. The vector (X1, ..., X,) is an independent vector and for some function F,
n

Y:=> 1(G,u)=F(Xi,..., Xn).
u=1
We also define Gy as the graph with edge set [, X,. We set
n
Yi =) t(G,u).
u=1

Since t is £-local, we observe that 7(G,u) — t(Gg, u) can be nonzero only if
u e V((G,k)) and it is bounded by A =2 max,c[,) ¢(G, u). Consequently,

n n
YN —%lP <Y 2HG AP =ZA%
k=1 k=1
Finally, we conclude by using Efron-Stein’s inequality: Var(Y) < EZA? <

VEZZVEA4. O

We now apply the above proposition and Proposition 31 to show that the SBM
random graph with uniform root selection converges weakly to the multitype
Galton—Watson process previously studied. The established convergence implies
convergence for the local weak topology of Benjamini and Schramm (see [3]).
Crucially, we are able to consider local functions with logarithmic distance param-
eter £ and obtain bounds on the convergence speed.

PROPOSITION 36. Let £ ~ klog, n withQ < k < 1/2. There exists ¢ > 0, such
that if T, ¢ : G* — R are £-local, |t(G, 0)| < (G, 0) and ¢ is nondecreasing by
the addition of edges, then if E@(T, o) is finite,

1 n
- Y 7(G,v) —Ex(T,0)
n

v=1

E

at?/logn

<c
- n]//2

(© max 0*(G, v))1/4 v (EpX(T,0))'?),

where (T, 0) is the random rooted tree associated to the Galton—Watson branch-
ing process defined in Section 8 started from Zy = 6, and ¢ has distribution

(1), ..., m(r)).

PROOF. In view of Proposition 35 and Jensen’s inequality, it is sufficient to
prove that

1 n
‘; Y Et(G,v) —Et(T,0)
(74) v=1

ot/? 5 5 12
= O(n—ﬁ,/logn(]rjréa[l;(]]&p (G,v) vEp«(T, 0)) ),
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with 8 =(y A (1 —k))/2. Fori € [r], we set t; = t(T;, 0) where (T;, 0) has dis-
tribution the the random tree (7', o) started from Zg = §;. Let v € V with o (v) =1i.
We denote by x, the indicator function that the coupling of (G, v), and (7;, o)
described in Proposition 31 is not successful. We have, from the Cauchy—Schwarz
inequality

|Et(G,v) —Et| = |[Exy7(G, v) — Exy1i]

<2/ Ex) (E¢(G. v)? v Eg(T;, 0)?)

= O(ag/zn_ﬂ\/logn\/Efp(G, v)?2 Vv Eg(T;, 0)?).

Let vy, ..., v, be fixed vertices such that o (v;) =i [since 7 (i) > O such v; exists
for n large enough]. We recall that Et (G, v) depends only on o (v). Hence, using
(12),

El > (G, v)

veV

= Z @Er(G v;)

= Z{(Tr(i) +0(n™7))Ey

i=1

+ 0(a*n=* /log n\/E(p(G, vi)? Vv Ep(T;,0)?)}

.
=Et(T,0) + O (amn—ﬂ, /logn ) \/}Ego(G, vi)2 v Eo(T;, 0)2).
i=1

This completes the proof of (74). [J

9.3.2. Law of large numbers for specific local functions. We will now apply
Proposition 36 to deduce weak laws of large numbers for expressions closely re-
lated to (B xx, B x;), (B* x«, B'x;) and (B*B** %, B*B** ;). Recall the defi-
nition of Y;(e) in (67).

PROPOSITION 37. Let £ ~«klog,nwith0 <k <y/4:

(1) Forany k € [rol, there exists py > 0 such that, in probability,

1y W Y@

— pk.
an nit

ecE
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(ii) For any k € [r]\ [rol, there exists py > O such that w.h.p.

