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Under the assumption of no-arbitrage, the pricing of American and
Bermudan options can be casted into optimal stopping problems. We pro-
pose a new adaptive simulation based algorithm for the numerical solution
of optimal stopping problems in discrete time. Our approach is to recursively
compute the so-called continuation values. They are defined as regression
functions of the cash flow, which would occur over a series of subsequent
time periods, if the approximated optimal exercise strategy is applied. We
use nonparametric least squares regression estimates to approximate the con-
tinuation values from a set of sample paths which we simulate from the un-
derlying stochastic process. The parameters of the regression estimates and
the regression problems are chosen in a data-dependent manner. We present
results concerning the consistency and rate of convergence of the new al-
gorithm. Finally, we illustrate its performance by pricing high-dimensional
Bermudan basket options with strangle-spread payoff based on the average
of the underlying assets.

1. Introduction. Many financial contracts allow for early exercise before ex-
piry. Most of the exchange traded option contracts are of the American type which
allows the holder to choose any exercise date before expiry, or the Bermudan with
exercise dates restricted to a predefined discrete set of dates. Mortgages have em-
bedded prepayment options such that the mortgage can be amortized or repayed.
Also, life insurance contracts may allow for early surrender. In this paper we are
interested in pricing options with early exercise features. It is well known that in
complete and arbitrage free markets the price of a derivative security can be repre-
sented as an expected value with respect to the so-called martingale measure; see,
for instance, [16]. Furthermore, the price of an American option with maturity 7
is given by the value of the optimal stopping problem
(1.1) Vo= sup E{do: fr(X0)},

T€7]0,7]
where f; is a nonnegative payoff function, X, is a stochastic process, which mod-
els the relevant risk factors, 7o, 7] is the class of all stopping times with values
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in [0, T'], and d; ; are nonnegative ¥ ((X,)s<u<;)-measurable discount factors sat-
isfying do s = dy s - ds+ for s < t. In practice, the process X; is often a geometric
Brownian motion, as, for instance, in the celebrated Black—Scholes setting. A more
general class of models is obtained with diffusions, jump-diffusion processes or
nonparametric time series models. The model parameters are usually calibrated to
observed time series data.

The first step in addressing the numerical solution of (1.1) is to pass from con-
tinuous time to discrete time, which means in financial terms to approximate the
American option by a Bermudan option. The convergence of the discrete time
approximations to the continuous time optimal stopping problem is considered
in [18] for the Markovian case but also in the abstract setting of general stochastic
processes.

For simplicity, we restrict ourselves directly to a discrete time scale and consider
exclusively Bermudan options. In analogy to (1.1), the price of a Bermudan option
is the value of the discrete time optimal stopping problem

(1.2) Vo= sup  Eldorfr(X:)},
1€7(0,...,T)
where Xg, X1, ..., X7 is now a discrete time stochastic process, and 7 (0, ..., T)
is the class of all {0, ..., T'}-stopping times. For additional theoretical background
on valuating Bermudan options, we refer to [25].
In the sequel we assume that Xg, Xy,..., X7 is a [—A, A]d-valued Markov

process recording all necessary information about financial variables including
prices of the underlying assets as well as additional risk factors driving stochastic
volatility or stochastic interest rates. We also assume that the law of Xo,..., X7
is known such that we can draw random sample paths as well as partial sample
paths X¢, ..., X7 for arbitrary starting values of X;. Neither the Markov prop-
erty nor the form of the payoff as a function of the state of X, is restrictive and
can always be achieved by including supplementary variables. For instance, in the
case of an Asian option we add the running mean as an additional variable into X;.
Because the diffusion, jump-diffusion or time series models, which appear in prac-
tical applications, lead to unbounded stochastic processes for the underlying state
variables X;, they must be suitably localized to a bounded set [—A, Al4.

The boundedness assumption X; € [—A, A]d then allows us to estimate the
price of the Bermudan option from samples of polynomial size in the number of
free parameters. This is in contrast to Glasserman and Yu [13]. Their work does
not impose a boundedness assumption on the underlying process and shows that
for arithmetic and geometric Brownian motions, the sample size must grow expo-
nentially in the number of free parameters in order to retain a convergent estimator.

The computation of (1.2) requires the determination of an optimal stopping rule
™ e T(0,...,T) which satisfies

(1.3) Vo = E{do o+ for- (X7+)}.
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Let

(1.4) g:(x)= sup  E{d; ¢ fe(X0)|X; = x}

TeT (t+1,....,T)
be the so-called continuation value describing the value of the option at time ¢
given X; = x and subject to the constraint of holding the option at time ¢ rather
than exercising it. The general theory of optimal stopping for Markov processes
(see, e.g., [5, 11, 22, 26]) implies that

F = inf{s > 1:g,(Xs) < f5(X)}

is an optimal stopping time, that is, t* satisfies (1.3). Therefore, computing the
continuation values (1.4) solves the optimal stopping problem (1.2).

Explicit solutions of (1.2) do not exist, except in very rare cases, but there are a
variety of numerical procedures to solve optimal stopping problems, each with its
strength and weaknesses. In this paper we study a concrete simulation algorithm.
The first attempts to use simulation are [2, 3, 28]. Longstaff and Schwartz [21]
introduce a new algorithm for Bermudan options in discrete time. It combines
Monte Carlo simulation with multivariate function approximation. Tsitsiklis and
Van Roy [29] independently propose an alternative parametric approximation al-
gorithm using stochastic approximation to derive the weights of the approxima-
tion. Both algorithms approximate the value function or the early exercise rule and
therefore provide a lower bound for the true optimal stopping value. Upper bounds
based on the dual problem are derived in [15, 23]. More details and further refer-
ences can be found in [4] and [12]. The article [19] compares several Monte Carlo
approaches empirically.

In this paper we enhance the approach of [21] and its generalization presented
in [10]. We construct estimates ¢; of g; and approximate the optimal stopping
rule T* by

(L.5) T =inf{s > 1:4,(X;) < f5(Xy)}.
Then, a Monte Carlo estimate of

(1.6) E{dy : 3 (X2)}

provides a lower bound for the price Vj of the Bermudan option.

