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LOSS OF REGULARITY FOR KOLMOGOROV EQUATIONS
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The celebrated Hormander condition is a sufficient (and nearly nec-
essary) condition for a second-order linear Kolmogorov partial differential
equation (PDE) with smooth coefficients to be hypoelliptic. As a conse-
quence, the solutions of Kolmogorov PDEs are smooth at all positive times
if the coefficients of the PDE are smooth and satisfy Hérmander’s condition
even if the initial function is only continuous but not differentiable. First-
order linear Kolmogorov PDEs with smooth coefficients do not have this
smoothing effect but at least preserve regularity in the sense that solutions
are smooth if their initial functions are smooth. In this article, we consider
the intermediate regime of nonhypoelliptic second-order Kolmogorov PDEs
with smooth coefficients. The main observation of this article is that there
exist counterexamples to regularity preservation in that case. More precisely,
we give an example of a second-order linear Kolmogorov PDE with globally
bounded and smooth coefficients and a smooth initial function with com-
pact support such that the unique globally bounded viscosity solution of the
PDE is not even locally Holder continuous. From the perspective of prob-
ability theory, the existence of this example PDE has the consequence that
there exists a stochastic differential equation (SDE) with globally bounded
and smooth coefficients and a smooth function with compact support which
is mapped by the corresponding transition semigroup to a function which is
not locally Holder continuous. In other words, degenerate noise can have a
roughening effect. A further implication of this loss of regularity phenomenon
is that numerical approximations may converge without any arbitrarily small
polynomial rate of convergence to the true solution of the SDE. More pre-
cisely, we prove for an example SDE with globally bounded and smooth co-
efficients that the standard Euler approximations converge to the exact solu-
tion of the SDE in the strong and numerically weak sense, but at a rate that is
slower then any power law.
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1. Introduction and main results. The key observation of this article is to re-
veal the phenomenon of loss of regularity in Kolmogorov partial differential equa-
tions (PDEs). This observation has a direct consequence on the literature on regu-
larity analysis of linear PDEs, on the literature on regularity analysis of stochastic
differential equations (SDEs) and on the literature on numerical approximations
of SDEs. We will illustrate the implications for each field separately.

Regularity analysis of linear partial differential equations. For some d,m € N,
let u:R? — R? and o :R? — RY*™ be smooth functions such that there exists
a real number p > 0 such that (x, u(x)) < p(1 + ||x|*) and ||a(x)||i(Rm Ry S
(1 + |x||?) for all x € R¢. (Here and below, we write (-, -) and || - || for the Eu-
clidean scalar product and norm on R”.) Let furthermore ¢ : R? — R be a globally
bounded and continuous function and consider the second-order PDE

) 1 & 2
—u(t, — — . cO; . t,
PPAGEY) 2ij2:1;al,k<x> o k(x) ™ axj”< x)

(1.1)
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for (¢, x) € (0, 00) X R?. The PDE (1.1) is referred to as Kolmogorov equation in
the literature (see, e.g., Cerrai [5], Da Prato [11], Réckner [64] and Rockner and
Sobol [65]; it is also referred to as Kolmogorov backward equation or Kolmogorov
PDE, see, e.g., Da Prato and Zabczyk [12], @ksendal [59]). It has a strong link to
probability theory and appeared first (in a slightly different form; see display (125)
in [44]) in Kolmogorov’s celebrated paper [44]. Corollary 4.17 in Section 4 below
implies that the PDE (1.1) admits a unique globally bounded viscosity solution.
More precisely, Corollary 4.17 proves that there exists a unique globally bounded
continuous function u : [0, 00) x RY — R such that Uul(0.00)xRd 18 @ Viscosity so-
lution of (1.1) and such that u(0, x) = ¢(x) for all x € R?. In this article, we are
interested to know whether solutions u of the PDE (1.1) preserve regularity in the
sense that | ) xgrd 18 smooth if the initial function u(0, -) = ¢(-) is smooth. In
particular, we will answer the question whether smoothness and global bounded-
ness of the initial function ¢ : R? — R implies the existence of a classical solution
of the PDE (1.1).

In the case of first-order Kolmogorov PDEs with smooth coefficients, that is,
o =0 in (1.1), regularity preservation of solutions of (1.1) is well known. More
precisely, if o (x) = 0 for all x € R? and if the initial function ¢ : RY — R? in (1.1)
is smooth, then it is well known that there exists a unique smooth classical so-
lution of (1.1). In this sense, the PDE (1.1) is regularity preserving in the purely
first-order case o = 0. In the second-order case o = 0, the situation may be even
better in the sense that the PDE (1.1) often has a smoothing effect. More precisely,
if the PDE (1.1) is hypoelliptic, then by definition solutions u of the PDE (1.1) are
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smooth in the sense that u ~)xre 18 infinitely often differentiable even if the ini-
tial function u (0, -) = ¢(-) is only continuous but not differentiable. In the seminal
paper [31], Hormander gave a sufficient (and also nearly necessary; see the discus-
sion before Theorem 1.1 in [31] and Section 2 in Hairer [26]) condition for (1.1) to
be hypoelliptic; see Theorem 1.1 in [31]. To formulate Hormander’s condition, set
oo(x) = u(x)— % Iy a,i (x)or(x) for all x € R, Then the Hérmander condition
is fulfilled if

span{o;, (x), [0y, 01, 1(x), [[04y, 07,1, 02, ] (X), . .. € RY:

i0,i1,i2,...€{0,1,...,m},ig #0} =R?

for all x € R? where [f, g] denotes the Lie bracket of two smooth vector fields
f,g:R4 — R4, Consequently, if Hormander’s condition (1.2) is satisfied, then
the PDE (1.1) admits a unique globally bounded smooth classical solution even if
the initial function ¢ : R¢ — R is assumed to be continuous and globally bounded
only. Clearly, there are many cases where the Héormander condition (1.2) fails to be
fulfilled and where (1.1) is not hypoelliptic, for example, if o = 0. Next, we point
out that if all derivatives of the drift coefficient u, of the diffusion coefficient o
and of the initial function ¢ are globally bounded ( and o are then, in particular,
globally Lipschitz continuous), then smoothness of the solution of the PDE (1.1)
is known even in the nonhypoelliptic case (see, e.g., Theorem 4.32 in Krylov [47]
for twice differentiability of the solution; infinitely often differentiability of the
solution follows analogously as in the proof of Theorem 4.32 in Krylov [47]).
Obviously, there are many cases where u and o are not both globally Lipschitz
continuous, for example, when u is a polynomial with a degree greater or equal 2
(see, e.g., Section 4 in [34] for a list of examples). To the best of our knowledge,
regularity of solutions of the PDE (1.1) is in general unknown in the nonhypoel-
liptic case if o # 0 and if u and o are not both globally Lipschitz continuous.

In this article, we address the question whether second-order linear PDEs with
smooth coefficients of the form (1.1) at least preserve regularity in the nonhypoel-
liptic case. The following Theorem 1.1 answers this question to the negative. More
precisely, the key observation of this article is to reveal the phenomenon of loss of
regularity in the sense that the solution u of the PDE (1.1) starting with a smooth
compactly supported function u(0, -) € CZ t(Rd R) may turn into a nondifferen-

(1.2)

tiable function u(z, -) ¢ Cl{(R4,R) for every positive time ¢ € (0, 00). In analogy
to the well-known “smoothing effect” in the hypoelliptic case, we will say in the
case of loss of regularity that the PDE (1.1) has a roughening effect. Here is a
simple two-dimensional example with polynomial x and linear o which has this
roughening effect. In the special case d =2, m = 1 and u(x) = (x1 - x2, —xlz) and
o (x) = (0, xp) for all x = (x1, x2) € RZ, the PDE (1.1) reads as

2

(1.3) 0 (t,x) = % 0 (t,x)+ 0 (t,x) 2 0 (t,x)
. —ull,xXx)=— u X X1 Xo——U X —x —U X
a1 2 92 25 Loxs
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for (¢, x) € (0, 00) x R2. Theorem 2.1 and Corollary 4.17 below imply that there
exists an infinitely often differentiable function ¢ € ngt (R4, R) with compact sup-
port such that the unique globally bounded viscosity solution u : [0, 00) x R? — R
to (1.3) with u(0, -) = ¢(-) has the property that u| o) xra is not differentiable
and not locally Lipschitz continuous. In particular, we thereby disprove the exis-
tence of a globally bounded classical solution of the PDE (1.3) with u(0, -) = ¢(-).
Note that the drift coefficient o of the PDE (1.3) grows superlinearly. One could
wonder whether the roughening effect of example (1.3) is due to this superlinear
growth of w. To exclude this possibility, we prove for an example PDE with glob-
ally bounded and smooth coefficients that there exists a smooth initial function
with compact support such that the solution u is not even locally Holder contin-
uous; see Theorem 1.1 below. In particular, Theorem 1.1 implies that, in general,
the PDE (1.1) does not have a classical solution even if the coefficients and the
initial function are globally bounded and infinitely often differentiable.

THEOREM 1.1 (Disprove of the existence of classical solutions of the Kol-
mogorov PDE with smooth and globally bounded coefficients and initial func-
tion). There exists a natural number d € N, a globally bounded and in-
finitely often differentiable function u:R¢ — RY, a symmetric nonnegative ma-
trix A= (A; )i je(1,2,..4) € R¥*4 gnd an infinitely often differentiable function
Qe Cg;’t(Rd, R) with compact support such that there exists no globally bounded
classical solution of the PDE

d 2

) 3 d 3
'l t’ = Al' ta i N ta )
51 i,z::1 J axiaxj”( x)+l§u(x) PPRLUE)

(1.4)
u(0,x) = p(x)

for (t,x) € (0,00) x R?. In addition, there exists a unique globally bounded vis-
cosity solution u:[0,00) x RY — R of (1.4) and this function fails to be locally
Holder continuous.

Theorem 1.1 follows immediately from Corollary 4.17 in Section 4 and from
Theorem 3.1 in Section 3. More precisely, Corollary 4.17 and Theorem 3.1 imply
that there exists an infinitely differentiable function ¢ € ngt (R3, R) with compact
support such that the unique globally bounded viscosity solution  : [0, c0) x R3 —
R of the PDE

(1.5) D e, x) > (t, x) + cos(x3 exp(x3)) e )
. —u(t,x)=——=u(t,x cos(x3 exp(x - —u(t, x
o1 0x2 SRR

with initial condition u (0, x) = ¢(x) for (¢, x) = (¢, x1, x2, x3) € (0, 00) X R3 is
not locally Holder continuous. In particular, the PDE (1.5) with u(0, -) = ¢(-) has
no globally bounded classical solution. The PDE (1.5) has a globally bounded and
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highly oscillating drift coefficient and a constant diffusion coefficient and serves as
a counterexample to regularity preservation for Kolmogorov PDEs. An SDE with
a globally bounded and highly oscillating diffusion coefficient and a vanishing
drift coefficient has been presented in Li and Scheutzow [49] as a counterexam-
ple for strong completeness of SDEs. Another interesting observation is that the
PDE (1.5) without the second-order term on the right-hand side of (1.5) preserves
regularity and has a smooth classical solution and that the PDE (1.5) without the
first-order term on the right-hand side of (1.5) also preserves regularity and has a
smooth classical solution. Thus, the roughening effect of the PDE (1.5) is a conse-
quence of the interplay between the first-order and the second-order term in (1.5).
We add that Theorem 3.4 in Section 3 is a stronger version of Theorem 1.1 in
which the roughening effect appears on every arbitrarily small open subset of the
state space; see Section 3 and also Theorem 1.2 below for more details. Note that
in both counterexamples to regularity preservation [PDE (1.5) and PDE (1.3)] it
does not hold that all derivatives of i and o are globally bounded. Indeed, in
both counterexamples the drift coefficient p is not globally Lipschitz continuous.
As observed above, regularity preservation is known if all derivatives of © and o
are globally bounded. Moreover, note that the coefficients in our counterexample
PDE (1.5) are analytic functions and that the initial function ¢ : R? — R may be
chosen to be analytic (see Theorem 3.1 for details). We emphasize that this does
not contradict the classical Cauchy—Kovalevskaya theorem (e.g., Theorem 4.6.2
in Evans [18]) proving existence, uniqueness and analyticity of solutions of PDEs
with analytic coefficients as the Cauchy—Kovalevskaya theorem applies to (1.4) in
the case A =0 only. Moreover, we would like to point out that Theorem 1.1 does
not contradict to Theorems 7.1.3, 7.1.4 and 7.1.7 in Evans [18], which show the
existence of a unique classical solution of (1.4) if A is strictly positive [note that A
in (1.5) is nonnegative but not strictly positive].

Theorem 1.1 shows that a general existence theorem for globally bounded clas-
sical solutions of the PDE (1.1) cannot be established. However, it is possible to
ensure the existence of a viscosity solution of the PDE (1.1) under rather general
assumptions on the coefficients. More precisely, one of our main results, Theo-
rem 4.16 below, establishes the existence of a within a certain class unique vis-
cosity solution for every second-order linear Kolmogorov PDE whose coefficients
are locally Lipschitz continuous and satisfy the Lyapunov-type inequality (4.74).
To the best of our knowledge, this is the first result in the literature proving ex-
istence and uniqueness of solutions of the Kolmogorov PDE (1.1) in the above
generality; see also the discussion after Theorem 4.16 for a short review of exis-
tence and uniqueness results for Kolmogorov PDEs. A crucial result on the route
to Theorem 4.16 is the uniqueness result of Corollary 4.14 for viscosity solutions
of degenerate parabolic second-order linear PDEs.

The roughening effect of the PDE (1.1) revealed in this first paragraph of this
Introduction has a direct consequence on the literature on regularity analysis of
SDEs. This is the subject of the next paragraph.
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Regularity analysis of stochastic differential equations. For the rest of this Intro-
duction, we use the following notation. Let (€2, F, P) be an arbitrary probability
space with a normal filtration (F;)e[0,00) Which supports a standard (F7)e[0,00)-
Brownian motion W :[0, 00) x  — R" with continuous sample paths. It is a
classical result that the above assumptions on p and o ensure the existence of a
family X* = (X7, ..., X}):[0,00) x Q — R, x e R4, of up to indistinguisha-
bility unique solution processes (see, e.g., Theorem 3.1.1 in [63]) with continuous
sample paths of the SDE

(1.6) dX* (1) = u(X* (1)) dt + o (X5 (1)) dW (1)

for t € (0, 00) and x € R? and with X*(0) = x for all x € R? (see, e.g., The-
orem 1 in Krylov [46]). Here, the function w:R?Y — R? is the infinitesimal
mean and the function o - o*:R? — R?4*¢ is the infinitesimal covariance ma-
trix of the SDE (1.6). It is also well known that the coercivity assumption
on u and the linear growth bound on ¢ additionally imply moment bounds
SUPye(yeR? : ||y||§p}E[Supt€[0,p] IX*()||”] < oo for all p € [0, 00) for the solu-

tion processes of the SDE (1.6). The transition semigroup P; :Cp(RY,R) —
Cp(RY,R), t € [0, 00) of the SDE (1.6) is defined by (P;¢)(x) := E[p(X*(1))]
for all ¢ € [0, 00), x € R? and all ¢ € Cp(R?, R) where Cp,(R4, R) is as usual the
space of globally bounded and continuous functions from R? to R. Note for every
NS Cp(R4, R) that the function R? > x E[p(X*(t))] € R is continuous (see,
e.g., Theorem 1.7 in Krylov [47]) and hence, the semigroup (P;);¢[0,00) 15 well de-
fined. Observe also that the function R?  x > E[p(X*(¢))] € R is continuous for
every ¢ € C(RY, R) although the SDE (1.6) is, in general, not strongly complete;
see Li and Scheutzow [49] and see, for example, also Elworthy [15], Kunita [48]
and Fang, Imkeller and Zhang [19] for further results on strong completeness of
SDEs.

