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Abstract: In this paper, we consider the problem of estimating nonpara-
metrically a mean pattern intensity A from the observation of n independent
and non-homogeneous Poisson processes N!,..., N™ on the interval [0, 1].
This problem arises when data (counts) are collected independently from n
individuals according to similar Poisson processes. We show that estimat-
ing this intensity is a deconvolution problem for which the density of the
random shifts plays the role of the convolution operator. In an asymptotic
setting where the number n of observed trajectories tends to infinity, we
derive upper and lower bounds for the minimax quadratic risk over Besov
balls. Non-linear thresholding in a Meyer wavelet basis is used to derive
an adaptive estimator of the intensity. The proposed estimator is shown to
achieve a near-minimax rate of convergence. This rate depends both on the
smoothness of the intensity function and the density of the random shifts,
which makes a connection between the classical deconvolution problem in
nonparametric statistics and the estimation of a mean intensity from the
observations of independent Poisson processes.
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1. Introduction

Poisson processes became intensively studied in the statistical theory during the
last decades. Such processes are well suited to model a large amount of phenom-
ena. In particular, they are used in various applied fields including genomics,
biology and imaging.

In the statistical literature, the estimation of the intensity of non-homogeneous
Poisson process has recently attracted a lot of attention. In particular the prob-
lem of estimating a Poisson intensity from a single trajectory has been stud-
ied using model selection techniques [38] and non-linear wavelet thresholding
[19, 29, 39, 44, 30, 4] and [5]. Poisson noise removal has also been considered by
[20, 46] for image processing applications. Deriving optimal estimators of a Pois-
son intensity using a minimax point of view has been considered in [15, 38, 39, 44|
or Stein’s method [36]. In all these papers, the intensity A of the observed pro-
cess is expressed as A(t) = kAg(t) where the function to estimate is the scaled
intensity Ao and k is a positive real, representing an “observation time”, that is
let going to infinity to study asymptotic properties. In this paper, we consider a
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slightly different framework. In many applications, data can be modeled as in-
dependent Poisson processes with different non-homogeneous intensities having
nevertheless a similar shape. The simplest model which describes such situations

is to assume that the intensities A1,..., A\, of the Poisson processes N!,..., N"
are randomly shifted versions A;(-) = A(- — 7;) of an unknown intensity A, where
T1,...,Ty are i.i.d. random variables. The intensity A that we want to estimate

is thus the same for all the observed processes up to random translations.

The motivation of our study comes from a practical problem encountered
in DNA Chip-Seq data processing which can be described as follows. Chip-
Sequencing is a fast biological analysis pipeline used to find and map genetic
information along the genome. For any protein (transcription factor) which can
read and interpret information in the genome, Chip-Seq provides a long se-
quence of tags (called reads) associated with specific genome locations where
this transcription factor binds specific DNA sequences. Moreover, the Chip-Seq
data provides a higher concentration of tags near transcription factor binding
sites. We can number several goals for such analysis. Biologists are interested
in the identification of true binding sites (where the rate is significantly high),
as well as the estimation of the mean binding rate along the genome for such
protein or the clustering of two populations of experiments which behaves very
differently during such tag procedure.

From a statistical point of view, Chip-Seq data may be considered as repeti-
tions of some Poisson counting processes (see [42]) which is not of homogeneous
intensity as pointed in [18] and [43]. The unknown intensity of the underlying
Poisson process quantifies the rate of expected reads for a specific choice of
transcription factor. To obtain an estimator of this unknown intensity, a sim-
ple procedure is to average all the observed experiments. However, there is an
additional difficulty in the analysis of such data which mainly relies on the ac-
quisition method. The sequencing procedure puts some tags when reads occur
along a very long DNA sequence. Then, it splits this counting process in a large
number of sequences with smaller sizes which (roughly speaking) correspond to
several chromosomes. But the demarcation of the beginning and ending loca-
tions of the chromosomes depends on some a priori knowledge which may be
inaccurate. For each observed counting process, this generates some additional
unknown random shifts of the underlying intensity.

Let us now describe more precisely our model. Let 71, ..., T, bei.i.d. random
variables with known density g with respect to the Lebesgue measure on R. Let
A: [0,1] = Ry a real-valued function. Throughout the paper, it is assumed that
A can be extended outside [0, 1] by 1-periodization. We suppose that, condition-
ally to T1,...,Tp, the point processes N', ..., N™ are independent Poisson pro-
cesses on the measure space ([0, 1], B([0, 1]), dt) with intensities \;(t) = A(t—7;)
for t € [0,1], where dt is the Lebesgue measure. Hence, conditionally to 7;, N°*
is a random countable set of points in [0,1], and we denote by dN; = dN'(t)
the discrete random measure ) ..y 07 (t) for ¢ € [0, 1], where o is the Dirac
measure at point 7. For further details on non-homogeneous Poisson processes,
we refer to [28]. The objective of this paper is to study the estimation of A from
a minimax point of view as the number n of observed Poisson processes tends to
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infinity. Since A is 1-periodic, one may argue that the random shifts 7; are only
defined modulo one, and therefore, without loss of generality, we also assume
that g is restricted to have support in the interval [0, 1].

In this framework, our main result is that estimating A\ corresponds to a
deconvolution problem where the density g of the random shifts 74,...,7, is
a convolution operator that has to be inverted. Hence, estimating A falls into
the category of Poisson inverse problems. The presence of the random shifts
significantly complicates the construction of upper and lower bounds for the
minimax risk. In particular, to derive a lower bound, standard methods such
as the Assouad’s cube technique that is widely used for standard deconvolution
problems in a white noise model (see e.g. [35] and references therein) have to
be carefully adapted to take into account the effect of the random shifts. In this
paper, our main tool is a likelihood ratio formula specific to Poisson processes
(see Lemma 8.1 below) that yields some major differences in the proof with
respect to the Gaussian case. In order to obtain an upper bound, we use Meyer
wavelets which are well suited to deconvolution problems [27]. We construct a
non-linear wavelet-based estimator with level-dependent and random thresholds
that require the use of concentration inequalities for Poisson processes and an
accurate estimation of the L'-norm of the intensity A. Note that estimating the
intensity function of an indirectly observed non-homogeneous Poisson process
from a single trajectory has been considered by [3, 15, 34], but adopting an
inverse problem point of view to estimate a mean pattern intensity from the
observation of n Poisson processes has not been proposed so far.

We point out that we assume throughout this paper that the density g of
the random shifts is known. This assumption relies on an a priori knowledge of
the random phenomenon generating the shifts. This hypothesis is realistic when
dealing with Chip-Seq data for which the biologists are able to describe and
to quantify the law of small random deformations leading to a shifted D.N.A.
transcription. Note that a similar assumptions appears in [41] in the setting
where the shifts 7; are given, but when one only observes the sum > | N ¢ of
n Poisson processes N’ with randomly shifted intensities.

The rest of the paper is organized as follows. In Section 2, we describe the
connection between estimating A and standard approaches in statistical decon-
volution problems. We also discuss the construction of a linear but nonadaptive
estimator of the intensity A. Section 3 is devoted to the computation of a lower
bound for the minimax risk over Besov balls which is the main contribution of
the paper. In Section 4, we construct an adaptive estimator, using non-linear
Meyer wavelet thresholding, that is used to obtain an upper bound of the min-
imax risk over Besov balls. We propose some numerical experiments in Section
5 to illustrate the performances of this estimator on simulated data. Section 6
contains a conclusion and some perspectives. In particular, we discuss some lim-
itations of existing approaches (e.g. in genomics and bioinformatics) to estimate
the mean pattern A via an alignment step which consists in computing “esti-
mators” 71,...,7, of the unobserved shifts 71,...,7,. The proofs of the main
statements and of some technical lemmas are gathered in Section 7, Section 8,
Section 9 and Section 10.
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2. A deconvolution problem formulation
2.1. A Fourier transformation of the data

For each observed counting process, the presence of a random shift complicates
the estimation of the intensity A. Indeed, for all i € {1,...,n} and any f €
L2 ([0,1]) we have

E [/Olf(t)ng'\n} = /Olf(t)A(t —7;)dt, (2.1)

where E[.|7;] denotes the conditional expectation with respect to the variable
7;. Thus

E/Olf(t)dzvg :/Olf(t)/R)\(t—T)g(T)det:/Olf(t)()\*g)(t)dt.

Hence, the mean intensity of each randomly shifted process is the convolution
A% g between A and the density of the shifts g. This shows that a parallel can be
made with the classical statistical deconvolution problem which is known to be
an inverse problem. This parallel is highlighted by taking a Fourier expansion
of the data. Let (e¢)¢ez the complex Fourier basis on [0, 1], i.e. eg(t) = €2 for
all £ € Z and t € [0,1]. For ¢ € Z, define

1 1
B¢ :/0 A(t)ee(t)dt and ~y, ::/O g(t)ee(t)dt,

as the Fourier coeflicients of the intensity A and the density g of the shifts. Then,

for ¢ € Z, define y, as
1 [t .
Yo = EZ/ eq(t)dN}. (2.2)
i=170

Using (2.1) with f = e;, we obtain that

n

1 = ! 1 —i2mlT; ~
E [ye|71,..., 7] = - Z;/O eo(N(t — 73)dt = - ;e 00 = 40y,
where we have introduced the notation

n

1 .
T 1=~ > e e 7. (2.3)

=1

Hence, the estimation of the intensity A € L7 ([0,1]) can be formulated as fol-
lows: we want to estimate the sequence (0y)¢cz of Fourier coefficients of A from
the sequence space model

Yo = Yebe + Eon,s (2.4)
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where the & ,, are centered random variables defined as

1 n 1 ) 1
gLn = E Z |:/ eg(t)dNtl — / 6[(15)/\(15 — Ti)dt for all / € Z.
i=1 /0 0

The model (2.4) is very close to the standard formulation of statistical linear
inverse problems. Indeed, using the singular value decomposition of the con-
sidered operator, the standard sequence space model of an ill-posed statistical
inverse problem is (see [14] and the references therein)

ce = Opye + 2, (2.5)

where the v,’s are eigenvalues of a known linear operator, and the z,’s represent
an additive random noise. The issue in model (2.5) is to recover the coefficients
0y from the observations ¢,. A large class of estimators in model (2.5) can be
written as . o

¢ = 00—,

Ve

where § = (d¢)¢ez is a sequence of reals with values in [0, 1] called filter (see [14]
for further details).

Equation (2.4) can be viewed as a linear inverse problem with a Poisson
noise for which the operator to invert is stochastic with eigenvalues 3, (2.3)
that are unobserved random variables. Nevertheless, since the density g of the
shifts is assumed to be known and E7, = v, with 3, ~ ~, for n sufficiently large
(in a sense which will be made precise later on), an estimation of the Fourier
coeflicients of f could be obtained by a deconvolution step of the form

A Ye
0y = 6p—, 2.6
[ ZW (2.6)

where 6 = (0¢)sez is a filter whose choice has to be discussed.
In this paper, the following type of assumption on g is considered:

Assumption 2.1. The Fourier coefficients of g have a polynomial decay i.e.
for some real v > 0, there exist two constants C > C' > 0 such that C'|¢|7" <
[vel < Cl)~Y for all £ € Z.

In standard inverse problems such as deconvolution, the expected optimal
rate of convergence from an arbitrary estimator typically depends on such
smoothness assumptions for g. The parameter v is usually referred to as the
degree of ill-posedness of the inverse problem, which quantifies the difficult of
inverting the convolution operator. We will not consider severely ill-posed inverse
problems, i.e. when the Fourier coefficients of g are exponentially decreasing.
Although this problem is interesting for application purposes, the lower bound
results obtained in Section 3 do not hold in such a case.
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2.2. A linear estimator by spectral cut-off

This part allows us to shed some light on the connexion that may exist between
our model and a deconvolution problem. For a given filter (0)scz and using
(2.6), a linear estimator of A is given by

As(t) = > Oeeo(t) =60y yeee(t), t € [0,1], (2.7)

LeZ LEL

whose quadratic risk can be written in the Fourier domain as

R(As,\) :=E (Z 10, — 94|2> :

LET

The following proposition (whose proof can be found in Section 7) illustrates
how the quality of the estimator A5 (in term of quadratic risk) is related to the
choice of the filter 4.