To this end, we represent g; as a regression function of a distribution (X;, Y;),
where Y; depends on the partial sample path X;41,..., Xyyw+1 and @41, ...,
gt+w+1 for some tunable parameter w € {0, 1,..., T — ¢t — 1}. This distribution
will in turn be approximated by (X7, I?,), where IAG depends on X;y1, ..., Xitw+1
and G;41,...,qr+ws1. We construct an estimate g; of g, with nonparametric re-
gression techniques applied to a Monte Carlo sample of the distribution (X, Yy)
and use this estimate together with g,y1, ..., §;+w to compute recursive estimates
of g;—1, ..., qo. Our algorithm is adaptive in the sense that all parameters of the
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estimates and the parameter w of the distribution of (X, ¥;) are chosen in a data
dependent manner.

We proceed as follows. In Section 2 we describe in detail the connection be-
tween discrete time optimal stopping problems and recursive regression. The dy-
namic look-ahead Monte Carlo algorithm for solving optimal stopping problems
is introduced in Section 3. The main theoretical results, including the consistency
and the rate of convergence of the algorithm, are presented in Section 4. The fi-
nite sample properties of the proposed algorithm are illustrated in Section 5 with a
simulation study. Section 6 contains the proofs.

2. Discrete time optimal stopping and recursive regression. Let X =
(Xt)r=0,.... 7 be a discrete time Markov process with values in R4, ; the law in-
duced by X; on R? and F = (F3) be the induced filtration where

.1 Fi=F Xo,.... X)) =\ o(Xy)
s<t

is the sigma algebra generated by the random variables {X;|s < ¢}. The solution
of the discrete time optimal stopping problem for nonnegative reward or payoff
functions f; is given by the value function
(22) v(x)= sup E[f(X)|X; =x].

teq (¢,....T)
The supremum runs over the class 7 (¢,...,T) of all F-stopping times with
values in {t,...,T}. By definition, each v € 7(¢,...,T) satisfies {r = k} €
F(Xo, ..., Xy) for k € {t,..., T}. Here and in the sequel we assume for nota-
tional simplicity that f; contains already the discount factor occurring in (1.2).
Once the value function has been determined, the smallest optimal stopping time
as of time ¢ can be derived as

2.3) ‘Et* =inf{s > t|vs(Xs) < fA(XA)}

The optimal stopping problem can also be characterized in terms of the so-called
continuation value, which is given by

@4) gw= sup E[f(X)IX;=x]=Elfes (X2 )X, =x]
teT (t+1,....,T)

fort <T — 1 and set to g7 = 0 at maturity 7. The value function and the continu-
ation value are related by

(2.5) v (Xy) :max(ft(xt)vQI(Xt))7 91 (Xy) =E[vi 1 (X)X ).

From now on we primarily consider g;. The continuation value satisfies the dy-
namic programming equations

qr(x) =0,
qr(x) = E[max(ff+1 (X141, gr41 (Xt+1))|Xt = X]-

(2.6)
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The recursion for the optimal stopping rules is given by
=T,

(2.7) . .
T = thgxo= o) + T la o> oy

The dynamic programming equations (2.6) show that the optimal stopping prob-
lem in discrete time is essentially equivalent to a series of regression problems.
Equation (2.4) provides a different regression representation of the continuation
value, once the optimal stopping rule of the next future period is known. These rep-
resentations are extreme cases, as we will explain in the following. For i, € L1(t;)
with hr = fr, we define on RW+D4 = xR the function

ﬂt:w(fa he,y ..., hz+w)(xta ey XH—w)
t+w s—1
(2.8) =Y LG e —hy =0y | [ 11 )=y (1) <0)

s=t r=t
t+w
+ ht+w (xt—l—w) l_[ 1{f,(xr)—hr()cr)<0}’
r=t
where we follow the convention that the product over an empty index set is equal
to one. In the following, to reduce notational overhead, we simply write

(2.9) Ve (fs ) = 0w (f bty o Bigw),

thereby implicitly assuming that 9., (f, ) is solely depending on hy, ..., hsyy.
In a financial context the function 9., ( f, #) has a natural interpretation as the
future payoff we would get by holding the Bermudan option for at most w periods,
applying the stopping rule 7;(k) A (¢ + w) which is defined recursively by
tr(h) =T,
(2.10)
T (h) =11y 1,x)—h (X)20) + T+ 1) L 1, x)—h, (X <0}

and selling the option at time ¢ + w for the price A, (X;+y), if it is not exercised
before.

We now come back to the generalization of the regression representations (2.4)
and (2.6). First note that max( f;+1, gr+1) = 9+1:0(f, g¢) and, therefore,

(2.11) q:1(x) = E[V111:0(f, @) (Xi4 )| Xy = x].

On the other hand, the recursive formula (2.7) for the optimal stopping rule t;*
shows that

f‘[* (X‘L';';l) = fft+](q) (X‘L'[+](q)) = 29l-i-llT—l—l(.f’v Q)(XH—I, BRI XT)v

t+1
such that we also have [cf. (2.4)]

(2.12) q:(x) =E[11 1.7 1(f, @) (X1, ..., X7)| Xy = x].
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More generally, we have for any 0 <w < T — ¢ — 1 the representation

(2.13) g1 (xX) = E[0 10 (f, @) (Xit1, - s Xeqw1) | X = x].
To prove (2.13), we start with

q:(Xy) = E[max(f,+1(X,+1), C]t+1(Xt+1))|Xt]
(2.14) = E[fit1 Xt D1 X =i (X4020)
+ @11 XD L (X)) =higt (Xes 1) <0} | F2 ],
where we have used the Markov property in the second equality. Then we expand
gi+1(Xi41) in (2.14) by
E[fi2(X i) 1 fraa X2~ hisa(X142)20)
+ @2 X)L fp (Xi2) e 42 (X112 <0) | Frt1]

and proceed recursively up to t + w + 1. Equation (2.13) follows from the pro-
jection property E[E[-| %+ 1]|F;] = E[-|#;] of conditional expectations and by an-
other application of the Markov property.

