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Abstract. A result of A.M. Davie (Int. Math. Res. Not. 24 (2007) rnm124) states that a multidimensional stochastic equation
dX; =b(t, X;)dt+dW;, Xo = x, driven by a Wiener process W = (W;) with a coefficient b which is only bounded and measurable
has a unique solution for almost all choices of the driving Wiener path. We consider a similar problem when W is replaced by a
Lévy process L = (L¢) and b is B-Holder continuous in the space variable, § € (0, 1). We assume that L has a finite moment of
order 6, for some 6 > 0. Using a new cadlag regularity result for strong solutions, we prove that strong existence and uniqueness
for the SDE together with L?-Lipschitz continuity of the strong solution with respect to x imply a Davie’s type uniqueness result
for almost all choices of the Lévy path. We apply this result to a class of SDEs driven by non-degenerate «-stable Lévy processes,
ae(0,2)and B >1—«w/2.

Résumé. Un résultat de A.M. Davie (Int. Math. Res. Not. 24 (2007) rnm124) établit qu’'une équation stochastique multi-
dimensionnelle d X; = b(t, X;)dt + dW;, Xo = x, dirigée par un processus de Wiener W = (W;) avec un coefficient b qui est
seulement borné et mesurable admet une unique solution pour presque tout choix de la trajectoire du processus W la dirigeant.
Nous considérons un probleme similaire lorsque W est remplacé par un processus de Lévy L = (L) et b est f-Holder continu en
espace. Nous supposons que L a un moment fini d’ordre 6 pour un certain 6 > 0. En utilisant un nouveau résultat de régularité
cadlag, nous prouvons que I’existence et unicité forte pour I'EDS, associées & une LP-Lipschitz continuité de la solution forte par
rapport a x, impliquent une unicité de type Davie pour presque tout choix de la trajectoire de Lévy. Nous appliquons ce résultat a
une classe d’EDS dirigées par un processus de Lévy a-stable non dégénéré pour ¢ € (0,2) et B > 1 — /2.
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1. Introduction

In [8] A.M. Davie has proved that a SDE dX; = b(¢, X;)dt +dW;, Xo=x € R4, driven by a Wiener process W
and having a coefficient » which is only bounded and measurable has a unique solution for almost all choices of the
driving Wiener path. This type of uniqueness is also called path-by-path uniqueness. In other words, adding a single
path of a Wiener process W = (W;) = (W;);>o regularizes a singular ODE whose right-hand side b is only bounded
and measurable.

We consider a similar uniqueness problem for SDEs driven by Lévy noises with Holder continuous drift term b,
i.e., we deal with

t
Xt(w)=x~|—/ b(r, X,(w))dr + Li(w) — Ly(w), t€[s,T], (1.1)

where T > 0,5 €[0,T],x €eR¢, d>1,b:[0, T] x RY - R is measurable, bounded and S-Holder continuous in the
x-variable, uniformly in ¢, 8 € (0, 1]. Moreover L = (L;) is a d-dimensional Lévy process defined on a probability
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space (2, F, P) and w € Q (see Section 2; recall that Ly =0, P-a.s.). Suppose that E[|L 11 < oo for some 6 > 0
(cf. Hypothesis 2). Assuming that, for any x € R, s € [0, T'], strong existence and uniqueness hold for (1.1) together
with LP-Lipschitz continuity of the strong solution (X;™*) with respect to x, i.e.,

sup E[ sup [XpF = X3V |"] < Clv—y1?, x,yeR? pel2 o0 (1.2)
s€[0,T] s<r<T

(cf. Hypothesis 1 and Section 2) we prove the following result (cf. Theorem 5.1)

Theorem 1.1. Assume Hypotheses 1 and 2. There exists an event Q' € F with P(Q') =1 such that for any w € ',
x € RY, the integral equation

t
f(t)ZX+/b(r,f(r)+Lr(w))dr, (e0.7], (1.3)
0

has exactly one solution f in C([0, T]; Rd).

The assumptions and the uniqueness property are clear when 8 = 1 (the Lipschitz case). When g € (0, 1) the result
is a special case of assertion (v) in Theorem 5.1 which also considers s # 0. It turns out that f(t) = ¢ (0,1, x, ®) —
L;(w), t €[0,T], where (¢(s,1,x,)) is a particular strong solution to (1.1). In Section 6 we will apply the previous
theorem to a class of SDEs driven by non-degenerate «-stable type Lévy processes, a € (0, 2), assuming as in [23] that
B € (1 —%,1). Note that we can also treat locally Holder drifts b(x) by a localization procedure (see Corollaries 5.4
and 5.5). These uniqueness results seem to be new even in dimension one. For instance, one can consider

dX,=|X/|dt +dL®,  Xo=xeR,

with a symmetric a-stable process L = (L;a)), a > 1, and prove that for almost all w € €2 there exists at most one
solution for (1.3) with b(r, x) = \/[x] and L = L@,

As already mentioned when L = W is a standard Wiener process, Theorem 1.1 is a special case of Theorem 1.1 in
[8]. Recall that Davie’s uniqueness is stronger then the usual pathwise uniqueness considered in the literature on SDEs
(cf. Remark 2.2 and see also [10]). Pathwise uniqueness deals with solutions which are adapted stochastic processes
and does not consider solutions corresponding to single paths (L;(w)):e[o0,7]- When L = W several results on strong
existence and pathwise uniqueness are known for the SDE (1.1) with very irregular drift b: the seminal paper [35]
deals with b as in the Davie’s result; further recent results consider b which is only locally in some L”-spaces (see
also [13,18] and [9]).

When L is a stable type Lévy process, the SDE (1.1) with a Holder continuous and bounded drift » and its associ-
ated integro-differential generator L, (cf. (6.8)) has received a lot of attention (see, for instance, [3,6,23,24,31,32,34]
and the references therein). On this respect in Theorem 3.2 of [34] the authors proved that when d =1 and L is a
symmetric -stable process, o € (0, 1), pathwise uniqueness may fail even with a §-Holder continuous b if e + 8 < 1.

Let us come back to Davie’s theorem. The proof in [8] is self-contained but very technical; it relies on explicit
computations with Gaussian kernels. An alternative approach to the Davie uniqueness result has been proposed in
[30] (see in particular Theorems 1.1 and 3.1 in [30]). This approach uses the flow property of strong solutions of
SDE:s driven by the Wiener process. Beside [8] our work has been inspired by Theorem 3.1 in [30] which deals with
drifts b possibly unbounded in time and such that b(¢, -) is Holder continuous. We mention that applications of Davie’s
uniqueness to Euler approximations for (1.1) are given in Section 4 of [8].

In our proof we use L”-estimates (1.2) which are well-known when L = W (they can be easily deduced from
Section 2 in [11]). They are even true for more general drifts b (i.e., b € LY(0, T; LP(RY; RYY), d/p+2/q <1,
p>2,q > 2, see formula (5.9) and Proposition 5.2 in [9]). Moreover, when L is a symmetric non-degenerate «-stable
process, b(t,x) =b(x),a>1and g € (1 — %, 1], such estimates follow by Theorem 4.3 in [23] (see Theorem 6.6 for
a more general case).

By the LP-estimates (1.2), passing through different modifications (see Sections 3 and 4), we finally obtain a
suitable strong solution ¢ (s, 7, x, w) (see Theorem 5.1) which solves (1.1) for any w € €/, for some almost sure event
Q' which is independent on s, ¢ and x. Such solution ¢ is used to prove uniqueness of (1.3) (see the proof of (v) of
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Theorem 5.1). We also establish cadlag regularity of ¢ with respect to s, uniformly in ¢ € [0, 7] and x, when x varies
in compact sets of R, This result seems to be new even when d = 1 and b is Lipschitz continuous if L is not the
Wiener process W (when L = W, the continuous dependence on s, uniformly in x, has been proved in Section 2 of
[14] for SDEs with Lipschitz coefficients). We also prove the continuous dependence of ¢ (s, ¢, x, w) with respect to
x and the flow property, for any w € Q' (see assertions (iii) and (iv) in Theorem 5.1). There are recent papers on the
flow property for solutions to SDEs with jumps (see, for instance, [6,21,24] and the references therein). However they
do not prove the previous assertions on ¢.

Remark that when L = W and b(z, -) is Holder continuous as in (1.1), proving the existence of a regular strong
solution like ¢ is easier. Indeed in such case one can use the well-known Kolmogorov—Chentsov continuity test to get
a continuous dependence on (s, #, x). More precisely, when L = W, we can apply the Zvonkin method of [35] or the
related Itd6-Tanaka trick of [11] and, using a suitable regular solution u(z, x) of a related Kolmogorov equation (cf.
Section 6.2), find that the process (u(z, X;)) solves an auxiliary SDE with Lipschitz continuous coefficients. On this
auxiliary equation one can perform the Kolmogorov—Chentsov test as in [19] and finally obtain the required regular
modification of the strong solution. To get our regular strong solution ¢ we do not pass through an auxiliary SDE but
work directly on (1.1) using first a result in [14] and then a cadlag criterion given in [4]. We apply this criterion to
a suitable stochastic process with values in a space of continuous functions defined on R? (see Theorem 4.4). This
approach could be also useful to study regularity properties of solutions to SDEs with multiplicative noise.

In Section 6 we apply Theorem 5.1 to a class of SDEs driven by non-degenerate «-stable type Lévy processes,
using also results in [23] and [24]. In particular we prove a Davie’s type uniqueness result for (1.1) when L is a
standard rotationally invariant ¢-stable process, @ € (0,2) and 8 € (1 — %, 1]. The generator of L is the well-known
fractional Laplacian —(—A)"‘/ 2 To cover the case a € (0, 1) we also need an analytic result proved in [31] (cf.
Remark 5.5 in [24]). When « € [1,2) and B € (1 — 5, 1] we can treat more general non-degenerate «-stable type
processes like relativistic and truncated stable processes and some temperated stable processes (cf. [24] with the
references therein and see Examples 6.2). When « € [1,2) we can also consider the singular «-stable process L =
(L), L, = (LY, ..., L;i), t >0, where L1, ..., L9 are independent one-dimensional symmetric «-stable processes;
well-posedness of SDEs driven by this process has recently received particular attention (see, for instance, [2,6,23,24,
38]).

2. Notations and assumptions

We fix basic notations. We refer to [17,20,28] and [1] for more details on Lévy processes with values in R?. By (x, y)
(or x - y) we denote the euclidean inner product between x and y € R?, for d > 1; further |x| = ((x, x))"/2.If H c R4
we denote by 1 its indicator function. The Borel o -algebra of a Borel set C C RK, k > 1, is indicated by B(C).
Similarly if (S, d) is a metric space we denote its Borel o -algebra by B(S). We consider a complete probability space
(2, F, P). The expectation with respect to P is indicated with E. If G C F is a o-algebra, a random variable X :
Q — § with values in a metric space (S, d) which is measurable from (€2, G) into (S, B(S)) is called G-measurable.
Similarly a function [ : [0, T] x Q — § is B([0, T']) x F-measurable if / is measurable with respect to the product
o-algebra B([0, T]) x F.

In the sequel we often need to specify the possible dependence of events of probability one from some parameters.
Recall that a set Q' C Q is an almost sure event if Q' € F and P(Q2) = 1. To stress that Q' possibly depends also
on a parameter A we write €} (the almost sure event ) may change from one proposition to another); for instance
the notation €25 , means that the almost sure event €2, , possibly depends also on s and x. We say that a property
involving random variables holds on an almost sure event ' to indicate that such property holds for any w € ' (i.e.,
such property holds P-a.s.).

A d-dimensional stochastic process L = (L;) = (L;);>0, d > 1, defined on (£2, F, P) is a Lévy process if it has
independent and stationary increments, cadlag paths (i.e., P-a.s., each mapping f = L;(w) is cadlag from [0, co) into
R?; we denote by Ls_(w) the left-limitin s > 0) and Ly =0, P-a.s.

Similarly to Chapter II in [19] and Chapter V in [17] we define for 0 < s < ¢ < oo the o-algebra ﬁft as the
completion of the o-algebra generated by the random variables L, — L, r € [s, t]. We also set f&[ = FL. Since L

has independent increments we have that L,, — L,, is independent of ]-"L{‘ for 0 <u < v. Note that (2, F, (]-"tL) >0, P)
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is an example of stochastic basis which satisfies the usual assumptions (see [1], page 72). Given a Lévy process L
there exists a unique function ¥ : R? — C such that

E[¢"E)] =V heR! 1 >0;

Y is called the exponent of L. The Lévy—Khintchine formula for v states that

! ; i(h.) ;
Y (h) = E(Qh’ h) —i{a, h) — o (e — 1= ith, )1y 1= (0))v(dy), (2.1

h e RY, where Q is a symmetric non-negative definite d X d-matrix, a € R4 and v is a o -finite (Borel) measure on R4,
such that [ (1 A y[*)v(dy) < 00, v({0}) =0 (1 A |y|> =min(1, |y|?)); v is the Lévy measure (or intensity measure)
of L. The triplet (Q, v, a) uniquely identifies the law of L (see Proposition 9.8 in [28] or Corollary 2.4.21 in [1]). Itis
called generating triplet (or characteristics) of the Lévy process L.