Theorem 1.1 in Hormander [31] and Proposition 4.18 below imply that if the
Hormander condition (1.2) is fulfilled, then the semigroup is smoothing in the
sense that P;(Cp(R?,R)) € C(RY, R) for all ¢ € (0,00). To the best of our
knowledge, it remained an open question in the nonhypoelliptic case whether
SDEs with infinitely often differentiable coefficients such as (1.6) in general pre-
serve regularity in the sense that P;(C};° (R, R)) C Cyr (R4, R) for all 7 € (0, 00).
This article answers this question to the negative. More precisely, the following
theorem reveals that smooth functions with compact support may be mapped to
nonsmooth functions by the transition semigroup of the SDE (1.6). In analogy to
the well-known “smoothing effect” of many SDEs, we will say that the semigroup
has a roughening effect in that case. Here is a simple two-dimensional example
SDE with polynomial drift coefficient and linear diffusion coefficient which has
this roughening effect. In the special case d =2, m =1 and p(x) = (x1 - x2, —x12)
and o (x) = (0, xp) for all x = (x1, xp) € Rz, the SDE (1.6) reads as

dXi() = X)) X5()dt,

(1.7) 5
dX5(t) =—Xj(t)"dt + X5(t)dW(t)
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for ¢ € (0, 00) and x € R2. Observe that (1.3) is the Kolmogorov PDE of (1.7);
see Corollary 4.17 for details. Moreover, note that (x, u(x)) =0 for all x € R2
in this example. Thus, the solution process of the associated ordinary differen-
tial equation stays on the circle centered at (0,0) € R? going through the start-
ing point. Theorem 2.1 in Section 2 shows for the SDE (1.7) that there exists
an infinitely often differentiable function ¢ € ngt(Rd,R) with compact sup-
port such for every ¢ € (0, 00) the functions R? 5 x — E[¢(X*(¢))] € R and
R? 5 x > E[X*(r)] € R? are continuous but not differentiable and not locally
Lipschitz continuous. For every ¢ € (0, 00), we hence have the roughening effect
P(C3(RY,R)) & C'(RY, R) in the case of the SDE (1.7). The drift coefficient
w of the SDE (1.7) grows superlinearly. As above, the superlinear growth of p is
not necessary for the transition semigroup of the SDE to be roughening. This is

subject of the next main result of this article.

THEOREM 1.2 (A counterexample to regularity preservation with degener-
ate additive noise). There exists a natural number d € N, a globally bounded
and infinitely often differentiable function p:R? — R¢ and a constant function
o :RY — R that is o (x) = o (0) for all x € R?, with the following proper-
ties. For every t € (0, 00) the function R? 5 x > E[X*(1)] € R? is continuous
but nowhere locally Holder continuous and for every nonempty open set O C R4
there exists an infinitely often differentiable function ¢ € ngt(]Rd, R) with com-
pact support such that the function O > x — E[p(X*(¢))] € R is continuous
but not locally Hélder continuous. In particular, for every t € (0,00) we have

P (CEH R, R)) € Uge(0,00 C* (RY, R).

Theorem 1.2 follows immediately from Theorem 3.4 in Section 3. The roughen-
ing effect of some SDEs with smooth coefficients revealed through example (1.7)
and Theorem 1.2 above, has a direct consequence on the literature on numerical
approximations of SDEs. This is the subject of the next paragraph.

Numerical approximations of stochastic differential equations. Starting with
Maruyama’s adaptation of Euler’s method to SDEs in 1955 (see [51]), an extensive
literature on the numerical approximation of solutions of SDEs has been published
in the last six decades; see, for example, the books and overview articles [3, 23,
38, 41-43, 52, 53, 57] for extensive lists of references. A key objective in this
field of research is to prove convergence of suitable numerical approximation pro-
cesses to the solution process of the SDE and to establish a rate of convergence
for the considered approximation scheme in the strong, in the almost sure or in the
numerically weak sense.

Almost sure convergence rates of many numerical schemes such as the stan-
dard Euler method or the higher-order Milstein method are well known for the
SDE (1.6) and even for a much larger class of nonlinear SDEs; see Gyongy [22]
and Jentzen, Kloeden and Neuenkirch [39]. Many applications, however, require
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the numerical approximation of moments or other functionals of the solution pro-
cess, for instance, the expected pay-off of an option in computational finance; see,
for example, Glasserman [21] for details. For this reason, applications are particu-
larly interested in strong and numerically weak convergence rates. The vast major-
ity of research results establishing strong and numerically weak convergence rates
assume that the coefficients of the SDE are globally Lipschitz continuous or at least
that they satisfy the global monotonicity condition that there exists a real number
p € R such that (x — y, u(x) — u(y)) + 3 X4 low(x) — oxWII* < pllx — y|I2
forall x,y e R4 (see, e.g., Theorem 2.4 in Hu [33], Theorem 5.3 in Higham, Mao
and Stuart [28], Schurz [67], Theorems 2 and 3 in Higham and Kloeden [27],
Theorem 6.3 in Mao and Szpruch [50], Theorem 1.1 in Hutzenthaler, Jentzen
and Kloeden [36], Theorem 3.2 in Wang and Gan [68]). Strong and numerically
weak convergence rates without assuming global monotonicity are established in
Gyongy and Rasonyi [25] in the case of a class of scalar SDEs with globally
Holder continuous coefficients, in Dorsek [14] in the case of the two-dimensional
stochastic Navier—Stokes equations and in Dereich, Neuenkirch and Szpruch [13],
Alfonsi [1], Neuenkirch and Szpruch [58] in the case of a class of scalar SDEs (in-
cluding, e.g., the Cox—Ingersoll-Ross process) that can be transformed in a suit-
able sense to SDEs that satisfy the global monotonicity assumption. The global
monotonicity assumption is a serious restriction on the coefficients of the SDE
and excludes many interesting SDEs in the literature (e.g., stochastic Lorenz equa-
tions, stochastic Duffing—van der Pol oscillators and the stochastic SIR model; see
Section 4 in [34] for details and further examples). It remains an open problem to
establish strong and numerically weak convergence rates in the general setting of
the SDE (1.6).

In this article, we establish in the setting (1.6) the existence of an SDE with
globally bounded and infinitely often differentiable coefficients for which the Euler
approximations converge in the strong and in the numerically weak sense without
any arbitrarily small polynomial rate of convergence. More precisely, our main
result for the literature on the numerical approximation of SDE:s is the following
theorem.

THEOREM 1.3 (A counterexample to the rate of convergence in the numeri-
cal approximation of nonlinear SDEs with additive noise). Let T € (0, c0) and
xo € R* be arbitrary. Then there exists a globally bounded and infinitely often dif-
ferentiable function :R* — R* and a symmetric nonnegative matrix B € R*>*#
such that the stochastic process X : [0, T] x Q — R* with continuous sample paths
satisfying X (t) = xo + fé w(X(s))ds + BW(t) for all t € [0, T] and its Euler—
Maruyama approximations YN {0, % ZWT LT x Q — R4 N e N, satisfy-
ing YN (0) = xo and YN ("5PT) = YN (4D + n(YN ) + BWarenyr/n —
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Waryn) foralln € {0, 1, ..., N — 1}, N € N, fulfill that
lim (N*-E[|X(T) - YN (T)[])

N—oo
(1.8) = lim (N [E[X(T)] - E[Y"()]])
_ {0, a=0,
oo, a >0,

for all a € [0, 00). In particular, for every a € (0, 00) there exists no real number
cq € (0, 00) such that |E[X (T)] —E[YN(D)]| <cq - N forall N e N.

Theorem 1.3 follows immediately from Theorem 5.1 in Section 5. In the deter-
ministic case o = 0, it is well known that the Euler approximations converge to
the solution process of (1.6) with the rate 1. In the stochastic case o s 0, this rate
of convergence can often not be achieved. In particular, Clark and Cameron [6]
proved for an SDE in the setting of (1.6) that a class of Euler-type schemes can-
not, in general, converge strongly with a higher-order than % Since then, there have
been many results on lower bounds of strong and numerically weak approximation
errors for numerical approximation schemes of SDEs; see, for example, [4, 10, 29,
30, 35, 45, 55-57, 66] and the references therein. Now the observation of Theo-
rem 1.3 is that there exist SDEs with smooth and globally bounded coefficients for
which the standard Euler approximations converge in the strong and numerically
weak sense without any arbitrarily small polynomial rate of convergence. To the
best of our knowledge, Theorem 1.3 is the first result in the literature in which it
has been established that Euler’s method converges to the solution of an SDE with
smooth coefficients in the strong and numerical weak sense without any arbitrarily
small polynomial rate of convergence. Clearly, this lack of a rate of convergence is
not a special property of the Euler scheme and holds for other schemes such as the
Milstein scheme, too. It is based on the fact that our counterexample SDE for The-
orem 1.3 [see (5.3)] suffers under the roughening effect revealed in Theorems 1.1
and 1.2 (see Corollary 5.2 and Theorem 5.1 in Section 5 for details).

Comparing Theorem 5.1 with Theorem 2.4 in Gyongy [22] reveals the re-
markable difference that the Euler approximations for some SDEs have almost
sure convergence rate %— but no strong and no numerically weak rate of conver-
gence. More formally, Theorem 2.4 in [22] shows in the setting of Theorem 1.3
that there exist finite random variables C,: Q2 — [0, 00), ¢ € (0, %), such that
IX(T) — YN(T)|| < Co - N~V P-as. for all N € N and all ¢ € (0, §). Tak-
ing expectation then results in E[|| X (T) — YN(T)||] < E[Cs] - N€~1/2 for all
N e N and all € € (0, %) and from Theorem 1.3 we hence get that the error con-
stants have infinite expectations, that is, E[C;] = oo for all ¢ € (0, %). In addition,
we refer to Theorem 2.3 in Milstein and Tretyakov [54] for a weak convergence
result restricted to certain subevents of the probability space. Finally, we empha-
size that Monte Carlo simulations confirm the slow strong and numerically weak
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convergence phenomenon of Euler’s method revealed in Theorem 1.3. For details,
the reader is referred to Figure 1 in Section 5 below.

2. Counterexamples to regularity preservation with linear multiplicative
noise. In this section, we establish the phenomenon of loss of regularity of the
simple example SDE (1.7) with polynomial drift coefficient and linear diffusion
coefficient. For this, we consider the following setting. Let (€2, F, IP) be a prob-
ability space with a normal filtration (F;);¢[0,00), let W :[0,00) x 2 — R be a
one-dimensional standard (F;);c[0,00)-Brownian motion with continuous sample
paths and let X* = (X7, X5):[0,00) x @ — R2, x € R?, be the up to indistin-
guishability unique solution processes with continuous sample paths of the SDE

o dXi(t) =X (1) X5(t) dt,
' AX3 () = —(XT(0))2 di + X5 dW (1)

for ¢ € (0, 00) and x € R? satisfying X*(0) = x for all x € R%. Corollary 2.6 in
Gyongy and Krylov [24] ensures that the processes X* : [0, 00) x Q@ — R?, x € R?,
do indeed exist. The following Theorem 2.1 shows that the semigroup associated
with the SDE (2.1) loses regularity in the sense that there exists an infinitely often
differentiable function with compact support, which is mapped to a nonsmooth
function by the semigroup.

THEOREM 2.1 (A counterexample to regularity preservation with linear mul-
tiplicative noise). Let X*:[0,00) x Q — R2, x € R2, be solution processes of
the SDE (2.1) with continuous sample paths and with X*(0) = x for all x € R2.

Then Sup,ciyer?: |yj<py EISUP;cpo, p) I X*()]|P] < oo forall p € [0, o0) and there

00
cpt

port such that for every t, p € (0,00) the mappings R? 5 x — E[X*(1)] € R?,
R? 5 x > E[p(X*(t))] € R and R? 5 x — X*(t) € LP(Q; R?) are continuous
but not locally Lipschitz continuous and not differentiable.

exists an infinitely often differentiable function ¢ € C°(R?, R) with compact sup-

The proof of Theorem 2.1 is deferred to the end of this section. The proof of
Theorem 2.1 uses the following simple lemma.

LEMMA 2.2 (Restricted exponential integrals of a geometric Brownian mo-
tion). Let (2, F,P) be a probability space and let W :[0,00) x 2 — R be a
one-dimensional standard Brownian motion with continuous sample paths. Then

t
(2.2) E[]l{a<ew<r)<b} exp(c / ALY ds)} =00
=0 = 0

forallt,a,b,ce(0,00)witha <b.
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PROOF. Independence of W (¢) from (W (s) — %W(l))se[o,z] for all r € (0, c0)
implies

t
El:ﬂ_{a<eW(r)<b} exp(c : / eV ds)]
== 0

t
2E|:Jl{a<ewm<b}exp<c./ e(W(s)—(s/t)W(t))as/tds)]
- - 0

1 t
23) =Pla<eV <p] E[exp(:c-min(a,l)-;/ e(W(s)—(s/t)W(t))dS>]
0

>Pla < e <b]

. 1 ! )
X E[exp(tc -min(a, 1) ~exp<;/0 Wi(s) — ;W(t) ds>)}

for all ¢,a, b, c € (0, 00) with a < b where we used Jensen’s inequality and con-
vexity of the exponential function in the last step. The time integrated Brownian
bridge fot Wi(s) — %W(t) ds on the right-hand side of (2.3) is normally distributed
with mean O and variance

E[(/Ot W(s) — ;W(z)ds)z]
:E[/Ot /OZ<W(S) - ;W(t)) <W(r) - ;W(t)) drds]

rort r s Sr 2
2.4) :/0 /0 E[W(S)W(r)—;W(S)W(t)—;W(r)W(t)—l—t—z(W(t)) ]drds
:/t/t(min(r,s)—E—z—l—ﬁ)drds
0 JO t t 1
_ rors rs _ ! 3 _t3
_ZAA(r—T>drds_A(s —7>ds_ﬁe(0,oo)

for every t € (0, 00). As the double exponential normal distribution has infinite
mean, we conclude that the right-hand side of (2.3) is infinite for all ¢, a, b, c €
(0, 00). This finishes the proof Lemma 2.2. [J

The proof of the following Lemma 2.3 makes use of Lemma 2.2. Using
Lemma 2.3, the proof of Theorem 2.1 is then completed at the end of this sec-
tion.

LEMMA 2.3. Let X*:[0, 00) x  — R2, x € R2, be solution processes of the
SDE (2.1) with continuous sample paths and with X*(0) = x for all x € R2. Then
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Supxe{yeRz: Iyll<p} E[Supte[(),p] ||XX(Z)||[7] < Oofor all p < [0, OO) and

1
. ¢11m 0(— IE[X(’” ¥2) (1) — X§°’x2)(z)])
(2.5) :

1
(r1,x2) (0,x2)
=o00= lim X, t X, t >
0#;1—>0<|x1| I (1) — ( )”Ll (<« R))

for all t, x>, p € (0, 00) and there exists an infinitely often differentiable function
RS CCpt (RZ, R) with compact support such that lim0¢xl_>o($ -I[‘E[go(X()‘1 X2) (1)) —
0(X0-X2)(1))]) = 0o for all t, x» € (0, 00).

PROOF. The global Lipschitz continuity of o, the local Lipschitz continuity
of w and (x, u(x)) = 0 for all x € R? imply that

sup E[ sup || X* () ||p] <00
xe{yeR?: |lyl<p} "t€l0.p]
for all p € [0, oo0). Next, we disprove local Lipschitz continuity of the mapping
R25x > X7 (t) € LP(2; R) for every ¢, p € (0, 00). More precisely, aiming at a
contradiction, we assume that the second equality in (2.5) is false. Then there exist
positive real numbers ¢, x>, p € (0, 00) and a sequence of real numbers h, € R\
{0}, n € N, such that lim,, o0 /1, = 0 and such that lim sup, _, o, 71 X1 (1) —

X%O’XZ)(I‘)”LP(Q;R) < 00. Theorem 1.7 in Krylov [47] (see also Proposition 3.2.1
in Prévot and Rockner [63]) yields that SUPge[0./] ||X(h"’x2)(s) — XO0Ox2)(g)| -0
in probability as n — oco. Hence, there exists a strictly increasing sequence
nr € N, k € N, of natural numbers such that limy_, SUP;e(0.1] ||X(h"k’x2)(s) —
XOx2)(5)|| =0, P-a.s.; see, for example, Corollary 6.13 in Klenke [40]. Apply-
ing this, Fatou’s lemma and Lemma 2.2 implies

. (hy,, ,x2) 0,
00 > hlzll)sup<|hn | 1x, "™ (@) — Xﬁ x2)(t)||Lp(Q;R)>
e¢] k

. (hny - x2)

= e X Ol
. ( ng» x2)

= lim sup exp(/ X, (s )ds)
k— o0 LP(Q;R)

> hmmf{exp</ X( e 2)( )ds)}

L 0.x2)
= exp(f X5 (s)ds)
0 LP(:R)

t
(2.6) = exp( /0 eW©=s/2) g -x2>

LP(;R)

LP(2R)
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1/p
X2
- (fon( [ 700 25) sy

= Q.

