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BSDES WITH WEAK TERMINAL CONDITION

BY BRUNO BOUCHARD!2, ROMUALD ELIE! AND ANTONY REVEILLAC
ENSAE-ParisTech, University Paris-Dauphine and University Paris-Est

We introduce a new class of backward stochastic differential equations in
which the T'-terminal value Y7 of the solution (Y, Z) is not fixed as a random
variable, but only satisfies a weak constraint of the form E[WV (Y7)] > m, for
some (possibly random) nondecreasing map ¥ and some threshold m. We
name them BSDEs with weak terminal condition and obtain a representa-
tion of the minimal time ¢-values Y; such that (Y, Z) is a supersolution of
the BSDE with weak terminal condition. It provides a non-Markovian BSDE
formulation of the PDE characterization obtained for Markovian stochastic
target problems under controlled loss in Bouchard, Elie and Touzi [SIAM J.
Control Optim. 48 (2009/10) 3123-3150]. We then study the main properties
of this minimal value. In particular, we analyze its continuity and convexity
with respect to the m-parameter appearing in the weak terminal condition,
and show how it can be related to a dual optimal control problem in Meyer
form. These last properties generalize to a non-Markovian framework previ-
ous results on quantile hedging and hedging under loss constraints obtained
in Follmer and Leukert [Finance Stoch. 3 (1999) 251-273; Finance Stoch. 4
(2000) 117-146], and in Bouchard, Elie and Touzi (2009/10).

1. Introduction. Solving a backward stochastic differential equation (here-
after BSDE), with terminal data & € Lo(Fr) and driver g, consists in finding a
pair of predictable processes (Y, Z), with certain integrability properties, such that
the dynamics of Y satisfies dY; = —g(¢, Yy, Z;)dt + Z; dW; and Y7 = & (where
W denotes a standard Brownian motion). It can be rephrased in: find an initial data
Yo and a control process Z such that the solution ¥Z of the controlled stochastic
differential equation

t t
(1.1) 1?:%—/g@jﬁzmm+/zmwﬁ 0<t<T,
0 0

satisfies Y = £. In cases where the previous problem does not admit a solution,
a weaker formulation is to find an initial data Y and a control Z such that

(1.2) Y# > &, P-a.s.
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In most applications, one is interested in the minimal initial condition Yy and in
the associated control Z. This is for instance the case in the financial literature in
which Yj represents the cost of the cheapest super-replication strategy for the con-
tingent claim &, and Z provides the associated hedging strategy; see, for example,
El Karoui, Peng and Quenez (1997).

Motivated by situations where this minimal value Yy is too large for practical
applications, it was suggested to relax the strong constraint (1.2) into a weaker one
of the form

(1.3) E[¢(Y# —£)] = m,

where m is a given threshold and ¢ is a nondecreasing map. For £(x) = 1(,>0),
this corresponds to matching the criteria Y. TZ > £ at least with probability m. In
financial terms, this is the so-called quantile hedging problem; see Follmer and
Leukert (1999).3 More generally, £ is viewed as a loss function, one typical exam-
ple being £(x) := —(x7)? with ¢ > 1; see Follmer and Leukert (2000) for general
non-Markovian but linear dynamics. Such problems were coined ““stochastic target
problems with controlled loss” by Bouchard, Elie and Touzi (2009/10) who con-
sider a nonlinear Markovian formulation in a Brownian diffusion setting; see also
Moreau (2011) for the jump diffusions setting.

The aim of this paper is to study the nonlinear non-Markovian setting in which
the terminal constraint is of the form

(1.4) E[V(YF)] = m.

In the above, m € R and W is a (possibly random) nondecreasing real-valued map.
Our problem can then be written as the following:

(1.5) Find the minimal Y such that (1.1) and (1.4) hold for some Z.

This leads to the Introduction of a new class of BSDEs which we call BSDEs with
weak terminal condition. More precisely, we refer to this problem by saying that
we want to solve the BSDE with driver g and weak terminal condition (¥, m) to
insist on the fact that the terminal condition YTZ 1s not fixed as a random variable,
but only has to satisfy the weak constraint (1.4).

The first step in our analysis lies in a reformulation based on the martingale
representation theorem, as suggested in Bouchard, Elie and Touzi (2009/10). More
precisely, if Yy and Z are such that (1.4) holds, then the martingale representation
theorem implies that we can find an element « in the set Ag, of predictable square
integrable processes, such that

T
W(YF) > M%:=m —i—/o o dWs.

31In fact, their original formulation also imposes a budget constraint YTZ > 0, IP-a.s., which can be
taken into account by imposing a criteria of the form (1.4) with \IJ(YTZ) = 1{Y27S>0} — ool{Yz<0}.
7752 T
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On the other hand, since W is nondecreasing, one can introduce its left-continuous
inverse ® and note that the solution (Y%, Z%) of the BSDE

T

(1.6) Y;’ZCD(M%H-/ (s, Y2, ZY) ds—/ Z% dWs, 0<t<T,
t

actually solves (1.1) and (1.4). We indeed show that the solution of (1.5) is given

by

1.7) inf{Y§, o € Ap}.
This leads to study its dynamical counterpart
(1.8) Y= essinf{Yf/,o/er s.t.o’ =aon [[0, 7]}, 0<t<T.

We verify that the family {)*, o« € Ao} satisfies a dynamic programming principle
which can be seen as a counterpart of the geometric dynamic programming prin-
ciple of Soner and Touzi (2002) used in Bouchard, Elie and Touzi (2009/10). In
particular, this implies that {)*, « € Ag} is a g-submartingale family to which we
can apply the nonlinear Doob—Meyer decomposition of Peng (1999). This provides
arepresentation of the family {V“, o € Ap} in terms of minimal supersolutions to a
family of BSDEs with driver g and (strong) terminal conditions {® (M7), o € Ag}.
This representation allows in particular to characterize the family {V*, o € Ap}
uniquely. Under additional convexity assumptions on the coefficients g and P,
we observe that the essential infimum in (1.8) is attained. Hence, there exists an
optimal & € Ay such that solving the BSDE with weak terminal condition (W, m)
boils down to solving the BSDE with dynamics (1.6) and strong terminal condition
d>(M ). In a Markovian framework, our approach provides in particular a BSDE
formulation for the PDEs derived in Bouchard, Elie and Touzi (2009/10).

We then study in details important properties of this family and focus in partic-
ular on the regularity of J)* with respect to the threshold parameter m. We exhibit,
under weak conditions, a stability property of the solution with respect to the vari-
ations of the parameter m. We also observe that Y is convex with respect to the
threshold parameter. This observation allows us in particular to conclude that &
(whenever it is deterministic) can be replaced by its more regular convex envelope
in order to compute }* on [0, 7). This was already observed in the restrictive
Markovian setting of Bouchard, Elie and Touzi (2009/10), in which it is proved by
using PDE technics. We provide here a pure probabilistic argument. Similarly, it
was also observed in Follmer and Leukert (1999, 2000) and Bouchard, Elie and
Touzi (2009/10) that (1.5) admits a dual linear problem when g is linear. We ex-
tend this result via probabilistic arguments to the semilinear setting, for which the
dual formulation takes the form of a stochastic control problem in Meyer form.

The rest of the paper is organized as follows. In Section 2, we provide a precise
formulation for (1.5) and relate this problem to a g-submartingale family satisfying
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a dynamic programming principle. Attainability of the optimal control & € Ay is
also discussed. Section 3 collects the continuity and convexity properties as well
as the dual formulation of the problem. Finally, Section 4 contains the proof of the
BSDE representation for {)*, o € Agp}.

We close this Introduction with a series of notation that will be used all over
this paper. Let d > 1 and T > O be fixed. We denote by W := (W;)scj0.1] 2 d-
dimensional Brownian motion defined on a probability space (2, F, P) with P-
augmented natural filtration F = (F;)s¢[0,77. The components of W will be de-
noted by W = (W!,..., W?) and E will stand for the expectation with respect
to P. For simplicity, we assume that / = Fr. Throughout the paper, we will make
use of the following spaces.

- L,U, G) denotes the set of p-integrable G-measurable random variables with
values in U, p > 0, U a Borel set of R" for some n > 1 and G C F. When U
and G can be clearly identified by the context, we omit them. This will be in
particular the case when G = F.

— 7T denotes the set of F-stopping times in [0, T]. For 71 € T, T, is the set of
stopping times 7 in 7 such that 75 > 11, [P-a.s. The notation E[-] stands for
the conditional expectation given F;, 7 € 7.

— S, denotes the set of R-valued, cadlag* and F-adapted stochastic processes
X = (Xr)tef0.1 such that || X||s, := E[sup; (o, 7] 1X, 121V < o0.

— Hj; denotes the set of R"-valued, F-predictable stochastic processes X =
(X1)ieo.7) such that | X g, := E[fy |X,|?d1]'/?* < co. In the following, the
dimension n will be given by the context.

— K denotes the set of nondecreasing R-valued and F-adapted stochastic pro-
cesses X = (X;)se[0,7) such that || X||s, < oo.

Inequalities between random variables are understood in the [P-a.s.-sense.
2. BSDE with weak terminal condition.