3. Monte Carlo algorithms for optimal stopping. Equation (2.13) shows
that the continuation value ¢; at time ¢ can be obtained as the regression function
of U141 (f,q) for some 0 <w < T — ¢t — 1. Least squares Monte Carlo methods
pioneered by [21], and extended in [10] to arbitrary w, recursively estimate the
regression function ¢g; from independent sample paths of the underlying Markov
process X;. Let

(3-1) Xt-i—l:w:(Xt—i—la---th—I—w-i-l)

be the partial sample path of length w starting at # 4+ 1. When it comes to estima-
tion of the continuation value ¢;, these algorithms use the previously determined
estimates §s+1, ..., @r+w+1 fOr gr41, ..., @r+w+1 to construct

(32 V=010, ) KXittw) =910 (Fr Gitts - o2 Graws 1) Kot 1:w),

which takes the role of the dependent variable of the regression problem for time
step . The random variable Y; is an estimate of the unknown optimal reward

(33)  Yi=01w(fi ) Xit1:w) =0t t:w(fi G415 - w1 (Kot 1)
Given independent sample paths

(3.4) X; = (Xit)i=0...T» i=1,...,n,

of the underlying Markov process X, the least squares estimate of ¢, is obtained as

. 1 .
(3.5) Gn =argmin— Y |h(X;,) — Yi,l%,
he:}(n.[ n i=1



1144 D. EGLOFF, M. KOHLER AND N. TODOROVIC

where

(36) Yi,t :ﬁt—l—l:w(fsQ)(Xi,t—i-l:w)s Xi,t+1:w = (Xi,t-i—l»---,Xi,t-i-w—i-l)
and #, ; is a set of functions & ‘RY > R.

With w = 0, the above algorithm corresponds to the Tsitsiklis—Van Roy algo-
rithm [29], while w =T — ¢t — 1 has been proposed in [21]. The idea of using
an intermediate value w € {0, 1,..., T — ¢t — 1} in order to “interpolate” between
these two algorithms has been introduced in [10]. A further contribution of [10] is
the consistency and the rate of convergence of the above algorithm for fixed w and
fixed convex and uniformly bounded function spaces #, ;, without imposing any
distributional assumptions on the underlying process X;.

The boundedness assumption on #¢,; makes the computation of the least
squares estimate in (3.5) difficult because it leads to constrained optimization prob-
lems; see, for instance, [14], Section 10.1. In addition, the convexity assumption
excludes promising choices like spaces of polynomial splines with free knots or
spaces of artificial neural networks, which require restrictions on the number of
knots or the number of hidden neurons, respectively, to control the “complexity”
of the function spaces. The resulting function spaces violate the convexity assump-
tions. Taking the convex hull instead is not an option because it would lead to
function classes with a complexity that is much too high. Furthermore, in view of
applications, it is desirable to choose parameters of the functions spaces and also
the parameter w of the underlying regression problems data dependent. In this pa-
per we modify the above algorithm such that this is possible. For simplicity, we
restrict ourselves to function spaces, which are linear vector spaces, however, it is
straightforward to derive similar results for spaces of polynomial splines with free
knots or spaces of artificial neural networks.

The main problem in analyzing the estimates g, is the control of the error
propagation, that is, to answer the question how the errors of gy 141, ..., Gn.r+w+1
influence the error of g, ;. At this stage Egloff [10] uses the convexity of #, ; to
bound the Lj-error in terms of the approximation error and a sample error derived
from a suitably centered loss function. The difficulty for obtaining error estimates
comes from the fact that §;+1, ..., §r+w+1 depend on a single set of sample paths
(3.4) and are thus dependent. Clément, Lamberton and Protter [6] face the same
difficulty while deriving a central limit theorem for the Longstaff—-Schwartz algo-
rithm with linear approximation.

In the sequel we use a trick to simplify the analysis of the error propagation.
Instead of using the partial sample path X, 1., of our training data again, which
we used in part already in the construction of the estimates G, r+1, - -, Gn.r+w+1,
we generate new data X fff“l’v for X, 1., which are conditionally independent from

all previously used data of time s > ¢ given X, at time point . We then construct
W, NEW

samples of the distribution of (X;, Y; ), where

O W, New A A t,new
Y, =110 ([, ‘]n,t+1,---»Qn,t+w+l)(XH_1;w)-
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t,new

Since for X; given, the random variable X, ;. is independent of all previously

used data for all time points s > ¢, it is, in particular, independent of the data used
in the construction of g, ¢ 41, - - -, @n.r+w+1- Set

q;v,new(x) — E*{ﬁw,new|xt — x}’

where in E*{-| X, = x} we take the conditional expectation with respect to fixed
X; = x and with all the data fixed which were used in the construction of
Qn.t+1s - - - » qn.t+w+1- Proposition 6.4 in [10] implies

12
{ [ 1= 00 = o M;(dX)}

3.7
t+w+1

> {/mns(x) w0yt

s=t+1
This allows us to control the error propagation. By induction, assume that we have

P{ f s () — g5 () 2125 (d)

T-1
(3.8) >3 e (5 + min / Ih(x) — qr<x)|2ur(dx>>}
r=s n.r
—0 (n — 00)
forse{r+1,...,t +w+ 1}. Assume, in addition, that we are able to show

{ j G (0) — ™ () Pats (dx)

(3.9) >c-(nt+ min [ 1heo) - w“ew(xnzm(dx))}

hed,
—0 (n — 00),

which is for suitable §,; (depending on the “complexity” of the function
spaces #{y, ;) a standard rate of convergence result for least squares estimates from
a sample of size n, where in the sample the response variables are independent
given the predictor variables and where the predictor variables are independent;
see [30] or [17].