1 Z (¢, Ye(e))?

an = at -
(iii) Forany k # j €[r],
E‘Ln D9k Ye(@ig), Ye(o))| = O™ 2n 72 (log ).
ecE
(iv) Forany k # j €[r],
E % > (#x. Yoe(@))g. Ye(e))| = O(”/2n~ Y (logn)*/?).
ecE

(v) Foranyk € [ro] in probability
b Z (o Yze(@)(d’k, Ye(e))

an
eeE 'uk

PROOF. Let Z;, t > 0, be the Galton—Watson branching process defined in
Section 8 started from Zg = §, and ¢ has distribution (7 (1), ..., 7 (r)). We denote
by (T, o) the associated random rooted tree. If k € [rg], by Theorem 21, for some
pr >0,

E{gr. Ze) i > = pr + o(1).
We set (G, v) = ZEEE:Q:U (D, Yg(e))zu,:%. We observe that
o ek Ye@)P < > SHe) < S, ).
eEE:ez:v eef:ezzv

We get, using ,uk_z < oL, that T(G,v) < p(G,v) := oFZS%H(v). Also, Lem-
ma 29 implies that Emax, ¢ (G, v)* = 0((10gn)8oz4g). The same upper bound
holds for ¢(T, 0) by Lemma 23. We deduce from Proposition 36 that

1 (e, Ye(e))?  Elgr, Z¢)?
E|— Z ﬁz - 20 .
M M

= 0(a*(logn)>*n=712).
an

ecE

It proves statement (i) of the proposition.
For statement (ii), we use Theorem 22 instead. We denote by X the limit mar-
tingale in Theorem 22 when Zy =§,. If /,L% < p1, we find similarly that for any

6 >0,
(Dr, Ye(e))
—Z( 7 ) N
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converges in L' to I[*Z(|Xk|2 A 0). From Theorem 22, the latter is positive if 6
is large enough. In the case u,% = 11, by Theorem 22, we need to normalize by
ot/201/2.

For (iii), we use Lemma 27. We set (G, v) := ZeeE:ezzv (D1, Ye(e)) (@), Ye(e)).
Arguing as above, we have t(G, v) < ¢(G,v) = Sg_H(v) and Emax, ¢(G, v)4 s
O ((log n)8a8t), by Lemma 29. The same upper bound holds for ¢(7T,0) from
Lemma 23. It remains to apply Proposition 36.

For statement (iv), we have E{¢x, Z2¢)($j. Z¢) = uE (e, Ze)(¢;, Ze) =0 by
Lemma 27. We set 7(G, v) = Z%E:ez:v(d)k, Ye(e))(¢j, Ye(e)). We have

(G <@G )= Y Su(e)Se(e) < Saes1(0)Se41(v).

ecE:ep=v

Moreover, Emax, ¢(G, v)* = 0((logn)8am) by Lemma 29 and the Cauchy—
Schwarz inequality. The same upper bound holds for ¢(7, 0) from Lemma 23. It
remains to apply Proposition 36.

Finally, for statement (v), E(¢x, Zae)(¢x, Ze) = w(B(¢x, Ze)* = 1" (ox +
o(1)). We use ,u,% > o and then repeat the proof of statement (iv), we get

1 Z (D, Yoe(@)) (@, Ye(e))

E _
n3t

— 0(a7€/2*3£/2n*)//2(10gn)S/Z).
an

ecE

Since k < y /4, the right-hand side is o(1). O

We conclude this subsection by estimates on quantities which are closely related
to BEB* 3. Fore € E(V), we define fort > 0, V;(e) = {f € E : d(e, f) = t}. For
k € [r], we set

-1
(75) Peo(@)=Y" Y Li(f),
1=0 fei(e)
where
Li(f) = > (¢, Y2 (2))Se—i—1(h),

(& MeVI(NH\Vi(e);g#h

and Y;(g), Se——1(h) = ||Ye—i—1(h)||1 are the variables Y;(g), S¢—,—1(h) defined
on the graph G where all edges in (G, e3); have been removed. In particular, if
(G, e)yy is a tree, Y, (g) and Y(g) coincide for s <2¢ —¢.

We also define

(76) Sk,e(e) = Se(e) i (o (e1)).
As can be seen from (60), when (G, e¢3)2¢ is a tree, it follows that

(77) B B* 31(e) = Pro(e) + Si.e(e).
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This is the reason why controls of quantities Px ¢ and Sk ¢, themselves based on
the previous branching analysis of quantities Q¢ and Sy, respectively, will be
instrumental in our analysis of vectors Bf B*¢ ¥;; see Lemma 39 below. We have
the following.