2.1. Definitions and problem reformulation. We first define the main object of
this paper.

DEFINITION 2.1 (Solution to a BSDE with weak terminal condition). Given a
measurable map ¥ :R x Q+— U, withU C RU{—o0}, 7 € T and u € Lo(U, F7),
we say that (Y, Z) € So x Hy is a supersolution of the BSDE with generator
g:Q2x[0,T] xR x R4 - R and weak terminal condition (¥, i, 7), in short
BSDE(g, ¥, u, 7),ifforany 0 <s <t <T,

t t
@.1) nzn+/ 2 (r, Yr,zndr—/ Z,dW, and
S S

22 E[¥(p]=za

4Right-continuous with left limits.
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Before discussing the well-posedness of equations (2.1)—(2.2), let us emphasize
that the difference with classical BSDEs lies in the fact that we do not prescribe
a terminal condition to Y in the classical P-a.s.-sense but only impose a weak
condition in expectation form (which justifies the terminology of BSDE with weak
terminal condition). Even if we were asking for equalities in (2.1)—(2.2), this would
obviously be too weak to expect uniqueness, as any random variable £ satisfying
E [V (&)] = u could serve as a terminal condition.

However, when W is nondecreasing, the set

(T, w)
(2.3)
:={Y;:(Y,Z) €Sy x Hy is a supersolution of BSDE(g, ¥, i, 7)},

defined for any 7 € T and u € Lo(U, F7), can be characterized by its lower-bound,
whenever it is achieved.

Throughout the paper, we shall restrict to the case where g is Lipschitz contin-
uous with linear growth, W™ is bounded, and the domain of W is bounded from
below, in order to avoid unnecessary technicalities.

Standing assumption (Hy): For P-a.e. w € Q, the map y € R~ V(w, y) is
nondecreasing, right-continuous, valued in [0, 1] U {—oo} and its left-continuous
inverse ® (w, -) satisfies ®: 2 x [0, 1] — [0, 1] is measurable.

By left-continuous inverse, we mean the left-continuous map defined for w fixed
by

®(w,x) :=infly e R, ¥(w, y) > x},

which satisfies

2.4) PoV¥ <Id<W¥od.
The left-hand side follows from the definition of &, the right-hand side holds by
right-continuity of W. Note that the above assumption implies V(w, -) = —o0

on (—00,0) and ¥(w, ) =1 on [1, 00). In particular, the constraint in expecta-
tion (2.2) implies Y7 > 0, P-a.s. Obviously, the set [0, 1] is chosen for ease of
notation and can be replaced by any closed interval.

Standing assumption (Hy): g is a measurable map from €2 x [0, T'] x R x R? to
R and g(-, y, z) is F-predictable, for each (y, z) € R x R9. There exists a constant
K¢ > 0 and a random variable x, € Ly(R ), such that

8(1,0,0)| < xg,  P-as.,

|g(t’ Y1, Zl) _g(t,}’Z, Z2)| = Kg(b’l _)’2| + |Zl _ZZD’
P-a.s. V(t,vi,z) € [0, TIx Rx R4, i =1, 2.

Let A; ;, denote the set elements a € H; such that

V-
(2.5) MEWe.— —i—/ og d Wy takes values in [0, 1].
T
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Then (2.2) is equivalent to W(Y7) > M}T’”)’a for some o € A ;.. In view of (2.4),

this is equivalent to Y7 > @(M;T’” %) for some o € A;,,. This implies that su-
persolutions of BSDE(g, W, u, 7) can be characterized in terms of g-expectations
whose definition is recalled below.

DEFINITION 2.2 (g-expectation). Given 172 € 7 and & € Ly(R, F7,), let
(Y, Z) € S, x Hy denote the solution of

2 2
Y=g+ [ g6 vozods— [ zoaw,,
AT AT
Then we define the (conditional) g-expectation of £ at the stopping time 71 < 7
as &gl,fz [£]:=Y:,. When 1o =T, we only write S;gl [£], and say that (Y, Z) solves
BSDE(g, £).

Note that existence and uniqueness hold under assumption (Hy). In the follow-
ing, we shall adopt the terminology of Peng (2004) and call g-martingale (resp.,
g-submartingale) a process Y such that Eﬁs[Ys] =Y; (resp., E,‘gjs[Ys] >Y,), for all
t<s<T.

PROPOSITION 2.1. Fixt €T, u € Lo([0, 1], F;). Then, (Y, Z) € Sy x Hy is
a supersolution of BSDE(g, W, w, t) if and only if (Y, Z) satisfies (2.1) and there

exists o € A; ;, such that Y, > Stg[<I>(M(TT’”)’a)]fort €[0,T], P-a.s.

PROOF. Let (Y, Z) be a supersolution of BSDE(g, W, u, 7). Then there ex-
ists some element p in Lo([0, 1], 77) with p > pu, P-a.s. and @ in A; , such that
U(Yr) = M(Tr’p)’a. Set #% := inf{s > 7, M{"""* = 0}. It is clear that 6% belongs to
7T and that o := 5‘1[0,0&) belongs to A; ,, and satisfies M;t’p)’a > M;T’”)’a, P-as.,

since M}T’p )& > 0 by definition of A; ,. The monotonicity of ® and (2.4) imply
that

Yr > (@ o W) (Yr) > ®(MITH),

By comparison for Lipschitz BSDEs, we obtain ¥; > £° [(ID(M}T’” 2] for t €

[0, T]. Conversely, let « € A; ;, be such that Y¥; > Ef[QD(M}t’“)’a)] fort € [0, T]
and assume that (Y, Z) satisfies (2.1). Then (2.4) implies

W(rr) = (Vo @) (M%) = M,
Taking the conditional expectation on both sides leads to (2.2). [

In view of Proposition 2.1, the lower bound of I'(z, u) [which we recall, has
been defined in (2.3)] can be expressed in terms of

(2.6) Vr(u):= esiinfé’f[q)(M?’“)’“)], reT,ueLly(0,1], ).
a€Ar

This is the statement of the next corollary.
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COROLLARY 2.1. essinfI'(z, u) =YV (), VT € T, u € Lo([0, 1], F7).

PROOF. The fact that Y; € I'(z, u) implies Y; > YV, (u) follows from Proposi-
tion 2.1. On the other hand, the same proposition implies that each

8{?’[@(M§T’“)’a)] with & € A, , belongs to I'(z, ). O

REMARK 2.1.  For later use, note that the assumptions (Hg) and (Hy ) ensure
that we can find n € S; such that |ES[®(M)]] v |V, (w)| < 1, for all ¢t < T and
u € Lo([0, 1], F), M € Lo([0, 1]). See (i) of Proposition A.2 in the Appendix.

REMARK 2.2. Note that YV; () = YV (u1)1a + Ve (2)14c whenever p :=
wila + polye for A € Fr, iy, o € Lo([0, 1], F7), and t € 7. Indeed, o :=
l[r,T](OlllA + aplye) € AT’M for all «o; € Ar,u,- with i = 1,2. Since
ES[D (MM )] = ER[d MV )1, + EX[D (M) 1 4c, this implies
Ve(u) < Yr (1)1 4+ Yo (u2)14¢. The converse inequality follows from the pre-
vious identity applied with a; := al4 and ap := alac for any o € A, so that
aj €Ay, fori=1,2.

REMARK 2.3. Before going on with the study of the set I', let us notice that a
similar analysis can be carried out for weak constraints of the form 8? (W(Y7)]=>u
in place of E-[W(Y7)] > p in (2.2), with EM defined as the h-expectation associ-
ated to some random map /4 satisfying similar conditions as g. In finance, the latter
condition interprets as a risk-measure constraints [see, e.g., Peng (2004)], while
our condition is more related to expected loss constraints, see Follmer and Leukert
(2000). Again, we try to avoid un-necessary additional technicalities and stick to
the case h =0.

2.2. BSDE characterization of the minimal initial condition. 'The main result
of this section is a BSDE characterization for the lower bound of the set I'(z, i)
of time-t initial conditions of supersolutions of BSDE(g, ¥, u, 7). In particular,
this extends to a non-Markovian framework the PDE characterization of Bouchard,
Elie and Touzi (2009/10).

For ease of notation, we now fix m, € [0, 1] and set

MY = Mt(o’m”)’“, AY =o' € Ay yo o’ =adt x dP on [[0, T},
Ag:=Agm, and Y¥:=Y;(MY) fora € Ag, 1 €[0,T],

where we recall that M ©-70)-¢ and Ao, m, are given in (2.5).