Proposition 2.1. For any given non-random filter §, the risk of A can be
decomposed as

. 62 67 _
R(A‘U):Z|9e|2(5e—1)2+2f|w| 2|M|\1+Zfl9el2 (el ™2 =1). (2.8)

LEZ LET LET

where ||y = [y A(t)dt.

Note that the quadratic risk of any linear estimator in model (2.4) is com-
posed of three terms. The two first terms in the risk decomposition (2.8) corre-
spond to the classical bias and variance in statistical inverse problems. The third
term corresponds to the error related to the fact that the inversion of the oper-
ator is performed using (v;)iez instead of the (unobserved) random eigenvalues
(M)i1ez. Consider now the following smoothness class of functions (a Sobolev
ball)

Hy(A) = {)\ € L2([0,1]); ) (1 +[€1*)]6]* < A and A(t) > 0 for all £ € [0, 1]},
LEZ

for some smoothness parameter s > 0, where §, = fol e BTN (1) dt.

For the sake of simplicity we only consider the family of projection (or spectral
cut-off) filters 6 = (6;),c,, = (Rlapl Rlapl {\Z\SM})EGZ for some M € N. Using
Proposition 2.1, it follows that

cgM 1 - -
RO N =D 102+~ >0 (el A+ 106 (el 2 = 1)) (29)
£>M [e|<M

For an appropriate choice of the spectral cut-off parameter M, the following
proposition gives the asymptotic behavior of the risk of )\5M, see equation (2.7).
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Proposition 2.2. Assume that f belongs to Hs(A) with s > 1/2 and A > 0,
and that g satisfies Assumption (2.1). If M = M, is chosen as the largest integer
such M,, < nm, then as n — 400
sup R(j\‘sM,)\) =0 (TF%) .
AEH(A)

The proof follows immediately from the decomposition (2.9), the definition
of Hy(A) and Assumption (2.1). Remark that Proposition 2.2 shows that un-
der Assumption 2.1 the quadratic risk R(S\‘SM , A) is of polynomial order of the
sample size n, and that this rate deteriorates as the degree of ill-posedness
v increases. Such a behavior is a well known fact for standard deconvolution
problems, see e.g. [35, 27] and references therein. Proposition 2.2 shows that
a similar phenomenon holds for the linear estimator Ao Hence, there may
exist a connection between estimating a mean pattern intensity from a set of
non-homogeneous Poisson processes and the statistical analysis of deconvolution
problems.

However, the choice of M = M,, in Proposition 2.2 depends on the a priori
unknown smoothness s of the intensity A. Such a spectral cut-off estimator is
thus non-adaptive, of limited interest for applications. Moreover, the result of
Proposition 2.2 is only suited for smooth functions since Sobolev balls H(A) for
s > 1/2 are not well adapted to model intensities A which may have singularities.
This corresponds to a classical limitation of deconvolution using the Fourier
basis which is not well suited to estimate an intensity A with spikes for instance.
In Section 4, we will thus consider the problem of constructing an adaptive
estimator using non-linear wavelet decompositions, and we will derive an upper
bound of the quadratic risk of such estimators over Besov balls.

3. Lower bound of the minimax risk over Besov balls

Denote by ||\||3 = fol [A(t)|?dt the squared norm of a function A belonging to
the space L% ([0,1]) of non-negative squared integrable functions on [0, 1] with
respect to the Lebesgue measure dt. Let A C L2 ([0, 1]) be some smoothness class
of functions, and let A, € L2 ([0, 1]) denote an estimator of the intensity function
A € A, i.e. a measurable mapping of the random processes N¢, i = 1,...,n
taking its value in L2 ([0, 1]). Define the quadratic risk of any estimator An a8

R(An, A) == E[ A, — A3,
and introduce the following minimax risk
R (A) = inf sup R(An, A),
o AEA

where the above infimum is taken over the set of all possible estimators con-
structed from N!, ..., N™. In order to investigate the optimality of an estimator,
the main contributions of this paper are deriving upper and lower bounds for
Rn(A) when A is a Besov ball, and constructing an adaptive estimator that
achieves a near-minimax rate of convergence.
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3.1. Meyer wavelets and Besov balls

Let us denote by ¢ (resp. ¢) the periodic mother Meyer wavelet (resp. scaling
function) on the interval [0,1] (see e.g. [35, 27] for a precise definition). Any
intensity A € L2 ([0, 1]) can then be decomposed as follows

290 1 +oo 291
A = D Cionbiort)+ > > Biwthr(t),
k=0 j=jo k=0

where ¢j, k(t) = 270/2¢(200t — k), 1, 1 (t) = 29/24(27t — k), jo > 0 denotes the
usual coarse level of resolution, and
1

1
Cjo,k _/o A(t) Bk (t)dt, Bk —/O At Yjx(t)dt,

are the scaling and wavelet coeflicients of A. It is well known that Besov spaces

can be characterized in terms of wavelet coefficients (see e.g [33]). Let s >

0 denote the usual smoothness parameter and 1 < p,q < oo two integers.

Throughout the paper we assume that s > 1/p — 1/2. Then, we define the

Besov ball B;;;‘(A) of radius A > 0 containing only non-negative functions as

Byf(4) = {feLi([o,u):
1
2j0_1 % 400 - ) ) 2j_1 % a
S el |+ | 2R (3 150 SA}
k=0 J=Jjo k=0

with the respective above sums replaced by maximum if p = oo or ¢ = oc.
The parameter s is related to the smoothness of the function f. Note that if
p = q = 2, then a Besov ball is equivalent to a Sobolev ball if s is not an integer.
For 1 < p < 2, the space Bg;;r(A) contains functions with local irregularities.

3.2. A lower bound of the minimax risk

The following result provides a lower bound of reconstruction in B;;;L (A) over
a large range of values for s, p, q.

Theorem 3.1. Suppose that g satisfies Assumption 2.1. Let 1 < p < oo, 1 <
q < oo, A> 0 and assume that s > 2v+1. Then, there exists a constant Cy > 0
(independent of n) such that for all sufficiently large n

Ra(By i (A) =inf sup  R(An,A) > Con™ 7757,
’ v xeBji (4)

where the above infimum is taken over the set of all possible estimators An €
L% ([0,1]) of the intensity A (i.e the set of all measurable mapping of the random
processes N, i =1,...,n taking their value in L%([0,1])).
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Hence, Theorem 3.1 shows that under Assumption 2.1 the minimax risk
Rn (B;:; (A)) is lower bounded by the sequence n~=+241 which goes to zero
at a polynomial rate as the sample size n goes to infinity, and that this rate
deteriorates as the degree of ill-posedness v increases. Such a behavior is a well
known fact for standard deconvolution problems, see e.g. [35, 27] and references
therein. Remark that our condition s > 2rv + 1 does not allow to consider the
so-called “sparse” case in non parametric wavelet denoising (see [23] for further
details). Indeed, our proof relies on asymptotic expansions in Girsanov’s formula
and requires a minimal smoothness on the function A.

The proof of this result is postponed to Section 8. The arguments to de-
rive this lower bound rely on a non-standard use of Assouad’s cube technique
that is classically used in statistical deconvolution problems to obtain minimax
properties of an estimator (see e.g. [35] and references therein).

4. Adaptive estimation in Besov spaces

In this section, we describe a statistical procedure to build an adaptive (to the
unknown smoothness s of \) estimator using Meyer wavelets.

4.1. A deconvolution step to estimate scaling and wavelet
coefficients

We use Meyer wavelets to build a non-linear and adaptive estimator as follows.
Meyer wavelets satisfy the fundamental property of being band-limited function
in the Fourier domain which make them well suited for deconvolution problems.
More precisely, each ¢; 1 and v; 3 has a compact support in the Fourier domain
in the sense that

Giok = > coljor)ee, Yik= D cui(thjr)er,

¢eDj, €9,

with
T I
ce(Pjo k) 3:/ e ATt ()t co(Pjx) 5:/ e ATy 1 (t)dt,
0 0

and where Dj, and Q; are finite subsets of integers such that #D;, < C27,
#Q; < C27 for some constant C' > 0 independent of j and

Q; C [-27%2¢o, —27¢co] U [27 ¢, 272 c0] (4.1)

with ¢o = 27/3. Then, thanks to Dirichlet theorem, the scaling and wavelets
coefficients of X\ satisfy

ok = > celjor)0e, Bik = ce(thjx)be. (4.2)

Le Dy, £eQ;
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Therefore, one can plug the estimator 6, = *y[lyg of each 6y, see equation (2.4),
in (4.2) to build estimators of the scaling and wavelet coefficients by defining

ok = > coldjon)0e and Bix= > co(thjx)0s. (4.3)

L€Qy, £eq;

4.2. Hard thresholding estimation

We propose to use a non-linear hard thresholding estimator defined by

A 290(n) 1 Ji(n) 271
No= D0 Cokbirt D D BiaRIapIRIp] (5. o oy Yine (44)
k=0 j=jo(n) k=0

In the above formula, §;(n) refers to possibly random thresholds that depend
on the resolution j, while jo = jo(n) and j; = j1(n) are the usual coarsest and
highest resolution levels whose dependency on n will be specified later on. Then,
let us introduce some notations. For all j € N, define

07 =277 % |yl and € = 2792 3 " |y 7, (4.5)
ey LeQ;

and for any v > 0, let

n

- 1 4vlogn 2vlogn — 572(log n)?
i=1 =1

where K; = fol dN} is the number of points of the counting process N for
t=1,...,n. Introduce also the class of bounded intensity functions

Ao = {X € LZ([0,1]); [|Allso < +o00 and A(t) >0 for all t € [0,1]},

where [|Alloo = sup;epo 1 {IA(®)[}-
Theorem 4.1. Suppose that g satisfies Assumption 2.1. Let 1 < p < oo, 1 <
q < oo and A> 0. Let p = min(2,p), and assume that s > 1/p" and (s +1/2 —

1/p)p > v(2 —p). Let § > 0 and suppose that the non-linear estimator ' (4.4)
is computed using the random thresholds

N 2vlogn ~ logn . . .
sj<n>=4(%f§- 122 (lgllooFn(y) +8) + 152 ) for jo(n) < j < jr(n),

3n
(4.7)
with v > 2, and where O'J2 and €; are defined in (4.5). Define jo(n) as the
largest integer such that 270(") <logn and j; (n) as the largest integer such that
4 1
291" < () 1. Then, as n — +oo,

2s
. 1 PEEs
sup  ROE N =0 < Og") .
XEBY (A N Ao "
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The proof of Theorem 4.1 is postponed to Section 9. Hence, Theorem 4.1
shows that under Assumption 2.1 the quadratic risk of the non-linear estimator
5\2 is of polynomial order of the sample size n, and that this rate deteriorates
as v increases. Again, this result illustrates the connection between estimating
a mean intensity from the observation of Poisson processes and the analysis
of inverse problems in nonparametric statistics. Note that the choices of the
random thresholds §;(n) and the highest resolution level j; do not depend on the

smoothness parameter s. Hence, contrary to the linear estimator A" studied in
Proposition 2.2, the non-linear estimator 5\2 is said to be adaptive with respect
to the unknown smoothness s. Moreover, the Besov spaces B;;;r (A) may contain
functions with local irregularities. The above described non-linear estimator is
thus suitable for the estimation of non-globally smooth functions.