It can be shown that (3.7)-(3.9) imply

P{ f G (¥) — g1 (0) Pt (dx)

- TZI<+ min [ 1400 g,0) m(dx))}

na

—0 (n — 00).
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Details concerning related arguments can be found in the proofs of Theorems
4.1 and 4.4 below.

The main difference between our work here and the algorithms used in
[21] and [10] is that we generate new data to construct samples of Y,”*"“". There-
fore, the data used for estimation of g,”"“" is conditionally independent given
the sample of X;, which enables us to conclude (3.9) from standard rate-of-
convergence results in nonparametric regression. The generation of the new, in-
dependent data is similar to the data generation in the random tree method (see,
e.g., Section 8.3 in [12]). However, in contrast to the random tree method, we use
nonparametric regression techniques to estimate the regression function, while in
the random tree method simple averages are used to estimate the regression func-
tion point by point. As a consequence, the number of data points for the random
tree method grows exponentially in 7', while for our method it grows only linearly
inT.

In the sequel we explain the definition of the estimates in detail. Let n be
the number of samples which we generate for our regression estimates, and let
Wmax € {0, 1, ..., T — 1} be the maximal look-ahead which we use. We start with
generating n independent sample paths

Xi = (Xi,1)r=o0,...T (i=1,...,n)

of the underlying Markov process X. Then we set

4r =qn,1 =0
and construct successively estimates of gr—1, ..., go as follows: Fixr € {0, 1, ...,
T — 1} and assume that estimates ¢y ;+1, ..., gn.7—1 of g1+1, ..., gr—1 are already

constructed. Let
wmax(t) = min{wmaXa T—1t— 1}

be the maximal look-ahead of time period 7. Generate independent sample paths

t,new _ t,new P
it Wmax ()41 = (X,'?s )s=t,....t+wmax (1)+1 i=1,....,n)
starting at Xf’tnew = X;, for every i € {1,...,n} such that, for all 7, the partial
sample paths
t,new
(3.10) Xi,t:wmax(t)—i-l
have the same distribution as X; ;... (r)+1, and such that, given Xy, ..., X;,;,

this data is independent of all previously generated data points for all time points
s > t. Define

O W, New A A t,new t,new

Y,',, = V1w (fs Gntls s Qn,t+w+l)(X,"t+1 s e Xi,H—w—H)
for every w € {0, ..., wmax(¢)} and apply a nonparametric least squares estimate
to the data

3.11) ((Xie, V5",
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to construct estimates g,, of g;. The final step is to choose
li)l € {07 17 L] wmax(t)}

The resulting estimator for g; is then given by

(3.12) Gni =g

Next, we explain in detail how to define the nonparametric least squares esti-
mates applied to the data (3.11) and how to select w, in a data dependent way. To
this end, we split the sample in three parts: a learning sample of size n;, a testing
sample of size n; and a validation sample of size n,, where n = n; + n; + n,. Fur-
thermore, we assume that we are given a finite set J, of parameters and for each
p € P, aset H, , of functions h ‘RY > R.

For w fixed, we first define g,’,. For every p € £y, let

nj

1
(3.13) Goi () =argmin — Y |h(X;,) — V15"
hedty,, M i,

be the least squares estimate of g;”""*" in #,. p» which we take as an estimate of g;.

In (3.13) we assume for notational simplicity that the minimum exists, however,
we do not require that it is unique. If the minimum is not uniquely defined, we
can choose as estimate any functions which achieves the minimum and for this
function the theoretical results in Section 4 will hold.

REMARK 3.1. Itis enough that qff :¥ is almost minimizer in the sense that

—iyﬁm&»—wmw
l—l

(3.14)

-
< min — h(X;,) — yumew )
ha%pnlﬁy (Xi1) *+o(m™h)

The result follows from the proofs.

Let
(3.15) Ty z = max{—L, min{L, z}}, zeR,

denote the truncation operator at threshold level L > 0. For a suitable threshold
parameter B, > 0, to be determined later, we set

(3.16) Gni’ () =Tp,gni’(x)  (xeRY,

such that é;,” :? is bounded in absolute value by B,. Next, we apply the method of
splitting the sample to select the parameter p; see, for instance, Chapter 7 in [14].
We set

(3.17) Gl ) =g, (x)  (xeRD,
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where p;}’ € $, satisfies

nj+n; o
AW, P, O W,NEW |2
— > g Ki) =YY
ny i=n;+1
(3.18)
ni+ng
. AW, P O Ww,new 2
= min — Z lgnt (Xi) =Y, 1%
PESy n, l:n[+1 ’
Finally, we explain our choice of w. For each w € {0, 1,..., wmax(¢)}, defini-

tion (3.17) provides an estimate g,’, of g;. The idea is to compute from g,’, an
approximately optimal stopping rule which gives a lower bound on the solution of
the optimal stopping problem at time 7. The optimal candidate for w is the one that
maximizes the lower bound. We therefore set

1 " /
3.19 W; =  argmax = — s IEW XUTV  ew ,
( ) t WE{OJ%-,wmax(f)} ny i=n1-|-zn[+l ftt (Xi’t:Titil)( LT (Xl{:r:T—t—l))
where for w € {0, 1, ..., wmax(¢)} the approximately optimal stopping rule 7,” is
defined by
(320) f[w :Tt(é;lljt,én,t+l’---,ﬂ?n,T—Z,éT—l)s

with 7;(h) recursively defined as in (2.10). The specification (3.19) for w; com-
pletes the definition of the estimator (3.12).

REMARK 3.2. The quality and the computational cost of the estimator primar-
ily depends on the size of n;, which is used in (3.13) to perform the key nonpara-
metric regression. On the other hand, the magnitude of n; and n, is less critical
because they are only used to select optimal parameter values from a relatively
small discrete set and the corresponding objective functions converge, according
to Hoeffding’s and Bernstein’s inequality, very fast. The impact of n; and n, on
the overall computation cost is also minor. In practical applications, n; should be
increased as large as affordable by the available computation capacity.

REMARK 3.3. Note that the optimization in (3.18) and (3.19) is performed
over a finite set, which implies the existence of an optimizer.