THEOREM 2.1. For any a € Ag, Y* is a g-submartingale, it is ladlag > on
countable sets, and the following dynamic programming principle holds:

SLeft- and right-limited according to the french celebrated acronym.
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i) Vz, = essinf&eAgl 851,12 [yf‘z],for each 11 € T, 1) € T,. Under the addi-
tional assumption that

2.7 me 0,11~ ®(w, m) is continuous for P-a.e. w € Q,

the following holds:
(i) Y* is indistinguishable from a cadlag g-submartingale, for each o € Ag.
(iii) There exists a family (2%, K%)gea, C Ho x K satisfying

(2.8) sup [(V*, 2%, KY) || s, wpt, xk, < O©

OlGA()

and such that, for all o € Ag, we have
T
(2.9) y“=d>(M%)+] g(s, V&, Z¥) ds—/ ZXdWs + K —

(2.10) K7, =ess gng[lez ] VYueT.neT,

and
Q.11 (V% 2% K. = (V% 2% K)o,y VreT,aeA”

(iv) (V¥ 2% K% qeA, is the unique family of Sy x Hy x Ky satisfying (2.8)—
(2.11) for all o« € Ay.

The proof of this theorem is reported in Section 4.

REMARK 2.4. (i) The precise continuity assumption needed in the proof is:
CID(M ") converges in Ly to ®(M5) whenever ||M — M7% |1, tends to 0, for
any sequence (o), C Ag. However, this condition implies that & is continuous,
as soon as random variables with nonabsolute continuous law with respect to the
Lebesgue measure might be considered (which is the case here).

(i1) We shall see in Proposition 3.3 below that & can be replaced by its m-convex
envelope, under mild assumptions. In this case, the continuity assumption of the
second part of Theorem 2.1 is not required anymore because the convex envelope
of ® is continuous; see Remark 3.1 below.

2.3. Representation as a BSDE with strong terminal condition. The previous
section raises in particular one natural question: Does there exist an admissible
control & on the whole time interval [0, 7] allowing to match all time ¢-values of
the minimal solution of a BSDE with weak terminal condition? Rephrasing, we
wonder about the existence of a control & in Ag such that

Vi =¢&flomy)],  0<i<T.
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Hereby, solving the BSDE with weak terminal condition (W, m,, 0) boils down to
solving the classical BSDE with the optimal strong terminal one CID(M?): along
the optimal path &, the compensator K% of the BSDE (2.9) must degenerate to 0.

Not surprisingly, the existence of an optimal control requires the addition of
convexity assumptions on the coefficients of the BSDE. We shall therefore assume
that:

(Heony). For all (A, my,ma,t, y1, y2, 21, 22) € [0, 1] x [0, 11> x [0, T] x R? x
[R9]2, the following holds P-a.s.:

O (amy + (1 —A)ma) <AP(my) + (1 — 1) P(m2),
g(t, ay1+ (I —=A)y2, Az1 + (1 — A)z2) < Ag(t, y1,z1) + (1 = A)g(t, y2, 22).

REMARK 2.5. We recall the following result which is based on standard
comparison arguments; see, for example, Rosazza Gianin (2006), Proposition 7.
For any t € T, the map EE[P()]:Lo([0, 1]) — Lo is convex under assumption
(Hconv)'

PROPOSITION 2.2. Assume that assumptions (Heony) and (2.7) hold. Then,
forany (v,a) € T x Ha, there exists &™“ € A% such that

ye=gs[omy )] =5 VET] v e

REMARK 2.6. As detailed in Remark 3.2 below, the convexity assumption
on the terminal map ® can be avoided in some cases. In particular, if ® is deter-
ministic, then it can be replaced by its convex envelope. Then, only the convexity
assumption on g, has to hold.

PROOF OF PROPOSITION 2.2. Lemma 4.1 below provides a sequence (a"),
valued in A¥ such that

(2.12) Ve = lim | EE[@(MF)],  Peas.

Since the sequence (M %n )n 1s bounded in [0, 1], we can find sequences of non-
negative real numbers (A});>, with }_;~, A =1, such that only a finite number of
)\l’-’ do not vanish, for each n, and such that the sequence of convex combinations

(M?)n given by

(2.13) M} =Y A My

i>n

converges P-a.s. to some MT € Lo([0, 1]). By dominated convergence, the conver-
gence holds in Lo, in particular E;[M7] = MY, and the martingale representation
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theorem implies that we can find & € AY such that Mr=M % Using the convexity
of @ and g (see Remark 2.5), we deduce that

=Y ares[o(my)] = E5[o(Mf)].

l>I’L
By (2.12), 17 " — V¥, P-a.s. On the other hand, the convergence M 7 — M% in Ly
comblned with the boundedness and a.s. continuity of ® implies that CID(M ) —
<I>(M ) in Ly, after poss1b1y passing to a subsequence. Therefore, the convergence
&t [CD(M )] — Ef [CD(M )], P-a.s. follows by Proposition A.1 below. This gives
y¥ > &s [<1>(M )], while the converse holds by definition of V.

It remains to show that V¥ = Sf t,[y&] for t/ € T;. To see this, first note that

. T,[ [CD(M )] > Eg ol 6‘] by standard compar-
ison arguments and the fact that Sg [<I>(M )] > ya by definition. As above, we

can find a sequence (&") € A‘;’/ such that Sf,[CID(M% )] — yr/, P-a.s. In view of
Remark 2.1, the convergence holds in L and Proposition A.1 below implies

Ve <& [elomin)]] - €5 [VE],

the above implies that Y& =

where we used the fact that &@" € Af/ C AY to obtain the left-hand side. [J

3. Main properties of the minimal initial condition process. In this section,
we emphasize remarkable properties of the map Y : u € Lo([0, 1], F7) — Vi (1),
for t € [0, T). We first derive the continuity of this map under a weak continu-
ity assumption on £8[®(-)]. Then we verify that this map (or more precisely its
L.s.c. envelope) is convex, and discuss the propagation of the convexity property to
the time boundary 7 —. Finally, we retrieve, in this non-Markovian setting, a dual
representation of the map ), using solely probabilistic arguments.

3.1. Continuity. Our continuity result is stated in terms of the quantities
Err; (n) :=esssup{R, (M, M'): M, M’ € Lo([0, 11), E;[|M — M'|*] < n},
defined for n € Lo([0, 1]), in which
Ri(M, M) = Ef [®(M)] = EF[D(M)]].

Observe that classical a priori estimates on BSDEs ensure that Errs(n,) — 0 as
np — 0, P-a.s. with (,), C Lo([0, 1]), whenever ® is a deterministic Lipschitz
map; see, for example, Proposition A.1 below. This observation remains valid
when @ is simply continuous, via a classical convolution density argument for
Lipschitz maps on bounded domains. The next result indicates that this property
ensures the regularity of the map: u — Vs (u).
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PROPOSITION 3.1. Lett < T, u1, up € Lo([0, 1], 7). Then
|V (1) = Vi(p2)| < Erry (A(ur, o)) + Erry (A(ua, 1)),

where
Wi — WUj ——
A(Mz,l/«j) —(1—M—J)1{M,<M1}+1_—M1{m>,¢j}, i,j=12.
Moreover,
|V (1) — Ve (o) L, =0) < Re(e2, 0)
and

| Ve (1) = Ve ()| 1 =1y
<esssup{R,(1, M): M € Lo([0, 11), E;[|1 — M|*] < 1 — uo}.

In particular, if Erry(n,) — 0, P-a.s. as n, — 0, P-a.s., for all (n,), C Lo([0, 1]),
then u € Lo((0, 1), F;) = YV, () is continuous for the sequential P-a.s. conver-
gence and the strong Lo convergence.

PROOF. Step 1. Fix w1, up € Lo([0, 1], ;). Given o € A; ;,,, we define

I — g
A= 1— 1{M2<M1} + 1{M1<M2} + L =)

which is by construction valued in [0, 1]. Since M (t.12).22 takes values in [0, 1],
MOHDPE = g — iy + M D2 € [y — g, i+ 2(1 = p2)] C [0, 1.
In particular, Aoz € A; ;. Thus, (2.6) leads to
o Vi(un) < EF (@M1 2)]
' 1, L1),A 1,u2),
+ (EF[@ (M) ] — EF[@ (M2 42))).
Besides,
M;I,Hl),)»az _ M(Tt,ltz),az = = Aia+ (A — I)M;t,ll«z)yaz
so that, since M¥ 1222 pelongs to [0, 1], we have
g — 1+ A1 — pug) < MEFDA02 g0 <.
In addition,
—Aur =0 if wy <uo and
ur—1+A(l—pu2)=0  if py>uo.
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This directly leads to

E,[|M§H0292 _ M#22 ] < Ay, o).
Since these two processes belong to [0, 1], we get

2

E/[|M{H 7 — M2 P < Aquy, po).

Hence, the arbitrariness of o, € A, ;,, together with (2.6) and (3.1) provides
Vi(1) < Ve(u2) + Err (A, 12)).

Interchanging the roles of 11 and w, leads to

Vi(2) < V(1) + Err (Apa, 11)).

Step 2. We next consider the case where P[iu; = 0] > 0. Without loss of gener-
ality, we can assume that u; = 0. Fix @ € A; ,,,. Since A; ;,, = {0}, M;”M)’a >0
and @ is nondecreasing, comparison implies that

Vi(0) = E[@(0)] < EF[@(My ).

In particular, J,(0) = EF[®(0)] < Vs (1) < EF[@ (M "0 = E8 (@ ().
Step 3. We now consider the case where P[u; = 1] > 0. Again, we can assume
that ;1 = 1 so that A; ;,, = {0}. By comparison as above, one has

Ve(1) = E[@(D] = Vi (n2).