In Section 3, we have shown that the rate n~ 2z is a lower bound for the
asymptotic decay of the minimax risk over a large scale of Besov balls. Hence,
the wavelet estimator that we propose is almost optimal up to a logarithmic
term. The presence of such a term is classical in wavelet-based denoising. It
corresponds to the price to pay for adaptation when using estimators based
on nonlinear thresholding in a wavelet basis. Nevertheless, it is possible to use
block thresholding procedures that lead to estimators with slightly better rates
of convergence (i.e. without the logarithm term) in some cases. For further
details, we refer to [17].

In the above result, we have decided to restrict ourselves to the situation
(s+1/2—-1/p")p > v(2 —p) and s > 1/p/, which is called “dense” case in
the litterature. Remark that it would be possible to also obtain upper bound
on the estimation in the complementary case (“sparse” case). We believe that
we certainly observe an elbow phenomenon as it is the case in the classical
wavelet deconvolution problems. Nevertheless, since the lower bound established
in Section 3 is not valid in this sparse case, we have decided to not present the
corresponding upper bound.

5. Numerical experiments

We propose some numerical experiments to illustrate the performances of the
suggested non-linear estimator on simulated data. To perform the simulations,
we used the wavelet toolbox Wavelab [13] and the WaveD algorithm developed
by [37] for fast deconvolution with Meyer wavelets.

For the unknown intensity A to recover, we consider the test function dis-
played in Figure 1(a). Then, we draw independent random shifts 71,...,7,
following a Laplace distribution g(t) = i exp(—%) with p = 0.03. For a given
shift 7;, we simulate a realization of the Poisson counting process N* with in-
tensity A\;(-) = A(- —7;) as follows. The observation interval [0, 1] is first divided
into T equal subintervals I, = [m/T,(m + 1)/T], for m = 0,...,T — 1 with
T = 256. Then, the simulated data consist of independent Poisson counts in
each interval I,,, with respective expected value \;(m/T) = A(m/T — 1), for
m =0,...,7 —1 (note that a similar procedure is proposed in [5] to simulate
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o
04 05 o0s 07 08 03 1 > o1 02 03 o4 o5

Fic 1. Bumps function. First row: (a) unknown intensity X. Second and third rows: four
independent realizations of the Poisson process N with randomly shifted intensity A\;(-) =
A —T4), 1 =1,2,3,4 in the form of vectors of counts of length T = 256 (b) y1, (¢) y2, (d)
Y3, (8) Ya.

Poisson counts). In this way, for each shifted intensity A;(-) = A(-—7;), the data
are in the form of a vector y; € R of counts of length 7' = 256 to which we can
apply the WaveD algorithm developed by [37]. Four independent realizations
of such vectors are displayed in Figures 1(b,c,d,e) to give an idea of the data
considered in these numerical experiments.

In Figures 2(a,c,e), we display, for three different values of the sample size
(n =100, n = 1000 and n = 10000), the result of simply averaging the raw data
which yields to take y,, = %2?:1 y, as an estimator of the unknown intensity
A. Clearly, it gives a non-consistent estimator since averaging the observed data
leads to the estimation of A x g # X\ as explained in Section 2.

Let us now explain how one can consistently estimate A via a deconvolution
step combined with non-linear wavelet thresholding. The Fourier coefficients of

the density g are given by v, = m7 { € Z which corresponds to a degree
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(b) n =100, A"

(d) n = 1000, Ak

(e) m = 10000, 7, (f) n = 10000, Ak

Fic 2. Comparison between two estimators of the unknown intensity A\ (dashed curve in all
the Figures) for three different values of the sample size. First row: n = 100. Second row
n = 1000. Third row n = 10000. First column: results obtained by averaging the raw data y,,,
and second column: results obtained using the non-linear thresholding estimator 5\2

of ill-posedness v = 2. To compute the random thresholds §;(n) (4.7) we took
v = 2. Note that such thresholds are not difficult to calculate using the Fast
Fourier Transform and the fact that the set of frequencies Q; (4.1) can be easily

obtained using WaveLab for the computation of the quantities 0]2 and €; defined
in (4.5). Then, we took jo = 3, but the choice j; ~ ﬁ logg(%) is obviously
too small. So in our simulations, j; is chosen to be the maximum resolution
level allowed by the discretization i.e. j; = logy(N)—1 = 7. In Figures 2(b,d,f),
we display, for three different values of the sample size (n = 100, n = 1000 and
n = 10000), the results obtained when using the non-linear hard thresholding
estimator 5\,’3 defined in (4.4). The results are rather satisfactory and they are

much better than those obtained by simply averaging the raw data.
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6. Discussion

In this paper, we have considered the problem of adaptive estimation of a non-
homogeneous intensity function from the observation of n independent Poisson
processes having a similar intensity A that is randomly shifted for each observed
trajectory. It has been shown that this model turns out to be an inverse problem
in which the density g of the random shifts plays the role of a convolution op-
erator. These results have been derived under the assumption that the density
g is known. It is a well-known fact (see e.g. [32]) that, in standard deconvo-
lution problems, if the convolution kernel g is unknown no satisfying rate of
convergence can be obtained after a regularization process.

Instead of assuming the knowledge of g, one could try to preliminary construct
“estimators” of the unobserved random shifts 71,...,7, and then to average
the observed processes after an alignment step using these estimated shifts.
Hence, various strategies have been proposed to compute estimators 71,...,7,
of the unobserved shifts 71,...,7, (see e.g. [1, 2, 45]). An estimator of the
intensity A can then be computed by aligning and then averaging the observed
processes. More precisely, if 5\1() denotes an estimator of the shifted intensity
A(- — 7;), obtained by some smoothing procedure applied to the process N?,
then an estimator of A\ via an alignment step is defined by

An(t) =

SN

> Xt +7), teo,1].
i=1

However, as pointed by Theorem 6.1 and Theorem 6.2 below, we show that
an estimation of A through an alignment step yields non-consistent estimators.
Indeed, a first result is that, under mild assumptions on the intensity A and the
density g of the random shifts, it is not possible to build consistent estimators

of the random shifts 71,..., 7, in the sense that
liminfE [ - Zn: (7 —7) ) #£0
n—-+oo n P} g v

for any estimators (71,...,7,) € [0,1]™

Theorem 6.1. Suppose that A € L?([0,1]) is continuously differentiable and
satisfies
Mo = inf {A(t)} > 0.
o= nf (MO}
Assume that the density g of the random shifts has a compact support [Tmin, Tmax] C
[0,1] such thatlim,_,_, g(7) =lim,; .. g(7) = 0. Suppose that g is absolutely
continuous and such that

/o1 <% 10g9(7))29(7)dr < +oo.

Let (71,...,7) € [0,1]™ denote any estimators of the true random shifts (71, .. .,
Tn) (i-e. a measurable mapping of the random processes N*, i = 1,...,n taking
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its value in [0,1]™). Then,

1~ . 2> 1
E| - T — Ti > >0. (6.1
(FE)2 g g "
Inequality (6.1) shows that building consistent estimators of the random shifts
T1,...,Ty in the asymptotic setting n — +o0 is not feasible. This inconsistency
result on the estimation of the shifts implies that a consistent estimation of A
via an alignment step is not possible. Indeed, consider the case of an ideal
smoothing of the data with A;(t) = A(t —7;), ¢ € [0,1] which would lead to the
ideal estimator

1 n
A (t) i = — At —T1; i), t €10,1],
0= A= m+ 7). t€ 0
where (71,...,7,) € [0,1]" are estimators computed from the data N, ... ,N™
Then, the following theorem shows that A, is not a consistent estimator of A as
n — +00.

Theorem 6.2. Suppose that the assumptions of Theorem 6.1 still hold. Assume
that X € L3 ([0,1]) is such that

1
6, ::/ At)e 12mtqt =£ 0.
0

Let (71,...,7n) € [0,1]™ denote any estimators of the true random shifts (1, ...,
Ty) satisfying the constraints > - 17 = 0 and Tmin < i < Tmax for all i =
1,...,n. Suppose that the density g has zero expectation and finite variance i.e.
fol 7g(T)dT = 0 and fol 729(7)dT < +00. Assume that Tmax — Tmin ‘= % for
some 0 < 0 < 3, and consider the ideal estimator

1 n
An(t) =~ Zl Mt =714+ %), t€0,1].

i—

Then,
%772 (3—19)104]

(fol |20 dt+ ) (2 logg<r>)29<r>dr>
> 0. (6.2)

n—-+oo

lim inf E (/Ol\An(t) - A(t)fdt) >

In Theorem (6.2), we have added the assumption that the estimators of the
random shifts satisfy the constraint > ; 7; = 0 and that the density ¢ has zero
expectation. Such assumptions are necessary when using an alignment proce-
dure. Indeed, without such constraints, our model is not identifiable since for
any 7 € R one may replace the unknown intensity A(-) by A(-) = A(-—7) and the
random shifts by 7; = 7; — 7 without changing the formulation of the problem.
Under such assumptions, inequality (6.2) shows that

n—-+o0o

lim inf E (/01 An(t) = A)[ dt) £0,
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and thus \,, does not converge to A as n — +oc for the quadratic risk. Therefore,
such a result illustrates the fact that standard procedures based on an alignment
step do not yield consistent estimators of A. In this paper, we therefore have
suggested an alternative method based on a deconvolution step that yields a
consistent and adaptive estimator that converges with a near-optimal rate in
the minimax sense. Remark that other strategies could also be investigated
following for instance recent results in [9] and [10] with a Bayesian approach
developed for data following a Gaussian distribution.

However, as shown by the results of Theorems 6.1 and 6.2, to obtain a con-
sistent estimator of a mean pattern intensity using estimated values of the
shifts, it would be necessary to consider a double asymptotic setting where both
the number n of observed trajectories and an “observation time” s (such that
A(t) = KAo(t) where )¢ is an unknown scaled intensity to be estimated) are let
going to infinity. This point of view is developed in [8] for the regression model of
randomly shifted curves observed with an additive Gaussian noise. Nevertheless,
this double asymptotic setting is far beyond the scope of this paper in which we
have only considered the case where n tends to infinity. Another possibility to
treat the case of an unknown g would be to adopt the point of view of inverse
problems with an additive Gaussian noise in the setting of partially known (or
noisy) operators as in [24] and [16]. However, the assumptions made in [24] and
[16] to consistently estimate an unknown operator cannot be easily adapted to
our framework.

7. Proof of Proposition 2.1

Remark that for all / € Z

5 e 80 o
0p—0, = 0;|6p0— —1| +— i 7.1
0 — 0, ¢ [ o } - ;:1 €, (7.1)

where the €;; are centered random variables defined as

1
cei =" [ elt) (aN7 = Xt = o)
0

Now, to compute E|f; — 0|2, remark first that

|0 — 0,

I
1
>

o~
| —
=9
~
R
|
—_—
+
s|e
[
)
o~
.
—_
1
>
~
| —
=9
~
2
|
| S|
+
s|e
[
Q)
S
:
_

16,7

2 ~ n 2 n
e 52 5g N
+2%Re <9g [&7——1] o E Ez,i> +F | E €0,i€0,i/ | -

s
Ve
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Taking expectation in the above expression yields

E|éz—9e|2 = E E|éz—92|2|7'1,...,7'n}

I 2 6% n
S Bl

i,i/=1

= E |6 6,2 -1
Ve

Tl,...,Tn]

6 n
E [2Re 9@ |:6g——1] leEg)i] ‘Tl,...,Tn

Now, remark that given two integers i # i’ and the two shifts 7, 7/, €, and
€,y are independent with zero mean. Therefore, using the equality

2

2
5€——1 = 07 |vel *ElFe — el ® 4 (80 — 1)% = (6, — 1)? —é(|w| -1,

one finally obtains

Elf, — 6,> = |0,°E +E

[——1
Ve

2 n
—gz |€g71‘|2‘7'1,...,7'n}
i i—1

) _
= 10e*(Ge = 1)% + =2 (16e]* (I7e 7> = 1) + Eleeal”) .
Using in what follows the equality
Ela +ib]* = E[|al® + [b]?]

with a = [ cos(2rft) (AN} — At — 71)dt) and b = [} sin(2n6t) (dN} — A(t —
71)dt), we obtain
2
|

1
= |w|_2E/ (| cos(27r€t)|2 + |sin(27r€t)|2) At —71)dt = |w|_2||)\||1,
0

1
Elec1]? = |y °E lE / eo(t) (d]\]t1 — At — 71)dt)
0

where the last equality follows from the fact that A has been extended outside
[0, 1] by periodization, which completes the proof of Proposition 2.1.