PROPOSITION 38. Let £~ «klog,nwith0 <k <y/5:

(1) For any k € [ro], there exists ,0,/( > 0 such that, w.h.p.,

_ZPke(e) oL

ecE

(i1) Forany k € [r]\ [rol, there exists Cy > 0 such that, w.h.p.,
Z k g(e)
a2l (10gn)5
(iii) Forany k # j € [r],for some ¢ > 0,
1 _ c
E|— > (Pee(© + Ske(@) (Pie(e) + Sk z(e))‘ 0(**/?n~7/2(logn)®).

ecE

PROOF. Let Z;, t > 0, be the Galton—Watson branching process defined in
Section 8 started from Zg = §, and ¢ has distribution (7v (1), ..., 7 (r)). We denote
by (T, o) the associated random rooted tree. For any k € [rg], by Theorem 25, for
some positive constant oy,

E[0} ]
(78) L = pp +o(D).
Hi
On the other hand, Theorem 25 also ensures that for some Cj, > 0, for k € [r]\ [ro],
E[QF ]
(79) e <2
a““(logn)

Let us denote here by F; the o-algebra spanned by (G, e);, given F;4; and
g € (G, e);41. By a monotonicity argument, the statement of Lemma 29 applies to
variables (Ss (8),s = 0). Thus, for any p > 1 there is a constant ¢ > 0 such that
for any integer s > 0, E[ S (©P|Fr+1] < ca,”. We thus have, repeating the proof
of Lemma 26, that for any fixed p > 1,

EP; o(e)? < C(@)*? = 0(a*?).

Then the argument in the proof of Proposition 37 can be applied. For statement
(i), we let k € [ro] and define T(G,v) =Y, 5 ,,_, PE,(@n ™ Let

M(v) = max max max (S;(u)/a
() 0<t<lue(G,v); s<2{— t( ()/ )
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Since ,u,% > o, we have the rough bound

-1 2
T(G, v) < a—2€ Z (Z Z MZ(U)(XZ‘-FlaZ—I)

eeE,ezzv 1=0 feYi(e)

{—1 2
2
_ (e Y (Z 3 1) |
ecE,ey=v =0 f€Vi(e)
Hence, (G, v) < CM(v)%a? = ¢(G, v). However, we have by Lemma 29 that

E max, ¢(G, V)4 = O((logn)24oz8£). By Lemma 23, the same bound holds for
o(T, 0). We deduce from Proposition 36 that

1 P2 (e EQ?
Pl )
oan

ek Mk Pk

Since k < y /5, the right-hand side goes to 0 and statement (i) follows from (78).
Statement (i1) is proved similarly using (79). For statement (iii), we use the above
computation, together with Theorem 28 and (8). It gives the claimed bound. [

9.4. Proof of Proposition 19.  For the next lemma, recall the definitions (75)-

(76) of the vectors Py ¢ and Sk ¢ in ]RE We also introduce the vector in RE for
kelr],

N ¢(e) = (¢x, Ye(e)).
LEMMA 39. Let £ ~ klog,n with 0 <« <y A 1/2. Then, w.h.p. | B xx —

Niell = O((ogn)®?a3t?) = o2 yn), |B*B*3x — Pre — Skl =
O((logn)*a’) and | B*B* i — Pr¢|l = O(a“/n).

PROOF. Let E ¢ be as in Proposition 33 and let E 7 C E( be the subset of edges
such that (G, e2), is a not tree. From (73), Lemma 29 and Proposition 33 we have,
w.h.p.,