Given two stochastic processes X = (X;)se0,7] and Y = (¥;)s¢[0,7] defined on (€2, F, P) and with values in a
metric space (S, d), we say that X is a modification or version of Y if for any t € [0, T], X; = Y;, P-a.s.; if in addition
both X and Y have cadlag paths then, P(X; =Y;,t €[0,T]) = P(X; =Y;,foranyr € [0, T]) = 1.

Let L = (L) be a d-dimensional Lévy process defined on a complete probability space (2, F, P), let s € [0, T']
and x € R? and consider the SDE

dX,=b(t,X)dt +dL,;,, s<t<T, X, =x, 2.2)

with b: [0, T] x RY — R? which is a locally bounded Borel function.

According to [19,20] and [33] we say that an R?-valued stochastic process U** = (U;"*) = (U;**)¢js.1) defined
on (2, F, P) is a strong solution to (2.2) starting from x at time s if, for any ¢ € [s, T], the random variable U;"" :
Q—RYis F. {jt-measurable; further we require that there exists an almost sure event 2 , (possibly depending also
on s and x but independent of #) such that the following conditions hold for any w € € ,: (i) the map: ¢ Uf’x (w)
is cadlag on [s, T']; (ii) we have

t
U™ (0) =x + / b(r, U (@) dr + Li(@) — Ly(@), t€ls, T}; (2:3)

(iii) the path  — L;(w) is cadlag and Lo(w) = 0.

Given a strong solution U*** we set for any 0 <t <, U;”* = x on Q.

Let us recall some function spaces used in the paper. We consider Cj, (Rd - R, for integers k, d > 1, as the Banach
space of all continuous and bounded functions g : RY — R* endowed with the supremum norm ||gllo = lIgllc, =

SUp,crd 18(X)], g € Cp(R4; R¥). Moreover, Cl?”g (RY; RYy, B € (0, 1], is the subspace of all B-Holder continuous
functions g, i.e., g verifies

[gleos =[glp = sup (|g) —g(x')|]x —x'|F) <0
b x#x'eR4
(when 8 =1, g is Lipschitz continuous). If § = 0 we set C,?’O(Rd; R¥) = Cp(R4; R¥). If B € (0, 1) we also write
Cf (RY: RF) = Cg’ﬂ(Rd; R%); note that Cg’ﬁ(]Rd; RR¥) is a Banach space with the norm || - lcos=1-lpg=1"llo+
b
[-1g, B € (0,1]. If RF = R, we set Cg’ﬂ(Rd; Rk = Cg’ﬁ(Rd) (a similar convention is also used for other function
spaces). A function g € C,, (Rd; R¥) belongs to C bl (Rd; R¥) if it is differentiable on R and its Fréchet derivative Dg e
Cp(RY; R4 1f B € (0, 1), a function g € C}(RY; R¥) belongs to C, P (RY; R) if Dg e CF (RY; R9). The space
C;Jrﬁ(Rd; R¥) is a Banach space endowed with the norm lglip = ”g”c,l*’s = |lgllo +[Dglg, g € C;J”g (R%: RKy.
Ccr (R?; R¥) is the space of all infinitely differentiable functions from R¢ into R¥ with all bounded derivatives. Finally

g€ C;O(Rd ) belongs to C§° (R?) if g has compact support. Given a bounded open set B C RY we can define similar
Banach spaces C#(B) and C'*#(B) with norms || - lcepy and || - [c1+6 gy, B € (0, 1).
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We usually require that the drift b belongs to L*>°(0, T'; Cg’ﬁ(Rd; R%)), B € [0, 1]. This means that b : [0, T] x

R4 — R4 is Borel measurable and bounded, b(z, -) € Cg’ﬁ(]Rd; RY), 1 €[0,T], and [b]g,7 = sup, (0.7 [b(t, )08 <
’ b

0.

Set |bllg.r = [blg.1 + Ibllo, l1bllo = sup,cfo.7).xere 16(2, X)] if B € (0, 1] and ||bllo,r = ||bllo, B = 0. Note that

(L0, T; Cg"g(Rd; RY)), || - I|g,7) is a Banach space. We will also use
Go=C([0, T1; RY) (2.4)

to denote the separable Banach space consisting of all continuous functions f : [0, 7] — R¢, endowed with the usual
supremum norm || - || G,-

Let us formulate our assumptions on (1.1) when b € L*°(0, T; Cg’ﬁ(Rd; R?)), B € [0, 1]. Note that, possibly
changing b(¢, x) with b(t, x) +a, to study the SDE (1.1) we may always assume that in the generating triplet (Q, v, a)
we have

a=0. 2.5)
In (1.1) we deal with a Lévy process L defined on (2, F, P) and b € L*°(0, T; Cg’ﬂ(Rd; R?)) which satisfy

Hypothesis 1.
() Foranys €[0,T]and x e RY on (2, F, P) there exists a strong solution (U;"*),c(0.7] to (2.2).

(i1) Let s € [0, T]. Given any two strong solutions (U,s’x),e[o,r] and (U,S’y),e[o,r] defined on (2, F, P) which both
solve (2.2) with respect to L and b (starting from x and y € R?, respectively, at time s) we have, for any p > 2,

sup E[ sup |U" — U,S’y|p] <C(M)|x -y, x,yeR, (2.6)
sel0,T] Ls<i<T

with C(T) =C((v, Q,0), Ibllg,7.d, B, p, T) > 0 independent of s, x and y.

The previous hypothesis holds clearly for any Lévy process L if § =1 (the Lipschitz case). Next we consider the
Lévy measure v associated to the large jump parts of L.

Hypothesis 2. There exists 6 > 0 such that f{lX\>1} lx1Pv(dx) < oo.

Remark 2.1. By Theorems 25.3 and 25.18 in [28] the following three conditions are equivalent:

(a) f{|x|>1} |x|%v(dx) < oo for some 6 > 0;

(b) E[|L;|?] < oo for some ¢ > 0;
(c) E[SuPse[o,z] |Ls|9] < oo for any ¢ > 0.

Note also that f{|x|>1} |x|9v(dx) < 00 holds for some 6 > 0 then f{lx\>1} |x|9/v(dx) < oo for any 0’ € (0, 9].

Remark 2.2. We present here for the sake of completeness some general concepts about solutions of SDEs (cf. [31]
for more details). We will not use these notions in the sequel. Let the initial time s = 0. A weak solution to (1.1)
with initial condition x € R? is a tuple (2, F, (F1)i>0, P, L, X), where (2, F, (F;)r>0, P) is a stochastic basis on
which it is defined a Lévy process L and a cadlag (F;)-adapted R¢-valued process X = (X,) which solves (1.1) P-a.s.
A weak solution X which is (F)-adapted is called strong solution. One say that pathwise uniqueness holds for (1.1)
if given two weak solutions X and ¥ (starting from x € R?) and defined on the same stochastic basis (with respect to
the same L) then P-a.s. we have X; =Y;, for any ¢ € [0, T].

3. Preliminary results on strong solutions

Consider (2.2) with b € L*°(0, T} Cg’ﬁ(]Rd; R?)), B € [0, 1], and suppose that L defined on (€2, F, P) and b satisfy
Hypothesis 1.
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Let s € [0, T], x € RY. We start with a strong solution (X;™*),cjo.77 to (2.2) defined on (2, F, P) and introduce
the d-dimensional process Y** = (¥;""),c(0.77,

Y =X — (L, —Ly), t>s. 3.1

Note that on some almost sure event €2; , (independent of ¢) we have
~ t ~
Y =x +/ b(r, Y3+ (L, — Ls)) dr, t>s5, (3.2)
S

and ¥"" = x on Qif < s. It follows that (Y;"")cj0.7] has continuous paths.

Letus fix s € [0, T] and x € R?. We modify the process ¥** only on 2\ €, by setting ¥, () = x, for ¢ € [0, T,
if w ¢ Q x (we still denote by Y such new process).

We find that f‘”‘ (w) € Gy = C([0, T]; RY), for any w € 2. Moreover (cf. (2.4)) it is easy to check that

Y5 = Y%* is arandom variable with values in G. (3.3)

Now, for each fixed s € [0, T'], we will construct a suitable modification of the random field (f’s ") ere With values
in Go. We need the following special case of Theorem 1.1 of [14]. It is a generalized Garsia—Rodemich—Rumsey type
lemma.

Theorem 3.1 ([14]). Let (M, p) be a separable metric space and (2, F, P) be a probability space. Let  : Q x R? —
M be a F x B(RY)-measurable map such that ¥ (w, -) is continuous on R4, for each w € 2, and there exists ¢ > 0
and p > 2d for which E[(p(Y (-, x), ¥ (-, Y))P1 < clx — y|P, x, y € R, Then, for any w € Q, x,y € R4,

2d 2d+

p (¥ (. 2). (. ) < Y(@)lx —y|' "7 [(Ix] v |y]) v 1], (3.4

where Y : Q2 — [0, oo] is the following p-integrable random variable:

1/p
Y(w) = (/ (Y (o, x), ¥(w, y)? f(x)f(y)dxdy) Cweq,
R4 JRA

|x — y|?

with f(x) =c(d, p)([|1x|¢[(og(|x]) v 0)2] v 1)~ x #0, for some constant c¢(d, p) > 0.

In Theorem 1.1 of [14] f(x) is just defined as ([|x|¢[(log(lx]) v 0)2] v 1)~!. Moreover Y(w) =
)P

C3(fpa Jrpa LUACDELIIT £ (x) £ (y) dx dy)'/P.
Lemma 3.2. Consider (2.2) with b € L*°(0, T, C,?’ﬂ(Rd; Rd)), B €10, 1], and suppose that L defined on (2, F, P)
and b satisfy Hypothesis 1. Let us fix s € [0, T and consider the random field Y5 = (Y**) ceprd With values in G (see
(3.3)). We have: _

(i) There exists a continuous version Y* = (Y*¥)  .ga with values in Gy (i.e., for any x € R4, Y5 = Y5 jn Gy
on some almost sure event).

(ii) For any p > 2d there exists a random variable U , with values in [0, o0] such that, for any w € Q, x,y € RY,

5, _ysYy MT+1 1 _ y|1=2d/p
Y5 (@) = Y*¥ ()| Go = Us.p@)[(IxI vV Iyl) 7 v 1]lx =yl - (3.5)
Moreover, with the same constant C(T) appearing in (2.6),

sup E[UL,] <C@)C(T) < o0, (3.6)
s€[0,T]

where C(d) = (fRd f(x) dx)? (hence Uy, p is finite on some almost sure event possibly depending on s and p).
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(iil) On some almost sure event 2, (independent of t and x) we have
t
Yt =x +/ b(r, Y8 + (L, — Ly))dr, t>s5,xeR? (.7
N

(where Y. (w) = (Y5 (w))(t), t €0, T]).

Proof. (i) Using (2.6) we can apply the Kolmogorov—Chentsov continuity test as in [15], page 57, and obtain a
continuous version Y* of Y*. The classical proof given in [15] uses the Borel-Cantelli lemma; by such proof it is easy
to show that an analogous of (2.6) holds for Y*, i.e.,for p >2,x,y € Rd,

sup E[||y>* —y*¥|2 ]= sup E[|Y** —¥"Y|2 | <C(T)lx — y|’. (3.8)
5€[0,T] 07 se0,7] 0

(i) As in Theorem 3.1 we consider the random variables

ys:x —_ysy p 1/p
Us‘pw):( / / (” (@) (‘”)"G°> f(x)f(y)dxdy> ,
Rd JRd |x — ¥yl

w €, p>2dands €0, T]. By (3.8) and Theorem 3.1 we obtain (3.5) and (3.6).
(iii) We start from equation (3.2) involving the process (Y**). Since for some almost sure event Q;’x C Q5.x, We

have ¥, (w) = ¥ (0), w € 2, ., t € [0, T], we obtain from (3.2)

§,X?

t
Y () =x + / b(r, ¥ (@) + (L (@) = Ly(@))) dr,

forany s e [t,T],x € Q¢, w e Q= ﬂerd 2 .- Note also that by (i) the function: x > ¥Y***(w) is continuous for

all w € Q. Take now x € R and let (x,) C Q¢ be a sequence converging to x. It follows from the continuity of b(r, -)
and the dominated convergence theorem that, for any ¢ > s, on Qg we have:

n—0o0

t
Y;" = lim Y™ = lim x, + lim / b(r, Y3 + (L, — Ly)) dr
n—oo n—oo s

t
=x +/ b(r, Y + (L, — Ls)) dr
N
and this shows the assertion. |

Let s € [0, T]. According to the previous result starting from Y* = (Y**),.ge We can define random variables
X7*: Q — R? as follows: X" =x if t <5 and

X =y 4 (L —Ly), s,t€[0,T],xeR s<t. (3.9

By the properties of Y** we get P(X* = X", 1 €[0, T]) = 1, for any x € RY (cf. (3.1)). Moreover, using also (3.7),
we find that for some almost sure event €2, (independent of x and ¢) the map: ¢ > X;*(w) is cadlag on [0, T'], for

anywe Q) x € R4, and on Q) we have

t
Xf’x:x—i—/ b(r,X!*)dr+L,— Ly, s<t<T,xeR" (3.10)
s

Thus (th,x)le[oﬂ is a particular strong solution to (2.2). By Lemma 3.2 we also have, for any s € [0, T], x € R,
on

lim sup |X;" —X;’|=0. (3.11)
Y=Xtel0,T]

We can prove the following flow property.
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Lemma 3.3. Under the same assumptions of Lemma 3.2 consider the strong solution (X;™);cj0.1] defined in (3.9).
Let 0 <s <u < T. There exists an almost sure event 2, (independent of t € [u,T] and x € RYY such that for
w€EQu,XE R4, we have

X (@) = XY @), teu, T, x e RY. (3.12)
Proof. Letus fix s,ue€[0,T], s <u,and x € R4 . We introduce the process (V" )o</<r on (2, F, P) with values in
RY:

VA (@) X7 () forO<t<u, 9

w) = 5, w € .
! XX @y foru <t <T,

In order to prove (3.12) we will show that (V}*) is strong solution to (2.2) for ¢ > s. Then by uniqueness we will get
the assertion.