8. Proof of the lower bound (Theorem 3.1)
8.1. Some properties of Meyer wavelets

Meyer wavelet functions satisfies the following proposition which will be useful
for the construction of a lower bound of the minimax risk.
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Proposition 8.1. There exists a universal constant c(¢) such that for any
J € N and for any (wi)o<k<2i—1 € {0, 1}

271
sup | Y withy k()| < ()22,
z€[0,1] | .50

Proof. Recall that the periodic Meyer mother wavelet ¢ (on the interval [0, 1])
has been obtained from the periodization of a mother Meyer wavelet, say 1 :
R — R, that generates a wavelet basis of L*(R) (see e.g. [35, 27]). The Meyer
mother wavelet 1 is not compactly supported, but it satisfies the following
inequality sup,cg D oy [¥(z — £)| < oo, which implies that there exists some
universal constant ¢ = ¢(¢)) > 0 such that sup,cp{> ey [V51 ()|} < €29/, for
any j > 0, where ; ,(z) = 29/2¢)(27z — k). Hence, the proof follows using the
fact that the periodic Meyer wavelet ¢ x(z) = >,y Vjn(x — ) for z € [0,1] is
the periodization of the (classical) Meyer basis 1, 5 (with infinite support). I

8.2. Definitions and notations

Recall that 74,...,7, are i.i.d. random variables with density g, and that for
A € Ay a given intensity, we denote by N1,..., N" the counting processes such
that conditionally to T1,...,7y, N',..., N™ are independent Poisson processes
with intensities A(+ — 71), ..., A(+ — Ty ). Then, the notation Ey will be used to
denote the expectation with respect to the distribution Py (tensorized law) of the
multivariate counting process N = (N L...,N ”) with the coupled randomness
on the shifts and the counting processes. In the rest of the proof, we also assume
that p, ¢ denote two integers such that 1 < p < oo, 1 < ¢ < oo, A is a positive
constant, and that s is a positive real such that s > 2v+1, where v is the degree
of ill-posedness defined in Assumption 2.1.

A key step in the proof is the use of the likelihood ratio A(Hy, H1) between
two measures associated to two hypotheses Hy and H; on the intensities of the
Poisson processes we consider. The following lemma, whose proof can be found
in [11], is a Girsanov’s like formula for Poisson processes when random shifts do
not appear in the model (notation P instead of P below).

Lemma 8.1 (Girsanov’s like formula). Let Ny (hypothesis Hy) and Ny (hy-
pothesis Hy) two Poisson processes having respectively intensity Ao(t) = p and
M(t) = p+ w(t) for all t € [0,1], where p > 0 is a positive constant and
g€ L2([0,1]). Let Py, (resp. Py, ) be the distribution of Ny (resp. No). Then,
the likelihood ratio between Hoy and Hq is

A(Ho, Hy)(N) = ZE: (N) = exp {_ /01 p(t)dt + /01 log (1 + ?) dM] ,
(8.1)

where N is a Poisson process with intensity belonging to Ag.
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The above lemma means that if F'(N) is a real-valued and bounded measur-
able function of the counting process N'= N; (hypothesis H;), then

Ep, [FN)] = En, [F(N)A(Ho, Hi)(V)]

where Ep, denotes the expectation with respect to ]f",\1 (hypothesis H;), and
Ep, denotes the expectation with respect to ]f”,\o (hypothesis Hp).

Obviously, one can adapt Lemma 8.1 to the case of n independent Poisson
processes N' = (N1, ... N™) with respective intensities \;(t) = p + u;(t), t €
[0,1],s = 1,...,n under Hy and \;(t) = p, t € [0,1],7 = 1,...,n under Hy,
where f1, ..., pu, are positive intensities in L% ([0,1]). In such a case, the Gir-
sanov’s like formula (8.1) becomes

A(Ho, Hy)(N) = f[lexp [— /01 wi(t)dt + /01 log (1 + %@) dj\/;] . (8.2)

8.3. Minoration of the minimax risk using the Assouad’s cube
technique

Let us first describe the main idea of the proof which expoits the Assouad’s
cube approach (see e.g. [12]).

- In Section 8.3.1, we build a set of test functions which are appropriate linear
combinations of Meyer wavelets. The construction of this set follows the
idea of the Assouad’s cube technique to derive lower bounds for minimax
risks (see e.g. [22, 35]).
In Section 8.3.2 we give a key result in Lemma 8.2 that relates a lower bound on
the minimax risk to a problem of statistical testing of different hypotheses.
The first main step in the proof of this lemma is the use of the likelihood
ratio formula (8.2). The second main step exploits the fact that, under the
hypothesis that the intensity A(t) = \o(t) = p > 0 is a constant function
then the distribution of the data is invariant through the action of the
random shifts.
- In Section 8.3.3 we specify the size of the set of test functions used in the
Assouad’s cube approach.

- In Section 8.3.4 we give the proof of the technical Lemma 8.3 which controls
the asymptotic behavior of the likelihood ratio (8.5) defined in Lemma 8.2
under well-chosen hypotheses H; and Hj.

The result of Theorem 3.1 then follows from the combination of the results
of these four sections.

8.8.1. Assouad’s cube

Given an integer D > 1, introduce

Sp(A) = {f € ByF(A) | (fivhju) =0Vj# D Vke{0...27 — 1}}.

p,q
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For any w = (wg)g—o,. 20-1 € {0,1}2D and ¢ € {0,...,2P — 1}, we define
@' € {0,1}2” as @f = wy,Vk # [ and @ = 1 — w,. In what follows, we will use
the likelihood ratio formula (8.2) with the intensity

Ao(t) = p(A) = ?,w €0, 1], (8.3)

which corresponds to the hypothesis Hy under which all the intensities of the
observed counting processes are constant and equal to A/2 where A is the radius

of the Besov ball By (A). Next, for any w € {0, 132”1, we denote by Ap., the
intensity defined as

2P 1

Apw =p(A)+&p Y witbp s +Ep2PPc(yh), with &p = 27 PEH2) 1 (8.4)
k=0

for some constant 0 < ¢ < A/(2 + ¢(v)), and where ¢() is the constant intro-
duced in Proposition 8.1. For the sake of convenience, we omit in what follows
the subscript D and write A, instead of Ap . First, remark that each function
Ao can be written as A\, = p(A4) + p, where

201

po=%Ep Y wetp i+ Ep27 (1)),

k=0

is a positive intensity belonging to Ay by Proposition 8.1. Moreover, it can
be checked that the condition ¢ < A/(2 + c(¢)) implies that A\, € By (A).

Therefore, A, € Sp(A) for any w € {0, 1}2D. The following lemma provides a
lower bound on Sp.

8.3.2. Lower bound on the minimaz risk

Lemma 8.2. Using the notations defined in the Assouad’s cube paragraph, the
following inequality holds

2P

e _
1
inf sup Ej[[A, — A3 > ID—2 E E Ex, 1A Qrw(N)],
An AESD(4) k=0 e{0,1}12P |w;,=1

with N = (Nl,...,N") and

Jen Il exp [—fol ok (t—ay) dt—i—fol log(l—i—W)dNZ} (a)dey;
- exp{ fo o (t— v dt—l—fo log(l—l—““’(’(ﬁA;}l )dN} (a)daoy
(8.5)

Proof. Let A, = M (N) € L%([0,1]) denote any estimator of A € Sp(4) (a
measurable function of the process N). Note that, to simplify the notations, we

Qk,w (N) =
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will drop in the proof the dependency of An (N) on N and n, and we write A
instead of A, (V). Then, define

R(\) = sup ExJA— A3
AESD(A)

Since A\, € Sp(A) for any w € {0, 1}2D, it follows from Parseval’s relation that

2P 1
RN > sup By A-Xf3> sup Ex, Y [Bpx(A) —wilpl,
we{0,1}2P we{0,1}2P k=0

where we have used the notation 8p x(A) = (\,1p ). Forall k € {0,...,2P -1}
define

O = OR(N) := arg min_|Bp x(A(N)) — vép.

ve{0,1}

Then, the triangular inequality and the definition of &g imply that

Eplin — wi| < |OkEp — BoaN)| + 1Box(N) — wiép| < 2Bp.r(N) — wiép-
Thus,

R 9 2P 1
R()\) Z g—D sup E)\w Z |ch(N) — wk|2,
we{0,1327 k=0
5123 1 2P 1 ,
> TQQ—D Z Z EAwmk(N) - Wk| . (8-6)

we{0,1}2P k=0
Let k € {0,...,20 —1} and w € {0,1}2" be fixed parameters. Conditionally to
the vector T = (71,...7T,) € R", we define the two hypothesis Hy and H as

Ho: N',...,N" are independent Poisson processes with intensities A\o(- — 71),
..oy Ao(- —T5) which are equal to Ag(+),...,\o(+), where \g is the constant
intensity defined by (8.3),

HT: N' ..., N™are independent Poisson processes with intensities (A, (-—71),

c A= Th)).

In what follows, we use the notation Eg, (resp. Eg-) to denote the expectation
under the hypothesis Hy (resp. H7) conditionally to the shifts 7 = (71,...7,).
The Girsanov formula (8.2) yields

Ey,|wk(N) — (,uk|2 = /n IEle|ch(N) - wk|29(7'1) coog(mn)dr
_ / Ex, [|06(N) — wrl2A(Ho, HI)(N)] g(11) . . g()dr,

with dr = dm,...,dr, and

A(Hy,HL)(N) = Zf[lexp {— /01 e (t — 73)dt + /01 log <1 + %) dNtZ] ,
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for N = (N!,..., N™). Now, remark that under the hypothesis Hy, the law of the
random variable Wy (N) does not depend on the random shifts 7 = (71,...,75)
since \g is a constant intensity. Thus, we obtain the following equality

Ex &k (N) = wi|* = Enm, {M(N) —wil® [ A(Ho, HF)(N)g(m1)...g(ra)dr| .
Rn
(8.7)
Using equality (8.7), we may re-write the lower bound (8.6) on R(\) as

2P 1
BN 2 2 S Y () -l

we{0,1}2P k=0

X A(HQ,HS)(N)Q(Tl)...g(Tn)dT}
Rr

2b_1

- 422DZ Z

k=0 4,e{0,1}2" |wp=1
(EHO [WN) Cwnl [ AHo, HD)(N)g(m) ... gm)dT]
Rn
+ Eg, {@k(N) —@]ﬂz/

The key inequality |1 —v|?z + |[v]|?2’ > 2z A2’ (true for all v € {0,1} and all reals
z,2' > 0) yields

A(Ho, HZ.)(N)g(m) .. .g(Tn)dr]) .

n

. €2 1 221
R(N) = TDQ—; >

we{0,1}2P |w,=1

i, { [ At HOMg(r). o )arn

/ Al ) (N)g(n)-alr)ir |
Lo kz >

we{0,1}27 |wr=1
Egy, /n A(Ho, HL)(N)g(1) - .. g(Tn)dT(l A

f]R" (Ho, H )(N)g(al)--.g(an)da)
f]R" (Ho, HZ)(N)g(a1) ... g )da

Y

2P 1

422D Z Z

k=0 4,e{0,1}2" jw,=1

[ Ba (Ao HD(V) (1A Qua (W) g(n) g7
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where

Jen A(Ho, HZ,)(N)g(a1) ... g(om)dar
Jon A Hovﬂ“ (NMg(aa) ... g(an)da

and da = day .. . day,. Then, using again the formula (8.2), we obtain the lower

bound
e _
1
&b
R( —4 227 E E Ex, [1A Qrwl,

k=0 4,e{0,1}22 |w,=1

Qk,w( )

which is independent of \. This ends the proof of the lemma.
O

We detail in the next paragraph how to use Lemma 8.2 with a suitable value
for the parameter D in order to obtain the desired lower bound on the minimax
risk.

