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ON FRACTIONAL SMOOTHNESS AND L,-APPROXIMATION
ON THE GAUSSIAN SPACE

BY STEFAN GEISS' AND ANNI TOIVOLA?
University of Jyvdskyld and University of Innsbruck, and University of Jyviskyld

We consider Gaussian Besov spaces obtained by real interpolation and
Riemann-Liouville operators of fractional integration on the Gaussian space
and relate the fractional smoothness of a functional to the regularity of its
heat extension. The results are applied to study an approximation problem in
Lp for 2 < p < oo for stochastic integrals with respect to the d-dimensional
(geometric) Brownian motion.

1. Introduction. This paper is devoted to Besov spaces defined on a Gaussian
space, associated Riemann-Liouville operators of fractional integration, and ap-
proximation theory. As Gaussian space, we consider L p(]Rd, vq) With2 < p < 0o

and dyg = e ¥ 1?12 gx /(27)4/? being the d-dimensional standard Gaussian mea-
sure. The (Gaussian) Besov spaces are obtained by the real interpolation method
and the approximation problem concerns an approximation of stochastic integrals
in L,. Some of the results are extensions of corresponding statements proved
mainly in Lj; see [7, 8, 11, 12, 14, 17, 19, 20, 26, 31]. However, the L;-theory
and the L -theory for 2 < p < o0 on a Gaussian space may differ significantly.
For example, the Meyer inequalities can be proved in L, using orthogonality
by standard ideas, but they are considerably more involved in the L ,-case when
1 < p #2 < oo (see [23], Proposition 1.5.3, and [24]). Another example is the
phenomenon that, for instance, for 2 < p < oo and f € L, (R, yy), the orthogonal
Hermite expansion does not necessarily converge in L, (R, y1) (see [25]).
Regarding the multi-step L ,-approximation problem on the Gaussian space for
2 < p < oo we study in this paper, we cannot exploit chaos expansion techniques
like in [10] nor can we reduce the problem by orthogonality to a question about
a one-step approximation as in the Lj-setting [7, 11] and BMO-setting [12]. The
difference between the L>- and the L ,-context for 2 < p < o0 is also visible by
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the fact that we have to describe the optimal L ,-approximation in Theorem 5.5
below by a Riemann—Liouville operator instead of the real interpolation spaces.

To explain the purpose of this paper in more detail, let us introduce some nota-
tion. We let W = (W;);¢(0,1] be a standard d-dimensional Brownian motion start-
ing in zero defined on (2, F, P, (Ft)ef0,17), Where (2, F,P) is complete and
(Ft)refo,17 1s the augmentation of the natural filtration and where we can assume
that F = F}. As processes driving the stochastic integrals, we use the Brownian
motion and the coordinate-wise geometric Brownian motion, that is,

Y, =W, oW and E:=R?
or
Y = (ve(U*(’/z), s ve(d)*(’/z))T and E := (0, 00)".
Then we have
dY; =o((Y;)dW;,

where Y is considered as a column vector and the d x d-matrix o (y) is given by
o(y)=1; or ((7141-())));1’]-:1 = ((Si,jy,-)l?d’j:l, respectively, where §; j =1 if i =
and §; ; = 0 otherwise. The parabolic differential operator associated to the diffu-
sion Y is

1 Zd: 5 32

a; " 5 Okk

2 =1

Given a Borel-function g: E — R with g(Y) € L, we let

(1) G(t,y):=E(g(YD|Y; =y)

and notice that G(1, y) = g(y). Integrability properties of G and its derivatives are
given in Lemma A.2 below and are used implicitly in this paper. The function G
solves the backward parabolic PDE

AG =0 on[0,1) x E.

k

For 0 <s <t < 1, It6’s formula implies that

2) G, YY) —G(s, Y) = /Sl VGu, Yy)o(Y,)dW, a.s.,
where VG (¢, x) is considered as a row vector. Furthermore,

3) g(Y1) =Eg(¥) + /01 VG, Y)oY,)dW,  as.

by t 1 1, where the convergence takes place in L, [or laterin L, if g(Y7) € L, with
2 < p < o0]. One purpose of this paper is to investigate Riemann approximations
of the stochastic integral in (3) by the following quantities.
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DEFINITION 1.1. (i) Let 7™ be the set of all sequences of stopping times
T=(1)/_oWwithO=19<7<---<T1,_1 <7 =1wWheren=1,2,..., such that
7; 18 F¢,_,-measurable fori =1,...,n — 1, that is,

[ eBYN{ti_1 <t} eF, forr € [0, 1] and B € B([0, 1]).

(i) Given a time-net 7 = (1;)}_ € Trand 0 < ¢ <1and g(¥;) € Ly, we let

t n
Ci(g(N), 1) = /0 VG (s, Y dYs — Y VG (ti 1, Yo )(Yeint — Yo in0):

i=1

t n
Ci(g(Y1). 7. v) 1= [0 VG(s. Yo dYs — Y vr, (Yans — Yoo no),
i=1

where v = (v, ), is a sequence of random row vectors v, , : 2 — R measur-
able w.r.t. Fo,_,.

Let us briefly describe the contents of this paper, which continues and extends
results from the preprint [28].

(1) In Theorem 3.1, we provide a characterization of functions f : R — R be-
longing to the Besov space Bf,’q(]Rd, va) by F:[0,1] x RY — R with F (¢, x) :=
E(f(W1)|W, = x). Roughly speaking, considering F as the heat extension of
f € Ly(RY, y,), the regularity of this extension precisely describes the Besov reg-
ularity of f. Theorem 3.1 mainly relies on Proposition A.4, which might be of
independent interest.

(2) Besides the real interpolation spaces BY

P.q
DY-? from Section 4 provides an alternative way to describe the fractional regu-

larity of a function g: E — R. It is defined as a functional of the Hessian matrices
(D*G(t, M)ieo.1) by

the Riemann—Liouville operator

12
DY g(v) = (/O’a — )" HE . mdu)

with
d

Hé(u, y) = Z

k=1

82 2

© )

OkkOll
< dyk Ay,

In Proposition 4.2, we relate DY-? to the spaces IB%?,’ q (]Rd , ¥d), which continues the
analysis in [15], where this operator was used in a different form.

(3) In the literature [3-5, 7, 8, 11, 17, 22], the question of the behavior
of the discretization error C;(g(Y1),7,v) has been treated mostly using the
Ly-norm, ||Cs(g(¥1), T, v)||L,, or by weak or stable limits of the re-scaled error
processes lim, \/nC;(g(Y1), Ty, v), Where 1, is of cardinality n + 1. Many of
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the Lj-results are of asymptotic nature as well, and, concerning random time-
nets, only asymptotic statements were obtained. There is a general lower bound
IC1(g(Y1); ‘L')||Lp > §/4/n for nets t of cardinality n + 1, see Remark 5.3. As one
of the main results of this paper, we obtain in Theorem 5.5 a characterization when
this lower bound is actually achieved by special time-nets. A particular case of this
statement is:

THEOREM 1.2. For2<p <00,0<60 <1, and g(Y1) € L, the following
assertions are equivalent:

. Y,0
@ 1Dy gL, < oo,
(i) sup,—j .. /1 IC1 (YD), t))llz, < 00, where the time-nets Ti = (i )!_,
are given by tfn =1—-(- %)1/9.

Using Proposition 4.2(iii), we can replace, in the case p =2 and 0 <6 < 1,
condition (i) in the theorem above by f € IB%%Z [with convention (9)], which is in
accordance with the known one-dimensional L,-case; see [14].

