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We propose a new probabilistic numerical scheme for fully nonlinear
equation of Hamilton—Jacobi—-Bellman (HJB) type associated to stochas-
tic control problem, which is based on the Feynman—Kac representation in
[Kharroubi and Pham (2014)] by means of control randomization and back-
ward stochastic differential equation with nonpositive jumps. We study a dis-
crete time approximation for the minimal solution to this class of BSDE when
the time step goes to zero, which provides both an approximation for the
value function and for an optimal control in feedback form. We obtained a
convergence rate without any ellipticity condition on the controlled diffusion
coefficient. An explicit implementable scheme based on Monte Carlo sim-
ulations and empirical regressions, associated error analysis and numerical
experiments are performed in the companion paper [Monte Carlo Methods
Appl. 20 (2014) 145-165].

1. Introduction. Let us consider the fully nonlinear generalized Hamilton—
Jacobi—Bellman (HJB) equation

]
ad + sup[b(x, a).Dyv
ot acA

(1.1) + %tr(aaT(x, a)D*v) + f(x,a,v,07(x, a)va)] =0,

on [0, T) x R4,
v(T,x)=g, on R4,
In the particular case where f (x, a) does not depend on v and D, v, this partial dif-

ferential equation (PDE) is the dynamic programming equation for the stochastic
control problem

T
(1.2) v(t,x):sng[/t f(X?‘,ozS)ds—i—g(X%)‘Xf‘zx},

with controlled diffusion in R?
dX} =b(X}, o) dt + o (X7, ar)dW;
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and where « is an adapted control process valued in a compact space A of RY.
Numerical methods for parabolic partial differential equations (PDEs) are largely
developed in the literature, but remain a big challenge for fully nonlinear PDEs,
like the HIB equation (1.1), especially in high-dimensional cases. We refer to the
recent paper [9] for a review of some deterministic and probabilistic approaches.

In this paper, we propose a new probabilistic numerical scheme for HIB equa-
tion, relying on the following Feynman—Kac formula for HIB equation obtained
by randomization of the control process «. We consider the minimal solution
(Y, Z,U, K) to the backward stochastic differential equation (BSDE) with non-
positive jumps:

T
Y, = g(X7) +/ F(Xoo I, Yy, Zy)ds + K — K,
t

(1.3) r T )
—/ zdes—/ /Us(a)u(ds,da), 0<i<T,
t t A

Ui(a) <0,

with a forward Markov regime-switching diffusion process (X, I)-valued in R x
A given by

t t
X, = Xo +/ b(Xs, I,) ds +/ o (Xs, 1) dW,
0 0

I =1Io+ / / (a — I,-)u(ds, da).
0,114

Here W is a standard Brownian motion, i (dt, da) is a Poisson random measure
on [0, 00) x A with finite intensity measure A(da) of full topological support on
A and compensated measure (i(dt, da) = u(dt,da) — A(da) dt. Assumptions on
the coefficients b, o, f, g will be detailed in the next section, but we emphasize the
important point that no degeneracy condition on the controlled diffusion coefficient
o is imposed. It is proved in [13] that the minimal solution to this class of BSDE
is related to the HJB equation (1.1) through the relation Y; = v(z, X;).

The purpose of this paper is to provide and analyze a discrete-time approxima-
tion scheme for the minimal solution to (1.3) and thus an approximation scheme
for the HJIB equation. In the nonconstrained jump case, approximations schemes
for BSDE have been studied in the papers [6, 18], which extended works in [7, 23]
for BSDEs in a Brownian framework. The issue is now to deal with the nonpositive
jump constraint in (1.3), and we propose a discrete time approximation scheme

Y7 =VF =g(X7}),

Zt]/z - E[?;ZH Wlk“ — Wlk ‘}—tk:|’
Te+1 — Ik

y =E[Y7 Fo ]+ (e = 0 f(XT 1, VT, 2T,
Yt’:=esss/:1pE[yg|ftk,Itk=a], k=0,....n—1,
ae

(1.4)
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where 7 ={tp=0<--- <ty <--- <t, =T} is a partition of the time interval
[0, T, with modulus ||, and X7 is the Euler scheme of X. [Notice that 7 is per-
fectly simulatable once we know how to simulate the distribution A(da)/ [, A(da)
of the jump marks.] The interpretation of this scheme is the following. The first
three lines in (1.4) correspond to the standard scheme (), Z7) for a discretiza-
tion of a BSDE with jumps (see [6]), where we omit here the computation of the
jump component. The last line in (1.4) for computing the approximation Y7 of
the minimal solution Y corresponds precisely to the minimality condition for the
nonpositive jump constraint and should be understood as follows. By the Markov
property of the forward process (X, I), the solution (), Z,U) to the BSDE with
jumps (without constraint) is in the form ), = ¥ (¢, X;, I;) for some determinis-
tic function ¥. Assuming that ¥ is a continuous function, the jump component
of the BSDE, which is induced by a jump of the forward component /, is equal
to U (a) = v (t, X;,a) — U (t, Xy, I;-). Therefore, the nonpositive jump constraint
means that 9 (¢, X;, [,-) > esssup,c4 ¥ (¢, X;, a). The minimality condition is thus
written as

Y =v(t, X;) =esssupd(t, X¢, a) =esssupE[V;| Xy, Iy = al,
acA acA
whose discrete time version is the last line in scheme (1.4).

We notice that the proposed scheme (1.4) is in the spirit of the recent scheme
studied in [20] since both of these two schemes consist in computing a supremum
over a family of BSDE:s.

In this work, we mainly consider the case where f(x,a, y) does not depend
on z, and our aim is to analyze the discrete time approximation error on Y, where
we split the error between the positive and negative parts

_ 1/2
Err} () = (max E[(¥, — ¥;)}])

a = \2 1/2
B (1) = (jmax E[(¥; —¥7)”])

We do not study directly the error on Z, and instead focus on the approximation
of an optimal control for the HIB equation, which is more relevant in practice. It
appears that the maximization step in scheme (1.4) provides a control in feedback
form {a(t, X ;Z), k < n — 1}, which approximates the optimal control with an es-
timated error bound. The analysis of the error on Y proceeds as follows. We first
introduce the solution (Y™, Y™, Z" ,U™) of a discretely jump-constrained BSDE.
This corresponds formally to BSDEs for which the nonpositive jump constraint
operates only a finite set of times, and should be viewed as the analog of discretely
reflected BSDEs defined in [1] and [5] in the context of the approximation for re-
flected BSDEs. By combining BSDE methods and PDE approach with comparison
principles, we prove the monotone convergence of this discretely jump-constrained
BSDE toward the minimal solution to the BSDE with nonpositive jump constraint.
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Furthermore, by using the shaking coefficients method of Krylov [16] and Barles,
Jacobsen [3], we obtain a convergence rate without any ellipticity condition on
the diffusion coefficient o. We next focus on the approximation error between the
discrete time scheme in (1.4) and the discretely jump-constrained BSDE. The stan-
dard argument for studying rate of convergence of such error consists of getting an
estimate of the error at time #: E[| Y[k’ — ?;kf |2] in function of the same estimate at
time #;1, and then conclude by induction together with classical estimates for the
forward Euler scheme. However, due to the supremum in the conditional expecta-
tion in the scheme (1.4) for passing from )" to Y™, such argument does not work
anymore. Indeed, taking the supremum is a nonlinear operation, which violates the
law of iterated conditional expectations. Therefore, we cannot obtain directly the
error at time # as a function of that at time #;. Instead, we consider the auxiliary
error control at time #;,

EF (V) i= E[esssupEy o --esssup By o[ — D771+
acA acA

where E;, 4[] denotes the conditional expectation E[-|F,, I;, = a], and we are

able to express £ ()) in function of £ +1()). We define similarly an error control

&L (X) for the forward Euler scheme and prove that it converges to zero with a

rate |7 |. Proceeding by induction, we then obtain a rate of convergence || for

EF(Y), and consequently for E[|Y;7 — 17;;|2]. This leads finally to a rate | |'/2

for Err”™ (Y), |7 |"/10 for Err’} (Y), and so |7z |'/10 for the global error Err™ (Y) =
Err’} (Y) + Err” (Y). Moreover, in the case where f(x,a) does not depend on y
(i.e., the case of standard HIJB equation and stochastic control problem), we obtain
a better rate of order |7|!/® by relying on a stochastic control representation of
the discretely jump-constrained BSDE, and by using a convergence rate result in
[15] for the approximation of controlled diffusion by means of piece-wise constant
policies. Anyway, our result improves the convergence rate of the mixed Monte
Carlo finite difference scheme proposed in [9] and [11], where the authors obtained
a rate |7r|!/* on one side and |7|'/!0 on the other side under a nondegeneracy
condition. Let us also mention the results in [22] which provide the same rates as
in [9] with a weaker nondegeneracy condition: the PDE can be decomposed into a
degenerate part and a nondegenerate part.

We conclude this Introduction by pointing out that the above discrete time
scheme is not yet directly implemented in practice and requires the estimation
and computation of the conditional expectations together with the supremum. Ac-
tually, simulation-regression methods on basis functions defined on R? x A appear
to be very efficient, and provide approximate optimal controls in feedback forms
via the maximization operation in the last step of scheme (1.4). We postpone this
analysis and illustrations with several numerical tests arising in superreplication of
options under uncertain volatility and correlation in a companion paper [12]. No-
tice that since it relies on the simulation of the forward process (X, 1), our scheme
does not suffer the curse of dimensionality encountered in finite difference scheme
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or controlled Markov chains methods (see [17], [4]), and takes advantage of the
high-dimensional properties of Monte Carlo methods.