On the other hand, since M-#2)-% jg a martingale taking values in [0, 1], we have
Ef[l = MU 2P < E[1 = MU =1y, a €Ay,

from which the result follows. [

3.2. Convexity. In Bouchard, Elie and Touzi (2009/10) and Moreau (2011), it
is shown that the map m € [0, 1] — )Yy (m) is convex. This is done in a Markovian
framework using PDE arguments. In this section, we provide a probabilistic proof
of this result which hereby extends to our setting. The result is stated for the lower-
semicontinuous envelope ), of ), defined as

(32) V()= gi_r)r(l)essinf{yt (W) |u' — | =e n eLo((0,11, )},

for any ¢ € [0, T']. We refer to Proposition 3.1, the discussion before it and to (ii)
of Remark 2.4 for conditions ensuring that )V, = ).

We first make precise the notion of convexity adapted to our non-Markovian
setting. Fix a time ¢ € [0, T'].

DEFINITION 3.1 (F;-convexity).

(i) In the following, we say that a subset D C Lo (R, F;) is F;-convex if
A+ (1 —=Aug € D, forall iy, up € D and A € Lo([0, 1], F;).
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(i) Let D be an F;-convex subset of Lo (R, F;). Amap J:D +— Lo(R, F;)
is said to be F;-convex if

Epi(J) :={(n,Y) € D x Lo(R, F):Y > T (W)}

1s J;-convex.

(iii) Let Epi®()};) be the set of elements of the form ), _n An(un, Y,) with
(ns Yo, A)n<n C Epi(Vr) x Lo([0, 1], F;) such that an;)»n = 1, for some
N > 1. We then denote by E_pic ()) its closure in L. Finally, the JF;-convex enve-
lope of ) is defined as

(3.3) VE(u) = essinf(Y € Lo(R, F): (i, Y) € Epi* ).

We can now state the convexity property. It requires a right-continuity property
in time, which holds under the conditions of Theorem 2.1(ii); also recall (ii) of
Remark 2.4.

PROPOSITION 3.2. Assume that Yy () = Vi () for any p € Lo([0, 1], F;)
andt < T. Then the map 1 € Lo([0, 1], F;) > V(1) is Fy-convex, forall t < T.

PROOF. Fixt €[0,T) and set D := L([0, 1], F;) for ease of notation. The
proof is divided in several steps.

Step 1. (u, Y5 (w)) € Epi’ V1), for all ju € D.

Indeed, the family F :={Y € Lo(R, F;): (u, Y) € E_pic ()} is directed down-
ward (for every fixed element p in D) since Yll{Y15Yz} + Y21{Y1>Y2} er,
by JF;-convexity of E_pic(y,), for all Y!, Y% € F. It then follows from [Neveu
(1975), Proposition VI.1.1] that there exists a sequence (Y"),>; C F such that
Y* | Ye(n), P-as. Since Y land Y (1) € Ly, the monotone convergence theorem
implies that Y — Y (u) in Lo, as n goes to infinity. The set E_pic ()y) being closed
in Ly, this proves our claim.

Step 2. Let n € Sy be as in Remark 2.1. Then |V ()| < ny, forall t <T and
une D.

We first observe that )V > )¢ by construction. Remark 2.1 thus implies that
Yi () < ns. On the other hand, let (Y"),>1 be as in the step above. We claim
that it satisfies Y”* > —n;, for each n > 1. Then the lower bound Yy () > —; is
obtained by passing to the limit. To see this, it suffices to prove this property for
any Y € Lo(R, ;) such that (i, Y) € Epi ();). But, such an element (i, Y) is
obtained by taking the Ly limit of elements of the form }_, - An(un, ¥,) with
(ns Yoy Ap)n<n C Epi(Yy) x Lo([0, 1], F;), such that ), .y A, = 1. Each ¥}, of
the latter family is bounded from below by —7, by Remark 2.1, and hence so is Y.

Step 3. The map € D +— Y () is F;-convex.

Fix ', u? € D and A € Lo([0, 1], ;). Step 1 implies that (', Ye(uh) €
E_pic(y,) for i =1, 2. Clearly, E_pic () is Fi-convex. It follows that (Au! + (1 —
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M2 AV G+ (L 0VE () € Bpi' (), so that 2 (u') + (1= Yf () =
Vi (au! + (1- Mu?). Now, for any Y! such that (u!, Y?) € Epi())y), one has
Y! > Ye(u'), i =1,2. This fact combined with the previous inequality thus im-
plies AYI + (1 - )L)Y2 > V¥ (Au + (1 — A)Mz) This means that Epi()y) is F;-
convex.

Step 4. Vi«(0) = Vi (), for all p € D.

Fix ¢ > 0 and set D}, := {u" € Lo([0, 11, F7), [’ — p| < &}. It follows from Re-
mark 2.2 that the family {3;(u'): 1" € D} } is directed downward. Then we can
find a sequence (u)n>1 C DZ such that

Vi(iy,) = Ze(w) :=-essinf{V,(u'): 1’ € Dy}, P-a.s.
Since (Z¢(w))e>0 is nondecreasing, limy oo Z1/n (1) = V(1) recall (3.2).
Note that Remark 2.1 implies that (Vs (iun’ ™ ))n=1 —>» Z1/n (1) in L? and define

ky :=min{n > 1: ||V (u 1/N) Zyn()| 2 < 1/N}.

Then (i y,(MI/N)) — (u, Yix(n)) in L? as N — oo. Since Epi(})) C

Ep1 ) and the latter is closed under L?-convergence, this implies that (i,
Vie(U)) € E—pic ()r). We conclude by appealing to the definition of V; in (3.3).

Step 5. Y5 () = Vs (), for all € D.

In view of steps 3 and 4, the result of step 5 actually proves that Vi, = Jf is
J-convex.

We now proceed to the proof of step 5 which is itself divided in two parts.

Step 5(a). It follows from step 1 that there exists a sequence

1/N

(3.4) (tns Yoo 1))z y=1 C BRI x Lo([0, 11, F)

such that >,y AN =1, forall N, and

(3.5) (AN, YN) = D" A (s Yu) = (1, Vf () inLy,
n<N

Fix N > 1 and ¢ > 0. Let @ € H; be such that iy = m, + Jo &ﬁv dW;. Since the
family (A)),<n is composed of JF;-measurable random variables summing to 1,
one can find @ € H, and a random variable &y € Lo(F;4¢) such that

t+e
(3.6) fin +f aNdw, =£5 and P[ES = ualF ] =AY forn<N.
t

Without loss of generality, we can assume that oN =aN dt x dP on [0, t]. Then (i)
of Theorem 2.1 and Remark 2.2 yield

Vi(in) = V¥ < €8, (VL) = E5 e (Ve (ED))

= tgjt—i—s ( Z 15§=u,1yt+e(,un))-

n<N

(3.7)
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We claim that

(3.8) 1imigf5§t+g<z lggzu,,ym(un)) < DA V().
e n<N n<N

Then (3.7), (3.8), (3.4) and (3.5) lead to

Vi) < 3 AN Vi) < 3 AN Yy =Y.

n<N n<N

Appealing to (3.5), we deduce that
liminf Y, (i) < Vi ().
N—o0
Since iy — u, P-a.s., this together with Remark 2.2 implies that
Ze(u) < liminf Y: (uuw) = llivrgiglof(yz(/lzv)l{m,v_mgg} + V(W ay—pl>e))

<Yi(w),

for all ¢ > 0, where
AN = ANYay—pizey + By —pi>e) € Dy

see step 4 for the definitions of Z.(u) and Dli. Since Z (1) T V() as & goes
to 0 by (3.2), this shows the required result.

Step 5(b). It finally remains to prove the claim (3.8).

Remark 2.1 and (ii) of Proposition A.2 in the Appendix imply that

gtg,t-i-s(Z lé,f,=u,,yt+s (Mn)) = Etl:z lg‘i,:unyt-i—e(ﬂn)} + e

n<N n<N
= Etl:z léf\,:y_ny[(/'l’ﬂ)} + 7

n<N

+ Z Et[|yt+£(:un) — Ve (tn)

n<N

1.
where 1, — 0, P-a.s. as € — 0. The right-hand side of (3.6) then leads to

& rre( X legmnVirelan) ) = X AVt 4,

n<N n<nN

+ Z Et[|yt+8(,un) - yt(,un)”-
n<N
Recall that Y, (u,) = V() by assumption, and that () (u,)), is bounded by
some 71 € Sy; see Remark 2.1. Sending ¢ — 0 in the above inequality and appealing
to the Lebesgue dominated convergence theorem proves (3.8). [
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In the context of PDEs, convexity in the domain propagates up to the bound-
ary, which leads to a boundary layer phenomenon. In Bouchard, Elie and Touzi
(2009/10) and Moreau (2011), this translates in the fact that the natural T -time
boundary condition should be stated in terms of the m-convex envelope of ®. We
observe hereafter that this property extends to our non-Markovian setting, when-
ever ® is deterministic.