The point of Theorem 1.2 is the usage of adapted time-nets. In the literature,
equidistant time-nets are often used in discretizations for simplicity. Therefore, we
provide in Theorem 5.7 a description of the random variables that can be approxi-
mated in L, with equidistant time-nets with a rate n=92 for0 <@ < 1 in terms of
the Besov spaces IB%?,’OO. In particular, this theorem shows the loss of accuracy in
the approximation when not using the optimal nets. A special case of this theorem
is the following.

THEOREM 1.3. For2<p <o00,0<60 <1 and g(Y1) € L, the following
assertions are equivalent:

() f B, with f given by (9),

(i) sup,—1o. n?21C1(g(Y1); t)llL, < 0o, where T, = (i/n)
equidistant time-nets.

n
i=

o are the

(4) Theorems 1.2 and 1.3 (Theorems 5.5 and 5.7) are based on Theorem 5.1
which extends the curvature type description of the L,-approximation error
from [11] for deterministic nets to the L ,-error [[C1(g(Y1), T)||L, with2 < p < o0

and to random time-nets T = (7;);_ € rand Ty jllustrate Theorem 5.1, let us for-
mulate a corollary that follows from Remark 5.2.

THEOREM 1.4. For 2 < p < o0 there is a constant c(1 4y > 1 depending at
most on p such that for all g(Y1) € L, and t = (1;)}_ € Trand e have that

noo 1/2
(Z/ (r,-—r)Hé(z,Y,)d;)
i=1" "1

HCI (g(Yl)’ t) “Lp ~eqa
Lp
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For example, to connect Theorem 1.4 to Theorem 1.2, we measure the size of a
sequence 0 =19 <---<t,_1 <t,=1by

[t; —ti—1]

— -1

|t)i—olg =
We get |t,f lg < 1/(6n), where the nets r,? are taken from Theorem 1.2, in contrast
to [(i/n)}_ylo = n—? for the equidistant nets, and Theorem 1.4 yields

[C1(s). D), < canlVitlhDi sy, forreT™

so that the implication (i) = (ii) of Theorem 1.2 follows.

The novelty of Theorem 1.4 (Theorem 5.1) concerns the range 2 < p < 0o
and the fact that certain fixed random nets (including all deterministic time-nets)
are allowed, which distinguishes the result from previous asymptotic ones. As al-
ready pointed out, the techniques for the L ,-estimates differ significantly from the
L,-estimates because the problem cannot be translated into a one-step approxima-
tion problem nor can we use orthogonality. Moreover, the extension from deter-
ministic nets to random nets does not seem to be straightforward as we still have
to use the sub-class 77" of random nets (ti)}_, where 7; is Fy;_,-measurable
(see Remark 5.4). Our L ,-estimates can be seen as an interpolation between the
L>-estimates mentioned above and the weighted BMO-estimates from [12]. How-
ever, pure interpolation techniques do not seem to be sufficient yet to fully treat
our problem.

2. Preliminaries.

Notation. We use A ~. B for A/c < B <cA whenever A, B>0and c>1,
a vV b =max{a, b} and a A b = min{a, b}, and let | - | be the Euclidean norm for a
vector or the Hilbert—Schmidt norm for a matrix. Given a random vector or a ran-
dom matrix A, we write [|Al|z, := |||Alll, and denote the transpose of A by AT.

Real interpolation. Let us recall the real interpolation method that we use to
generate the (Gaussian) Besov spaces.

DEFINITION 2.1 ([1, 2]). Let (Xo, X1) be a compatible couple of Banach
spaces, that is, there exists a Hausdorff topological vector space in which both
Xo and X are continuously embedded. Given x € Xo + X; and A > 0, the
K -functional is defined by

K (x,2; Xo, X1) :=inf{||xoll x, + Allx1llx, : x =x0 +x1, % € X;}.

Given 0 <6 < 1and 1 < g < 00, we let (X, X1)g,4 be the space of all x € Xy +
X1 such that

(10 :
11l xo. 15,4 == 1277 K (x2 25 X0, XD 1 (0,00, a2/ < O°-
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The K -functional yields to one of the basic approaches to define intermediate
spaces Y of a compatible couple of Banach spaces (X¢, X1), that is, Banach spaces
Y such that one has continues embeddings Xo N X1 < Y < Xo + X|. Assuming
X1 < Xo with norm one, this reduces to the embedding X| < Y < Xj. In this
case, K(x, A; Xo, X1) = |lx||x, for A € [1, 00) which does not give any informa-
tion. However, for A € (0, 1) we have that

Mixllx, < K (x, A5 Xo, X1) = [Ix]1x,-

The behavior of the function A — K (x, A; X, X1) close to zero describes the dis-
tance of x to X: intuitively we can say that the closer the function is to a linear
function in A, the closer x is to X . In general, without the restriction X| — Xj,
the functionals

|27 K (x. 1; Xo. Xl)”Lq((o,oo),(dx)/x)

examine the behavior of the K-functional (in particular at zero and at infinity)
and lead to the spaces (X¢, X1)g, 4. For X; < X, we obtain the lexicographical
ordering

(X0, X1)69,90 € (X0, X1)oy,q; and  (Xo, X1)n,ry € (X0, X1,y

ifO0<6; <0p<1,1<gqgo,q1 <00,0<n<1,and 1 <rg <r; <oo. The choice
of the measure d /A ensures (also in the general case) the symmetry (Xo, X1)g,q =
(X1, X0)1-06,4-

Gaussian Sobolev and Besov spaces. We let d > 1 and y; be the standard
Gaussian measure on R?. The space L,(R?, ;) is equipped with the orthonormal

Riy kg (X150 Xg) i= hy (X1) -+ - hyy (xa),

where (hi)72, C L2(R, 1) is the standard orthonormal basis of Hermite polyno-
mials. The Sobolev space D 5 = ]D)l,z(Rd, yq) consists of all f € Lz(Rd, ¥4) such
that

o0

2 2
k 21; o<f’ hia.... kd)Lz(Rd:Vd)”thl """ kd”Lz(Rd,yd) < 0.
1seees d=

The space D > is a Banach space under the norm

R 2 2
151212 5= L2, gy + 1DF IR,

where, for f € D 7, the gradient Df is given by

Df = Z <f’ hkl ..... kd>L2(Rd,Vd)thlvnskd'



FRACTIONAL SMOOTHNESS 611
Given 2 < p < 00, the Banach space Dy , C L, is given by

D1 pi={feDia:lfln,:=(fI7 +IDfIF )" <oo}.

Here and later, we use || fllL, = I fll.,®d ) and IDfllL, = IDf L, ®d -

DEFINITION 2.2. For0 <6 <1and 1 <g < o0, we let
0 ._
Bp’q = (Lpa]Dl,p)Q,q

be the Gaussian Besov space on R? of fractional smoothness 6 and fine-index g.

Because Dy, is not closed in L, we get a scale of spaces indexed by (0, ),
where the spaces are identical if and only if both indices coincide (see [21], The-
orem 3.1). A typical function which has fractional smoothness is given by the
following.

EXAMPLE2.3. Letd=1,K€R,2<p<ooand0<a <1— . Then one
has that

((x — K)T)*, a>0

TOV=1 ik ooy (), «=0

1
e BY/D T
which shows the trade-off between integrability and smoothness. This can be
proved by verifying

K(f, 2Ly, Dy p) <cd/PF forg<a< 1.

Using canonical representations of functions of bounded variation, one can ex-
tend the case o« = 0 in Example 2.3 to certain functions of bounded variation by
considering convex combinations f(x) = ZIL: 1 BI XK}, 00)(X).

