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Abstract: We investigate two empirical Bayes methods and a hierarchi-
cal Bayes method for adapting the scale of a Gaussian process prior in a
nonparametric regression model. We show that all methods lead to a pos-
terior contraction rate that adapts to the smoothness of the true regression
function. Furthermore, we show that the corresponding credible sets cover
the true regression function whenever this function satisfies a certain ex-
trapolation condition. This condition depends on the specific method, but
is implied by a condition of self-similarity. The latter condition is shown to
be satisfied with probability one under the prior distribution.
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1. Introduction and main result

We consider the fixed design regression model, where we observe a vector 17” =
(Y1 ,Yn,n)T with coordinates

Yri,n :f(xi,n)_‘_gi,ny (S {Lyn} (11)

Here the parameter f is an unknown function f : X — R on some set X, the
design points (x;,) are a known sequence of points in X, and the (unobserv-
able) errors €;, are independent standard normal random variables. We are
interested in the performance of a nonparametric Bayesian approach that uses
a scaled Gaussian process 1/cW as a prior on f. We investigate its efficiency to
reconstruct the true regression function, and its ability to quantify the remain-
ing uncertainty in the statistical analysis through the full posterior distribution.
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Our main interest is in the dependence of the posterior distribution on the scal-
ing factor y/c in the Gaussian process, which can be viewed as a bandwidth
parameter that can adapt the prior and posterior distributions to the unknown
regularity of the regression function. We consider empirical and hierarchical
Bayes methods to determine this scaling factor, and study the properties of the
resulting plug-in or full posterior distributions.

We denote the prior process for f = (f(z):z € X) by W¢ = (W¢:z € X),
where ¢ is the scaling factor, and it is assumed that the process W€ is equal
in distribution to the process y/c W'. The index set X may possess a special
structure, but the general results allow it to be arbitrary. These results cover
both one-dimensional and multidimensional domains X'

As a particular example we consider the case that X = [0,1] and W' is
a standard Brownian motion. In this case W€ is a mean-zero Gaussian process
with covariance function EWSWE = ¢ (sAt), and can also be obtained by taking
a standard Brownian motion on the transformed time scale ct. More generally,
for every self-similar process W' of order « the process (v/c W} : t > 0) is equal
in distribution to (thcl J2ep - t > 0) and hence our present sense of scaling is
equivalent to changing the length scale of the standard process. This applies in
particular to multifold integrals (indefinite integrals) of Brownian motion, as
considered in [12] in connection to spline smoothing.

For a given scale ¢ the Bayesian model is then described by

fle~W¢,
)_/;L|f7CNN'7L(f;l?I)7 f;z: (f(xl,n)w-wf(xn,n))T'

The posterior distribution given c is by definition the conditional distribution of
f given (Y,, ¢) in this setup. As Y,, depends on f only through f,, the conditional
distribution of f given (}7”, ﬁ,c) does not depend on the data 37” and is the
same as the conditional distribution of f given ( f_;“ ¢), which is determined by

(1.2)

the prior only. Thus we focus on the posterior distribution of f;“ which by
standard Gaussian calculus can be seen to satisfy

ﬁblynycNNn(fn,mI_Z;,lc% fn,c: (I—E;lc)?n, En,c :I+CUn7
(1.3)
for U,, the covariance matrix of the unit scale process W restricted to the design
points z; ,,. For instance, for scaled Brownian motion (Uy,); ; = @in A Zjn-

If Y, follows the model (1.1) with a continuous function f, then for fixed ¢
the posterior mean fmc tends to f;b and the posterior covariance matrix I — E;}c
tends to zero as n — oo (see [5, 20]). This remains true if ¢ = ¢, is made
dependent on n and allowed to tend to zero or infinity at polynomial rates.
Thus the posterior distribution given ¢ = ¢,, contracts to the Dirac measure at
f for reasonable ¢,. The rate of contraction depends on ¢, and the regularity
of the function f jointly. A smaller value of ¢ corresponds to less variability in
the prior process, and yields a posterior distribution with a less variable mean
function and a smaller covariance. This is advantageous if the true regression
function f is fairly regular, but will lead to a suboptimal contraction rate and
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a too optimistic quantification of remaining uncertainty in the opposite case
(see [19, 16]). It is therefore important to adapt ¢ to the data. We discuss three
methods, which turn out to have similar behaviour, both in terms of contraction
rate and uncertainty quantification, although the sets of functions for which they
work differ.

In the hierarchical Bayes setup the parameter c¢ is equipped with a prior,
and an ordinary Bayesian analysis is carried out with the resulting mixture of
normals prior for f. We shall consider the situation that ¢ follows an inverse
Gamma distribution.

In the empirical Bayes setup an estimator ¢, of the length scale is plugged
into the posterior distribution for given c. We consider two methods of estima-
tion: a likelihood-based and a risk-based method.

The likelihood-based empirical Bayes method defines ¢, as the maximum
likelihood estimator of ¢ within the marginal Bayesian model Y, e~ N(0,2,,),
which follows from (1.2). In this marginal model ¢ is the only parameter, and
its maximum likelihood estimator is

én = argmin [log det X, . + VRTE;}C?,L]. (1.4)
cel,

The restriction of ¢ to an interval I,, away from the extremes 0 and oo is con-
venient. Throughout the paper we shall use

I = [logn/n,n™ 1],

where m is chosen large enough so that the minimax scaling rates for all smooth-
ness levels are included. (If (1.12) holds, then it is chosen equal to the m in this
equation.) The likelihood-based empirical Bayes procedure ought to be close to
the hierarchical Bayes procedure, as the posterior density for ¢ is proportional
to the marginal density of Y, given ¢ times the prior density by Bayes’s rule,
and hence ought to concentrate around é, in (1.4). Thus the posterior distribu-
tion with a likelihood-based empirical Bayes plug-in for the scale parameter is
sometimes viewed a computationally cheaper version of a true Bayesian analysis.
The risk-based empirical Bayes method uses an alternative estimator for ¢
that tries to minimize the risk of the posterior mean fn,c, which is given by

Efll fae = Full* = | = SobAull? + tr((1 = 251)?). (1.5)

The first term on the right depends on the unknown function f, and hence
cannot be used in a criterion to estimate c¢. An obvious estimate for this term
is || — X, LY, |1?, but it is biased, as

Bpll = SneYal® = 1S5 e full® + B |25 8017 = 155 e full® + t2(372).
This motivates the estimator for ¢ given by

¢, = argmin [tr((] —70)?) = t0(2;2) + Y52V, | (1.6)

cel,
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In the special case that W€ is an (m — 1)-fold integral of Brownian motion, this
estimator was introduced in the context of regression by spline-smoothing. The
posterior mean in our setup is then equal to a penalized least squares estimator
for the penalty )\ff(m)(x)Q dz, with smoothing parameter \ equal to 1/(cn).
See [22, 5.

In Bayesian inference the posterior distribution is used both to reconstruct
the regression function f, typically by the posterior mean, and to quantify the
uncertainty in this construction, using the spread of the posterior distribution.
In this paper we are interested in the accuracy of these procedures within the so-
called frequentist setup, which assumes that the data ?n are generated according
to model (1.1) for a given “true function” f. The accuracy of the posterior
mean as a point estimator of f can be measured by its risk function or the
contraction rate of the full posterior distribution (see [8]), as usual. The accuracy
of the uncertainty quantification can be studied through the coverage and size of
credible sets, which are data-dependent sets of prescribed posterior probability.
In connection to the empirical Bayes methods we shall first study credible sets
of the form

nnJVI {f ”fn fn,én” < Mrn(énan)}a (17)

with || - || the Euclidean norm. Here 7,(c,n) is determined, for given n € (0, 1),
such that the ball of radius r,(c, 17) centered at the origin receives probabil-
ity 7 under the posterior law of f,, — fn ¢ given a fixed ¢, which by (1.3) is
the normal law N, (0,1 — X 1). In the hierarchical Bayes setup we augment
the Bayesian model (1.2) w1th a prior on c. We then take 71,72 € (0,1) and
select a pair of (nontrivial) quantiles ¢éq,, (1) < é2.,(m) in the posterior dis-
tribution of ¢, i.e. such that the posterior ¢| Y, assigns mass 17 to the interval
[élﬁn(m), ég,n(m)]. We then consider as credible sets for f:

Crir = U {f 2 1fn = frell < Mro(e,m2) ) (1.8)

C1,n(M)<c<éz,n(ni)

This two-step construction can exploit that the credible sets for fixed ¢ have
a simple description through the radii r,(c, 7). An alternative would be a ball
around the hierarchical posterior mean [ fn,c 1L, (dc| Y’n)

The uncertainty quantification, by either (1.7) or (1.8), is deemed accurate
if the sets CA',W? M cover the true parameter f with high probability, if the data
are generated according to the model (1.1). In particular, the credible sets are
honest confidence sets at level n for a given class of functions F if

flgg__Pf (.f € CA"rL,n,M) >n.

The number 7, (¢, n) is the natural radius of the credible set for fixed c at level n
in the Bayesian framework. The additional constant M in the definitions (1.7)—
(1.8) of the credible sets is required because the Bayesian and frequentist notions
of coverage are not the same, and c is estimated.
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It is well known that the size of an honest confidence set for a given model F
is determined by “worst case” members of F [14, 11, 3, 4, 15, 7, 10]. For instance,
if F contains a Hoélder ball of regularity «, then the (random) diameter of the
confidence set cannot be of smaller order than \/nn~%/(+1 even if the true
function is much smoother. In other words, the size of honest confidence sets
cannot adapt to the unknown smoothness of the true regression function. On
the other hand, the posterior contraction rate of the hierarchical Bayes method
is known to adapt to unknown regularity, in that the rate is faster if the true
function is smoother. We show below that the empirical Bayes methods adapt
in a similar manner. Since the corresponding credible sets will have diameter
of order the contraction rate, it follows that these sets cannot be honest over
a “full” set of functions, such as a Hoélder ball. Following [9, 1, 18] we lower
our expectation and investigate honesty over a reduced parameter space, with
certain “inconvenient” true parameters cut out, as follows.

The distribution of the data depends on the function f only through the
vector ﬁl A convenient way to describe this vector is through its coordinates
relative to the eigenbasis of the covariance matrix U,. Write fi,,..., fnn for

the coordinates of ﬁl relative to this basis, i.e.

fimi=fFejn,  je{l,....,n},

for e1n,...,en,n the orthonormal eigenbasis of U,. Let A1 ,,..., A, be the
corresponding eigenvalues.

Definition 1 (Discrete polished tail). We say that the function f, or the corre-
sponding array (f; ), satisfies the polished tail condition if there exist constants
L and p such that for all ¢ > 0 and sufficiently large n it holds that

LY ffaz Y fie (1.9)

j:p<cA;jn<1 jieh; n<1

The condition may be paraphrased as requiring that the “energy” of the
signal f in the “large frequencies” {j : p < c\;, < 1} is at least a fraction L~*
of the “energy” in the “frequencies” {j : ¢\, < 1}. Perhaps a better name
would be “self-similar”, but this name is already taken in the literature for a
more special property. The following example shows that the condition is similar
to the polished tail condition introduced in [18] when the eigenvalues decrease
polynomially in j.

Example 2 (Polynomial eigenvalues). If \; , < K,,/j k_ for some constants K,
and k > 0, then the discrete polished tail condition is equivalent to the existence
of constants L and p such that, for all sufficiently large m (and hence sufficiently

large n),
pmAn

S R.<LY B (1.10)
i=m j=m

Indeed, the condition cAj, <1 is equivalent to j > (cKn)l/ k —. J, whence the
right side of (1.9) is bounded above by 3_. ; f? ., which is bounded above by
LY j<ci<sp f7, by (1.10). This is the left side of (1.9), with p~* instead of p.
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In [18] a condition similar to (1.10) is introduced in a continuous time setup.
We comment on the relationship of these conditions in Section 4.

The main result of this paper is that all three types of credible sets are
honest confidence sets over polished tail parameters, of diameter that adapts
to the smoothness of f. We measure smoothness through the square norms, for
a >0,

1 o
Hf”i,oz = E 292 j2,na
i=1 (1.11)

1 .
Hf”i,a,oo = E SUE .71+2afj2n'

1<j<n

These norms are in terms of the restriction of f to the grid (z;,). We comment
on their relationship to norms on the full function f in Section 4. (In general
the coefficients f;, cannot be directly related to an infinite sequence of Fourier
coefficients of f, but for many functions the numbers f;,/y/n, which include
the scaling factor \/n, is close to the j*" Fourier coefficient.)

In the following theorem we assume that there exist constants 0 < § < 6 < oo
and m > 1 such that the eigenvalues A ..., An n of Uy, satisfy

éj% gAj,ngéjﬁm. (1.12)

Since W, is distributed as > i=1 VAjnZjnejn for iid. standard normal random
variables Z; ,, we have E[|[W|2 , =n~! > 3%\ . For the eigenvalues (1.12)
this is uniformly bounded if and only if o < (m — 1)/2. Thus these eigenvalues
correspond to modelling the regression function a-priori as “almost (m — 1)/2-
smooth”.

Let F, 1 be the set of all functions that satisfy the discrete polished tail
condition (1.10) for given L and satisfy 2?21 ffn < dn for some sufficiently
small constant d (that may depend on § and m).

Theorem 3. Assume that (1.12) holds. For sufficiently large M and any n > 0
the credible sets (1.7), with ¢, given by (1.4) or (1.6), and the credible sets (1.8)
satisfy R
inf P e C, — 1.
ouf Py(f € Cunor)

Furthermore, for any « € (0,m/2), the diameter of the credible sets CA'W%M
relative to the scaled Buclidean norm || - ||,0 is of the order Op, (n—o/ (4200
uniformly in f with ||fllna S 1 or || fllnac S 1. For the risk-based empirical
Bayes method this is even true for o € (0,m).

The theorem is a summary of the main results of the paper as valid for all
three methods. More specific results for the individual methods, with relaxations
of the polished tail condition tailored to the specific method, as well as results
that do not assume the eigenvalue condition (1.12), are described below. For
example, these results cover functions f on a two-dimensional domain with
eigenvalues of the forms (1.19) or (1.20), as introduced below.