INie — Bxil” = - (e, Ye(©) — (B xx 8e))°
eeEé
<2 Y (Se@) + (B xx. 5.)
eeé/
= O(|E}|log(n)*a?) = O((logn)>a®),

where at the last line, we have used Lemma 30. Since k < 1/2, it proves the first
statement.
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Similarly, for the second statement, recall as stated i in (77) 1 that when (G, e3)2¢
is a tree, then B¢B* ¥ (e) = Pre(e) + Sk e(e). Let Eze C Eze be the subset of
edges such that (G, e2)2¢ is not a tree. If G is 2¢-tangle-free, then there are at most
two different nonbacktracking paths between two edges. Hence, if e € E,,,

|B B Ji(e)| < 2ll¢xlloo (P1.e(e) + Se(e)) < 2(Pye(e) + Se(e)).
Now, by Lemma 29, w.h.p. S¢(e) < C(log n)at. Moreover, if M = maxy, ;<¢ Sy (v)/
a' < Clogn, Pjy(e) §qu;é Y reye o eI M < M3 Yo et So fi-
nally, w.h.p. for all e € E),,,
|BEB* 31 (e)| = O((logn)>a?").
Hence, by Lemma 30, w.h.p.,

|B B* % — Pie — Sk.e| = O(|/|ES,|(ogm)*a®) = O((logn)*a™).

On the other hand, from Proposition 37(i), w.h.p.,
(80) ISk, = O(v/na").
The conclusion follows since x < 1/2. [

All ingredients are finally gathered to prove Proposition 19.

PROOF OF PROPOSITION 19. We use the notation of Lemma 39.

Proof of (1). Let k € [ro]. By definition,
1B B* Xl

1B xkll

From Proposition 37(i) and Proposition 38(i), respectively, for some positive con-
stants cg, c1, w.h.p.,

k_

- [Nkl < [Pl
< <2c¢; and < <2cy
2 «/_Mk 2 fuze
It remains to use Lemma 39 and the assumption 17 ¢ > a. We find, w.h.p.,
BE BEB*Z
1) co < B Xkl <e; and o< 1B BT I Xkl <
\/_Mk ﬁuk

Proof of (iii). Let k € [r] \ [ro]. From Proposition 37(ii) w.h.p. ||Ng ¢l >
(co/2)+/na*/? and from Proposition 38(ii) w.h.p. || Pi.¢|| = O(/n(logn)’?a’).
Using Lemma 39, we find, w.h.p.,

||BZXI<|| IB*B*

82 d ——F=— <c1.
82) - \/_az/z an Jn(logn)’/2at =«
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Proof of (ii). Let k € [rg]. Since Px = X is an isometry,

(B*B*' %, B %) (B'xu, B**xa)
IBEB*E gl B¥ xucll 1 BEB* 3l BE el

(k> r) =

In view of (81), it is sufficient to prove that for some ¢y > 0, w.h.p. (B xx,
B xx) > copi’n. Note then that

(B xk, B** X&) — (Ni.e, Nic.2o)|

(83) ¢ 2 ¢
<|| B xk| || B xk — Ni.2¢| + || B  xk — Ni.e||| N, 2¢ 1.

However, from (81) and Lemma 39, we have w.h.p. ||BeXk|| ||B%Xk — Ni ol =
0(,u,3fn). Also, from Proposition 37(i), and Lemma 39, we find w.h.p. | Bk —

Ni,e I Nk 2¢ll = o(uitn). So finally, w.h.p.,

(B xk, B2 xa) = (Ni.o» Ni2o)| = o(uitn).

On the other hand, by Proposition 37(v), (Ng ¢, Nk 2¢) is w.h.p. larger than couiﬁn
for some cp > 0. This completes the proof of (ii).
Proof of (iv). Let iy = g V /. From (1) and (81)—(82) for k, j € [r], w.h.p.,

(B xj» B xi)l _ (B xj Bxu)l _ 14B ;. B'xi)|

IBOGIB ]~ @nilal — cnat

(@) Px)|
In addition, equations (81)—(82), Proposition 37(i) and Lemma 39 entail that,
w.h.p.,
(B xjs B x) = (Nje. Nieo)| < | Bxj || B i = Nee| + B xj — Nje|[II Nkl
= 0(”*(logn)*/*\/n).
From Proposition 37(iii), we get, if k # j, that w.h.p.,
(@, )| = O (@ *n=7 2 (logn)/?).
Proof of (v). Letk # j € [ro]. From (1) and (81), w.h.p.,

_ B B x| _ (B . B )|
IBEB* Xl B xall = c3nadt/?