Burkholder—Davis—Gundy inequality. We use the Burkholder—Davis—Gundy
inequality for Brownian martingales with values in a separable Hilbert space. An
explicit formulation is as follows: assume for i = 1, 2, ... progressively measur-
able processes (Li),e[o,l] with L;' :Q — R considered as row vectors and such
that

00 1
ZE/ }L;|2dt < 00,
—~ Jo
i=1

then, for all 1 < p < oo, there is a constant c4) = c4)(p) > 1 such that

(g'/olL;qu 2)1/2 (g/olm}zdu)l/z

) ‘

ew)

L, L,
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3. Fractional smoothness on the Gaussian space. In this section, we char-
acterize the Gaussian Besov spaces IB?L 4 by the behavior of G from (1) in the case
Y = W. To make this more clear, we do a change of notation and replace g by f
and G by F. This means that f € Lo(R?, y,;) and

F(t,x):=Ef(x+W,_,)  for(,x)€[0,1] x R?.

We also use the Hessian d x d matrix

5 32F \4
D°F := .
0x; 0x; /i j=1

One can check that
1
®) feDis if and only if / HDZF(I, Wt)Hiz dt < oo.
0
Moreover, for all f € Lo (R, ¥4) we have

T
(6) VF(t, W) =VF(,0) + (/(;t D*F(u, Wu)qu> a.s.

for 0 <t <1, where VF (¢, x) is considered as a row vector. If f € D », then (6)
can be extended to ¢ = 1 with the convention VF (1, -) := Df. Now we general-
ize (5) to the scale of Besov spaces.

THEOREM 3.1. Let2<p<o00,0<6 <1,1<g<ocoand f € L,(RY, y,).
Then

I lleg , ~ean IFlL, + |1 =02 F, wy) — F, Wr)“Lp ”Lq([O,l),(dl)/(l—t))
~eaa ||f||L]7 + “(1 - t)(lie)/z ||VF(t’ WZ)“LP ”Lq([o,l),(dl)/(l—t))
~ean 1 £, + 10 =@ P2 D*F @, Wil 2, qo.1),@nsa-n):

where c(3.1) > 1 depends uniquely on (p, 0, q).

REMARK 3.2. Theorem 3.1 generalizes [14], Theorem 2.2, where p = 2 was
considered, and [28], Lemma 4.7, which was proved for 2 < p < 0o and g = oo.

Before we prove Theorem 3.1, we derive a corollary in the case d = 1 concern-
ing the oscillation of a Borel function f :R — R given by

1 1/p
0SC,(f, x0,8) i= (E fQ< 170 f<z>|”dydz) ,
X0,8

where 2 < p <00, s >0, xo € R and Q(xg,s) := {(y,2): ]y — xo| < s,
|z — xol < s}.
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COROLLARY 3.3. For2<p<o00,0<bO<1,1<g<ocoandf eIB%f,’q, we
have that

1/p)—6
[s/P=00SCy (£, x0. ) 1, (0.11,(a5)5) = €G3 Fllgs, -

where the constant ¢33y > 0 depends at most on (p, 0, q, xo).

PROOF. From [15], Lemma 4.9, we know that
OSC,(f.x0. V1=1) =c(l =)~V f(¥) = (D],

for f € L,(R,y1),0=<1 <1 and a two-dimensional Gaussian vector (Y, Z) with
Y,Z~ N(,1) and cov(Y, Z) =t, where ¢ > 0 depends at most on (xgp, p). Look-
ing at [15], Proof of Proposition 4.5(iii), we see that

| FO) = F @D, <2[F WD) —E(fWDIF)] -

so that we can conclude by Theorem 3.1 of this paper. [

Now we turn to the proof of Theorem 3.1. We start with the following proposi-
tion.

PROPOSITION 3.4. Let2 < p < 00. There exists a constant ¢34y > 1 depend-

ing at most on p such that for any 0 <t < 1,
K(fNT=1:Lp.D1p) ~eqy (IF W) = F&. W), + V1=l flL,)-

PROOF. (a)FixO<t? <1lande>0.Wefind fo € L, and f; € Dy , such that

f=fo+ fiand
I folle, +v1—tlfillp, , = K(f,v1—1;Lp, Dy p)+e.
For F;(t, x) :=E(f; (W1)|W; = x) we obtain from (2) and (4) that
| fwWo) = Fa,wol .,

1
< | foW) = Fot, Wn) |, + H/ VE(u, W) dWy

LP
) , 1/2
< | fo(Wi) = Fo(t. Wil + cqay (/t IVFi@, WL, du)

<2l follz, +cHv1—tlfilp,,
<c[K(f,¥1—t;L,, Dy p)+e€],

where ¢ := max{c4), 2} and we employed the facts that 2 < p < oo and that (6)
yields

IV Fi(u, Wu)“Lp < filp,, forall0 <u <1.
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Letting ¢ — 0 and observing that /1 —t||f||Lp < K(f,v/1—1t;L,,D1 ) we
achieve the first part of the desired inequality.
(b) For0 <t < 1, we set

gi(x):=F(t,v/ix) and h,(x):= f(x) = F(t,V/1x)
so that
lg:lip,, = [Fa. Vol +[VF@. VixVi7
<IAIE, +IVF@ wol? .

Applying (2) for Y = W, (4), the fact that |V F(z, W;)||L, is nondecreasing in ¢
and that 2 < p < oo, we estimate

t
IFe.Wol,, < Hfo VF (@, W) dW,

+[FO Wo)l,,

p

<c@|VFE W), +[Ef(W)].
Thus,
gelm, , = | f (W) = Ft, Wt)”Lp + (1 +c@)|VF(, Wt)HLp + |[Ef(W)|

’

<[1+ A +capeasnd =02l f W) = F@, Wo , + [Ef (W)

where we used Lemma A.3. Exploiting an independent Brownian motion W and
the fact that the covariance structures of (W1, v/t W; ++/1 —tWj) and (W, W it

Wl_ ﬁ) are the same, we obtain for /; that
lhellz, = [E|fFW) = Ef /1wy +vT—1W)[?]"?

< [EE|f (Wi) — fOW s+ Wy |17
<|fw) = FWEW R, + |FVEW D = FOW e+ Wi_ ol
=2[fW) = FWLW R,
<4l fwWn) = F@e. wol, .

where in the last step F' (¢, W;) was inserted. Hence,

K(f.NT—1;:Lp. Dy p)

<llhllz, + (1 =g by,
<1 =0"PEFWD]+[5+ (1 +caeas]| F WD) = F@e, Wo

and the proof is complete. [
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We are now ready to prove the main result of this section.

PROOF OF THEOREM 3.1. To verify the assumptions of Proposition A.4, we
set

d°() = fF W) = F@e, W .
d'(r):=|VF(, Wil -
d*(t) .= | D*F(t, Wil -
A:=2ca3) ||f||Lp and o := c@4) V c(a3). Then Lemma A.3 implies that
d* (1) < ez =0)7*2d%0)  fork=1,2.