Credible sets with Gaussian process prior 2481

The second and third assertions of the theorem show that the diameter of
the credible sets adapts to the regularity of the true regression function. The
restrictions to regularity levels & < m/2 or @ < m in the likelihood-based and
risk-based methods stem from the prior, through the rate of decrease (1.12) of
its eigenvalues, and the method used. The range (0,m) is bigger than could be
expected from the existing literature on Gaussian process priors. For instance,
(m/2—1)-fold integrated Brownian motion satisfies (1.12) and has sample paths
of regularity m/2 — 1/2. It has been documented to be an appropriate prior
for functions of exactly regularity m/2 — 1/2, and to become appropriate for
functions of regularities o € (0,m/2] after appropriate (deterministic) scaling
[16, 19, 13]. The latter property is retained under random scaling by likelihood-
based empirical Bayes and hierarchical Bayes methods considered in the present
context (although for @ = m/2 an extra logarithmic factor may come in; see
Example 23; the definitions of regularity in the various papers are also not
directly comparable). Surprisingly the risk-based method performs better than
the likelihood-based methods, in that it enlarges the good range to o € (0,m).
This is caused by the closer connection of the risk-based empirical Bayes method
to the diameter of the credible set, yielding a more appropriate scaling factor
¢, for minimizing this diameter.

The diameter of the credible sets is linked to the posterior contraction rate.
The rates Op, (n—/(1+29)) are attained irrespective of f satisfying the polished
tail condition, the latter condition being important only for the coverage.

The credible sets (1.7) and (1.8) are obtained by considering balls in the space
of function values of f at the design points. An alternative are (sets based on)
pointwise intervals of the form

C’n,n,M(m) = {f : ‘f(x) - fn,én(f)‘ < Mrn(énvn»x)} (1.13)

Croor (z) = U {f £ (@) = fre@)] < Mro(c,mz, @)}, (1.14)

é1,m(Mm)<c<éa n(m)

where f, () denotes the mean of the marginal posterior distribution of f(x)
given ¢ and r,(¢,n, z) is determined so that

P(|f(x) = fue(@)| < rale,n ) | Yo, ) = 1.

Since this marginal posterior distribution of f(z) given ¢ is normal with mean
fmc(x), these intervals are easily determined. In particular, for a design point
T = x;,, the radius ry, (¢, n, z) is equal to z,(1— (3, 1);,:)!/2, for z, the (1+7n)/2-
quantile of the standard normal distribution. When used simultaneously for
multiple values of x, these intervals form a credible band.

The study of the coverage of such pointwise intervals and bands requires
different techniques from those in the present paper, and appears to be tractable
only for concretely specified prior processes. However, the methods developed
here are suitable when measuring coverage in an averaged fashion that focuses
on the fraction of the design points at which the intervals (1.13) or (1.14) cover
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the true function. A similar point of view was taken by [22, 2]. The following
corollary gives such a result for a subset of design points z; , that are spread
evenly relative to the prior process. More precisely, let

s2(c,zip) = in]Rf {CE(VVI1 - aTW%)Q + Ha||2]
aeRn in

denote the posterior variance at the design point z; , and set

n
Ip = {z 82(c, ip) > %Zsi(c, xj,n)} (1.15)
j=1
for some constant C' that is independent of n. Then the corollary holds when
considering the design points in this set.

In Corollary 3.6 of [16], we have seen that Brownian motion satisfies this
condition for the set of all design points that satisfy z; , > C/+/logn.

The following corollary shows that the uncertainty quantification through the
intervals C’nn M (i) is correct at the design points in the set J, as long this
set is large enough, except possibly a fraction.

Corollary 4. Assume that (1.12) holds and that the set J, given in (1.15)
satisfies |J,| ~ n. Fiz v € (0,1), n > 0 and let &, be given by (1.4) or (1.6).
Then for sufficiently large M the credible sets defined in either (1.13) or (1.14)
satisfy

1 A
it Pr( 3 1{f € Copulein)} 27) = 1.
in fnz {feConm(@in)}=>v)—

€Fn
f&Fn L i€

n

Furthermore, if for i € J,, it also holds that s2(c,z; ) < % 2 i s2(c,zjn) for
some C' > 0, then for any a € (0,m/2) the length of the intervals Cy, ; nr(2i.0n) is
of the order Op, (n_“/(1+2“)) uniformly in i € J,,, uniformly in f with || flln.a S
1 or || fllneco S 1. For the risk-based empirical Bayes method this is even true
for a € (0,m).

The proof of this corollary can be found in Section 7.

The multiplicative constant n in (1.12) is motivated by comparison with the
continuous time setup. If the covariance function K(s,t) = EWIW} of the
continuous time process W1 has eigenfunctions e; satisfying

/ K (s, 0)e; () dt = Age; (s),

then for equidistant design points one may expect that

n

Z K(z,zin)ej(zin) = n\jej(z).

i=1

This suggests both that A;,, ~ nA; and that the “discrete” eigenvectors e;
should be close to the eigenfunctions restricted to the design points. This is a
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suggestion only, which already makes little sense when counting the numbers of
eigenvalues involved: n versus co. Nevertheless, for the Brownian motion prior
the correspondence is exact.

Example 5 (Brownian motion). The Brownian motion prior permits explicit
formulas for eigenbasis and eigenvalues, provided the design points are taken
equal to x;,, = ¢/(n+ 1/2) for i € {1,...,n}, a slight shift from the usual
uniform grid. The formulas are interesting as they allow to make a connection
to the Fourier basis (see Section 4).

The eigenvectors of the covariance matrix U, of standard Brownian motion,
scaled to unit length, are given by, for j € {1,...,n},

€jn = ;(ej(xl,n), cee ej(xn,n))T, ej(z) = \/isin[(j — $)ma].

n+1/2
(1.16)

The functions e; are an orthonormal basis of {f € L»[0,1] : f(0) = 0}, and
happen to be eigenfunctions of the covariance kernel of continuous Brownian
motion. A similar correspondence is valid for Brownian bridge, but we are not
aware of other examples where the continuous and discrete setups match up so
closely.

The eigenvalues of U, are given by

1
(4n+2)sin®((j — 1/2)7/(2n+ 1))

Jsn

As the argument of the sine is in [0,7/2], for which 2z/7 < sinx < z, there
exist numbers (4, d) such that

n 1 2n + 1\2 1 2n+1\2 —n
s 2 < ( ) <)\-n<4(—) <52 aar
T2 7 (4n +2)m2 j—% =" = 16n+8 i—3/ — J? (L17)

J
where this inequality holds for all n and j > 1 if we take (4,6) = (772, 3), and
for 7 > 2 and n sufficiently large if we let § = 4/10.

Standard Brownian motion has sample paths of regularity 1/2, and has been
documented to become an appropriate prior for functions of regularities o €
(0,1) after appropriate scaling [16, 19, 13]. We show in the present paper that
the good range is enlarged to o € (0,2) provided that the scaling by the risk-
based empirical Bayes method is used.

Example 6 (Discrete priors). Although it often helps intuition to model a func-
tion f a-priori by a Gaussian process on a “continuous” space that encompasses
the design points, nothing in the preceding setup requires this. In fact, we may
turn the construction around, by starting with an arbitrary orthonormal basis
€ln,---,6n,y and eigenvalues Ay ,, ..., A, n, and next define the prior covariance
matrix U, to be the matrix that has this as its eigenbasis and eigenvalues, that
is, its spectral decomposition is

Un =3 Nin€in€l - (1.18)
i=1
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Given arbitrary points xi , ..., ZTn,, the vector f:L is then a-priori modelled by
its coefficients f; ,, relative to eq y,...,€n n, which are independent N(0, cAin)-
variables.

One particular example is to retain the eigenvectors of Brownian motion,
but to change the corresponding eigenvalues to (1.12) for a general m. The
interpretation of the norms || - ||n,e and || - [|n,a,co would be the same as for
Brownian motion (as discussed in Section 4), but the good rates relative to
these norms would now be attained for a up to m (or m/2) rather than 2 (or
1). Our theoretical results show only advantages to taking a larger value of m,
but one might guess that a deeper analysis could change this picture.

Example 7 (Discrete Laplacian). The discrete Laplacian is a useful tool to
construct “smooth priors” on a discrete set of design points. For a univariate
grid it is closely connected to the Brownian motion prior of Example 5. For a
countable set X equipped with a neighbourhood relation ~ the Laplacian is the
operator acting on functions f : X — R, defined by

yy~x

Small values of |Lf]| indicate that f changes little across its neighbourhoods,
whence L can be used to model smoothness relative to the given neighbourhood
structure.

Identification of a function f : X — R with the infinite vector (f(z): z € X)
gives an identification of L with an infinite matrix (with (z, )" element equal
tolify # x and y ~ z; equal to —#{y ~ z} if y = x; and equal to 0 otherwise).
The restriction of this matrix to the rows « € {x1 ..., %y} will have nonzero
elements in columns y ¢ {Z1n,...,Znn}t With y ~ x;, for some 7, and hence
a restriction of Lf to the design points may not correspond to simply taking
the appropriate (n x n)-submatrix of L. This is typically solved by imposing
boundary conditions, much as when considering a continuous partial differential
operator.

In the example of X = Z with the design points x1 ,, ..., Zn,, identified with
the points 1, ..., n and the neighbourhood system: i ~ j if and only if |i—j| = 1,
the discrete Laplacian is

LA = D [fU) = f@)] = fG+1)+ f(i—1)—2£().

Jili—il=1

The restrictrion of L(f) to the design points 1,...,n also involves the points 0
and n + 1, and there are various ways of imposing boundary conditions. The
natural choice f(0) = f(n+1) = 0 is known as the Dirichlet boundary, while the
other natural choice f(0) = f(1) and f(n+1) = f(n) is the Neumann boundary.
The eigenvectors and eigenvalues corresponding to these boundary conditions
are known explicitly, and so they are for the mixed Dirichlet-Neumann condi-
tions: f(0) = 0and f(n+1) = f(n). In fact, in the latter case the eigenvectors are
exactly equal to e; ,, as given in (1.16) and the eigenvalues are —1/((n+1/2)A;,,)
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for A; , as given in (1.17). This close connection to Brownian motion is not obvi-
ous, but also not entirely surprising as minus the inverse Laplacian (the twofold
primitive) is the covariance operator of Brownian motion (restricted to the or-
thocomplement of the constant functions) and standard Brownian motion is
tied at zero. The connection invites to interpret the eigenvectors (1.16) as mod-
elling smoothness in a discrete sense, an interpretation that also makes sense
if the design points z;, are linearly ordered and roughly equally spaced, but
not exactly equal to i/(n + 1/2) as in Example 5. For the special grid of the
latter example the norm in (1.11) corresponds exactly to the size measured by
the Laplacian, in that

f?

& =< 1f17.a

1 N R o n
R I LP R = nte S
i=1

(The norm on the left side is the Euclidean norm of R™ and the leading fac-
tor 1/n stabilizes the sum involved in this norm; the factor n? preceding L
corresponds to 1/h2, for h ~ 1/n the mesh width of the grid.) Although the
eigenvalues (1.17) come naturally with the discrete Laplacian, when defining the
prior they might be replaced by eigenvalues (1.12) for a general m. This would
correspond to describing a-priori smoothness by a power of the Laplacian. In-
deed, as noted following (1.12), for these eigenvalues we have E[|W||2 , < oo for
a < (m —1)/2. In view of the preceding display, this is equivalent to finiteness
of LE[(n2L)*/2W,||>. So the prior with covariance matrix (1.18), for eigenval-
ues (1.12) and eigenvectors (1.16), corresponds to modelling f by a Gaussian
process W with finite discrete Laplacian (n2L)*/2W for a < (m — 1)/2.

Example 8 (Integrated Brownian motion). Once integrated Brownian motion

W} = fot By ds, for B standard Browian motion, possesses covariance function
cov(WL W) = s%(3t — s)/6 for s < t. The eigenfunctions are given by

e;j(t) o (sin@; + sinh ;) (cos(t0;) — cosh(td;))
— (cos§; + cosh ;) (sin(td;) — sinh(t;)),

where the 6; are the positive roots of the equation cos(f)cosh(d) = —1, for
Jj€{1,2,...}. See [6], Theorem 7. The corresponding eigenvalues are \; = 9;4
and are of the order ((2j — 1)7/2)~%.

Thus this example appears to satisfy (1.12) with m = 4. However, exact
expressions for the discrete eigenvectors and eigenvalues appear not known.

Example 9 (Functions of two arguments). Functions f : [0,1]> — R on
the unit square may be modelled a-priori by the product W}, = By By
of two independent standard Brownian motions B; and Bs. The covariance
function EW,} W}, ,, is the product K(s,s)K(t,t') of the covariance functions
K(s,s') = sAs’ of the Brownian motions. While this process is not Gaussian, we
can replace it by a Gaussian process with the same covariance structure. For a
rectangular grid consisting of points (2; »,, € ») constructed from a given univari-
ate grid 0 < 1, < -+ < &, <1, the covariance matrix of the n2-dimensional



2486 S. Sniekers and A. van der Vaart
vector (W, 2;..), for (i,7) € {1,..., n}?, with its coordinates ordered appro-
priately, is the Kronecker product of two copies of the covariance matrix of the
n-dimensional vector (B;, ). The eigenvectors are the tensor products e; , ®e; r,
of the univariate eigenvectors e; ,,, with corresponding eigenvalues the products
Aijn = AinAjn of the univariate eigenvalues A; .

Even though in this case the eigenfunctions and eigenvalues are more natu-
rally viewed as a two-dimensional array than a sequence, they may of course be
ordered in a sequence. Then this example fits the general setup, except that n
has been changed into n?.

In particular, for the grid in Example 5 the eigenvectors are the discretisations
of the tensor products of the sine-basis given in (1.16) and the eigenvalues satisfy

n2

Nijn = py (i,7) € {1,...,n}? (1.19)
for m = 2. Theorem 3, which assumes (1.12), does not apply to this example.
However, the assumptions of the general results below are satisfied, also for a
general value of m > 1, and hence the message of the theorem goes through.
The set of polished tail functions can be defined in the same manner by (1.10),
after ordering the array of coeflicients f; ; , in a sequence by order of decreasing
eigenvalues )\; ;,, (that is, increasing values of ij).

The square smoothness norm || - |lne as in (1.11) now becomes
n=2 3t 5 (i5)* 7 - While the eigenbasis is essentially the natural two-
dimensional Fourier basis, the restriction imposed by this norm is a bit un-
usual, in its focus on the cross product ij. As the smoothness norm describes
the prior process, this may be unsatisfactory. More natural “Sobolev norms”
n=2 Y D0 (12 4 %) f7;,, correspond to the eigenvalues

?’l2

m, (i,5) € {1,...,n}2. (1.20)

irjn =

The Gaussian process W* corresponding to these eigenvalues has E|W?||2, A <

oo for every o < m — 1, and hence may be considered “Sobolev smooth almost
of order m —17.