(¢, )|

Asin (83), we use [(x, y) — (x, y) [ < [X'[[ly = Y[l + Iy [l Ix — x"||. We find from
(81), Proposition 37(i) and Lemma 39 that, w.h.p.,

|(BZXj, B ;) — (Nj¢, Nioo)| = 0 (a*/n(logn)*’?).

Also, from Proposition 37(iv), w.h.p. (N; ¢, Ni2¢) is O(n'=7/2a/2(logn)>/?).
We conclude finally that

(¢ @) = 0 (@ n ™" (logn)>?).
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Proof of (vi). We again use the same argument. Let k £ j € [rg]. From (81),

|(BB* i, BEB* 1) B (B*B** 3, B@B*mn
”BEB*Z Xk ” ”BEB*KX] || Cona%

(k. S| =

Recall that [(x,y) — (x",y")| < IX'[llly = "Il + llyllllx — x'll. Then from (81),
Proposition 38(i) and Lemma 39, we obtain w.h.p.

(B*B* i, BEB* %) — (Pr.o + Sk.e» Njo + St.0)| = O((logn)*a*/n).

Finally, from Proposition 38(iii), the scalar product (Px ¢ + Sk,¢, Nj ¢ + Sk.¢) 18
O(m'=7v2a%2(logn)>/*). O

10. Norm of nonbacktracking matrices. In this section, we prove Proposi-
tion 20. The argument used for Erd6s—Rényi graphs extends rather directly to the
stochastic block model.

10.1. Decomposition of B¢. In this paragraph, we essentially repeat the argu-
ment of Section 5.2. We define, for u # v € V, the centered variable,

Am) = Auv - Wo(u)a(v)-

We now re-define K as the weighted nonbacktracking matrix on the complete
graphon V, fore, f € E(V),

Ker =1(e = fIWs(e))o(er)s
where e — f represents the nonbacktracking property, e; = f] and e # f~!. We

also introduce

2
K( ) — =1(e —> f)WU(ez)O'(fl)’

2 . . . . .
where e — f means that there is a nonbacktracking path with one intermediate

edge between e and f. We define A®), B® as in Section 5.2. Rt(é) is now defined
as

t—1 14
£
(Rl( ))ef = Z 1_[ =VsVs+1 WU(Vr)U(Vt+1) 1_[ A}/XVA‘-H ’

1
VeFt[jf s=0 t+1

where the set of paths Ftejfl is still defined as in Section 5.2. We again use the

decomposition

l t—1 w. ;
B0=af+ ¥ Y14, (M) T4,

yeFL11=05=0 r+1
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to obtain

-1
BO a0 Lgpge-n 1 S AC-Dg @ ple-i=D
n n =1

(84)

1 a &
+ oADK - 3 R©.
n n =0

We introduce

W:Z/’Lk)(kil? and L=K® —Ww.
k

It now follows from (84) that when G is ¢-tangle-free,

1
| B x[ < [A®] +~[ KBV
n

r -1

1 _ . e
(85) T Yo 2 1A xllx, B )
=1 =1

’

16—1 ' B o 12 .
+ = 2SN+ 1A+ = SR
t=1 =0

where we have again let 5§\ := AC=DLB¢==D a5 in Section 5.2. We will now
upper bound the above expression over all x such that (x;, Bx) =0.

10.2. Proof of Proposition 20. The proof of Proposition 20 parallels that of
Proposition 11.

The main task is to adapt the arguments of Section 6 to bound the norms [|A® ||,
TAD xiell, IRCU, IBOY, 1K B, [1S]. We only highlight the two main dif-
ferences.