The remainder of the paper is organized as follows. In Section 2, we state some
useful auxiliary error estimates for the Euler scheme of the regime switching for-
ward process. We introduce in Section 3 discretely jump-constrained BSDE and
relate it to a system of integro-partial differential equations. Section 4 is devoted
to the convergence of discretely jump-constrained BSDE to the minimal solution
of BSDE with nonpositive jumps. We provide in Section 5 the approximation error
for our discrete time scheme, and as a byproduct an estimate for the approximate
optimal control in the case of classical HIB equation associated to stochastic con-
trol problem. Finally, the Appendix collects some proofs.

2. The forward regime switching process. Let (2, F,P) be a probability
space supporting a d-dimensional Brownian motion W, and a Poisson random
measure u(dt,da) with intensity measure A(da)dt on [0, 00) x A, where A is a
compact set of R?, endowed with its Borel tribe B(A), and A is a finite measure
on (A, B(A)) with full topological support. We denote by F = (F;);>0 the com-
pletion of the natural filtration generated by (W, w), and by P the o-algebra of
F-predictable subsets of 2 x R ..

We fix a finite time horizon 7" > 0, and consider the solution (X, I) on [0, T'] of
the regime-switching diffusion model

t t
Xt=xo+f b(xs,1s>ds+/ o (Xs, 1) d Wi,
.1 0 0
1f=10+/ /(a—ls—)u(ds,da),
0,114

where (Xo, Ip) e R4 x A, b: R4 x A —> R? and o : R? x A — R?*4 are measur-
able functions, satisfying the following Lipschitz condition:
(H1) There exists a constant L such that

|b(x,a) —b(x',a")|+|o(x,a) —o(x",a)| < Li(Jx = x|+ |a—d

).

for all x,x’ € R and a,a’ € A. Assumption (H1) stands in force throughout the
paper, and in this section, we shall denote by C a generic positive constant which
depends only on Ly, T, (X0, Ip) and L(A) < oo, and may vary from line to line.
Under (H1), we have the existence and uniqueness of a solution to (2.1), and in the
sequel, we shall denote by (X4, I"?) the solution to (2.1) starting from (x, a)
at time t.

REMARK 2.1.  'We do not make any ellipticity assumption on o . In particular,
some lines and columns of o may be equal to zero, and so there is no loss of
generality by considering that the dimension d of X and W are equal.
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We first study the discrete-time approximation of the forward process. Denot-
ing by (7;, t,)n the jump times and marks associated to , we observe that [ is
explicitly written as:

Iz=101[0,T1)(t)+Ztnﬂ[Tn,TnH)(t), 0<r<T,

n>1

where the jump times (7},), evolve according to a Poisson distribution of parameter
A= [4A(da) < oo, and the i.i.d. marks (), follow a probability distribution
A(da) := A(da)/*. Assuming that one can simulate the probability distribution A,
we then see that the pure jump process [ is perfectly simulated. Given a partition
7={th=0<---<try<---<t, =T} of [0, T], we shall use the natural Euler
scheme X7 for X, defined by

X7 = Xo,
)_(;Z_H = )_(;Ii + b()_(;]i’ Itk)(tk—l-l - tk) + O'(ng Ilk)(WthH - Wl‘k)?

fork=0,...,n — 1. We denote as usual by |7 | = maxy<,—1(t+1 — ) the mod-
ulus of m, and assume that n|7| is bounded by a constant independent of n,
which holds, for instance, when the grid is regular, that is, (tx+1 — ;) = || for
all k <n — 1. We also define the continuous-time version of X by setting

XT=XT+b(X]. L)t —1) + o (X7, L)W — W), 1€l g1l k<n.

By standard arguments, see, for example, [14], one can obtain under (H1) the
L?-error estimate for the above Euler scheme,

2.2) IE[ sup |X,—X;,j|2]§c1|n|, k <n.
t€ty,tk+1]

For our purpose, we shall need a stronger result. Denote by E;, ,[-] and E;,[-]
the conditional expectations E[-|F,, I, = a] and E[-|F;, ]. We first introduce the
operators &7, k =0, ..., n, defined recursively by &7 [-] = E[-] and

Erl1=¢1_, [ess sup Etk,a[-]]
acA

for k =1,...,n. We then introduce the following error control for the Euler
scheme:

5,?(X):=(’EZ[ sup |Xt—}_(g|2],

teltk,tk+1]

which is written explicitly as

(2.3) EIQT(X)=E[esssupE,1,a[---esssupEtk,a[ sup | X, — _g|2]]],

acA acA teltk,ty+1]
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where the dots stand for the composition of the operators ess sup, ¢ 4 Ey, 4[] for £
between 1 and k. Since [, is F;, -measurable, and by the law of iterated conditional
expectations, we notice that

E[ sup |X,—)_(t”k|2]§€,?(X), k <n.

te(tg, tr+1]

LEMMA 2.1. We have

max &; (X) < Cylm|.
k<n

The proof essentially adapts standard arguments for proving (2.2), and is re-
ported in the Appendix.

REMARK 2.2. We notice some analogy between our error operators &7 and
the norm || - ||12L2,K used in [21]. Indeed, this norm is defined by
H
1§12, = sup BV I£ ],
L% 0

for £ in some class of random variables. Here the supremum is taken over a set of
probability measures under which the quadratic variation of the underlying process
X lies in some spaces of integrable processes. This change of probability measure
@ enables formally to modify the quadratic variation of X and hence to cover all
the possible cases coming from the uncertainty on the volatility of X. In our case,
if we suppose that b =0 and o (x, i) = i, we retrieve this representation since the
quadratic variation of X between f; and f;4 is I, and €] takes the supremum
conditionally to the value of I;, .

3. Discretely jump-constrained BSDE. Given the forward regime switching
process (X, I) defined in the previous section, we consider the minimal quadruple
solution (Y, Z, U, K) to the BSDE with nonpositive jumps,

T
Y,=g<XT>+/t F(Xou I, Yy, Zy)ds + K7 — K,
(3.1) r r )
—/ zsdws—/ st(a)M(ds,da), 0<i<T,
t t A
Ui(a) <0.

By solution to (3.1), we mean a quadruple (Y, Z, U, K) € S% x L2(W) x L2(,11) X
K%, where S? is the space of cadlag or caglad F-progressively measurable pro-
cesses Y satisfying Y2 := E[sup; 0,77 |Y;|2] < oo, L3(W) is the space of
R?-valued P-measurable processes such that ”Z”iZ(W) = E[fOT |Z;12dt] < oo,
L?(f1) is the space of real-valued P ® B(A)-measurable processes U such that
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U2 =Elfy [41U1@)/*A(da)dr] < oo and K is the subspace of 5% con-
sisting of nondecreasing predictable processes such that Ko = 0, P-a.s., and
equation in (3.1) holds P-a.s., while the nonpositive jump constraint holds on
Q x [0,T] x A a.e. with respect to the measure dP ® dt ® A(da). By mini-
mal solution to the BSDE (1.3), we mean a quadruple solution (¥, Z, U, K) €
82 x L2(W) x L?(ft) x K? such that for any other solution (Y’, Z’, U’, K') to the
same BSDE, we have P-a.s.: ¥; <Y/, t [0, T].

In the rest of this paper, we shall make the standing Lipschitz assumption on the
functions f:R? x A x R x R - Rand g:R? — R.

(H2) There exists a constant L, such that

|[f(x,a,y,2) = f(x',d, ¥, 2) |+ ]g(x) — g(x')]
§L2(|x —x/}—i- |a—a/| + |y—y/| + |z—z/ ),

forall x,x’ e R, y,y' €R, 7,7/ € R?, a,a’ € A. In the sequel, we shall denote
by C a generic positive constant which depends only on Ly, Ly, T, (Xo, Ip) and
A(A) < 00, and may vary from line to line.

Under (H1) and (H2), it is proved in [13] the existence and uniqueness of a min-
imal solution (Y, Z, U, K) to (3.1). Moreover, the minimal solution Y is written as

(3.2) Y =v(t, Xy), 0<t=<T,

where v: [0, T] x R? — R is a viscosity solution with linear growth to the fully
nonlinear HIB type equation

—sup[L% + f(x,a,v,6T(x,a)Dyv)] =0,  on[0,T) x R,
(3.3) aeA
v(T,x)=g, on RY,

where

ad 1
L% = 8_;) + b(x,a).Dyv + Etr(aoT(x, a)D>v).

We shall make the standing assumption that comparison principle holds
for (3.3).

(HC) Let w (resp., w) be a lower-semicontinuous (resp., upper-semicontinuous)
viscosity supersolution (resp., subsolution) with linear growth condition to (3.3).
Then, w > w.

When f does not depend on y, z, that is, (3.3) is the usual HJB equation for a
stochastic control problem, Assumption (HC) holds true; see [10] or [19]. In the
general case, we refer to [8] for sufficient conditions to comparison principles.
Under (HC), the function v in (3.2) is the unique viscosity solution to (3.3), and
is in particular continuous. Actually, we have the standard Holder and Lipschitz
property (see the Appendix in [16] or [3]):

v, x) — (', x)| < C(|t = ']/

+|x —x

)-

(3.4)
(t,¢') €[0,T], x,x" e RY.
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This implies that the process Y is continuous, and thus the jump component U = 0.
In the sequel, we shall focus on the approximation of the remaining components
Y and Z of the minimal solution to (3.1).

We introduce in this section discretely jump-constrained BSDE. The non-
positive jump constraint operates only at the times of the grid m = {fgp = 0 <
t <---<t, =T} of [0,T], and we look for a quadruple (Y™, V", Z" , UT) €
S? x 8% x L?(W) x L?(j1) satisfying

(3.5) Y7 =YVf =¢(Xr)
and
T T [k+1 T g
N :Ytk+1+/t f(XS’IS’ s’Zs)dS

(3.6)

Tie+1 Tk+1 5

- [Emawe- [ [ wr@idas. da,

t t A

(37) Ytn = yt”]l(,k,,kﬂ)(t) 4 ess supE[y;T|Xt, It = a]]l{tk}(t),
acA

forall t € [t, tx+1) and all 0 <k <n — 1.