For these eigenvalues the discrete polished tail condition (1.9) can be written

in the form
n o n n n
ZZ i2>j7” = L ZZ i2,j,na

i=1 j=1 i=1 j=1
P24j2>m m<i?+j2<pm

for sufficiently large m. The theorems below show that the credible sets corre-
sponding to this prior cover functions that satisfy this condition.

1.1. Organisation of the paper

We give an outline of the argument as presented in Section 2. Firstly, the vari-
ous parts of the criterion functions used to define the estimators é, in (1.4) and
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(1.6) are studied. The behaviour of these estimators is then quantified by The-
orem 12. This result is applied in Theorem 17 to obtain our main result on the
coverage of the credible sets as defined in (1.7). We follow up with results about
contraction rates of oracle type and over various concrete models (Section 2.2).
The argument in the hierarchical case in Section 3 has the same structure: first
we quantify the behaviour of the posterior ¢ | 57” in Theorem 25 and this is then
applied in Theorem 27 to obtain coverage. Again this is followed by a discussion
of the contraction rates in Section 3.2.

The rest of the paper is structured as follows. Section 4 concerns the inter-
pretation of the polished tail condition, which is related to a similar condition
on the Fourier coefficients of f. It is shown to be satisfied with probability one
under the prior. This section also discusses various alternative smoothness as-
sumptions on the function f. In Section 5 the finite sample properties of the
three methods are explored through simulations. Section 6 is a closing discussion,
which addresses conditions, interpretations, and generalisations of our results.
Finally Sections 7 and 8 gather technical proofs and technical lemmas.

1.2. Notation

The notation a,, < b, means that a, /b, is bounded away from 0 and infinity, as
n — oo, and a, ~ b, means that a, /b, tends to 1. If a,, and b,, are functions,
then we say that a, =< b, or a, ~ b, uniformly over a domain if the constants
away from 0 and infinity can be chosen the same for every value in the domain,
or the convergence to 1 is uniform.

The notation a < b means a < Cb for a universal constant C.

For a function g : X — R, the vector (g(z1,n),...,9(2nn)) is denoted by
Gn- The same notational device is used for a vector &, composed of variables
€1my---1En,n-

Unless stated otherwise the set I,, is the interval I, = [logn/n,n™~1].

2. Empirical Bayes

By substituting the model equation Y, = ﬁ + &,, we can decompose the
quadratic forms in the empirical Bayes criteria (1.4) and (1.6) as

VIS Y, = FIs b fo+ el ke, voflis ke, ke{l2). (21
We next express both f;L and &), relative to the orthonormal eigenbasis
€lny---,enn Of Up. The coeflicients of f_;L are by their definition the numbers
fjn, while the coefficients of &, are i.i.d. standard normal variables Z; ,. The
matrix ¥, . = I 4 cU, and its inverses X, |, and ¥, 2 have the same eigenbasis
as U,, with eigenvalues (1+c); ), (L1+c)j,) " and (1+c)j,) "2, respectively,
for A;, the eigenvalues of U, . It follows that the two types of empirical Bayes
estimators ¢, minimize criteria LZ and L of the form
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Ln(c, f) = Dl,n(ca f) + ng(c) + Rl,n(ca f) + R2,n(c) (2-2)
= Dn(ca f) + Rn(cv f)

For the risk-based empirical Bayes estimator (1.6) the functions and processes
D1y, D2y Ri, and Ry, on the right side are defined by

n 2
DRn(Cvf):fZZ;if;: ia
1, ’ ; (1+chjn)?
_ - chin)?
D?n(c) = tr((I - En,lc)2) = Z ﬁ
j=1 j,n

-1 (1 + C/\j7n)2

j=1

_ Zn:(zj%n ~1) [m . 1},

whereas for the likelihood-based empirical Bayes estimator (1.4) these functions
and processes are given by

noog2
Df e f) = ITSikfn =3 175
= jn
D¥ . (c) =logdet %, . — zn:[log L+cAjn) — _ Ay }
N - n,c J.n . ’
= 1+cAjn
Lole, f)y=2fFs, an_QZ Zindin
me 1+chjn
L Tl o 1 n n — C)\j n
R2,n(c> =€&n 2n,cgn - tr(En,c) - Z( - Z 1 + e\ :
i=1 i=1 " (2.4)
2.4

In general discussions we shall leave off the superscripts R and L, for “Risk”
and “Likelihood”, and denote both the risk- and likelihood-based functions by
D15y D2y Ri gy, R2 . In both cases we have shifted the criteria by the factor
Z;-l:l(Z]%n — 1), which does not depend on ¢, in order that the remainder term
Ry, be smaller.

The functions D; , and D, are deterministic, whereas R; , and Rs, are
random processes. The processes D, ,, and R, , depend on f, whereas the other
processes are free of the parameter. Even though the functions and processes
differ in the risk- and likelihood-based cases, for instance by the power of 1+c); ,,
in the denominators, the two estimators ¢,, can be analysed by similar methods.
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In Lemma 14 it will be seen that under (1.12) the two functions Ds ,,, even
though quite different in form, are asymptotically equivalent. The following
proposition shows that in both cases the stochastic process R, is negligible
relative to the deterministic process D,,.

Proposition 10. If (1.12), (1.19) or (1.20) holds, then for Ry, and Rz, as
given in (2.3) or (2.4) and the corresponding D,, = D1, + Da,, in the same
display it holds that

|Ryn(c, f)l + |Ran(c)| P
A N o R

The proof of the proposition can be found in Section 7. In case of the eigenvalues
(1.19) or (1.20), it should be understood that n is replaced by n? in the assertion
(and the single sums in (2.3) or (2.4) by double sums).

We may view the stochastic process R, = Ri, + Ra,, in (2.3) or (2.4) as
an “estimation error” when estimating an “ideal” criterion D,, = Dy, + D3 .
The preceding proposition essentially says that this error can be ignored. As
a consequence the minimizer é, of L, = D,, + R, will behave similarly to the
(deterministic) minimizer of D,,. The latter functions consists of a part D1, (-, f)
that is decreasing in ¢, from D1 (0, f) = Z;;l fﬁn to D1,,(00, f) =0, and a
part Dy, that is free of f and is strictly increasing in ¢, from Dj ,,(0) = 0 to
Dj (00) > n. Minimizing the sum D,, of these functions can be viewed as an
attempt to balance these two terms.

In the case of the risk-based empirical Bayes method Dy ,,(c, f) is exactly the
square bias of the posterior mean at the true regression function f, given a fixed
scale ¢, and D ,(c) is its variance, which is independent of f (see (1.5)). The
square bias is decreasing in the scale ¢, while the variance is increasing, and hence
the empirical Bayes estimator ¢,, tries to balance the square bias and variance
by minimizing an estimate of their sum. The likelihood-based empirical Bayes
estimator is not as strongly tied to the risk, but we shall see that it performs in
a similar manner. Here the essence will be that its bias term D, ,, is bigger than
the bias term of the risk-based method, while its variance term has the same
order of magnitude.

For minimizing the risk the empirical Bayes methods always do the right
thing. However, the coverage of the credible sets depends not on the sum of
square bias and variance, but on their relationship, or rather the relationship
between square bias and the posterior variance

0. (2.5)

n

|2 | ?n,c) =tr(l — E;}C) = Z

j=1

C/\j,n
]. =+ C)\j,n ’

s2(c) =E(|fa = foe (2.6)

If for a particular f the square bias exceeds the posterior variance, then the
empirical Bayes method will put a too narrow credible set too far from the
truth, which it will not cover in that case. The posterior variance, although not
equal to the variance terms Dy ,, has the same order of magnitude as these
quantities (see Lemma 14). Thus a lack of coverage is caused by too small a
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value of ¢,, giving too small a prior variance and posterior variance, i.e. by
“oversmoothing” the truth.

Notwithstanding the nice properties of the functions D, , and D, , for a
given n, such oversmoothing may occur for f for which the “bias” function
¢ — Dy (¢, f) changes haphazardly with n. (We describe this here in an asymp-
totic framework, with n — oo, but a problem will arise for every given n, albeit
possibly for different f.) The point is that at different sample sizes, different
aspects of f determine the behaviour of the empirical Bayes estimators ¢,,. The
assumption that f satisfies the polished tail condition prevents such haphaz-
ard behaviour for both empirical Bayes methods. When considering a given
method, good behaviour can also be more precisely characterised through the
corresponding function D ,, as follows.

Definition 11 (Good bias condition). We say that the function f, or the cor-
responding array (f; ), satisfies the good bias condition relative to Dy, if there
exists a constant a > 0 such that, for ¢ € I,,,

Dy, (Ke, f) < K7*D1 (¢, f), for all K > 1. (2.7)

As a pendant to this condition we call Ds ,, good variance functions if there
exist constants b, B, B’ > 0, independent of n, such that for ¢ € I,, we have

BE’Ds . (¢) < Dy (ke) < B’k Dy (c) forall k< 1. (2.8)

Since the functions Ds ;,, do not depend on f, the good variance condition merely
refers to the prior process. Priors satisfying (1.12) give Do ,(c) < (cn)Y/™ (see
Lemma 14) and hence yield good variance functions with b = 1/m.

The essence of these “good conditions” is captured in the purely analytical
Lemma 42 in Section 8, which is the basis of the proof of the second assertion
of the following theorem.

Theorem 12. Suppose the remainder terms Ry , and R, satisfy (2.5). Then
for any f and e > 0 the empirical Bayes estimators ¢, given in (1.4) and (1.6),
with the corresponding function Dy, = D1, + D2, as given in (2.8) and (2.4),
satisfy
Py (Duéns f) < (14+€) inf Dafe, ) > 1.
celyn
Furthermore, if f satisfies the good bias condition with constant a, D3 ,, are good
variance functions with constants b, B, B’ and Z?Zl fn < sup.eg, Danlc),
then also
Py (Dinlén, £) < BT (24+22) 49Dy 0 (60) ) — 1.

Proof. Let ¢, € I,, be a minimizer of D,, and set A, = {c € I, : Dy(c, f) <
(14€)D,,(cn, f)}. For the first assertion it suffices to show that Ps(é, € A,,) — 1.
By the definition of ¢,, this is the case if inf.gs, Ly(c, f) is with probability
tending to one strictly bigger than L, (c,, f). Since L, = D,,+ R,,, relation (2.5)
gives
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) = [ D1+ 5205

cE A, ( )
n(c f)
> inf Dy(e, f)(1- ‘ | £ D, 1—op(1
> inf Dale, /) (1 sup | 5 3 ]) = inf Dule D] (1= 0p(1)
By the definition of A,, the infimum on the right side is at least (1 +€)Dn(cn, f)-
Moreover, again by Proposition 10 we have that Ly(cy, f) < Dy(cn, f)(1 +

op(1)). The desired result follows, as D, (cy, f) is strictly positive.

For the proof of the second assertion we define ¢, as the unique point of
intersection of the graphs of the functions D , and Ds ,, i.e. the unique solu-
tion of the equation Dy y(c, f) = D2n(c). If &, € I, then by the first assertion
D, (én, f) < (14€)Dy(én, f), whence the assertion follows from Lemma 42(i). If
¢y falls to the left of I,,, then D1 (¢, f) < D2 ,(c) throughout I,, by the mono-
tonicity of the two functions and the assertion is trivially true. The assumption
that Dy (0, f) = Z?:l sz’n is below the maximum value of D, ,, prevents that
¢y, falls to the right of I,,. O

The good-bias condition on f is dependent on the prior and the method
through the function D, ,, which can be Dfn or D{?n. For both methods the
condition is implied by the discrete polished tail condition.

Lemma 13. Any f that satisfies the discrete polished tail condition also satisfies
the good bias condition, for both the risk-based and likelihood-based bias functions

Dl,n ('7 f) .
Proof. If f satisfies the discrete polished tail condition, then
2

> (ESwmEE Yo fas<Lo Y £

jieh; n<1 jied; n<1 7ip<cA;jn<1
2
< 4L E __snn
- 1+chin)?’
Jip<edjn<l (14 cAjn)

since 1+ cA;,, < 2 for j in the range of the sum. The left side is part of the sum
that defines the function Dﬁn. Splitting this sum in the parts with cA;, <1
and with c)A;, > 1 and noting that p < 1, we see

2
j:pgc)\j,n (1 T C>\j,n)
< UHatp) 3 J3n i
B P Jip<chsn (1+cAjn)? ’

since ¢\ /(1 +chjn) > p/(1+ p) for j in the range of the sum. The sum on
the right side becomes even bigger if we let the sum range from 1 to n and is
then equal to —%c (Df,) (¢, f). It follows that there exists a > 0 such that

D, (e, f) —
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On integrating this from ¢ to K¢ we find that log D ,L(Kc, f) —log D{?n(c, f)is
bounded above by —alog K, and the good bias condition (2.7) follows.

The proof for the likelihood-based function Dﬂ », differs only in that the power
of the terms (14 c);,,)? in the denominator must be decreased from 2 to 1. [

The following lemma gives the behaviour of the three variance functions if
the eigenvalues satisfy (1.12), (1.19) or (1.20). The lemma implies that these
three functions are good variance functions in the sense of (2.8).

Lemma 14. The functions Dg, given in (2.3), D%, given in (2.4) and sy
given in (2.6) are strictly increasing on [0,00). Furthermore, if (1.12) holds,

then
D3, (¢) = Dg ,(¢) = si () < (en)/™,
uniformly in c in I,, as n — oo. The same is true (with n? instead of n) under
(1.20). Moreover, if (1.19) holds, then
Dy (€)= Dy pa(c) < 832 (c)

N

2
_ (en?)1/™ (1 + log(cn?)) if en? < np™
T (en®)V™ (1 4+ log(n®™ /(en?)))  if en? > n™

uniformly in c in I,2.

Proof. The monotonicity of Dgn and sy, is clear. Under (1.12) the function Dfm
satisfies

n n
1 — 1
cnd)? —— < DE (¢) < (cnd)? _—
PO 2 G ey = P9 = () ; (7 + end)?
where in the second inequality we use that x — z/ (1_+ x) is increasing. By
Lemma 43 in the appendix the sums are of the order (6cn)~2+t1/™ for ¢ € I,,.
The function s,, can be treated analogously.
The derivative of D2L7 », is given by

n c)\2

D
2n) Z(l—i—c)\jn (l—i—c)\]n ) Z 1—|—c)\jn)

J=1 Jj=1

The monotonicity of DQL,n is a consequence of the positivity of this function.