By (2), (6), the Burkholder—Davis—Gundy inequalities (4) and 2 < p < 0o, we also
see that

do(r) < cqa </Ol |V F s, Ws)”ip ds)l/2 =cw) (/Ot[dl(s)]zds)

1/2

and

d'(t) < [VF©. o), + Hfo D*F (s, Wy) dW;

Lp

p 5 12
<23l flL, +cw ( /0 [D?F (s, WO, ds)

; 12
=2C(A.3)||f||L,,-l-C(4)</O [dz(s)]2d5> ;

where we used Lemma A.3. Now, applying (21) on page 634 gives the equivalence
between the last three expressions in Theorem 3.1. It remains to check that

1S lee,, ~e I, + (1= n~P|F, W) - F, WollL, L, qo.0).an -

for some ¢ = ¢(p, q, 6) > 1, which follows from Proposition 3.4. [

REMARK 3.5. In the literature, interpolation spaces on the Wiener (or Gaus-
sian) space are considered, for example, in [14, 15, 18, 28, 30]. A classical ap-
proach is based on semi-groups. Instead of that, our approach uses the elementary
Proposition A.4, which is not related to semi-groups and makes it therefore possi-
ble to apply Proposition A.4 in more general situations (see [13]). Regarding the
present paper, Proposition A.4 opens the way to extend results from Sections 4
and 5 below to processes different from the (geometric) Brownian motion. Below
we want to indicate a possible semi-group approach to Theorem 3.1:
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(1) The first equivalence of Theorem 3.1 can be deduced in the case ¢ = p
(q 1s the fine-tuning index in the interpolation, L, the integrability of the under-
lying spaces) from [18], Remark on page 428. Using the simple observation [9],
equation (6), one can transform Hirsch’s condition into

Y = pds
s R v = Pl W[5

which is our condition, up to a different scaling.

(2) To consider the general case, that is, ¢ # p, and also the other equivalences
in Theorem 3.1, one can check general results about interpolation and semi-groups.
There are two natural semi-groups one might use, the Ornstein—Uhlenbeck semi-
group and the Poisson semi-group (see [27]). Roughly speaking, switching from
the Ornstein—Uhlenbeck semi-group to the Poisson semi-group should result in
a change of the main interpolation parameter 7 to our parameter 8 = /2 in the
corresponding formulas, cf. [29], Section 1.15.2. Now assume 2 < p < oo and
§ = f(Wy) € L, and let (T)s>0 be the Ornstein—Uhlenbeck semi-group on L,
with generator A. Then [29], Section 1.13.2, gives

(N I fllp+ ”S_HHTS“;: - g”P”Lq((O,oo),(ds)/s) <00

for the interpolation space (L, D(A)); 4 with 0 <5 <1 and 1 < ¢ < co. By
Mehler’s formula, we have

TE=Ef(fe Wi+ 1 —e2W))=F(e >, e W)

for an independent Brownian motion W. This would give a comparable state-
ment to the first equivalence of Theorem 3.1 for the Ornstein—Uhlenbeck semi-
group. To come closer to our statement, one can inspect the proof of Proposi-
tion 3.4, which gives || T3¢ — &, < 4] f (W) — F(e %, W,—2) | p. Inserting this
upper bound into (7) would give an expression like in the first equivalence of The-
orem 3.1. To get the full statement one would still need to try to upper bound
| f (W) — F(, W)llp by ITs§ — & ||, in an appropriate way or to find an alterna-
tive way. Concerning the second and third equivalence of Theorem 3.1 one might
try to exploit [29], Section 1.14.5.

4. The Riemann-Liouville operator DY, Riemann-Liouville type opera-
tors are typically used to describe fractional regularity. We use these operators to
replace the Besov regularity defined by real interpolation when we consider the
approximation along adapted time-nets in Theorem 5.5 below. The operator, intro-
duced in the following Definition 4.1, was also used in a slightly modified form
in [15], where the weak convergence of the error processes was considered.

DEFINITION 4.1. For g(Y1) e L;,0<0 <land0 <t <1, welet

Yo t 1/2
DY¥g(ry) = (/0 (1 =)' B2, mdu) ,



FRACTIONAL SMOOTHNESS 617

where, with G given by (1),

5 d aZG 2
H(u, y) = ‘(Ukkffll >(u,y)’ .
¢ k,lzzjl Ak 9y

From now on, we use the following convention: for x = (x1, ..., x4) " e R? and
0<t<1welet
® wo={% PEY wmd 0 = 1@ ya®)|
ek /2) else
and define the functions f : R? > Rand F:[0,1] x RY - R as
©) f(x):=g(y(1)) and F(t,x):=Ef(x+ W)

so that f(W;) = g(¥Y1) and F(t,x) = G(¢t,y(t)). In the case that Y is the
coordinate-wise geometric Brownian motion, this notation implies that

and the operator D¥>? known to us.

PROPOSITION 4.2.  For g(Y1) € L, with2 < p < 0, the following assertions
hold true:

() If2<p<ooand0 <6 <1, then

() f eBY, implies D{""g(Y1) € L,
(b) D"’g(Y1) € L, implies f € B ..

(ii) If2 < p <oo,then D} g(Y1) € L, ifand only if f € Dy_,.

(iii) If0 <@ < 1, then D"’ g(Y1) € Ly if and only if f € B} ,.

PROOF. (i)

(a) Because 2 < p < 0o, we see that

1 1/2
D} el = ([ a=0""|He0. 01}, ar)

= (1 =n®P2|Hg(, YOIz, | 2oq0..@n/a-0)-

Theorem 3.1 completes the proof, since in the case that Y is the Brownian motion,
we have Hg(t,Y;) = |D2F(t, W;)| and in the other case, we can use (10) and
Theorem 3.1 again to see that

(1 =02 Hg, YOIz, o019, @n - < o°-
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(b) Forall0 <t <1,

Y, L \1=0 g2 12
DY ernl,, = ([ 0=~ HE s, v ds

Lp

‘ 1/2
(/0 HE (s, Ys)ds)

If Y is the Brownian motion, then we can bound this from below by

> (1 —1)1-072

Lp

1
— 1= VF@, W) - VF©O, Wo)|, ,
C(4) b

where we have used (4) and (6). This implies that
IVE@ W), < [VFO W)y, +ew@—=nP2D" rown)],

and Theorem 3.1 can be used again. If Y is the coordinate-wise geometric Brown-
ian motion, then we get from (10) that

¢ 1/2
([ o)
0 Ly

i) | -|(] )
zH(/O Hp (s, Wy)ds N /OWF(S,WSH ds

1 1 1/2
> —|VF(, W)= VF©O, W, —H(/ [VF(s, Wx>|2ds)
C4) P 0

Lp

Lp

1 1
> —|VF@, W, — — | VF(@O, W
= VEC W, — I FO. WL,

B H </01’VF(S, Ws)lzds)l/2

where we again used the Burkholder—Davis—Gundy inequalities (4). Because the
last two terms on the right-hand side are finite, we can conclude as in the case of
the Brownian motion.

(ii) Because of (10) and (fy |VF (1, Wy)[2dt)'/2 € L, we get D}"'g(Y1) € L,
if and only if (fyy |D2F(t, W;)|*dt)'/? € L. Using relations (5) and (6), one easily
checks that this is equivalent to f € Dy .

(iii) Since (10) implies the equivalence of

’

Lp

1
IDY o2, =/0 (1= ' Hot, Y|, dt < oo

and fol(l -0 D%F, W,)||%2 dt < 0o, we can use Theorem 3.1. [
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5. An approximation problem in L,. In the whole section, we use the con-
vention (8) and (9).

Time-nets. Givenasequence 0 =ty <---<f,_1<t,=land0<6 <1, we
let
|ti —ul |t —ti—1]

|(ti)ﬂ:0| = Sup Sup _— = Sup P EEE—E—
0 =< (=)0 T T (=)

[0l = il
so that [(#;)7_,| is the usual mesh-size. As special adapted deterministic time-nets
we use 70 = (tl-gn):’zo defined by

. i\ 1/6
z,.,n;=1_(1_;) .

For these time-nets,

0 6 0
t! —u I
{l‘e —M|< |t,n | < |z,n 1—1,n| <i
T A= T =, )1 T o
(11) i—1,n
foruetf | ,.10,),
which implies that
1
% %
(12) |tn|§}fn |9§%‘
Moreover, we have that
A=y )
(13) W < pBn
in i—1,n

for some $ > 0 independent from 7.