4. Main theoretical results. If the stochastic process of the underlying state
variables X, is unbounded, we first localize it to a bounded set [—A, A]¢. For many
industry models, the localization error can be estimated explicitly. For illustration,
we consider a discretely sampled jump-diffusion process X;. Let

Gf(t,x)=(u(AV2f)+ (b, V), x)
@.1) [ 0 = )

— Iqjup<1y(u, V£(t,x)))S(t, x, du)
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be the generator of the corresponding continuous time process X ?, where we as-
sume that A, b are Borel measurable, A is positive definite, with norms ||A|| < ap,
[Ib|l < b, and S is a positive kernel on R? \ {0}, Borel measurable in x such that

4.2) sup S(t, llull* Luy <1y + Nl Ljuy=1y, du) < co.
X
Define
(4.3) m; = sup ||X0—x].
0<s<t

Then, Lemma 17 of [20] states that, for every A € R and positive A, 7, there exists
a constant k only depending on ag and cp such that

cot
e
To localize the process X? to a bounded set [—A, A]¢, we replace X? with the

process X?’A killed at first exit from [—A, A]¢. The semi-group of the killed
process is

(4.5) PP () =B (XD D) = B F (XM},

A A2
(4.4) P(m, > A) <2 exp(—E(A — |lx|l = bot — 1) + 7kr(l + e'“)> +

where M, is the multiplicative functional M; = 1{;,) for T4 = inf{s > 0|X9 ¢
[—A, A]d}; see, for instance, [1]. We obtain

sup |E{TL f(XD)} —E{T £ (X2}
T€70,71]

(4.6)
< sup B{TLf(XD1jn>a)} < LPOmr > A),
t€T0.7]

which, because of (4.4), can be made arbitrarily small by first choosing n and
then A large enough. Proposition 5.2 in [10] estimates the error if the payoff f;
is replaced by the truncated payoff Ty f;. We arrive at an a priori bound for the
localization and payoff truncation error.

In the following we derive the consistency of our estimator (3.12) under the
assumption

4.7 X, e[—A, Al? as. tef0,1,...,T).

In addition, we assume that the payoff f; is bounded on [—A, A]? by some con-
stant L > 0 such that

(4.8) Ifix) <L  forxe[—A, A" andse{0,1,...,T).

Observe that (4.8) implies |g;(x)| < L for x e [—A, Al¥ and 1 € {0,1,..., T}, so
that 8,, = L can serve as the truncation parameter for the estimator.

In the sequel we use polynomial splines to define the function spaces #, , =
#,, independent of the sample size n and parameterized by p = (M, a) € Ny x
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(0, 00). We note that our results can be extended to other function spaces in a
straightforward manner.

For p=(M, ) and k € Z, we set uy =k - «. Let Bg p: R — R be the univari-
ate B-spline of degree M with knot sequence (u;);cz and support supp(Bi, ) =
[k, uk+m+1]. In the case of M = 0 the B-spline By ¢ is the indicator function of
the interval [ug, ux41). If M = 1, we obtain the so-called hat-functions

X — ug
- = for uy <x <ups41,
U1 — Uk
Bri(x) =1 Upy2—x
k,l( ) S B for Uk+1 <X S Uk42,
U2 — Uk41
0, else.

The general definition of By s can be found, for example, in [8] or in Section 14.1
of [14]. The B-splines By p are basis functions which are piecewise univariate
polynomials of degree M. They are globally (M — 1)-times continuously differen-
tiable, and the Mth derivative can only jump at the knots u;.

For every multi-index k = (ky,...,kq) € 74, we define the tensor product
B-spline Bg y :R? — R by

Bk,M(x(l), ey x(d)) = Bkl,M(x(l)) e Bkd’M(x(d)) (x(l), LxDe R).
Let
Hou,p = Z ag - Bxyiag € R
keZA : supp(By p)NI—A,Al9#2

be the span of tensor product B-splines By ps, such that supp(Bx ) has a non-
empty intersection with [—A, Al¢. The spanning functions By ps are (M — 1)-
times continuously differentiable, piecewise multivariate polynomial of degree less
than or equal to M, defined on rectangular domains

(49) (g, tug11) X - X gy uigr1) (k= (ky, ... kg) € Z9),

and vanish on all of the rectangles (4.9) for which there exists j € {1, ..., d} such
that either

kj >0 and ukj—M>A
or
kj <0 and Ug+M+1 < —A.

Consequently, #, , is a linear space of functions consisting of piecewise poly-
nomials with respect to equidistant partitions of R? into cubes of edge length «,
vanishing outside a compact set.

For a sample size n, we use the parameters

Pp={M,a): M € Ng, M < [log(n)],a = 2K for some k € Z, |k| < [log(n)1}.
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Here log denotes the natural logarithm, and for z € R, we denote by [z] the small-
est integer greater than or equal to z.

Let g, ; be defined as in Section 3 with £, and F#,, p as above. Note that #, )
is a linear function space which implies that the minimum in (3.13) always exists.
According to Remark 3.2, the computational cost of the estimator is not adversely
affected by large values for n, and n, of roughly the size of n;. Therefore, we
choose for simplicity n, =n; = |n/3] and n; = n — n, — n;. Our first result con-
cerns consistency of the estimator.

THEOREM 4.1. Assume (4.7) and (4.8), and let the estimate G, ; be defined as
above with B,, = L. Then

E/ |Gn.t (¥) = q: () Ppas(dx) > 0 (n— 00)

forallt €{0,1,...,T —1}.

REMARK 4.2. Because convergence in L implies convergence in probability,
Theorem 4.1 proves, in particular, that [ |G,.; — g:|*1:(dx) — 0 in probability as
n — 0.

Next we study the rate of convergence. It is well known in nonparametric re-
gression that without smoothness assumptions on the regression function the rate
of convergence can be arbitrarily slow (cf., e.g., [7, 9] or [14], Chapter 3). We as-
sume that the continuation values g; are (p, C)-smooth according to the following
definition.