It is easy to prove that (V;*) has cadlag paths. More precisely, by (3.7) on some almost sure event €2 N €2,
(independent of x) we have that ¢ > V;*(w) is cadlag on [0, T'] (note also that, for any w € Q; N Q) z € R4,
lim,_, ,+ X?’Z(a)) =2).

Moreover, for any x € R4 and t > s, the random variable V' is ]—'ﬁ,-measurable. The assertion is clear if ¢ < u.
Let us consider the case when ¢ > u. First X;;* is F,-measurable. Define F} ,(z, w) = X;"*(w), z € R?, w € Q. The
mapping F; , is clearly B(RY) x ]—'SL,,-measurable on R? x Q and F; (-, ) is continuous on R?, for any w € Q, by
(3.11). It follows that also the map: @ > Fy ,(Xy™ (w), @) is F,-measurable.

It is clear that (V/*) solves (3.10) on ) when s <t <u (recall (3.7)). Let us consider the case when ¢ > u.
According to (3.10) we know that on €2/, we have

§,X t 5.
XX s +/ b(r, X“X Y dr + L — Ly, t>u. (3.13)
u
Hence on ), N 2} we have for t > u

5,X u
V=X =x +/ b(r, X3*)dr + Ly, — Ly
N

! t
+/ b(r, XX )dr+L,—Lu=x+/ b(r,V¥)dr + L, — L.
u s

It follows that (V;*) solves (3.10) on Q; N Q/M when s <t < T. By Hypothesis 1 we infer that, for any x € R4, on
some almost sure event €2, » we have that V;* = X;"*, 1 € [s, T]. In particular we get V,* = X;"*, t € [u, T] and this
proves (3.12) at least on an almost sure event g ;-

To remove the dependence on x in the almost sure event, we note that the mapping: x — V;*(w) is continuous from
R¢ into R?, for any w € , 1 € [0, T] (see (3.11)). Arguing as in the final part of the proof of Lemma 3.2 we obtain
that X" (0) = V¥ (w), fort € [u, T], x e R and w € 2, = Myeqd Ps,u,x- This proves (3.12). O

Following [26] page 169 (see also Problem 48 in [26]) we introduce the space C@R: Gy) consisting of all contin-
uous functions from R¥ into Go = C([0, T]; R?) endowed with the compact-open topology (or the topology of the
uniform convergence on compact sets). This is a complete metric space endowed with the following metric:

1 sup <y IF () =g llG d
d(f,9)=Y — . f.g € C(RY; Go). 314
Ve NZZ:] 2N 1 +suppy <y 1f (X) — g@)llG, feecl 2 o

It is well-know that C (]Rd ; Go) is also separable (see, for instance, [16]; on the other hand Cj, (Rd ; Go) 1s not separa-
ble). We will also consider the following projections

7 i C(RY; Go) = Go,  me(f) = f(x) €Go, xeR?, feC(RY;Go) (3.15)
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(each 7, is a continuous map). According to Lemma 3.2 for any s € [0, T'] the random field (Y*¥) , cg« has continuous
paths. It is not difficult to prove that, for any s € [0, T'], the mapping:

w0 Y () =Y (0) (3.16)

is measurable from (2, F,P) with values in C (Rd ; Go). Indeed thanks to the separability of C (R4; Gy) to check
the measurability it is enough to prove that counter-images of balls B.(fo) = {f € C(R%; Gy) : > Ns1 2LN X
SUp(| < xeqdy IS @)= follG,
T+supy oy ceqd) 1F = fo)llG,
In the sequel we will set Y = (Y*);¢[0,7] to denote the previous stochastic process with values in C (R?: Gg) and
defined on (2, F, P).

<r},r>0, fo € C(RY; Gy), are events in 2.

4. A version of the solution which is cadlag with respect to the initial time s

In Theorem 4.4 we will prove the existence of a cadlag modification Z of the process ¥ = (Y*)s¢[0,7) With values in
C(R%; Gy) (cf. (3.16)). In particular Z is a modification of Y which is cadlag in s uniformly in x, when x varies on
compact sets of R?. In Lemma 4.5 we will study important properties of Z. Before discussing on cadlag modifications
we recall a standard definition.

A process X = (X;):e[o,7] defined on (€2, F, P) with values in a metric space (S, d) is stochastically continuous
(or continuous in probability) if for any 7o € [0, T], X; converges to X, in probability (see [12] for more details).

Important results on cadlag modifications for stochastic processes were given by Gikhman and Skorokhod (see
Section III.4 in [12]). We will use a recent result given in Theorem 4.2 of [4]. In contrast with [12] the proof of this
theorem does not require the separability of the stochastic process. It is stated in [4] for stochastic processes (X;)
when ¢ € [0, 1]. However a simple rescaling argument shows that it holds when ¢ € [0, T'], for any T > 0.

Theorem 4.1 ([4]). Let X = (X;)ie0,7] be a stochastically continuous process defined on a complete probability
space and with values in a complete metric space (S,d). Let 0 <s <t <u < T and define A(s,t,u) =d(Xs, X;) A
d(X;, X,,). A sufficient assumption in order that X has a modification with cadlag paths is the following one: there exist
non-negative real functions 8 and xo (8 is non-decreasing and continuous on [0, T], §(0) = 0, and xq is decreasing
and integrable on (0, T) such that the following conditions hold, forany 0 <s <t <u <T, M >0,

P(A(s,t,u)>M)
E[AGs, t, ) a¢sruy=m] <8u — S)/ xo(r)dr, 4.1
0

/1( 1 /u )5(14)
u xo(r)dr | — du < oo. “4.2)
0 0 u

The next result follows easily (cf. Section III.4 in [12]).

Corollary 4.2. Let X = (X;)se[0,7] be a stochastically continuous process with values in a complete metric space
(S.d). A sufficient condition in order that X has a cadlag modification is the following one: there exists g > 1/2 and
r > 0 such that, forany 0 <s <t <u < T, we have

E[d(Xy, X0 -d(X;, Xu)?] < Clu — 5" (4.3)

Proof. In order to apply Theorem 4.1 we introduce x¢ (k) = %h_lﬂq, he,T]. Letus fix 0 <s <t <u and
M > 0. Noting that for a, b > 0 we have a A b < \/a+/b. We find by the Holder inequality

2g—1

q
29

E[AGs, 1,001 a¢m=m] < (E[AGs, 1,w)]) > (P(As, 1,u) > M))

Ly [POGL0ZM)
< E[d(X,. X)? - d(X;. X.)4]" /0 xo(r)dr

P(A(s,t,u)>=M)
<clPa)y — s|“+r>/2q/ xo(r)dr.
0
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1
Setting 8(h) = h{1T7/24 h € [0, T], we see that fOT S(M)M_I_Z du < oo is equivalent to (4.2); we get the asser-
tion. O

We now prove the stochastic continuity of Y.

Lemma 4.3. Consider (2.2) withb € L*°(0, T} Cg’ﬂ(Rd; R?)), B € (0, 11, and suppose that L and b satisfy Hypothe-
ses 1 and 2. Then the process Y = (Y*) with values in C(R?: Gy) (see (3.16)) is continuous in probability.

Proof. Letus fix s € [0, T']. We have to prove that

lim P( sup sup |¥F — Yf/’xi > r) =0, foranyr>0,N>1. 4.4)

s'=5  \x|<N1€[0,T]

Indeed this is equivalent to limy_, s P(do(Y*, YS’) >r) =0, r > 0. To this purpose it is enough to check both the
left and the right continuity in (4.4). Let us check the right continuity in s (assuming s € [0, T)). The proof of the

left-continuity in s can be done in a similar way. Since Cg"g(Rd; Rd) C Cg’ﬂ/(Rd; Rd) for 0 < B/ < B <1 we may
suppose that g is sufficiently small; we will assume (cf. Hypothesis 2)

BQ2d + 1) <2d6. 4.5)

Let (s,) Cls, T] with s, — s. We have to prove that for fixed N > 1,6 > 0,

lim P( sup sup [V — ¥ > 5) —0. (4.6)
=00 \x|<N rel0,T]

If we show that

E[ sup sup |¥;" — Y,S”’x}] —0 asn— oo 4.7
0<t<T [x|<N

then (4.6) follows. Let us fix n > 1 and consider the random variable J; y s = |¥;"* — ¥;"|. If t <s we find
Jixns =0.If s <t <s, then, for any x € R4, on some almost sure event 2,5, (independent of x and ¢; see (3.7))

Jixns = < Ibliolt — sl < lIbllols — sl

t
/ b(r, Yimr + (L, — LS)) dr
S

Hence in order to get (4.7) we need to prove that

E[ sup sup |V — Yts”’xl] —0 asn— oo. (4.8)

sn<t<T |x|<N

Let ¢t > s,. We have on 2 g,

$,X Sp X
sup |¥," =Y, |§ sup
lx|=N lx|=N

t t
/ b(r, Xﬁ’x)dr—/ b(r, Xﬁ”’x)dr
K Sn

t
<2ls —sulllbllo+ sup [ |b(r, X;¥) = b(r, X;»¥)| dr. (4.9)

[x|<N Vs,

By Lemma 3.3 on some almost sure event Q;,sn C Q,s, (independent of x and r) we have for r € [s,, T']

sup |b(r, Xix) — b(r, Xﬁ”"‘)| = sup \b(r, Xi”’Xj;’x) —b(r, Xf"’x)| <[blgT sup sup |X5"’X§’;x — Xﬁ””‘|/3
[x|<N [x|<N [x|<N rel0,T]

=1[b st’X;,lx _ ySnoX B )
[blg.1 ‘xsllgvﬂ ||GO
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By Lemma 3.2 with p =4d, setting Uy = Uy ,, s € [0, T], we get

sup |b(r, X2*) — b(r, Xm¥)|
[x|<N

<l r[(xlv X3 )5 v 1Pus Islu[;]|x — x5 P2 (4.10)
X|=

Noting that, for [x| < N,n > 1, |Xg"| < N +2T||bllo + | Ly, — Lg| we obtain on €}

sup [b(r X;%) = b{r X | < la.r Ve sup b = X517 (@.11)
x|=

n
[x|<N

r € [s,, T], where we have introduced the random variables

2d+1 2d+1 2d+1
Veww =[N + (2TIbllo) ™ + Ly — Li| ™% |Uy, (4.12)

0<s <s' <T.ByRemark 2.1 and (4.5) we know that, for any n > 1,

BQRd+1) BQd+1) BQRd+1)
E[ILs, — Ls| 2 |=E[|Lg—| 2 ]§E[ sup |Lg| 20 ]<oo,
s€[0,T]

since E[sup, 0.7 |L,|9] < oo. Using also that SUP,-¢[0, 7] E[Ur%f,] =k’ < 0o (see (3.6)) we obtain by the Cauchy—
Schwarz inequality

sup E[Vﬁ

g s,8'\N
0<s<s'<T

(ko also depends on N). Let us revert to (4.11). Since
Sn
X507 — 5/ 1b(r. X5%)|dr + 1L, — Ly| < Ibllols — sl + | Ls, — Lsl. (4.14)
N

for any x € R, n > 1, we obtain for r € [s5, T

sup [b(r, X3) = b(r, X%)| < Blp.rVE,  (Ibllols — sal + 1L, — Ly1)?"? (4.15)

A
|X‘§N sOn s

and so (cf. (4.9))

t
sup [ |b(r, X5¥) = b(r, X2%)|dr < T(b1p.r VE, y(Ibllols = sal + Ly, — Lsl)"".

[x|<N Jsy
Let us define the random variables Z,, = ||b|lo|s — s,| + |Ls, — Ls|. By the stochastic continuity of L we know that

lim P(Z,>8)=0, &>0. (4.16)
n—oo

Using (4.9) on an almost sure event 2,

S,Sp?

for any § > 0, we have

sup sup |¥F — ¥

sn<t<T |x|<N

t
<2|s — sullIbllo + 1z, <8y + Liz,=5)) - sup [ |b(r, X2%) —b(r, X3¥)|dr

[x|<N Jsy

< Tliz,<s)lblp.7VE, 8P/ + 2T Ibllo1 (2,8 + 2Is — sulllblo-
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Applying the expectation and using (4.13) we arrive at

E[ sup sup |Vt — Yf”’x|]

su<t=<T |x|<N

<2ls = sulllbllo +koT [b1p,78"% +2T |10 P(Zs > §).
Now, using (4.16), we obtain easily (4.8) and this completes the proof. (]

In the next result we need the Lévy-Itd formula. To this purpose we recall the definition of Poisson random measure
N:N(0,t] x H) = ZO<s<t 1 (ALy) for any Borel set H in R4 \{0}; ALy = Ly — Ls_ denotes the jump size of L
at time s > 0. The Lévy-Itd decomposition of the given Lévy process L on (2, F, P) with generating triplet (v, Q, 0)
(see Section 19 in [28] or Theorem 2.4.16 in [1]) asserts that there exists a Q-Wiener process B = (B;) on (2, F, P)
independent of N with covariance matrix Q (cf. (2.1)) such that on some almost sure event Q' we have

L[ = At + B[ + C[, t > 0, where (417)

t t
Ay :/ / xN(ds,dx), C, :/ / xN(ds,dx); (4.18)
0 J{lx|=<1} 0 J{lx|>1}

N is the compensated Poisson measure (i.e., N(dt,dx) = N(dt,dx) — ditv(dx)).