Notice that at each time #; of the grid, the condition is not known a priori to
be square integrable since it involves a supremum over A, and the well-posedness
of the BSDE (3.5)—(3.7) is not a direct and standard issue. We shall use a PDE
approach for proving the existence and uniqueness of a solution. Let us consider
the system of integro-partial differential equations (IPDEs) for the functions v”
and 97 defined recursively on [0, T'] x RY x A by:

e a terminal condition for v™ and 97,

(3.8) V(T,x,a) =0"(T, x,a) = g(x), (x,a) e R x A:;
e a sequence of IPDEs for #7,

—LY9" — f(x,a,97,0T(x,a)Dy97),

- /A (07 (1, x, ') — 97 (1, x, @))A(dd’) = 0,

(3.9) (t,x,a) € [tx, trp1) x RY x A,

07 (110X, a) = sup 97 (41, X, a),
a’eA
(x,a) € RY x A

fork=0,...,n—1;
e the relation between v™ and 97,

(3.10) V' (t,x,a) =07 (1, x,a)L(y 4, ) (1) + sup 97 (¢, x, a') Ly (1),

a’eA
for all t € [, tx+1) and k =0, ..., n — 1. The rest of this section is devoted to the
proof of existence and uniqueness of a solution to (3.8)—(3.10), together with some
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uniform Lipschitz properties, and its connection to the discretely jump-constrained
BSDE (3.5)—(3.7).
For any L-Lipschitz continuous function ¢ on R x A,and k <n— 1, we denote

(3.11) Thilel(t.x.a):=w(t,x.a),  (t.x,a)€[i. trs1) x R x A,

where w is the unique continuous viscosity solution on [#, #x41] X R? x A with
linear growth condition in x to the integro partial differential equation (IPDE)

—L — f(x,a,w,0TDyw),
—/ (w(t,x,a") —w(t,x,a))r(da’) =0,
A
(t,x,a) € [t, tk+1) X RY x A,

w(ty . X, a) =p(x,a),
(x,a)eR? x A,

(3.12)

and we extend by continuity Tf‘T [e](tg+1,x,a) = p(x,a). The existence and
uniqueness of such a solution w to the semi linear IPDE (3.12), and its nonlin-
ear Feynman—Kac representation in terms of BSDE with jumps, is obtained, for
example, from Theorems 3.4 and 3.5 in [2].

We first show that the functions 9 and v”™ are well defined.

PROPOSITION 3.1. There exists a unique viscosity solution 9" with linear
growth condition to the IPDE (3.8) and (3.9), and this solution satisfies

|07 (2, x,a) — 97 (t,x",d")|
(3.13)

<max(La, 1)\/(e2C|”|(1 +17D))" ™ (x = x|+ |a —d’

),
forallk=0,....n—1,t €[t trp1), (x,a), (x',a’) eRY x A.
REMARK 3.1. The function a — 97 (¢, x,-) is continuous on A, for each

(t, x), and so the function v” is well defined by (3.10). Moreover, the function
¥’ may be written recursively as

T, )= RY x A
(3.14) l‘/‘ﬂ( ,}()ﬂg, on R x A, )
07 =Ty [v" (tk+1,9],  on[f, ikr1) x RY x A,
fork=0,...,n — 1. In particular, 97" is continuous on (f, tx4+1) X RYx A, k<

n—1.

The proof of Proposition 3.1 is postponed in the Appendix. As a consequence
of this proposition, we obtain the uniform Lipschitz property of #7 and v™, with
a Lipschitz constant independent of 7.
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COROLLARY 3.1. There exists a constant C (independent of | |) such that

|07 (2, x,a) =7 (t, X", a") |+ [v™ (¢, x,a) =" (t,x",d")| < C(|x = x'|+ |a —d’

).

forallt €[0,T], x,x' eR?, a,a’ e R4,

PROOF. Recalling that n|7| is bounded, we see that the sequence appearing
in (3.13), (> (1417 ))"*)9<t<n_1. is bounded uniformly in || (or ), which
shows the required Lipschitz property of ¢ . Since A is assumed to be compact,
this shows in particular that the function v” defined by the relation (3.10) is well
defined and finite. Moreover, by noting that

sup 9 (1, x,a) — sup 97 (¢, x', a)‘ <sup|[9”(t,x,a) — 07 (t,x',a)
acA acA acA

for all (z, x) € [0, T] x R?, we also obtain the required Lipschitz property for v” .
g

We now turn to the existence of a solution to the discretely jump-constrained
BSDE.

PROPOSITION 3.2. The BSDE (3.5)—(3.7) admits a unique solution (Y™, Y7,
Z7 UT) in S? x 8% x L*(W) x L?(f1). Moreover, we have

(3.15) YE=0"t, X, It) and Y] =v"(t, X, Iy)
forallt €0, T].

PROOF. We prove by backward induction on k that (Y™, Y™, Z7  U™) is well
defined and satisfies (3.15) on [, T].

Suppose that k = n — 1. From Corollary 2.3 in [2], we know that ()", Z7,U™)
exists and is unique on [#,_1, T]. Moreover, from Theorems 3.4 and 3.5 in [2], we
get Y = ']I"fT [gl(t, Xy, I;) =07 (¢, X;, I;) on [t,—1, T]. By (3.7), we then have for
allt e [t,_1,T),

Y =1, 7)) (t, Xs, I;) + 1y, (t) esssup ™ (¢, X;, a)

acA

=1, OO (t, X, I;) + 1, (1) sug 0 (t, Xs,a) =07 (t, Xy, Iy),
ae
since the essential supremum and supremum coincide by continuity of a —
07 (t, Xy, a) on the compact set A.

Suppose that the result holds true for some k < n — 1. Then we see that
Q", Z7,U7) is defined on [#;_1, fx) as the solution to a BSDE driven by W and
f with a terminal condition v” (f, X;,). Since v™ satisfies a linear growth condi-
tion, we know again by Corollary 2.3 in [2] that (Y™, Z7,U™); thus also Y7 exists
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and is unique on [f;_1, fx). Moreover, using again Theorems 3.4 and 3.5 in [2], we
get (3.15) on [tx—1, tx). O

We end this section with a conditional regularity result for the discretely jump-
constrained BSDE.

PROPOSITION 3.3. There exists some constant C such that

sup Etk[}ytn_yﬂz]"i‘ sup Etk”Ytn_th+1|2]<C(1+|th|2)|7[|v

tElti,trt1) t€(tr,tkt1]

forallk=0,...,n—1.

The proof essentially follows the arguments of [6] and is reported in the Ap-
pendix.

4. Convergence of discretely jump-constrained BSDE. This section is de-
voted to the convergence of the discretely jump-constrained BSDE toward the min-
imal solution to the BSDE with nonpositive jump.

4.1. Convergence result.

LEMMA 4.1. We have the following assertions:

(1) The familly (97 ) is nondecreasing and upper bounded by v: for any grids
 and 7’ such that m C 7', we have

97 (t, x,a) <7 (t,x,a) <v(t,x),  (t,x,a)e[0,T]xRY x A.

(2) The familly (97), satisfies a uniform linear growth condition: there exists
a constant C such that

|97 (t,x,a)] < C(1 + |x|),
forany (t,x,a) € [0,T] x R? x A and any grid 7.

PROOF. (1) Let us first prove that 97 < v. Since v is a (continuous) vis-
cosity solution to the HIB equation (3.3), and v does not depend on a, we see
that v is a viscosity supersolution to the IPDE in (3.9) satisfied by ¢#” on each
interval [fg, fx+1). Now, since v(T, x) = 97 (T, x, a), we deduce by comparison
principle for this IPDE (see, e.g., Theorem 3.4 in [2]) on [t,—1,T) X RY x A
that v(z, x) > 97 (t,x,a) for all ¢t € [t,_1,T], (x,a) € R x A. In particular,
v(t,_1,X) =v(ty—1,X) = SUP e P (t_1,x,a) = ﬁ”(tn__l,x, a). Again, by com-
parison principle for the IPDE (3.9) on [f,_2,#,—1) X R? x A, it follows that
v(t,x) > 0" (t,x,a) for all ¢t € [t,_2,t,_1], (x,a) € RY x A. By backward in-
duction on time, we conclude that v > 97 on [0, T] x R? x A.
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Let us next consider two partitions 7 = (x)o<k<n and 7’ = (t;)o<k<ns of [0, T']
with w C 7/, and denote by m = max{k < n’:t,, ¢ w}. Thus all the points of
the grid 7 and 7’ coincide after time #,, and since ¥”" and 97 are viscos-
ity solutions to the same IPDE (3.9) starting from the same terminal data g,
we deduce by uniqueness that 97 = 97 on (7, T] x RY x A. Then we have
ﬁ”/(t,’n_, X, a) = sup,ep 07 (t),, X, a) =sup,c, 07 (1), x,a) > 07 (1, ,x,a) since
¥’ is continuous outside of the points of the grid w (recall Remark 3.1). Now,
since ¥ and 97 are viscosity solutions to the same IPDE (3.9) on [tr/nil, tm), We
deduce by comparison principle that 7 "> 97 on [, s ] X R? x A. Proceeding
by backward induction, we conclude that ¢ "> 97 on[0,T] x RY x A.

(2) Denote by g = {t9 = 0, t1 = T} the trivial grid of [0, T]. Since 970 < 7 <
v and 97 and v satisfy a linear growth condition, we get (recall that A is compact)

|97 (¢, x,a)| < [97(t, x,a)| + |v(t, x)| < C(1 + |x]),

forany (1, x,a) € [0,T] x R? x A and any grid 7. [

In the sequel, we denote by ¢ the increasing limit of the sequence (97 ), when
the grid modulus || goes to zero. The next key result concerns the dependence of
U on the variable a in A.

PROPOSITION 4.1. The function v is l.s.c. and does not depend on the vari-
ablea € A

9(t,x,a) =0(t,x,a),  (,x)€[0,T] xRY a,d € A.