DEFINITION 4.3. Let p =k + B for some k € Ny, 8 € (0, 1], and let C > 0.
A function f:R? — R is called (p, C)-smooth, if all partial derivatives

af

8051)((1) e aadx(d)

of total order o + - - - + g = k exist and satisfy

f f

_ A — 7118
2a D . 9oy @ D) T e geap@ D[ =C - lIx =z

forall x,z € RY.

Such a smoothness assumption is not unreasonable. For a sufficiently regular
diffusion or jump-diffusion process, the semi-group of Markov transition oper-
ators Ps((g)(x) = E[g(X;)|Xs = x] is strongly smoothing already for arbitrar-
ily small time steps. In particular, we can expect that the continuation value
qr = Prr+1(max((fi+1,qr+1)) is (p, C)-smooth under suitable assumptions on
X; and the payoff f;. At this point, it also becomes clear why it is unfavorable
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to directly work with the value function v; which does not retain the smoothness
because the maximum operation is applied after the transition operator. Next, we
address the rate of convergence of the estimator.

THEOREM 4.4. Let p =k + B for some k € Ny, B € (0, 1], and let C > 0.
Assume k < Muax, (4.7), (4.8) and

q: (p, C)-smooth
forallt €{0,1,..., T — 1}. Let the estimate gy ; be defined as above with 8, = L.
Then for everyt € {0,1,..., T — 1},
log n >2P/(2P+d)

E [ 1 () = 000 Pps (d) = const - C24/CP . ( p

REMARK 4.5. We would like to stress that in Theorems 4.1 and 4.4 there is no
assumption on the distribution of X besides the assumption (4.7). In particular, it
is not required that X; has a density with respect to the Lebesgue—Borel measure.

REMARK 4.6. Itis well known that the optimal rate of convergence for the es-
timation of (p, C)-smooth functions is n—2p/@pt+d) (gee, e.g., [27] or [14], Chap-
ter 3). Hence, the rate of convergence in Theorem 4.4 is optimal up to a logarithmic
factor.

REMARK 4.7. The definition of the estimator in Theorem 4.4 does not de-
pend on the degree of smoothness of ¢; represented by (p, C). Nevertheless, the
estimator achieves the optimal rate of convergence for a particular smoothness of
the continuation value. In this sense the estimator is able to adapt automatically to
the smoothness of the continuation value, in contrast to the estimates in [10].

REMARK 4.8. Assume X = xg a.s. for some xg € [—A, A]d. We can estimate
the price
Vo = vo(xo) = max{ fo(x0), go(x0)}
[cf. (1.2), (2.2) and (2.5)] of the Bermudan option by
Vo = max{ fo(x0), Gn,0(x0)}.

Since the distribution of X is concentrated at xy, Theorem 4.4 leads to the error
bound

E{IVo — VoI*} = E{| max{ fo(x0), §n,0(x0)} — max{ fo(x0), qo(x0)}|*}
< E{|gn,0(x0) — q0(x0)|*}

logn
< const - C24/Cp+d) (i

2p/Q2p+d)
c)
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5. Finite sample behavior. In this section we illustrate the finite sample be-
havior of our algorithm (EKT) in comparison to the Longstaff-Schwartz (LS) and
Tsitsiklis—Van Roy (TR) algorithm. To compare the three algorithms, we proceed
as follows. We independently generate sample paths and compute for each algo-
rithm the Monte Carlo estimates (MCE) of the price (1.6). Because all three algo-
rithms provide a lower bound for the optimal stopping value, and since we evalu-
ate the approximative optimal stopping rule on independent sets of sample path, a
higher MCE indicates a better performance.

The underlying model for the dynamics of the stocks is a simple geometric
Brownian motion. We apply a Euler scheme to discretize the time interval [0, 1]
into m time steps. Consequently, the prices of the underlying stocks on the time
grid 0, %, e ”17_1, 1 are given by

I L5\ J o
X,-J:Xo-exp(<r—50 >Z+ﬁwu)

i=1,...,n,j=1,...,m).

(5.1

Here, X is the initial stock price at time O, r is the risk-free interest rate, o the
instantaneous volatility, and

J
Wij=> Zii
=1
is the sum of independent standard normally distributed random variables Z; ;(i =
1,...,n,l=1,...,m). All option contracts are based on a time to maturity of 1

year and a risk-free continuously compounded interest rate r = 0.05.

Figures 1 and 3 report the results for 100 independent MCE of ordinary Bermu-
dan put option and for a more complicated Bermudan option with a strangle
spread payoff. Each algorithm is based on a sample size n = 10000. For (LS)
and (TR), we use polynomials of degree 3. For (EKT), we set the number of learn-
ing, training and validation samples to n; = 6000, n; = 2000 and »n, = 2000, and
choose the degree M, the knot distance « and the look-ahead parameter w(z) in
a data-dependent manner as described in Section 3 from the sets M € {0, 1, 2},
ae {10, 10, 190, 0}, and w(t) € {0,4, T —1 — 1}.

We first analyze the results in Figure 1 for a Bermudan put with exercise price 90
on an underlying with instantaneous volatility o = 0.25. The time discretization is
performed in monthly steps. Our algorithm is slightly better than (LS) and compa-
rable to (TR). This is not surprising, since it is well known that for simple payoff
functions both (LS) and (TR) perform rather very well.

Figure 3 consolidates the simulation results of a Bermudan option with strangle
spread payoff with 50, 90, 110 and 150, as illustrated in Figure 2. The volatility
is increased to o = 0.5, the time discretization is set to m = 48. This time (EKT)
provides a higher MCE of the option price and therefore clearly outperforms (LS)
and (TR).
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T
40!t 1 42} | 1 42t
| T
: I
41t 1 a1t | 1 a1t :
[
T | I
I
4t | . 4t 1 4t
0 I » »
() ()] (]
=} =} =}
< 3.9 1® 391 1® 391
> > >
381 1 381 I 1 3.81 | 1
[ I
| [ I
3.7 | 1 87¢ L 1 87f ! 1
| I
| 1
3.6F L 1 3.61 1 3.61 B 1
1 1 1
price LS price TR price EKT

FI1G. 1. Realized option prices of Bermudan put option. The boxes stretch from the 25th percentile
to the 75th percentile, the median is shown as a line across the box.