Theorem 4.4. Under the same assumptions of Lemma 4.3 consider the process Y = (Y*) with values in C (R4; Gy)
(see (3.16)). There exists a modification Z = (Z°) of Y with cadlag paths.

Proof. To prove the assertion we will apply Corollary 4.2. We already know by Lemma 4.3 that Y is continuous in
probability.

In the proof we will use the fact that f{lX\>1} 1x|?v(dx) < oo for some 6 € (0, 1). This is not restrictive according
to Remark 2.1. We proceed in some steps.

Step 1. We establish simple moment estimates for the Lévy process L, using the Ito-Lévy decomposition (4.18).

Using basic properties of the martingales (A;) and (B;) we obtain

E|B/|* = Cot, E|A,|2=t/{| . Ix|?v(dx), t>0 (4.19)
X[ =

Now we concentrate on the compound Poisson process C = (C;); on some almost sure event " we have

0
< Z IALsI 1AL, =1y,

O<s<t

G = Z ALsTaL, =1y

O<s<t

since the random sum is finite for any w € Q" and 6 < 1. Let fo(x) = lI{jx|>1) (x)|x]?, x e RY; using a well-know result
(cf. pages 145 and 150 in [17] or Section 2.3.2 in [1]) we get

t
E[ Z |ALs|91{|ALS|>1}i| = E[/ / |x|9N(ds,dx)}
0 Jxl=1)

O<s<t
= / fo(x)v(dx) = / 1x|%v(dx)
R4 {lx|>1}
and so

E|C,[’ Et/ Ix|?v(dx) = cot, t>0. (4.20)
(Ix[>1)
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Step Il Let 0 <s <5’ <T. Similarly to the proof of Lemma 4.3 in this step we establish estimates for the random
variable J; ;s ¢ =¥ — Yé .

Ift <swehave J; , ;v =0,x € RY. If s <t < s’ then, for any x € R4, on some almost sure event €2, ¢ (indepen-
dent of ¢ and x) we find

Y55 =¥ < lIbllolt — 51 < [Ibllo]s — '|.

Lett > s’ and N > 1. We have (cf. (4.9))

sup sx_YS x| <2|S—S |||b||0+ Sup / |b r, sz (r XS )C)|dr (421)
[x|=N

Moreover, there exists an almost sure event Q o C S5 5 such that on Q o we have for r € [s', T]

sup |b(r, Xﬁ’x) — b(r, X;V,‘X)| = sup \b(r, X:/’Xj;x) _ b(r, Xi’,x)\
=N lx|<N

<[blpr sup [y X~y
[x]=N
Now we use Lemma 3.2 with p > 32d to be fixed and get, for any r € [s’, T] on Q: ¢ (cf. (4.10) and (4.11))

sup [b(r, X;) = b(r, X;)|
[x|<N

< (Blp.r[(Ix1 v |X§f’x’)2d7+] v ull | sup [x — X3 =3

s
[x|=N

and so

sup [b(r Xp) = b(r X7)| < Wlar Ve, sup Jx = Xy PO, (4.22)

s
|x|<N
2d+ 2d+1
Vosnp=[N 7 +2Tlbllo) » +I|Ly — Ly | > ] 5. ps
Coming back to (4.21) we find for # > 5" on Q!

sup sup ¥ — Ytsl’x|

s'<t<T |x|<N

x|BU—2)
< 2|s —s |||b||0 + Tl{sup|x|<N \X _x|<cols—s II/S}[b]ﬂ TV . S/ N Plslugv X — Xj/x B P
X<

+ 2T 1bl0 Y sup, _y 1X5* ~xI>cols—s11/3)>

with ¢g > 0 such that co,o — 1bllop > ,01/8 for any p € [0, T]. We obtain on Q/ 5
sup sup |¥* — Yf/’x| = sup |V — ysx “G
[x|<N r€[0,T] lx|<N 0
_E
<C1|s—s|+C1 |s s|8(1 )

s,s',N,p
+Ci 1{5“P|x|5N \X‘;;X—x\>co|x—s’\l/8}v (4.23)
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with C1 = 2(T v D)[1bl|g.7¢q. Since, for any x € RY, |X3* — x| < |s' —slllbllo + | Ly — Ls| and, moreover, cols —
S/|1/8 . ||b||()|s _S/| > |S _S/|1/8’ we find on Q; s

sup || ysx —ys

lx|<N ”GO

B_ud
<C1(|S_S |+ |S_S/|8(1 p)+]{‘L;—LS|>|S—S/‘1/8})‘ (424)

s,s',N,p
Note that C| is independent of s, s" and N.

Step I1I. Using (4.24) we provide an estimate for do(Y*, Ys/) (cf. (3.14)) when0<s <s' <T.
We have (see (4.22))

BQRd+1) /3(2d+l)

ﬁ(2d+1)
<IN ribl) T 1Ly — Ly U

N

B
Vs,S’,N,P

’

P
and so

1 SUP| < ”Ys,x —ys ,x”G0

do(Y?, Y ) = — - .
( ) NXZ:I 2N + SUP|| < |Ys* —Ys ,x”GO

< C1|S — S/| + C11{|L/,—L |>|S—s/|l/8}

1_E
+C1U5,p| s|8( )ZzN
N>1

BRd+1) BRd+1)

(2T||b||o) P4 ILy =Ll 7]

B BRd+1)
SC3(|S_S/|+1{|L§—LS\>|S—S/|1/8}+U£’p’5—sl}8(l ( +|L/—L | 5 ))’

where C3 = C3(B, T, ||bllg,7.d, p) > 0. Recall that p > 32d has to be fixed.
Step IV. Letnow 0 <51 < 53 <53 <T and set

P =383 —S1.

We will apply Corollary 4.2 with ¢ = 8/8. Let us fix p > 32d (i.e., 1 — 24 > 15/16) such that 8<2d+1> <% and
introduce the random variable
8(2d+1)
Z=14 sup |Ls| »
s€[0,7T]

8(2d+1)
Clearly we have that |Ly — Lg| ? <2Z,0<s <s’ <T. Moreover by Remark 2.1 we know that E[Z*] < o0.

Using Step III and the previous estimates we will check condition (4.3). In the sequel we denote by Cj or cj positive
constants which may depend on 8, T, ||b||g,7, ¢ and d but are independent of s1, 57 and s3. We have

= E[(do(r", v=)-do(r, v) 7]

1—2d
< CaE[(Is3 =17 g g popsgmsipiny + ZU5 plss =511 7)

1—2d
53 = 1P r sy 205 plss =il 7))

_2d
We denote by ¢, > 1 a constant such that 18/ < czt1 p,t €0, T]. We obtain (p = s3 — 51)

2d 3 1—2d
F<GCE[(0"7 + 11,1, olmmsii) + ZUS o' 7)

-2 g 1-x
(0T gLy sy H ZUg o 7 )]

<Cs(I'1 + T2+ T3+ Ty),
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where I't = E[Ly,, 1 1> 155118 " Ly~ Loy 1> Is3 =211
1—2d
Fy=p 7 [P(ILs; = Lyl > Is3 = 521'/%) + P(ILs, = Ly | > 52 = 1]'/%) .

P3=p "7 E[lyr, 1, m1s-081ZUs p + Ly Ly, 15151115 ZUs5 |-

2d 2d

2778 8
Ty=p 5.p a.p T 2705 UG L)

52,07 53.P
It is not difficult to treat I'4. Indeed we can use the Cauchy-Schwarz inequality and

sup E[UJ,] =k < o0 (4.25)
s€[0,T]

(see (3.6)) in order to control the expectation in I'4. For instance, we have

E[Z205 U8 ] = E[2*]( sup E[U32])1/2<oo, (4.26)

$2,p 83,

since E[Z*] < oo and p > 32d. We obtain

_2d _2d
Ty < Cop”'7) = Colsy — 51" 77 < Cols3 — 511716 (4.27)

To estimates the other terms we need to control P(|Ly| > |s|/%), s > 0. To this purpose we use Step I. We have
P(ILs| > s'%) < P(1Bs| > s'/3/3) + P(1As| > 578 /3) + P(ICs| > 5178 /3).

By Chebychev inequality we get for s > 0

9 3¢
P(ILs| > s'/8) < mE[lBSF + A ] + WEUCSW] <c3(s4 +5'75). (4.28)

Using (4.28) and (4.25) we can estimate ['; and I'3. For instance, since the increments of L are independent and
stationary, we find

2d
T2 <p' "7 [P(ILysoss| > I53 = 52]"%) + P(ILgy—s ] > Is2 — 511'/%)]
<2e3p" 7 (0¥ 4 p'F).

We can proceed similary for '3 (see also (4.26)):

o 1/4
P! P (E[2) 7 ( swp EIUS]) 1P (Ll = 153 =l )"
se€ll,

+ (P(ILsysy | > Is2 = 51119))'*] < Cyp! =7 (75 4 p20-9)).

Note that (1 — %) +3/8>5/4and (1 — %) + 31— %) > 5/4. We get

3 . 15/4
I2+ T3 < Cop? = Cols — 5174, (4.29)
Finally we consider
It < P(ILyy—s| > I3 = 521'/%) - P(ILgy—s,| > Is2 = 511'/%)

[
<2307+ p*1 %) < cylss —s1 P2, (4.30)
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Collecting together estimates (4.27), (4.29) and (4.30) we arrive at

E[(do(¥*, ¥%) - do (Y™, v))*P] < Colsz — 15/
and this finishes the proof. O

Taking into account Theorem 4.4 and using the projections m, (see (3.15)), in the sequel we write, for x € R,
s,t€[0,T],

Z°=(2"%) with 77, (Z°) = Z** € Go. (4.31)

xeRd?

Recall that on some almost sure event 2, Y5 = Z5% 5 € [0, T], x € R? (cf. (3.16)).

Lemma 4.5. Under the same assumptions of Lemma 4.3 consider the cadlag process Z with values in C(R%; Go) of
Theorem 4.4. The following statements hold: (i) There exists an almost sure event 21 (independent of s, t and x) such
that for any w € 21, we have that t — L;(w) is cadlag, Lo(w) =0 and s — Z°(w) is cadlag; further, for any w € 21,

!
Z,S’x(a)) =x +/ b(r, Z7* (@) + Ly (w) — Ls(a))) dr, s,t€[0,T],s <t,xe RY,
N

Moreover, for s < t, the r.v. Z‘;’x is f{jt-measurable (ift <s, Z‘:’X =x).
(i) There exists an almost sure event Q2 and a B([0, T]) x F-measurable function V,, : [0, T] x 2 — [0, oo], such
that fOT Vu(s, w)ds < oo, for any integer n > 2d, w € Q», and, further, the following inequality holds on €2

2d

n=2d 1
sup |Z7F =z <lx =yl [(IxIVIV) " Vv I]VaGs, ), x,yeRYse€[0,T]. (4.32)
tel0,7T]

(iii) There exists an almost sure event Q3 such that for any @ € Q3 we have
Z5 (@) + Lu(@) — Ly (@) = 2420 @+ Lu@-L@) (4.33)
forany s,u,t €[0,T],0<s <u<T,xeRY.

Proof. (i) On some almost sure event ), (independent of ¢ and x) we know that (Y,s’x) verifies the SDE (3.7) for any
xeR?and ¢ € [s, T]. Moreover Y"* =x, 1 <.

On the other hand on some almost sure event 2, we have Y** = 7, (Y*) = . (Z*), for any x € R?, see (4.31).
Using (Z*), we can rewrite (3.7) on the event Q] = ﬂreQm[o,T](Q/r N ;) as follows:

[7:(2°)], =x+ /St b(r. [7x(2°)], + (L, — Ly))dr, (4.34)

forany s e QN[0,T],t€[s,T], x e R%.