We recall from Theorem 2.1(i) that ) is ladlag on countable sets. Under the
following condition, it will actually be cadlag up to undistinguishability. As op-
posed to Proposition 3.2, we shall not need to impose any right-continuity for the
following.

PROPOSITION 3.3.  Assume that ® is deterministic and let ® denote its convex
envelope. Then
mY* = &(M%) and Y =essinfES[D(MSL)],
AT o'€AY

forallo € Agand t € T suchthatt < T.
Before proving this result, let us make some observations.

REMARK 3.1. Since @ is nondecreasing, its convex envelope is continuous
on [0, 1). Moreover, @ is left-continuous, so that ® has to be continuous at 1 as
well.

REMARK 3.2. In Section 2.3, we observed that the essential infimum in the
dynamic programming principle is attained whenever ® and g are convex. Hence,
the previous proposition allows straightforwardly to avoid the convexity require-
ment on @, whenever it is deterministic.

REMARK 3.3. The proof below can easily be adapted to the case where
D (w, m) = ¢(m)&(w) for some nonnegative random variable £ and a deterministic
map ¢. This is due to the fact that the m-convex envelope of & is fully character-
ized by the convex envelope (;3 of ¢: CiD(a), m) = qg(m)g (w). This allows one to fol-
low the construction used in our proof. In particular, in the quantile hedging prob-
lem of Follmer and Leukert (1999), one has ®(w, m) = 1y,-0) (@) (m € [0, 1]),
with & taking nonnegative values, so that <i>(a), m) = mé&(w); see also Bouchard,
Elie and Touzi (2009/10).

PROOF OF PROPOSITION 3.3.  We prove each assertion separately.

Step 1. By definition of the convex envelope, we can find a measurable map m €
[0, 1]+ (pp(m), (m), e(m)) € [0, 113 such that p(m) <m < gp(m), e(m)p(m)+
(1 —e(m))p(m) =m and o o

D (m) = e(m)®(p(m)) + (1 — e(m)) d(P(m)),
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for any m € [0, 1]. Let #, 1 T. Then one can find «”" € A;’; and &" € Lo([0, 1])
such that M%n = M7 +ft: oy dWy =&", where P[§" = p(M[))|F;,] = e(M{)) and

PE" =p(Mp)I|F,1=1—e(Mp). It follows from the above and (iii) of Proposi-
tion A.2 in the Appendix that

Vi< E [OE")] + 0 = D(ME) + 10,

where 1, — 0 as n — oo. Since Y is ladlag on countable sets (by Proposition 4.2),
passing to the limit implies that

(3.9) lim V7 < &(MF).

We now prove the converse inequality. We use (iii) in Proposition A.2 in the Ap-
pendix and Jensen’s inequality to deduce that

v = p[@MF)] = By [S(MF)] =il = (M) —iln. o € A7,
where 7, — 0 as n — oo. Combining the arbitrariness of o’ € A7 with the ladlag
property of ) on countable sets, we get that

. . . . !/ 2
lim V¥ > liminfessinfY* > ®(M¥).
n—oo " In n—>00 gleA%
n

Step 2. 1t follows from Theorem 2.1(i) that

o . g o
Vi =essinfer o[ Vo] nelN.
T

The process yfxv/, being ladlag on the set {t,,n > 1}, 1im,,%oy;j§/w is well de-
fined and coincides with limn%ooyg/. Moreover, it follows from the bound in
Remark 2.1 that the convergence holds in L,. In view of the stability result of
Proposition A.1 and step 1. above, passing to the limit as n — oo leads to

Vi < essint ] Jim ] =essinf £6[6(h1f))
Since ® > , the reverse inequality holds by definition of V¢ in (2.6). Since
@ is continuous by Remark 3.1, we can now appeal to the second statement

of Proposition 4.2 to assert that, up to indistinguishability, J* is cadlag, so that
limtTT y,“ = hmn_mo yg O

3.3. Dual representation. In this section, we provide a dual formulation for
the minimal initial condition at time 0, m +— )y(m). It requires the introduction of
the Fenchel transforms of g and ®.

We therefore define

O (w,])e QxR sup (ml— ®(w,m))
me[0,1]
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and

§:(w,6,u,)eQx[0,TIxRxR > sup (yu+z'v—glw,t,y,2).
(y,2)eRxR4

REMARK 3.4. It follows from the assumption (Hg) that the domain of
g(w,t,-), dom(g(w,¢t,)), is contained in [— K, Kg]dJrl for P-a.e. w € © and all

t < T. The assumption (Hy ) ensures that the domain of &D(a), -) is the all real line,
P-a.s.

In the following, we denote by A the set of predictable processes A with values
in R x R? such that A, (w) € dom(g(w,t, -)) for Leb x P-a.e. (w, t) € 2 x [0, T].
To A = (v, ) € A, we associate the process L* defined by

L?:l—l—/otL;\vsds—i—/OtL;\z?Sde, te[0,T].
Our dual formulation for ) is stated in terms of
Xo(l) == Aigxgk, [>0,
where
Xt = E[/OT Lg(s, hy)ds + LATCTD(I/LAT)}, reA >0,

The fact that the Fenchel transform of A} provides a lower bound for ) is
straightforward, and detailed in Proposition 3.4 below for the convenience of the
reader. For ease of notation, we now write A, for Ag ,, M™% for M O.m).¢ and
denote by (Y™, Z™®) the solution of the BSDE(g, ®(M7"“)), a € A,,.

PROPOSITION 3.4.  YVy(m) > sup;. o(Im — Xy(1)), for all m € [0, 1].

PROOF. Fix @« € A, and A = (v, ¥) € A. Then it follows from the definition
of @ and g that

T
E[¥I k] = v 4 E[ /0 LHug Y™ 49T 2 — g(s, Y™, zgw))ds]

T
<Y+ E[/ LYg(s, As)ds]
0
and
VPOLG = O(MP) Ly 2 1M — Ly b(1/L).

for [ > 0. Note that, in the above, we have cancelled the expectation of the local
martingale part fOT (L*Zm« 4 yme L 29) dW; although L* Z™* might not belong
to Hy. If not, one may use a localization argument since all other terms belongs to
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L' uniformly in time. Combining the above and using the martingale property of
M™% yields

T ~
Yo > Im — E[/O LY3(s, As)ds + L*TcD(Z/L*T)] =Im — X§".
The result follows from the arbitrariness of >0, € A anda € A,,. [

We now show that equality is satisfied in Proposition 3.4 whenever existence
holds in the dual problem. This is proved under the following assumptions. Let C g
be the set of continuously differentiable maps with bounded first derivatives.

Assumption (Hcli). The following holds for Leb x P-a.e. (f, w) € [0, T] x Q:

(a) the maps d(w, -) and g(w, ) are C,i on their domain, and dom(g(w, t, -)) is
closed;

(b) [VP(w, )|+ V(. 1. )| < x4 5(@). for some xg ; € La(R):

(c) ®(w,m)=sup;.o(lm— d~>(a), 1)), forall m € [0, 1];

(d) glw,t,y,2) = max( y)edom(G(w.t,.) YUt + z'v — g(w,t,u,v)), for all
(y,2) e R x RY.

In the above, V® and V3 stands for the gradient with respect to [ and (u, v),
respectively.

Note that (a) and (b) are of technical nature, while (c) and (d) mean that ® and g
are convex, that is, coincide with their bidual. The latter is a minimal requirement
if one wants the duality to hold.

PROPOSITION 3.5. Let assumption (Hcll) hold. Assume further that there ex-
ists [ >0 and i € A such that

(3.10) sup(im — Xo(1)) = fm — Xo(D) = fm — X7
>0

Then there exists & € A, such that
Yom) = Y3 =Im — Xo(D).

It satisfies

(3.11)

Before to provide the proof, let us make the following observation which per-
tains for the case of a linear driver g.
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REMARK 3.5. Assume that g is linear, that is, there exist bounded pre-
dictable processes AY and AZ suchthat g: (w, ¢, y,2) — g(w,t,0,0) +Aty(a))y +
Atz(w)z. In this case, A = {(AY, AZ)} and, therefore,

T ~
Xo(l) = E[/O Lig(s,AY, A%)ds + LTd>(l/LT)},
with L given by
t t
L,:l-i—/ LsAfder/ LAZdw,,  tel0,TI.
0 0

Then the dual formulation of Proposition 3.5 above drops down to finding [ which
maximizes Im — Xp(l). This generalizes the result of Follmer and Leukert (1999)
and Bouchard, Elie and Touzi (2009/10) obtained for quantile hedging problems
in linear models of financial markets.

PROOF OF PROPOSITION 3.5. We split the proof in two steps.
Step 1. For ease of notation, we set L:=L" By optimality of [, one has

im — E[Ly®(/L1)]>m( +1) — E[Lr®(( +0/L7)],

for all ¢ > —Z . Since ® is by construction P-a.s. convex, this implies that §, :=
V&(( +)/Lt) satisfies mt < E[¢,]t, for all ¢ > —[, recall (H},)(a) and (b). Tak-
ing ¢ of the form —1/n and then 1/n, for n — oo, and using (Hfll)(a) and (b) then
leads to

(3.12) m=E[¢]  where¢:=V®(I/Ly).