First, the expressions (38)—(45)—(48) now depend on the types of the vertices in-
volved in a path. We treat, for example, the case of (38) needed for Proposition 29.
We claim that if y € Wy, is a canonical path with e edges and v vertices,

2m k

1 an v=1 s\ e—v+l
(86) = 2 BT Avgnenn = <7) <—) !
T

i=1s=1 n
where the sum is over all injections 7 : [v] — [n], @ = max; ; W;; and &, =
a 4+ O(r77) is defined in (68). Indeed, we consider a spanning tree of G(y),
for the e — v 4+ 1 edges not present in the spanning tree, we use the bound,
EAP, < Wo wyo)/n < a/n forany p > 1 and u, v € [n]. For the remaining v — 1
edges, we take a leaf, say /, of the spanning tree of G(y), and denote its unique
neighbor by g. Then the injection 7 : [v] — [n] will give a label say i = o (7(g))
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to g and j = o(t(l)) to [. We use the bound that for any p > 1 and i € [n],
;:1 n(j)Wij/n < a,. Hence, summing over all possible values of 7(/) while
fixing 7(q), g # [, gives a factor of at most &, /n in (86). We then remove [ from
the spanning tree and repeat this procedure v — 1 times; this yields (86).
With (86) in place of (38), using Lemma 17 we then bound § given by (37) as
follows:

km+1  km =1/ 4\e—vtl
S< Y > Wi, e)|< ) (—) n’
v=3 e=v—1 n
km—+1  km
S”&ﬁm Z Z (2km)10m(e—v+1)+8mae—v+1nv—e—l
v=3 e=v—1
m m (2£am)10m
<na," (2tm) (Em)z —).
n

s=0

In the range of k < £ and m defined by (34), we have a* = a*" (1 +o0(1)). We de-
duce that the bound (29) on ||A|| continues to hold for the stochastic block model.
Similarly, by the same adaptation of (45)—(48), we find that bounds (31) and (32)
on || R,(Z) | and || B®|| continue to hold for the stochastic block model.

The second difference lies in the definition of the matrix L = K® — W. For
the stochastic block model, from (9), the entry L.s is zero unless e = f, e — f,
f~!— e ore— f~!. Moreover, the nonzero entries are bounded by a. Then the
argument of the proof of bound (33) carries over easily.

With bounds (29)—(31)-(32)—(33) available for the stochastic block model, the
remainder of the proof of Proposition 20 repeats the argument of Section 5.4.

11. Stochastic block model: Proof of Theorem 5. The strategy of proof
is based on the following lemma which asserts that the existence of a Boolean
function nonconstant over the classes ensures the existence of an estimation with
asymptotically positive overlap.

LEMMA 40. Assume that w(i) = 1/r and there exists a function F : V —
{0, 1} of the graph G such that in probability, for any i € [r],

@)
P

lim — Z Lio=i} F(v) =

n—-oon

where f :[r] — [0, 1] is not a constant function [there exists (i, j) such that
@) # f()). Let (I, I_) be a partition of[r], such that 0 < |I7| <r and

(87) T +| Y fi)> Z f).

ielt iel~



NONBACKTRACKING SPECTRUM OF RANDOM GRAPHS 65

Then the following estimation procedure yields asymptotically positive overlap
with permutation p in (15) equal to the identity: assign to each vertex v a label
6 (v) picked uniformly at random from I if F(v) =1 and from 1~ if F (v) =0.

Observe that the existence of a nontrivial partition (I ™, I7) satisfying (87) is
implied by the assumption that f is not constant.

PROOF OF LEMMA 40. Let j € I and v € V such that o (v) = j, then given
the realization of the graph, the event 6 (v) = o (v) is equal to F (v)e,, where g, is
an independent Bernoulli {0, 1}-random variable with P(s, = 1) = 1/|I|. From
the law of large numbers we deduce that, in probability,

I ¢ 1)
- 1}2 Low=jlsw=ow ~ 15
Summing over all j € I, in probability,

1$ f+

p u2=:1 Lo wyer+ 16wy =o @) — o
where f is the left-hand side of (87). Similarly, if f_ is the right-hand side of
(87), in probability,

1 & 1—f

=Y Lewer-Lowy=ow) =
n v=1

r

Finally, in probability,
1< 1 1 1
=D Liw=ow — = > ~(fr+ 1= fo =D ==(fr = f)>0,
n =1 r r r

where the strict inequality comes from (87). [J

Our aim is now to find a nonconstant function over the classes which depends
on the eigenvector &. To this end, we introduce a new random variable, for v € V,

Le)= Y Piele),
eeE:ez=v
where Py ¢ was defined by (75). Our first lemma is an extension of Proposition 38.
LEMMA 41. Let £ ~«klog,n with 0 <k <y A1/2, k € [ro] and i € [r].