8.3.3. Quantitative settings

In the rest of the proof, we will suppose that D = D,, satisfies the asymptotic
equivalence

2Dn T as n — +00. (8.8)

To simplify the notations we will drop the subscript n, and we write D = D,,.
For two sequences of reals (a,),>1 and (b,),>1 we use the notation a, < by,

if there exists two positive constants C,C’" > 0 such that C' < = < C' for all
sufficiently large n. Then, define mp, = 2P/2¢p . Since &p, = c2 Dn(s+1/2)

it follows that

—s/(2s+2v+1) =0

mp, <n
as n — 0o. Remark also that the condition s > 2v + 1 implies that

—(s—2v—1)/(2s+2v+1)

nm%nxn —0

as n — oQ.

8.8.4. Lower bound of the likelihood ratio Q.

The above quantitative settings combined with Lemma 8.2 will allow us to
obtain a lower bound of the minimax risk. For this purpose, let 0 < § < 1, and
remark that Lemma 8.2 and Markov inequality imply that

inf sup Ey|[A— A} > 06 1 Z Z Py, (Qkw(N) > 9).

4 22P
An AESD(A) 2 k=0 e {0,1312° [wp=1
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The remainder of the proof is thus devoted to the construction of a lower bound
I

in probability for the random variable Qj ., (N) := 7- where

n 1 1
L= /n Hexp [—/0 ter (t — g )dt + /0 log (1 4 pgr(t — ;) dNtZ} g(ai)da;
i=1

(8.10)
and
I = / ) f[lexp [— / ol — i)t + / “log (14 (1 — ) sz} glas)da,
(8.11)

where to simplify the presentation of the proof we have taken p(A) = 1 i.e.
A = 2. Then, the following lemma holds (which is also valid for p(A4) # 1).

Lemma 8.3. There exists 0 < § < 1 and a constant po(6) > 0 such that for
any k€ {0...2P» — 1}, any w € {0, 1}2D" and all sufficiently large n

Py, (Qk,w(N) >6) > po(d) > 0.

Proof. Sketch of proof: we first give a brief summary of the main ideas of the
proof. The arguments that we use are not standard due to the structure of
the likelihood ratio Q. (N) which involves a kind of mixture structure with
respect to the law of the random shifts (integration over R™ with respect to
gla)... glan)da).

In the first part of the proof, the main idea is to use several Taylor expansions
to obtain a tractable asymptotic approximation of Qy ,(N). Note that due to
our quantitative settings stated in Section 8.3.3, we have to provide Taylor
expansions up to the second or third order (since nm%n does not converge to
0). In the second part of the proof, we use the minoration of the log-likelihood
given in equations (8.14)- (8.18), and then classical concentration inequalities
to obtain lower bound in probability of Qy ., (N).

Note that, in the proof, we repeatedly use the following inequalities that hold

for any w € {0,1}2""
[twllz < lpolls < 2¢(¥)mp, — 0, (8.12)
Pollz < MAelloe < p(A) +2¢(¢)mp, = p(A) = 1,

as n — +00. Recall that Qy ,,(N) := % where I is given by (8.10) and I is

given by (8.11). Finally, and to be more precise, the proof is composed of the
three following steps:

e Step 1: using a second order expansion of the logarithm in order to control
I, and Iy, we will first show that

2 (e, )
[T Jz 9(cv) exp Uol{u@k (t—ay)— % }dNZ} doy;

[T e 9(a) exp | fo ot —a) 20 yanj] day
Ji

Jo

Qpo(N) > eOr(mm,)

— eOp(nm%n)
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e Step 2: using again a second order expansion of the exponential, we then

show that
In(Qkw(N)) > In(Jy) — In(J2) + Op(nm3, ) (8.13)
N ! e (f) — 2\ L g x Aull3 = [lg* Aer 3
—;{EAw (/0 g* { g () Mw(t)}dNt)+ 5
(8.14)
# [ ot = i - 21 ([ o a6 - ma(0ax;)
(8.15)
1 1 2
w5 [ omuzoani =5 [t ([ nte-agant) ao,
(8.16)

2

1 1 _ 1 /1 )
w5 [ote) ([ warte—aant) do - 5 [Cgwidioan:
2 R 0 2 0
(8.17)

—(folg*uwk(t)dN§)2+llg*Awkl%(folg*uw(t)de)Q—llg*AwII%}

* 2

(8.18)
+ Op(nm3, ).

e Step 3: it consists in controlling (8.14), (8.15), (8.16), (8.17) and (8.18),
more precisely:

1. there exists a constant 0 < ¢ < +oo such that for all sufficiently
large n the deterministic term (8.14) satisfies

n 1
810 = Y [Bn ([ 95 D) - A0}
i=1 0
1 2 1 2
+3lg% Ml3 = Slgx a3 )| 2 —eo.
2. there exists a constant ¢; > 0 such that for all sufficiently large n

P (|(8.15)| < ¢;) = P (

Y /01 g*p(t)dN}| < c1> >1/2.
- (8.19)
3. (8.16) + (8.17) converges to zero in probability as n — +o0.

4. (8.18) converges to zero in probability as n — +oo.

Putting together all these results Lemma 8.3 is finally proved.
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e Proof of Step 1: since for any k, one has fol Yp k(t)dt = 0, it follows that
for any w and «, fol oo (t — @)dt = c(1)ép, 2P7/? = c¢(yp)mp,, . Therefore,

n 1
h :/ g(an)... glan)e=@mmon T exp [/ 1og<1+uwk<t—ai>>dN$] do,
n 0

=1

and

n 1
I :/ g(ar) ... g(an)e c¥Inmo, H exp [/ log(l—l—uw(t—ai))dNtﬂ da.
n 0

i=1
Let z > 0 be a positive real, and consider the following second order
expansion of the logarithm

2 3
log(l+2)=2z— % + %ufg for some 1 <u <1+ z. (8.20)

From (8.20), we obtain

/(Jllog(1+uw(t—ai))dNZ < /Ol{uw(t—ai)_@}dw

1
+ [ uie = anan; (8.21)
0
and that
! o 2 (t—a)) .o
[ s+ et —aani = [ - an - 2 g
(8.22)

Then, remark that inequalities (8.12) imply that

1 1
E, / p3 (t — a)dN} = / 13 (t — ay) / Ao (t = 713)g(3)dr;dt
0 0 R

< pollsolltwll3Nolle = O (mp,) -

Therefore, by Markov’s inequality it follows that there exists a constant
K > 0 such that vy > 0:

n 1 n 1
. K , K
P13 [ ntt-anani| =) < ZEY| [ude-anini] < Sum,
i=1 70 v i=1 170 v
and thus I
Z/ pd(t — a;)dN; = O, (nm3, ). (8.23)
i=1"0

Hence, using inequality (8.21), one obtains that

I < efc(w)nmpn+op(nm%n)/ glar) ... glan)

n

f[lexp [/ {hote=ai - @} ] do
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and by inequality (8.22) it follows that

L > e—c(w)ann/ glar) ... glay)

f[lexp [/01 {uwk(t — o) — M} ng} dov.

Combining the above inequalities and the Fubini’s relation we obtain that
n 1 2 () i
Hi:lf]R g(a;) exp UO {‘ka (t—a;)— H“kf }dNt] doy

T2 Jo 90 expf (b (1)~ 2252 YN o

Ji

7

e Proof of Step 2: let z € R and consider the following second order expan-
sion of the exponential

2 3
exp(z) =1+z+ % + % exp(u) for some — |z] <u < |z|. (8.25)

Let us now use (8.25) with z; = fol {paor(t — o) — 342, (t — ;) } dN}. By
inequalities (8.12), one has that

1
1
Ex, |zl < / (ka(t — ;) + guék(t - 041‘)) / Ao (t — 1) g(7i)drdt,
0 R

Qg w(N) > Or(rmin,)

— e(’)p (nm?’Dn )

(8.24)

IN

1
e (et + e 1) = O ().
Since mp, — 0, we obtain by using (8.25) that for each i € {1,...,n},
exp(zi)

1 1
] _
= l—l—/ /La)k(t—ai)ng—E/ P2 (t — a;)dN}
0 0
1/ 1! AN
3 //Lw’“(t—ai)dNtl__/ pge(t —ag)dN{ | + et
2\, 2 o 6
with — |z;| < u; < |z

1 1
1 )
0 0

1 ! N\ 23
+ = (/ fen (t — oel-)dNtZ) + —*te" + Ry,
SAUA 6

where
2

1 1
. 1 ;
ot = ([ ertt = agant = g [ e agany)
0 0

-(/ it~ aasz)z
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By inequalities (8.12) one obtains that for any shift «; € [0, 1]:

o = (3 /Oluik< aan ) (/ o (0= i) = (e = ) )

(8.26)
and Cauchy-Schwarz’s inequality yields a bound uniform in «;:

Ex,(|Ri]) = O (mp,) . (8.27)

From the definition of J; in (8.24), we can use a stochastic version of the
Fubini theorem (see [25], Theorem 5.44) to obtain

= H 1+//1g(ai)ﬂwk(t—ai)d1\]tido¢i
-5 / / (i) p2 i (t — o)dN}doy;
* Q/RQ(O‘Z) (/Olﬂw (t— Oéz)sz)2d0¢i+/01<%?e“i—i—Ri)g(Ozz‘)dai}7

n

=11

i=1

1 2 1 3
+ 1/ g() (/ Lok (t—ozi)dNtl) dozH—/ (z—ie“i+Ri)g(o¢i)do¢i .
2 Jr 0 o\ 6

At this step, it will be more convenient to work with the logarithm of the
term J;. We have

n 1 1

1 )
> In [H/ g*um(t)dNZ—g/ g * pon (t)dN;
i=1 0 0

2

+% /Rg(ai) </01Hwk(t - Oéz')de> dov;
+/01 (%?e“i 1 Ri) g(ai)dai] :

Using again the second order expansion of the logarithm (8.20), we obtain
that

n 1 1
1 ,
() = 35| [ aeman0ani = 5 [ ieoan;

i=1

1 1 2 1/ [ .
43 [ ot [ (e - apani) o = 3( [ gwnastoan)
2 R 0 2 0
L/.3 -
+/ (—Ze“i + Ri) g(ai)dai] ;
0 6

1 1
1 .
V[ g0 = 5 [ geidian;
0 0

2
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where R; is a remainder term that can be shown to satisfy E(|RZ|) =
@ (m D, ) by using the same arguments to derive (8.27). By a similar ex-
pansion of the term J defined in (8.24), we obtain that

n 1 1
1 ,
() = 3 | [Caenatoani =5 [ o= izwan:
=1

0
1/ :
do; — = (/ g*uw(t)dNtl)
2 \Jo

+% /Rg(ai) (/01 o (t = 041')de>
+/01 (%e“i +Rz-> g(ai)dai] )

for some remainder term R; satisfying also E (|R;]) = O (m%n). Then,
by Markov’s inequality and using the same arguments that those used to
derive (8.23) we obtain that

2 2

ZR = Op(nm}, ) and ZRl = Op(nm?}, ). (8.28)

=1

Now, let us study the term fo v Fe ig(a;)day.
Remark that since |u;| < |z, we have
1 3+k
2
/ 2] g(a)day.
0

/Zlul azdazSZ 6!