This contradiction implies that the second equality in (2.5) is true. The first equality
in (2.5) follows from the second equality in (2.5) as %(X%xl’“)(t) — Xio’“)(t)) €
[0, o0) for all x; € R\ {0} and all x» € (0, 00). In the next step, let ¢ € (0, o0)
be an arbitrary fixed real number and let ¢{:R — R and ¢, :R — [0, c0) be
two infinitely often differentiable functions with x - ¢ (x) > 0 for all x € R, with
Y1(x) = Yo(x) =0 for all x e R\ [—¢c — 1,c + 1] and with ¥{(x) = x and
Ya(x) =1 for all x € [—c, c]. Due to partition of unity, such functions indeed
exist. Next, let ¢ :R? — R be given by ¢(x1, x2) = ¥1(x1) - ¥2(x2) for all x =
(x1,x2) € R%. Note that ¢ € Ccpt(Rz, R) is an infinitely often differentiable func-

tion with compact support. We now show that limgy, —o( i -Elp(X (X1.X2) (1)) —

(X 02 (£))]) = oo for all 7, x, € (0, 00). Aiming at a contradiction, assume that
there exist positive real numbers ¢, x> € (0, 0o) and a sequence /1, € R\ {0},n e N,
such that lim,,_, o #,, = 0 and such that

1 X2 X2
en  timsup( - Blo(x( 2 o) - (X 0)]) < .

n—oo n

Theorem 1.7 in Krylov [47] yields that sup(o | X Pnx2) () — X©%2) (g)|| — O
in probability as n — oo. Hence, there exists a strictly increasing sequence
nir € N, k € N, of natural numbers such that limy_, o supepo. I1X (h"k’“)(s) —
X0 (5)|| = 0, P-as.; see, for example, Corollary 6.13 in Klenke [40]. Apply-
ing this, the fact x]—l(go(xl, x2) — ¢(0, x2)) € [0, 00) for all x; € R\ {0} and all
x2 € (0, 00), Fatou’s lemma and Lemma 2.2 then results in

00 > lim sup(LE[(p(X(h"k’“)(t)) - ¢(X(O’x2)(t))])
ng

k—00
= lim supEH p(X " (1) — (X2 (1)) H

k—o00 hnk
= gl £E "2 0) — o (X @2 1)) H
~ Lkooo hnk
= B[iminf( 25 U 22) (1) = (X2 1)) )
o L k—o0 hnk

- "k ,X2)

=E| v (x0? 1)) (hm inf

K]

2.8) _ E—wz(Xéo’xz)(t)) 'exp</0fe(W(s)—s/2) ds -xzﬂ
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t
> IE|:]1{c/2§)c2-exp(W(t)—t/2)Sc} : eXP(/O e(W(S)is/z) ds 'x2>]

= Q.

This contradiction implies that limg.zy, ﬁo(% Elp(X ¥ (1)) — (X OX2) (1))]) =
oo for all ¢, x5 € (0, 00). The proof of Lemma 2.3 is thus completed. [

PROOF OF THEOREM 2.1. Theorem 1.7 in Krylov [47] (see also Proposi-
tion 3.2.1 in Prévot and Rockner [63]), in particular, shows for every ¢ € [0, co)
that the mapping

(2.9) R%3 x> X" (1) € L°(; R?)

is continuous. This implies for every ¢ € ngt(Rz, R) and every ¢ € [0, co) that the
mapping R? 5 x — E[p(X*(r))] € R is continuous. Moreover, Lemma 2.3 proves
that sup, c(yer?: yj<p) ESUPseqo, p) 1 X*(®)]|”] < oo for all p € [0, o0). Combin-
ing this, (2.9), Corollary 6.21 in Klenke [40] and Theorem 6.25 in Klenke [40]
shows for every f, p € [0, co) that the mappings R? 5 x > X*(r) € LP(Q; R?)
and R? 5 x > E[X* 1] € R? are continuous. Furthermore, Lemma 2.3 im-
plies that there exists an infinitely often differentiable function ¢ € CS&(RZ, R)
with compact support such that for every ¢, p € (0, o0) the mappings R? 3 x >
E[X*(1)] € R%, R? 5 x > E[p(X*(1))] € R and R? 5 x > X*(r) € LP(Q; R?)
are not locally Lipschitz continuous and not differentiable. The proof of Theo-
rem 2.1 is thus completed. [J

In the remainder of this section, we briefly consider slightly modified ver-
sions of the SDE (2.1). The generator of the SDE (2.1) is nowhere elliptic.
We remark that the phenomenon of loss of regularity may also appear for an
SDE whose generator is in many points of the state space elliptic. For exam-
ple, let (2, F,P) be a probability space with a normal filtration (F;);e[0,00), let
W = (W), W2):[0,00) x  — R? be a two-dimensional standard (F);e[0,00)-
Brownian motion and let X* = (X7, X5):[0,00) x Q — R2, x € R2, be the up
to indistinguishability unique solution processes with continuous sample paths of
the SDE

010 AXT(t) = XY (1) - X3(0)dt + XT(6) dW, (1),
' dX5 (1) = —(XT (1)) dt + X5 (t) dWa (1)

for ¢ € (0, 00) and x € R? satisfying X*(0) = x for all x € R?. The generator of
the SDE (2.10) is in every point x = (x1, x2) € R2 with x; - x» # 0 elliptic but there
exists a function ¢ € Cg;t(]Rd, R) such that for every ¢ € (0, oo) the functions R? >
x = E[X*(1)] € R? and R? 5 x > E[p(X*(1))] € R are not locally Lipschitz

continuous. The proof of this statement is completely analogous as in the case
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of the SDE (2.1). Furthermore, the same statement holds if the two independent
standard Brownian motion in (2.10) are replaced by one and the same standard
Brownian motion. More precisely, if (€2, F, IP) is a probability space with a normal
filtration (F;);e[0,00) and if W :[0,00) x € — R is a one-dimensional standard
(F1)1€[0,00)-Brownian motion, then the up to indistinguishability unique solution
processes X* = (X7, X5):[0, 00) x 2 — R2, x € R2, of the SDE

X1 - X5()
~(x0)

for 1 € (0, 00) and x € R? with continuous sample paths and with X*(0) = x for

all x € R? fulfill that there exists a function ¢ € ngt(Rz, R) such that for every

t € (0, 00) the functions R? 5 x — E[X*(r)] € R? and R? 5 x > E[p(X*(1))] €
R are not locally Lipschitz continuous.

(2.11) dX*(t) = ( ) dr + X*(t)dW(r)

3. Counterexamples to regularity preservation with degenerate additive
noise. In this section, we show the roughening effect for an example SDE with
globally bounded and infinitely often differentiable coefficients. For this, it suffices
to consider the following counterexample to regularity preservation. Let (2, F, P)
be a probability space, let W :[0, 00) x 2 — R be a one-dimensional standard
Brownian motion and let X* = (X7, Xé‘, Xg‘) 1[0, 00) x Q@ — R3, x € R3, be the
up to indistinguishability unique solution processes with continuous sample paths
of the SDE

d X7 (r) = cos(X3(r) - exp(X3 (1)°)) dt,
(3.1) dX3 (1) =2dW (1),
dX3(t) =0dt
for 7 € [0, 00) and x € R? satisfying X*(0) = x forall x € R3. Observe that

t
(3.2) X{@t)=x1+ /(; cos(x3 - exp([x2 + \/EW(S)P))CZS,
P-a.s. for all 7 € [0, 00) and all x = (x1, x2, x3) € R3.

THEOREM 3.1 (A counterexample to regularity preservation with degenerate
additive noise). Let T € (0, 00) and let X* :[0,00) x Q — R3, x € R3, be so-
lution processes of the SDE (3.1) satisfying X*(0) = x for all x € R3. Then there
exists an infinitely often differentiable function ¢ € ngt (R3, R) with compact sup-
port such that for every t € (0, T] the functions R?> 3 x — E[X*(¢)] € R? and
R3sx> Elp(X*(t))] € R are continuous but not locally Holder continuous.

In the following, regularity properties of the solution processes X* = (X7, X3,
X3):[0,00) x Q — R3, x € R3, of the SDE (3.1) are investigated in order to prove
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Theorem 3.1. To do so, we first establish a few auxiliary results. We begin with a
simple lemma on trigonometric integrals.

LEMMA 3.2. Leta, b € R be real numbers with a < b, let ¥ :[a, b] — [0, 00)
be a continuously differentiable function and let ¢ :[a, b] — R be a twice contin-
uously differentiable function with ¢"¢'® =i and with ¢'(x) > 0, ¢" (x) > 0 and
Y'(x) <0forall x € [a,b]. Then fab cos(p(x)¥(x)dx <O0.

PROOF. First, assume w.l.o.g. that ¢(b) > ¢(a) + m (otherwise we have
cos(p(x)) <0 for all x € [a, b], and hence fab cos(p(x)¥(x)dx < 0). More-
over, assume w.l.o.g. that ¢’(x) > O for all x € (a,b] (otherwise consider
¢lia.p :la, bl — R where a := inf({x € [a,b]:¢'(x) > 0} U {b}) and observe
that fab cos(p(xNY(x)dx = ff cos(p(x))¥(x)dx). In particular, ¢:[a,b] - R
is strictly increasing and there exists a unique strictly increasing continuous func-
tion go_l le(a), p(b)] — la, b] with (p_1(<p(x)) = x for all x € [a, b] and with
el '(x) =x and (¢ Y (x) = m > 0 for all x € (¢(a), ¢(b)). Integra-
tion by substitution and integration by parts therefore imply

b
/ cos(p(x))y¥ (x) dx

o(b) » i
=) cos(x) - ¥ (o™ (X)) (¢ ') (x)dx
o(a
_[e®D cos(x) - Y (g1 (x))
e @)
_ [sin(p(®)) — 11y (¢~ ' (0 (b))
@' (=)

®) "p~! -1 e, —1
[ ing [ LY e Mo o],
¢

(3.3)

(@) [0 (@ TN (@@ TP
<0.

This completes the proof of Lemma 3.2. [J
The next lemma analyzes suitable regularity properties of the solution processes

X' = (X7, X3,X3):[0,00) x 2 — R3, x € R3, of the SDE (3.1). Its proof is
based on Lemma 3.2.

LEMMA 3.3 (A lower bound). Let (2, F,IP) be a probability space and let
W0, 0) x 2 — R be a one-dimensional standard Brownian motion. Then

AN R
ln(ﬂ> +x ])

(3.4) 1—E[cos(h-exp([x + W(©®)]))] = exp(T[
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forallhe(O T exp(—|[+/1 + x] vO| )], t € (0,00) and all x € R and

t
/ E[Lweay(1 — cos(h - WO ds

(3.5)

t _ 2 —64
S .

T\,
1 _
3 n(2h> e ])

for all h € (0, %exp(—[\/f + x| + sup,ca la|I)], x € R, t € (0,00) and all
bounded and Borel measurable sets A C R.

PROOF. First of all, define a family ¢,,x,h:[%,w) - R,

(t,x,h) €{(0,00) x R x (0,00):h < %exp(—|x v 0]}, of functions by
(3.6) @101 (3) :=h - exp(lx +V1yT)

for all y € [%mw_x 00), t € (0,00), h € (0, Texp(—[x v O*)] and all
x € R. Observe that
3.7) O () =3V1lx + Vv n(y) = 0

and

(3.8) @ n () =6tx + Vtylprcn (¥) + 9t[x + 1y 01 1 (y) = 0

1/3

for all y € [%, 00), t € (0,00), h € (0,5 exp(—|x Vv 0] and all

x € R. In addition, note that %,x,h(%) =Z forall 7 € (0,00), h €
0, % exp( |x v 0]*)] and all x € R. We can thus apply Lemma 3.2 to obtain that

(3.9) cos(h - exp([x + «/fy]3))e*y2/2 dy <0

0
V2 -/[ln(ﬂ/(2h))]l/3—X)/\/_
for all r € (0, 00), h € (0, Z Zexp(—|x Vv O| )] and all x € R. This implies

E[cos(h - exp([x + W(f)] )]

cos (h - exp([x + 1y ))e_yz/zdy

r
[ln(ﬂ/(Zh))]‘“—x)/\/'
310 == cos(h - exp(Lx + viyl))e ™2 dy

<]P’|:W1

IA

[ln(7T/(2h))]1/3 —X
.
[In(zw/(2h)]'° — x

.

= —]P)|:W1 >
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for all t € (0, o0), h € (0, % exp(—|x \/O|3)] and all x € R. Moreover, Lemma 22.2
in Klenke [40] yields

eV 12 e e
(3.11) P[W; > y] > > > e
yV2r(1+y=2) ~ y/8x

for all y € [1, oo0). Combining this and inequality (3.10) then shows
[In(z/@h)]' — x]
NG

—4|[In(r /A3 — x|?
> exp( t )

1 —E[cos(h - exp([x + W(N]))] = IP’[Wl >
(3.12)

for all 1 € (0, % exp(—|[vt +x]V 0|3)], t € (0, 00) and all x € R and the estimate
—la 4 b|? > —2a® — 2b? for all a, b € R therefore results in the first inequality
in (3.4). Next, the first inequality in (3.4) implies

E[Lwea|1 — cos(i - exp([x + W(s)]))|]

= E[]l{w(,)eA}E[l — cos(h . exp([x + ;W(t) + W(s)

o]

—8t 7\ >3 s 2
=eltmoenen( g (g +l il )]

for all h € (0, %exp(—[\/?—i— |x| + sup,ca la|l)], x €R, 5,1 € (0, 00) with s < ¢
and all bounded and Borel measurable sets A C R. Hence, we get

(3.13)

t
fo E[Lqwen|1 = cos(h - exp([x + Ws)]))|]ds

2/3 ;
> / E[Liwyeay|l — cos(h - exp([x + W(s)]"))|] ds

2/3 —8¢ 7\ |23 s 2
[y Blrwoemen(G =g [m()| + [+ iwo] ])]as

t —64 7\ >3
3 -E|:]1{W(,)€A} exp(T[ ln<ﬂ> +x%+ |W(t)|2]>]

for all & € (O, %exp(—[\/f + x| + sup,ca |a|]3)], x € R, t € (0,00) and all
bounded and Borel measurable sets A C R. This completes the proof of Lem-
ma3.3. U

(3.14)

v

%
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We are now ready to prove Theorem 3.1 stated at the beginning of this section.
Its proof uses the lower bound established in Lemma 3.3 above.

PROOF OF THEOREM 3.1. First of all, note that (3.2) and Lemma 3.3 imply
that

; (E[Xio’o’(’)(t) - X§°’°’h><r>1)
1m

AN hé
_ (E[fol—COS(h exp([v2W (s)]? ))dS]>
h&‘
(fl E[cos(h - exp([W(2s)] ))]ds)
= lim
N0 h®
B J3' 1 = Elcos(h - exp([W (s)*))]dss
B {%( 2ht )
(3.15) 5
- m(f’ 1 —E[cos(h - exp({W(s)1*)]1d )
T h\0 2he
< > exp((— 8/t)|1n(ﬂ/(2h))|2/3)dS)
2he

' —8| (7w \[*3
=1l — . —|In{ — In(h~¢
h‘{%(z eXp( z n(ﬂz) +nf )>)

t -8 2/3
= —-lim (exp(— ln(l)‘ —&- ln(h))) =
T2 AN t 2h

for all ¢, ¢ € (0, o0). We hence get for every ¢ € (0, oo) that the function R35x
E[X*(r)] € R? is not locally Hélder continuous. Moreover, let ¥ : R — [0, 1] be
an infinitely often differentiable function with compact support and with ¥ (x) = 1
for all x € [T, T] and let <p:]R3 — R be a function given by ¢(x1, x2, x3) =
X1 (x) ¥ (x2) ¥ (x3) for all x1, x2, x3 € R. Again (3.2) and Lemma 3.3 then show

lim (™ - E[p(X 00 (1) — (X 0P 1))

= lim (0™ E[(X Y1) — xOOW (1) (vV2W (1))

N0

. _ 0,0,0 0,0,h
(316) = lim CE[Ly sweer X000 - X0 )

= lim (h_g -E[/Ot L /aw o <ry (1 —cos(h- exp([x/iW(s)F)))ds])

N0

. 1 2t
=,}{%(2hg ‘E[ | Luweni=ry (1 —cos(h- exp([W(S)]3)))dSD =00
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for all # € (0, T']. The proof of Theorem 3.1 is thus completed. [

In the remainder of this section, we briefly consider a slightly modified ver-
sion of the SDE (3.1). More formally, let (Z;),en, be a family of sets de-
fined by Zo :=Z:={...,-2,-1,0,1,2,...} and by Z, :={z € Z:5 ¢ Z} =
{...,=3,—1,1,3,...) for all n € N. Then let u = (1, u2, u3):R3> — R3 and
B € R? be given by

i Z mcos((m — ’zn—n) exp([xz]3))

M(X) — | n=0meZ, and

0
be 1)
0

for all x = (x1,x2,x3) € R3. Note that ,u:R3 — R3is infinitely often differen-
tiable and globally bounded by 2. Moreover, let (€2, F, IP) be a probability space,
let W:[0, 00) x 2 — R be a one-dimensional standard Brownian motion and let
X*:[0,00) x & — R3, x € R?, be the up to indistinguishability unique solution
processes with continuous sample paths of the SDE

0

0
(3.17)

(3.18) dX*(t) = u(X* (1)) dt + BAW (1)

for ¢ € [0,00) and x € R3 satisfying X*(0) = x for all x € R3. The follow-
ing Theorem 3.4 establishes that the function [0, o0) X R3 > E[X* ()] € R? is
nowhere locally Holder continuous. Its proof is a straightforward consequence of
Lemma 3.3 and, therefore, omitted.