To prove this result we use the following lemma. Observe by definition (3.10)
of v” that the function v” does not depend on a on the grid times 7z, and we shall
denote by the following misuse of notation: v™ (f;, x), fork <n, x € R4,

LEMMA 4.2. There exists a constant C (not depending on 1) such that
|97 (¢, x, @) = V" (11, )| < C(1+ |xl) ] V2

forallk=0,....n—1,1€[tx, tir1), (x,a) e R? x A.

PROOF. Fixk=0,...,n—1,t € [tx, trs1) and (x,a) e R? x A. Let (Y, Z,U)
be the solution to the BSDE

Ty = 0" (1, X550 + / FXtva gt 3, 2 ds

zk+1 - T+1
—/ dWg — / / f(ds,da’), s €[t trg].
N
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From Proposition 3.2, Markov’s property and uniqueness of a solution to the BSDE
(3.5)-(3.7) we have Vs = 97 (s, X154, I1%), for s € [t, tx4+1], and so

197 (t, x, @) — V" (tgs1, X)| = | Vs — V" (tx11, X))

4.1 <E™ (g1, X550 ") = 07 (g1, )|

Tk+1 - -
[ [ g0 10,3, 2 as |
t

From Corollary 3.1, we have

4.2) EP7 (g1, X30") — 0" (g1, x)| < C\/E[|X§£j’la —x[*]<cVixl.

Moreover, by the linear growth condition on f in (H2), and on ¢#” in Lemma 4.1,
we have

k1 ~ o~ Ti+1 / ~
B [ 170 13 Zolds | < B[ [T (4 X0 4 12 as |
t 1
By classical estimates, we have

sup E[|X"9] < c(1+ |x]?).
selt,T]

Moreover, under (H1) and (H2), we know from Proposition 4.2 in [6] that there
exists a constant C depending only on the Lipschitz constants of b, of and
v (tg+1, ) such that

E[ sup |2?s|2]§c(1+|x|2).

SE€[tk,tk+1]

This proves that

Tie4-1 ~ o~
B [ 170t 1.0 2l as] < €1 4 i,
t
Combining this last estimate with (4.1) and (4.2), we get the result. [

PROOF OF PROPOSITION 4.1. The function ¢ is Ls.c. as the supremum of
the Ls.c. functions 97. Fix (z,x) € [0,T) x R? and a,a’ € A. Let (?)p be a
sequence of subdivisions of [0, '] such that [x”] | 0 as p 1 oo. We define the
sequence (tp), of [0, T'] by

t, =min{s € 7”5 > t}, p>0.
Since |7”| — 0 as p — oo we get t, — t as p — +00. We then have from the
previous lemma

|15‘”p(t,x,a) — ﬁ”p(t,x,a/)|
<[97" (1, x,a) =" (tp, )| + |V (1), x) — 07 (t,x,d)]

<2C|n?|'?,



DISCRETE TIME APPROXIMATION OF HIB EQUATIONS VIA BSDES 2315
Sending p to oo we obtain that 9 (7, x,a) =0 (t,x,a’). O

COROLLARY 4.1. We have the identification: ¥ = v, and the sequence (V")
also converges to v.

PROOF. We proceed in two steps.

Step 1. The function ¥ is a supersolution to (3.3). Since 97 (T, -) = g for all
k > 1, we first notice that 9 (7T, -) = g. Next, since ¥ does not depend on the vari-
able a, we have

»7(t,x,a) } 9(t, x) as || 0
for any (z, x, a) € [0, T1x R? x A. Moreover, since the function ¥ is 1.s.c, we have

4.3) O =0,= limi%f*ﬁ”,

|-
where
liminf .97 (¢, x, a) := liminf 97 (¢, x',d'),
|r|—0 |7|—0
(t',x',a")—(t,x,a)
t'<T

(t,x,a) €[0,T] x RY x RY.

Fix now some (¢, x) € [0,T] x R? and a € A and (p, g, M) € J>~9 (¢, x), the
limiting parabolic subjet of ¥ at (¢, x); see the definition in [8]. From standard
stability results, there exists a sequence (7k, x, Xk, Ak, Pk, 9k, Mk )k such that

(Pk> qi> My) € J> 0™ (ty., xi., ag)
forall k > 1 and
(tk, Xk, ag, 97 (15, xp, ap)) —> (1, x,a,9(t,x,a))  ask — oo, || — 0.

From the viscosity supersolution property of ¢¥”* to (3.9) in terms of subjets, we
have

— Pk — b(xk, ax)-qx — %tr(UUT(xk» ax) My)
— f(xks ak, 97 (1, xk, ax), 0T (X, ax)qx)
— /A(z?”k (tky xk, a’) — O™ (1, Xk, ar))A(da’) > 0
for all £ > 1. Sending £ to infinity and using (4.3), we get

—p—b(x,a).q — %tr(aoT(x,a)M) — f(x,a,9(t,x),07(x,a)q) > 0.

Since a is arbitrary in A, this shows

1
—p — sup[b(x, a).q + Etr(o*oT(x, a)M) + f(x,a,0(t,x),07(x, a)q)} >0,

acA
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that is, the viscosity supersolution property of ¢ to (3.3).

Step 2. Comparison. Since the PDE (3.3) satisfies a comparison principle, we
have from the previous step ¥ > v, and we conclude with Lemma 4.1 that ¢ = v.
Finally, by definition (3.10) of v™ and from Lemma 4.1, we clearly have 97 <
v™ < v, which also proves that (v"), converges to v. [

In terms of the discretely jump-constrained BSDE, the convergence result is
formulated as follows:

PROPOSITION 4.2.  We have YT <Y <Y;,0<t <T and

E[ 712 712 T 712
sup |Y; = V7P| +E[ sup Y, — ¥’ |+E| | |2, - 27 dt| 0,
te[0,T] te[0,T] 0

as || goes to zero.

PROOF. Recall from (3.2) and (3.15) that we have the representation
44)  Yi=v( X)), Y =v"(t, Xs, 1), Vi =0, Xs, 1),

and the first assertion of Lemma 4.1, we clearly have V[ <Y/ <Y;,0<t<T.
The convergence in S? for Y™ to Y and Y™ to Y comes from the above repre-
sentation (4.4), the pointwise convergence of #7 and v”™ to v in Corollary 4.1
and the dominated convergence theorem by recalling that 0 < (v — v™) (¢, x,a) <
(v—097)(t,x,a) <v(t,x) < C(1+ |x]). Let us now turn to the component Z. By
definitions (3.5)—(3.7) of the discretely jump-constrained BSDE we notice that )"
can be written on [0, 7] as

T T
=g+ [ (X 1T 2 - [ Zmaw,
t t

T
- [ [« @idds. da) + K - K7
t A

where K7 is the nondecreasing process defined by KT =3, -, (Y77 — V), fort €
[0, T].Denoteby §Y =Y —)Y",8Z=7Z—-27,U=U —-U" and 5K = K — K.
From Itd’s formula, Young’s inequality and (H2), there exists a constant C such
that

1 T 1 T
E[18Y:1*] + EE[/ |6Zs|2ds] + EE[/ 18U, (a)|*A(da) ds}
(4.5) ; ' | !
§C/ E[|5Ys|2]ds+—u-z[ sup |8YS|2]+£E[|5KT —8K,|%]
t € L5el0,7]
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for all r € [0, T'], with & a constant to be chosen later. From the definition of § K
we have

T
SKT —SK,‘ :BYt —/ (f(Xs, I.Sv Ys’ Zs) - f(XS’ ISv ;T’Z;T))ds
t

T T
+/ (SstWS+/ /(SUs(a)/l(ds,da).
0 t A

Therefore, by (H2), we get the existence of a constant C’ such that
E[|6K7 — 8K, [*]

< d(E[ sup |87, ] +E[/T |8Zs|2ds} +E[ftT|5Us(a)|2,\(da)ds]>.

s€(0,T] t

Taking ¢ = % and plugging this last inequality in (4.5), we get the existence of a
constant C” such that

T d 2 2
(4.6) E[/ 18Z,| ds] +EU 18U (a)] A(da)ds} <" ([ sup 15v,P)).
t t SG[O,T]
which shows the L?(W) convergence of Z7 to Z from the S convergence of J”
toY. O

4.2. Rate of convergence. We next provide an error estimate for the conver-
gence of the discretely jump-constrained BSDE. We shall combine BSDE methods
and PDE arguments adapted from the shaking coefficients approach of Krylov [16]
and switching systems approximation of Barles and Jacobsen [3]. We make further
assumptions:

(H1") The functions b and o are uniformly bounded

sup  |b(x,a)| + |o(x,a)| < co.
xeR9,aeA

(H2") The function f does not depend on z: f(x,a,y,z) = f(x,a,y) for all
(x,a,y,2) eR? x A xR x RY, and:

(i) the functions f(-, -, 0) and g are uniformly bounded
sup | f(x,a,0)] +[g(x)| < oo;

xeR4 acA
(ii) forall (x,a) e R? x A, y+— f(x,a,y) is convex.

Assumption (H2') is needed to apply the shaken coefficients method by Krylov.
More precisely, the nondependence of f on the variable z and (H2')(i) allows us
to construct smooth supersolutions to (3.3) using Perron’s method, while (H2')(ii)
ensures that a convex combination of supersolutions to (3.3) remains a supersolu-
tion.

Under these assumptions, we obtain the rate of convergence for v* and 9"
toward v.
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THEOREM 4.1. Under (H1") and (H2"), there exists a constant C such that
0<v(t,x) —v"(t,x,a) Sv(t,x) =7 (t,x,a) < C|m |/
forall (t,x,a) €[0,T] x RY x A and all grid w with || < 1. Moreover, when

f(x, a) does not depend on v, the rate of convergence is improved to |m|'/°.

Before proving this result, we give as a corollary, the rate of convergence for the
discretely jump-constrained BSDE.