Finally, Figure 4 reports the simulation results of a Bermudan basket option with
strangle spread payoff on the average of three correlated underlyings. The option
prices are normalized to start at 1. The strikes are set at 0.85, 0.95, 1.05 and 1.15.
This time (EKT) is based on degrees M € {0, 1, 2}, knot distance « € {1, 1.5, 2, 4}
and a reduced sample size of only n = 4000, split into n; = 800, n; = 2400 and
ny = 800. (LS) and (TR) still use n = 10000 but approximate the continuation

50

45

0 50 100 150 200

FIG. 2. Strangle spread payoff with strike prices 50, 90, 110 and 150.
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27+ 1 27+ 1 27+t + 1
T
I
26.5¢ 1 26.5f i 26.5r E 1
26+ 1 26+ 1 261 | 1
:}: n
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[ © ©
> > E >
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E 1l
24.5¢ i 245t {1 245t .
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1 1 1
price TR price LS price EKT

FIG. 3. Realized option prices of Bermudan option with strangle spread-payolff.
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+
0.089f {1 0.089t T 1 0.089} i 1
EI |
|
0.088 1 1 0.088 | 1 0.088 s :
L
» 0087 1 o 0-087F 1 , 0-0877 1
9] I 0] 0]
= = =
S T S S
0.086 - | 1 0.086 - . 0.086 1
0.085+ g 1 0.085 ¢ 1 0.085¢1 1
1
0.084 - 1 0.084 - . 0.084 1
0.083 1 0.083 1 0.083 1
price TR price LS price EKT

FI1G. 4. Realized option prices of Bermudan basket option with strangle spread-payoff based on
the average of three correlated underlyings.
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value with polynomials of degree 2 (as polynomials of degree 3 resulted in lower
MCE). Again, (EKT) provides the highest MCE of the option price.

6. Proofs. In the proofs we will need an auxiliary result on the properties of
the method of splitting the sample, which we formulate and prove for the sake of
generality in a fixed design regression model.

Letxy,...,x, € R andlet Yy, ..., Y, be independent square integrable random
variables which satisfy

EY, =m(x;) i=1,...,n)

for some function m : R? — R. Let £, be a finite set of parameters and assume that
for each p € #, an estimate m , :R? — Ris given. Choose p* € £, by minimizing
the empirical L, risk on the sample (x1, Y1), ..., (x,, ¥s), that is, assume
1 & 1 &
2 . 2
— myx(x;) — Y;|" = min — my(x;) —Yi|~.
2o Imp () = Y = min 3 bmp (x) — il

Then, the following bound on the error
1 n
= lmpr (i) = m(x)
n‘
i=l
of m = holds.

LEMMA 6.1. Under the above assumptions, we have for each € > 0
1 ¢ 2 1 $ 2
Pi= imps () —m(x) > > € + 18- min — 3 " |m,, (x;) —m(x;)|
i3 PEIn I 2y

| P
i=1,...,n €-n

for some constant c1 which does not depend on n or €.

PROOF. Set

felmp:pePy

. 1¢
m*=arg  min };Z|f(x,~)—m(xi)|2-
i=1

By Lemma 1 in [17] or standard results from the book [30] (see proof of Theo-
rem 10.11 in [30]), we have

1 n ) 1 n
P{— Yo lmpr (i) = m(x)* > € 4+ 18- min — 3" my (x;) — m(xi)[?
s PeTt iy

e 1
< P{E <= lmpe (x) — m* () ?
L
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n

16
= n Z(mp*(x,-) —m*(x;)) - (Yi — m(x,-))}

i=1

e 1
< [Pl - max Pii < ZZ|mp(xi) —m* ()2
i=1

16 ¢
= D (mp(xi) —m*(x) - (Y — m(xi))}

i=1

<|Pl- maxZP{ZS le < — Z|mp(x,)—m (x)|? < 2%,

PEP

|
;Zlmp(xz-) — m*(x;)|?
i=l1

16 &
= D (mp (i) —m*(x) - (Yi — m(xi))}
i=1

x 1
Z max P ;Z(mp(xi) —m*(x;))

s=0 PErn i=1
(1/n) 0y Imp (i) —m* (x;)[2<2%€

| A

2%e
. (Yi —m(x,-)) > 3—2}

Because of the variance estimate

1 n
V(; Z(’"p(xi) —m*(x;)) - (Yi — m(xl-)))

i=1

! 2
= ) Z(mp(x,-) —m*(x;))" _max EY?,
i=1 T
we can bound the right-hand side from above with Chebyshev’s inequality by

2l Z(l/n) 2° e maxi—...BY? _|Pu| maxi—i..EY? 327
(27€/32)? n ¢ 3 O

s=0

PROOF OF THEOREM 4.1. Because of

Wmax (1)

E [ 1 () = 0006 Py () < > E [1d0 = aiPusan),
it is enough to prove that

(6.1) E/ G (¥) = q: ()P (dx) > 0 (n— o0)



1158 D. EGLOFF, M. KOHLER AND N. TODOROVIC

foreveryt €{0,1,...,7T — 1} andevery w € {0, 1, ..., wmax(?)}.
Fixt €{0,1,..., T — 1} and assume (by induction) that we have for every s €
{tr+1,...,T —1}andeveryv € {0, 1, ..., Wmax(s)}

(62) E [ 135,00 -~ q0P@) >0 (1> o00).
Fix w e {0, 1, ..., wnmax(?)}. In the following we show
63) E [ 132,00 = /0P @0) >0 (1> o0).