THEOREM 3.4 (A further counterexample to regularity preservation with de-
generate additive noise). Let ¢, T € (0,00) and let X*:[0,00) x Q — R3,
x € R3, be solution processes of the SDE (3.18) with continuous sample paths
and with X*(0) = x for all x € R>. Then for every t € (0, 00) and every nonempty
open set O C R3, the function O 5 x — E[X*(1)] € R? is continuous but not lo-
cally Holder continuous. Moreover, there exists an infinitely often differentiable
function ¢ € ngt(R3, R) with compact support such that for every t € (0, T] and
every nonempty open set O C (—c, c)? the function O > x — E[p(X*(¢))] € R is
continuous but not locally Holder continuous.

4. Solutions of Kolmogorov equations. If the transition semigroup associ-
ated with an SDE is smooth, then it satisfies the Kolmogorov equation (which
is a second-order linear PDE) corresponding to the SDE in the classical sense.
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The transition semigroups in our counterexamples are, however, not locally Lip-
schitz continuous and are therefore no classical solutions of the Kolmogorov
equations of the corresponding SDEs. The purpose of this section is to ver-
ify that the nonsmooth transition semigroup associated with such an SDE still
satisfies the Kolmogorov equation but in a certain weak sense. More precisely,
in Section 4.4, we show that the transition semigroups in our counterexam-
ples are viscosity solutions of the associated Kolmogorov equations. Moreover,
in Section 4.5, we show that the transition semigroups in our counterexam-
ples are solutions of the associated Kolmogorov equations in the distributional
sense. Throughout this section, the notation sup(&) := —oo and inf(&) := oo is
used.

4.1. Definition and basic properties of viscosity solutions. Viscosity solutions
were first introduced in Crandall and Lions [9] (see also [8, 16, 17]). The name
viscosity solution is due to the method of vanishing viscosity; see the discus-
sion in Section 10.1 in Evans [18]. For a review of the theory and for more ref-
erences, we refer the reader to the well-known users’s guide Crandall, Ishii and
Lions [7].

For d € N, we denote by Sy = {A € R?*¢: A = A*} the set of all symmetric d x
d-matrices. Moreover, ford € Nand A, B € S; we write A < B in the following if
(x, Ax) < (x, Bx) for all x € R¢. Furthermore, for d € N and an open set O C R?
we call a function F: O x R x R? x Sy — R degenerate elliptic (see, e.g., (0.3) in
Crandall, Ishii and Lions [7]) if F(x,r, p, A) < F(x,r, p, B) forallx € O, r € R,
pE R4 and all A, B € S; with A > B. For convenience of the reader, we recall
the definition of a viscosity solution (see, e.g., Section 2 in Crandall, Ishii and
Lions [7] and also Definition 1.2 in Appendix C in Peng [61]).

DEFINITION 4.1 (Viscosity solution). Letd € N, let O C R? be an open set
andlet F:0 xRxR?xS; — Rbea degenerate elliptic function. A function
u: 0O — R is said to be a viscosity subsolution of F = 0 (or, equivalently, a vis-
cosity solution of F' <0) if u is upper semicontinuous and if it holds for all x € O
and all ¢ € C2(0,R) with ¢ > u and ¢ (x) = u(x) that

4.1 F(x,¢(x), (Vo) (x), (Hess¢)(x)) <O0.

Similarly, a function u: O — R is said to be a viscosity supersolution of F =0
(or, equivalently, a viscosity solution of F > 0) if u is lower semicontinuous and
if it holds for all x € O and all ¢ € C2(0,R) with ¢ <u and ¢ (x) = u(x) that

(4.2) F(x, ¢ (x), (Vo) (x), (Hess$)(x)) > 0.
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Finally, a function u : O — R is said to be a viscosity solution of F =0 if u is both
a viscosity subsolution and a viscosity supersolution of F = 0.

In the proof of Corollary 4.11 below, the following elementary lemma (Lem-
ma 4.2) is used. The proof of Lemma 4.2 is clear and, therefore, omitted.

LEMMA 4.2 (Sign changes of viscosity solutions). Let d € N, let O c R¢
be an open set, let F: 0 x R x R? x Sy — R be a degenerate elliptic func-
tion and let u:0 — R be a viscosity solution of F > 0. Then the function
F:0 xR x RY x Sq — R defined by F(x,r,p, A):=—F(x,—r,—p,—A) for
all (x,r,p,A) € O xR x RY x Sy is degenerate elliptic and the function O >
x — —u(x) € R is a viscosity solution of F < 0. The corresponding statement
holds for viscosity solutions of F <0 and F =0, respectively.

Above in Definition 4.1, the concept of viscosity solutions is presented via suit-
able test functions. An alternative instrument to characterize viscosity solutions
are so-called semijets (see, e.g., Definition 2.2 in Crandall, Ishii and Lions [7]).
They are recalled in the next definition.

DEFINITION 4.3 (Second-order semijets). Letd € N, let O C R? be an open
set and let u : O — R be a function. Then we define functions J. eru 10— P(RY x

Sa), J2u:0 — PRI xSy), J2u: 0 — P(R? x Sy) and J2u: 0 — PR x Sy)
by

(J2u)(x)

::{(p,A)eRd X Sg:

lim sup
O\{x}3y—>x

(J3u) (x)

(u(y) —u(x) —(p.x —y) = (1/2)(x —y, Alx — y))) - 0}
llx — yI12 - F

:=i(p,A)eRd X Sg:

(X, Prs Andnen C O x R x Sq: (Vn € N: (py, An) € (J2u)(xn))
and nli)ngo(xn, u(xp), pn, An) = (x,u(x), p, A) ’
(J2u)(x)

:={(p,A)eRd X Sg:

liminf (

u(y) —ulx) —(p,x —y) —(1/2)(x —y, Alx — )’))> - 0}
O\{x}3y—x -

llx — 12
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and
(J?u)(x)
= {(p,A) eRY xS,
A(Xn, Prs Apdnen C O X R x Sy: (Vn eN:(py, Ay) € (Jzu)(xn))
and lim (x,, u(xn), pn. An) = (x, u(x), p, A)
forall x € O.

The next lemma (Lemma 4.4), which is essentially one of the statements in
Remark 2.3 in Crandall, Ishii and Lions [7], illustrates the relationship between
semijets in the sense of Definition 4.3 and suitable test functions in the sense of
Definition 4.1.

LEMMA 4.4 (Properties of semijets). Let d € N, let O C R? be an open set
and let u: O — R be a function. Then

(J2u)(x) = [ (V) (x), (Hess p)(x)) € R x Sy :
(¢ € C*(0,R) with u(x) = ¢(x) and u < )}

(4.3)
= {((Vo)(x), (Hess ) (x)) e RY x Sy:
(¢ € C*(0,R) and u — ¢ has a local maximum at x)}
and
(J2u)(x) = [((V$)(x), (Hess ) (x)) € R? x Sy:
(¢ € C*(0, R) with u(x) = ¢ (x) and u > ¢)}
@D = {((V$)(x), (Hess $)(x)) € R? x Sy:
(¢ € C*(0,R) and u — ¢ has a local minimum at x))
forallx € O.

The next corollary, which is essentially one of the statements in Remark 2.3 in
Crandall, Ishii and Lions [7], is an immediate consequence of Lemma 4.4 above.

COROLLARY 4.5 (Characterizations of viscosity solutions). Let d € N, let
O C R? be an open set, let F:0 x R x R¢ x Sy — R be a degenerate elliptic
function and let u: O — R be an upper semicontinuous function. Then the follow-
ing three assertions are equivalent:

e u is a viscosity subsolution of F =0 (u is a viscosity solution of F <0),



LOSS OF REGULARITY FOR KOLMOGOROV EQUATIONS 491

e for every x € O and every ¢ € {y € C*(0,R):x is a local maximum of (u —
¥): O — R} it holds that F (x,u(x), (Vg)(x), (Hess¢)(x)) <0,
e forevery x € O and every (p, A) € (J%_u)(x) it holds that F (x,u(x), p, A) <0.

The corresponding statement holds for viscosity supersolutions and viscosity solu-
tions.

The next corollary, which is Remark 2.4 in Crandall, Ishii and Lions [7], illus-
trates a further characterization of viscosity solutions under the assumption that F'
is continuous. It follows immediately from Corollary 4.5 and from the semiconti-
nuity of F.

COROLLARY 4.6 (Characterizations of viscosity solutions for semicontinu-
ous left-hand sides). Let d € N, let O C R? be an open set, let F:0 x R x
R? x Sg — R be a degenerate elliptic and lower semicontinuous function and let
u: 0 — R be an upper semicontinuous function. Then u is a viscosity solution of
F <0 if and only if it holds for every x € O and every (p, A) € (J:Zru)(x) that
F(x,u(x), p, A) <0. The corresponding statement holds for viscosity solutions of
F >0and F =0, respectively.

The next well-known remark (see, e.g., Section 2 in Crandall, Ishii and Li-
ons [7]) illustrates that classical solutions are viscosity solutions. We will use it
in the proof of Lemma 4.15 below.

REMARK 4.1 (Classical solutions are viscosity solutions). Letd € N,let O C
RR? be an open set, let F: O x R x R? x S; — R be a degenerate elliptic function
and let u € C2(0, R) be a classical subsolution of F = 0, that is, suppose that

4.5) F(x,u(x), (Vu)(x), (Hessu)(x)) <0

for all x € O. Then u is also a viscosity subsolution of F = 0. Indeed, for every
x € O and every ¢ € {{ € C2(0,R): x is a local maximum of (u — Y): 0 — R}
it holds that (V(u — ¢))(x) = 0 and (Hess(u — ¢))(x) < 0 and, therefore,

F(x,u(x), (Vo) (x), Hessp)(x)) = F(x,u(x), (Vu)(x), (Hess$)(x))
(4.6) < F(x,u(x), (Vu)(x), (Hessu)(x))
<0
due to (4.5) and due to the degenerate ellipticity assumption on F. The correspond-

ing statement holds for classical supersolutions and classical solutions of F = 0.

For the convenience of the reader, we also state a special case of Theorem 3.2
in Crandall, Ishii and Lions [7] in the next lemma. It will be used in the proof of
Lemma 4.10 below.
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LEMMA 4.7 (Construction of suitable semijets). Letd,k € N, ¢ € (0, 00), let
O CcRY be an open set, let O € Cz(Ok, R),letu;:O—R,ief{l,..., k}, be up-
per semicontinuous functions and let X = (%1, ..., xx) € OF be a local maximum
point of the function O% 5 (x1,...,x;) — (Zf;l ui(x;)) — d©(xq,...,xx) € R.
Then there exist matrices Ay € Sy, ..., Ax € Sg such that for all i € {1,...,k}
it holds that (Vy, ®)(%), A;) € (J?_ui)()?i) and such that

A -+ 0

1
—<g + H (HGSS CD)(XA)HL(de))I =< . :
0 - A
“4.7) 2
< (Hess ®) (%) + ¢[(Hess ®)(x)]".

4.2. An approximation result for viscosity solutions. The following approx-
imation result for viscosity solutions is essentially well known (see Proposi-
tion 1.2 in Ishii [37] which refers to the first-order case in Theorem A.2 in Barles
and Perthame [2]; see also Lemma 6.1 in Crandall, Ishii and Lions [7] and the
remarks thereafter). For completeness, we give the proof here following the line
of arguments for the first-order case in Theorem A.2 in Barles and Perthame [2].
In the remainder of this article, we use the notation dist(x, A) := inf({||x — y|| €
[0,00):y € A} U {o0}) € [0,00] forall x e R¢, all A c R? and all d € N.

LEMMA 4.8. Letd €N, let O C R? be an open set, let u, : O — R, n € Np,
be functions and let F,: O x R x R¢ x Sy — R, n € Ny, be degenerate elliptic
functions such that Fy is continuous. Moreover, assume that

limsup sup |Fu(x,r, p, A) — Fo(x,r, p, A)|
n—-oo (x,r,p,A)eK
(4.8)

=0 =limsup sup |u, (x) — uo(x)|
n—>oo xek

Jfor all nonempty compact sets K C O x R x R? x Sy and all nonempty compact

sets K C O and assume for every n € N that u, is a viscosity solution of F, = 0.
Then ug is a viscosity solution of Fo = 0.

PROOF. The proof is divided into two steps.
Step 1: Let xg € O and let ¢ € C*(0, R) be a function such that x is a strict
maximum of ug — ¢, that is,

(4.9) uo(x) — ¢ (x) <uo(xo) — ¢ (xo)

for all x € O \ {xgo}. Then we define r := min(1, %dist(xo,]Rd \ 0)) €[0,1].
Since O Cc R? is an open set, we obtain that r € (0, 1]. Furthermore, continu-
ity of the function ¢ and of the functions u,, n € N, together with compact-
ness of the set {y € R?: |y — xo|| <r} C O proves that there exists a sequence
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xpefye R ly —xoll <r} C O, n €N, of vectors such that

(4.10) un(x) — ¢ (x) < up(xn) — ¢ (xn)

forallx e {y € R4 ly — xoll <r} and all n € N. We now prove that the sequence
(xn)neN converges to xo. Aiming at a contraction, we assume that the sequence
(xn)nenN does not converge to xg. Due to compactness of {y € R ly — xoll <
r}, there exists a vector Xp € {y € R?:0 < ||y — x|l <r} C O and an increasing
sequence ng € N, k € N, such that limy_, o x,, = X¢. In particular, we obtain that
the set {xo} U (Uren{xn,}) is compact. Assumption (4.8), inequality (4.10) and
inequality (4.9) hence imply that
uo(xo) — ¢ (xo) = (tny (x0) — ¢ (x0)) < limsup(un, (xn,) — ¢ (xn;))

lim
k=00 k—o0

= uo(xo) — ¢ (x0) < uo(xo) — @ (xo).
From this contradiction, we infer that lim,,_, », X;, = xo. Assumption (4.8) and con-
tinuity of V¢p: O — R¢ and of Hess ¢ : O — S, hence imply that

nll)ngo(xn un(xn), (Vo) (x,), (Hess 9)(x,))

= (o, uo(x0), (Vo) (x0), (Hess ¢)(xp)).

In addition, lim,,_, 5, x;;, = x¢ and (4.10) show that there exists a natural number
ng € N such that we have for all n € {ng, ng + 1, ...} that ||x, — xo|| < r and that
X, € O is alocal maximum of the function (u#, —¢) : O — R. Hence, Corollary 4.5
and the assumption that u, is a viscosity solution of F,, =0 show that

(4.12) Fy (X, un (xn), (V@) (xn), (Hess @) (x,)) < 0

for all n € {ng,np + 1, ...}. Continuity of Fy, equation (4.11), assumption (4.8),
inequality (4.12) and compactness of the set UHGNO{ (xp, Un (x), (V) (xp),
(Hess ¢)(xy))} therefore yield that

Fo(x0, uo(x0), (V) (x0), (Hess ¢)(x0))
(4.13) = nlggo Fo(xn, un(xn), (V) (x,), (Hess ¢)(x,))

= lim F, (xp, un (xn), (V) (xn), (Hess @) (xn)) < 0.

We thus have proved that Fo(x, ug(x), (Vo) (x), (Hess¢)(x)) <Oforall ¢ € {y €
C2(0,R):x is a strict maximum of (ug — ¥): O — R} and all x € O.

Step 2: Let xg € O and let ¢ € C2(0, R) be a function such that ¢ (x0) = uo(xo)
and ¢ > up. Next define functions ¢.: O — R, ¢ € (0,1), by ¢:(x) = ¢p(x) +
ellx — )co||2 for all x € O and all € € (0, 1). Note for every ¢ € (0, 1) that xg is a
strict maximum of the function (#g — ¢.): O — R. Step 1 can thus be applied to
obtain

(4.14) Fo(xo, uo(x0), (V) (x0), (Hess ¢¢) (x0)) <0

4.11)
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for all ¢ € (0,1). Moreover, observe that (V¢.)(xg) = (V@)(xg) and that
(Hess ¢¢) (x0) = (Hess @) (xg) + 2¢l; for all € € (0, 1) where I; € S is the d x d-
unit matrix. Consequently, we see that limg\ o(Vé,)(xo) = (V@) (xp) and that
limg\ o(Hess ¢¢) (x0) = (Hess @) (xp). Continuity of Fy and inequality (4.14) hence
yield

Fo(xo0, uo(x0), (V) (x0), (Hess ¢)(x0))

= ;% Fo(x0, uo(x0), (V) (x0), (Hess ¢¢) (x0)) < 0.