Hence, for any v > 0 and by Markov’s inequality, one has

(‘/ Z Z e“g(a;)da;

%

k>0

|3+k

= 7) <P . Z/o Gl g(ai)da; > v,
i=1 k>0

Ll
E E|= g(a;)da.
Y 0 k!
k>0

Moreover, by inequality (8.12) it follows that for any «; € [0,1
> 3+k

i 1 '
IE< x ) = EEQ/@ {,uwk(t—ai) t—az}dN

< w5 (/f 1 (2etwym, + 5(2ew)md, ) dzvz'>3+k

For n large enough, we have 2¢(¢)mp, + 3(2¢(¥))?*m3, < 4e(y)mp, .
Then, using the fact that if X is a Poisson random variable with intensity
1o, the p-th moment of X is bounded by (p + ,LLO),LL](T1 one obtains that

|Zi|3+k 3+k
B(B) < glewmo,

<

O:|3

+ (4c()ymp, ) |3 (de(@)mp, [|A[]1)3TF,

4
& — 1)
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which implies that uniformly in «;:

134k
> E (lzl;ld ) < (4e(®))*mb, AT (1 + 1024e()mp, ) e*eImon X,
k>0 ’

Hence,

n 1 3
Zi U
P < Z/o i g(a;)da;

i=1
3

which proves that Y7 | Ze% = Op(nm3}, ). Therefore, combing the above
equalities for In J; and In Js and (8.28), (8.29), we finally obtain the lower
bound (8.13) for In(Qy ., (N)).

Proof of Step 3: in what follows, we will show that, for all sufficiently large
n, the terms (8.14)-(8.18) are bounded from below (in probability). Since
nm%n — 0, this will imply that there exists ¢ > 0 (not depending on A,)

and a constant p(c) > 0 such that for all sufficiently large n

U\ L e umd, MR+ 1024e(w)m,)
Z7) = 6y
x e2e)mpn Ml (8.29)

Py, (In(Qkw(NN)) > —c) =Py, (Qk,w(N) = exp(—c)) > p(c) >0

which is the result stated in Lemma 8.3.

Lower bound for (8.14): since for any 1 <i <n

Ex, </O g * {pgn(t) — Mw(f)}de) :/0 g {Aor (1) = Ao (1) Hg x A (1) }dt.

We obtain that

n

! o1 1
> [Bac ([ 9 000 = Autani + Flgw Al - o2l )| =

=1

n
=5 llgx {eo = par HI3-

Remark that p, — pugr = £€ptY¥pg. In what follows we will repeatidely use
the following relation

1
ok * gll5 = /0 (Yo > g(t)* dt = Z lee(Yr)Plel? < 272P7 (8.30)

LeQp

which follows from Parseval’s relation, from the fact that #Qp =< 2P and
that under Assumption 2.1 |y¢| < 27P% for all £ € Qp. Therefore

1
9% {tto — o }I3 = €3 / (i * g(t)) dt =< €,272P7 = 1,
0
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and

n

! o1 1
=2 B ([ oD - A }NE+ gl Aol - s ranl) | = 1

i=1

which implies that there exists a constant 0 < ¢y < +oo such that for all
sufficiently large n the deterministic term (8.14) satisfies

(8.14) = Z": {EAW(/Olg « Dhgn ()= Au(O)}dN; + 12 )\wH%—QHg* Mg I%)]

=

>

1
Co.
In the rest of the proof, we show that, for all sufficiently large n, the terms

(8.15)-(8.18) are bounded from below in probability. Without loss of gen-
erality, we consider only the case p,, — pgr = Ept¥pr.

Lower bound for (8.15): rewrite first (8.15) as

n 1
8.15) =~ " [ gwvnsay;
i=170

where dN} = dN] — \(t — 7;)dt. Then, using the fact that, conditonnaly to
Ti,...,Tn, the counting process Y., N is a Poisson process with intensity
S Aw(t — 1), it follows from an analogue of Bennett’s inequality for
Poisson processes (see e.g. Proposition 7 in [38]) that for any y > 0

(

n 1 1 n
§DZ/ g* Yo x(t)dN;| < 23/5123/ D 19 xpk()PAu(t — 7:)dt
i=1"0 0 =1

1
+§y§DH9*¢D,k||oo\T1, e ,Tn>
> 1—exp(~y)

. 1 n
Since fo Zi:l |9 * Q/JD,k(t)F)‘w(t - Ti)dt < n||g * 1bD,ngn)‘w”oo for any
Ti,...,Tn, letting y = log(2)

p< )

n 1
Z/ g*p x(t)dN;
i=1 0
< \/210g(@)nllg % o 4 (O]l Aulloo +

log(2)
3

||g*z/fD,k|oo>
>1/2.

Now, using that &hnllg * Yo k()3 ullee =< 1 and &pllg * Yp kllee <
1] 002P/2€p — 0, we can deduce that there exists a constant ¢; > 0 such
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that for all sufficiently large n

n 1 .
§D;/O g*¥p k(t)dNy

Lower bound for (8.16) and (8.17): define

P(|(8.15) < c¢;) =P ( < c1> >1/2. (8.31)

1 [t o1t .
Xo = 5 [ orkini -5 [ ges(oin;
2 J, 2 )y
1 1 2
+3 [ gtad ( / uwk@—ai)dzvz) dos
2 R 0
2

_ %/Rg(ai) (/01 fheo(t — ai)ng') do,

and note that (8.16) + (8.17) = > | X;. Forany 1 <i<n

Ex,Xi = %/}RQ(%‘) <</01/ka(t - ai)g*)\w(t)dt)
- </01 ot — ai)g*)\w(t)dt>2> do

1
g(a) (( —EpYp it — a;)g * Ay dt) X
0

2

1
2
( 1(Mw(t_az) ok (t— i) g* Al dt))daZ

%/Rg & ((/ —EpPp g (t — i) g * i (t dt)
(/01 (feo (t — i) — prgr (t — ) g % pro (2 ))daz

which implies that

1
[Ex, Xi| < §§D2D/2H¢Iloo|\uw|\§o (llloo + lHgrlloc) < mi,.

Therefore Y. Ex X; — 0 as n — +o0, since nm‘}jn — 0. Now, remark

that X1,..., X, are i.i.d variables satisfying for all 1 <i <n
| Xi| < (Huwl\2 + | pgn 1) (K + K72) < 2¢*()ym3, (K; + K7) (8.32)

where K; = fol dNy. i Conditionally to 7;, K; is a Poisson variable with
intensity fol Ao (t — fo w(t)dt = || Au|l1. Hence, the bound (8.12)
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for || Ay ||so and inequality (8.32) implies that there exists a constant C' > 0
(not depending on \,) such that

EX? < Cmb, ,
which implies that Var(}"" , X;) = nVar(X;) < nEX7? — 0 as n — o0
since nmf, — 0. Therefore, (8.16) + (8.17) = > | X; converges to zero

in probability as n — 400 using Chebyshev’s inequality.

Lower bound for (8.18): we denote by S; the difference

Si = </01 g*uwk(t)de)

and remark that (8.18) = 3 3" | S;. First, we have

2 2

1
+||g*Awk|§+< / g*uw(t)dNZ> gl

1
B8t = g darl — gl + [ (gxma)(0)g (o)
0

1
- / (9% e )2 (£)g % A (£)dt

+/Rg(n‘) ({/Ol(g*uw)(t))‘w(f—n)dt}
_ {/Ol(g*uwk)(t))\w(t_Ti)dtr) dr..

Since ||g* pgr |3 = 9% o3 = [lgx Aar 15 = lgx A3 and gx Ay = 14 g% pie,
it follows that

2

Si =81 —Si2
where

1 1
Su1 = / (9% 1) 2(£)g % po ()t — / (9% e )2 (£)g % o (£},

and

One has that

|Si,1| < ||Nw||§o + HM@’CHZoHMwHOO < 1603(¢)mSDna
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and that

Sio = g%/Rg(n) ((/Olg*wak(t))\w(t—n)dt) X
(/01 9% (1o + e ) (Mo (£ — n)dt)) dr;

Hence using (8.12) and (8.30) it follows that there exists a constant C' > 0
such that for all sufficiently large n

_ Bs4u4l
|Si,2| < 5%||9*¢D,k||2 ([[tteolloo + lpgr [loo) < Cn™ 2572057

Then, since s > 2v + 1 > v it follows that

n _ (s—2v—1) __(s=v)
E E)\w S; =0 (n ¥+l 4+ 2s+21/+1) — 0.
i=1

Now, note that Var(}>" ; S;) = nVar(Y;) where

Y, = (/Olg*,uw(t)dNtl) - </Olg*uwk(t)dN3>

Since [V1] < ([|pallZe + or||%) K§ with Ky = fol dN} being, condition-
ally to 71, a Poisson variable with intensity fol Ao (t—71)dt = fol Ao (t)dt =
[[Aw]l1- Therefore, (8.12) again implies that there exists a constant C' > 0
(not depending on \,) such that

2 2

Var(z S;) = nVar(Y;) < nEY? < Cnm7, — 0.
i=1

Therefore, using Chebyshev’s inequality, we obtain that (8.18) = 2 3" | S;
converges to zero in probability as n — +o0.

O

s,+
8.4. Lower bound on B;'T(A)

By applying inequality (8.9) and Lemma 8.3, we obtain that there exists 0 <
0 < 1 such that for all sufficiently large n

inf sup Ex||A, — A3 > 0512%21)”’
An AESD(A)

for some constant C' > 0 that is independent of D,,. From the definition (8.4)
of ¢p, and using the choice (8.8) for D,,, we obtain that

inf sup El|A, — A2 > Ce3 2Pn = 2725Dn =~ mAs
An )\GSD(A)
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Now, since Sp(A) C Bj: i (A) for any D > 1 we obtain from the above inequal-
ities that there exists a constant Cy > 0 such that for all sufficiently large n

inf  sup  nEEEEA, - AR > inf sup Ea|A- A3,
An AeBSE(A) XA AESD,, (A)

2s
> Con™ 2st2vtl,

which concludes the proof of Theorem 3.1. |

9. Proof of the upper bound (Theorem 4.1)

Following standard arguments in wavelet thresholding (see e.g. [35]), one needs
to bound the centered moment of order 2 and 4 of ¢, ;. and Bj,k (see Proposition
9.1), as well as the deviation in probability between Bj, 1 and f; i (see Proposition
9.2). In the proof, C, C’, C;, C5 denote positive constants that are independent
of A and n, and whose value may change from line to line. The proof requires
technical results that are postponed and proved in Section 9.2. We will use the
following quantities

e ) 6,
Bial) = 3 o atuslen). V2 =lal2 Y- 1 6= S P

Leq, e, Leq, el

2v1 I
VWM%|Mw1ﬂ)7%n+%WO e sl (91)

where K,,(7) is introduced in (4.6), u,(7) is a real sequence such that u,(y) =
o(H%™) asn — +oo.