Note that by Theorem 4.4 for any w € Q and any sequence s, — s+ we have do(Z*(w), Z* (w)) — 0 as n —
00. Take now s € [0, T') and let (s,) C QN [0, T] be a sequence monotonically decreasing to s. By the dominated
convergence theorem and the right-continuity of L we have on 1, for any # > s, x € R?,

t
e (@), = Jim fre(2)], = x4 Jim, [ il [ (27), + Ly = L) ar

t
=t [ bl [r(2)], + (Lo - Lo)dr

and we get the assertion.
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(i1) Since on 2 we have Y** = m,(Y*) we obtain by (2.6) and (3.9), for any p > 2,

sup E[ sup |Xf’x — Xf’y|p]

s€[0,T] s<t<T

sup E[ sup ¥ — Y,‘Y’y|p]
sel0,7]  Lo<i<T

sup E[[7x(2°) =7y (Z°) |6, ] C(DIx = yI?, x,yeR% (435)
s€[0,T]

Let s € [0, T'] and consider the random field (7, (Z*)), g« With values in Go. Applying Theorem 3.1 with ¥ (x, w) =
7y (Z*°)(w) we obtain from (4.35) for p > 2d similarly to (3.5): there exists a V), (s, w) € [0, oo] such that, for any
weQ x,yeR s€[0,T],

2d+1

|72 (Z°) @) = 7y (Z°) @) | g, < [(1x] V1) V]V (s, )lx — |20, (4.36)

with Vi (s, @) = (fgu fypa (CEXOTEN NG )p (1) £ (y) dxdy)/?, @ € .5 €10, T] (f is defined in Theo-
rem 3.1). Since the map: (s, x, ®) — 7, (Z°)(w) is B([0, T'] x R?) x F-measurable with values in Gy, it follows that
the real map:

(s,x,y,0) > |7x(Z°) (@) — 7y(Z°) (@) | colr = Y ety

is B([0,T] x RM) x JF-measurable. By the Fubini theorem we deduce that also V), : [0, T] x € — [0, o] is

B([0, T]) x F-measurable. Hence we can consider the random variable w fOT Vy (s, w)ds (with values in [0, oo]).
Since, with the same constant C(7") appearing in (2.6),

sup E[|V,(s,)|"] =C@ - C(T), (4.37)
s€[0,T]

we find E[(f) Vy(s,)ds)?1< TP~ [l E[(Vy(s,))P1ds < TP~ 'e(d)C(T) < oo. It follows that, for any p > 2d,
there exists an almost sure event £2,, such that

T
/Vp(s,a))ds<oo, W€ Qp. (4.38)
0

Let p =n. We find, for any n > 2d, fOT V.(s,w)ds < 0o, when w € Q) = ﬂn>2d Q.

Writing (4.36) for w € Q25 and n > 2d we find the assertion.

(iii) First note that the statement of Lemma 3.3 can be rewritten in term of the process Y** (see (3.9)) as follows:
for any 0 <s < u < T there exists an almost sure event €2, (independent of ¢ and x) such that, for any w € Q5 ,, we
have

Y5 (@) + Lu(@) — Ly(w) = Y0 @+ L@ =L@ ()  for s e [, T, x e RY. (4.39)
Since (Z*) is a modification of (Y*) (see Theorem 4.4) we know that on some almost sure event Q;”M C €2, identity
(4.39) holds when (Y*¥) is replaced by (Z°¥).

Let us fix u € (0, T']. We know that (4.39) holds for (Z**) whent € [u, T],x e R and s € [0, u) NQ if w € Q, =
mse[O,u)ﬁQ(le,u N 21). Using that (Z**) with values in Gy is in particular right-continuous in s, uniformly in x,
when x varies in compact sets of RY, it easy to check that (4.33) holds, forany 0 <s <u <T, x € R ¢ e [u, T1,
when w € Q,,.

Let us define Q23 = mue@ﬂ[O,T) Qu; fixany s,up €[0,T], x € Rd, with 0 < s < ug < T; we consider w € 23 and
prove that (4.33) holds for any ¢ € [ug, T].

If t = ug the assertion holds. Let us suppose that ¢ € (1, T']. We can find a sequence (u;) € (1o, t) N Q such that
uj—> uar. Since for any j > 1 we have

ui, Zy  (w)+Ly . (0)—Lg(w)
Z7M (@) + Ly, (@) — Ly(w) =2, g (@), (4.40)
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we can pass to the limit as j — oo in both sides of the previous formula (taking also into account that Z,i’j" (w) +

Ly;(w) — Ls(w) belongs to a compact set Ky 5, C R? for any j > 1) and find that (4.40) holds when u ; is replaced
by ug. The proof of (4.33) is complete. (]

5. A Davie’s type uniqueness result

Assertion (v) of the next theorem gives a Davie’s type uniqueness result for SDE (1.1). The other assertions collect
results of Section 4 (see in particular Theorem 4.4 and Lemma 4.5). These are used to prove the uniqueness property
(v). We refer to Corollaries 5.4 and 5.5 for the case when b(¢, -) is only locally Holder continuous.

We stress that all the next statements (i)—(v) hold when w belongs to an almost sure event Q' (independent of s,
t€[0,T], 50 €[0,T) and x € R?).

Theorem 5.1. Let us consider the SDE (1.1) with b € L*°(0, T; Cl?’ﬂ(Rd; R?)), B € (0, 11, and suppose that L and b
satisfy Hypotheses 1 and 2. Then there exists a function ¢ (s, t, x, w),

¢:[0,T]x[0,T] xR? x @ — RY, (5.1

which is B([0, T] x [0, T] x R?) x F-measurable and such that (@ (s, t,x,))iefo,1] is a strong solution of (1.1)
starting from x at time s. Moreover, there exists an almost sure event Q' such that the following assertions hold for
any w € .
(i) For any x € RY, the mapping: s — ¢(s,t,x,w) is cadlag on [0, T] (uniformly in t and x), i.e., let s € (0,T)
and consider sequences (si) and (ry) such that sy — s~ and r, — s*; we have, for any M > 0,
lim sup sup |¢>(r,,,t,x,a)) — ¢ (s, t,x,a))| =0, 5.2)

n=>00 |x|<M t€[0,T]

lim sup sup |¢(sk,t,x,a))—¢(s—,t,x,a))|=0
k=00 |x|<M 1€[0,T]

(similar conditions hold when s =0 and s =T).
(i1) For any x eRe, se[0,T], ¢(s,t,x,0)=xif0<t<s,and

t
¢(s,t,x,a))=x+/ b(r,d)(s,r,x,a)))dr—l—L,(a))—Ls(a)), tels, Tl 5.3)

(iii) For any s € [0, T, the function x — ¢ (s, t, X, w) is continuous in x uniformly in t. Moreover, for any integer
n > 2d, there exists a B([0, T]) x F-measurable function V,, : [0, T] x 2 — [0, oo] such that fOT Va(s,w)ds < o0
and

sup (5,1, x,0) — (5,1, y,0)|
tel0,7T]

n—=2d 2d+1 d
sV, o)l =yl [(IxIvIyl) ™ V1], x,yeRYn>2d,se[0,T]. (54)
(iV)ForanyOSs<r§t§T,x€Rd,wehave

q)(s,t,x,a)):qb(r,t,q)(s,r,x,a)),a)). 5.5

(V) Let so €[0,T), Tt =t(w) € (59, T] and x € RY. If a measurable function g : [so, T) — R solves the integral
equation

t
glt)=x +/ b(r, g(r)) dr + Li(w) — Lgy(w), t€lso, 1), (5.6)

50

then we have g(r) = ¢ (so, r, x, w), for r € [sp, 7).
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Proof. Let us consider the process Z = (Z*)s¢(0,7] of Theorem 4.4 with values in C (R?: Gp). Recall the notation
Z0% =, (Z°)(t) (see (3.15)). We define for w € Q,s5,1 € [0, T], x € RY:

B(s.t,x,0) = Z>" (W) + Ly (w) — Ly(w), ifs<t, (5.7)

and ¢ (s, t,x,w) =x if s > ¢. The fact that, forany 0 <s <t <T,x € R4, the random variable ¢(s,t,x,-)1s ]—'SL,,-
measurable follows from Theorem 4.4 and (i) in Lemma 4.5. We also define

Q/ZQlﬂQQHSh,

where the almost sure events Q, k = 1, 2, 3, are considered in Lemma 4.5.

Assertions (i), (i), (iii), (iv) follow directly from Theorem 4.4 and Lemma 4.5. More precisely, (i) and (ii) follow
from the first assertion of Lemma 4.5 since (Z°) takes values in C(R?; Gg) with cadlag paths. Assertions (iii) and (iv)
follow respectively from the second and third assertion of Lemma 4.5.

(v) Let w € €' be fixed and let g : [so, T[ — R4 be a solution to the integral equation (5.6) corresponding to w. Let
us fix t € (so, T).

We introduce an auxiliary function f : [sg, ] — R4 which is similar to the one used in proof of Theorem 3.1 in
[30],

f(s)=¢(s,1,8(s), ), s €l[so,1]. (5.8)

We will show that f is constant on [sg, #]. Once this is proved we can deduce that f(¢) = f(so) and so we find
g(t) = ¢(s0,t, x, w) which shows the assertion since # is arbitrary. In the sequel we proceed in three steps.

1 step. We establish some estimates for |g(r) — ¢ (u,r, g(u), w)| when so <u <r <t.

Since

g(ry=x+ / b(p,g(p))dp + (Lu() — Ly (®)) + / b(p.g(p))dp + (Lr(®) — Ly(w)),

]

we obtain
lg(r) — ¢ (u,r, gw), w)|

=<

g(u)+/ b(p.g(p))dp + (Lr(®) — Ly(w)) — g(u)
—/ b(p,¢(u, p,gw), ®))dp — (Ly (@) — Lu())

5/ 16(p. 8(1)) — b(p. $(u. p. g(). )| dp < 21lbllolr — ul.

Now using the Holder continuity of b:
|g(r) — ¢ (u,r, g(u), w)| Sf b(p, 2(p)) — b(p, $(u, p, gw), w))|dp
= [b]ﬁ,T/ |8(p) — (. p. gw). )|" dp

< (21B110)  [b1p.7 / \p —ulf dp < (21b110) 11,7 Ir — ul '+ (5.9)

1I step. We prove that f defined in (5.8) is continuous on [sg, ¢].
We first show that it is right-continuous on [sg, ). Let us fix s € [sg, t) and consider a sequence (s,) such that s, —
sT. We prove that f(s,) — f(s) as n — oo. Note that |g(r)| < My, r € [sg, T), where Mgy = |x| + T||b|lo + C(w).
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We have

| f(sn) = F)| < |@(sn. 7, g(5n), @) — (5.1, g(s0), )|
+ @ (5.7, 8(sn). @) — p (5.1, (), )| < Ty + I,

where I, = ¢ (s, t, g(sn), w) — @ (s, t, g(s), w)| and

Jy,= sup sup ](b(sn,t,x,w)—¢(s,t,x,a))}.
|x|<Mjy t€[0,T]

Since g(s,) — g(s) by the right continuity of g we obtain that lim,,_, o, I, = 0 thanks to (5.4). Moreover lim;, o0 J, =
0 thanks to (5.2).

Let us show that f is left-continuous on (sq, ¢]. We fix s € (so, ¢] and consider a sequence (sx) C (so, s) such that
sk — 5. We prove that f(sx) — f(s) as k = oo. Using the flow property (iv) we find

[£(s0) = F&)| = [ (se. 1. 8(50), @) = d (5.1, 8(5). )|
= ’¢(s, t, d:(sk, s, g(sk), a)), a)) — d)(s, t, g(s), w)‘

By I step we know that

| (st 5, g(51), @) — g()| < 20blolsk — ] (5.10)

which tends to 0 as k — oco. Using (5.10) and the continuity property (iii) we obtain the claim since
Jim (6 (s, 1,0 (s, 5, 8(50), @), @) = Ps. 1, g(5), @) | =0,

111 step. We prove that f is constant on [sg, #].

We will use the following well known lemma (see, for instance, pages 239-240 in [36]): Let S be a real Banach
space and consider a continuous mapping F : [a,b] CR — S, b > a. Suppose that for any h € (a, b] there exists the
left derivative

— /!
d_F(h) — lim w (5.11)
dh W —h= h' —h
and this derivative is identically zero on (a, b]. Then F is constant.

Note that by considering continuous linear functionals on S one may reduce the proof of the lemma to the one of a
real analysis result.

To apply the previous lemma with [sg, ] = [a, b] we first extend our function f to [sg, 00) by setting f(r) = f(¢)
for r > . Then set S = L' ([0, t]; R?) and define F : [so,t] — S as follows: F(h) = f(G+h)eS, helso,t],ie,
Fh)(r)= f(r+h),re[0,t].

If we prove that the mapping F is constant then we deduce (taking h = sp and h =¢) that f(so+ ) = f(t +-) =
f () in S. However, since f is continuous this implies that f is constant and finishes the proof.

The continuity of F, i.e., for any & € [sg, t], we have

t
Jim | F 0= F ()= fim [ 176400 = 7r1) dr =,

is clear, using the continuity of f. Let us prove that the left derivative of F is identically zero on (sp, #].
Using the flow property (iv) we find, for &, ' € [so,t], " <hand 0 <r <t —h,

|fr+h)— f(r+1)]
= |¢(r +h,t,g(r +h), a)) - ¢(r +h,t, (i)(r +h',r+h, g(r + h/), a)), w)‘ (5.12)
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Using (5.12) and changing variable we obtain (recall that f(r) = f(¢),r > 1)
t
/|f(r+h)—f(r+h/)|dr
0
t—h
:f |p(r+h,t,g(r +h),w) —¢(r+h,t,p(r+h,r+hg(r+h), ), w)|dr
0
t—h'
+/ . |f@&)— f(r+n")|dr
t_
t
:/h |¢(pvt1g(p)va)) _¢(Pat»¢(l7+h/—h,p,g(p+h/—h),a)),a))|dp

t—h'
+/ @) = £(r+1)|dr. (5.13)
t—h

In order to estimate || F(h) — F(h')||s let us denote by A s the modulus of continuity of f. Since in the last integral
t —h+h <r+h <t we have the estimate

t—h'
[ @ =g+ m)lar < -y (0 - )
t—h
and lim,_, g+ A ¢ () = 0. Taking into account that there exists a constant No = No(x, T, ||b]lo, @) > 1 such that
lg()|+|o(ru, g(r),®)| <No, so<r=<u<T,
we find for p € [h, t], n > 2d (see (5.4) and (5.9))

|¢(pvt’g(p)’w) _¢(pats¢(p+h/_h1 pvg(p—i_h/_h)»w)vw)}

n—2d 2d+1

SVn(p,w)Ig(p)—¢( +h —h,p.g(p+h —h),w)| " Ny"
n—2a 2d+1
(2||b||0) [b]ﬁT Va(p, )|’ — h|(1+ﬁ)( ,121>N =

Recall that V, (p, w) € [0, co] but fOT V,u(p, w)dp < oo. Using the previous inequality and (5.13) we obtain for i, ' €
[so,t], W <h

t
/|f(r+h)—f(r+h/)|dr
0
. T
§Co|h’—h|(l+ﬂ)(%)/ Va(p,w)dp + | — ' |ap(Jh = 1)), (5.14)
0

where Co = Co(B, |bllg,r, @, T,x,n,d) > 0. Now we choose n large enough such that (1 + ﬂ)(”;J) > 1. Dividing
by |h — I'| and passing to the limit as A" — k™ in (5.14) we find

— | Fh) - =0.