(4.15)

We thus have proved that Fo(x, ug(x), (Ve)(x), (Hess¢)(x)) < 0 for all ¢ €
C2(0,R) with ¢(x) = ug(x) and ¢ > ug and all x € O. This shows that ug is
a viscosity subsolution of Fy = 0. In the same way, it can be shown that ug is
a viscosity supersolution of Fp =0 and we thereby obtain that uq is a viscosity
solution of Fp = 0. The proof of Lemma 4.8 is thus completed. [

4.3. Uniqueness of viscosity solutions of Kolmogorov equations. A key result
of this subsection (Corollary 4.14) establishes uniqueness of viscosity solutions of
a second-order linear PDE within a certain class of functions and is apparently new.
This uniqueness result is based on the well-known concept of superharmonic func-
tions or—in the PDE language—on the idea of dominating supersolutions. More
precisely, let d € N and let (2, F, IP) be a probability space with a normal filtration
(F1)te[0,00)- For solution processes X* : [0, 00) x Q — RY, x e R4, of many SDEs,
there exists a function V € C2(R?, (0, 00)) [often R? 5 x — 1 + ||lx||? € (0, 00)]
and a real number p € R such that the stochastic processes [0, 00) x 25 (¢, w) —
e PV (X*(1)(w)) € (0,00), x € RY, are nonnegative supermartingales (so that
E[V(X*(1))] < e - V(x) for all (¢, x) € [0, 00) x R?); see, for example, the ex-
amples in Section 4 in [34]. For these stochastic processes to be supermartingales,
it suffices that the Lyapunov function V satisfies

(4.16) LV(x) <pV(x)

for all x € R?, where L is the generator of the SDE under consideration. In other
words, it suffices that the map (0, o) x R 5 (1, x) = P! - V(x) € (0,00) is a
classical supersolution of the Kolmogorov equation. For 7" € (0, 00), d € N and an
open set O C R?, a function G:(0,T) x O x R x R? x Sy — R is here called
degenerate elliptic if G(t,x,r, p, A) <G(t,x,r,p,B) forallt € (0,T), x € O,
reR, pe R4 and all A, B €S, with A < B (see, e.g., inequality (1.2) in Ap-
pendix C in Peng [61] and compare also with Section 4.1 above). To establish
Corollary 4.14, we first state a few auxiliary results. For the convenience of the
reader, we first state Proposition 3.7 from Crandall, Ishii and Lions [7] in the next
lemma.



LOSS OF REGULARITY FOR KOLMOGOROV EQUATIONS 495

LEMMA 4.9. Letd €N, let O C R? be a set, let n: O — R be an upper semi-
continuous function, let ¢ : O — [0, 00) be a lower semicontinuous function satis-
Jying limg— o0 SUpyc o (N(y) —a - ¢(y)) € R and let x : (0, 00) — O be a function
satisfying

@17 Jim (sup (1) = e $()) = (1(x(@) — - $(x())) =
ye

Then limy— oo o - ¢ (x (@) = 0 and for all oy, € (0, 00), n € N, with lim,— oy =
oo and lim,_ o x(ay) =: x0 € O it holds that ¢(xg) = 0 and n(xg) =
limy— 00 SUP e o (N(y) — & - @ (¥)) = Supyeg-1(0) N(Y)-

The next lemma essentially generalizes Theorem 2.2 in Appendix C in
Peng [61] (which assumes the functions G1, ..., G to be uniformly continuous in
the second argument uniformly in the last argument) and is a generalized analog
of Theorem 8.2 in Crandall, Ishii and Lions [7] for unbounded domains. Given an
open set O C R?, we define a sequence O,, C O, n € N, of compact sets by

1
(4.18) 0, = {er:dist(x,Rd\O)z—and ||x||§n}
n
for all n € N. We also write O;, := O \ O, for the complement of O, in O.

LEMMA 4.10 (A domination result for viscosity subsolutions). Let T €
(0,00),d,keN, let O C RY be an open set, let G1,...,Gr:(0,T) x O x R x
R? x Sy — R be degenerate elliptic and upper semicontinuous functions and let
Ui, ...,ur:[0, T] x O — R be upper semicontinuous functions such that for every
i€{l,... ,k}itholds that u;|0,1)x o is a viscosity subsolution of

(4.19) %ui(t,x) —Gi(t,x,ui(t,x), (Vyui)(t, x), (Hessy u;)(t,x)) =0

for (t,x) € (0, T) x O. Moreover, assume that

k
lim sup |:Z Gi(t”, x™, r™,

(4.20) n(L2i @) - (5" =]+ Lne-n@ - [ = x]0). "Az@)}
<0
forall ¢, x™ r™, A™) € (0,T) x O xR x Sg,neN,iefl,... k), satis-

fying marhm,,%o(t(”) my ¢ (o, T)x O,that im0 (v/1 ¥, ||(t,.(”),x§”))—
(1) 3D = 0. that limy oo Sy 77" > 0. that sup,ery Tz Ir”] < 00 and
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that¥n e N:Vzy, ..., zx e R?: —SZ izl < X5 G, Al(n)Zi> <5%% ,llzi—
zi—1|%. Furthermore, assume that Zl=1 u; (0,x) <0 forall x € O and that

(4.21) lim  sup Zu (t,x) <0.

"0 (1,x)€(0,T)x 0% j—4

Then Y%_, u;(t,x) <0 for all (t,x) € [0, T) x O.

PrROOF. If O = @, then the assertion is trivial. So for the rest of the proof,
we assume that O # &. We will show that Zf‘:] u;(t,x) < (T t) for all (¢,x) €
[0,T) x O and all 6 € (0, 1]. Letting § — 0 will then yield that lel ui(t,x) <0
for all (¢,x) € [0,T) x O. In the following, we thus fix § € (0, 1]. In a first
step of this proof, we modify the problem. More precisely, deﬁne functions
U, ..., ug:[0,T) x O — [—00,00) by u; (¢, x) :=u; (¢, x) — and functions

Gl,...,Gk:(O,T)xOXRdede—)]Rby

~ 8 d 1)
G' t’ s Iy ’A :Gl ty ) N aA YR N
s di=Ginnr + o) = 57 5)
Cfre )
- 1 5-xar (T_t)apa (T—[)z.

Then it holds for every i € {1, ..., k} that #;|(0,7)x 0 1s a viscosity subsolution of

(T 1)

(4.22)

(4.23) %u (t,x) — (t x, i (t, x), (Vyiti)(t, x), (Hessy it;)(t, x)) =

for (¢,x) € (0,T) x O. It remains to prove that fozlfti(z) <0 for all z €
[0,T) x O. Aiming at a contradiction, we assume that the extended real num-
ber Sy := SUPc[0.T)x 0 Zleﬁ[(z) € (—o0, 00] satisfies that Sy € (0, oo]. As-
sumption (4.21) then implies that there exists a natural number ng € N such that
K := O,, is nonempty and such that Zle ui(z) < Zle ui(z) < min(1, %) for
all z € (0, T) x K°. This, together with "%, #;(0,x) < >¥_, u;(0, x) <0 and
Zle u;(T, x) = —oo for all x € O implies that

k

- . S0\ _ So
(4.24) sup u;j(z) < mm(l, —) <—.
ze[O,T]xKC; l 2 2

Moreover, the function Zf: 14; [0, T] x O — [—00, 00) is upper semicontinu-
ous and is hence bounded from above on the compact set [0, 7] x K. Combining
this with (4.24) proves that So < oo and we thus get Sy € (0, 00). In the next step,
we define a function ¢ : ([0, T] x 0)* — [0, 00) by ¢ (z1, ..., zx) = %Zfzz llzi —
zi—1||* forall zy, ..., zx € [0, T] x O. For several n € N, we will apply Lemma 4.7
with O =(0,T) x O, ¢ = % and with ® =n - @[ 1)x o)« below. For this, we
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now check the assumptions of Lemma 4.7. Define a function n: ([0, T] x K )
[—o0, o0) by n(z1,...,2k) = Zk yui(z;) for all z1,...,zx € [0, T] x K. Note
for every o € (0, oo) that the function ([0, T'] x K)* > 2> N —o-¢(2) €
[—o0, 00) is upper semicontinuous with a compact domain of definition and there-
fore, attains its maximum Sy = SUp, ¢ (0. 71x k) (M(2) — @ - $(2)) < 00 in a point

= (@, x\), .., @1, x®)) € ([0, T] x K)*. Next observe that

k
(425 00>S8y> sup n(z.Z,....,0)= sup Y ij(zx)=S>0
2€[0,T)xK 2€[0,T)xK ;_;
for all @ € (0, 00). This together with monotonicity of the function (0, c0) >
a > Sy € (0,00) implies that the limit limg_ o0 Sy exists in (0, 00), that is, it
holds that limy_, o Sy € (0, 00). The set {g(") :n e N} C ([0, T] x K)¥ is rela-
tively compact and, therefore, there exists a limit point Z = ((f1, £1), ..., (fx, X)) €
([0, T] x K)* of this set. Let n ; j €N, j €N, be astrictly increasing sequence such

thatlim; 0 2 i) = z.Clearly, ut;(T,x) = —oo forall x € K and alli € {1, ..., k}

implies that t(a), .. (a) € [0, T) for all « € (0, 0o). In addition, observe that if

(f1,.... &) €0, T]k \ [0, T)K, then (4.25) implies that
0< lim S, = lim (n("7”) —n; - ¢"")) < lim (")
—00 Jj—o0 Jj—0o0

(4.26) )
< sup  u;(2) )—oo:—oo
<;|:Z€[O,T]XK l ]
and this contradiction shows that (71, . .., #x) € [0, T)X. Next observe that
lim [ sup  (n()—a-$@)— () — o ¢(z))
4.27)

= 1im [Sy — Sa]=0.
a— 00

Hence, Lemma 4.9 applied to 0|9 7)x xy+ and to @| o 7« k) yields that

: ( ) ( ) ( ) ( )
@428) 0= lim [a- p(c®)] —alggo[ 164 = (%5
and that ¢ (Z) = 0. The definition of ¢ therefore ensures that (7;, £;) = (¢ . x;) for
alli, j € {1, ..., k}. Furthermore, observe that if #; = 0, then (4.25) and the upper
semicontinuity of n show that

0<Sy< hm Sn; <11msup17( @)y <n@) = Zu (1, X1)
j— j— oo
4.29)
i 0.5 ks 0
=) u;(0,%) — —
i=1 1 r
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and this contradiction implies that fj = = --- = f} € (0, T'). Consequently, there

exists a natural number jo € N such that for every j € {jo, jo + 1, ...} it holds
that tl(nj), ...,t,i”j) € (0, T). Next, for every n e N :={m € N:tl(m), .. .,tlgm) €
(0, T)}, we apply Lemma 4.7 with O = (0, T) x O, with ¢ = %, with the functions

u1l0.1yx0s - - -» kl0.7yx0 and ® =n - @l 1x o)+ and with the local maximum
point g(”) € ((0,T) x O)k to obtain the existence of matrices (A(n), e, A,((")) =
((aZ’jl)i,je{l,...,djhl}» ey (a;’jk)i,je{l ..... d+1)) € (Sa+1)k, n € N, such that for every
neN andeveryi € {1,...,k} it holds that
430) (n(V (1" x"), o (1, ), nA) € (J2a) (", x(")
and
nAgn) 0

—[n 4 n||(Hess ¢) (z™) | L @+ < . :

0o ... nAI((’”

< n(Hess ¢)(z"™) + %[n(Hess ¢)(§("))]2.

Combining this with the identity (Hess ¢)(z) = (Hess ¢)(0) for all z € ((0,T) x
0)¥ then implies that

Aﬁ”) 0
_[1 + “ (Hess ¢)(0) ”L(R(dﬂ)k)]l < .. :
0o ... A](C”)

4.31) )
< (Hess ¢)(0) + [(Hess ¢)(0)]

for all n € \V. To simplify the notation we define matrices Bl(") eSy,le{l,... k},
neN, by Bl(n) = (a?_’:l’jﬂ),-,je{],_,_,d} forall/ € {1,...,k} and all n € NV Corol-
lary 4.6 together with (4.30) and the fact that it holds for every i € {1, ..., k} that
uil0,7yx 0 18 a viscosity subsolution (4.23) then proves that

d ~ -
@32 n(5-0) ") = Gil” x e 1) n(T ) ) nB") <0
l

foralli € {I,...,k}and all n € N'. Summing over i € {1, ..., k} hence results in
k/a
Y (500) )
i\t

k
= Z Gi (ti(n) ; xi(n)’ Ui (ti(n) ) xi(n)) (Vi) (z™), ”Bi(n))
i=1
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for all n € A/. Next note that the definition of ¢ ensures in the case k > 2 that

) 15 8
(&yymwm mmw—525— )
(4.34) B
1 —1n, i=1,
’Ztitilt,'_H, 1 <i<k,
tp — tk—1, i =k,

foralli e {1,...,k} and all (¢1, x1), ..., (t, xx) € (0, T) x O and, therefore, we
obtain that in the case k > 2 it holds that

k

]
Z<—¢)((t1,X1),---,(tk,xk))
o\t
k—1
=t1—t+ti—tk—1+ )l —tic] —liy1)
i=2

k—1 k-1
(4.35) =1 —tz+lk—tk1+<zli—ti1)+(Zn—li+1)
i=2

i=2

k—1 k—1
= (tl — -1+ Zti - l‘i—l) + (tk —h+ Zti - ti+1)
i=2

i=2
=0

for all (t1, x1), ..., (tx, xx) € (0, T) x O. Combining this with (4.33) results in

1

k
(4.36) 0< Z Gi (ti(n)’ xi(n), ii; (ti(n)’ x~(”)), n(Vy,¢) (g(n)), nBi(n))
i=1

for all n € . Therefore, we obtain from (4.22) and from f; = --- =, € (0, T)
and 1", ..., 1" € (0,T) forall j € {jo. jo+1....} that
k 8
=T "y
& (nj) _(nj) (nj) (nj)
(4.37) < ZG,-(tl."’ (" X
i=1

+—4%ﬁﬂmw¢xwhn3%v
T -1
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for all j € {jo, jo, .. .}. In the next step, we define (tf"), () (”) A(")) e(0,T) x
OxRxSy,i€fl,...,k},neN,by

(n) () (n) A
(tn An 'n’Ain)

(4.38) 5
n) () ~ m () (n)
(’i X ) + (T_ti(n))’Bi )
— nefnjeN:je{jo.jo+1,...}},
~ . limg_oo Sy ) )
t ’-x ) + A~ 70 )
( b k T —1)
else,
for all i € {1,...,k} and all n € N. Moreover, observe that in the case k > 2 it
holds that
k
(V@) (1,50, s (6 00) = 3 Z i (lxj — xj111)
(4.39) =
X1 — X2, i=1,
2X; — Xi—1 — Xi+1, 1<i<k,
Xk — Xk—1, i=k

foralli € {1,...,k}andall (#1, x1), ..., (t, xx) € (0, T) x O. Then (4.37) ensures
that

kS
———— <limsup ZG (”) (”),rl("),
(T —11)? e

(4.40) (L @) - [x —x{")]
+ 1) - [x — frfl]),”A§"))}-

Next, we observe that the Taylor expansion ¢(z) = ¢(0) + (V¢)(0),z) +
1(z, (Hess $)(0)z) = %(z, (Hess ¢)(0)z) for all z € R@FD implies that (V¢) (z) =
(Hess ¢)(0)z for all z € R@+Dk Thig together with (4.34), (4.39) and the estimate
(a + b)*> <2a*+2b* for all a, b € R results in

(z, ((Hess ¢) (0))22) = ((Hess ¢)(0)z, (Hess ¢)(0)z) = || (Hess ¢) (0)z| 2
= (V)|

k—1

(4.41) = llz1 — 220> + [Z 122; — zi—1 — Zi+1 ﬂ +llzk — zk—1l?
i=2
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k—1
<2lz1 — 22l + [Z 2(llzi = zi—tI* + llzi —zmﬂﬂ
i=2

2
+ 2llzk — k-1l

k k k

=4[Z lzi — zi—1 ﬂ < 8[2 ||z,-||2} +8[Z ||z,~1||2]
i=2 i=2 i=2

< 16]z||?

for all z = (z1,....2x) € RUTDE TInequality (4.41) implies that
||(Hess ¢)(0) ||L(R(d+l)><k) < 4. Consequently, (4.31), (4.41) and (z, (Hess ¢)(0)z) =
2¢(z) for all z € RE@+DF yield that

k
=51zl <Y (e A z) < 20(2) + [z, ((Hess $)(0))’z)
(4.42) =

k
2
<5 llzi —zi-1ll
i=2

for all z = (z1,...,2x) € RUtD¥ and all n e V. Inequality (4.42), in particular,
implies —5|z)% < 5, (21, BV zi) = Y5 (2 A zi) < S5, llzi — zim |1 for

allz=(z1,...,zx) e R% and all n € N. Combining this, the identities
k
. ~ () (n) ) . kd
lim ~t.’,-’+7)=hm5}+ =
J*OO[;Q”(’ ) (T —1"") } (Jfim )+ &2
(4.43)

k
_ 1 ()
—gg{in}>a

i=1

lim, 0o Y5, ||(t§"),x§")) — ™ x™ )12 = 0 [see (4.28)] and the estimate

i—1° -1

ké
0<——5=
(T —11)?

k
<lim sup[Z Gi(ty"” X" n (1,00 () - [x" —x")]

n—oo .
i=1

+Mm—mw{é“—éﬂDmA@ﬂ
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This contradiction implies that Sp < 0. As § € (0, 1] was arbitrary, we conclude
that Z§:1 ui(t,x) <0 for all (¢,x) € [0,T) x O. This finishes the proof of
Lemma 4.10. O

The next result, Corollary 4.11, establishes a comparison result for certain vis-
cosity subsolutions and certain viscosity supersolutions of a PDE. It is a direct con-
sequence of Lemma 4.10 above in the case kK = 2. Corollary 4.11 essentially gen-
eralizes Theorem 2.4 in Appendix C in Peng [61] (which assumes the function G
to be globally Lipschitz continuous in the third and last argument uniformly in the
remaining arguments) and essentially generalizes Theorem 8.2 in Crandall, Ishii
and Lions [7] (which assumes a bounded domain and a globally uniform estimate
on the function G). Corollary 4.11 is an immediate consequence of Lemma 4.2
and Lemma 4.10 with k = 2. Its proof is therefore omitted.