There exists a random variable Yy ; such that EYy ; =0, E|Y ;| < 0o and for any
continuity point t of the distribution of |Yy i|, in L2,

1 & .
=2~ Vo=t L1 i —apsde(ir/ it a—Dizn) ~ TOP(Yiil = 1),
v=1
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PROOF. Let Z;, t > 0, be the Galton—Watson branching process defined in
Section 8 started from Zg = §, and ¢ has distribution (7 (1), ..., 7 (r)). We denote
by (T, o) the associated random rooted tree. Let D be the number of offspring of
the root and for 1 <x < D, let Ok ¢(x) be the random variable Qy , defined on
the tree T* where the subtree attached to x is removed and set

D
Jee=Y Ore(x).
x=1
We observe that
00 Olne—oz
EJie=) ——nElQrelD=n—1]
n=0 :
oo ane—a
=Y E[Qk¢lD=n—1]=aEQx .

_ (n—1)!

Also, by Theorem 25, the variable Qg ¢ ,uk_ze 1 A0Y (M% /a — 1) converges in
L? to a centered variable X satisfying EX ,% < C. However, the variables Qy ¢ and
Jk ¢ are closely related, indeed,

14
Jee=D =LY, +(D =1 3" Li,=(D—=1)Qke— L.
t=lueY?
where Lj, was defined above (60). Inequality (63) for 7 = 0, shows that
ElL;j’le = O(«?"). Hence, Lz’g/u%Z converges in L? to 0. From Theorem 25,

we find that Jk,g,uk_ze — ok dr(t)/ (M%/a — 1) converges weakly to a centered
variable Yj satisfying E|Yy| < C. In particular, if ¢ is a continuity point of
Yel, 1(0(0) = D)L(| k.o " — e (i) /(u} /e — 1)| > ) converges weakly to
1(o(0) =i)1(|Yx| = t). It then remains to apply Proposition 36. [

Our second lemma checks that we may replace Py ¢ in the above statement by
the eigenvector &, properly renormalized to be asymptotically close to (14). More
precisely, we set

L(v)= ) sv/ng(e),

e:ep=v

where s =, /ap; and p; was defined in Proposition 38.

LEMMA 42. Let k € [rol, i € [r] and Yk, be as in Lemma 41. For any conti-
nuity point t of the distribution of |Yy i|, in L2,

1 ,
=2 o= 11w -apmn o/ a-nizn = TOP(Yiil = 1).
v=1
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PROOF. From Proposition 38(i), we find that, in probability,

—Z

eeE

We set ék (e) = Pk,g/(,u,%’zs\/ﬁ). From Lemma 39, we have, w.h.p.,

1€ — &l = O (a1 *) = 0(1).
Also, from Theorem 4, w.h.p.,

2
Pké

[& =& = o).
Hence, from the triangle inequality, w.h.p.,
& — &l = o(D).

We deduce from the Cauchy—Schwarz inequality that, w.h.p.,

3 Jn|E
%Z\s;(e)—sk(a!ss ';' |

I, z(v)

lk( ) — |& — & = o(D).

Since ¢ is a continuity point of | Yy ;|, it is then a routine to deduce Lemma 42 from
Lemma4l. [0

All ingredients are now gathered to prove Theorem 5. We fix k € [rg] as in
Theorem 5 and let £ be as above. We set

JT=lielr]:¢()>0} and J =[r]\JT.

From Lemma 42, there exist random variables X ;, j € [r] on R such that EX; =
aurkdr(j)/ (,ui /o — 1) and the following holds for all j € [r]. With I as above,
for all 7 € R that is a continuity point of the distribution of X ;, the following
convergence in probability holds:

1
(88) Jim, ~ Zﬂm) =t =T (DX} >1).

v=1

Write, for e = 4, m, = Zjels w(j), g = Zjejg w(j)or(j). Note that g, > 0 by
definition of J ™. Also by the orthogonality relation (8) between ¢ = 1 and ¢ we
obtain g + g— =0, so that g_ < 0. For ¢ = %, we shall denote by X, the random
variable obtained as a mixture of the X ; for j € J*, with weights 7 (j)/m,. Note
that X, has mean g, /..