We now appeal to (Hcll)(c) to deduce that

(3.13) ®@¢)=¢({/Ly)—dd/L7).

By construction, ® is P-a.s. 1-Lipschitz and nondecreasing, that is, ¢ €
Lo([0, 1]). In view of (3.12), the martmgale representatlon theorem then implies

that we can find @ € A,, such that M T = =Z.

Step 2. We now write (D, 1?) := A and ﬁx A= (l), 0) € A to be chosen later
on. Clearly, A is convex. Hence, A% := (1 — &)(V, %) + e(v, ) € A, ¢ € [0, 1].
Moreover, direct computations show that

0 e A A A : R :
—L* =LR where R ::/ (bvsy — 8V505)ds +/ 805 dWs,
de £=0 0 0

in which we use the notation §A := (§v, §9) 1= (v — D, ¥ — D).
Recalling that elements of A take bounded values (see Remark 3.4, and arguing

as in step 1), one easily checks that the optimality condition Xl » > Xék, for all
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¢ € [0, 1], implies that 7j := Vg(-, )A») satisfies
- R S
O§E/0 LS(ng(s,As)+ﬁsTS)Ls)ds+RTLT<D(I/LT)}

(3.14) + E[—RrLr(I/Ly)VO(/L1)]

T A A ~ A N A A A
=E/0 Ls(ng<s,xs>+n36As)ds—RTLT<D<MT>},

in which we used (3.12), (3.13) and the relation § = M7 to deduce the second
equality. Let (Y, Z) be defined by

A ~ ~ A T ~ A A —_ A A
(3.15 Y:=L7'E [LTCD(MT) —/ Lgg(s, As)ds] and Z:=Z7Z-7Y0,
where Z € Hj is implicitly given by

" n n T n T, _
L%, = ProWitr) - f £yg(s, i) ds — / i,z aw,,
(3.16) ! !

The above combined with (3.14) implies
T A A A A ~ A
0< E[/O Ly(Rs&(s, hs) + 1) 8hs)ds — RTLTYT].
Recalling the definition of R and n and applying It6’s lemma, this leads to

T
0< E[/ Ls(hy — (¥y, Zs)) "oy ds]
3.17) OT
_ E[ [ 236,30 = i 20) o ds]
0

By assumption (Hgi)(a), Remark 3.4 and [Aliprantis and Border (2006), Theo-
rem 18.19, page 605], one can choose A € A such that

A = argmin{ f (-, u, v), (4, v) € dom(g(-))}, Leb x P-a.e.,
where
fi@,s,u,v) > (Vg(w,s, )A\s(a))) — (I?s(a)), Zs(a))))T(u —Vs(w), v — 1§‘S(a))).

Considering now relation (3.17) with A chosen to be equal to A1 [f(-5)<0) We see

that, for Leb x P-a.e. (w, t) € Q2 x [0, T], the gradient A;(w) at )A»,(a)) of the convex
map

(u,v) edom(g(w,t,-)) > F(w,t,u,v):=g(w,t,u,v)— u¥y (@) —v' Z(w)
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satisfies
Af@)" (b —r(w)) =0  forall b edom(g(w,1,-)).

This implies that i,(a)) minimizes F(w,t,-) for Leb x P-a.e. (w,1) € 2 x [0, T]
and, therefore, we compute

3G, 0=2"(Y,2)—g(-.¥,Z),  LebxP-ae.
by (H))(d). Combining the above identity with (3.16) leads to (¥, Z) = (Y4,
Z’”’a‘). Then, by using (3.12), (3.13) and (3.15), in which ﬁo =1, we obtain
R . . T, .
Yé"’“ = E[LTCID(MT) — /0 Lgg(s, ks)ds]
A ~ ~ ~ ~ ~ T ~ ~ A
= E|Lr(el/Er - ®d/Lr) - [ Ligs.Rds]
~ A ~ ~ A T ~A A
=im— E[LTdD(l/LT) +/ Lsg(s,xs)ds]
0

In view of Proposition 3.4, this completes the proof. [J

We now state the reciprocal statement: existence in the primal problem provides
existence in the dual one. Here again, we need to impose some additional technical
conditions.

Assumption (Hfl). The following holds for Leb x P-a.e. (t, w) € [0, T] x :

(a) the maps ®(w, -) and g(w, t, -) are Cg on [0, 1] and R x R?, respectively;
(®) VO (@, )| < xo(w), for some x¢ € La(R).

PROPOSITION 3.6. Let assumption (Hg,) hold. Let | > 0 be fixed and assume
that there exists m € [0, 1] and & € Aj;, such that

(3.18) sup sup (ml — Yo(m)) =ml — Y(;'Al’&.
mel0,1] €Ay,

Then there exists » € A such that
Vo) =ml — Xp(l) =ml —

and i satisfies (3.11) withm = m and =1.

PROOF. Givene €[0,1], a martlngale M w1th values i in [0, 1], m := My, we
set mg :=m + e(m — m) Mé =M +e(M — M) where M := M™% For ease
of notation, we set (Y Z) = (Y’” & 7M.y and denote by (YE Z) the solution of
BSDE(g, ®(M?$)), 8m :=m — i, (SM 8Y%,872%) = (M — M,Yé—Y, 75— Z)
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Step 1. We first show that e~ (Y, 8Z¢) converges in Sy x Hy as & — 0 to the
solution (VY,VZ) of

A T A ~
VY, = V& (M7)s My +/ Va(s, ¥y, Zs) (VYy, VZ)ds
(3.19) !
’ T
—/ VZ,dW,.
t

First note that existence and uniqueness of the solution to the above BSDE in
guaranteed by assumption (Hézi).

Letting &° := &~ (®(M%) — ®(Mr)), one easily checks that ¢~ (8Y¢, §Z%)

solves
§Y¢ T §7¢ T 5Y?¢ YA
s =58_/ de,+/ <Af’5—’+A,Z’S r)dr,
£ s & s € £

where

1 . .
Are ::/0 dyg(r, Y, +08YF, Z,)d0 and

1 .
AZE ::/ d.8(r, Y, Z, +608Z7)d6.
0

In the above, g and d,g denotes respectively the partial gradients of g with re-
spect to y and z, recall (H2). Assumption (H,) implies |AY¢| +|AZ:¢| < K,.
We now set U := e~ 18YF — VY, V& := ¢ 1625 — VZ and ¢° 1= £° —
V@(MT)SM. The pair (U?, V?) is an element of S; x H, and solves
T T
Ué = ¢ _/ VEdW, +/ (AVeUt 4 AZVE + R )dr, 0<s<T,
N N

S
with
RE:=VZ,(AZE —3.8(r, Yr, Z,)) + VY, (ALY —8,8(r, V), Z,)), 0<r<T.
Hence, by stability for Lipschitz BSDEs (see Proposition A.1 in the Appendix),
there exists a constant C > 0 (which does not depend on ¢) such that

2 2 2 2

(3.20) V%], + 1V, = €8I, + 1R [,)-
The result of step 1 will follow if we prove that the right-hand side of the inequal-
ity (3.20) vanishes as ¢ tends to zero. The convergence of || R ||%12 to 0 follows

from assumption (Hfi) and the convergence of M7 to M. As for the second term,

it suffices to prove that (Y?, Z?), converges in Sy x Hj to (Y, Z), and to appeal
to (H,) and (HZ,). The latter is obtained by standard stability results (see Proposi-
tion A.1 below), which imply the existence of a constant C > 0 (which does not
depend on ¢) such that

[Y* =P[5, +12° = Z|[§, = Cl®(Mf) = SWD) [, —>—00.
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In the latter, the convergence follows from Lebesgue’s dominated convergence
theorem and assumption (H ).

Step 2. By optimality of (1, &), Y —mgl — Yo+l > 0, for any € > 0. In view
of step 1, dividing by ¢ > 0 and sending & — 0 leads to

n T A T
0<VOM7)SMr —1dm —{—/ Vg(s, Ys, 7)) (VYs,VZ)ds — / VZ;dW;
0 0

=VYy—Iém,

after possibly passing to a subsequence.
Set L := L* where A := Ve(, I?, 2). Observe that the latter belongs to A. For

later use, also notice that

(3.21) gC.Y. )=, N (¥, 2)— 3.0, 9,

see, for example, Rockafellar (1997). Then it follows from (3.19) that LVY isa
martingale. The previous inequality thus implies that

0< LoVYy—18m = E[LTVYr] —18m = E[Ly8Mr(V®(Mr) —1/L7)],

in which we used the fact that I:o =1and E[§M7] = dém. Since My can ‘tze any
arbitrary random variable with values il‘Al [0, 1], this shows that, P-a.s., M7 (w)
minimizes m € [0, 1] — ®(w, m) —ml/L1(w). Hence,

Mrl — Ly ®(Mr) =Ly ®(!/L7),
see, for example, Rockafellar (1997). Combining the above identity together

with (3.21) and using It6’s lemma leads to Im — ?0 = Xé’}‘. One concludes by
appealing to Proposition 3.4. [

4. Proof of Theorem 2.1. In all of this section, we use the notation intro-
duced at the beginning of Section 2.2. The first main result provides a dynamic
programming principle for the family {J¥, 7 € T, o € Ap}.