COROLLARY 4.11 (A comparison result for viscosity subsolutions and vis-
cosity supersolutions). Let T € (0,00), d € N, let O C RY be an open set, let
u,up € C(0,T1 x O,R), let G:(0,T) x O x Rx R4 xS; — R be a degen-
erate elliptic and continuous function and assume that uy|o,17yxo IS a viscosity
subsolution of

(4.44) %u(r, x) —G(t, x,u(t,x), (Veu)(t, x), (Hessy u)(t,x)) =0

for (t,x) € (0,T) x O and that uz|0,1)x o is a viscosity supersolution of (4.44).
Moreover, assume that
limsup[ G (tn, Xp, rn, n(xp — Xn), nAy)

n—oo

(4.45)

- G(fnv Xny Py (X — Xp), nAn)] <0

for all (ty, Xn, n, An), (tn, Xns Pns An) €(0,T) x O xR x Sy, n €N, satisfying
that lim,_, 5 (t,, x,) € (0,T) x O, that hmn—)oo(\/ﬁ”(tnaxn) - (fna)en)”) =0,
that 0 < limy,—, oo (ry — 7)) < sup,en(ra| + |7n]) < 00 and that Vn € N, z,Z €
RY:(z, Anz) — (3, An3) < 5|z — 2|2, Furthermore, assume that u,(0,x) <
u2(0, x) for all x € O and that

(4.46) lim [ sup  (ui(t,x) —uat, x)] <0,

n=>00L(1,x)e(0,T)x 0¢

Then uy < ua, that is, it holds that u(t, x) <u»(t, x) forall (t,x) €[0,T] x O.

Assumption (4.46) in Corollary 4.11 is in several cases difficult to verify.
Lemma 4.13 below gives an extension of Corollary 4.11 which postulates a
less restrictive condition than (4.46) by using a suitable Lyapunov type func-
tion [cf. (4.53) in Lemma 4.13 and (4.46) in Corollary 4.11]. In the proof of
Lemma 4.13, the following elementary lemma is used.
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LEMMA 4.12 (Scaling of viscosity subsolutions and viscosity supersolutions).
LetT € (0,00),d eN,let O C R? be an open set, let V € C2((0,T) x 0, (0, 0)),
let G:(0,T) x O x R xR? x Sy — R be a degenerate elliptic function, let
u:(0,T) x O — R be a viscosity subsolution (supersolution) of (4.44) and let
G:(0,T) x O xR xR x Sy — R be a function defined by

G(t,x,r,p,A)

= V(I’X)G(t,x,rV(t,x), PV, x) +r(VeV)(t, x), AV, x)

(4.47) + p[(VeV) (., )] + (Ve V)(t, x) p*

+ r(Hess, V)(t, x))
(@/0t)V (t,x)
Ve

forall (t,x,r,p,A) € (0,T) x O xR x R? x Sy. Then G is degenerate elliptic
and the function ii:(0,T) x O — R defined by u(t,x) = ‘”ﬁ((ttfc)) for all (t,x) €
(0, T) x O is a viscosity subsolution (supersolution) of

(4.48) %ﬁ(t, x)—G(t,x,u(t, x), (Vi) (t, x), (Hessy, it) (¢, x)) =0
for (t,x)e (0,T) x O.

PROOF. We proof Lemma 4.12 in the case where u is a viscosity subsolution
of (4.44). The case where u is a viscosity supersolution of (4.44) follows analo-
gously. We thus assume in the following that u is a viscosity subsolution of (4.44).
First, observe that # is upper semicontinuous and that G is degenerate elliptic. In
the next step assume that there exist a vector (¢, x) € (0,7) x O and a function
¢ € C2((0, T) x O,R) satisfying ¢ (r, x) = ii(¢, x) and ¢ > ii. Then the function
0, Ty x O>(s,y)— ¢(s,y)V(s,y) e Risin C2((0,T) x O,R) and satisfies
o, x)V(t,x)=ult,x)V(t,x)=u(t,x)and ¢ -V >u -V =u. As u is a viscos-
ity subsolution of (4.44), we get
d
ot
<G(t,x, (1, x)V(t,x), (Vi(@V))(1, x), (Hess (¢ V)) (¢, x)).

Rearranging this inequality results in

0
Vi, x)-—¢t,x)+¢(t, x) - 5V(t, x)

(4.49)

d
EWI’X)S G(t,x, ¢, x)V(t,x), (Vx(9V))(t, x),

Vit x)
(Hessy (¢ V)) (1, x))
(0/01)V (¢, x)

(4.50) —¢(t, x) i
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- vol,x)G(”x*‘Wx)V(f,x), (Vx)(t, X)V (2, x)

+ ¢ (1, x) (Vi V)(t, x), (Hessy ¢) (¢, x)V (2, x)
+ (V2d) (t, ) [(V V) (2, 1))
+(Va V)6, 0[(Vap) (0, 0]
+ ¢ (1, x)(Hess, V)(1, x))
@/0t)V (e, x)
Vi, x)
= G(l,x, (1, x), (Vx)(t,x), (Hessy §)(2, x)).

This proves inequality (4.50) for all ¢ € {y € C2((0,T) x O,R):yr(t,x) =
u(t,x)and ¥ > i} and all (¢,x) € (0,T) x O. Therefore, & is a viscosity sub-
solution of (4.48) and the proof of Lemma 4.12 is completed. [J

_¢(ta-x)

LEMMA 4.13 (A further comparison result for viscosity subsolutions and vis-
cosity supersolutions). Let T € (0,00), d € N, let O C R? be an open set, let
up,up e C(J0, T]x O,R),VeC(0,T] x O0,(0,00)),let G:(0,T) x O xR x
R? x Sy — R be a degenerate elliptic and continuous function and assume that
uilo,1yx o is a viscosity subsolution of

4.51) %u(r, x) —G(t,x,u(t,x), (Veu)(t, x), (Hessy u)(t,x)) =0

for (t,x) € (0,T) x O, that uz|,1yx 0 is a viscosity supersolution of (4.51) and
that for every r € (0, 00) it holds that rV |0, 7yx0 € C2((0,T) x 0,(0,00)) is a
classical supersolution of (4.51). Moreover, assume that

i (G(tn»xn’rnapn»An +nB,V(ty, xn))
imsup
n— 00 V(tn,xn)
452) _ G, s, s A jrnénwfn,ﬁn)))
V(tn, Xn)
_ G, x0, 10, po, Ao)
V (10, x0)
fOV all (tl’hxn’rna pn’ Al’lv Bn)’ (fna)el’lvflh ﬁna AAn’ éI’l) € (O’ T) X O X R X Rd X
Sq¢ x Sq, n € Ny, satisfying that lim,_~(t,,x,) = (to,x0), that

1imn—>oo(\/7||(tn7xn) (fn,fn)”) =0, that 0 < rp = limy00(ry — ’,;n) <

supneN(lrn| + |rn|) < 00, that 11mn—>oo(pn ﬁn) = Po» that lim,— o0 (Ay,
An) = Ao, that limy o6 (02| pull + | Al ga)]) = 0 and that Vn € N, z,% €

RY: (z, Byz) — (2, Bu2) < 5|z — 2|12 Furthermore, assume that u;(0,x) <



LOSS OF REGULARITY FOR KOLMOGOROV EQUATIONS 505

uz(0, x) for all x € O and that

t, — t,
(4.53) lim [sup sup (12, x) = uaf x))] <0.
n=>%0| ve g 1e(0.T) V(t, x)

Then uy < uj, that is, it holds that u((t, x) <uy(t, x) forall (t,x) €[0,T] x O.

PROOF. Define functions i1, u2:[0, 7] x O — R and G: 0, Ty x O xR x

RY x Sg — Rby ity (1, x) = {2 and dia (¢, x) = e forall (1, x) € [0, T1x O
and by ’ ’

G(t,x,r, p,A)

= V(I,X)G(t,x,rV(t,x), pV(t,x)+r(VV)(t, x), AV (L, x)

(4.54) + p[(Ve V)@, 0)]" + (Ve V), x) p*
+ r(Hess, V)(t, x))
(@/0t)V (e, x)
Vit x)

forall (z,x,r,p,A) €(0,T) x O x R x R? x S4. Lemma 4.12 then ensures that
G is degenerate elliptic, that it1](,7)x 0 is a viscosity subsolution of

(4.55) aiu(t x) — (t x,u(t,x), (Veu)(t, x), (Hessy u)(t, x)) =

for (,x) € (0, T) x O and that u2|,7)x0 is viscosity supersolution of (4.55).
Below we will finish this proof by an application of Corollary 4.11 with
up, up and G. For this, we now check the assumptions of Corollary 4.11.
First, observe that assumption (4.53) ensures that (4.46) is fulfilled. In addi-
tion, observe that the assumption u1(0,x) < uy(0,x) for all x € O ensures
that 1(0, x) < 12(0,x) for all x € O. In the next step, we verify (4.45). For
this, 1et (fy, Xn, rns An), (Bps Zns Fny Ap) € (0,T) x O x R x Sy, n € Ny, be se-
quences satisfying that lim,_, o (#,, X,) = (fo, X0) = (fo,)?o) € (0,T) x O, that
hmn—wo(\/»”(tn,xn) - (tn»xn)”) =0, that 0 < rg =7y = lim, 0o (rp — Fn) <
supneN(|rn| + |P4]) < 0o and that Vn € N,z,2 € R?:(z, Ayz) — (2, Anz) <
5||z — z|| To verify (4.45), we will apply assumption (4. 52) For this, we define

V:0,T] x O — (0,00) and (tn,xn,rn,pn,An,Bn) (tn,xn,rn,pn,An,B,,) €
(0.T)x O xRxRY xSy, n € No,by V(t,x) =ro- V(t,x) forall (1, x) € [0, T] x
O and by (tn, Xp, Tn) 1= (tn, Xn, 1V (tn, Xn)), (tna Xy, Iy) 1= (tnaxna I'n V(tna Xn))s
B, =A4,, ﬁn = An,

(4.56) py:=n(x, _in)v(tn, Xp) + (Vi V) (tn, x5),
(4.57) f)n =n(xp _)’C\n)v(fnv )zn) +fn(vxv)(fnv )en)7
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Ay i=n(x, — )en)[(vx V) (tn, xn)r< + (Ve V) (ty, xp)n(x — X)*
(4.58)
+ r,(Hessx V) (#4, x1),

A =00 — ) [(Ve V) o )] + (Ve V) @y R (g — £)*
+ ’A'n (HCSSX V)(fn, )%n)

for all n € Ny. Continuity of V and 0 < ro = lim,,—, o (rn — 7) < sup,en(/ra| +
|7n]) < oo then imply that

(4.59)

0<ro=roV(t,x0) = nli)ngo(rnv(tn» Xp) — fnv(fn, ]en))
(4.60) = lim (r, — )
n—oo
=< sup(|rn| + |f'n|) < Q.

neN
Moreover, note that the local Lipschitz continuity of V and V, V and the continu-
ity of Hess, V together with the assumptions lim,, s oo (/71 || (£, X)) — (£0, X)) =
limy,—, 0o (W12 l| Xy — Xp ) = 0, limy,—, 00 (r, — 7)) = ro and sup,,c |72| < 0o imply
that

nll)ngo(pn —Pn)

i [ Go = £ (V (tn x0) = V s 50))]
+ B [0 = 20) (V2 V)t x0)]
ey + B [P (Ve V) (s x0) = (Ve V) (Bs )]
= ro(Vx V) (10, x0) = Po,
Jlim (A —A,) = lim (n(x — 50) (V) (s x00)]" = (V2 V) o 500]7))
+ lim ([(Va V)t x0) = (Ve V) (s Z) ] (e = 30)7)
(4.62) + lim ([rn — 7 l(Hessy V) (tn, x))
+ lim (P (Hesse V)(ta, xn) — (Hessy V) (fn, £4)])

= ro(Hess, v) (1, x0) = Ao

and lim,,, oo ("2 Py | + IIAs |l ga)]) = 0. Combining this and (4.60) with as-
sumption (4.52) shows that

li <G(tn,xn, Iy, Pn, An + 1B,V (t,,X,))
1m sup
n—o00 V(tn,Xn)
V(tna Xl’l)

- G (to, X0, To, Po, Ao)
- V (to, X0) '
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The definition of G hence implies that

hmsup(é(tn» Xn,s Py (Xp — X)), nAn) - é(i\na Xn, Ppy (X — X)), ”lAn))
n— 00

li (G(tm Xns Yns Pns A, + nB,V(t,,x,)) — rn(a/at)v(tna Xn)
= lim sup
n— 00 V(tn,xn)
Gy R, By Py A 4 1B, V (G, 20)) —fn<a/az>V<fn,£n))
- G (10, x0, Yo, Po, Ao)  r0(3/01)V (1o, x0)
V (2o, x0) V (2o, x0)

(4.64) B ~
= (=[®/00)V (10, x0)

— G(to, x0, V (to, x0), (V2 V) (10, x0), (Hessy V)(to, x0))])
/(V (10, x0))
<0

as V is by assumption a classical supersolution of (4.51). We can thus ap-

ply Corollary 4.11 to obtain that i;(f, x) = 1(/1((:;)) < ’(/2((:;‘)) = (¢, x) for all

(t,x) €0, T] x O. This finishes the proof of Lemma 4.13. [

The next result, Corollary 4.14, asserts uniqueness of the solution of a linear
second-order PDE. We assume that the Lyapunov-type function V :[0,T] x O —
(0, 00) in Lemma 4.13 is of the form V (¢, x) = e - V(x) forall (r,x) € [0, T]x O
where p € R is a real number and where V : O — (0, 00) is a twice continuously
differentiable function.