9.1. Proof of Theorem 4.1

As classically done in wavelet thresholding, use the following risk decomposition

E[N" — A3 = Ri + Rs + Rs + Ru,

where
270 1 s 271

Ri = ) E@k —cox)’, Re=) D E [(ﬁjv’“ = Bik) L3, iza, 3 )
k=0 Jj=Jjo k=0
j1 291 +oo 2791

Ry = ZZE[BJZ’“{I@,;CK%(M}}’ Ry = Z Z

Jj=jo k=0 Jj=j1+1 k=0
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Bound on Ry: first, recall that following our assumptions, Lemma 19.1 of [26]
implies that

29 -1

Z 2, < 0279 with s* = s+1/2 - 1/p, (9.2)
k=0

where C is a constant depending only on p,q, s, A. Since by definition 2771 <
2(10%)7#“, equation (9.2) implies that Ry = O (27217 = (9((10%)7%),
S

. _ 2
as n — +00. Note that in the case p > 2, then s* = s and thus ﬁ > 5o

In the case 1 < p < 2, then s* = s+ 1/2 —1/p, and one can check that the

conditions s > 1/p and s*p > v(2 — p) imply that 2?}% > 28_13275”“ Hence in
both cases one has that
Ry=0 (n_ 2S+22SV+1) , as n — +00. (9.3)

Bound on R;: using Proposition 9.1 and the inequality 270 < logn it follows
that

9Jo(2v+1) 1 2v+1 .
R <C <cllsn™™ (n*—%fw) . (9.4)

n
Bound on R; and Rj3. remark that Ry < Ro; + Ros and R3 < Rz + R3o with

j1 29-1

A 2
Rp=) Y E [(@%k — Bix) 1{|Bj,k—6j,k\zéj<n>/2}}
Jj=jo k=0
j1 29-1

Roy = Z Z E [(Bj,k - ﬁj,k)zl{wj,k\zgj(n)/z}} ,

Jj=jo k=0
j1 29-1

R = Z Z E [B?xkl{\ﬁj,kfﬁj,k|Z§j(")/2}}

j=jo k=0

and ‘
Jj1 271

Rp=3) Y E [5?,k1{\6j,u<%éj<n>}] :

J=jo k=0

Now, applying Cauchy-Schwarz’s inequality, we get that

j1 29-1

Rovt R = 30 S B [((Brk =) + Bk) Lig, o5,y

Jj=jo k=0
j1 27—1

Z Z ((E(ng - ﬁj,k)4)1/2 + Bfk> X

Jj=jo k=0

(P(|Bj,k — Bixl > §j(n)/2))1/2

IN
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Bound on P(|3;x — Bix| > 8;(n)/2): using that |e,(¢;4)] < 277/2 one has that
9513 < 02 and || k]loc < €;. Thus, by definition of §;(n) it follows that

247,(v) < 5;(n)/2 (9-5)

for all sufficiently large n where A", (7) is defined in (9.1). Moreover, by (4.1)

there exists two constants C7,Cy such that for all £ € Q;, C127 < [¢] < 0327,
Since limjg 4o 0 = 0 uniformly for f € B3+ (A) it follows that as j — 400

0| .
V2= gl L (0 S ) 20 (02)

2
LeQ; el LeQ

0; =27 3/22 |94 —

teQ; el

and

Now, define the non-random threshold

2vlogn logn . .
sj<n>=4(Jo?%ugnmmmﬂj ) for jo(n) < j < ji(n).

(9.6)
Using that V}? = o(07) and §; = o(e;) as j — +o0, and that jo(n) = +oo as
n — +oo it follows that for all sufficiently large n and jo(n) < j < j1(n)

2V2ylogn vlogn
\/ Jn +6; e < si(n)/2 (9.7)

From equation (9.26) (see below), one has that P([|All; > K n) < 2n77, which

implies that sj (n) < 3§ ( ) with probability larger than 1 — 2n~7. Hence, by
inequalities (9.5) and (9.7), it follows that for all sufficiently large n
2V2 logn 1
2 max ( 1 LN ;f” < 3;(n)/2 (9.8)

with probability larger than 1 — 2n~7. Therefore, for all sufficiently large n,
Proposition 9.2 and inequality (9.8) imply that

P (1Bjx = Bixl > 3;(n)/2) < Cn7, (9.9)
for all jo(n) < j < ji(n).

Bound on Ry + R3;1: Using the assumption that 4 > 2, inequality (9.2) and
Proposition 9.1, one has that for all sufficiently large n

1 J1 94j 9j 1/2 J1
) gig*
R21+R31§OE Z2J<n2 (1—|— )) +Z2 j

J=Jjo J=jo
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By definition of j; one has that % < C for all j < jy, which implies that (since
s*>0)

2](211-1-1

1 24g* — 25
Ry + R31 < Cﬁ Z Z 2727 — (n 2@+2u+1)7 as n — 400,
J=jo J=jo
(9.10)
using the fact that w < Cforall j <ji(n) < 550 +1 log, n.

Finally, it remains to bound the term T = Ras + R39. For this purpose, let js
be the largest integer such that 272 < N2 (logn)? with 3 = —m, and
partition T as Th = T51 + Tho where the first component 75 is calculated over
the resolution levels jo < j < jo and the second component Ths is calculated
over the resolution levels jo +1 < j < j; (note that given our assumptions then
Jj2 < j1 for all sufficiently large n). Using the definition of the threshold §;(n)
it follows that

§j<n>2sc( 2 (lglloeKn + )

)

n2
From Assumption 2.1 on the 7,’s and equation (4.1) for Q; it follows that

02» < C2%Y and € < C2iW+1/2),

Since, for 2]‘10% < (loin) 2T all j < j1, it follows that (log" CQQJV]Og( n)
and thus

. ~ 1
55(n)* < C22JV(Hg||OoKn+5+1)%(n>. (9.11)
Using Proposition 9.1, the bound (9.11), the fact that

= logn 1/2
EKn§|/\1|1+O(( ” ) ) (9.12)

and the definition of jo one obtains that

jo2 291

5% (806 - Bua)? + JES07?)

Jj=jo k=0

2j2(2u+1)
(@] (T log(n)>

2S+22SV+1
1% ((log"> ) (9.13)
n

as n — +o0o. Then, it remains to obtain a bound for Th. Recall that §;(n) >
sj(n) with probability larger that 1 — 2n~7, where s;(n) is defined in (9.6).
Therefore, using Cauchy-Schwarz’s inequality

E [(Bm - ﬁj,k)21{|5j,k|z§j<n>/2}}

. . 1/2
S EBjk — Bik)*1{8;41>5,(n)/2} + (E(ﬁj,k - ﬂj,k)4) (P(55(n) < Sj(”)))l/Q-

151

IN
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Then, by Assumption 2.1 one has that 0% > C2%". Therefore, using Proposition
9.1 it follows that E(B; — 8j4)? < Cs?(n) and that E(8jx — f;)* < C25 for

n

all j < ji. Finally, using that v > 2 and the fact that P(5;(n) < sj(n)) <2n~7,
one finally obtains that for any j < j;

2
Sj

R 5 (n) 22]u
E | (B = Bix) 1{|/3j,k|2§j(n)/2}} SO = Hsinlzs /2y + (9.14)

n2

Let us first consider the case p > 2. Using inequality (9.14) one has that

1 291 2 2jv
s3(n) 2% 2
T < C| 30 > Wsuzsmy T — + 184l
j=ja+1 k=0
ji 29-1 Ji i
1 9J(2v+1)
< cl| > Z|ﬂj,k|2+5 > -
j=ja+1 k=0 Jj=j2+1

Then (9.2), the definition of js, j1 and the fact that s* = s imply that

‘ 1 Ju 9i2v+1)
Too =0 9228 4 —
" it

=0 (n_ IS e (log TL) 25+223u+1) (915)

Now, consider the case 1 < p < 2. Using again inequality (9.14) one obtains
that

Jji 27-1 s?(n) 92jv )
I < C Z Z 4 L1851 s5(m)/21 + n2 +E|5;x| L{18.01< 25, (m)}
j=j2+1 k=0
1 291 1 J1 9d (2v+1)
< O >0 D s> PIBkl” + 1B kPR (n)* P+ = > -
J=j2+1 k=0 j=j2+1
(9.16)

By Holder inequality, it follows that for any a> 1, E3;(n)2~? < (Es;(n)*2—P)1/e

Hence, by taking a = 2/(2—p), we get that E3;(n)?~P < (Eéj(n)2)(2_p)/2. Then,
using the following upper bounds (as a consequence of the definition of s?(n)
and the arguments used to derive inequalities (9.11), (9.12))

f— 3

S?(n) S O22JVM and Eéj (TI,)2 S O22JV]EKn Og(n) < C22JU Og(n)
n n n

it follows that inequality (9.16) and the fact that for A € By F(A), ij:_ol 185,67 <
C279P" (with ps* = ps +p/2 — 1) imply that
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1o

IN
Q

] 1-p/2 ; .
le 92jv(1-p/2) log(n)\ '/ o-ive” 1 le 97 (2v+1)
n n

j=ja+1 J=j2tl

I 9j(2v41)

].Ogn 1=p/2 jl i(v(2—p) *) 1
C 2] v{<¢—p)—ps _
() 2 P

Jj=j2+1 Jj=j2+1

IN

n

1—p/2 J1 j(2v+1
= O (10gn> 9d2(¥(2=p)—ps”) 4 l Z 24 :
j=j2+1

= 0O (n_ 25+225u+1 (log n) 25+225u+1) (917)

where we have used the assumption v(2 — p) < ps* and the definition of jo,
j1 for the last inequalities. Finally, combining the bounds (9.3), (9.4), (9.10),
(9.13), (9.15) and (9.17) completes the proof of Theorem 4.1. O

9.2. Technical results

Arguing as in the proof of Proposition 3 in [7], one has the following lemma:

Lemma 9.1. Suppose that g satisfies Assumption 2.1. Then, there exists a
constants C > 0 such that for any 7 >0 and 0 < k <29 —1

197lloe < C2CHD |15 4|3 < C2% and (43,13 < C2707 D).

Proposition 9.1. There exists C > 0 such that for any j > 0 and 0 < k < 27—1

. 22j1/ R 22j1/
Elej—cinl® < C—(1+|Ml2llglloc),  ElBjn—Bjkl* < C——(1+[Alallglloo),
(9.18)
and
~ 4 24ju 2j 2 2 2
ElBjk = Bkt < C—5 {14+ — ) (1 +IM3N9l5% + [MlI2llglloe + A1l ll00)

(9.19)

Proof. We only prove the proposition for the wavelet coefficients Bj,k since the
arguments are the same for the scaling coefficients ¢; . Remark first that ;5 —
ﬂjﬁk. = Eéeﬂj ce(Vj )00 — 00) = Z1 + Zs, where Z; and Z, are the centered
variables

Zyi=Y (Geve ' = Dbece(sn).

e

1 [1- -
Zy = EZ/ ¥k (t)dN}.
i=170

where dN/ = dN{ — \(t — 7;)dL.

and
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Control of the moments of Z;: by arguing as in the proof of Proposition 3
in [7], one obtains that there exists a universal constant C' > 0 such that

2jv

2
E|Zi|* < C
n

(9.20)

94jv 2j(4u+1)
andE|Zl|4<C( + )

n3

The main arguments to obtain (9.20) rely on concentration inequalities on the
variables 7,1 =1,...,n.

Control of the moments of Zs: using Lemma 9.1 remark that

1 < .
E|Z,|? = FZE/O V2 LAt — Ti)dt = /%k YA % g(t)dt

2jv 2]
—[A*glloo <

<

Let us now bound E|22|4 by using Rosenthal’s inequality [40]

“(p) | (E0) Lo

which is valid for independent, centered and real-valued random variables
(Y:)i=1....n- We apply this inequality to Y; = fol i k(t)dN} with p = 2. Condi-
tionnaly to T;, using Proposition 6 in [38] and the Jensen’s inequality, it follows
that

2p

t[&h@ﬂ@—nﬂﬂﬂ(éwﬁﬁM@—nwﬁi

/0 O () (At —73) + 3N (t — 1y)) dt.