The basic equivalence in L,. The following result reduces the computation
of the L ,-norm of the error processes defined in Definition 1.1 to an expression
involving the curvature Hg (¢, Y;) similar to a square function. This result general-
izes [11], Theorem 4.4, proved for deterministic nets in the L,-case.

THEOREM 5.1. For 2 < p < 00, there is a constant c¢(s.1) > 1 depending at
most on p such that for all g(Y1) € L, and © = (1;)7_ € T7d e have that

"o 12
||C1(g(Y1),T)||Lp <cs) (Z/ (t; —t)HE(t, Yt)dt>
i=1"Ti-1

’

Lp

1
C(5.1)

inf[C1(g(¥1). 7. v) |, =

’

Lp

noon 1/2
(Z/ (r,-—t)Hé(t,Y,)dt)
Ti—-1

i=1
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where the infimum is taken over all simple random vectors vy,_, : Q — RY that are
Fr,_,-measurable.

REMARK 5.2. Both inequalities in Theorem 5.1 are proved by stopping at
0 <T <1 and letting T 1 1. Therefore, it might be possible for one or both sides
of an inequality to be infinite. However, this cannot be the case: step (b) of our
proof for the trivial time-net 0 = 79 < t; = 1 gives by (15) that

T 1/2
H (/0 (T —1)HE(, Y,)dr)

< c|E(g()IFr) = Eg(Y) = VGO, Y) (Y1 = Yo) .,

Lp

<cfg(r1) —Eg(¥1) = VGO, Yo) (Y1 — Yo) [, < o0
so that
1/2
‘ (Z/ (t; — O HE (1, Y,)dt)
Ti—1 Lp
1 1/2
< H (/0 (1 — 1) HE(, Y,)dt)

Following (16) from step (c), this implies that SUPg<7 <] ICT(g(Yy), r)||Lp < 00,
from which we can conclude that

12
(f ZX(‘L’, lfz](t)’VG(rl 1’ Ti— I)U(Yf)‘ dt) ELP

and C1(g(Y1), 7) € L. Finally, we have that
(14) inf| C1(s(YD. 7. 0], < [Ci(g(¥D. 7)., -

< 00.
Lp

where the infimum is taken over all simple random vectors vy, , : Q2 — R that are
Jr,_,-measurable. The latter also implies that all three expressions—in particular
the simple and optimal L ,-approximation—in Theorem 5.1 are equivalent up to a
multiplicative constant.

REMARK 5.3. Theorem 5.1 provides an alternative way to prove the lower
bound

5
[Cile, =), = —=

Jn

for some 6 > 0, alln=1,2,... and all nets " = (7;)7_, € 7rand \whenever there
is no row vector vg € R such that g(Y1) =Eg(Y1) + vo(Y1 — Yp) a.s. This lower
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bound was obtained in [8] in the one-dimensional case using an asymptotic argu-

ment. To check the lower bound, observe forO <a <b <land p; :=(aV Ti)) Ab
that

1/2
(Z/ (i —HG(t, Y,)dr)

Lp

n . 172
pi
(Z [ i -nH3a. Y»dz)
i=1"Pi-1

Lp
> | inf He(, Yt)z — Pl
ast<b izl V2 L,
_b—a
o 2n Va<t<b

Assume now supg, .p<; Il infa<;<p Hg (2, Yt)lle =0andfix0<T7T <1land 0 <
ap 1t T. Then

0=1im
n

inf Hg(t, Yt)HLp -

a,<t<T

lim inf Hc;(t,Y,)HL :“HG(TvYT)”L,,
p

n aq,<t<T

sothat Hg(T,Yr) =0a.s.forall 0 < T < 1. Applying Theorem 5.1 for the trivial
time-net {0, 1} yields

l¢(¥1) — Eg(Y1) = VGO0, Yo) (Y1 = Yo) |, = 0.

PROOF OF THEOREM 5.1. (a) Assume a deterministic time 0 < T < 1, two
stopping times 0 <a < b < T and that v, is a simple F,-measurable random (row)
vector. Exploiting relations (6) and (10) one quickly checks that

(—(b Yp) — v )akk(Yb)_ma(k)—{-Z/ A4k, 1) dW!

with
0G X
ma®) 1= (5. @ Yo) = ot Jouu (%)
Yk
and
“ 3’G 3G o
Kotk D)1= (owou 2 Y, Yu>+( (. ) = o) (om0 ) v

Ay yi Yk

where m, := (m,(1), ..., my(d)) will be considered as a row vector.

(b) Lower bound for ||C1(g(Y1), T, v)||L,: Letus fix 0 < T < 1 and define p; :=
T, AT and oy, | := vy X{r;_, <1} Note that p; and «y,, , are F,, ,-measurable for



622 S. GEISS AND A. TOIVOLA

i =1,...,n.Replacing v by « in the definitions of m and A from step (a), it follows
that

tvVpi—1

.
Aﬁ”qu] }th.

m o rpi
Crle(V). 7. 0) = -1+[
(gD, 7, v) ;/p[mp /p

Using (4) and the convexity inequality [6], pp. 104-105, p. 171, we achieve
p

i—1

n

Pi Vi1 . T
> :/ [mpl._l + [/ Aﬁ”qu} ]dw,
Pi—1 Pi—1

i=1
—p m oo
zc(4)IE Z/
i=1"Pi-1

Lp

IV —1 ) T2 p/2
My, + [/ kﬁ’lqu} ‘ dt)
P

i—1
IV pi—1 . T
mo+ | [ aw |
0

i—1

n i 2 p/2
> fwms(y e, o)

i=1 Pi-1

n ) p/2
pi
> (c@) P/z)_pE<ZE}-pi1 / |m/0il|2dt>
i=1 Pi

i —

m o rpi p/2
= (c(4),/p/2)—PE(Z/ |mpi_l|2dz) ,
i=17Pi-1

where we used the assumption that p; is /), _,-measurable. From this, we deduce
that

n

Pi IVpi-1 T
Zf [/ kﬁ"qu] dW,
Pi—1 LY pi—1

i=1
m o rpi
Z/ Mp; th
i=1"Pi-1

Lp

=<

Lp

m o rpi VPi-1 o T
+ Z/ |:mpi_1+[/4 A= qu] }dWr
i=1YPi-1 Pi—1 L,
nooo 1/2
<cw@ (Z/ Impi_1|2dt>
i=1"Pi-1 Ly,
m o rpi Vpi-1 o T
+ Z/ |:mpi_1+[/4 A= qu] }dW;
i=1YPi-1 Pi—1 Ly

n Pi V-1 ) T
S [ e [ aaw] Jaw,
0

i=1YPi-1 i—1

<[ctyyp/2+1]
Ly
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so that
[Cr(er, 7. v)],,

> [cluy/P/2+1] i/ﬂ [p

i=1YPi-1

We continue by writing

n

Pi IV p;i—1 . T
Z/ [/ Aﬁ"'qu] dW;
pi—1 LI pi—1

i=l

Lp

n 1 t | .
Z/O I:_/(; [X(pi_l’t\/pi—l](u)x(pi_l,pi](l‘)kﬁl_l]qu] aw,

i=1
1 t T
:H/ |:f pf’(t,u)qu] dW;
0 0

with the d x d-matrix

Lp

Lp

n n
pP(t, u) = Z X(Pi—lvt](M)X(Pi—laPi](t))"giil = Z X{Pi—1<”§l§ﬁ)i})“5i71 .
i=1 i=1

Here, we used again the condition that p; is F,_,-measurable. By (4) and
Lemma A.1 (note that p; <T < 1),

H/OIUO W, u)qu]Tth
2 1/2

</01 dr)