COROLLARY 4.14 (Uniqueness of viscosity solutions of Kolmogorov type
equations). Let T € (0,00),d,m e N, peR, let O C R? be an open set, let
e C(O,R), veC(0,T) x O,R), let w:(0,T) x O — R and 0 :(0,T) x
0 — R4*M pe locally Lipschitz continuous functions and let V € C 2(0, (0, 00))
satisfy

v(t, x)V(x) +{un(t, x), (VV)(x)) + tr(o (¢, x)[o (¢, x)]* (Hess V) (x))
(4.65)
<p-Vx)

for all (t,x) € (0,T) x O. Then there exists at most one continuous function

u:[0,T] x O — R which fulfills u(0,x) = @(x) for all x € O, which fulfills
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limy,— 00 SUP(; x)e(0,7)x OF % = 0 and which fulfills that u|o,T)x 0 is a viscos-
ity solution of

%u(t, x) —v(t, x)u(t, x) — (ut, x), (Viu)(, x))

(4.66) —tr(o (¢, x)[o (t, x)]" (Hessy u)(, x))
=0
for (t,x)e(0,T) x O.
PROOF. Let ui,ur:[0,T] x O — R be two continuous functions such that
u1(0,x) = p(x) =u3(0, x) for all x € O, such that
. lui (2, x)| + ua(t, x)|
lim sup =
=00 (1 x)€(0.T) x 0% V(x)

0

and such that u1|,7yx0 and u2|,r)yxo are viscosity solutions of (4.66). Then
define a function G:(0,7) x O x R x R x S¢ —> R by G(@,x,r,p, A) =
v(t, x)r + (u(t, x), p) + tr(o (t, x)[o (¢, x)]* A). We show Corollary 4.14 by ap-
plying Lemma 4.13. To tAhis Qnd we now verify (4.52). For this, let (¢,, X, Fn, Pn,
Any By, (fn, &n Prs Prs Any Bp) € (0, T) x O x Rx RY x Sy x Sy, n € N, satisfy
that limy,— oo (t4, xn) = (f0, x0), that hmn—)oo(\/ﬁ”(tna Xn) — (fna %)) = 0, that
0 <ro=1lim,_00(ry — ;;ri) < sup,en(Irnl + [7a]) < oo, that limn—>go(]7n — Pn) =
po, that limy, . 0(A, — Ay) = Ao, that limy oo (0™ 2[|| pull + |Anll L ge)]) =0

and that Vn € N, z,2 € R : (z, B,z) — (2, Bn2) < 5|lz — 2|2. Then it holds that

lim sup (tws Xns Fny Pns An + 0BV (ty, X))

(o
n— 00 V(tn,xn)
1

_ AiAG
V(tn, Xn)

(v(tn’ Xn)Tn v(fn, Jen)fn>

(fnv xAn» fn, ﬁna AA}’! +nl§nv(fna xAn)))

V(tn, xn) V(fnaxAn)
(M(tn,xn)’ pn) _ (/“L(i\l’l’ )?:n)v ﬁl’l))
V(tn, xn) V(fm fn)
(tr(a (tn, Xp) [0 (tn, x0) 1" Ap)
V(tl’lvxn)
_ tr(o (fn’ Xn)lo (fn» )en)]*An))

V(fn,ﬁn)

+ limsup(n[tr([o (ty, Xn)]* Buo (tn, x2))

n—oo

< lim sup
n—oo

+ lim sup(

n— o0

+ lim sup

n—oo

(4.67) — tr([o (fr £0)]* Buo (B £0))])
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. U(tnaxn)(rn_fn)
< limsup
n—o0o V(tn,xn)

. <[ v(ty, Xn) U(fn,)en)]A )
+ lim sup — 7 ~|n
n—00 V(tn, xn) V(tn, Xn)

I’L(tnv xn)v pn - ﬁn))
V(tu, xn)

w(tn, Xn) M(tnaxn) Pn
<\/ﬁ|:v(tnvxn) V(tn,xn)] «/_>)

+ lim sup

n—oo

V(tn, xn)

o (tn, xp)[0 (ty, Xp)]* _ G(fﬂy in)[o'(fnv -)En)]

(
+ lim sup tr(ﬁ[

n—o0

V(tn, xn) V(fnvin)

m
+ lim sup ”Z cr(tn,xn)e(m) B a(tn,xn)e(m)>

n—00
i=1

(
(

+11msup<tr 0 (tn, Xn) [0 (tn, Xn)* (An_An))>
(

ot o 50e”))

509

1)

Hence, the local Lipschitz continuity of the functions % and % together with the

A

properties of (tn, Xn, Fns Prs Ans Bn)y (fas Xns Frs Py An, Ba) € (0,T) x O x R x

R x Sy x Sy, n € Ny, implies that

1
li ——G(ty, Xy, Ty, Pus A B, V(t,,
lgso%p(V(tn,xn) (n XnsTns Pns An + 0B,V (1, xn))
1 N m o A A A A A
- mG(tm XnsTns Pny An +0B, V (1, xn)))
- v(to, x0)ro  {u(to, X0), po) (U(to,xo)[d(to,xo)]* A())
— Vi(0, x0) V (o, x0) V (1o, x0)
L, t, *
+limsup<d[\/ﬁHG(n xn)[o(n Xn)]
n—00 V(t,,,xn)
RO D CICE N ] ||An||L<Rd))
V(fna Xn) L(R4) \/ﬁ

—Hlmsup( ZSHa(tn,xn)e(m) o (ty, x,,)e(m)” )

n— 00
i=1

G (o, xo0, 1o, Po, Ao)
V (o, x0)

(4.68) =
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. A a2
+ 5limsup(n||o (ty, xpn) — o (ty, %) HHS(Rvad))
n— 00

_ G(1, x0, 70, po, Ao)
V (10, x0) '
This shows assumption (4.52). Moreover, by assumption, u1[,7)x o S a viscos-
ity subsolution of (4.66) and u2|,7)xo 1s a viscosity supersolution of (4.66).
Furthermore, (4.65) shows for every r € (0, oo) that the function (0,7) x O >
(t,x) > r-ef - V(x) € (0,00) is a classical supersolution of (4.66). In addition,
observe that (4.53) follows .fl‘Ol‘I.l lim,_, o SUP (1 ) c(0.7)x O % :.0'
Consequently, Lemma 4.13 implies that #1 < u;. Repeating these arguments with
u1 and uj interchanged finally shows that uy < u so that u; = u». This proves
uniqueness and finishes the proof of Corollary 4.14. [

4.4. Viscosity solutions of Kolmogorov equations. The main result of this sub-
section, Theorem 4.16 below, establishes that the transition semigroup associated
with a suitable SDE with locally Lipschitz continuous coefficients is within a cer-
tain class of functions the unique viscosity solution of the Kolmogorov equation
of the SDE. To establish this result, we first prove an auxiliary result.

LEMMA 4.15 (Existence of viscosity solutions of Kolmogorov equations with
globally Lipschitz continuous coefficients with compact support). Letd, m € N,
let (2, F,P) be a probability space with a normal filtration (F;):e[0,00), let
W [0, 00) x Q — R™ be a standard (F;):c[0,00)-Brownian motion, let O C R4
be an open set, let ¢: O — R be a continuous function and let u: O — R¢ and
0:0 — R¥™ pe locally Lipschitz continuous functions with compact support.
Then there exists a family X* :[0,00) x Q — O, x € O, of up to indistinguisha-
bility unique adapted stochastic processes with continuous sample paths satisfying

t t
(4.69) Xx(t):x+/0 M(X’“(s))ds+/() o (X*(s)) dW (s)

forallt €10, 00), P-a.s. and all x € O and the function u : (0, 00) x O — R given
by u(t, x) = E[p(X*(¢))] is a viscosity solution of

9 1 .
S (1,) = {(Vaa) (1, 0), 1)) = 3 {0 (0o (0] (Hess 1)1, )
(4.70)

Jor (t,x) € (0,00) x O.

PROOF. First of all, observe that since ; and o have compact supports, they
are globally Lipschitz continuous, so that (4.69) has unique solutions. It thus re-
mains to show that the function u: (0, c0) x O — R introduced above is a vis-
cosity solution of (4.70). Let U C O be a relatively compact open set in O with
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the property that supp(u) U supp(o) C U. By assumption supp(u) and supp(o)
are compact sets, and hence such a set U does indeed exist. Next, let u™ e
Cop (0, RY), neN,and 0™ € Copt(0.R), n € N, be sequences of smooth func-

tions satisfying lim,_, o Sup, ¢y ||,u(x) — )| = limy— e sup, ¢y llo(x) —
0(”)(x)||L(Rm rdy = 0 and supp(1"™) U supp(c™) c U for all n € N and de-
note by X*":[0,00) x @ — O, x € O, n € N, the solutions to the corresponding
SDEs. Moreover, let ¢ € C*(0, ]R) k € N, be a sequence of smooth functions
satisfying SUPycq, lop(x) — e (x)] < + for each k € N. Now we define functions
u™k:(0,00) x O - R, n,k eN, and u®:(0,00) x O — R, by u™*(t,x) :=
Elpr(X*"(¢))] and u® (i, x) = Elpx (X*(¢))]. For any fixed n and k, the func-
tion u™k: (0, 00) x O — R, is smooth and globally Lipschitz continuous (see,
e.g., Corollary 2.8.1 and Theorem 2.8.1 in [20]). Theorem 4.3 in [60] then shows
that

0
<§u”’k> (t, x) — ((qu"’k)(t, x), ;L(")(x))

(4.71) — % tr(o ™ (x)[o ™ (x)]* (Hess, u™*)(z, x))
=0

for all (¢, x) € (0,00) x O, n,k € N. Remark 4.1 hence shows that the functions
u™ n, k e N, are also viscosity solutions to these equations. Furthermore, ob-
serve that the smoothness of the functions ¢ € C*°(0, R), k € N, and the global
Lipschitz continuity of the functions (u(”))neN, (0™)en, 1 and o imply that

lim sup sup|u®(r,x) —u™*(t, x)|
=00 e(0,T1x€0

= lim sup sup|E[ge(X™"(1))] — E[p (X* ()]

=%, Tlxel

< lim sup sup E[|ge(X*" (1)) — @i (X*(1))|]

"7 01e(0,T) xell

4.72)

< (suplgf () .z ) - (fim  sup sup E[| X" (1) — X*(1)]]) =0
xeU ®1e(0.T] xel
for all T € (0, 0o0) and all k € N. Combining this with Lemma 4.8 shows that for
every k € N it holds that u® is a viscosity solution of (4.70) with initial condition
¢k. In addition, note that

lim sup lu(t, x) —u®(z, x)|
k=00 (; x)e(0,00)x K
(4.73) < lim sup E[|o(X* (1)) — or(X*(1))]]

k=00 (¢ x)e(0,00)x K

< lim sup |p(y) —@(y)|=0
_)ooyeUUK
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for all compact sets K C O. Combining this with Lemma 4.8 eventually shows
that u is indeed a viscosity solution of (4.70) as claimed. [J

The next result is a generalization and a consequence of Lemma 4.15 above and
constitutes the main result of this section.

THEOREM 4.16 (Existence and uniqueness of viscosity solutions of Kol-
mogorov equations). Let d,m € N, p € R, let O C R? be an open set, let
¢:0 — R be a continuous function, let ;1:0 — R and o:0 — R¥™ pe
locally Lipschitz continuous functions and let V € C2(0, (0,00)) be such that

limy oo SUP, e gr 15505 = 0, such that

4.74)  ((VV)(x), u(x)) + %tr(a ()[o ()] (Hess V)(x)) < p - V(x)

for all x € O and such that lim,_, o inf{V (x) : x € O, } = 0o. Then there exists a
unique continuous function u : [0, 00) x O — R which fulfills u(0, x) = ¢(x) for
all x € O, which flfills 1im, . oo SUP(,_)c(0.71x 0c st = 0 for all T € (0, 00)

and which is a viscosity solution of

9 1 *
U x) = (Veu) (2, x), p(x)) — 3 tr(o (x)[o (x)]" (Hessy u)(z, x))
(4.75)

for (t,x) € (0,00) x O. Moreover, if (2, F,P) is a probability space with a nor-
mal filtration (Ft):c[0,00) and if W 1[0, 00) x Q — R"™ is a standard (F;);c[0,00)-
Brownian motion, then there exist up to indistinguishability unique global solu-
tions X*:[0,00) x Q2 — 0,x€ O, to

t t
(4.76) X*(t) =x + fo w(X*(s))ds + fo o (X*(s)) dW(s),

P-a.s. for all t € [0, 00) and all x € O. In that case, u has the probabilistic repre-
sentation u(t, x) = E[p(X*(¢))] for all (¢, x) € [0, 00) x O.

PROOF. W.lLo.g. we assume throughout this proof that (2, F, P) is a proba-
bility space with a normal filtration (F;);¢[0,00) and that W : [0, c0) x  — R™ is
a standard (F;);¢[0,00)-Brownian motion. Then, since V is a Lyapunov function,
(4.76) does have global solutions which furthermore (assuming without loss of
generality that p > 0) have the property that

4.77) E[V (X (t AT))] < e V(x)

for any stopping time 7:Q — [0,00). As a consequence, for every (¢,x) €
[0, c0) x O it holds that E[|o(X*(¢))|] is finite so that we can define u : [0, 00) x
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O — R by u(t, x) :=E[p(X*(¢))] for all (¢, x) € [0, 00) x O. Note that as a con-
sequence of our assumption on ¢, for every é € (0, 0o) there exists a constant
Cs € (0, 00) such that

(4.78) lp(x)| < Cs + 8V (x)

holds for all x € O. The bound (4.77) immediately implies a similar bound on
u(t, -), so that u has the required behaviour at infinity. It therefore remains to show
that u is indeed a viscosity solution of (4.75), as uniqueness of such a solution
follows from Corollary 4.14. The proof for this goes again by approximation. Let
u™ and o™ for n € N be any sequence of Lipschitz continuous functions such
that for all x € O it holds that

(4.79) Vo <n = pP@)=px), oPx)=ok)
and
(4.80) Vy>n+1 = uPx)=0, o™ (x)=0.

Denoting by X*", x € O, n € N, the solutions to the corresponding SDEs, we
set u,(t,x) = E[p(X*"(¢))] for all (t,x) € [0,00) x O, n € N. It then follows
from Lemma 4.15 that u,|0,00)x 0, 18 @ viscosity solution to the equation analo-
gous to (4.75). As a consequence of Lemma 4.8, it remains to show that u, — u,
uniformly on compact subsets of (0, c0) x O. For this, we introduce the stopping
times 1, :=inf({t € (0, 00): V(X*(t)) > n} U {oo}), x € O, n € N. As a conse-
quence of (4.78), the fact that X*" and X* coincide until time 7;’, and the fact that
V(X*"(t)) <n+ 1, P-as. provided that V(x) <n + 1, we have for all n € N and
all (¢, x) € [0,00) x O with V(x) <n + 1 that

|u(t,x) — un(t,x)|
(4.81) <E[Lirr<nlo(XTO)[] + E[Lry <o (X" ()]
<2CsP[t) <t]+8e” V(x)+8n+ DP[r) <1].

Using (4.77), we obtain from Chebychev’s inequality that for all (¢, x) € [0, co) X
O it holds that
E[V(X*(t AT)))] - e’V (x)

(4.82) P[r) <t]=P[V(X*(tAT)))=n]< - ,

Inserting this into (4.81), the required locally uniform convergence follows at once.
O

In the literature, there are many results proving an assertion similar to Theo-
rem 4.16 and Corollary 4.14, respectively, under various assumptions on the func-
tions u and o. Theorem 4.3 in Pardoux and Peng [60] implies that the transition
semigroup associated with the SDE (4.76) is a viscosity solution of (4.75) if u
and o are globally Lipschitz continuous; see also Peng [62]. Theorem C.2.4 in
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Peng [61] can be applied if u is locally Holder continuous and if o is constant
and then proves uniqueness of an at most polynomially growing viscosity solution
of (4.75). Uniqueness of the viscosity solution of (4.75) with given initial func-
tion follows from Theorem 8.2 in the User’s guide Crandall, Ishii and Lions [7]
if u is globally one-sided Lipschitz continuous, that is, if there exists a constant
c € R such that (x — y, u(x) — u(y)) < cllx — y||* for all x,y € R?, and if o
is globally Lipschitz continuous. Moreover, Theorem 5.13 in Krylov [47] implies
that the transition semigroup solves the Kolmogorov equation (4.75) in the sense
of distributions if © and o are globally Lipschitz continuous. In addition, Theo-
rems 7.1.3 and 7.1.4 in Evans [18] show that there exists a unique weak solution
of the PDE (4.75) if the coefficients it and o are bounded and if the PDE (4.75) is
uniformly parabolic.

In many situations, the open set O C R and the Lyapunov-type function
V:0 — R in Theorem 4.16 satisfy O = R? and V(x) = (1 + |x|*)? for all
x € R? where p € [1, 00) is an arbitrary real number. This is subject of the fol-
lowing Corollary 4.17. It is a direct consequence of Theorem 4.16 and its proof is
therefore omitted.

COROLLARY 4.17 (Existence and uniqueness of at most polynomially grow-
ing viscosity solutions of Kolmogorov equations). Let d,m € N, let ¢ :R¢ — R

be a continuous and at most polynomially growing function, let i :R¢ — R¢ and
(x.p(x))
(I+]x11%)

aFap < ©°- Then there exists a unique continuous function

:[0,00) x RY — R which fulfills imsup,,_, o SUp(, (o, 7]xrd 1o1ots < 00 for
all T € (0, 00), which fulfills u(0, x) = ¢(x) for all x € R4, and which is a viscos-

ity solution of

o :R? — RI*™ pe locally Lipschitz continuous functions with SUp, crd
o)l

00 and sup, cpd

9 1 .
S (1,) = (V) (1, 0), 1)) = 3 {0 (0o (0] (Hess 1)1, )
(4.83)

for (t,x) € (0,00) x RY. Moreover, if (2, F,P) is a probability space with
a normal filtration (F;)ic[0,00) and if W:[0,00) x Q@ — R™ is a standard
(F1)1€[0,00)-Brownian motion, then u has the probabilistic representation u(t, x) =
Elo(X*(1))] for all (t,x) € [0,00) x R?, where the stochastic processes X*:
[0,00) x Q — R, x e R4, are as before.

Note that all examples in this article fulfill the assumptions of Corollary 4.17. In
particular, observe that u and o from the SDE (2.1) in Section 2, u and o from the
SDE (2.10) in Section 2, u and ¢ from the SDE (2.11) in Section 2, & and o from
the SDE (3.1) in Section 3, i and o from the SDE (3.18) in Section 3 as well as
and o from the SDE (5.3) in Section 5 all fulfill the assumptions of Corollary 4.17.
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4.5. Distributional solutions of Kolmogorov equations. In this section, we for-
mulate a slight extension to Theorem 5.13 in Krylov [47], which states that the
semigroup associated to an SDE with smooth coefficients solves the correspond-
ing Kolmogorov equation in the distributional sense, even if the coefficients are
badly behaved near the boundary of the domain of definition O.