PROPOSITION 4.1. For all (11, 12,a) € T x T x Ag such that 11 < 15, we
have

g o
Ve, =essinf&f [V ]

71

PROOF. We prove the two corresponding inequalities separately.

Step 1. Vg, = essinfyeas &% o, Ve,

It follows from Lemma 4.1 below that there exists («™), in A% such that the
sequence ( T[<I>(M°‘ )])» is nonincreasing and

4.1) lim 611 oM =y, P-a.s.
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Since " € A‘;‘: for every n > 1, we deduce that

y?zn =&, $ rlemih)].
By comparison for BSDEs with Lipschitz continuous drivers on the time interval
[t1, 2], this implies
&5 V5 1 < €8 (€5 rloMi)]]= €5 [e(Mf)],
leading to

essinf&8 V2] < &8 r[emf)].

o eA"‘ e
Letting n go to infinity in the above inequality, (4.1) provides directly

essinf €5, [V4] < %,
Tl
Step 2. V¥ < essinfycas & V2.
Fix o’ in A‘;‘l. Lemma 4.1 below ensures the existence of a sequence («},), in
A‘;‘Z, such that (sz’T[CD(M%m)])n is nonincreasing and
Olfl !
nlggofr r[®(M7")] =7, P-as.
In view of Remark 2.1, the convergence holds in L, as well. Thus, the stabil-
ity result of Proposition A.1 below indicates that Efl ’T[CID(M?’)] converges to
&L o, [yg‘z/] in L. In addition, «), € A%/ C A7, by construction. Combining the
above leads to
M
T]Tz[ygz]_hmg [ ( T)]Zy‘([x]

The arbitrariness of o’ € Af, allows one to conclude

SR a5 2 %, .

LEMMA 4.1. Fix 6,7 €T, with 6 > v, n € Lo([0,1], 77) and o € A, ;.
Then, there exists a sequence (o)) C AQ’O‘ ={a € Ar . a'lj0,9) = aljo,g)} such

that 1imy, |, EF p[@(M7""")] = Vg (My"), P-as.

T, 4,0,

PROOF. It suffices to show that the family {J (a') := Sg T[CD(MT’M’O/)], a €

A9 "‘} is directed downward; see, for example, Neveu (1975). Fix al, a2 in Af:ﬁ
and set

a = alp.e) + I[Q’T]((XQIA + (XélAc),



BSDES WITH WEAK TERMINAL CONDITION 597
where A 1= {J(a}) < J(a})} € Fp,sothat &’ € Af:ﬁ and
J(@) =& p[oMp" )y + &My ") 1] = min{J (@), T (@)} O

We now observe that the family (J%)qch, is 1adlag on countable sets. If in addi-
tion & is assumed to be continuous, the process (V%) cH, is even indistinguishable
from a cadlag process.

PROPOSITION 4.2. Fix a € Ag. Then YV* is ladlag on countable sets. Besides,
ifme [0, 1]~ ®(w, m) is continuous for P-a.e. w € Q, then Y* is indistinguish-
able from a cadlag process.

PROOF. Fix « € Ag. Proposition 4.1 and Remark 2.1 imply that —)Y“ is a
—g(—+)-supermartingale in the sense of Chen and Peng (2000) [a g-submartingale
in the sense of Peng (1999)]. It follows from the nonlinear up-crossing lemma [see
Chen and Peng (2000), Theorem 6]° that the following limits

o
N

o

and g

lim lim
seDN(t, Tt seDN[0,1)1¢

are well defined for every ¢ in [0, T'], P-a.s., and for all countable set D. So is the
process

V¥ := lim_ V¥  tel0,T]
i se@ﬂ(t,T]J,tyS 10.71

Besides, )* is by definition cad. Assuming that & is continuous, we will prove
that, for every stopping time , it holds that

(4.2) Vo= ess L%fgfj[@(M%/)](: )Y,  P-as.
By Delacherie and Meyer (1978), Chapter IV. (86), page 220, the relation (4.2)
entails that Y* and ) are undistinguishable showing that )’ is undistinguishable
from a cadlag process. The rest of the proof is devoted to prove (4.2).

For this purpose, let us introduce (t,),, a decreasing sequence of stopping times
with values in [0, T] N Q such that t <71, <71 + n~!and 3_/‘1" = lim;— o yg;.

Step 1. V¥ < essinfyean E5 1 [®(ME)].

5Note that Chen and Peng (2000), Theorem 6, restricts to positive g-supermartingales. However,
the proof can be reproduced without difficulty under the integrability condition of Remark 2.1. In
addition, Chen and Peng (2000), Theorem 6, implies that EQ[Dé’O/“, m] < Y§ Ab < b, where
DZ (Y%, n) denotes the number of down crossing of V¥ from an interval [a, b] on a discrete time-
grid 0=ty <t; <---<t, =T and Q is a particular measure absolutely continuous with respect
to IP. To conclude, it is enough to reproduce the proof of [Delacherie and Meyer (1978), Chapter VI
Theorem (2) point 1].
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(a) Fix o’ € A and set

s (Mg 1= M, >1 [0, 1]
ni= A 7 ) 1ime ¢q0,1y) € [0, 1],
M1 — M

with the convention a/0 = oo for a > 0. Using the fact that Mg; + frz o, dWs =
M%, € [0, 1], direct computations lead to

’ T /
0=< M7 — Mg <M +An/ agdWy < M7 +h,(1 =My ) <1.
Tn

We set a,, := aljo,7,) + An'1[z, 1. The above implies that a,, belongs to A? .

(b) Now we prove that M ;” converges M %/ in Ly as n goes to infinity, possibly
up to a subsequence. Since both have norms bounded by 1, it suffices to show the
P-a.s. convergence, possibly up to a subsequence. To see this, first note that

/ , , T
M7 — M§ =M2 — M2 +/ (kn — Doty d Wy,
Tn
from which we deduce that
/ , , T
M?n _ M% = ng — Mgl + Ay — I{M?n¢{0’1}})/ Ot;dWs
Tn

T
—l{Mgfne{o,l}}/ ay dWs.
Tn
Since 1, — 7,P-a.s. and @’ = & on [[0, 7]], the above construction implies that
limn_moM‘T): — M% = 0,P-a.s. and lim;_ oo A, = lim;_ I{Mgngg[o,l}},IP’—a.s.

It thus only remains to prove that 1{M.‘;‘ne{0,1}} frf a; dW, — 0, P-a.s. First note

that «’1{;,.71 =0 on {Mg; € {0, 1}}. This follows from the martingale property
of this process with wvalues in [0, 1]. Hence, it suffices to consider
1 c(0.1)) f; ol dW;. But, since M* = M2,

> 0:|

(c) Now, since ® is continuous and M;” € Lo([0, 1]), we get that CD(M?”) —

d>(M%/) in Lo, after possibly passing to a subsequence. The stability property for
Lipschitz BSDEs given in Proposition A.1 implies that

(M #£M,

P[MZ # M2 €{0,1}] <P[MY # M2 ] = IP’[

Tn
/ (a5 — ay) dWs
T

—>n—00 0.

a/

(4.3) |8 [ @(M7")] = &5 7 [@(MT)]] 1, > n—o00 0.
On the other hand, the bound of Remark 2.1 implies that
(4.4) [&2 r[®(MF)] = & 2 [®(MF )], = n—e0 O,
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by Lebesgue’s dominated convergence theorem and by continuity of the process
EfT[dD(M%/)]. Combining (4.3) and (4.4) leads to
= . . o, ’
JE = tim Ve < lim €5 [@(M5)] = &5 [0 (M5)].
We conclude by arbitrariness of o’ € A%.
Step 2. Y2 > essinfycpn E5 1 [O(ME)].
Applying on [z, "] the stability result of Proposition A.1 for the BSDEs with

parameters (V¢, 0) and (Y5, gljo,zn)), we get

n

9% = &8 V8, = (195 = Yol + [ [ 165,720 as]
- C
<CIE Vol +—.  neN.

for some C > 0, since the bound of Remark 2.1 holds for _)_)?, recall that assump-
tion (Hy) is in force. Therefore, Efg,r,, [V<.] converges to V¥ as n goes to infinity.
g

Proposition 4.1 implies £ .. [V;n] > V7. Passing to the limit leads to the required
inequality: )7;" > V¢ = essinfyeae vaT[CD(M‘}f/)]. O

In the rest of this section, we complete the proof of Theorem 2.1.

PROOF OF THEOREM 2.1. Items (i) and (ii) are already proved in Proposi-
tions 4.1 and 4.2, it remains to prove (iii) and (iv). For « € Ay, it follows from
Propositions 4.1, 4.2 and standard comparison results for BSDEs that J* is a
cadlag strong g-submartingale in the sense of Peng (1999). Hence, the existence
of a process (2%, K%) € Hy x K3 such that (2.9) holds follows from Peng (1999),
Theorem 3.3. We now verify successively that the family (V*, Z%, K%)qcH, satis-
fies (2.8), (2.10), (2.11) and the uniqueness of solution for (2.8)—(2.11).