The value of D¥,, at ¢ is the integral of this derivative over the interval [0, ¢]. If
(1.12) holds, then

c n 2
62/ - ds< DE <32/ g
(g™ +5sn s < Danle) < 0 ; Gm +osn)2 ™

By Lemma 43 the integrands are asymptotic to a multiple of
(sn?)(dsn)~2F1/m = pl/mg=1H1/m yniformly in s € [l,/n,n™"'], for any
l, —» oo and § = § and 6 = § respectively. The integral of the latter function
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over [0, ¢ is equal to a multiple of (en)'/™, while its integral over [0,1,/n] is

of the order 1;/™. The integral of (D% )" over [0,1,/n] is bounded above by a
multiple of fol"/ "sn? Y j7*™ds =< I7. Hence both remainders are of lower

order than (ecn)'/™ for ¢ € I, if 1,, is chosen equal to, for instance, loglog n.
The proof under (1.20) is the same, except that we use Lemma 45 instead

of Lemma 43. The final assertion also follows along the same lines, but now

employing Lemma 44. The details are deferred to Section 7.2. U

2.1. Coverage of the empirical Bayes credible sets

The function f is contained in the empirical Bayes credible sets (1.7) if || f,, —
Frenll < Mry(én,n). In view of (1.3) and (1.1), the square of the left side can
be decomposed for any c as

I foe = Full? = FES 2 fr — 2fF S 0T - B 0)8, + €0(1 - B, L)%,
= Df, (c. f) + D, (c) + Ran(c, f) + Ranlc), (2.9)

where the first two processes on the right are defined in (2.3) and (2.4) and

(eA i
alenf) = —2fTS (T - = oy i) Zin Sy i
R3,n(cv f) fn n,c( Z ]_ + C)\j n ’
n 2 2
- _ (C)‘ ﬂ) (Z n 1)
R4,n(c) = 55(1 - anc) - tr((I ZTL}J)2) = Z ’ o

(2.10)
The following proposition shows that the remainder Rs, + R4, is negligible
relative to the deterministic process D,,, for both the likelihood-based and risk-
based functions.

Proposition 15. If (1.12), (1.19) or (1.20) holds, then for Rs ,, and Ry, given
in (2.10) and Dy, = Dy 5 + D2, given in (2.3) or (2.4) we have

|R3,n(cv f)‘ + |R4,n(c)| P
L N

(2.11)

The proof of the proposition can be found in Section 7.

The radius r, (c, 77) of the Bayesian credible set is the 7- quantlle of the poste-
rior distribution of || f;, — fn.c|| given ¢. As the distribution of f,, — f, . does not
depend on Y, the radius 7,(¢,n) is deterministic. Since the posterior distribu-
tion of fn fmC is multivariate normal with mean zero and covariance matrix
I—%, % (see (1.3)), the square norm is equal in distribution to the variable

n C/\j,nZ?’n
Na(€) =) T30 . (2.12)
j=1 "
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where the Z;,, are independent standard normal random variables. The mean
of this variable is by its definition the posterior variance s2(c), given in (2.6).

The following proposition shows that the variables NN,, degenerate to their mean
as n — 0o.

Proposition 16. If (1.12), (1.19) or (1.20) holds, then

Ny,.(c)

s7.(¢)

The proof of the proposition can be found in Section 7.

We are ready for our main result on coverage. The result applies to discrete
polished tail functions and under every of the three eigenvalues conditions, but
we give a more general statement, which takes the output of the preceding
propositions as its conditions.

1| 5o (2.13)

sup
cel,

Theorem 17 (Coverage). Suppose the following conditions hold:

1. the remainders Ry , and R, behave as in (2.5) and Rs,, and Ry, behave
as in (2.11),
2. (2.13) is satisfied,
3. D, (c) < D¥, (c) =< s2(c) uniformly in c € I,
4. the function f satisfies the good bias condition and Z?Zl ffn
SUDcer,, DQ,n(C)-
Then Py (f € én%M) — 1, for both the risk-based and likelihood-based credible

sets (1.7) and sufficiently large M. In particular, this is true if (1.12), (1.19)
or (1.20) and condition 4 above hold.

Proof. Since N, (c)/s%(c) — 1 in probability uniformly in ¢ € I,,, the quantities
r2(e,n)/s2(c), which are the n-quantiles of the variables N,,(c)/s2(c), tend to 1
as well, uniformly in ¢. In order to see this, suppose that sup.c; [r2(c,n)/s2(c)—
1] # 0. Then there exist a subsequence rik/s%k and points ¢; € I, such
that [r2 (cx,n)/s%, (ck) — 1] > e We may assume that we either have
r2 (ck,m)/sh, (k) > 1+ € for all k or r2 (ck,n)/s2 (cx) < 1 — e for all k.
In the latter case, we see that along this subsequence we have

P(Nnk(ck) < T%k(ckﬂ?)) < P(Sup Nnk(c) <1 _e> —0

spo(ce)  sh,(cr) c€l, $7,(C)

by (2.13). The case that ry, (cx) > 1+ € can be treated similarly, where now
this probability tends to one. In either case, this contradicts the definition of
rn(c,m).

It follows that the function f is contained in C,, ,, ar if || fn.e, — Full2/s2(e) <
M?(1+ op(1)). By the decomposition (2.9) this is equivalent to

D{%,n(ém f) + Dgn(én) + RB,n(éna f) + R4,n(én)

Si(én)

< M*(1+o0p(1)).
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By assumption s2 (¢, ) has the same asymptotic behaviour as both D, (¢,) and
D2L7 »(€n), up to a multiplicative constant. If f satisfies the good bias condition for
the risk-based procedure, then Df, (é,) 2 Df, (¢, f) with probability tending
to one by Theorem 12, whence DX (¢, f) < Dgn(én) = s2(¢,). It then follows
that the first two terms in the display are bounded above, while the remainder
terms tend to zero by (2.11).

By definition we always have Df, (¢, f) < Df, (c, f). If f satisfies the good
bias condition for the likelihood-based procedure, then D{, (¢, f) S DF,,(én)
with probability tending to one by Theorem 12, while D%, (¢,) < D%, (¢,)
by assumption. It follows that again Dfn(én, f) S Dfm(én), and the proof is
analogous to the risk-based case, where for the last two terms we use the fact
that DL (¢, f) < D%, (¢n) < 52 (én).

The final assertion of the theorem follows by Propositions 10, 15 and 16 and
Lemma 14, which show that all assumptions hold under (1.12), (1.19) or (1.20)

and the conditions on f. O

2.2. Contraction rates of the empirical Bayes posteriors

We first consider the risk-based setting. If the remainder processes in (2.9) are
negligible relative to Dff = fon + Dgn uniformly in ¢ € I,,, which is true under
our three eigenvalue conditions by Proposition 15, then

e = Fall* = Op (D (én, ) (2.14)

For the estimator ¢,, the right side is by the first assertion of Theorem 12 of the
order (in probability)
inf DE( f)
with probability tending to one. Since DE(c, f) is exactly the risk of the estima-
tor fn,c for a given ¢, these two assertions combined can be viewed as an oracle
type inequality for the risk-based empirical Bayes plug-in posterior mean fm@n:
the empirical Bayes estimator manages to choose the best value of ¢ for each
possible f. The family of estimators fn,c, where ¢ € I,,, turns out be rich enough
to give an optimal estimation rate for the usual regularity classes. Thus the esti-
mator fnc adapts to unknown regularity in the usual sense. We formalize this
in the next theorem, together with the observation that the posterior variance
also adapts correctly. From this we deduce that the full posterior distribution
contracts adaptively.
Write HC(~ \ 17”) for the posterior distribution of f_;L given ¢ and let 11, ( | }7”)
be the same object, but with ¢ replaced by é,.

Theorem 18 (Contraction, risk-based EB). Suppose the following conditions
hold:

1. the remainders R , and R, behave as in (2.5) and Rs,, and R4, behave
as in (2.11),
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2. D, (c) < s%(c) uniformly in ¢ € I,.

Then for ¢, given by (1.6) and any sequence M,, — oo,
e, (w @ = foll* > M inf Eyllfoc =l ¥a) = 0.

In particular, this is true if (1.12), (1.19) or (1.20) holds.

Proof. Let W denote a variable that given Y, and c is distributed according to
the posterior distribution of f. Then by Markov’s inequality, for any M and c,

M? HC(w i, — f_;LHQ 2 M2|Vn) B EmWn - ﬁzHQ |§7n,c]
< ”fn,c - ﬁ”z + EmWn - fn,C||2 ‘ Y’n,c}.

The second term on the far right is the posterior variance s2(c), which by
assumption is bounded by a multiple of D¥, (¢) < DE(c, f) uniformly in ¢ € I,,.
The first term on the far right evaluated at ¢ = &, is bounded above by DZ(é,, f)
with probability tending to one, in view of (2.9) and (2.5) and (2.11). It follows
that with probability tending to one

- —» 1 1
T 2 2 R : R
Hén(wHwn_f’ﬂH ZM |YTL)SWDn(Cnaf)smclglf;Dn(Qf)

by the first assertion of Theorem 12. Since DE(c, f) = E]c||fn)C — ful?, the proof
is complete. O

Thus the risk-based empirical Bayes method attains a rate of contraction
equal to the best estimator in the class of estimators f,, ., for ¢ € I,,. In standard
models this class contains a rate-minimax estimator.

Example 19 (Sobolev norm). Denote by S the set all functions f for which the
discrete Sobolev norm || f||,,,«, defined in (1.11), is bounded by 1. For eigenvalues
satisfying (1.12) and f € S¢ for @ < m we have

n ]2m 2 1 (C")l/m n
R J,m -2 2 2
Dl,n(c7 f) 5 Z (Jm + CTL)2 /S (Cn)2 Z j m j7n + Z j7n
j=1 j=1 j=(cn)/m+1

(Cn)(Qm—Qa)/m (Cn)l/m n

1
20 2 20 £2
S (cn)? > d j,n+(cn)2a/m >
i=1 j=(en)/m+1

< n(en)”2/™,
In combination with Lemma 14 we find that

1
DR, £) S (en) 2™ 4 0 o)

The argument ¢ = n™/(1+29)=1 equates the two terms and gives a value of
the order n=22/(1+22) By Theorem 18 this is the square contraction rate of
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the plug-in posterior distribution with the risk-based empirical Bayes estimator
(1.6) relative to the scaled Euclidean norm || - ||,0.

For a > m the order of the square bias Dfn(c, f) does not improve beyond
the rate n(cn) =2 found for a = m and hence nor does the contraction rate.

Example 20 (Hyperrectangles). Denote by ©% the set all functions f for which
the discrete Sobolev norm || f||5,a,00, defined in (1.11), is bounded by 1. For
eigenvalues satisfying (1.12) and f € ©% we have

—2a/m

. R 2l n pme2ant n(cn)_ a<m,
Din(e, f) < Z m < nz Gt en)? << n(en)2log(en) o =m,
7=1 ’ j=1 n(cn)=2 a>m.
The first case follows directly by Lemma 43, the second by writing
n o om—2a-1 ()™ o _2a—1 n o9m—2a-1

J J J
5 =N s tn —
(jm+C’n,)2 Z (]’m+cn)2 Z (jm+6n)2

j=1 j=1 j=(en)t/m41

and applying a variant of the lemma to the second sum. The third case follows
immediately by using ;™ + c¢n > cn. For a < m and a > m this is the same
result as in Example 19, leading to the same conclusions on the contraction rate.

For o = m the additional logarithmic factor leads to the square contraction rate
n—2e/(2a+1) (Jog )1/ (2atD)

The likelihood-based empirical Bayes method also satisfies an oracle type
inequality, but relative to a loss function that is not as closely linked to the Lo-
risk of the posterior mean. Because its “bias term” Dﬁ » 1s bigger (the inequality
Df, > Df, is immediate from definitions (2.3) and (2.4)), while its “variance
term” DQL)n has the same order of magnitude, in its attempt to balance bias
and variance the likelihood-based empirical Bayes method may choose a bigger
estimator ¢, than the risk-based method. This may have an adverse effect on
the contraction rate of the plug-in posterior distribution.

Theorem 21 (Contraction, likelihood-based EB). Suppose the following con-
ditions hold:

1. the remainders Ry ,, and R, behave as in (2.5) and Rs,, and Ry, behave
as in (2.11),
2. D%, (c) < s%(c) uniformly in ¢ € I,.

Then for ¢, given by (1.4) and any sequence M, — oo we have
e, (w: @, = Full® = My inf DE(e, f)]¥,) Ho.
cely

In particular, this is true if (1.12), (1.19) or (1.20) holds.

Proof. Since DL > DI we obtain as in the proof of Theorem 18 that

I fnen — Full* = Op(DE(én, f)).
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Next we can use the first assertion of Theorem 12 to replace the right hand side
by the infimum of DZ(c, f) over c. The posterior variance is of the same order
as D2Lm and hence the proof can be concluded as the proof of Theorem 18. [

Even though the loss function of the likelihood-based empirical Bayes estima-
tor does not relate correctly to the risk in general, the method does give optimal
contraction rates on the models in the preceding examples, albeit for a smaller
range of regularity levels.

Example 22 (Sobolev norm). For eigenvalues satisfying (1.12) and f € S for
a < m/2 we have

n ]m 2 1 (Cn)l/m n
L jm m 2 2
Df (e, f) S T ten S it D jin
j=1 j=1 j=(cn)/m41
(cn)(m—2a)/m (" n

1
20 2 20 2
S con Z I it (cn)2e/m Z 3 fin
i=1 j=(en)t/m+1

< n(en) ™2™,

The upper bound has the same form as for the risk-based empirical Bayes
method. Since D, =< DJ, . we obtain the same contraction rate results. The
difference is that the rate does not improve for o > m/2.

Example 23 (Hyperrectangles). For eigenvalues satisfying (1.12) and f € 0%
we have

n —2a 1 m 2a—1 n(cn)72a/m if < m/2a

n
Di,(c. f) <Z Tt on Z T on S qctlog(en)  if a=m/2,
3 =1 ! if o >m/2.

This leads to the contraction rate n~%/(2a+1) relative to the scaled Eu-

clidean norm || - [[p0 if @ < m/2 and the square contraction rate
n=20/et1) (Jog p)1/ 2at1) if o = m /2.

2.3. Diameter of the empirical Bayes credible sets

The empirical Bayes credible sets inherit their diameter from the contraction
rate.