([ [ )

n Pi 12
= ‘ (Zf (pi — DA |2dt>
i=1"Pi-1

Letting§ =0if Y = W and § = 1 if Y is the geometric Brownian motion, this can
be combined with

noap 1,2
‘ (pr (i — VHE (L, Y»dr)
i=1"Pi-1

Lp

1
/ WPt u) dW,
0

ew
Ly

Lp

Lp

Lp

i 12
- 8” (Z /Pi—l(pi —0|(VG(. ) — api—l)U(Yt)|2dt>

i=1

Lp
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" 1/2
Pi .
< (Z/ (p,-—t)|kf’1|2dt)
i=1"Pi-1 L,
n Pi 172
< (Z / (pi—t)Hé(t,Yt)dt>
i=1vPi-1 L,
172
+35 (Zf pi —D|(VG(t,Y;) — ozp,._l)o(Y,){zdt)
LP

so that

[Cr(e), 7. v)],,

-1
[0(4) p/2+1] c(4)c(A1)

n . 172
<\ [ w—nHza v
i=17ri-1 L

n Pi 12
(Z/ (VG (t,Y;) — api_l)o(Y,)|2dt> }
i=17Pi-1 L,

In the case of the Brownian motion, the last term disappears. In the case of the
geometric Brownian motion, we apply again (4) to see that

".orhi 5 12
Z/ |(VG(t’ Yl‘) - apl-,l)O'(Yt)| dt
i=17Pi-1

Hence, in both cases, we have that

inf|Cr (s(V1), 7, v)]
N 1
~ [y VP72 4 Hewyean) + cay

n ) 1/2
(Z [ wi-nnia. Y»dr)
i=1"Fi-1

By T 1 1, we obtain the lower bound of our theorem.
(¢) Upper bound for ||C1(g(Y1), )L, For 0 < T < 1, using the arguments and
notation from step (b) and

-4

<cw|Cr(g).t. )],
Lp

(15)

Lp

vfi_l = (VG(u, Y) = VG(zi1, Yr,'_l)X{r,'_1<T})O'(Yu):
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we obtain

|Cr(zo. )1y,

S C)CALD

n A 1/2
Pi
(Z [" i -nmza Yt)dt)
i=1"Pi-1

LP
T ol n ) 12 1/2
+c@ennd / / D Xip<ust=pvi | dudt
0 Jo i=1 L
noon 1/2
= C@CA (2/ (Ti —t)Hé(t,Yt)dt)
i=1Yt-1 Lp

T aon ) 1/2
+c@enand (f / Xpirp1 @ v | dudf)
0J0o L,
Because 2 < p < oo, we can continue by
T pt Pil112 172
/ / Zx(ﬂi—l,l)i](u)h)uH’ dudt
0 0 i—1 I
= p
r n o /2,2 172
= / f Zx(pi—l,ﬂi](u)h}uh | du dt
0 0 . —
i=1 Ly

t n )
/0 Z X(pi—l,ﬂi](u)vulilqu

< T
=c@ /
0 i=I

T 1/2
=cw (/0 |Ci(ern). o), df) :

Combining these estimates, we achieve

[er (s, o)l

2 172
dt)
LP

2
2 2
< 2¢iuycian

. 12
(Z / (r,-—r)Hé(r,mdt)
i=1""-1

Lp

T
4 2 2
+2¢@yciany fo |Ci(g¥). 7) [, dt.
Gronwall’s lemma thus implies that

|Cr(s(¥). 7),,

(16) 4 o
< «/EC(4)C(A.1)66(4)C<A-1)

noo 1/2
(Z (t; — ) HA(, Y,)dt)

i=1"%-1

Lp

625
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Finally, by T 1 1 we obtain the upper bound in Theorem 5.1. [J

REMARK 5.4. Our proof requires the assumption that the stopping time T;
is Fy,_,-measurable so that p; is F,,_,-measurable. For example, we need that the
field (u” (¢, u)): ueqo,17 has the property that u” (¢, u) is F,-measurable. Moreover,

instep (b) weused B, [ |mp, 1dt = o mp 12 dt.

Approximation with adapted time-nets in L,. We recall that the nets r,? are

given by
. 1/6
0 i

The following result extends [14], Theorem 3.2, from the one-dimensional
L,-setting, but see also [20], Theorem 1, for a related d-dimensional L,-result.

THEOREM 5.5. For2 <p <o00,0<60 <1 and g(Y1) € L, the following
assertions are equivalent:

@ 1D} g(rllz, < oo

(i) su 10Dl
PreTmand

(iii) sup,=; +/7lC1(g(Y1), t)) L, < co.

In particular, for all T € T,

(17) [C1(e). D)., < e IVITle D (VD]

where c¢(5.1y > 1 is the constant from Theorem 5.1.
For the proof, we need the following lemma that extends [14], Lemma 3.8.

LEMMA 5.6. Let 0 <0 <1 and 0 < p < 00. Assume that (¢;):c[0,1) is a
measurable process where all paths are continuous and nonnegative. Then the
following assertions are equivalent:

(1) There exists a constant ¢y > 0 such that

i —ti
<c1 sup )]_9

L, 1<i<n (I — i1

S [ - wbudu
i=1

ti—1
for all deterministic time-nets 0=ty <t) <---<t, = 1.

(i1) There exists a constant c3 > 0 such that, foralln =1,2, ...,

n [0

Z/yw (tfn —u)p, du

i=1 ti—l,n

C
<=
n
Lp
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(ii1) There exists a constant c¢3 > 0 such that

=<c3.
LP

1
H/ (1 =)'~y du
0

PROOF. The implications (iii) = (i) = (ii) are similar to [14], Lemma 3 8
For (11) = (iii), take a sequence of deterministic nets " = (¢")_, with 0 =
1t} <--- <t} =1such that

a o (11— 1)1_9
t"|<— and sup ————
n lizn i 1

<pBn

for some o, § > 0 independent from n [see, e.g., (11) and (13)]. For a fixed 0 <
T < 1, we define
Np:={ie{l,....n}:tf | <T}

and observe that

T
/ (l—u)ligd)udu
0
<tliminf Y (1= )" P (7 — 1))

n—>00
ieNT

for all w € 2 because ¢ is continuous on [0, 7']. Hence,

T
H/ (1 =)'~y du
0

Lp

< |liminf| s M > -1 )2¢n
— || n—o0 up th — i i—1 i1 L

I<i<n i i—1 ieN P
s n n 2
<p l}gglggfn[z (@' —1"y) ¢t;’_1} 3
ieNy p
Noticing that (' — tl.”il)2 f — u) du we continue with
lhn_l)lolgfn[Z Zf ' —u d”¢’, 1}
ieN} fi—
1!
n
<B 1};{1}&1}’[‘11[2 GXN; -/t;”l(ti u)py du

+ ) sup ’¢u_¢t,-"_1‘(lf—lin1)2}

n n
ieNI i1 Su<t

L,
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12n_1)101<1>f|:2n Z/ (" — u)py du

ieN} fi

+asup sup \¢u—¢t;«l|]

ieNT | <u<t] Lp

11— 00
ieN} li

5;8”21iminfn Zf i — u) gy du
1

+alimsup sup  sup  [@u — ¢ |

n—=>00 jeNp 1!  <u<t]

11m1nfn Z/ ' — u)¢p, du

ieNy fi Lp

p

’

Lp

<2Bliminfn
n—oo

i
Z/n (" — u)py du
i=1"%i-1
where we used Fatou’s lemma. Finally, by monotone convergence this implies that

1 n !
_ it L
|[[a=w'6,du > /z,-"_l(t’ )b du

<2Bliminfn
n— oo

Lp Ly

PROOF OF THEOREM 5.5. First, we employ Theorem 5.1 to confirm equa-
tion (17) by

[Ci(erD). D),

- 12
<cia (Z (r; — Y HE(, Yt)dt>

i=17Ti-1

Ly

1/2
n Ti
<cis) \/Ifle(z (1—0)'""PH:(, m)dr)

i=1"T-1

Lp

Part (i) = (ii) follows from (17) and part (ii) = (iii) from |r,f lg < # [see (12)].
To show that (iii) = (i), we apply Theorem 5.1 and (14) to see that

12
(Z/tg”’ 1 — 1 H2(, Yt)dt>

i—1l,n

C
— > |c Y1), [%
\/ﬁ_” 1(8( )] fn)”Lp—CSl)

Lp

Lemma 5.6 completes the proof. [
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Approximation with equidistant time-nets in L,. Here, we extend the L;-re-
sults [7], Theorem 2.3, and [14], Theorem 3.5 for g = oo, to the L ,-case, as
well as [28], Theorem 1.2, which concerned deterministic time-nets and the one-
dimensional Brownian motion, to random time-nets and the geometric Brownian
motion.