COROLLARY 4.2. Under (H1") and (H2'), there exists a constant C such that

E[su Y, - Y ? —y7]? T a2 1/5
p Y, —VP]+E[ sup [vi—v7P]+E| [ |z - 27 [dr | <Clx)'”,
t€l0,T] 1€[0,T] 0

for all grid w with || < 1, and the above rate is improved to | |'/> when f(x, a)
does not depend on y.

PROOF. From representation (4.4) and Theorem 4.1, we immediately have

4.7) E[ sup |Y; —y;f|2] —HE[ sup |¥, — Y,”|2] < Cin|'/s,
1€[0,T] 1€[0,T]
[resp., ||'/3 when f(x,a) does not depend on y]. Finally, the convergence rate

for Z follows from inequality (4.6). [J

REMARK 4.1. The above convergence rate ||!/19 is the optimal rate that
one can prove in our generalized stochastic control context with fully nonlinear
HIJB equation by PDE approach and shaking coefficients technique; see [3, 9, 16]
or [22]. However, this rate may not be the sharpest one. In the case of continuously
reflected BSDEs, that is, BSDEs with upper or lower constraint on Y, it is known
that ¥ can be approximated by discretely reflected BSDEs, that is, BSDEs where
reflection on Y operates a finite set of times on the grid 7, with a rate |7|'/?;
see [1]. The standard arguments for proving this rate are based on the represen-
tation of the continuously (resp., discretely) reflected BSDE as optimal stopping
problems where stopping is possible over the whole interval time (resp., only on
the grid times). In our jump-constrained case, we know from [13] that the minimal
solution to the BSDE with nonpositive jumps has the stochastic control represen-
tation (1.2) when f(x, a) does not depend on y and z. We shall prove an analog
representation for discretely jump-constrained BSDEs, and this helps to improve
the rate of convergence from |7 |'/10 to |7 |1/6.

The rest of this section is devoted to the proof of Theorem 4.1. We first consider
the special case where f(x,a) does not depend on y, and then address the case

fx,a,y).
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PROOF OF THEOREM 4.1 IN THE CASE f(x,a). In the case where f(x,a)
does not depend on y,z, by (linear) Feynman—-Kac formula for #” solution
to (3.9), and by definition of v” in (3.10), we have

Iet1
v”(tk,X)=SupE[/ FOXES I dr 07 (fk+1,XZ‘ﬁ’a)}
1

acA k
k<n—1,xeRq,

By induction, this dynamic programming relation leads to the following stochastic
control problem with discrete time policies:

T
U”([k,)(): sup ]E|:/; f(}z';k:xa o )dt+g( tho():|,
k

s
aeAg

where AL is the set of discrete time processes a = (o) j<n—1, With oy Fy;-
measurable, valued in A, and
t

- _ _ t
X =x4 | b(XPY I ds+ | o(XENC I AW, n<t<T,

7 Tk
I_ta =, +/t. t]/;\(a — I_S"‘,);L(ds,da), tj<t<tjy1,j<n-—1
]7

In other words, v™ (, x) corresponds to the value function for a stochastic control
problem where the controller can act only at the dates ¢; of the grid 7, and then
let the regime of the coefficients of the diffusion evolve according to the Poisson
random measure p. Let us introduce the following stochastic control problem with
piece-wise constant control policies:

7 (tr, X) = sup EU; FXFY T de + g(X ”‘”‘)}

ac A
where for o = (a;;) j<n—1 € Af,

. oL . oL -
X =x4 | b(XP 1) ds+ | o (XEO I AW, n<t<T,
173 Tk
If =a,, ti<t<tjy1,j<n—1.
It is shown in [15] that 0" approximates the value function v for the controlled
diffusion problem (1.2), solution to the HIB equation (3.3), with a rate || 1/6,

(4.8) 0 < v(t, x) — " (t, x) < C|m| /S,

forallf, em, x € R4, Now, recalling that A is compact and A(A) < oo, it is clear
that there exists some positive constant C such that for all « € A%, j<n-—1,

E| sup |It—1"‘|]<C|n|

t€ltj,tjv1)



2320 I. KHARROUBI, N. LANGRENE AND H. PHAM

and then by standard arguments under the Lipschitz condition on b, o,

E[ sup |X**— Xﬁk*’“"‘}z] <Clnl, k<j<n—1xeR%
tE[l‘j,tﬂ,]]
By the Lipschitz conditions on f and g, it follows that
[V (1, ) = 07 (15, )| < Cle |2,
and thus with (4.8)
0 < sup (v —v")(f,x) < C|m|'/S.
xeR4

Finally, by combining with the estimate in Lemma 4.2, which gives actually under
(H2")(D),

97 (t,x,a) — V" (1, )| < Cl |2 1€t tig), (x,@) €RY x A,
together with the 1/2-Holder property of v in time [see (3.4)], we obtain

sup (v —07)(t, x,a) < C(Iz| /O + | |'/?) < Clm |0,
(t,x,a)€[0,T1xRI x A

for || < 1. This completes the proof. [

Let us now turn to the case where f(x,a, y) may also depend on y. We cannot
rely anymore on the convergence rate result in [15]. Instead, recalling that A is
compact and since o, b and f are Lipschitz in (x, a), we shall apply the switching
system method of Barles and Jacobsen [3], which is a variation of the shaken co-
efficients method and smoothing technique used in Krylov [16], in order to obtain
approximate smooth subsolution to (3.3). By Lemmas 3.3 and 3.4 in [3], one can
find a family of smooth functions (w¢)p<¢<1 on [0, T'] x R4 such that

4.9) sup |we| <C,
[0,T1x R4
(4.10) sup  |w, — w| < Cel/3,
[0,T]1xRR4

sup |90 DPwg| < Co! 2P0~ Tt B
[0, T]xR4
4.11)

BoeN,B=(B',..., 8% eN,

for some positive constant C independent of ¢, and by convexity of f in (H2)(ii),
for any € € (0, 1], (t,x) € [0, T] x R4, there exists a; x,¢ € A such that

4.12) =L we(t, x) — f(X,ap 56, We(t,x)) > 0.

Recalling the definition of the operator T’J‘T in (3.11), we define for any function
@on [0, T] x RY x A, Lipschitz in (x, a),

Trlel(t, x,a) := Tx [p(tks1, -, )](t, x, @), t € [tk ti1), (x,a) e RY x A,
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fork=0,...,n—1and
Szlel(t, x, a)

1
= H[W’ x) — Trle)(t, x,a) + (tke1 — (LY, x) + f(x,a, ¢(t, x)))],

for (1, x,a) € [tx, tre1) X RE X A,k <n—1.

We have the following key error bound on S, .

LEMMA 4.3. Let (H1") and (H2")() hold. There exists a constant C such that
[Srlpelt, x, )| <C(Im|* (1467 ) +Imle ), (1,x,0) €[0, TIxR? x 4,
for any family (¢.). of smooth functions on [0, T] x R4 satisfying (4.9) and (4.11).

PROOF. Fix (t,x,a) € [0, T1 x R? x A. Ift =T, we have |S;[¢:1(t, x,a)| =
0. Suppose that ¢ < T, and fix k < n such that ¢ € [#, tx+1). Given a smooth func-
tion ¢, satisfying (4.9) and (4.11), we split

Sz le1(t, x,a)| < Ae(t, x,a) + Be(t, x, a),

where
Ac(t,x,a)
= %Iﬂ} [@e](t, x, @) — E[@e (tks1, X572 — (k1 — ) f (x, @, 9o (1, %))
and

1
Be(t,x,a) = H|E[%(fk+1, X;,;i}u)] — @e(t, x) — (trp1 — DL pe (2, X)
and we study each term A, and B, separately.

(1) Estimate on As(t, x, a).

Define (Y¥¢, Z%, U%¢) as the solution to the BSDE on [z, t;11]:

’

Tk+1
YO = el X+ [ PO 1 v dr
(4.13) y

tes1 Tk+1 -
[ zpaw - [ [ ve@itdrda, s el
s K A

From Theorems 3.4 and 3.5 in [2], we have Y,(pg = T, [e:](t, x, a), and by taking
expectation in (4.13), we thus get

Tket1
Y =Trlpel(t, x,a) =E[@e (try1, X;710)] + E[/t f(xhxa pta yee) ds]
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and so

Ag(t,x,a)
< iIE tkH{f(X”x’a D4 YE) — flx,a, g1, x))|d
: s vy 0t 4, Pell, X s

I
§C(IE[ sup |X§*X’“—x|+|ls”“—a{]+E[ sup }Ys‘/’g—gog(t,x)”),
selt, 1] SE[t,tk+11]

by the Lipschitz continuity of f. From standard estimate for SDE, we have [recall
that the coefficients b and o are bounded under (H1’) and A is compact]

(4.14) E[ sup |X0*—x| 4|11 —al] < Clm |2

s€lt,tr41]

Moreover, by (4.13), the boundedness condition in (H2")(i) together with the Lip-
schitz condition of f and Burkholder-Davis—Gundy inequality, we have

IE[ sup |Ys‘/’8—<pg(t,x)|]

s€[t,tkr1]
<E[|ge (ter1, X5700) — @e(t, 2]

+ C|n|E[1 + sup |v¥ \]

s€lt,tg+1]

—|—C|n|<E[ sup ]Zf8}2]+E[ sup A|U;08(a)yzx(da)]).

s€lt,tr+1] s€[t,tg+1]

From standard estimate for the BSDE (4.13), we have

E[ sup v =<c,
SE[t, t+1]
for some positive constant C depending only on the Lipschitz constant of f, the
upper bound of | f(x,a,0,0)| in (H2')(i) and the upper bound of |¢.| in (4.9).
Moreover, from the estimate in Proposition 4.2 in [6] about the coefficients Z¥¢ and
U%: of the BSDE with jumps (4.13), there exists some constant C depending only
on the Lipschitz constant of b, o, f, and of the Lipschitz constant of @, (#¢+1, -)
[which does not depend on ¢ by (4.11)], such that

IE[ sup \Zf€]2]+E[ sup yU;ﬂe(a)\Z,\(da)]gc.
A

selt,try1] selt,tr41]

From (4.11), we then have

IE[ sup  |Y¥# — (1, x)|] < C(ltk+1 — tle! +EHX”X’” —x|]+ 7l

Tk+1
s€lt,tr+1]

<Clz|'*(1+¢7"),
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by (4.14). This leads to the error bound for A, (z, x, a),
Ae(t,x,a) < Clm|"*(14¢71).
(2) Estimate on Bg(t, x, a).