We now establish the existence of #y € R that is a continuity point of the distri-
bution of both X and X_, and such that

(89) P(X+ > t9) > P(X_ > 19).
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To this end, since EX > 0, we write
400 400 +00
/ P(Xy >1t)dt > / P(—X4 >1t)dt =/ P(—X4+ >1)dt.
0 0 0
The same argument yields
+00 +00
f P(X_ >1t)dt </ P(—X_>1t)dt.
0 0
Combined, these two inequalities imply

/()+oo{[P(X+ >1)—P(X_ > )]+ [P(Xy >—1) =P(X_ > —1)]}dt > 0.

Thus, there is a subset of R4 of positive Lebesgue measure on which either
P(X4 >1t)>P(X_ >t) or P(X4 > —t) > P(X_ > —t). This implies the exis-
tence of a continuity point typ € R of both X4, X_, —X and —X_ such that (89)
holds.

We may now come back to the eigenvector & in Theorem 5. We set T = stg in
Theorem 5. For some unknown sign w € {—1, 1}, we have

(90) & = wE].

Case 1: The sign can be estimated. We first assume that w is known and &, = &.
We consider the function

F(v) = ]l{zmzzv g (e)>1/yn} = L1 0)>10)-

From (89), (87) is satisfied with /* = J* and we can apply Lemma 40 to obtain
an asymptotically positive overlap. We note that the sign o is easy to estimate
consistently if the random variable X which is the mixture of the X ; with weights
w(j) = 1/r is not symmetric. Indeed, in this case, for some bounded continuous
function f,

Ef(X)=> a(HEf(X))# > n(HEF(=X;) =Ef(—X).

j=1 j=1

Then, from (88), given w, in probability,
1 n
Aim ~ Zl f(@(v)) =E f (@X)
V=

takes a different value forw =1 and w = —1.

Case 2: Fully symmetric case. Another simple case is if X defined above is sym-
metric and |J | = |J~|. If this occurs, X and —X _ have the same distribution.
We consider the function F(v) = 1(Ze:e2:v & (e) > t//n) = L(wl;(v) > t9) and
the estimation where a vertex such that F(v) = 1 receives a uniform label in J T,
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and otherwise a label uniform in J~. By Lemma 40 applied to F, if o = 1, we
obtain an positive overlap with /= = J* and the permutation p in (15) equal to
the identity. If @ = —1, we obtain an positive overlap with /* = J¥ and any per-
mutation p in (15) such that p(J*) = JF.

Case 3: General case. In the general case, we may use the same idea: apply
Lemma 40 for a partition (I, 17) which may depend on  but such that the
cardinal of I* does not. First, from (88), the function f1(j) =P(X; > 19) is not
constant on [7] and there exists j; such that

: 1 :
AG) > —= > i)
r—1 =
J#i
We distinguish two subcases. The first case is when the function f_i(j) =
P(—=X > to) is also nonconstant. Then there exists j_; such that

1
f=1(-1) > p— > .

J#j-1
We consider the function F(v) = 1(3_,..,—, §k(€) > 7/4/n) = L(wlx (v) > 1) and
the estimation where 6 (v) =1 if F(v) =1 and 6 (v) uniform on {2, ..., r} other-

wise. We apply Lemma 40 to F and the partition I = {j,}, I~ =[r]\ {jw}. We
obtain an asymptotically positive overlap for any permutation p in (15) such that
pljo) =1

In the other case, f_ is constant and equal to say a. We introduce extra random
independent variables o' (v) € {—1, 1} i.i.d. such that P(«'(v) = 1) = P(/(v) =
—1) = 1/2. We consider the function F(v) = 1(o'(v) D eier—uv Sk(€) > T/4/n).
Then, by (88), in probability,

. L& 7(Jj)

Hence, it follows from (89) that (87) is satisfied with /* = J*. We can then apply
Lemma 40 to obtain an asymptotically positive overlap.
This completes the proof of Theorem 5.
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take in a preliminary version of this paper.
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