THEOREM 5.7. For2<p <o00,0<60 <1 and g(Y1) € Ly, the following
assertions are equivalent:
(i) feBf .

i) su I,
Preqmand ey,

(i.ii? supn?l’z’mn9/2||C1(g(Y1);t,,)lle < 00, where 1, = (i/n)}_, are the
equidistant time-nets.

In particular, for % = ql + % with p < q,r < 00 and for all T € T,

1 12
IC1(g(1), t)“Lp = C(Sll)(./o I /1//(t)||iq(1 —l)e_zdt>

x sup (1 -2 |Hg, 7)),
1€[0,1) '

where c(5.1) > 1 is the constant from Theorem 5.1 and

U (t, w) = ( max [7(w) - ti_l(a))D A =1).

i=1,...,

(18)

REMARK 5.8. The order for the equidistant nets can also be obtained from

Theorem 5.5 under the condition ||Df’9g(Y1) |z, < oo because |(i/n)}_olo = n?.

PROOF OF THEOREM 5.7. To verify (18), we use Theorem 5.1 and derive that

N 1/2
(Z (t; — ) HA (L, Yt)dt>

i=1""-1

(/01 Y () HE(t, Yt)dt>1/2 5

1 12
< ¢ (/0 IV ¥ @) Hg(, Yt)”ip dl)

1 1/2
< [ NI, IHae. 10l ar)

1 12
<con( [ W@l a -0 2ar)

x sup (1—0'"?|He, v, .
tel0,1)

[C1(e, D)., < e
Ly

=< C5.)
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Part (i) = (ii): we first observe that for

|7l(@) = max Ir,(w)—r, 1 ()]

,,,,,

we can compute (for g = 00)

1
/0 ||,/1ﬂ(t)||iw(l—t)0_2dt

1=t Lo 0—2 1 0—1
=|||r|||wa (10" 2di + (1 - di
0 I=l7lll Lo
= Ml (eI = 1)+ S Hieli
= T T — T

0
-
L

so that letting ¢ = oo and r = p in (18) we obtain

C
ICi(s¥). )], < e ell}? sup (1 =)' | Hg(t, Y], .
b ref0,1) b

Joa—0)

It remains to check that

sup (1—=0)'"O2|Hg(t,v)|, < oo,
tel0,1) P

whenever [ € IB%%OO. This follows from Theorem 3.1, where we additionally
use (10) and the a priori estimate

(19) sup (1 —0)'?|VF@, Wp)|, <oo
r€[0,1) r

from Lemma A.3 if Y is the geometric Brownian motion.
The implication (ii) = (iii) is trivial.
Part (iii) = (i): employing Theorem 5.1 and (14), we achieve

en 92 > | C1(g(1), Tn)||Lp

6(51.1) (Z / 1)/n<——t>HG(t Y,)dz)l/z

1 1/2
</ (1 —1)HE(, Yt)dt>
¢ I\ (n=1)/n Ly

1 ! 5 1 12
(1-0H, (1——,Y1_1 )dt)
C(5.1) (/(n—l)/n G n (1/n) .

1 \/Tl
CcsnV2n

(Y

Lp

(Y

v

p

’

P

1
Hg (1 - Y1—(1/n)>
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where we use in the last inequality the martingale property of the processes

392G
<UkkUll— .Y .
Ay oy t€[0,1)

The estimate above means that
1
HG<1 - Yl(l/n))

foralln =2,3,.... Consequently,
| Ho @, YI)HL,, <2702 oceis (1 — )DL

< 266‘(5,1)711_(9/2)

Lp

which follows from the monotonicity of ||Hg (¢, Y:)|| L, Theorem 3.1 completes
the proof, where we use (19) again. [J

6. Further extensions. We see different open questions and possible exten-
sions, and briefly indicate some of them here: first, one should clarify whether
Theorem 5.1 holds true without the additional assumption on the stopping times
that 7; is F7,_,-measurable. Second, the investigation to what extend the results of
this paper can be extended to path dependent terminal conditions g(Y;,,...,Y;,)
and their limits would possibly require new techniques and yield to a deeper insight
into the approximation problem (cf. [9]). Finally, an extension to more general dif-
fusions would be of interest, but might require a modification of the Besov spaces
(see [7]) and a comparison of these modified spaces to the spaces we have used
in this paper. As described in Remark 3.5, Proposition A.4 below, which does not
relay on semi-groups, might be useful in this respect.

APPENDIX

A key step in the proof of Theorem 5.1 is the following-known formulation of
the Burkholder-Davis—Gundy inequalities.

LEMMA A.1. Assume that v:[0,1] x [0, 1] x Q — Rdxd satisfies the follow-
ing assumptions:

(i) w:[0, 1] x [0, u] x Q — R4 j5 B([0, 1]) x B([0, u]) x F,-measurable
forallu € [0, 1].
(i) fy fo Elp(t, u)>dudt < oo, where [y Elu(t,u)|*du < oo for all t €
[0, 1].
(iii) (fol w(t, u)dWy)icpo,1] is a measurable modification.

Then, for 1 < p < o0, there exists a constant c(a.1) > 1 depending only on p such

that
2 12 11 ) 1/2
dt> (/ / \(t, u) dudt)
0 Jo

1
w(t, u)dwy,

{TAY

0

~en
L L,
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PROOF. For the convenience of the reader, we sketch the proof. By a further
modification, we can assume that ((fo1 w(t, u)ydW,)(®))ieo,1] € L2[0, 1] for all
w €  because of assumption (ii). Assume that (h,),2, is the orthonormal basis
of Haar-functions in L[0, 1] and that (¢, u) is the kth row of w(z, u). Letting

1
Lk ::fo T () e (2, w) dt

and using a stochastic Fubini argument we see that

1l 2 12 o d | . 2\ 172
(1 o), =S5 e am
0 1/0 Ly n=0k=1'"0 L,
Using the Burkholder—Davis—Gundy inequalities (4), we obtain that
1yl 2 12 oo d 1 , \"7?
(U e )", | (55, )
0 1J0 Ly n=0k=1"0 L,

d .1 1 ) 1/2
- (];/0/(;|/Lk(t,u)| dtdu)

= </01 Al|u(t,u)}2dtdu>l/2‘L

LEMMA A2, Let 1 <p<oo, gY1)€eLyand 0 <t <1, and let a =
(ay,...,aq) be a multi-index of differentiation. Assume that G is given by (1).
Then

Lp

O

p

H sup |D;’G(S,YS)}HLq <00 f0r0<q<q(p,t):=p_71+t.