Corollary 24. Under the conditions of Theorems 18 and 21 the square of the
diameter Mr, (¢n,n) of the credible sets (1.7) is of the order inf.c;, DE(c, f)
and inf.e;, DE(c, f) for the risk-based and likelihood-based empirical Bayes pro-
cedures respectively with probability tending to one.

Proof. By Theorems 18 and 21 the empirical Bayes posterior distributions con-
centrate all their mass on a ball of radius of the same order as the given rate.
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Since the posterior distribution is Gaussian, the balls B, of the same radius
centered at the posterior mean must also have mass tending to one. By defini-
tion the credible sets are balls of posterior mass n € (0,1) around the posterior
mean, and hence are contained in the B,,.

Alternatively, the square radius 72 (¢é,,n) was seen to be of the same order as
the posterior variance s2 (¢, ), which was in turn seen to have the given order. [

3. Hierarchical Bayes

The hierarchical Bayes method is closely related to the likelihood-based empiri-
cal Bayes method, since the posterior density of ¢ is proportional to the product
of the prior density 7 for ¢ and the marginal likelihood that defines the latter
method. More precisely, in the model (1.2) augmented with ¢ ~ 7 it holds that

mn(c|Y,) o p(Yy | ¢) 7(c) o det Er_w/z e 3V T 7(c).

The likelihood-based empirical Bayes estimator (1.4) would be the posterior
mode if the prior density were improper. We shall analyse the hierarchical Bayes
method by exploiting this link.

We start with showing that the posterior distribution of ¢ concentrates on
the interval where the deterministic part of the likelihood-based criterion DX =
DlL,n + Din is small. This criterion is derived from minus the log marginal
likelihood. On closer inspection it becomes evident that the prior density ,
which we will choose inverse gamma, also plays a role and adds a term 1/c¢ to
this criterion. We truncate the inverse gamma prior to the interval I,,, so that
¢ has a prior density so that, for some fixed s, A > 0,

1-k e—A/c’

m(c) x ¢~ cel,.

Theorem 25. Suppose the following conditions hold:
1. the remainders R, and R%, satisfy (2.5),

1,n
2. the function Dj,, is a good variance function with D%, (c) > log(nc),
3. there is a minimizer c,(f) of ¢ = DE(c, f) +2\/c over ¢ € (0,00) that
satisfies ¢ (f) € I, and 2¢,(f) € I,.

Then for sufficiently large M
I 1 . L 17, 2\ P
Hn<c . DE(c, f)+ = < M inf [Dn(c,f) + —] |Yn) Py,
C c>0 C

Furthermore, if f satisfies the good bias condition relative to Dfm then

L 1 L >\ L

M, (c: DE,(e, f)+ = S DE () ¥a) 1.

, c ,

Moreover, there exist constants 0 < k < K < oo such that

Hn<c e € [ken(f), Ken(f)] |l7n) Py
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In particular, these assertions are true if (1.12), (1.19) or (1.20) holds, for every
f satisfying condition 3.

Proof. For every measurable set J C I,

[ye” Dr(e)de B fJe*%[DL(Cf)JFRL(Cf)} 7(c) de
i e —3Li@h x(e)de [ e 3R D+RE D] 1(c) de’

11, (c c€J|Y)

by the decomposition (2.2). Define /,(c, f) = DE(c, f) + 2)\/c, so that ¢, =
¢n(f) is a minimizer of £,,. In view of (2.5) we have, for any § > 0,

bale, )= 5) < DE(e, )+ BE(e, /) + 22 < e, f)(1+9)

with probability tending to one. Consequently,

f e—lin(c £)(1-96) 1 e
f eil[ (Cf)(1+5)c KR— 1dc

1T, (c CEJ|Y)

with probability tending to one. Since DI 5, is a good variance function, we
have that D, (2¢,) < (B')7'2"Da n(cy). Because DI, is decreasing and D%,
is increasing, we then also have that £,(c, f) < (B')~'2%,(c,, f) for every
¢ € [tn, 2¢,]. Combining this with the fact that £, (c, f) > 2)\/c, it follows that

1L, (C (e, f) 2MEy(cn, f) |?n)
‘]‘67—5 n(c,f)(1=96) e ldee—1 (1=8) MLy, (cn,f)

e 23/213(1“!‘6)@71(0711)0) ch”' c— —k—1 dC

oo
5 cge—fdn(cmf)/ e—g(l—é)k/c c—n—l de
0

for M(1 —6) > (4k + 2(B")~12%)(1 + 4). If ¢, — 0, then this clearly tends
to zero. If ¢, is bounded away from zero, the above also tends to zero, by
the assumption that £, (c, f) > log(cn). This concludes the proof of the first
assertion of the theorem.

If f satisfies the good bias condition, then, for K > 1,

oA N 22

In other words, the function ¢ — Dfn(c,f) + 2)\/c also satisfies a good bias
condition.

Let A,, = {c (e, f) < an(én,f)}, for ¢, the solution to the equation
Df (e, f)+2\]c = D27n( ¢). Since £y (cn, f) < €n(Cn, f), we have that II,,(c: c €
Ay | ?n) — 1 by the first part of the proof. Since ¢,, is the sum of the decreasing
function Df, (¢, f) + 2A/c and the increasing function D%, which are both
“good” functlons, it follows that D{, (c, f) +2X/c < DF,,(c) for every ¢ € A,
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by Lemma 42(i). Furthermore, Lemma 42(ii) gives the existence of constants
0 < k1 < Ky < oo with A, C [k1¢,, K16,). Since ¢, € A, it follows that also
A, C [k1/Kicn, K1/kicy]. This proves the second and third assertions of the
theorem. O

The theorem shows that under the posterior distribution the scaling ¢ will
concentrate on the set of small values of the criterion ¢ — DZ (e, f) + 1/c. This
differs by the term 1/c¢ from the criterion minimized by likelihood-based empiri-
cal Bayes estimator ¢, defined by (1.4), whose behaviour is given in Theorem 12.
The additional term is due to the prior distribution. The usual prior distribu-
tion, which we consider here, has very thin tails near 0, and the extra term 1/c
essentially prevents the posterior distribution to concentrate very close to zero.

Very small values of the scaling parameter ¢ are advantageous for very smooth
functions f. For such functions the bias term D, (¢, f) will be very small and
the balance between square bias DY, (c, f) and variance DF,, (c) will be assumed
for small c. The additional term can be viewed as adding an artificial bias term
of the order 1/c¢, thus shifting the bias-variance trade-off to bigger values of c.

In most cases this is not harmful. In particular, the shift will not be apparent
in contraction rates over the usual smoothness models (see Example 29). The
following example shows that this is different for very smooth f.

Example 26. The smoothest imaginable function f is the zero function. For
f =0, the bias function D{, (c, f) in (2.4) vanishes. If the eigenvalues satisfy
(1.12), then the variance D¥, (c) is of the order (cn)'/™ by Lemma 14 and the
criterion becomes 1 1

c— DE(c, f) + o X (en)M/™ + o
The right side is minimized by ¢, =< (1/n)'/(™*+1) Theorem 25 shows that the
posterior distribution for the scale parameter ¢ will concentrate on the set of ¢
that minimize the criterion up to a multiplicative factor. This set is contained
in an interval with boundaries of the order (1/n)/(m+1),

The fact that this interval shrinks to zero is good, as the variance is smaller for
smaller ¢, while the bias is negligible. However, it is a bit disappointing that the
shrinkage is not faster than of order (1/n)'/(™+1) In comparison, the empirical
Bayes estimator ¢, will shrink at the order logn/n, the minimal possible value
permitted in our minimization scheme by Theorem 12.

3.1. Coverage of the hierarchical Bayes credible set

The hierarchical Bayesian credible sets cover true parameters under the same
conditions as the empirical Bayes sets.

Theorem 27 (Coverage, HB). Suppose the following conditions hold:

1. the remainders an and R%m behave as in (2.5) and R3,, and Ry, behave
as in (2.11),
2. (2.13) is satisfied,
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3. D%, is a good variance function with D%, (c) > log(nc),

4. there is a minimizer ¢, (f) of ¢ — DE(c, f) + 2)\/c over ¢ € (0,00) that
satisfies cn(f) € I, and 2¢,(f) € I,

5. D, (c) < D3, (c) < s} (c) uniformly in c € I,

6. the function [ satisfies the good bias condition.

Then the hierarchical Bayes credible sets (1.8) satisfy Pr(f € C‘nm’M) — 1 for
sufficiently large M. In particular, this is true if (1.12), (1.19) or (1.20) holds
and conditions 4 and 6 hold.

Proof. The function f is contained in CA’n,,,’ M as soon as there exists some ¢ €
1 (m)s 2 ()] with [ — fucll < Mrole,m2). Since Na(e)/s2(c) — 1 in
probability uniformly in ¢ € I,, by (2.13), the quantities 72 (c,12)/s2(c), which
are the np-quantiles of the variables N,,(c)/s2(c), tend to 1 as well uniformly in
c. In view of the decomposition (2.9) it follows that the function f is contained
in CA’nJ,’M as soon as there exists some ¢ € [é1,,(1), é2,n ()] With

DE, (¢, f) + D&, (c) + Ran(c, f) + Ran(c)
52 (c)
2

By assumption s;,(c) is equivalent to both D, (c) and D, (c), up to a multi-
plicative constant. In particular, the second term on the left is bounded above.

By the second assertion of Theorem 25 the posterior probability of the set
An = {c: Df,(c,f) < D%,(c)} tends to one in probability. Since é;,,(n1)
and é;,(m) are nontrivial quantiles of the posterior distribution of ¢, the
interval [¢1,0,(n1), é2.n(m1)] must intersect A, with probability tending to 1.
For ¢ = ¢, in this intersection it holds that D%(c, f) =< Dg, (c) and hence
s2(c) in the preceding display can be replaced by DZ(c, f), up to a mul-
tiplicative constant. This shows that the remainder terms tend to zero, in
view of (2.11). The first term Df{, (c, f)/s2(c) is bounded by a multiple of
DE, (¢, f)/DE(e, f) < DE, (¢, f)/Df,(c, f) < 1, by definitions (2.3) and (2.4).
This proves the first assertion of the theorem.

The final assertion of the theorem follows by Propositions 10, 15 and 16 and
Lemma 14, which show that all remaining assumptions hold under (1.12), (1.19)
or (1.20). O

< M?(1+o0p(1)).

3.2. Contraction rate of the hierarchical Bayes posterior

As in Section 2.2 write HC(' | }7") for the posterior distribution of ﬁl given c.
Then the hierarchical posterior distribution can be decomposed as

Hn(w LW, € B|}7n) = /Hc(w LW, € B|}7n) ﬁn(c\?n)dc

for B C R™ measurable. Here m,(c|Y,) is the posterior density of ¢, analysed
in Theorem 25.
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This hierarchical posterior distribution contracts to the true parameter ac-
cording to an oracle inequality, with the likelihood-based criterion augmented
by the extra term 1/c.

Theorem 28 (Contraction rate, HB). If conditions 1, 3, 4, and 5 of Theorem 27
hold, then, for any sequence M, — oo,

S 17 -
o (w0 = fall® = My inf [DE(e.f)+ -] 1%,) 0.

Proof. Let ¢, € I, be a minimizer of ¢ — DZ(c, f)+1/c and for given M; define
a set

Co={c€ L, DE(e, f) +1/c < My[DE(en, )+ 1/eal . (3.1)
By Theorem 25 the posterior probability that ¢ € C,, tends to 1 in probabil-

ity, for sufficiently large M;. Therefore, for any M > 0 we apply the above
decomposition of the posterior to find

I (w : |G~ fol| > M| Y,)

< sup I (w : [|dhy — full 2 M|Yo) + (e e ¢ O Yn)
CECn

1 . .
< 372 S [ = £l + 5(6)] + 0p (1)

by Markov’s inequality. In view of (2.9), this is further bounded above by

1
777 800 [ D6 ) + DEA(E) + a6 ) + Ran(e) + 53(0)] + 0p(1),
celyp

Here Dfn < DF

I'n» and Dfm is of the same order as Din and s2. It follows

that the first two terms are bounded by a multiple of sup.co DX(c,f) <
M;[D%(cy) + 1/¢y]. The remainder terms are of the order DE(c, f) uniformly
in ¢ € I, with probability tending to one by (2.11) and hence are similarly
bounded. |

Example 29 (Sobolev). It was seen in Example 22 that for eigenvalues satis-
fying (1.12) and f € S2 for a < m/2 we have

Df (e, )+ D%, (c) < n(en)=2%/™ + (cn)*/™.

The upper bound on the right side has minimum value n'/(+tD at ¢, =
n™/(1+2¢)=1 Tp this point the term 1/¢,, is smaller than n'/ %+ (for o < m/2).
It follows from Theorem 28 that on the model S the hierarchical Bayes pos-
terior distribution contracts at the same rate as the likelihood-based empirical
Bayes method.

Example 30 (Hyperrectangle). It was seen in Example 23 that, for eigenvalues
satisfying (1.12) and f € ©2,
n(en)=2%/™ 4+ (en)V/™ if a < m/2,
Dfn(c7 H+ DQL,n(c) < < e tlog(en) 4 (en)™  if a =m/2,
¢+ (en)t/m if @ >m/2,
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It follows again that the hierarchical Bayes posterior distribution contracts at
the same rate as the likelihood-based empirical Bayes method.

Example 31 (Zero function). The square bias Df, of the function f = 0 is
equal to zero. For eigenvalues satisfying (1.12) the minimum of ¢ — DZ(c, f) +
1/c is assumed at ¢, =< (1/n)Y ™+ resulting in a rate of contraction for the
scaled Euclidean norm || - ||,,.o of the order n=(m/2)/(m+1),

In contrast the empirical Bayes estimators attain a rate of contraction of the
order n=/2 up to a logarithmic factor.

The same difference between the hierarchical and empirical Bayes methods
exists for (sequences of) functions f with a square bias Df!, (c, f) that tends to
zero at an exponential rate.

3.3. Diameter of the hierarchical Bayes credible set

The diameter of the credible sets is again of the same order as the contraction
rate.

Theorem 32. Under the conditions of Theorem 28 the diameter of the credible
sets (1.8) is of the order inf ey, [DE(c, f)+1/c] with probability tending to one.

Proof. In view of Proposition 16, for fixed ¢ the radius of the credible set {w :
@, — frcll < Mry(c,m2)} is of the order the posterior standard deviation sy, (c)
given by (2.6). Thus the triangle inequality gives that the diameter of CA'TW, M s
bounded above by a multiple of

sup [Sn(c) + ||fn - fn,c”] .
é1,n(m)<c<és n(m)

The supremum of the function in this display over the set C,, defined in (3.1) is
shown to be of the desired order in the proof of Theorem 28. The theorem would
follow if the interval [é1,,(n1), é2,n(m)] belongs to C,, with probability tending
to one.