The bound (2.8) follows directly from Remark 2.1 and the representation Theo-
rem 3.3 in Peng (1999); note that the driver function g does not depend on & € Ay.

Step 1. The irrelevance of future property (2.11). For («,t) € Ag x T, ob-
serve that Af", = A% on [0, 7] when o’ € A?. The definition of ) thus implies
that V%10 ;] = y"‘/l[o,r] for o’ € A%. Hence, (2.11) follows from the uniqueness
of the representation provided in Peng (1999), Theorem 3.3.

Step 2. The minimality property (2.10). We follow the arguments in the proof
[Soner, Touzi and Zhang (2012), Theorem 4.6]. We fix (o, 1, 72) € Ho X T x T
such that 7 < 1. For any o’ € A‘;‘] , we denote by (Y"‘/, ZO‘/) the solution of the
classical BSDE

!/ / T / / T /
Y,"‘:d)(M%)—i—/ g(s,yg,zg)ds—/ 7% dw,,  0<t<T.
t t
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Let L* be the process whose dynamics is given by

2
LY =ex tAZdW+ (a1 ds 1n<t<T
t p - Ky N - s 2 ) 1> =1,

where (A”, A%) is the linearization process given by

vy 8 ZY) — sy, zg’)l

A yg/ _ Yg, {ya’;ﬁya/},

_ eV, 2F) —e (Y, Z)

A%
|28 —Z¢')?

(2¥ - z°n

{ze'#ze'y:
This linearization procedure implies that Yg/ — y;{ rewrites as

’ / ’ 7 ’ ‘L’2 , ,
v — ¥ = By [L9 (VY - Y2)] + B, [ [Fs d;cg}
4.5 , , , 1
> Eq[(K% - K2) inf L],

[t1,72]

where we used the fact that Y — Y* > 0. Using Holder inequality, this implies
’ ’ 3
E'[l [(’ng - IC(‘;{] )]

< Eq [(K% — K5) inf L |Eq | sup (1/19) ] Eq (K7, — k)]

7]
[z1.72 [t1,72]
/ ! 2 ’ /
< CE[(Ks, — K3)7](Ys, = V7)),

for some C > 0 that depends on the uniform bounds on (A”, A%), recall (Hy).
Hence, the estimate (2.8) together with the monotonicity of & implies

46)  0<E,[(KY —K)]<Cn, (¢ =y o A

T’

where

n/r] :=esssup Eq, [(IC‘;’2 — IC‘E’])Z]I/S.

aeA‘;‘l

By the same arguments as in Lemma 4.1, we can find a sequence (c,,), C A7, such
that

. “ '8\291/3
77;1 Zn&ffgoTEn[(’C?z _’Cz) ] P

The monotone convergence theorem together with Jensen’s inequality and rela-
tion (2.8) imply that

. / 1 241/3
E[ﬂ/r]]:nlglgoTE[(’ng —Ka)] P < o0
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Since ’7/11 is in addition nonnegative, it is a.s. bounded. Hence, combining (2.11)
and (4.6), we obtain for o’ € A7,

0< Efl [IC?Q,] - IC?I/
<C(Es [rd -y

71,72
o a\1/3
=c(es[omf)] - ye)' .

Taking the essential infimum in the above inequality and appealing to (2.6) leads
to (2.10).

Step 3. The uniqueness property for (2.8)—(2.11). Let us now consider a family
(Y, Z% K% gea, of So x Hy x Kj satisfying (2.8)~(2.11). Then (2.6) together
with (2.9)-(2.11) applied to (Y®,z* K “)acA, imply via a direct comparison ar-
gument that
(4.7) VY =essinf E[®(ME)] = V¥,  aecAp0<i<T.

a’eAY

On the other hand, following the exact same line of arguments as the one developed
in step 2 in order to derive (4.5), one easily shows that there exists a Sy-uniformly
bounded family of processes (L%)qea, such that

- T _ - - -
efo(uy) - 77 = & [ Leaky| <cE[&y - R P)

foralla € Ag,0<t <T, forsome C >0.

Now observe that (2.10), applied to K%, and the same arguments as in
Lemma 4.1 provide the existence of (@"), C A¥ such that E,[IE ?n — 1%;* ]1— 0,
P-a.s. Hence, (2.8) ensures that Et[|I€§‘~n — I%t‘)‘lz] — 0. Since (2.11) implies
(Y&, K&y = (Y®, K®) for n € N, we deduce

1/2
)

Ef[oMf")] - Vi < CEJIRY — K7’
Combined with (4.7), this shows that
YY =essinf E[@(ME)] = V2, aeH,, 0<r<T.
a’ €AY
The fact that (Z%, K9)ge Ao = (2%, K%)gea, then follows from the uniqueness of
the nonlinear Doob—Meyer decomposition of Peng (1999), Theorem 3.3. [J

APPENDIX

We report here some standard results for Lipschitz BSDEs. The first one can be
found in, for example, Theorem 1.5 in Pardoux (1998). The second one is proved
for completeness, and by lack of a good reference.
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PROPOSITION A.1 (Stability for Lipschitz BSDEs). Let (Y', Z') and (Y2,
Zz) in Sy x Hy be solutions on [0, T of Lipschitz BSDEs associated to parameters
(E', g1 and (€%, g°). Then the following stability result holds:

2 2
[¥! =25, +12" - 2%,

T
2 2
<c(Je' =05, + [ Ele' - v 2} dr ),
for some constant C > 0 depending only on T and on the Lipschitz constants of g'
and g*.
PROPOSITION A.2.  Let the conditions (Hg) hold. Then:

(i) There exists C > 0 which only depends on Kg and T such that

esssup |EF[E]| < C(1+ EfIxe?]"?)., 0<1<T.
£€Lo((0,1])

(ii) For some & € Ly and t € [0, T, consider a family (§%)¢>0 C Lo(R?) sat-
isfying |E¢| <& and £° € LO(}'(,+5)/\T),f0r any ¢ > 0. Then there exists a family
(Ne)es0o C Lo(R) which converges to 0, P-a.s. as ¢ — 0 such that

&8 11 [6°]) — E[E°]) < me Ve e[0, T —1].

(iii) Let (£%)e~0 andt € [0, T] be as in (ii). Then there exists a family (ng)e=o C
Lo(R) which converges to 0, P-a.s. as € — 0 such that

&8, [E°]— Ef[6°]| <me  Vee€lO0,1].

PROOF. (a) We first prove (ii) [property (iii) being similar] using the standard
linearization argument. Fix ¢ € [0, T'] and set Y? := 8ft+8[§5]. Assumption (Hy)
implies that we can find a family of predictable processes (p®, y¢) with values in
[—Kg, Ko19T! such that

LY® + f Leg(r,0,0)dr
t
is a martingale on [¢, ¢ + ¢], with
N N
L§=1+/ prferr/ v LEdW,, t<s<t+e.
t t
In particular,
t+e¢
5§t+e[§8] =LY =E, [Lf+g§8 + / Lig(r,0,0) dr].
t

Condition (H,) and the assumption on (§¥),~ thus leads to

|gﬁt+8[$€] - Et[gs]f = Ne,
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in which
t+e
ne = E,[g;L§+8 — L+ Xg/l Lfczr]
We have
el < EIEP] 2 E[|LE,, — L5)?
e 291/2
(A1) Elxe*]'*E [/t Lédr }

12
1/2—|-$Et[|)(g|] Et[ sup |L8|]

t<s<t+¢

< E[IEP)PE( L, — L]

In addition,
5 t+e 5
Bl - LiP)=cE| [ Ll ar]

< sCE,[ sup |L§|2]

1<r<t+e

Hence,
E[lLt, — L1 <ec(1+E] sup |15 —Li]’]).

t<r<t+e
Since y® and p°® are bounded, the quantity SUP; <z <16 Ev (1L, — LE?] is
uniformly bounded. Plugging back this estimate in (A.1) and recalling that
SUP;¢[0.7] E;[£?] is finite P-a.s. we get that E;[|€] ]l/zEt[|Lt+€ L‘flz]l/2 tends
to 0 umformly int, P-a.s. as € goes to 0. The second term of (A.1) can be estimated
in the same way.

(b) We now prove (i). Pick any # € [0, T] and & € L([0, 1]). The same argu-

ments as above yield

T
€518 < E{L%H [ rise.0 om}
t

< E,[|L$T| + T x| sup|L§}dr],
r<T
where L solves
S
L§=1+/ Lfdr+f yELE dW,, t<s<T,
t
for some predictable processes (,0é §) with values in [—K o K g]d+1. Hence,

E51E1 < ELJIL5 |+ T1xgl sup \Lf|dr]

[<r<

Since (p?, y‘g ) are valued in [— K, K g]d+1, standard estimates imply that we can

find C > 0, which only depends on K, such that E;[sup,, 7 |L§ |2] < C2?,P-as.
The above leads to

EF 181 < (C+ TCE[Ixe1”] ),
and the arbitrariness of & € Lo([0, 1]) concludes the proof. [
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