O<s<t

SKETCH OF THE PROOF. We use the notation (8) and (9) and consider first
the case that Y is the Brownian motion. A simple direct computation gives the
hyper-contraction property

2
IDEF(t. )| < Cq. . )| fll L, e/ @O

forO <t <1and 0 < g < q(p,t). Moreover, the identity
D{F(s,x)=ED{F(t,x + W,_)

for 0 <s <1t < 1 directly implies that (D{ F (s, Wy))se[o,1] is an L,-martingale.
Therefore, we can exploit Doob’s maximal inequality for 1 < g < g(p, t) to con-
clude

(20) E sup |D¢F(s, Wy)|? <00 forall0 < g < g(p,1).

0<s<t
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The case of the geometric Brownian motion can be deduced from the case of the
Brownian motion. Using the notation (8) and (9) to switch between the Brownian
motion and the geometric Brownian motion, we get for 0 < < 1 that

d
D;G(t,Y,)z[H(Ytk)_“k} > «kiDLF(, W),
k=1 0<b=a

where 0 < b < a is the coordinate-wise ordering and Ké’ are fixed coefficients.
Using (20), the integrability properties of the geometric Brownian motion and
Holder’s inequality, we conclude that

E sup |D;1G(s, Yo)|? < o0 forall0 <q <q(p,t).
0<s<t ]

The following estimates are known for more general processes than the Brow-
nian motion (see [16] and [9], Remark 3). In our case, they can be easily ver-
ified by using the martingale property of the processes (VF(t, W;)):e[0,1) and
(D*F (1, W)ieo,1)-

LEMMA A.3. Let2 < p < 0o. Assume that f:R¢ — R is measurable with
f e Lp(Rd,yd) and that F:[0,1] x R? > R is given by F(t,x) =Ef(x +
Wi_;). Then there exists a constant c(a3) > 0 depending only on p such that,
forall0 <t <1,

() IVF@ W)z, <caz =07 V2| f(W) — Ft, W)L,
(i) [ID*F(t, W)L, <caznd =" (W) —F@ W)llz,-

Next, we state some Hardy type inequalities we have used in the paper.

PROPOSITION A.4. Let0 <0 < 1,2 <g < o0 and let dk: [0,1) — [0, 00),
k=0,1,2, be measurable functions. Assume that

1 1 5 1/2
—(1=0)*?ak@) <d’) §a</ [d'(5)] ds) fort [0, 1)
o t

and for k =1, 2, and that

¢ 1/2
dl(t) <A +a</ [dz(u)]zdu> forte€]0,1)
0
for some A >0 and o > 0. Then

_ \—8/2 40
[ =07d" D, 0.1,/ -0

- _\(1-8)/2 41
can [(=1) 2d (t)”Lq([o,l),(dt)/(l—t))
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and

[(1 =@ dz(t)”Lq([O,l),(dt)/(l—t))
<cua|d -7t do(f)“Lq([o,n,(dt)/(l—z))
<caa[A+[0 =Dl 2, 0.1).any1=en )

where c(a 4y > 1 depends at most on (a, 0, q). If the functions d U and d?* are non-
decreasing, then the inequalities are true for 1 <q < 2 as well.

From Proposition A.4, it follows that

@) A+[A =0 2d D), ~ep A+ A=A D),

for Ly = L,([0, 1), 1d—jt), k,1=0,1,2and cy)y :=[1 + C(A,4)]2. To prove Propo-
sition A.4, we need:

LEMMA A.5. Let0<0 <1,2<g <00 and let ¢$:[0,1) — [0,00) be a
measurable function. Then there is a constant c(a 5) > 0, depending at most on 0,

such that
¢ 172
-] er
0

1-6)2
<cas|d—n'"? )¢(t)HLq([O,l),(dt)/(l—t))'

Lq([0.1).(d)/(1=1))
(22)

Moreover, if ¢ is nondecreasing, the inequality is true for 1 <q < 2 as well.
PROOF. (a) For 2 < g < oo, we can use Hardy’s inequality (see, e.g., [1],

Theorem 3.3.9): for —oo < A <1 and 1 <r < oo, and a measurable v : (0, c0) —
[0, 00),

([ o) 5 [ sor®)”

and the same with the supremum norm if » = co. With the notation r := %, gt) =
[¢(t)]2, and A = 6, we compute, in the case 2 < g < o0,

¢ 1/2
H(1 — z)<19>/2(/ ¢(u)2du>
0 Ly (10,1),(d1)/(1—1))
1 t r dt 1/r
_ _ 16 _ar
=([ [o-0 [ ewan] 17)
B 00 o 00 rdS 1/r
_</O |:s / h(v)dv] ?> ,

2
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where h(v) = g(1 —v) x(0,11(v). Now we use Hardy’s inequality for ¥ (v) = vh(v)
and continue with

(T [TootT5)”
<o Evor )

1 1-0/2 2
=1_% [a—n!=@ )¢([)||L,,([O,1),(dz)/(1—t))

and the proof is complete for 2 < g < co. The case ¢ = 0o is analogous.
(b) For 1 < g < 2, we use a different argument. First, we define r := 2 50 that
l<r<2.For0<T <1, we compute

1 t 1/r dt
/0 (1 _t)(l—ﬁ)/r(/ X[T,l)(”)d”) :

—/ =" a =Y d[t
< —T)l/’/ (1 —)@=0/n=1 gy
T

1 _ dt
=c/ (1 =)@y (-2
T 1—1¢

with ¢ := %. This proves the desired inequality for v (7 (z) := X(T.1)(t). Next,
we define ¥ := ¢? so that " = ¢2. By assumption, ¢ is nondecreasing, and so
is ¥, too. Now, we can approximate i from below by a sum of functions like
W(T): for each integern > 1, we find o >0,k =0,...,2" —1land 0 =1 <t

-+ <ty _ <ty =1 such that

2n 1
Yn() =Y oy (6) - (1)
k=0

for almost all ¢ € [0, 1) and ¥, <y, for all n > 2. Then, since r > 1,

1 t Ur gz
_ (1-6)/r r
[fa-n (/ V) du) 4
}’l /r
/(1 D (/ w<fk><u)du) —ld_tt
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i n ! 2=0)/r 1.t} dt
< E o, c 1 -1 Yk (t
= P k /0 ( ) ( )1 ;

! dt
= [[a=nCOry,n
0 11—t
and the claim follows by monotone convergence. [

PROOF OF PROPOSITION A.4. (a) Our assumptions imply for all 1 < g < o0
that

1-6)/2 41 —0/2 ;0
[ —n"="72q (t)”Lq([O,l),(dt)/(l—t)) <a|(1-17"%d (t)”Lq([O,l),(dt)/(l—t))
and
2-0)/2 12 —0/2 50
[ =020, o.1).ansa—m =elA=072dO], ¢0.1),wnsa-n)-
(b) Next, we observe that

—6/2 10
|a—n"""%d Oz, q0.1),@n/a-n)

. 1!
saH(l - W(:ft [dl(s)]zds)

1/2

Lq([0,1),(dr)/(1—1))
< ae—max{l/Z,l/q}”(l _ t)(l—@)/z dl(t)”Lq([o’l)’(dt)/(l_l))’

where we used [14], formula (14) (the condition that ¥ in [14] is continuous in the

case 1 < g < 2 is not necessary).
(c) To prove the remaining inequality, we continue from (b) with Lemma A.5 to

1-60)/2 41
(1 —n=972a Ol L, q0.1). @y
, 12
< H(l—t)““’)/z[AJra(/ dz(u)du> ]
0

1-6),2
<A —nt=0/ |2, q0.10,@na-)

Lgy([0,1),(d)/(1—1))

1-6/2) 2
tacas|d-0'"?a (t)”Lq([o,l),(dt)/(l—l))' 0
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