. /

h’1—>h |h | ( )”Ll([O,t];Rd)
This shows that there exists the left derivative of F' in each & € (sg, ¢] and this derivative is identically zero on (sg, ¢].
By the lemma mentioned at the beginning of III step we obtain that F is constant. Thus f is constant on [sp, ¢] and

this finishes the proof. ]

Remark 5.2. Note that if g : [so, 7] — R, ¢t = T(w) € (59, T], solves (5.6) on [sg, 7] then we have g(t) =
$ (50, T, X, w), w € Q. Indeed applying (v) on [sg, T) we can use that fsz b(r,g(r))dr = fsf) b(r, ¢ (so, r, x,w))dr.
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Remark 5.3. It is a natural question if one can improve (5.4) in Theorem 5.1. A possible stronger assertion could be
the following one: for each @ € (0, 1) and N € R one can find C(«, T, N, w) < oo such that, for any x, y € R, |x],
Iyl <N,

sup  sup |p(s.1,x,0) — §(s,1,y,0)| < Cle. T, N, w)lx —y|*, we. (5.15)
s€[0,T]tels,T]

This condition is stated as property 4 in Proposition 2.3 of [30] for SDEs (1.1) when L is a Wiener process and
beLI([0,T]; LP(RY), d/p+2/q < 1.

Assuming b € L*°(0, T Cl?’ﬂ (R4; R%)) we do not expect that (5.15) holds in general when L and b satisfy Hy-
potheses 1 and 2. Remark that a basic strategy to get (5.15) when L is a Wiener process is to use the Kolmogorov—
Chentsov test to obtain a Holder continuous dependence on (s, 7, x); one cannot use this approach when L is a dis-
continuous process. Finally note that the proof of (5.15) given in [30] is not complete ((5.15) does not follow directly
from estimate (4) in page 5 of [30] applying the Kolmogorov—Chentsov test).

Now we present two corollaries of Theorem 5.1 which deal with SDEs (1.1) with possibly unbounded b.
When b : [0, T] x R? — R? is measurable and satisfies, for any n € CgO(IR{d), b-neL*®0,T; Cl(,)’ﬁ(Rd; R?)) we

0

say that b € L>(0, T; C; f (R?; R?)). By a localization procedure we get

0

Corollary 5.4. Let b € L®(0, T; CoP (R?; RY)), B € (0, 11, and suppose that, for any ) € C3°(RY), the Lévy process
L and b - n satisfy Hypotheses 1 and 2.
Then there exists an almost sure event ¥ such that, for any " € Q",x e R, 50 € [0, T) and t = (") € (so, T,

if g1,82 : 50, T) = R4 are cadlag solutions of (5.6) when w = ", starting from x, then g\ (r) = g2(r), r € [s0, 7).

Proof. Let ¢ € Cgo(Rd) be such that ¢ =1 on {|x| < 1} and ¢(x) =0 if |x| > 2. Set b, (¢, x) = b(t,x)go(%), te
[0, 7], x € R? and n > 1. Consider for each n an almost sure event Q! related to b, € L*>(0, T; Cg”s(Rd; R%Y) by
Theorem 5.1; set Q" = ("), £2;,. Suppose that g1, g2 are solutions of (5.6) for a fixed »” € Q" Let rk(") = r,fn)(a)”) =
inf{t € [so, ) : |gx(t)| = n}, k=1,2 (if |gx(s)| < n, for any s € [so, 7) then we set tk(”) = 7). Define 1™ = rl(") A 12(")
and note that on "7 4 ¢ as n — oo. Since on [sp, 7™ (")) both g; and g, solve an equation like (5.6) with b
replaced by b, and @ = " we can apply (v) of Theorem 5.1 and conclude that g; = g» on [so, 7™ (»”)). Since this
holds for any n > 1 we get that g; = g5 on [sg, T(0”)). O

Next we construct w by w strong solutions to (1.1) when b is possibly unbounded. To simplify we deal with the
initial time s = 0.

Corollary 5.5. Suppose that L and b verify the assumptions of Corollary 5.4. Moreover assume that
lb(r,x)| <C(1+1x]), xeR%rel0,T], (5.16)
for some constant C > 0. Let x € R and s = 0. Then there exists a (unique) strong solution to (1.1) starting from x.

Proof. We know that ¢ — L, (w) is cadlag for any w € Q', where €’ is an almost sure event. When w € ' a standard
argument based on the Ascoli-Arzela theorem shows that there exists a continuous solution v = v(-, w) to v(t) =
x+ f(; b(s,v(s) + Ls(w))ds on [0, T]. We define v(t, w) =0, if w ¢ €', ¢ € [0, T]. By using the function ¢ as in the
proof of Corollary 5.4 we introduce b, (t, x) = b(t, x)go(jl—‘), tel0,T], xe RY andn > 1. According to Theorem 5.1
for each n there exists a function ¢, as in (5.1) and an almost sure event €2/, corresponding to b, such that assertions
(D)—(v) hold. Set Q" = ([~ 2,) N 2.

Define g(t,w) = v(t,w) + L;(w), t € [0, T], w € 2, and set 7™ = t™(w) = inf{t € [0, T) : |g(t, w)| > n} (if
|g(s, w)| < n, for any s € [0, T) then we set 7 (w) = T'). Note that on " we have t™ 4 T as n — oo.

Let w € Q” and n > 1. Since g(-, w) on [0, 7™ (w)) solves an equation like (5.6) with so = 0 and b replaced by
bp+k, k > 0, we can apply (v) of Theorem 5.1 and get that g(¢, w) = ¢,+1(0, 1, x, ®), for any ¢ € [0, ™ (w)), k > 0.
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Since ™ 4 T we deduce that, uniformly on compact sets of [0, T'), for any w € ”, we have limy,— o0 ¢,,(0, 7, x, w) =
g(t, w). It follows that g(z, -) is ]-",L—measurable, for any ¢ € [0, T'). By setting g(T, w) = x + fOT b(r, g(r,w))dr +
L7 (w), we get that (g(t, -)) is a strong solution on [0, T]. O
Remark 5.6. The previous condition (5.16) can be relaxed, by requiring that, for fixed x € R¢, s =0 and w € Q' (2’

is an almost sure event) there exists a continuous solution to the integral equation v(¢) = x + fot b(s,v(s)+ Lg(w))ds
on [0, T']. The assertion about existence and uniqueness of a strong solution starting from x remains true.

6. Uniqueness for SDEs driven by stable Lévy processes

In this section using also results from [23] and [24] we show that Theorem 5.1 can be applied to a class of SDEs
driven by non-degenerate «-stable type processes L. Let s > 0, we are considering

t
Xi(w)=x +/ b(Xu(@))du+ Li(®) — Lg(), (6.1)

xeRY, d>1,r>s,whereb e C,?’ﬂ (Rd, R4 ), B €10, 1]. We deal with pure-jump Lévy process L (without drift term),
i.e., we assume that the generating triplet is (v, 0,0) (i.e., Q =0 and a = 0 as in (2.5)). To state our assumptions on
L we use the convolution semigroup (P;) associated to L (or to its Lévy measure v) and acting on Cp(RY), ie.,
P i Cp(RY) — Cp(RY), 1 > 0,

Prf(x)=E[f(x+L,)]=/Rd fx+2)u(dz), t>0,f€Cb(Rd),xeRd,

where p; is the law of L;, and Py = I (cf. [28] or [1]). The generator L of (P;) is
Lg(x)= /Rd (g(x +y) — g(x) — Ly <y(y, Dg®)))v(dy), x eR?, (6.2)

with g € Cgo (Rd) (see Section 6.7 in [1] and Section 31 in [28]). We now consider the Blumenthal-Getoor index
ap = ap(v) (see [5]):

aozinf{a>0:/ |y|”v(dy)<oo}; (6.3)
{IyI=1}

we always have o € [0, 2]. In the sequel we require that «g € (0, 2). Moreover, in Section 6.2, we use the following
assumption on the Lévy measure v.

Hypothesis 3. Let oo € (0, 2). The convolution semigroup (P;) verifies: P;(Cp (Rd)) ccC ; (R, t > 0, and, moreover,
there exists Cqy = Co (V) > 0 such that

sup |[DP; f(x)| < caot‘$ Ssup [f(0)], 1€ (0,11, f € Cp(RY). (6.4)

xeR4 xeRd

Note that Hypothesis 3 implies both Hypotheses 1 and 2 in [24] (taking o = «). Indeed since ag € (0, 2) we have
f{m <1 [y1°v(dy) < oo, for o > ag. To check the validity of the gradient estimate (6.4) we only mention a criterion
which is given in [24]; it is based on Theorem 1.3 in [29].

Theorem 6.1. Let L be a pure-jump Lévy process. A sufficient condition in order that (6.4) holds with ag replaced
by y € (0,2) is the following one: the Lévy measure v of L verifies: v(B) > vi(B), B € BRY), where vy is a Lévy
measure on R¢ such that its corresponding symbol Yy (h) = — fRd ey — 1 —i(h, Wy <y )vi(dy), satisfies,
for some positive constants c1, c; and M,

cilx|” < Reyri(x) <co|x|V, when|x| > M. (6.5)
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Examples 6.2. The next examples of «-stable type Lévy processes are also considered in [24]. It is easy to check that
in each example g = « € (0, 2). Thanks to Theorem 6.1 also (6.4) holds in each example.
Consider the following Lévy measure v:

"d
w8 = [ %z [ 1neonae. BeBE) ©6)

(cf. Example 1.5 of [29] with the index S of [29] which is equal to co). Here r > 0 is fixed; u is a non-degenerate
finite non-negative measure on B(R?) with support on the unit sphere S (non-degeneracy of  is equivalent to say that
its support is not contained in a proper linear subspace of R?), a € (0, 2). The Lévy measure ¥ verifies Hypothesis 3
since its symbol ¥ verifies (6.5) with y = «. This was already remarked in page 1146 of [29]. We only note that, if
h # 0, we have

Re&(h):/ri/[l—cos<<£,t|h|§>)i|u(d$).
o e Jg 1

By changing variable s = t|A| after some computations one arrives at (6.5).

Moreover Hypothesis 2 holds. Note that f{\x|>1} 1y1?9(dy) < o0, 6 € (0, ). Using also ¥ we find that the next
examples of Lévy processes verify Hypotheses 2 and 3.

() Lisa non degenerate symmetric a-stable process (see, for instance, [28] and the references therein). In this case
v(B) = fooo PEy fs 1p(t&)u(dé), B € BRY), a € (0,2), where /L is as in (6 6). A standard rotationally invariant «-
stable process L belongs to this class since its Lévy measure has density o —5 (with respect to the Lebesgue measure
in RY).

(ii) L is a a-stable temperated process of special form. Here

(e ¢] —td
v(B)=/0 etl+at/13(t§)u(d§) B € B(RY),

where u is as in (6.6), o € (0, 2).
Note that in (i) and (ii) we have v(B) > e~ '5(B), B € B(R?), Where v 1s given in (6.6) with r = 1.
(iii) L is a truncated a-stable process. In this case v(B) = Cf{lx\fl \x|d+ﬂ ) dx, B e B[RY), o € (0, 2).

(iv) L is a relativistic a-stable process (cf. [27] and see the references therein). Here ¢ (h) = (|h|2 + m%)% —m,
for some m > 0, a € (0,2), h € R?, and so (6.4) holds. Moreover by Lemma 2 in [27] we know that v has the
density Cy,q|x| —d—a g=m!/*|x| d(m'*|x]), x £ 0, with 0 < ¢ (s) < Cand, m(s ‘4 1), s > 0. Hence o = ¢ and also
Hypothesis 2 holds for any 6 > 0.

6.1. Preliminary results on strong existence and uniqueness by using solutions of Kolmogorov equations

We first present results on strong existence and uniqueness for (6.1) when s = 0 which are special cases of Lemma 5.2
and Theorem 5.3 in [24]. Then we study L”-dependence from the initial condition x following Theorem 4.3 in [23].
Finally in Theorem 6.6 we will consider the general case when s € [0, T'].