From It6’s formula we have

1 Tk41 ta
Be(t,x,a)zm‘E[/z (ch @a(S,Xé’x’a)—£“g08(t,x))ds:|

< Bgl(t,x,a)JrBf(t,x,a),

where
Bg1 (t,x,a)
1 Ti41
= EEM (b(X5*9 I59) — b(x, a)). Dyge (s, X159)
- %“[("“T(va”"“, ") — 007 (x, @) D2ge (1, 1)] ds]
and

B2 _ gl za X!%:ay _ fa d
8(t,x,a)—|n| t L] e (s, X309 — L oe(t, x)|ds |,

with £¢  defined by

~ a 1
E?,x%(ﬂ’x/) — ;‘;8( )+b(x a). quog(t X ) + 5tr((mT(x a)ngoe(t X ))
Under (H1), (H1"), and by (4.11), we have

Bl(t,x,a) < C(1+& B[ sup |XI%—x| 4] — ]

s€lt,tg41]
<C(14¢& Y|,

where we used again (4.14). On the other hand, since ¢, is smooth, we have from
It6’s formula
dsi|.

B (t, x, a)_—E[/

Under (H1”) and by (4.11), we then see that
BX(t.x,a) < Clm|e ™,

/ EI’ G(r, XI5 dr

and so

Be(t,x,a) < C(Im|"*(1+ &) +|m|e7?).
Together with the estimate for A.(f,x,a), this proves the error bound for
|S7T[(p8](tsxsa)|‘ |:|

We next state a maximum principle type result for the operator T, .
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LEMMA 4.4. Let ¢ and v be two functions on [0, T] x R? x A, Lipschitz in
(x, a). Then there exists some positive constant C independent of w such that

sup (Trlel — T[¥]) (@, x, )

(t,x,a) €[ty trr11xRE x A

<™ sup (9 — ¥ (w1, X, a),
(x,a)eRIx A

forallk=0,...,n—1.

PROOF. Fix k <n —1, and set

M = sup (¢ — ¥)(tk+1, X, a).
(x,a)eRd x A

We can assume w.l.o.g. that M < oo since otherwise the required inequality is
trivial. Let us denote by Av the function

Av(t’-x’a) :Tﬂ[w](tvx’a) _Tﬂ[w](tax9a)’

for all (¢, x, a) € [#, trs1] X RY x A. By definition of T, and from the Lipschitz
condition of f, we see that Av is a viscosity subsolution to

—L2Av(t,x,a) — C(|Av(t, x,a)| + |DAv(t, x, a)
—/ (Av(t, x,a") — Av(t, x,a))A(da’) =0,
A

).

.15 for (¢, x, a) € [y, ty+1) X RY x A,

Av(tps1,x,a) <M,
for (x,a) e R x A.

Then we easily check that the function ® defined by

d(t,x,a)= Mec(t"“_’), (t,x,a) € [t, tyr1] X RY x A,
is a solution to
—Li®(t,x,a) — C(|®(t, x,a)| + | DD (1, x, a)
- /A(Cb(t, 2, d') — d(t, x, a)r(da’) = 0,

for (1, x,a) € [ty, trr1) X RY x A,
D (tgt1,x,0)=M,
for (x,a) e R? x A.

).

(4.16)

From the comparison theorem in [2] for viscosity solutions of semi-linear IPDEs,
we get that Av < ® on [, fx41] x R? x A, which proves the required inequality.
g
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PROOF OF THEOREM 4.1. By (3.10) and (3.14), we observe that v” is a fixed
point of T, that is,
Tr[v"]=0".
On the other hand, by (4.12), and the estimate of Lemma 4.3 applied to w., we
have
we(t, x) — Trlwe](, x, at,x,e) < |m|Szlwel(t, x, az,x,e) =< C|7T|S(7T’ €),

where we set S(r7, &) = (|7 [>>(1+&~ 1) +|n|>¢73). Fixk <n—1. By Lemma 4.4,
we then have for all # € [#, tx+1], x € R4

we (t, x) — v (t, %, dr x.¢)
4.17) =we(t,x) — Tr[wel(, x, arxe) + (TTF (we] — T [Un])(t, X, at,x,e)
<C|7|S(r, &) + 171 sup (we — V™) (tk11, X, @).
(x,a)eRIx A

Recalling by its very definition that v” does not depend on a € A on the grid times
of m, and denoting then My = sup, pd(we — V™) (#, x), we have by (4.17) the
relation

My <C|m|S(m, ) + e M.

By induction, this yields
eCnlnl -1

0 17|18, &) + e sup (we — V" )(T, x)

sup (we — V™) (5, x) < CW
€ - xeRd

xeRd
<CS(m, &)+ C sup (ws — v)(T, x),
xeRd
since n|| is bounded and v (T, x) = v™ (T, x) (= g(x)). From (4.10), we then get
sup (v — V™) (tg, x) < C(81/3 + Y2 (1 + )+ |7'[|8_3).
xeRd
By minimizing the right-hand side of this estimate with respect to ¢, this leads to
the error bound when taking ¢ = |7 |3/10 <1,
sup (v — V™) (tg, x) < Clm |10,
xeRd
Finally, by combining with the estimate in Lemma 4.2, which gives actually under
(H2)(),
97 (t,x,a) — V" (k1. )| < Clm V2, t€tr, tir), (x.a@) €RY x A,
together with the 1/2-Holder property of v in time [see (3.4)], we obtain
sup (v —07)(t,x,a) < C(Ix |10 + |=|'/?) < C|= |10,
(t,x,a)€[0,T1xR4x A
This ends the proof. [
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5. Approximation scheme for jump-constrained BSDE and stochastic con-
trol problem. We consider the discrete time approximation of the discretely
jump-constrained BSDE in the case where f(x,a, y) does not depend on z, and
define the scheme (Y™, ™, Z7) by induction on the grid w = {fp =0 < --- < f <

o<ty =T} by

Y7 =Vi =g(X7),
(51) ytk Etk[ tk+1] + f( e Ifk’ylk)Atk’
Y”—esssupE,ka[ytk] k=0,...,n—1,
eA

where Aty =ty — tx, Ey [-] stands for IE[-|]-",k],_and Ey ol-] for E[-|Fy ., I;, = al.

By induction argument, we easily see that y,k is a deterministic function of
(X7 i Iy.), while Y 7 is a deterministic function of X i fork=0,...,n, and by the
Markov property of the process (X7, I), the conditional expectauons in (5.1) can
be replaced by the corresponding regressions

Efk[ tk+1] = [ fkt1 Ithv Itk] and Etk,a[j}g] [ytk |th» Iy = a].
We then have
ytk = (Xt”k’lfk)’ Ytjkl:ﬁljcl(x;;i)’

for some sequence of functions (f?,f )k and (v )y defined, respectively, on RY x A
and R? by backward induction

Uy (x, @) =977 (x) = g (x),
0/? (X, CZ) = E[l_)/]:—l—l(XZJr] ’ Ilk+1)|(Xl‘k’ Ilk) = ()C, Cl)]

(5-2) + f(x.a. 0 (x. @) A,
o7 (x) =sup 7 (x,a),  k=0,...,n—1.
acA

There are well-known different methods (Longstaff—Schwartz least square regres-
sion, quantization, Malliavin integration by parts, see, e.g., [1, 7, 18]) for comput-
ing the above conditional expectations, and so the functions f),f and vy . It appears
that in our context, the simulation-regression method on basis functions defined on
RY x A, is quite suitable since it allows us to derive at each time step k <n — 1,
a functional form a (x), which attains the supremum over A in 5‘,? (x, a). We shall
see later in this section that the feedback control (a(x)); provides an approx-
imation of the optimal control for the HIB equation associated to a stochastic
control problem when f(x,a) does not depend on y. We refer to our compan-
ion paper [12] for the details about the computation of functions ¥, 07, dx by
simulation-regression methods, and the associated error analysis.
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5.1. Error estimate for the discrete time scheme. The main result of this sec-
tion is to state an error bound between the component Y™ of the discretely jump-
constrained BSDE and the solution (Y™, J™) to the above discrete time scheme.

THEOREM 5.1. There exists some constant C such that

EHYtZ_YtﬂQ]‘i' sup EHYJT tk+1|]+ sup EHYtﬂ_j}ﬂz]fCl”l’

1€tk tk+1] tEty,tky1)

forallk=0,...,n—1.