By Theorem 25 the posterior distribution of ¢ concentrates all its mass on the
sets C,. Since ¢é;1 ,(m1) and éa,, (1) are nontrivial quantiles of this distribution,
we can conclude that they must belong to the convex hull of C),, with probability
tending to one. If this convex hull is [¢,,, car], then for any ¢ in this convex hull

1 1 1
Dﬁ(c,f) + P Dfn(c7 )+ p + D2L7n(c) < Dfn(cm, )+ — + D2L7n(cM)

m

1
< 20 | DE(en, ) + |-

Cn
Thus the convex hull of C,, is contained in a set of the same form as C,,, but
with the constant M; replaced by 2M;. The proof of Theorem 28 still shows
that the supremum over this bigger set is of the desired order. O
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4. On the polished tail condition

The parameter in the regression model (1.1) is a fixed function f, but most of
the results of this paper are driven by the representation of the restriction f;l of
f to the design points in terms of the eigenvectors e;,, of the covariance matrix
U,, of the (unscaled) prior restricted to the design points. It is clearly of interest
to relate the “continuous” object f to its discrete counterparts, but this is more
involved than it may seem.

In this section we investigate the relationship between the continuous and
discrete setups for the special case of the Brownian motion prior.

4.1. Aliasing

For the design points x;, = i/ny, where ny = n + 1/2, the eigenvectors of
the covariance matrix U, of discretized Brownian motion are given in (1.16) for
j €{1,...,n}. The formula shows that they are 1/y/n+ times the restrictions
of the eigenfunctions e; to the design points. Using this correspondence we may
also define vectors e; , € R™ for j > n, again by (1.16), by discretizing the higher
frequency eigenfunctions of Brownian motion. Since the vectors ej ,,, ..., €, , are
an orthonormal basis of R", these further vectors are redundant. It turns out
that their linear dependency on the vectors e; , for i < n takes a very special
form:

(i) The vectors e; , are (2n + 1)-periodic in i: ej42p+1,n = €5 for all .
(ii) The vectors in the middle of a (2n + 1) period vanish: ey, = 0.
(iii) The vectors within a (2n + 1) period are anti-symmetric about the mid-
point: ezpyo_;n = —€; p for all ¢.

In particular, every e;,, with j > n is either zero or “loads” on exactly one e;
with ¢ € {1,...,n} with coefficient 1 or -1. This leads to a simple connection
between the infinite expansion of a function f = Z;’;l fje; in the eigenfunctions

e; of continuous Brownian motion and the finite expansion ﬁ = Z?:l fin€in
of the discretized function f, in the eigenvectors e;,, of discretized Brownian
motion, as follows. Assuming that the series f(z) = Z;’;l fjej(x) converges
pointwise, we can use (1.16), which says that (€}), = \/nye;n, and (i)-(iii) to
see that the coefficients in ﬂ are given by

fin = ij(ej,n)Tei,n =/ny Z(f(2n+1)l+i — fen+1)i4ante—i)- (4.1)
=0

=0

The terms of this last series correspond to the consecutive periods of lengths
(2n+1). Exactly two of the inner products per period are nonzero and they yield
coefficients 1 and —1 respectively. The formula is an example of the aliasing
effect in signal analysis: the energy of the function f at frequencies j higher
than the Nyquist frequency n, whose fluctuations fall between the grid points,
is represented at the lower frequencies.
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The scaling y/n+ results from the normalisation of the vectors e; , in R".
However, even apart from the normalisation the correspondence between the
discrete and continuous coefficients is imperfect. By writing (4.1) in the form

fi n >
— = fl - f2n+2—i + (f(2n+1)l+i - f(2n+1)l+2n+27i)a
s >

we see that f;,/\/ny is in general not equal to f;. The “harmonic frequencies”
at periods 2n + 1 add to a frequency at ¢ € {1,2,...,n}, and the frequencies
mirrored around the midpoints of the blocks subtract from it.

It is clear from the preceding display that a given discrete sequence (f; )
can be obtained from the infinite sequence (fin, fo,ns- -+, fn,n,0,0,...)/{/n of
L? coefficients, but also from many other infinite sequences (f;). Because the
data model (1.1) depends on f only through the discrete sequence (f; ,,), there
is clearly no hope to recover which of these infinite sequences would be the
“true” sequence. Furthermore, for a given fixed infinite sequence the values of
the array (f; ) will change with n, and for some reasonable infinite sequences
the series defining the discrete coefficients may not even converge. (We obtained
the preceding display under the assumption that the series 3, f;e;(z) converges
pointwise.) The following lemma shows that the infinite series is essentially a
Fourier series, and hence this less than perfect correspondence is disappointing.

Lemma 33. For a given f : [0,1] = R in L[0, 1], the expansion f =}, f;e; is
derived from the Fourier series of the function x s ¢"™/2f(z) on [0,2], where
f is extended to [0,2] by symmetry about 1. In particular, if f € C*[0,1] for
some a > 0 and f(0) =0, then

flx) = i fiei(x), uniformly in x.
j=1

Proof. The function z + /2 f(z), with f extended as indicated, is periodic
(i.e. it has the same value at 0 and 2) and contained in L3|0, 2]. Its Fourier series
can be written in the form

e/ f(x) = Z cjei™” (4.2)
JEL
for some ¢; € C and hence
o) = S ey,
JEL

Since f is real, the complex part of the right side vanishes, while the real part
can be written in the form

f@) = [a; cos(ma(j — 1/2)) — b;sin((j — 1/2)7z)],

JEL
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for a;,b; € R. Since f is symmetric about 1, the antisymmetric cosine part
vanishes, while the terms with j < 0 of the sine part can be united with terms
with j > 1. This gives an expansion in terms of the eigenfunctions e;. By the
orthogonality of these functions the resulting expansion is unique.

If f € C%[0,1], then the extended function x s e™*/2f(z) is contained in
C“[0,2] and hence we have uniform convergence in (4.2). The uniform conver-
gence is retained under multiplying left and right with e=%7*/2, O

As a consequence of the lemma, the speed at which the f; tend to zero as
j — oo can be interpreted in the sense of Sobolev smoothness. However, this
is not easily comparable to the smoothness of the corresponding array (f; ).
In fact, if f is contained in a Sobolev space of order « for o < 1/2, that is
Zj j2afj2 < 00, then the aliased coefficients may not even be well defined.

4.2. Polished tail sequences

In [18] a function f, or rather its infinite series of coefficients (f;) relative to
a given eigenbasis, is defined to be polished tail if for some L,p > 0 and all
sufficiently large m,

e ] pm
Z <L Z 2. (4.3)

This reduces to the “discrete polished tail” condition (1.10) if applied to the

infinite sequences (fi,n, fo,ns---» fn,n:0,0,...)//n+. For general sequences (f;)
the relationship is less perfect, but for typical examples the two concepts agree.

Example 34 (Self-similar sequences). In [18] an infinite sequence ( f;) is defined
to be self-similar of order o > 0 if for some positive constants M, p, L and every

m,

pm
$l>1}1)j1/2+a|fj| < M, and Z fJQ > MQme2a'
JZ j=m

Particular examples are the sequences with the exact order |f;| < j~1/27.

Self-similar sequences are easily seen to be polished tail for every a > 0 and
arbitrary p > 1. For o« < 1/2 the corresponding function is not necessarily well
defined at every point and the series (4.1) defining the aliased coefficients may
diverge. However, for a > 1/2 the induced array (f;,) is well defined and also
discrete polished tail in the sense of (1.10).

To see this, first note that for £ > 1 and taking M equal to 1 for simplicity
we have

1
| fentnyeril V I fentnerensa—il S /2 agijata

This shows that the series (4.1) that defines the aliased coefficients converges.
Furthermore, we see that the rescaled coefficients f; ,, = fi n/\/n+ satisty | fin —
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fil < n7Y279 5o that |fia] < i7Y27 + n~Y/27 and the left side of (1.10)
satisfies

SRS et S —

m2e n m2o :

We wish to show that the right side of (1.10) is lower bounded by the expression
on the right, where we may assume that m satisfies pm < n, because otherwise
there is nothing to prove. First we note that

~ ~ _ 1 1
2 2 _
|fiin = fi | = fim — fil [ fin + fil S oi/2ta (|fz| + n1/2+a).

It follows that, for some universal constant C,

pmAn pm pm
- Clp—1)m | fil 1 2C(p—1)
2 2 7
Z fin 2 Z fr = nit2e CZ ni/2+a 2 m2a (L_ pl/2+e )

For sufficiently large L the constant in the last display is positive.

Example 35. The sequence f; = /2= ig easily seen to be polished tail for

every a > 0, as is also noted in Example 34. We shall show that the correspond-
ing array (f ) is also discrete polished tail in the sense of (1.10), for any a > 0,
thus extending Example 34 to the range o € (0, 1/2]. This refinement is possible
by the exact form of the f;, which allows us to exploit cancellation of positive
and negative terms in (4.1).

To prove the claim we first apply the mean value theorem to find that, for
every ¢ > 1,

1
‘f(2n+1)£+i - f(2n+1)é+2n+2—z‘| ,S W.

This shows that the series in (4.1) defining the discrete coefficients converges.
Moreover,

< = 1 1
|fz,n| ,S m + Z |f(2n+1)£+i - f(2n+1)2+2n+2—i| S m + W.
(=1

Consequently, the left side of (1.10) satisfies

m2e m2e’

Furthermore, since all terms in (4.1) are positive, we also have

~ 1 1
> — >
fz,n = i1/2+a (2n+2—i)1/2+0¢ ~ ,L'1/2+a7

for i < ¢n and any fixed ¢ < 1. To bound the right side of (1.10) we may assume
that m satisfies pm < n, because otherwise there is nothing to prove. Then
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choosing ¢ < 1 and p > 1 such that cp > 1, we have

pmAn cpm cpm

. - 1 eom 1
§ : fin 2 E :fznf>v E:Z‘1+2a Z/ 1+2a dthZQ.
i=m m

i=m i=m

The right side is seen to be bigger than a multiple of the left side of (1.10). This
proves the claim.

4.3. Prior polished tail sequences

According to the Bayesian model the true function f is a realisation of the prior
process W€. In this section we show that almost every such realisation gives
rise to a discrete polished tail array. Consequently, for a Bayesian who believes
in her prior, the polished tail condition is reasonable. For a non-Bayesian the
following proposition is also of interest, as it shows that polished tail functions
are abundant.

The proof of the statement will be based on the Karhunen-Loeve expansion.
For standard Brownian motion W' = (W} : t € [0, 1]) this is given by

1_ - Zj
Wt - ; (] _ 1/2)7T6J(t)'
Here Z1, Zs, . .. are independent standard normal random variables. We see that
the prior W is given by ». fje;, for the infinite sequence f; = /cZ;/((j —
1/2)m). We shall show that the induced array f;, defined by (4.1) is discrete
polished tail, almost surely.

In fact a more general result holds for any Gaussian series with polynomially
decaying singular values relative to the eigenbasis of Brownian motion.

Proposition 36. For given a > 0 and 0 € R set

Wt:ZWej(t>v t€[0,1],
=1
where Z1,Zs, ... are independent standard normal random variables. Then al-
most every realisation of W is both polished tail in the sense of (4.3) and discrete
polished tail in the sense of (1.10).

Proof. The first claim is proved in Proposition 3.5 of [18]. To prove that W is
discrete polished tail, we consider the coefficients given in (4.1):
oo

Win = Z Lan+Diri — Z(2n+1)1+2n42—i
T2\ G @nt DL+ G @n )20t 2 - )2 )

In view of Lévy’s continuity theorem this array consists for each n of independent
zero-mean normal random variables Wi ,,, Wa 5, ..., Wy, ,, with variances

o0

1 1
var (Win) = ; (((Qn Tl F R (@)l ton 2 ¢)2a+1> '
(4.4)
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Now let L, p > 0 and consider the event E,, = {}>1" W2, > LY W2 1.
Setting

pm n om .
XZLZWZ'%”_ZanZ(L—l)ZWﬁn— Z W2,
i=m i=m i—m Pl

we see that E,, has probability P(E,,) = P(X < 0). We then have by Markov’s
inequality that for n > 0
E|X — EX|"

(EX)
We proceed to bound the expectation of X. Clearly the right hand side of (4.4)
is bigger than i~1~2%. Since i < n, it is also smaller than

! + 3 +2 /OO ! dx < ! +L !
x
2ot T (2p 4 1)20+1 L (@n+ Dz +i)2atl 7 = j2atl L 2a+1

for some L > 0. It follows that

P(En,)=P(X <0)<P(|X —EX|>EX) <

pm n n
1 1 1
EX>(L-1) Z 241 Z 241 Ly Z n2a+l1
i=m i=pm+1 i=pm+1

> s (L= D =572 = (14 L)

We choose L and p large enough so that this is positive. Applying the
Marcinkiewicz-Zygmund inequality and next Holder’s inequality with conjugate
parameters (1/2,71/(n — 2)), we obtain for n > 2:

n/2
pm "
EIX—EX|" SE| Y (L-1*(W2, —EWZ)’ + 3 (W2, —EWZ)’
i=m i=pm+1
n 2/ s n 1-2/m\ "/2
SE (Z w2, — Ean|nin/2> (Z i"/(”2)>

n n n/2—-1
=Y E[W}2, —EW?, [/ (Z i"/("2)> :

Since E|W?2, — EW2, |7 < var(W; ,)" < i~ (14297 we conclude

n n n/2—1
E|X —EX|" < Z ;(1/2=(1+22))n (Z Z‘??/(TIQ))

i=m

5 ml—(1/2+2a)n+n/2—1—77/2 — ,n,L—(l/Q-‘f-Qa)n7

hence the P(FE,,) are bounded by a multiple of ="/ and thus summable over
m for n > 2. It follows by the Borel-Cantelli lemma that the event E,, occurs
at most finitely many times, with probability one. O
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F1G 1. Plots of the functions f1 and fa.