All these theorems do not require the gradient estimates (6.4). However they assume the Blumenthal-Getoor index
a0 € (0,2), b e Cp(RY, RY) and classical solvability of the following Kolmogorov type equation:

Au(x) — Lu(x) — Du(x)b(x) = b(x), xeR?, 6.7)

where b : RY — R is given in (6.1), £ in (6.2) and A > 0; the equation is intended componentwise, i.e., u : R¢ — R¢
and, setting L, = L+ b(x) - D,

Aup(x) — Lpup(x) =br(x), k=1,...,d, (6.8)

with u(x) = (ur(x))k=1,....q and b(x) = (br(x))k=1.....a- The approach to get strong uniqueness passing through solu-
tions to (6.7) is similar to the one used in Section 2 of [11] (see also [35]).
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Remark that Lg(x) in (6.2) is well defined even for g € Cgﬂ/ (Rd) ifag <1+ yandy €[0, 1) (cf. formula (13)
in [24]). Indeed when |y| < 1 we can use the bound |g(y +x) — g(x) — y - Dg(x)| < [Dg]y|y|1+y, xeRe,

In addition Lg € Cp(RY) when geC ;—W (R?) and 1 + y > ag. The next result is stated in Theorem 5.3 of [24]
in a more general form which also shows the differentiability of solutions with respect to x and the homeomorphism
property.

Theorem 6.3. Let L be any Lévy process on (2, F, P) with generating triplet (v, 0,0) such that ag = ag(v) € (0,2)
(see (6.3)) and let b € Cp(RY,R?) in (6.1). Suppose that, for some ) > 0, there exists u = u;_ € c;+V(Rd ,RY),
y € (0, 1) and 2y > ag, which solves (6.7). Moreover, assume || Du; |lo < 1/3.

Then on (2, F, P), for any x € R%, there exists a pathwise unique strong solution (X7)i=0 to (6.1) when s = 0.

Next we formulate a special case of Lemma 5.2 in [24]. It uses the stochastic integral against the compensated
Poisson random measure N (see, for instance, [20]).

Lemma 6.4. Under the same hypotheses of Theorem 6.3 let T > 0 and suppose that (X7 ):c[0,1] is a strong solution of
(6.1) on [0, T] when s = 0 (starting from x € R?), then, using u;, of Theorem 6.3, we have, P-a.s., for any t € [0, T,

un(X7) — us(x)

t t
=x+L,—X;‘+Af uk(X;C)ds+/ / [ur (XE 4+ y) — un(XI_)|N(ds. dy). (6.9)
0 0 JRA\{0}

Proof. The assertion is stated in Lemma 5.2 of [24] for weak solutions (X} );>0 with the condition 1 4+ y > ao,
y € (0, 1]. Clearly such lemma works also for strong solutions (X} )c[o,7] Which solves (6.1) on [0, T'] (the proof is
based on Itd’s formula for u; (X;)); further the condition 2y > « of Theorem 6.3 implies 1 + y > . O

To prove Davie’s uniqueness for (6.1) we need the following L?”-continuity of the solutions w.r.t. initial conditions.

Theorem 6.5. Under the same hypotheses of Theorem 6.3 let T > 0, s = 0, and consider two strong solutions
(X)iero,71 and (X;V),e[oj] of (6.1) on [0, T which are defined on (2, F, P), starting from x and y € R? respectively.
Foranyt €[0,T], p> 2, we have

E[ sup X7 —X7|"] < C)lx = yI7, (6.10)
0<s<t
with C(t) =C(t,v, p, 1, d, y, ||M)L||Cl+y) > 0 which is independent of x and y; here u;, is as in Theorem 6.3 (further
b
C(t,v, p,r,d,y,-) is increasing).

Proof. The proof follows the one of (i) in Theorem 4.3 of [23]. We only give a sketch of the proof here. We set
X =X* Y =X and u = u,. We have from Lemma 6.4, P-a.s., using that ||Dullo < 1/3, |X; — ;| < %(Fl(t) +
['2(2) + I3(1) 4 I'4), where

@)=

9

t
/ / [u(Xs— +2) —u(Xs) —u(Ys— +2) + u(Y,)]N(ds, dz)
0 J{lz|>1}

t
0 =A/ u(Xy) — u(¥y)|ds,
0

[3() =

)

t
/ / [4(Xs— +2) —u(Xs—) —u(Ys— +2) +u(Ys_)|N(ds, dz)
0 J{lz|=1}
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Fa=lux)—uy)|+x—yl < ;—‘lx — y|. Remark that, P-a.s.,
’%

sup |Xr—Yr|p§C1|x—y|”—|—C12 sup T';(r)”.

O<r=<t =1 O<r=<t

By the Holder inequality, supy-, -, T2(r)? < CotP~! fé SUPg<s<, |Xs — Y57 dr, where Co = Ca(p, A, llupll o1+7). To
- - - - b

estimate I'; and '3 we use L”-estimates for stochastic integrals against N (cf. [20], Theorem 2.11, or the proof of
Proposition 6.6.2 in [1]).
We find, since [u(Xs— +2) —u(Ys— +2) +u(Y—) —u(Xs-)| < %|XS_ — Y|, setting A = {|z| > 1},

E[ sup I'; (r)”]

0<r<t

1 p/2
SCsE[(/ ds/\u(xs+z>—u<Ys+z>+u(Ys>—u<Xs>|2v<dy>> }
0 A
t
+03E/ ds/}a(xs_+z>—u(Ys_+z)+u<Ys_)—u(Xs_>|”v<dy>
0 A

< Cy(1 +t1’/2—1)/

t
E[ sup | X, — Yr|p]ds,
0

0<r<s

where C3 = f{|z|>1} v(dz) + (f{\z|>1} v(dz))P/?. To treat '3 we need the hypothesis 2y > «g. By L”-estimates of
stochastic integrals and using Lemma 4.1 in [23] we get

t p/2
el s o] et el ([ ar [ - vPeprvan) |
0<r<t Cb 0 {lzI=1}

t
+ csnuugwEfo X, — m"dr/{ 2PV (d2).
b

lzl=1}
Note that f{lz\<1} |z|PY v(dz) < oo, since p > 2 and 2y > «g. Collecting the previous estimates, we arrive at
t
E[ sup 1X, = %,17] = Colx = yI7 + s 1 +r1’—‘)/ E[ sup X, = v,1"]ds,
O<r=<t 0 0<r<s
Ce =Cqs(v, p, A, d, y) > 0. By the Gronwall lemma we obtain the assertion with C(z) = Ceexp(Ce(1 + =y, O

As a consequence of the previous results we get

Theorem 6.6. Under the same hypotheses of Theorem 6.3 let T > 0 and s € [0, T]. Then, for any x € R?, there
exists a pathwise unique strong solution X** = (X}"*),ci0.17 t0 (6.1) on (2, F, P) (recall that X" = x for t <s).
Moreover if U>* and U*"Y are two strong solutions on [0, T] defined on (2, F, P) and starting at x and y, then we
have, for p > 2,

sup E[ sup |Uf’x—U,s’y]p]5C(T)|x—y|p, X, yeRY, 6.11)
s€[0,T] s<t<T

where C(T) =C(T,v, p, 1, d, y, ||M)\||Cl+y) > 0 as in (6.10).
b

Proof. Existence. Let us fix s € [0, T] and consider the new process L®) = (Lt(s)) on (2, F, P), L,(S) =Lgys — Ly,
t > 0. This is a Lévy process with the same generating triplet of L and is independent of ]-"SL (see Proposition 10.7 in
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[28]). According to Theorem 6.3 there exists a unique strong solution to
t
X,:x+/ b(X,)dr+LY, >0, (6.12)
0

which we denote by (X, ) to stress its dependence on L®) . Note that, for any t > 0, X¥ 1S measurable with
Lo Lo

respect to ]—',L('v) = }"SLJ_H. Let us define a new process with cadlag paths (X;™*)cf0.7],

sz_Xx

Lo fors<t<T; X*=x, 0<t<s. (6.13)

Writing V; = )?,S Y, t € [0, T], to simplify notation, we note that V; is ]-'ﬁ,measurable, t > s. Moreover it solves
equation (6.1); indeed, for ¢ € [s, T],

1—s t
Vi=X,_ sL(f)_x+/ b(X L(c))d”+Lt Ls=X~I-/ b(V.)dr +L; —
0

S
Uniqueness. Let (U;"*) be another strong solution. We have, P-a.s., fors <t < T,

t—s

t t—s
U,”SH_H/ b(U,”)dr+L,—LS=x+/O b(U:fS)dr+Lt—LS=x+/O b(US)dr + LY,.
N

Hence (U;})ref0,7—s] solves (6.12) on [0, T — s]. By (6.10) we get

P(U =X?

rel0,T —s])=P(U

r

AON s —X;fé,r S [0 T —S])

This shows the assertion.
LP-estimates. We have for any fixed s € [0, T], p > 2, Elsup,<, <7 |U;™ = U |P] = Elsup,,<7 |X" ) —

X;Vis 1|71 by uniqueness. Using (6.10) we get

sup E[ sup |US™ — U,S’y|p] = sup E[ sup }Xt L® Xty_s L6 p]
s€[0,T] s<t<T s€[0,T] s<t<T ’

y
Xt,L(S)

< sup E[ sup |X1L(°>

P] <C(T)|x — y|?.
s€[0,T] 1€[0,T]

6.2. A Davie’s type uniqueness result when ag € [1, 2)

Here we prove a Davie’s type uniqueness result for (6.1) (cf. Theorem 5.1). We consider a Lévy process L with
generating triple (v, 0, 0) satisfying Hypotheses 2 and 3 with the Blumenthal Getoor index ag € [1, 2) (see (6.3)).
Moreover we assume as in [23] and [24] that b € C;" (RY, RY) with § € (1 — 2, 1].

To check Hypothesis 1 we will use Theorem 6.6 and the following purely analytic result (see Theorem 4.3 in
[24]; its proof follows the one in Theorem 3.4 of [23]). Note that the next hypothesis ¢p + 8 < 2 could be dropped.
Moreover, to simplify we have only considered the case A > 1 instead of A > 0.

Theorem 6.7. Assume Hypothesis 3 with ag = ag(v) > 1. Let 0 < B < 1 with ag+ B € (1, 2) and consider L in (6.2).
Then, forany A > 1, f € Cl’f (Rd), there exists a unique solution w) € Czﬁﬂ (Rd) to

Aw(x) — Lw(x) —b(x) - Dw(x)= f(x), x¢€ RY, (6.14)
Moreover, there exists Co = Co(ag(v), d, B, ||b||C,s, v) > 0 such that
b
Miwsllo + [Dwi] wgtp-1 < Coll fll s, A= 1. (6.15)
b b

Finally, we have || Dw; |lo < 1/3, for any » > do(d, ”b”Cf’aO(‘})’ B,v) > 1.
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Proof. We only make some comments on Cy and Ag. Let us first consider Cy. To see that Co = Co(ao(v), d, B,
[12]] o> v) we look into the proof of Theorem 4.3 in [24]. In such proof the Schauder estimates (6.15) are first estab-
b

lished as apriori estimates by a localization procedure. This method is based on Schauder estimates already proved
in the constant coefficients case, i.e., when b(x) =k, x € R? (see Theorem 4.2 in [24]). The Schauder constant Cy
depends on the Schauder constant ¢ appearing in formula (16) of Theorem 4.2 in [24] when A > 1. Such constant
¢ depends on ag(v), B,d and also on the constant ¢y, of the gradient estimates (6.4) (see, in particular, estimates
(18)—(21) in the proof of Theorem 4.2 in [24]).

1 ag+p—1
Let us consider Ag. Recall the simple estimate || Dw; |lg < N[Dwk]z?;(;iﬁ—l ||wk||oa0+ﬁ . where N = N(ag, 8, d)
b
_aptp-1
(cf. the proof of Theorem 3.4 in [23]). By (6.15) we get ||[Dw;|lo < NCor «0FF ”f”c;f’ A > 1, and the assertion
ut0+/3
follows by choosing 1o > 1 vV (3N Cyp) “0+A-1, O

Currently we do not know if the statements in Theorem 6.7 hold also when &g € (0, 1) (maintaining all the other
assumptions).
Now we apply Theorem 5.1 to get Davie’s type uniqueness for the SDE (6.1).

Theorem 6.8. Let L be a d-dimensional Lévy process on (2, F, P) with generating triple (v, 0, 0) satisfying Hy-
pothesis 3 with g € [1,2). Suppose also that f{IX\>1} |y|9v(dy) < 00, for some 0 > 0. Let us consider (6.1) with
beCyPRYRY) and B e (1 — 2, 1].

Then L and b satisfy Hypotheses 1 and 2 and, for any T > 0, there exists a function ¢ as in Theorem 5.1 such that
assertions (1)—(v) hold on some almost sure event Q.

Proof. When 8 = 1 Hypothesis 1 is clearly satisfied. Let us consider B € (1 — @ , 1). Since Cﬂ ,(Rd RY)

Cf (]Rd, Rd) when 0 < 8 < B/ <1, we may assume that 1 — 22 < 8 <2 — a. To Verlfy Hypothesis 1 we use Theo-

rems 6.7 and 6.6. By Theorem 6.7 we have a solution u; € C;er (R4, RY) to (6.7) with y=u0yp— 14+ 8€(0,1) for

any A > 1. Note that 2y = 209 —2+28 > atg. Choosing & = Ao (d, [|P]l -, cto(v), B) we obtain that also || Du; || < 1/3
b

holds.