E [V

IN

Hence EY"1" | Y4 < nfo 1/)4 (t) (A x g(t) + 3A2 x g(t)) dt. Then, using Lemma
9.1EY " VA< Cn23(4”+1) (IIAll2 + [[A]13) ||gHOO Using again Proposition 6 in
[38] and Lemma 9.1 one obtains that EY;? = fo (t)Axg(t)dt < C2277 ||\ 2]|g]l 0o
which ends the proof of the proposition. O

Proposition 9.2. Assume that A € Ay and let v > 0. Then, there ezists a
constant C' > 0 such that for any 7 > 0, k € {0...27 — 1} and all sufficiently
large n

~ 2V2")/ IOg n loen _
P85 = Byl > 2max | Ay (). || == w87 | | < On 7,

(9.21)

where A%, () is defined in (9.1).
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Proof. Using the notations introduced in the proof of Proposition 9.1, write
Bik — Bjk = Z1 + Z3 and remark that for any u > 0

P(|Z1 + Zo| > u) < B(|Z1] > u/2) + P(|Z2] > u/2) (9.22)

Now, arguing as in Proposition 4 in [7] and using Bernstein’s inequality, one has
immediately that

2V2~logn 1
P (2> ”Vn & +5ﬂ;§” <on. (9.23)

Let us now control the deviation of Zo = £ 3" | fol ¥, 1(t)dN}. First, remark
that conditionnaly to the shifts 71,...,7,, the process Z?:l N is a Poisson
process with intensity Y. A(. — 7). For the sake of convenience, we introduce
some additionnal notations. For n > 1, j > 0 and 0 < k < 27 — 1, define

13 L L
== Z/ V2 (Nt — 73)dt, and M), = EMJ, = / V3 (DA * g(t)dt.
=1 0 0

n

Using an analogue of Bennett’s inequality for Poisson processes (see e.g.
Proposition 7 in [38]), we get that for any s > 0

2s S |~
P <|Z2| >4/ EM;Z + %HUJJ-JCHOO‘TL . ,Tn> < 2exp(—s) (9.24)

Remark that the quantity M} is not computable from the data as its depends
on \ and the unobserved shifts 71, ..., 7,. Nevertheless it is possible to compute
a data-based upper bound for M7}, Indeed, note that Bernstein’s inequality (see
e.g. Proposition 2.9 in [31]) implies that

(1 271
P(Mfk>Mjk+Mjk (7;?”“/ 7?")) <n7,

with M, = H)\|\OOH1/~)J;€||§ Obviously, Mj is unknown but for all sufficiently
large n, one has that

Mjie = [ Mlsoll9sxll3 < lognllthsrll3-

Moreover, remark that M, = [[1xvVA* |13 < |95k 131l 9]loo||All1- Hence,

~ 1 2 2v(1 3
P ( > el (||g|oo||x||1 + (”(3%") + %))) <no.
(9.25)

In order to obtain a data-based upper bound for M > it remains to derive an
upper bound for ||Al];. Recall that we have denoted by K; the number of points
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of the process N'. Conditionally to 7;, K; is real random variable that follows
a Poisson distribution with intensity fol A(t — 7;)dt. Since A is assumed to be

periodic with period 1, it follows that for any i = 1,...,n, fo (t —7)dt =
fl A(t)dt, and thus (K;)i=1,.. n are i.i.d. random variables following a Poisson

distribution with intensity || /\|| 1= fo t)dt. Using standard arguments to derive
concentration inequalities one has that for any u > 0

2u||/\|1 U
<)\|1 ZK +1/ +%> < 2exp(—u).

Now, define the function h(y) = y? — V2ay — a/3 for y > 0 and with a = u/n.
Then, the above inequality can be written as

]P’( ( BN ) ZK><26Xp w).

Since h restricted on [y/a(v/30 + 3v/2)/6; +oc[ is invertible with h~'(y) =
\Jy+ %" + \/g it follows that for u = ylogn and all sufficiently large n

_ 4v1 2v1 - 592(1 2
n

n 3n?

where K,, = 1 3" | K;. Therefore, using (9.25) it follows that

P (Mk > 9313 (||g|oof<n<w> * (”“‘;i”y v 27“(;%”)3))) <307,

] (9.27)
where K, (7) is defined in (4.6). Hence, combining (9.24) with s = ylogn and
(9.27) we obtain that

2vlogn 10 n _
P<|ZQ|>J R 3 + T ||wgk||m>s5n o (02)
where
- ~v(logn)? 2v(logn)?
b - |g||ooz<n<v>+< Qogn)” | [2atlos 7).
n n
Combining inequalities (9.22), (9.23) and (9.28) concludes the proof. O

10. Proof of the results of the Section 6
10.1. Proof of Theorem 6.1

Some parts of the proof of are inspired by general results on Van Trees inequal-
ities established in [21]. Consider first the case where the shifts 7;,i = 1,...,n
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are non-random parameters to be estimated, and let 7" = (71,...,7,) € [0, 1]™.
Let N = (N, ... N"), where N'!,... "™ are n independent Poisson processes
whose intensities are specified below. Thanks to Lemma 8.1, for any real-valued
and bounded measurable function h of the random variable A/, one has that

Er (h(N)) = Eo (RN )p(N]r"))

with

n 1 1 At — 2 )
dexp |:)\0—/0 )\(t—Ti)dt—f—‘/O 10g<%> d./\/’tl:|,

where E, denotes the expectation of the n Poisson counting processes in A/
under the assumption that each intensity is given by \;(t) = At — 7), t €
[0,1],i = 1,...,n, (where 71,...,7, are fixed parameters) and Eq denotes the
expectation of the n Poisson counting processes in N under the assumption that
each intensity is given by \;(t) = A, t € [0,1],i =1,...,n. Since

o I . VINt-7)
I (N7 >_/0 &)\(t—n)dt—/o Mid/vt

it follows from (2.1) that fori =1,...,n

E. (a%- 10gp(N|T")> = 0. (10.1)

Then, for iy # i one has that E, ( 1ng(£E|T )87' log p(z[7™)) = 0, and for

i1 = i, using Proposition 6 in [38], one obtains that

B 2\ LoXE—7) )\ [
i (37'1'1 Wi )) —Var< 0 8/\(15—7'1') djvt) _/0
(10.2)

Suppose now that the shifts are i.i.d. random variables with density g satisfying
the assumptions of Theorem 6.1. Let 7™ = 7"(N) € [0, 1]™ denote any estimator
of the true random shifts 7" = (71,..., 7T, ). Define the following random vectors
Uand V = (WV1,...,V,) in R" as

A(t)

at

0 1
U:i=%"-7"and V; := —[pWN|7")gn(7")]——————< fori=1,...,n,
T or; [p( | )g ( )]p(N|T”)gn (7’")

where g,,(7") = [[;—, 9(7;). Remark first that

o BV
EWUY) - /[ ( ) ) )w )dr

pN|T™)gn (7"
_ /{01 (

S

._TZ
Z

[PN17")gn (7 )])dT”

=1
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(Zn [, T )

Thanks to the assumption that g is absolutely continuous with a compact sup-
POrt [Timin, Tmax] C [0,1] such that lim,_,, . ¢g(7) = lim,, .. g(7) = 0, it
follows that

vie{l...n} /[O O [N gn (") dr™ = 0.

Nike aTi

Moreover, an integration by part implies that

0
[ rge bW == [ g
[0~ OTi [0,1)"

Therefore E (U'V) = Eo (31, f[o 1 p(N|7™) gy (7")d7™) = n and by Cauchy-

Schwarz’s inequality, it follows that n? = (E (U'V))*> <E (U'U)E (V'V). Then,
note that

E(U'U)=E (Z(ﬁ- - 7-1-)2> =E, (/{0 m(ﬁ- - n)2p(NIT")gn(T")dT"> ,

and

2
E(V'V) o logpl7") + Toggn(r)] )

<N|r”>>2> +E @ (= <r”>>2> ,

since by using (10.1) it follows that

E(i@a V" )iloggn ) Z/Ol (

i=1

I
=

Il
=
PO

i log gn (") gn(7™)dT™ = 0.
871-

Therefore by (10.2),

E(V'V) = Zn: /[0 Ve (a%mgpww)) (7Y dr
+ IEZ ( )2

= n/ol dt—l—n/ol (%10gg(7’))29(7)d7.

2

0
E/\(t)
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Since we have shown that n? < E (U'U)E (V'V), one finally obtains the follow-
ing lower bound

pt JH12A@)) dt+ [} (Z1ogg(r)” g(r)dr
(10.3)
which completes the proof. 0

10.2. Proof of Theorem 6.2

A part of the proof is inspired by a similar result in [6]. Suppose that (71,...,7,) €
[0,1]™ are estimators of the true random shifts (71,...,7,) satisfying the con-
straints "1 | 7 = 0 and Tiin < 73 < Tiax foralli =1,...,n. Let 7 = % ST
and define \*(t) = A(t —T) for ¢ € [0,1]. Note that applying Jensen’s inequality

and then Minkowski’s inequality implies that
- 2
>E (/ |An(t) = A(®)| dt) > |EI, — Ely|.
0

(]E (/01 (1) — A(t)\zdt»
(10.4)

where Iy i= (f [An(t) = X*(8)|* dt) /% and I := ([} []A\*(£) = A(®)|2dt) . Be-
low, we derive an asymptotic lower bound (as n — +00) of [EI; — Ely|.

1/2 1/2

Control of the term EI;: remind that we note 6; = fol A(t)e 127t dt. The
Bessel’s inequality restricted to the first Fourier term implies that

1o/ s _
Lz ]| 3 (=Gt )| 10.5
12 0] |~ ; e (10.5)
Let u; =27 (7, —T;+7), i = 1,...,n. Note that, given our assumptions, |u;| <
47 (Timax — Tmin) = 0 < 3. Let F(uq,...,u,) = % Yie iui A Taylor expansion
implies that for all (a1,...,a,) € [=9,0]", there exist some (t;)1<i<n € [—9,6]"

such that

F(ay,...,an) =1+ — Zaz 22__Za3 it;

Given that > " | 73 = 0, one has that Y., u; = 0, and thus, using the above

Taylor expansion with a1 = uq,...,a, = u,, it follows that
2 2 3 it;
DI e R DB A EE DI BE
" =1 i=1 n 1=1 =
Since |u1-|§5fora11i:1,...,n,wehavethat‘é ?1ue _321 1|uz|
L5 jelv —1] > 3221570 42 Combined with
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(10.5), it proves that

n

1
I > C(9)lo]~ S (Fi—Ti+7)? = CO)0u| (Iny — I2)

i=1
with C(8) = 47?222 > 0, and where

n

1 1 <&
1171::— %i—TiQandILQ::Q‘T' <— 7A'i—TZ‘>.
n;( ) |7 n;| |
Given our assumptions on 7; and 7, it follows that I1 2 < 4(Tmax — Tmin)|T|-
Then, the assumption that fol 7g(7)dr = 0 implies that E|7|? = %E|7'1|2, and
thus

E@L 2 < 4(Tmax — Tmin) VE|T|? = 0 as n — +o0.

Therefore, by Theorem 6.1

liminf Bl > ————p C(f”?' .
e e et o (57 log (7)) g(m)dr

Control of the term El,: using again the fact that E|7|> = LE|r|?, and the
inequality Iz < [T| X supeg 1] {‘%/\(t)‘} |7|, one obtains that

(10.6)

0
EI, < sup {’EA@)’} VE|T|?2 = 0, as n — +oc. (10.7)
t€[0,1]

Therefore, by combining (10.6) and (10.7), it follows that

o 4 (352) 164
im inf [EL —ED| > - AR 1,9 P
Jo [ZADO[ dt + [y (57 logg(r))” g(r)dr

which completes the proof. O
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