TABLE 1
Awverage fractions with 500 simulations for fi
n | 500 | 2500 | 12500
Risk-based method 0.945 | 0.959 | 0.969
Likelihood-based method | 0.952 | 0.964 | 0.972
Hierarchical method 0.973 | 0.983 | 0.986
TABLE 2
Average fractions with 500 simulations for fa
n | 500 | 2500 | 12500
Risk-based method 0.966 | 0.982 | 0.983
Likelihood-based method | 0.968 | 0.983 | 0.984
Hierarchical method 0.995 | 0.989 | 0.990

5. Simulations

In order to explore the finite sample properties of the methods described in
the previous sections and to illustrate their function we have implemented the
methods in Python. In particular, we look at the result in Corollary 4. We use
a Brownian motion prior and consider the following functions:

where we choose a = %. The first function is a shifted version of the one studied
in Example 35, while the second is motivated by [16]. The functions are plotted
in Figure 1. For various values of n, we have computed the pointwise empirical
credible sets using both the likelihood-based and risk-based methods, as well as
the hierarchical method. In each case we ran 500 simulations. In Figures 2 and 3
we have plotted the average credible bands. We observe that the three methods
behave very similar and that the credible bands appear to perform better with
increasing n, although the improvement is slow. Tables 1 and 2 display the
average fractions of pointwise credible intervals that contain the function value
at that point as introduced in Corollary 4. Here we do not consider the intervals
near zero, c.f. the remark above this corollary. We observe that these fractions
appear to tend to one, although convergence is slow.
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Risk method, n =500 Risk method, n =2500 Risk method, n=12500
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Fic 2. Average credible bands with 500 simulations for fi.
N Risk method, n =500 N Risk method, n =2500 N Risk method, n =12500
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Hierarchical method, n =500 Hierarchical method, n=2500 Hierarchical method, n =12500

02 02
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—02 02|
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F1a 3. Average credible bands with 500 simulations for fa.

Choosing different values of «, including values of « that are smaller than %,
results in very similar behaviour. This shows that all three methods successfully
adapt to the smoothness of the function.
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6. Discussion

The model (1.1) can also be formulated directly in terms of the coordinates
(fin) of ﬁ relative to the eigenbasis e; ,, of the prior covariance matrix U,,. For
Oy, the orthogonal matrix with rows the eigenvectors e; , of U,, the definition
of fjn gives

fl,n

N N f2,n
0,.Y, =0,fn+ O,é, = ) + Onén.

frn

By the orthonormality of O,, the error vector O,&), is equal in distribution to
&n, whence Yn =0, Y can be considered a vector of observations in a normal
mean model with mean vector (f;,). Under the prior W¢ on f, given ¢ the
vector (fim, .-y fan)? = O;lf_;l possesses a mean zero normal distribution with
covariance matrix cO,; 'U,,0,, = diag(c); ,,). Prior and data model both factorise
over the coordinates, and it can be seen that under the posterior distribution

given c the variables f1,,..., fn» are again independent with
- CA; ~ cA;
in| Yo, e~ N Y Y, Lo )
fz,n | " (1 -+ C)‘i,n o 1 -+ C)\i,n

This gives a representation of the posterior distribution different from, but equiv-
alent to (1.3).

In this form the model resembles the infinite Gaussian sequence model (or
white noise model). A difference is that presently the sequence is of length n
instead of infinite, and the parameter vector (fin,-..,fn,n) changes with n,
even it refers to a single true function f. The discussion in Section 4.1 shows
that this difference is not trivial.

Likelihood-based empirical Bayes and hierarchical Bayes estimation of the
scale parameter ¢ in the infinite sequence model were studied in [17]. Besides
considering the finite sequence model, in the present paper we also study the
risk-based empirical Bayes method and allow more general priors. A main differ-
ence is that we have focused on the coverage of the credible sets. Such coverage
is also studied in [18], but only for the likelihood-based empirical Bayes method
in the infinite-sequence model with N(0,i~'~2%)-priors and « taken equal to
the smoothing parameter. The focus in the present paper on balls in the space of
the finite vectors f;l of function values allows us to make the connection to the
correctness of a fraction of the credible intervals, as in Corollary 4. The present
paper also differs in its technical details and proofs, in that our results are di-
rectly formulated in terms of the criterion that is optimized, whereas [18, 17|
make the derivative of the criterion intercede. The present approach gives bet-
ter insight and allows to state the contribution of the (discrete) polished tail
condition more precisely, with the possibility of generalisation to the good bias
condition (2.7), which is dependent both on the method and the prior.

Throughout, we limit the estimator to the interval I,,. This is reasonable,
since the optimal rate of rescaling for functions in a class of smoothness «
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satisfies cn < n?, where § = m/(1 4 2a) € (0,m] (if a € (0,m) or a € (0,m/2)
in the risk-based and likelihood-based methods).

We consider the hierarchical Bayes only with the usual inverse Gamma prior
on the scaling parameter. From the proof it is not difficult to see that the result
extends to more general priors. For instance if ¢=" ~ I'(k, A), for some r > 0,
then the theorem is again true, but with the term 1/c replaced by (1/c)". A
choice r < 1 does not change much, but the choice r > 1 has an adverse effect
on the rate of contraction for Sobolev classes: optimality is obtained only for
a<(l/r+m-—1)/2.

The assumption that the errors in the regression model are normally dis-
tributed is crucial to define the posterior distribution and credible sets. How-
ever, the derivation of the properties of these objects uses only that the errors
have mean zero and finite fourth moments. Thus the standard normal model
may be misspecified. This is true in particular regarding the assumption of unit
variance, although it would be preferable to extend our results to allow for a
prior on this variance.

The study of credible bands, rather than credible balls or credible intervals
in a fractional sense, would require control of the bias of the posterior mean in
a uniform sense. This involves properties of the eigenvectors of the priors and
goes beyond the “l5-theory” considered in the present paper. The bias in the
example of Brownian motion is considered in detail in [16]. We hope to employ
this in the study of credible bands in future work.

7. Technical proofs

In this section we give the proofs of Corollary 4 and Propositions 10, 15 and 16.

7.1. Proof of Corollary 4

In the Bayesian model (1.2) we have Y, = W¢ + &, for independent vectors
V_V,‘j and £,,. The marginal posterior distribution of f(z) given ¢ and Y, is the
conditional law of W given ¢ and Y,. By the assumed Gaussianity, this is a
normal law with mean the conditional expectation f, .(z) = E(W¢ | Y,,c) and
variance equal to

so(c,x) = var [Wf |c, )_/;J = var[Wi—E(W | Y., c) lc] = infE[(VV;—¢1T}7n)2 | c].

When evaluated at a design point x = x; ,,, this is equal to the i*? diagonal ele-
ment of the posterior covariance matrix I — E;}:. Hence the sum of the posterior
variances over the design points is the trace of this matrix. It follows that for
all 1 € J,, we have
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where s2(c) is given in (2.6). It follows that for i € J,, the radius Mr,(c, z;,)
of the empirical Bayes interval énm, M (%) is bounded from below (up to a
universal multiple) of Mz,s,(c)/v/n.

The function f fails to belong to the empirical Bayes interval CA',W’ m(z) if
and only if | f(z) — fu.e, (€)] > M7y, (é,n,z). Therefore, by Markov’s inequality

- Z ]‘{f¢CnnM xln < Z |f xzn fncn(xzn)l < ”fn_fn,ér”Q.

272 N 2,242
n & nc M?2r2(én,m, 24 0,) M222s2 ()

As noted in the first paragraph of the proof of Theorem 17, s2 (¢, ) is asymptotic
to the square radius 72(é,,n) of the credible balls of the form (1.7), for any
n' € (0,1). Therefore, if the left-hand is bigger than 1 — ~, then f ¢ CA'mM/),, for
M'" a multiple of M z,. By Theorem 3 this is the case with probability tending to
zero if M’ is sufficiently large, which it is if M is large. The result then follows,
since

% S {fe€Connlmin)} +% ST ¢ Crprr(win)} = 2 5 1

1€Jy 1€Jn

If the function f fails to belong to the hierarchical interval C’n,n, wm(z), then
|f(2) = fnz, ()| = Mry(€n, 2, ), for &, as defined in the proof of Theorem 27.
The rest of the proof is similar to the proof of the empirical Bayes intervals.

The assertions concerning the radii are immediate from the correspond-
ing assertions of Theorem 3 and the equivalences s, (c,z;,) < sp(c)/vn =<
rn(c,n)/+/n uniformly for ¢ € J, under the extra assumption on the posterior
variances.

7.2. Proof of final assertion of Lemma 14

That DgnQ and s,2 behave as claimed is immediate from Lemma 44; we only
need consider the behaviour of D; 2+ The derivative of this function is given by
cr ¢ IDE . (c) and hence is asymptotic to ¢! (en?)/ ™k, (c) uniformly on the
interval [ln7n2, n?m=2] for any l,, — oo. Here k,(c) = 1+log(cn?) for cn? < n™
and k,(c) = 1+ log(n?™/(cn?)) for cn? > n™. Now, as cn? > [,, — oo, we have
for en? < n™

/ s (sn®) V" k() ds = / w11 + logu) du = (en?)Y™ log(en?),
0 0

since f u/m ogudu = mt'™logt — m2tY/™. Furthermore, for cn? €
[n™, n?™] we have

C’Vlz

/ s (sn?) Y™k, (s) ds < nlogn + / ut/m1 (14 1logn®™ —logu) du
0 n

m
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= nlogn +m(1+log(n*™ /u))ul/ ™| +m / u!/" du
- (Cn2)1/m (1 + log(n2m/cn2)).

Combining the two displays we see that in both cases the left side is asymptotic
to (en?)Y™ky(c). This order does not change if we limit the integrals to the
interval [I,,/n?,c|, for I, — oo slowly. It follows that DZ .(c) has this order,

)'(s) ds is of lower order. Since (D2L,n2)/(5) <

~

provided the integral fO"/n DQan

PR SN (Y ) Imgn4, the latter integral is bounded by a multiple of [2, which
is of lower order again if [,, — oo sufficiently slowly.

7.3. Proof of Proposition 10

The proof is based on two lemmas.

Lemma 37. For the functions in both (2.3) and (2.4) and any c and s < t in
(0,00) we have

Proof. For the risk-based remainder Rﬁ‘n given in (2.3) we have

var[Rln —42 1+C)\]n 4Dfn(c,f).

The bound on the variance of the likelihood-based remainder Rf n in (2.4) is
very similar. For R, in (2.3) we have

n 20/\ n+ 02)\2 (e,
(R § 2 § j ) Y e
Var 2 n + C)\] n + C)\L ) Q,n(c)

For the likelihood-based remainder in (2.4) we have

n )\ - 2
var[RY ,(c)] =2 (077)2 =2D¥, (c) < 4D¥, (c),

in view of the inequality log(1 + z) — z/(1 + x) > 22/(1 + z)?/2 for z > 0.
The third and fourth assertions of the lemma follow by applying Lemma 47.
For the risk-based remainder given in (2.3), we use the lemma with the choices:
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e for RfY,: (a, ) = (0,2), aj = 2fjn, Uj = Z;n and (6,7) = (0,2), where
the sum in (8.4) becomes 4D, ,
o for RY,: (a,8) = (0,2), a; =1, U; = Z7,, — 1 and (§,7) = (2,2), where
the sum in (8.4) becomes Dff, .
For the likelihood-based remainder, given in (2.4), we use the lemma with the
choices:
e for an: (a, ) = (0,1), a; = 2f;n, Uj = Z;,, and (d,v) = (0,1), where
the sum in (8.4) becomes 4D1Lm7
o for R%)n: (a,8) =(1,0), a; = -1, U; = Zﬁn — 1 and (4,7) = (2,2), where
the sum in (8.4) will become Dfn, which is bounded by a multiple of D¥,,.

This concludes the proof. O
Lemma 38. For the functions in both (2.3) and (2.4) and any s < t in I,, we
have
t — s| Dy (s,
|Din(s, f) = Din(t, f)] S w;
t—s|s?(s
’D2,n(8) - D2,n(t)| 5 %

Proof. By Lemma 46 with (e, ) = (0,2) and Df as in (2.3) we have

DR, (s )~ DR (1. 1) < t'Z T Dl

The function D¥
(0,1).
Applying Lemma 46 with (a, ) = (2,0) to D5, (c), we find

in (2.4) can be treated similarly, with the choice (o, 8) =

,N

n

t| SA
DR DR J,m
| Q,n( ) 2n — Z ]-"V_S)\jn Zl"'SAJn

The right side is s2(s), by definition (2.6). Applying the mean value theorem to
Dy, in (2.4) we find for some s < ¢ <,

n 2

)\
|D¥,.(s) — Dy, ()] < |5—t|ZW <|s t|z 1+£/\

This concludes the proof. O
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Proof of Proposition 10. Applying Lemmas 37 and 38, we see that for any s < ¢
in I,

var (Rl,n(svf) 7 Rl,n(taf))
Dy (s, f) Dy (t, f)

< 9var <R1,n(8,f) — Rin(t, f)> +2var[Ri,(t, f)] (D (S’f)) ((f) )>2

Dy(s, f) Dy(s, f)D.
(t —s)? (t—s)2 Di, (s, f)+s,()
$2Dn(s, f)  $2Dy(t, f) D2(s, f)
(t—s)°

~ g2+1/mpl/m’

since Dy, (s, f) > Da,(s) 2 (sn)Y/™ < s2(s) by Lemma 14. Similarly, applying
Lemma 37 we see that

var Rl,’n(sv f) < ]‘ < 1
Dn(s, ) ) ™ Da(s, [) ~ (sn)t/m
by Lemma 14. The result for R, ,, follows from the preceding two displays, by

application of Lemma 48. The assertion for Ry ,, is proved analogously, from the
other parts of Lemmas 37 and 38. O

7.4. Proof of Proposition 15

In addition to Lemma 38 we need the following lemma.

Lemma 39. For any ¢ and any s < t in (0,00) we have

var[Rs . (c, f)] <4Df, (¢, f),
var[Ryn(c)] < 2D%, (c),
(t - S)zDﬁ,n(‘g? f)

2 bl

var [Rg’n(s, f) — Ranlt, f)] S

(t = 9°Df, (5)

var Ry, (s) — Rap(t)] S

s
Proof. For the first two inequalities we compute
= (C)‘J ) f R
V&I’RynC,f =1 77_41) Cafa
[ 3 ( )} ; ( + C)\J n)4 ( )
- i)t
var [R4,n (C)} =2 Z ﬁ 2D§n(c)

1

J

The third and fourth inequalities follow by application of Lemma 47 with the
following choices:



Credible sets with Gaussian process prior 2519

o for R3,: (o, B) = (1,1), aj = —2f,n, Uj = Z;,, and (6,7) = (0,2), where
the sum in (8.4) becomes 4D, .

o for Rypn: (o, 8) = (2,0), a; =1, U; = Zin — 1 and (d,7) = (2,2), where
the sum in (8.4) becomes D,

This concludes the proof. O
Proof of Proposition 15. Using Lemmas 39 and 38, we have for s < t in I,

var (RS,n(S7f) o RS,n(taf))
Dii(s, f) Dt f)

Ryn(s,f) — Rynlt, D(s, f) = DE(t, )\
52%“( o L%(s,f? ( f)>+2var[R3’"(t’ f)]< Dr’(f(S{})Dﬁ(tff{»
(t —s)? (t—s)2 Df,(s,f)* + sh(s)
~ s2DE(s,f) ' s2DE(t,f)  DE(s, f)?
(t—s)°

~ g2+1/mpl/m’

since Dff,, < DF and Df(s, f) > D%, (s) 2 (sn)"/™ =< s%(s) by Lemma 14.
Similarly, we have by Lemma 39

RS,n(Saf) 1 1
( DE(s, ) ) = DR, f) ~ ()

by Lemma 14. The proposition with D,, = DI follows by an application of
Lemma 48.