Using Theorem 6.6 we can check the validity of (2.6). Note that the constant C(7") appearing in (6.11) depends
onT, v, p,ag(v), A, d, y and |lu,|| - However by Theorem 6.7 y = ap — 1 + 8, A = Ao(d, ||b||cﬂ oo, B) and
||ux|| Ly = 25|l a0+ﬂ < N(wo, B, d)C0||b||C5 where Cy appears in the Schauder estimates (6.15). It follows that
C(T)i 1n (6.11) has the right dependence on d, p, 8, v, ||b||C,3 and T as in (2.6). To finish the proof we apply Theo-
rem 5.1 since Hypotheses 1 and 2 hold. O

Remark 6.9. Theorem 6.8 shows that under suitable assumptions on L and b Davie’s uniqueness (or path-by-path
uniqueness) holds for the SDE (1.1). Moreover, the unique strong solution is given by a function ¢ which satisfies all
the assertions of Theorem 5.1, including (5.2) and (5.4), for any w € €', where ’ is an almost sure event independent
of s, and x. There are no similar results in the literature on stochastic flows for SDEs (1.1) driven by stable type
processes (cf. [23,24] and the recent paper [6] which contains the most general available results about existence and
C!-regularity of stochastic flow).

6.3. Davie’s type uniqueness when ag =« € (0, 1)

Here we only consider the SDE (6.1) when L = L, is a symmetric rotationally invariant «-stable process with o €
©,1) (the case of o €[1,2) is already treated in Theorem 6.8). For each o € (0, 1) its Lévy measure v = v, has
densuy N wd_ v #£0, and its generator £ = L@ (see (6.2)) coincides with the fractional Laplacian —(—A)%/? (see

Example 32.7 in [28]). Note that, for any g € C,, ! (R?), the mapping:

glx+y)—g)
|y|d+a

x> Lg(x) =Coa / dy belongs to Cp(R?). (6.16)
Rd
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Clearly o = g (see (3.1)). Using Theorem 6.6 of the previous section together with Theorem 6.11 we can apply
Theorem 5.1 and obtain

Theorem 6.10. Let L be a d-dimensional symmetric rotationally invariant «-stable process with « € (0, 1) defined
on (2, F, P). Let us consider the SDE (6.1) with b € c,‘j’f’(Rd; RY) and B e (1 —%,11.

Then L and b satisfy Hypotheses 1 and 2 and, for any T > 0, there exists a function ¢ as in Theorem 5.1 such that
assertions (1)—(v) hold on some almost sure event .

We first state a result which is related to Theorem 6.7. It shows sharp Cl‘f+ﬂ -regularity of solutions to (6.14). The
proof is based on Theorem 1.1 in [31].

Theorem 6.11. Let us consider the fractional Laplacian L given in (6.16) with a € (0, 1). Let 8 € (0, 1) such that
o+ B > 1.Then,foranyA>1, f € Cf (Rd), there exists a unique solution w = w;, € CZ—HS (Rd) to (6.14). Moreover,
there exists Co = Co(w, d, B, ||b||cﬁ) > 0 such that

b

Muwsllo + [Dw,\]czﬂs—l < Collfllcf, A>1 (6.17)

Finally, we have || Dw |0 < 1/3, for any . > \g, with Ao(d, ||b||C,s,oz, B) > 1.
b

Proof. The uniqueness follows by the maximum principle (see Proposition 3.2 in [23] or Proposition 4.1 in [24])
which states that A||lwy|lo < || fllo. Let £, be the fractional Laplacian £ plus the drift b (i.e., L, = L+ b - D). The
proof proceeds in some steps.

I step. Let A > 1. We provide apriori estimates for classical C g—solutions uto Au — Lyu = f on RY (with f €
cl®Y), beCl R RY) and a + B > 1).

Letu=u; € C,} (R?) be a solution to Au — Lyu = f on R?; in the sequel we will consider open balls B, (xq) of
center xo € R? and radius r > 0. Let xg € R?. One can define v(x) = u(x + x¢), x € R?. Since Lv(x) = Lu(x + x¢),
x eR?, we get that v € C,} (R?) solves Av — Lp,v = fo on R? where Ly, has the drift by(-) = b(- + x¢) and fo(-) =
f (4 x0).

Setting ¥ (¢, x) = e v(x), fo(t, x) =M fo(x), t € [—1,0], x € R, we see that ¥ is a bounded solution of
&0 — Ly 0= fo on[—1,0]x Bi(0)

according to the definition of viscosity solution given at the beginning of Section 3.1 in [31]. Hence we can apply
Theorem 1.1 in [31] to v. Recall that in the Silvestre notations his s € (0, 1) is our «/2 and his « € (0, 2s) corresponds
with our ¢ + 8 — 1. We deduce by [31] that v(z, -) € C‘”ﬂ(B]/z(O)) and moreover

Iollca+s (B, p00) = 10 oo -1 /2,01 0o+ By (00
= Co (I8l zre-ropzey + 1 oo q-r0:cr a1 0m) = C2(Iv o+ 1L foll op ray)-

where C, depends only on ||bg|| b o and d and is independent of A. Thus we get that u; €
b

RY;Rd) = ”b”C]‘g(]Rd;Rd)’
C*P(By2(x0)) with a bound for the C**#-norm of u; on B 2(xo) by the quantity C2([luy llo + 11l o5 ay)- Since
b

(> is independent on x it is clear that we have u; € CZJrB (Rd) (cf. for instance page 434 in [23]) and the following
estimate holds with C3 = C3(||b||C/s, o, d,B)>0
b

ot s gty < C3(luenllo + 151l )
By Proposition 3.2 in [23] we know that A||u; |lo < || f|lo. Hence we arrive at

lierll oo gy < 2G50l gpgpay A= 1. (6.18)
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II step. Let A > 1. We show the existence of a C ,l-solution to Aw — Lyw = f when b € C,fo(Rd; RY) and f €
Ce(RY).

To construct the solution we use a probabilistic method (for an alternative vanishing viscosity method see Sec-
tion 3.2 in [31]). Let (X}) be the solution of d X; = b(X;)dt +dL;, Xo=x € R4 and consider the associated Markov
semigroup (Ry), i.e., Ril(x) = E[I(X/)], t >0, x € RY, [ € UC,(RY) (UC,(RY) € Cp(R?) denotes the Banach
space of all uniformly continuous and bounded functions endowed with the sup-norm). Differentiating with respect
to x under the expectation (using the derivative of X; with respect to x, cf. [37]) it is straightforward to prove that
Rig e C,} (R), for anyt>0and g € C,l (R). For the given f € C;;O(Rd) we define

W(x) =Wy (x) = /Ooe—“R,f”(x)dr, xeR?. (6.19)
0

It is clear that w € Cj,(R?). We now show that € Cl} (R?) and solves our equation. To this purpose we first prove
that forz > 0

sup | DR, f (x)| < c(at, B, [IDbllo) (t A DF=D/) 7

xeR4

CF iy (6.20)

Once this estimate is proved, differentiating under the integral sign in (6.19) we obtain that w € C g (R?) since a4 >
1. Let us fix ¢ € (0, 1]. By Theorem 1.1 in [37] we know in particular that

IDR:gllo= sup |DRg(x)| < c(@)elPPlor=1|g)ly, g e CL(RY).
xeR4

Using the total variation norm as in Lemma 7.1.5 of [7] we deduce that R;[ is Lipschitz continuous for any [/ €

U Cp(R?) and moreover |R;1(x) — R;1(y)| < c(a)ePPlos=1/«|x —y||I]l0, x, y € RY. By Theorem 1.1 in [37], for any
geC g (R?), we can write the directional derivative of R, galong h e R4 as follows:

DyRg(x) = E[g(X})J(t,x,)], xeR, (6.21)

where J (¢, x, h) is a suitable random variable such that (E|J (¢, x, h)lz)l/2 < c(a)e”Db‘|°t_1/“|h|, for any x € R4,
Let again [ € UCp(RY). Using mollifiers we can consider an approximating sequence (g,) C C e (R?) such that
llgn — Illo = 0 as n — oo. Using (6.21) when g is replaced by g, and passing to the limit it is not difficult to prove
that R,/ € C ,1 (R?) and moreover (6.21) holds when g is replaced by [/ (cf. page 480 in [25]).

We have found that R, : UC,(RY) — C}(RY) is a linear and bounded operator and

|DRi1(x)| < c(a)el PPlog =1/ o,

for x € RY, 1 € UC,(RY). Moreover, R, : C}(R?) — C}(R?) is linear and bounded and |DR;g(x)| < e!P?lo|| Dg|lo,
for x e R, geC g (R9). To prove such estimate we fix h € R4 and differentiate R, g(x) with respect to x along the
direction /. One can show that

DyE[g(X})] = E[Dg(X])m:]. (6.22)

where n; = D, X} solves n; = h + fé Db(X{)nsds, t > 0, P-as. Note that |D, X]| < |h|elPPlot by the Gronwall
lemma (cf. page 1211 in [37]).

By interpolation techniques we know that (U Cp RY, C g (R?Y) Boo=C 5 (RY), for B € (0, 1) (cf. [22], Chapter 1,
and the proof of Theorem 3.3 in [23]); it follows that for any ¢ € (0, 1] we have that R; : Cf (RY) — CL(RY) is linear
and bounded and | DR, f (x)| < c(a, B)elPPlosB=D/e| £ 5, forany x e RY, f € C;f (RY).

b

We have verified (6.20) when 7 € (0, 1]. If 7 > 1 we use a standard argument based on the semigroup property and
get, for any x € RY, DR, f(x)| = |DR1(Ri—1 f)(x)| < c(@)e!P?I0|| R, fllo < c(a)ePPlo]] flo. Thus (6.20) holds
and we know that w € C ; (R?). To prove that  is a solution we first establish the identity

(R f)(s,%) = Ry(Lp /)(x) = L(Rs fH(x), s>0,x R (6.23)
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By using Ito’s formula (see [20], Section 2.3) and taking the expectation we find E[f(X;‘Jrh)] — E[f(Xf)] =
f‘v+h E[(Ebf)(Xf)] dr, for h € R such that s + & > 0. It follows that, for x € R,

N

0 (R f)(s, ) = lim h™! (Ryn () = R f(0)) = Ry(Lp )(x), s >0, and (6.24)
Jim AL (R F (0 = f00) = L5 f (). (6.25)

If s > 0 by (6.25) we get limy,_,qr RBDO=RIO _ £, (R F)(x) when f in (6.25) is replaced by R, f. By the
semigroup law, the last limit and (6.24) coincide and so (6.23) holds. To check that W verifies A\w — LW = f we use
(6.20) and (6.23). First by the Fubini theorem we have

o]

L (x) = / e MLy (R ) di = / M R (Lo ) () dt.
0 0

By (6.23) it follows that, for any x € RY, L,0(x) = fooo e M %(Rtf(x)) dt. Integrating by parts, we get the assertion.

111 step. Let 1. > 1. We prove the existence of a CZH”S -solution to Aw — Lpw = f on R4 whenb € C ,’f (Rd; R4 ) and
feCl®Y), a+pB > 1,and show (6.17).

Using convolution with mollifiers and possibly passing to subsequences (see, for instance, page 431 in [23]) one can
consider operators £, with drifts b, € Cgo(Rd; R?) such that ”b"”Cf < ”b”cf’ n>1,and b, — b in Cﬁ/(K; R%)

for any compact set K C R? and g’ € (0, B). Similarly one can construct ( f,,) C Ccr (R?) such that ||fn|lcﬁ < ||f||C;;,
b b

n>1,and f, - fin Cﬁ/(K) for any compact set K C R? and g’ € (0, B). By II step there exist Cg—solutions wy, to
Ly, w, =Aw, — f,, n > 1. By Step I we know that w, € CZJrﬂ (Rd), n > 1, with the estimate

”wn ”Cerﬁ(Rd) = 2C3 ”‘f”Cf(Rd) (626)

(C3 = C3(||b”cf’ o, B, d) is independent of A and n). Possibly passing to a subsequence still denoted with (w;), we

have that w,, - w in C“+ﬁ,(K), for any compact set K C R¢ with g’ > 0 such that 1 <o + g’ < a + 8. Moreover,
(6.26) holds with w,, replaced by w. We can easily pass to the limit in each term of Aw,(x) — Lw, (x) — b,(x) -
Dw;, (x) = fn(x) as n — oo and obtain that w solves our equation.
1V step. We prove the final assertion.
We already know that there exists a unique solution w) € C,(fﬂs (R?) and that (6.17) holds. To complete
the proof we argue as in the final part of the proof of Theorem 6.7. By the interpolatory estimate ||Dwl|lo <
1

1 a+p—1

N(a, B, d)[DwA]g:ﬁﬂ_l ||wA||O°’+ﬂ , we obtain easily that || Dw,|lo < 1/3 for A > Ag(d, “b”Cf’ o, B). O

b
Proof of Theorem 6.10. As in the proof of Theorem 6.8 we verify the assumptions of Theorem 5.1. Note that

[

Hypothesis 2 holds since f{IXI>1} Iy“yle dy < 0o, for any 6 € (0, o). In order to check Hypothesis 1 we argue as in the
proof of Theorem 6.8 (using Theorems 6.11 and 6.6; recall that & = «g). The proof is complete. ]
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