PROPOSITION 4.18. Let d,m € N, let O C RY be an open set, let u =
(i1s ... na) € CP(O0,RY), 0 = (0 )ie(l....d).je(l....m) € CC(O,RI*™), let
¢ € Cp(O,R), let (2, F,P) be a probability space with a normal filitration
(Ft)iel0,00), let W:[0,00) x Q — R"™ be a standard (F;);¢[0,00)-Brownian mo-
tion and let X* :[0,00) x Q — O, x € O, be solutions to

(4.84) Xx(t)zx—f—/o ,u(Xx(s))ds—l—/O o (X (s))dW(s),

P-a.s. for all (¢, x) € [0, 0c0) x 2. Then the function u : (0, 00) x O — R given by
u(t,x) =E[lp(X* ()] forall (¢, x) € [0, 00) x O solves the Kolmogorov equation

d ou 1 0%u
(4.85) §—§u1—+222m,18x o

I=1i,j=1

in the distributional sense.

PROOF. Let O, be as above, consider for every n € N smooth and globally
Lipschitz continuous functions 1 and o™ which agree with 1 and o on O,
and denote by X*", x € O, solutions of the corresponding SDE. Fix some fi-
nal time T € (0, c0), denote by P, the law of X* on C([0, T], O) and for ev-
ery n € N by P/ the law of X*" on C([0, T], O). It then follows from the
smoothness of the coefficients u and o that O > x — P, is weakly continu-
ous; see Theorem 1.7 in Krylov [47]. In particular, this implies that u is contin-
uous and that, for every compact K C O, the set {P,:x € K} is tight. Let now
uy(x,t) =E[p,(X*"())] for all (t,x) € (0,00) x O, n € N, where ¢,: 0 — R,
n € N, are smooth approximations of ¢ such that sup, .o |¢n(x) —@(x)| <1/n
and supp(¢,) C Oy for all n € N and such that sup, .y sup,co l@n(x)| < oo.
Note now that Py|5c(0,71,0,) = Py |B(c((0,T],0,)) and that, locally uniformly in
x, the Py-measure of the set C([0, T'], O,) converges to 1 as n — oo. In particular,
there exists a real number C € [0, co) such that for all (¢, x) € (0, T] x O it holds
that

(4.86) lun (x, 1) — ux, 1) < — ! —+C[1 = P(C(10.71. On)]-

As a consequence, one has u, — u, locally uniformly in x and ¢. The claim now
follows at once from the fact that, by Theorem 5.13 in Krylov [47], each of the u,,
solves the Kolmogorov equation with ™ and ¢ ™. O
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5. A counterexample to the rate of convergence of the Euler-Maruyama
method. In this section, we use the results of Section 3 to establish the existence
of an SDE with smooth and globally bounded coefficients for which the Euler—
Maruyama method convergences without any arbitrarily small polynomial rate of
convergence, thereby proving Theorem 1.3 of the Introduction. Denote by C the
constant

R 1
(5.1 C=f eI gy
0
and set
1 ~
1(1,00) (x4) -exp(—x2 1) -cos((x3 — C) -exp(x%))
2_
0
pu(x) = 1 .
L—1,1)(xs) - CXP<— 2)
1 —x;
(5.2) :
' 0000
01 0 O
B =
0 0 0 O
0 0 0 O

for all x = (x1, x2, x3,x4) € R*. The function R > x L—1,1H(x) -exp(=1/(1 —
x2)) € [0, 1] that appears in  has been used as a mollifier function in Lemma 1.2.3
in Hormander [32]. Note that M:]R4 — R%is infinitely often differentiable and
globally bounded. Moreover, let (€2, F, P) be any probability space supporting a
four-dimensional standard Brownian motion W : [0, 00) x Q2 — R* with continu-
ous sample paths. Then there exists a unique stochastic process X : [0, 00) x Q2 —
R* with continuous sample paths which fulfills X () = f§ (X (s)) ds + BW(t) for
all t € [0, 00). The stochastic process X = (X1, X2, X3, X4):[0,00) X Q — R*is
thus a solution process of the SDE

1
dX1(1) =1(1,00)(X4(1)) 'CXP(—m)
x cos((X3(1) — é) -exp(Xg(t)3)) dt,
(5.3) dX>(t) =dWs (1),
1
dX3(t) = :ﬂ.(_l’]) (X4(t)) . eXp(—TW) dt,
dX4(t) = 1dr

for t € [0,00) satisfying X(0) = 0. In the next step, we define the Euler—
Maruyama approximations for the SDE (5.3) using the following notation. Let
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L-]n: [0, 00) — [0, 00), h € (0, 00), be a family of mappings defined by
(5.4) L#]n ;= max{s € {0, h,2h,...}:s <1}

for all 7 € [0, 0c0) and all h € (0, 00). Then let Y = (Y]', Y2, Y2, Y1) :[0, 00) x
Q — R* h € (0, 00), be Euler—_Maruyama approximation processes defined re-
cursively by

Y"(0):=0 and

Yh@y =Y (Le)n) + (Y (Len)) - (¢ — Ledn) + B(W () — W(Lt1n))

forallt € (nh,(mn+1)h],n €{0,1,...} and all & € (0, 00). Observe that this defi-
nition ensures that

! 2
PO = [ Lo (Isl)e /0

(5.6)
w A
X COS((/ ]l[oJ)(LMJh)e*l/(l*L”J%) du — C)eWZ(LSJh)3> ds
0

for all ¢t € [1,00) and all 4 € (0, 00). The following Theorem 5.1 proves that
the Euler—-Maruyama method (5.5) for the SDE (5.3) convergences without any
arbitrarily small polynomial rate of convergence. Theorem 5.1 together with an
elementary transformation argument [dealing with general xo € R* and general
T € (0, 0co)] then implies Theorem 1.3.

THEOREM 5.1 (A counterexample to the rate of convergence of the Euler—
Maruyama method). Let X = (X1, X2, X3, X4):[0,00) x Q — R* be a solution
process of the SDE (5.3) with continuous sample paths and with X (0) = 0. Then

(5.7) E[X1(t)] — E[Y] (t)] = exp(—14[In(h)|*?)
forall h € (0, %] and all t € [2, 00) and, therefore, we obtain

—_yh — h
lim<1[‘37[||X(t) Y (t)ll]) _ lim(IIIE[X(I)] E[Y (f)]||>

N0 h« AN ho
(5.8)
_ { 0, oa =0,
N Y o >0,

forall a € [0,00) and all t € [2, 00). In particular, for every t € [2, 00) and every
o, C, hg € (0,00) there exists a real number h € (0, ho) such that |E[X (¢)] —
E[Y"®)]| > C - h*.

The proof of Theorem 5.1 is deferred to the end of this section. To the best
of our knowledge, the SDE (5.3) is the first SDE with smooth coefficients in the
literature for which it has been established that the Euler—Maruyama scheme con-
verges in the strong and numerical weak sense without any arbitrarily small rate
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of convergence. Using the results of Section 3, one can show that the SDE (5.3) is
not locally Holder continuous with respect to the initial value. This is summarized
in the next corollary of Lemma 3.3 in Section 3.

COROLLARY 5.2. Let X*:[0,00) x 2 — R*, x € R?, be solution processes
of the SDE (5.3) with continuous sample paths and with X*(0) = x for all x € R*.
Then for every t € (0,00) the function R* 5 x > E[X*(1)] € R* is not locally
Holder continuous.

PROOF. Note that
|E[x©0C2 ()] — E[x O0h+CD 1))
> [B[x 0D ) - x(00I+ED 4y
(5.9) t |
— 3
B ‘/0 eXF’(m)E[I — cos(h - exp([Wa(s)]))] ds

> exp(—3 ) [ (1 = Eleos(h - exp([Wa0)]'))) ds

for all i, t € (0, 00). Combining this with Lemma 3.3 in Section 3 completes the
proof of Corollary 5.2. [

In the following, the size of the quantity ||E[X (T)] — E[Yh(T)]H € [0, 00) is
analyzed for sufficiently small & € (0, co) and thereby Theorem 5.1 is established.
To do so, we first establish a few auxiliary results. We begin with an elementary
estimate for the numerical integration of concave functions.

LEMMA 5.3 (Numerical integration of concave functions). Let |-]p:[0,
00) — [0, 00), h € (0, 00), be given by (5.4), let b € (0, 00) be a real number and
let ¥ : 10, b] — R be a continuously differentiable function with a nonincreasing
derivative. Then

b
f (W () — ¥ (Ls])) ds
(5.10)"°

1
=< E[w’(m 2+ (Y (LbJn — h) = ¥ () - b+ (Lb1n) - (b — Lb1n)’]
forall h € (0, b].

PROOF. The fundamental theorem of calculus and monotonicity of " imply

/Ob(w) —(Lsln)) ds

b ps b rs
A1 = / )
sy = [ wadeds< [7[ y(issy)duds
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_/ /L "(Ls1n duds—i—/ th/ V' (Lsln) duds
slh
—i—fwh /mh V' (Lsln) duds

hr K2
=0T+ ( 3 W(nh)>+l//(Lth)-

2 neN,nh<|b]j,

(b— b]n)?
2

hr h
0 —+ "(s)d
<v'(0)- (M%% / L s)
b— |blp)?
. h? h
=w(0)-7+(W(Lth—h)—w(O))5
b— |blp)?
Fy(oh) - =

for all & € (0, b]. This finishes the proof of Lemma 5.3. [

Using Lemma 5.3, we establish in the next lemma a simple lower bound for the
numerical integration of the function 11 1)(x) - exp(—1/(1 — x2)), x € R, in the
third component of 1 : R* — R?.

LEMMA 5.4 [Numerical integration of the function 1(_y 1)(x) - exp(—1/(1 —
x%), x €R]. Let |-]5:[0,00) = [0, 00), h € (0, 00), be given by (5.4). Then

h o0 1 A
(5.12) %5./0 1[0,1)(L5Jh)'CXP<—1_ LsJ%)ds_CSZh
forall h € (0, §].
PROOF. First of all, observe that
2
d —1/(1—)C2) _2x . 6_1/(1_x )
il — d
¢ ) a—x22 M

(5.13)
d2

—1/(1—x2
(e =y = M(,ﬁ _ l)
dx? (1 —x2)4 3

forall x € (—1, 1). We hence obtain that the function [0, 37 /4] 3 s > e~ /(=5 €
R has a nonincreasing derivative. Applying Lemma 5.3 and using that the function
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[0,00) 55+ 1jo,1)(s) - e~ 1/(1=s) € R is nonincreasing therefore results in

/OOO 10,1 (Ls 1) - exp(m) ds — /01 exp((l :1s2)) ds

o ~1 -1
=/0 Lio,1y(Lsn) -exp<m> —1jo,1(s) 'eXp(m) ds

>0
3 —1 —1
Z/o Xp((l—uthP)) ((1 ))
(5.14) z@.<exp< ! ) p( - ))
2 (1-0?% (A —11371Y4], —h?)
2. 13714, e VA=IBT D (3174 3=1/4),)2
[1—13~1/41, 212 ’ 2

h -1 -
5.(6 —eXp<(1_[3—1/4_2h]2))>

h ( 4 ( -1 )) (el —e 43  h
>— e —expl ————7 ) | =h - —— > —
2 (1—1[1/21% 2 20

forall h € (0, %] where we used the estimate 371/4 — 24 > 31/4 4 > % forall h €

—1/4

+

%

(0, %] in the penultimate inequality in (5.14). Moreover, note that (5.13) implies
that

|y mottso)-eo( =)o
—/01 exp((l:—lz)> ds
<h+/‘ ((1—|Lth|2>) p(ﬁ)““

2x . eil/(lfx )
<h+ sup [—] -h
el (1 —x2)?

(5.15)

2.3-1/4 ., ,=1/(1=3717%)
[
(1_3—1/2)2

6
=h -h <2h
+ [31/4.(ﬁ_ 1)2.6«/5/(«/51)} -

forall & € (0, o0). Combining (5.14) and (5.15) completes the proof of Lemma 5.4.
O
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We are now ready to prove Theorem 5.1. Its proof uses Lemma 5.4 as well as
Lemma 3.3 in Section 3 above.

PROOF OF THEOREM 5.1. First of all, note that X;(¢) = ff exp( )ds,

P-a.s. for all # € [1, 0o0). Combining this with (5.6) then shows that

—1
(s2-1)
E[X,(1)] = E[Y](1)]

= ]texp<—s2 1_ 1) — 1(1.00) (LS 1) -exp(—ﬁ) ds

>0

t 2
+/1 1(1.00) (L5 Jn) e/ (Lss=D

0
X E|:1 — cos((/ ]l[o,l)(Lth)e_l/(l_L”Jﬁ) du
0

b W 3
_/ o1/ (—u >du>e 2(Ls 1) >]ds
0

t 2
> 1 s]p)e— 1/ UslED
f3/2 (1.00) (L5 ]n)

00
XEI:I —COS<</ ]l[()J)(LMJh)e*l/(l*L”J%)du
0

1
_/ e‘/(‘“2>du>eW2<Lth>3>}ds
0

forall 7 € [, 00) and all & € (0, 00). The estimate [s]; > [3]p > 3 —h > 1L for

all s € [%, 00), h € (0, %] and Lemmas 5.4 and 3.3 therefore show that

E[X1()] —E[Y! ()]
1
= eXp<_ 121/64 — 1)

v 0 1
X / E[] —COS((/ ]1[0,1)(Lth)eil/(lilLuJ"‘z)du—/ eil/(liuz)du>
3/2 0 0

zh/20<.--<2h due to Lemma 5.4

x eWZ(LSJh)3>] ds

> ¢64/57

X /3;2 exp<ﬁ
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oo
X ln(n/(Z(/ T0.1)(Luln) - eV A=1luln) g,
0
1 2
_/ 1/ %m)))
0

2/3
)ds

(v—3/2) ( 64 (1071)2/3)
> ——exp| ——|In| —
4 11 h

for all 4 € (0, min{%, %exp(—v3/2)}], t €[v,00) and all v € [%, 00). Hence, we
finally obtain that

E[X(1)] — E[Y](1)]

(5.16) 64 64
> exp(—ln(S) - ﬁ|ln(10n)|2/3 - ﬁ|1n(h)|2/3>

forall & € (0, %] and all # € [2, o0). This completes the proof of Theorem 5.1. [

In the next step, we illustrate the lower bound on the weak approxima-
tion error in Theorem 5.1 by a numerical simulation. More precisely, we ran
Monte Carlo simulations and approximatively calculated the quantity [|[E[X (T)] —
E[YT/N(T)]|| for T =2 and N € {2},22,...,2%9,230}. We approximated these
differences of expectations with an average over 100,000 independent Monte Carlo
realizations. Moreover, we discretized the integrals X;(2) = [ 12 exp(ﬁ) ds and

X 3 )= fol exp(ﬁ) ds in the exact solution with a uniform grid and mesh size

231 =273 Figure 1 depicts the resulting graph.

In addition to the weak approximation error |E[X (T)] —E[YT/N(T)]|| for T =
2and N € {2',22,...,2%,239), we also plotted the function

21,22,...,2% s N
(5.17)

2/3
! ( ! (1 (N) — ! 57 (In (N))2/3> > € (0,1]
> ——————eX n ,
15- n(N )13 P\ 727
(a function with order 0), the function {2',22, ..., 230} SN+ o f € (0, 1] (or-
der line 3) and the function {2!,22,...,230} 5 N > I € (0, 1] (order line 1)

in Figure 1. In the standard literature in computational stochastics (see, e.g., Kloe-
den and Platen [42]) the Euler-Maruyama scheme is shown to converge in the
numerically weak sense with order 1 if the coefficients of the SDE are smooth and
globally Lipschitz continuous (see Chapter 8 in Kloeden and Platen [42] for the
precise assumptions) and, therefore, the order line 1 is plotted in Figure 1. More-
over, the function with order O is included in Figure 1 so that one can compare
the graph visually with a function which has convergence order 0. According to
our simulations, the approximation error for the mean E[X (2)] does not drop far
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10 -

—2

o
T

Approximation error of the mean
5

_10| | —©=— Approximation error of the mean N
107 A function with order 0 g
----- Order line 1/2

= = =Order line 1

° 10° 10* 10° 10

Number N of time discretizations

FIG. 1. The norm |E[X(T)] — IE[YT/N(T)]H of the difference between the mean of the solu-
tion of the SDE (5.3) and the mean of the Euler—-Maruyama approximations (5.5) for T =2 and
Ne{2!, 22,...,2%9, 230}. The function with convergence order 0 is given by (5.17).

below 1(1)—0 even for N = 230 > 10° time discretizations. This indicates that calcu-

lating the mean E[X (7")] with the Euler-Maruyama method up to a high precision
requires a huge computational effort. In particular, this suggests for applications
that an approximation cannot, in general, be assumed to be very close to the exact
value even after a very high computational effort.
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