The above convergence rate |7 |'/? in the L?-norm for the discretization of the
discretely jump-constrained BSDE is the same as for standard BSDE; see [7,
23]. By combining with the convergence result in Section 4, we finally obtain
an estimate on the error due to the discrete time approximation of the minimal
solution Y to the BSDE with nonpositive jumps. We split the error between the
positive and negative parts

Er (Y) ::kr?r?i(](E[(Ytk Y”) ]+ sup E[(Y;—YT )]

1€tk tk+1] et
1/2
+ sup E[( yl‘k) ]) / ’
tE[tk, tk+1)
Err” (Y) := max (E[(Y, —17”3 + sup E Y7
kfn—l< [( Ik ’k) ] re(tetin] [( tk+1) ]
1/2
+ sup E[(Y;— ytk) ]) / i
LE[tk, bt 1)

COROLLARY 5.1. We have
Err” (Y) < Clr|'/2.
Moreover, under (H1') and (H2'),
ErrL(Y) < Clmr |10,
and when f(x, a) does not depend on y,
Er (Y) < Clr|'/°.
PROOF. _Recall from Pr(_)position 42that Y <Y <Y;,0<t<T. T_hen we
have (Yik_Y[Z)—S|Y[7kT_Y17kT|’(Yt tk+1) <|Yn_ tk+1| and (Ytk yg)—f
|Y;k7 — y;,j |, forallk <n —1,and ¢t € [0, T]. The error bound on Err™ (Y) follows

then from the estimation in Theorem 5.1. The error bound on Err”™ (Y) follows
from Corollary 4.2 and Theorem 5.1. [



2328 I. KHARROUBI, N. LANGRENE AND H. PHAM

REMARK 5.1. In the particular case where f depends only on (x,a), our
discrete time approximation scheme is a probabilistic scheme for the fully nonlin-
ear HIB equation associated to the stochastic control problem (1.2). As in [3, 16]
or [9], we have nonsymmetric bounds on the rate of convergence. For instance,
in [9], the authors obtained a convergence rate |7 |!/ 4 on one side and |7|'/1° on
the other side, while we improve the rate to |7|'/? for one side, and | |'/® on
the other side. This induces a global error Err” (Y) = Err’l (Y) + Err” (Y) of order
|7r|'/6, which is derived without any nondegeneracy condition on the controlled
diffusion coefficient.

PROOF OF THEOREM 5.1. Let us introduce the continuous time version
of (5.1). By the martingale representation theorem, there exists Z7 e L?(W) and
U" e Lz(u) such that

/e

Tkt1 ~
=E,[Y" ]+ Z”dW,+/ " /Z/lf(a)ﬁ(dt,da), k <n,
173 i A

tk+1 Tk+1

and we can then define the continuous-time processes Y™ and )™ by

oy O T O =0 (KT 13

Tie+1

~ k+1 ~
[ zraw, - / /A U7 (@)i(dt,da), 1€ i tisr),
t

t

g T G DR BT

teel o Tk+1 ~
[ zraw, - f /A 0 (@i da), 1€ (i fiar],
t

t
fork=0,...,n— 1. Denote by 8Y = Y[ — Y7, 87 =V = V[, 82] = Z] —

Z7, U =UT —UT and 8f; = f(X;, It, V) — f(XT, I, VI for t € [tk trs1).
Recalling (3.6) and (5.3), we have by 1t6’s formula

12 Te+1 12 The+1 - 2
A= E,k[|8yt | +/t |8Z7 | ds+/t /A|8US (a)| A(da)ds]

Tk+1
- Esz l‘k+1| ]+Efk[/t 25yf5fsdsi|

for all ¢ € [#x, tx+1). By the Lipschitz continuity of f in (H2) and Young inequality,
we then have

Tket1 C
Ay <E,[|8 tk+1| ]+ E, [‘/; ;7|5ys7r|2ds + gn|5yg|2}

C
+ ;Etk[f (1Xy — XZ [ 4 11y — L > + V7 - y;:\z)ds]
t
From Gronwall’s lemma, and by taking n large enough, this yields forallk <n—1,

(5.5) Efk“ayt]“ ]<ecmlEtk[|5 tk+1| ]+CB/<’
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where
ot 7|2 2 b4 7|2
By =Ey / (|X5—th| + Iy — Iy | 'Hys _ytk| )ds
1,
(5.6) ‘ .
<Clxl(By] sup |Xs— XTP]+1mI(1+1X40),
s€ltg, tr+1]
by (A.3) and Proposition 3.3. Now, by definition of ¥,/ and Yt’kf+ ,» we have
2 2
(5.7) |5th+1| SeSSSXpJE,kH,aHSy,ZH} ].
ae

By plugging (5.6), (5.7) into (5.5), taking conditional expectation with respect to
I;, = a and taking essential supremum over a, we obtain

ess SUpEtk,aHaytZ}Z]

acA

c 2
<e Iﬂ\esssupE,k,a[esssupE,kH,aH(Syt’ZH| ]]
acA acA

+C|n|(esssupEtk,a[ sup }Xs—}_(g(|2]+|n|(1+|th|)>.
acA

SE[tk,tr+1]

By taking conditional expectation with respect to F,_,, and I;, _, = a, taking es-
sential supremum over a in the above inequality and iterating this backward pro-

cedure until time ¢ty = 0, we obtain
58 EF ) < eTIEL () + Clr|(EF (X) + |71 (1 + E[1X,,1]))
' <eCTEL W)+ ClnlP k<n—1,

where we recall the auxiliary error control £ (X) on X in (2.3) and its estimate in
Lemma 2.1, and set similarly as in (2.3),

EQ) = E[ess supEy, 4 [ --esssup By o [[8] RE ]]
acA

acA
By a direct induction on (5.8), and recalling that n|m| is bounded, we get
&) =CET) +Im)
< C(&(X) +|r]) < Cln|,
since g is Lipschitz, and using again the estimate in Lemma 2.1. Observing that

E[I8Y7 1], E[I8Y] 2] < £F (V). we get the estimate

- 2 - 2
max E[|Y] — Y7 | ] + E[|V; - Vi |"] < Cln|.

k<n



2330 I. KHARROUBI, N. LANGRENE AND H. PHAM

Moreover, by Proposition 3.3, we have

sup  E[|Y] —y,’ﬂz] + sup E[Y] -Y] ]2] <C(1+E[|Xy|])Im]

1,
relt.tisn) 1] o
< C(1+|Xol)|m].
This implies finally that

sup E[[Y7 -V |'l<2 sup E[|Y7 —Y7 [F]+2E[|Y" —¥* |*]

seltptisn] e s€ltetis] ! et ik
<Clrl|,
as well as
2 2 o7 12
sup E[|Y7 —Vr|']<2 sup E[Y] = Vi [T]+2E[| V] - Vi |]
SE[tk, byt 1) SE[tr,tet1)
<Clm|. O

5.2. Approximate optimal control. We now consider the special case where
f(x, a) does not depend on y, so that the discrete time scheme (1.4) is an approx-
imation for the value function of the stochastic control problem

Vo := sup J (o) = Yo,
aeA

(5.9 .

J(o) = E[/O FX{ o) dt +g(X°%)},
where A is the set of G-adapted control processes a-valued in A, and X is the
controlled diffusion in RY,

t t
xg:x0+/ b(xg,as)dH/ o (X%, a))dW,,  0<t<T.
0 0

[Here G = (G;)o</<1 denotes some filtration under which W is a standard Brown-
ian motion]. Let us now define the discrete time version of (5.9). We introduce the
set A” of discrete time processes o = (o, ) With oy, G;, -measurable, and valued
in A. For each o € A™, we consider the controlled discrete time process (X g’“) k
of Euler type defined by

k—1 k—1
Xp"=Xo+ Y b(XT% a)Atj+ ) o(XP% a) AW, k<n,
j=0 j=0

where AW,j = W,j o W,j, and the gain functional

n—1
J™ (@) = E[Z FX% oy ) At +- g(XZ"")]

k=0
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Given any « € A", we define its continuous time piecewise-constant interpola-
tion o € A by setting: o; = oy, for t € [1x, tx41) (by misuse of notation, we keep
the same notation « for the discrete time and continuous time interpolation). By
standard arguments similar to those for Euler scheme of SDE, there exists some
positive constant C such that for all e € A", k <n — 1,

E| sup |X¥— X[

t€lti, tr+1]

“I*] = Ciml,

73

from which we easily deduce by Lipschitz property of f and g
(5.10) |J(@) — J™(@)| < Clx|'*  VYaeA.

Let us now consider at each time step k < n — 1, the function a, (x) which attains
the supremum over a € A of ¥ (x, a) in the scheme (5.2), so that

07 (x) = OF (x, ax (x)), k=0,....,n—1.
Let us define the process ()A(,Z)k by: )A(g = Xo,

X7, =XI+b(XT, a(XD) At + o (X, ax(XD) AWy,  k<n-—1,

Tk+1

and notice that X* = X7 *‘3‘, where & € A” is a feedback control defined by

Gy =an(XD) = a(X%),  k=0,...,n.

Next, we observe that the conditional law of X T 1 given (X =x,1; = ak(X )=

ar(x)) is the same as the conditional law of X"’ fer 1 given X =x,fork<n-—1,
and thus the induction step in the scheme (5.1) or (5.2) reads as

o (X7%) =E[of,, (X ,k+1)|X Nt F(XEY, Gy) At k<n-—1.
By induction, and law of iterated conditional expectations, we then get
(5.11) YT = (Xo) = J7(Q).