Since DE > DZ/2, this immediately implies the proposition for the
likelihood-based norming. The assertion for Ry, is proved analogously, from
the other parts of Lemmas 39 and 38. U

7.5. Proof of Proposition 16
Lemma 40. For s <t we have

|52(t) —82(8)’ < |t_3‘331(8).

n n ~
S

Proof. This is immediate from the definition of s2 in (2.6) and Lemma 46 with
(a, ) = (1,0). 0
Proof of Proposition 16. It is immediate from the definition of N,, that

E {J:;ZL((CC)) - 1] =0,  var[N,(¢)] < s2(c).
Applying Lemma 47 with («,8) = (1,0), a; = 1, (v,) = (1,1) and g = s2, we
find that for s <t

(t —5)*sn(s)

var [Ny, (s) — Nu(t)] S 52
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It follows that

(2200 260)

sa(s)  sh(t)
S) = Np 82 S —32 2

< (t—8)2 (t_8)2 < (t_8>2
™ s2s2(s)  s2s2(t) © s2tl/mpl/m?

by Lemma 14. The proposition follows by an application of Lemma 48. O

For Brownian motion, we can gain more insight in the behaviour of (part of)
the function DI

Lemma 41. For the Brownian motion prior and c € [logn/n,n),

logdet X, . ~ v/cn.

Proof. We want to find the determinant of the n x n matrix

1 1 1 1 1
cTar mr o ow iy
1 14,2 2 2
ny4 (& ny ny4 n4
1 2
Zn,c:c H H 3
. 1, n-1 n—1
c n4 ny
1 2 - 1
nr nr Ty
or equivalently of
2+ﬁ -1 0 0
-1 2+ﬁ -1 0
0 -1
: 2+ﬁ -1
0 0 -1 1+ .=
n

If we denote this determinant by d,,, we see that

dy, = <2 + i) dp_1 — dn—Q’
ny

with dy =1+ ﬁ and dy = (2 + ﬁ) (1 + ﬁ) — 1. Note that this is the same
recurrence relation as (2.2) in [16]. The solution is given by d,, = A\ + BA",
where

Cheny@-A)inid-A) L e

s : ve i<
()\+ — )\,))\+n+ 2n+ 21/TL+ ny

A:
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Note that Ay A_ = 1. Since 0 = % — 0 uniformly in ¢ € I,,, we have AL — 1
and
— L /0(4+0)—0
A= LA +0(1)=2( ki) )+0(1)—>£
O =) 61 +0) 2

It is easy to see that B = A_A ~ A. Furthermore, we have

g+\/év42+9 _f (”“9) +0(03/2)1 — V8 + O(nf*'2).

log(A\) =
og(A\}) =n 5 5

Finally, we have
n B 2n
logd,, —log(A\}) =log ( 1+ Z)\_ — 0.
The result follows. O

8. Technical results

Lemma 42. Let Dy : I, — (0,00) be a decreasing function and Do : I, —
(0,00) an increasing function. Suppose that there exist a,b, B, B’ > 0 such that
Dy (Ke) < K7Dy (e), forany K >1, (8.1)

B'k’Dy(c) > Dsy(kc), > BkPDy(c) forany Ek<1. (8.2)

Let ¢ satisfy D1(¢) = D2(é), and for a given constant E > 1, define A = {c :

(i) Di(c) < B~Y(2E)'**2Dy(c), for every c € A.
(ii) A C [(2E)~Y/a¢, (2EB")Y/%¢].

Proof. (i). If ¢ > &, then Dq(c) < Ds(c), since D; and Dy are equal at ¢ and
decreasing and increasing respectively. The inequality in (i) is then satisfied,
since B~1(2E)'Y/@ > 1. If ¢ < ¢, then by (8.1) with K = &/c we have

(¢/¢)*D1(é) < D1(c).
If ¢ € A, then also
Di(c) < (D1 + Ds)(c) < E(Dy + D5)(é) = 2ED1(¢)

by the definition of ¢. Concatenating these inequalities, we conclude that
(¢/c)® < 2E, or ¢ > byé for by = (2E)~'/% < 1. Then, by monotonicity and
(8.2),

DQ(C) > Dg(blé) > Bb?DQ(E)

This is equal to BbD,(¢) > Bby/(2E)D;(c) by the second last display. This
concludes the proof of (i).
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(ii). The lower bound on A in (ii) is equivalent to the inequality ¢ > b1 ¢, which
was already obtained in the preceding proof of (i). For the upper bound we first
note that for every ¢ € A we have Da(c) < D1(c) + D2(c) < E(Dy + D3)(¢) =
2EDy(¢), by the definition of ¢. If ¢ > ¢, then (8.2) gives that the right hand
side is bounded above by 2EB’(¢/c)?Dy(c). Concatenation of the inequalities
gives that 1 < 2EB'(¢/c)®. O

The following lemma is applied throughout to handle the sums that occur in

both the deterministic and stochastic terms of L.

Lemma 43. Lety > —1, m > 1 and v € R such that v — mv < —1. Then
. J’Y v/m—v+1/m
W = C'y,u,m(cn) (1 + 0(1)) (83)

j=1

uniformly for c¢ € [l,,/n,n™~1/1,] as n — oo, for any l,, — co. The constant is

given by
C /OO vy
v,m — U.
VsV 0 (um 4 1)1,

Furthermore, the left side of (8.3) has the same order as the right side uniformly
in c € [l,/n,n™ , for any l,, — oo, possibly with a smaller constant.

Proof. If v < 0, then the function ¢t — g(t) = t7/(t™ 4 cn)¥ is decreasing on
[0, 00), while if 4 > 0 the function is unimodal with a maximum at k(cn)/™ for
the constant k = (v/(mv —~))/™. In the first case we have

n

n tY Y n tY
/ 7dt§2.]7 S/ ———dt,
1 (™ +en)” — (j™ +cn)” T Jo (™ +en)”

Jj=1

while in the second case

n

| g otk < 30

t"™ + cn)? = (J™ + en)¥
< [ d ot gk(en)m)
— cn .
“Jo @remy Y
By the change of coordinates t™ = (cn)u™ we have

o nfemtm
/ e dt = (cn)V/m7”+1/m/ —— du.
a (tm + cn) a/(cn)t/m (um + 1)

If cn — oo with (cn)/™ < n, then for both a = 0 and a = 1 the integral on the
right approaches C, ,, ,, which is finite under the conditions of the lemma. The
maximum value in the second display satisfies g(k(cn)'/™) < (en)/™=¥) and
hence is of lower order than the right side of the preceding display if cn — oo.
This proves the first assertion of the lemma. For ¢ as in the second assertion we
still have that cn — oo, so that the lower limit of the integral tends to zero, but
the upper limit n/(cn)'/™ may remain bounded, although it is bigger than 1 by
assumption. U
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Lemma 44. Forv> —1, m > 1 and v € R such that v — mv < —1 we have

L — (en2)Y/m—v+1/m (1 + 10g(cn2)) cen? < n'™,
;; ((i)™ 4+ en2)» (en”) {(1 +log(n®*™/(cn?))) cn? = n™,

2m—2]

uniformly for ¢ € [l,/n*n as n — 0o, for any l, — oo.

Proof. Since en? < (ij)™+cn? < 2en? if (i)™ < en? and (i)™ < (i)™ +en? <
2(ij)™ otherwise, the double sum is up to a constant 2¥ bounded above and

below by
n n
ZZ S
=1 j=1 i=1 j=1
(ij)m<cn? (ij)™>cn?

Since en? > I, — oo, the first sum is never empty; the second is empty if
cn? = n?™ takes it maximally allowed value. To proceed we consider the cases
that N := (cn?)Y/™ is smaller or bigger than n separately. If N < n, then the

second sum splits in two parts and the preceding display is equivalent to

Y& (i)
ZszﬁZ S Y Y
i=1 j=1 i=1j=N/i+1 i=N+1j=1
N . N
iV (N/i)7 1 41
<3 PO S et $ e
=1 i=N+1

logN)N’YJrl my (IOgN)N'yfmzH»l_’_N'y mVJrl.

If N > n, then the first sum splits into two parts and we obtain the equivalent
expression

N/n n .
>y LYY ar
i=1 j=1 i=N/n+1j=1 i=N/n+1j= N/z+1
an’y-‘rl S i’y(N/i)AH_l - -y —my N\ y—mvr+1
= Z Nmv Z Nmv + i Z ZV (N/Z)V
i=N/n+1 i=N/n+1

= N'Y*"“’Jrl + (log(n?/N))N"="™+ 4 (log(n? /N))NYFL1=mv,

These bounds can be written in the form given by the lemma. O

Lemma 45. For m > 1 and v € R such that —mv < —1, we have

n

- CTL2 —v+1/m
Z Z m + en2)” = (o)

i=1 j:l

m=2] gs n — oo, for any l, — co.

uniformly for ¢ € [l,/n*n
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Proof. Since the function (s, t) — 1/((s? 4+ ¢2)™ + cn?)" is decreasing in s and
t, we have

n

ZZ +cn2 // +t2 +cn2) dsdf

1=1 J:l

and

Z // dsdt.
T —|—cn2 +t2 +cn2)

Rewriting the double integrals in polar coordinates, we see that

T [ r 1
E/ﬂmwggg((ﬁﬂ 2)ym 4 en?)”

=

1
By the change of coordinates r = (cng) *m 4 we then have

bn bn/(cn?)t/(m)
/ r dr = (an)—l/+1/m/ u _du.
o (r¥m+cn?) af(enzyt/m) (U™ +1)

Since ecn? — oo the lower limit of this integral tends to zero. Combining this with
the fact that the upper limit is bounded from below by b, the result follows. [

The following three lemmas are used to establish uniform bounds on the
stochastic remainder terms.

Lemma 46. Consider a function g : (0,00) — R of the form
_ (edin)®
M= W ery e
where a, B > 0 are integers. Then, for 0 < s <t < 0o,

|s — SAjn
s (14 8)j,)2V0+8)"

lg(s) —g()] <

In particular, if 8 > 2, then |g(s) — g(t)] < @m

Proof. We apply the mean value theorem to the function h(x) = /(1 + z)*+5.
Note that for x > 0 we have

% a—1

1 -
S A+ a)itars p#0 t+ (1 + z)lratB

1 1 1
P — <
S Ao 0T T S (g o)

xo—1 (fﬂx + a)
(11 z)lta+h

W ()] =
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Hence

Ajn s =1 SAjn

= |
L+ )20 5 (14 A2V

lg(s) —g()] < [s — 1

Lemma 47. Consider the stochastic process (U(c) : ¢ > 0) given by

for some constants aj, i.i.d. mean-zero random variables U; with variance one
and integers a, 8 > 0. Suppose that for some v,6 € {0,1,2} and some non-
negative function g we have

n
a s)\Jn

< . 4
Y Ty 9@ (8.4)
Jj=1
Then for 0 < s <t < oo we have
(s —1)%g(s)
var(U(s) — U(t)) < —a

Proof. We consider

n o 2
var [U aj [ (54j.n)" (tXj.n) .
i—1

: 1+ sA;, n)fHﬁ (14 tAj ) th

Applying the previous lemma, we see that

(Nind® () | ls=t sha
(1 + S)\j,n)a+ﬁ (1 + t)\jm)o""ﬁ S (1 + SAj,n)
We conclude
(s —1)% o= a3(sAjn) (5 —1)? — (s\jn)?
U U] < J 2 7>
Var[ (3) ( )] ~ §2 P (1 +S)\j n) ) z:l J (1 +5)\j7n) )

which holds for any 7,0 € {0, 1,2}. The result follows. O
Lemma 48. Let l,, — oo be a given sequence of numbers. If U, = (Uy(s) :

s € I,,) are continuous stochastic processes such that for all s < t in a closed
interval I, C [l,/n,00) and some a > 0 we have

P E[U(s) — Un(0)]

~ nage I

2 (t—s)?
~ na82+a

9

n(8)| tends to zero in probability.

Proof. Write I, = [an, b,]. For a given interval [sg, tg] C I, we have E[Un(s) —
Un(tﬂ2 < d3(s,t), for dy the metric
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—a/2 —1—a/2
do(s,t) = Kot — ], Ko =n"%2s, o/2,

The dy-diameter of [sg, to] is Ko|to—so| and the covering number N (u, [so, tol, do)
is bounded above by (Ko|to — so|/u) V 1. Therefore by Corollary 2.2.5 in [21],
with ¢ (z) = 22, we have

2 lto/s0 — 1|
E sup |Un(s) —Uyn(t) §K2|t0750|2: —
5,tE[s0,t0] [ } 0 (nso)a

Fix M so that 2M~1 < 1/a,, < 2M and N so that 2V~ < b, < 2V, Define
S.M = Qn, SN = b, and s; = 2 fori € {~M +1,...,N — 1}. Then s_j; <
S—m+1 < -+ < sy partitions I,,. Since s;41/s; —1 < 1 for every 4 (in fact, equal
to 1 except for the extremest values), we then have

E sup Uy, (s)? < 2E max [ sup  |Un(s) — Un(8:)|* + Un(si)?

s€l, i€{—M,....N—1} s€[s1,5i41]
N-1
12 1 ]
S +
Z_;M [(nsi)“ (nsi)®
N-1
. _ 9—a(M+N)
< i 9—ia _ LQM‘I 1 2
~ne ne 1—-2-¢
i=—M
1 /72\e¢ 1 1 2
S - (_) g T, )
n\a,/ 1—-2"2~[a]1—-2"¢
by definition of M. This tends to zero, since [,, — oc. O
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