Consider the continuous time piecewise-constant interpolation & € A defined by
&; = ay, for t € [t, tr41). By (5.9), (5.10), (5.11) and Corollary 5.1, we finally
obtain

0<Vo—J@ =Yy Y] +J" (& — J(@&)
< Clx|"° + Clx|'? < Clx|'°,

for || < 1. In other words, for any small ¢ > 0, we obtain an g-approximate
optimal control & for the stochastic control problem (5.9) by taking |7 | of order &b,



2332 I. KHARROUBI, N. LANGRENE AND H. PHAM

APPENDIX

A.l. Proof of Lemma 2.1. From the definition of the Euler scheme, and under
the linear growth condition in (H1), we easily see that

(A1) E X7 [Pl<ci(1+|X7]).,  k<n

Tet1

From the definition of the continuous-time Euler scheme, and by Burkholder—
Davis—Gundy inequality, it is also clear that

A2) B swp X7 -X7P|<ci(+|XIP)rl, k<n

tetk,ty+1]

We also have the standard estimate for the pure jump process I [recall that A is
assumed to be compact and A(A) < o0]

(A3) Ey| sup | — L] <Cilxl.

telte,trt+11

Let us denote by AX; = X; — X 7, and apply It6’s formula to |[AX ,|2 so that for
all 7 € [y, tr41],

|AX > = |AX,, |

t

+ [ 206Xy, 1) = B(XT, 1)).AX + o (Xs, [) — o (X, 1) > ds

t!
179 k

+2 t(AXs)/(o(Xs, I,) — o (XT

t’
173 k

Ifk))dWS
2 ! 2 v o7 |2 2
< 1AXP+Co [ 1AXP 4 |RT = KT+ 1L — 1y P ds
Tk

t -
+2 (AXS)/(O'(XS,IS) —o*(X”
Tk

1

Ifk))dWS’

from the Lipschitz condition on b, ¢ in (H1). By taking conditional expectation in
the above inequality, we then get

t _ -
E, [IAX?] < |AX, >+ 01[ E,[IAX12 +|XT — X7 [* 4+ |1 — 1, |*] ds
k

_ t
<|AX, > +Ci(1+ |XZ{|2)|7I|2 +c1/t E, [IAX]?]ds,
k

t € [t, k1],

by (A.2)—(A.3). From Gronwall’s lemma, we thus deduce that

(Ad) E,[1aX,,, F] < aX, P+ Ci(1+ XTI k<n.
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Since the right-hand side of (A.4) does not depend on I;,, this shows that

2
esssupE;, o[|AXy,, 7] < eCPNAX, P+ Ci(1+ XTI,
acA
By taking conditional expectation w.r.t. F_, in the above inequality, using again
estimate (A.4) together with (A.1) at step kK — 1, and iterating this backward pro-
cedure until the initial time 75 = 0, we obtain

E[ess supEy, 4 [ cesssup By o |AX,, P] - ]]
acA acA
Cinll) A xo 2 it |
1
(A.5) < AKX + Cr(1+ 1Xo ) P —z—

< (x|,
since AXy =0 and n|r| is bounded.

Moreover, the process X satisfies the standard conditional estimate similarly to
the Euler scheme

Ey [1X5,,12] < Cr(1+ 11X, %),

By sup 1X - X, P]<Cii+1X,P)iml, k<,
1€tk 1]
from which we deduce by backward induction on the conditional expectations

(A.6) E[esases;‘lpIE,l,a [ --€ess supE,k,a[ sup | X; — thlz] . ]] <Ci|m]|.

acA telty, tey1]

Finally, by writing that sup,(;, .. 1|1X: — XT1* < 2sup,cpy o,y 1 X0 — Xg* +
2A X, , taking successive conditional expectations w.r.t. to F;, and essential supre-
mum over /;, = a, for £ going recursively from k to 0, we get

E,k[ sup |X,—)_(t”k{2]

t€ty,tiy1]

EZE[esssup}Etl’a[...esssupEtk,a[ sup IXz—sz|2]...]]

acA acA telti,tit1]

+ ZE[ess supEy, 4 [ —esssupEy,_, o[IAX, 7] ]]

acA acA

< Cylr|,

by (A.5)—(A.6), which completes the proof.

A.2. Proof of Proposition 3.1. In order to prove Proposition 3.1, we shall use
the following lemma.
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LEMMA A.1. There exists a constant C such that for any L-Lipschitz contin-
uous function ¢ on RY x A,andk <n —1, we have

\Tfr [@](t, x,a) — T [@](t, x',a’)| < max(L, 1)y/T+ |7 (|x —x'| +]a —a’

forallt € [ty, tx+1), and (x,a), (x',a’) e RY x A.

).

PROOF. Fix 1 € [ty, trs1), k <n — 1, (x,a), (x',a’) e R? x A and ¢ an L-
Lipschitz continuous function on RY x A. Let (Y¥, Z¢, U¥) and (Y9, Z%', U?¥")
be the solutions on [#, #x41] to the BSDEs

Tie+
Y;p=(p( txa +/ tha Itu Y(p Z(p)d

T+l 2 tk+1 > iro

I+ 1 +1 5
—/ Z;"dWr—/ / UY (e)i(dr, de), <5 <trs1,
s s A

’or ’ T+1 ’o /
Ysgo,/ — (p(Xt,x ,a It,a ) +/ f(Xi,x ,a , Irt,u , Y’fp,/’ Zf’/) dl’
s

Ier1 0 Tyl

Iy 1 , Tk+1 , B
- [zeraw - [ [ vpr@narde.  r=s<u
N S
From Theorems 3.4 and 3.5 in [2], we have the identification
(A7) YY =T [pl(t, x,a) and Y/ =Tk[gl(r,x",d).

We now estimate the difference between the processes Y% and Y% and set §Y¥ =
YV — Y% 82% =279 — 7%/, 8X = X!"04 — X4 S =" — [ By Itd’s
formula, the Lipschitz condition of f and ¢ and Young’s inequality, we have

E[|8YS‘/’|2]+E[/ 152¢| ds]<L2uz[|axT| STy +c/ E[|sY¢ 2] dr
1 k+1
+§E[/ (|8X,|2—|-|8I,|2+}8Z;”|2)dr},
S

for any s € [t, tx+1]. Now, from classical estimates on jump-diffusion processes
we have

sup  E[16X, > +1611*] < eC!(|x —x/|2 +|a— a/|2),

relt, ]

and thus
SISV )< (1 4+ e (v =3 o —a' )+ ¢ [ ELJsv Plar
for all s € [, tx+1]. By Gronwall’s lemma, this yields

sup  E[8Y¢[] < (L7 + 1w )7 (| —x'* + a —a'|").

s€lt,tr+1]



DISCRETE TIME APPROXIMATION OF HJB EQUATIONS VIA BSDES 2335

which proves the required result from identification (A.7),

T [91(2, x, a) — TX [@](2, X', &)

< L2+ |7 (|x — x| +|a —d'|)

<max(L, DT+ |7[e(|x = x| + |a —d']). O

PROOF OF PROPOSITION 3.1. We prove by a backward induction on k that
the IPDE (3.8) and (3.9) admits a unique solution on [#;, T'] % R x A, which
satisfies (3.13).

For k = n — 1, we directly get the existence and uniqueness of ¥ on [t,—1, T] x
R? x A from Theorems 3.4 and 3.5 in [2], and we have 97 = ’]I‘;_l[g] on
[t.—1, T) x RY x A. Moreover, we also get by Lemma A.1

|07 (1, x,a) — 97 (t,x', a’)| <max(Ly, 1)\/e2C17I(1 + |7 |)(Jx — x| + |a — a'])

forall t € [ty_1, 1), (x,a), (x',a’) e R? x A.

Suppose that the result holds true at step k& + 1; that is, there exists a unique
function 7 on [fr41, T] x R? x A with linear growth and satisfying (3.8),
(3.9) and (3.13). It remains to prove that ¥ is uniquely determined by (3.9) on
[, tee1) X RY x A and that it satisfies (3.13) on [#, fr1) x R? x A. Since 97
satisfies (3.13) at time #;41, we deduce that the function

Vkt1(x) :=sup 0™ (t 41, x, a), x eRY,
acA

is also Lipschitz continuous, and satisfies by the induction hypothesis,

n—k—1

(A8) Y1 (¥) — Yas1 (v')] < max(La, Dy (271 (1 4 )" — 2],

for all x, x’ € R?. Under (H1) and (H2), we can apply Theorems 3.4 and 3.5 in [2],
and we get that ¥ is the unique viscosity solution with linear growth to (3.9)
on [ty, tr+1) X R x A, with 97 = Tf, [Y%+1]. Thus it exists and is unique on
[tx, T] x R? x A. From Lemma A.1 and (A.8), we then get

|07 (1, x,a) — 97 (t,x,d’)|
= | TX [Yr 41102, x, @) — T [Wi11(2, X7, @)

< max(La, Dy (2CI(1 4 )" !

x /(1 + |z))e2CIm(|x — x| + |a — d’|)

<max(Lo, 1)\/(e2C|”|(1 + Inl))”_k(|x —x'|+|a—d'|)

for any ¢ € [t, fry1) and (x, a), (x’,a’) € R? x A, which proves the required in-
duction inequality at step k.
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A.3. Proof of Proposition 3.3. Fix k <n — 1. By It6’s formula, we have for
all £ € [y, tr41),

t
By [97 — V7P =28 [ £(Xe 1V 200 - ) ds|

k

t t
+Ezk|: ; \Zﬂz] +E, |:/fk /A\Z/lf(a)|2)x(da)ds:|

< By, MD{? - 34’,3!2} +Clrl(1+E [ sup 1X.])

s€ltr, tr+1]
+ClnlEy| swp (1977 + 1277+ [ U @i ) |
S€lti,tiet1] A

by the linear growth condition on f (recall also that A is compact), and Young
inequality. Now, by standard estimate for X under linear growth condition on b
and o, we have

(A9) By sup 1X,2] < C(1+1X,P).
€t tiy1]

We also know from Proposition 4.2 in [6], under (H1) and (H2), that there exists
a constant C depending only on the Lipschitz constants of b, o f and v (¢;41, -)
(which does not depend on 7 by Corollary 3.1), such that

(A.10) E,k[ sup (!y;’|2+|Z;T|2+fA|u;’(a)|2A(da)ﬂ§C(1+|X,k|2).

S€[tk,tky1]

We deduce that
t
B, [ V7 - Vi1 <Ey U, RS yi;lz} + Cl (1 +1X, 1),
k

and we conclude for the regularity of ) by Gronwall’s lemma. Finally, from
definition (3.6) and (3.7) of Y™ and )7, It6 isometry for stochastic integrals and
linear growth condition on f, we have for all t € (#, tx+1),

2
Etk[’an - Y;ZH’ ]

2
:Etkﬂytn - th+1| ]

Ti+1
§3E,k[/ ' <\f(XS,IS, f,Zf)]z—I—]Zﬂz%—/A\UjT(a)]Zk(da))ds}
1,

k

SClnlEzk[l—l— sup (lelz—l—|yf|2—|—|Zf\2+Aluf(a)|2k(da))]

sE€[tg,tkv1]
< Clr|(1+1X, %),
where we used again (A.9) and (A.10). This completes the proof. [l
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