To this end, we apply for a fixed p, € &, the error decomposition

/mﬂm—%aﬁmuw

nj+n;

= [ 147, () — g Ppedx) — — Y 14Y,(Xit) — g (Xi)?
Ui=n;+1

1 ny+n;
+(— Z |C}n,;(Xi,t)—Qt(Xi,t)|2

Ui=nj+1

2 ny+n;

= 1§ (Xip) — w“W&mﬂ

LT

2 e w new 2
+1= X gy (X — (X))

i i=n;+1

36 M
——-Z|$fam—“mW&mﬂ

U i=n+1

36 R ,Pn w,new 2
+(= D0 1 Xio) —a" " (Xl
Ui=n;+1

— = > Nan" X)) = ai (X))

72 ni+n; )
L

72 nj+n;
+= Y 1an" Xi) — a (X))

L —

5
:ZTM

j=1
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The proof will be completed once we have shown that

(6.4) limsupET;, <0
n—oo
for j €{1,2,...,5}.
From now on we denote by i)nT’ ++1 the setof all the data used in the construction
of the estimates g, 3 fors >, w e {0, 1, ..., wmax(s)} and p € P,.
Because c},’l", and ¢g; are bounded in absolute value by L, we conclude from
Hoeffding’s inequality (see, e.g., Lemma A.3 in [14]) that

: . T
P{T), > 6|X§,2m“(t)+1 i=1,....n), {DMH}

<[Pl - max P{/ |G i” (X) = g1 () [P s (dx)
1 ni+ng

- — Z |G " (Xig) — ar(Xi)* > €
Ui=n;+1

1,new . T
Xi,t:wmax(t)—i—l(l =1,....,m), i)n,t—l—l}

<12, ( 2n,62) <1 (2. 2n,ez>
cexpl ————=—= | =expllo — .
=1l P ™ g2y PLOSNTn )= o1 4
Thus,

o0

ETL,,S/ P{T| , > s}ds
0
o0 t,new . T
:/(; E{P{T\, > SIX; fr a1 G = 1o ), i)n’,H}}ds

<412 log(1P,)/ +/OO ( ris” >d
(0] n X — S
- SUTRVIT e ssgawym P\ 1614

<4L* Jlog(|1Pul)/ns

o0 n, - 4L2/Tog([PuD/n
+/ exp| — 5 -5 )ds
4L2log(IPuD/n: 16L
<4L? [log(|1Pul)/ns
412

+ N AN -exp(— log(lﬂ’nl)) -0 (n — 00).
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Furthermore, by a’>=(a—b+b)* <2(a—b)*+2b% we get
ny+n;

Tow<— Y lg""V(Xi) — a(Xi),
! i=n;+1

from which we conclude, together with (3.7) and (6.2), that
ET, =E{E {T2n|th trli\:,mx(t)—f—l (i=1....,m), i)nT,zH}}
< ZE/ 12" (%) — gy ()P s (dx) — 0 (n — 00).
In a similar way we obtain
ETy,, < T2E [ 1/ () = )P @) >0 (11— 00).

To bound 73 ,, we use Lemma 6.1, which shows
P{T3, > e|Xftni‘)’]Vnax(t)+1 (i=1,...,n), i)nT,,H}

ni+ng
EP{— Z |énz(Xzz) wnew(Xi,t)|2
t

LT
€ nj+n;
N/ u) new 2
>+ 18- min — 314, (Xi) — (X0l
PEPn Nt i=n;+1
,new T
‘Xl fwmax (1) +1 (G=1,....n), Dy, 11
P,
Zo 1P
€ Ny

This implies for any u > 0 that

00
ET; , f/ P{T3, > €}de
0

o0
f/ E{P(T3,, > €lXp 10 1 (=1, Dy} de

const on
<u-+ /
6 I’lt
Pl

ny

=u+c- - (log(const) — logu).

w,new

To get to the last line, we have used that (3.16) and the boundedness of g,
(which is a consequence of the boundedness of f; on [—A, A]?) yield
nj+n;
Tsw <= Y 1Y, (Xit) — """ (Xi)I* < const.
? i=n;+1
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Setting u = |P,|/n¢, we arrive at

limsupET5 , <O.

n—oo
Furthermore,
65 ETs, = E{E{Ts,|X; 70 i i=1....,m), D1

—72.E / 137377 (x) — g0 (0) P (o).

Consequently, it remains to verify that

6.6) E / 137 (00) — g0 P dx) = 0 (n— o0)

for some suitably selected p, € P,.
To prove (6.6), we set p, = (0, 2-M10&M/Q+d1y (where log, is the logarithm
for base 2) and consider the error decomposition

/ 137 () — g, (0021 (dx)

20
- [ i (@) = 1) Par(d) = = 1P (o) — (X
i=1

2 M 2 M
+ Z a7 (Xi ) — i (Xi ) > — p” Z G007 (X)) — g (Xio)
( Zmnt (Xi) — q(Xi0)?
4 M
o > ldgni" (Xin) — qt“’*“e““<x,-,t)|2>
i=1
+— Zr,i",” Xi) —q” "V (X))

9
=Y Tjn
Jj=6

Because ¢; is bounded in absolute value by L, we have
»<0 and ET7,<0.

In the same way as for 7> ,, we obtain from (3.7) and (6.2)

ETs,n§4-E{{ me(x,t) “ew(xi,t)ﬁ\@,f,,ﬂ}}
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=4 E/ 19:(¥) — g™ ()P (dx) >0 (n— 00),

where the last equality follows from the fact that the conditional expectation
g;""" (x) does not depend on data from time .

Next, we estimate T¢ ,. The functions c},’f ’tp and ¢; are bounded in absolute
value by L, and c},’f ;7" belongs to the linear vector space ), p.» Whose dimension
D,, is bounded by some constant (depending on A) times n?/+9) As in the proof

of Theorem 11.3 in [14] [in particular, the proof of inequality (11.6)], we obtain

1) - pd/@+d)

n

)< C3L2 (logn; +

ETs,, = E(E{Ts 1| D, ) >0 (n— 00).

nj

It remains to bound Ty ,,. With

o? = sup E*{|7\"""|X1, = x} <4L? < 0,
xeRd ’

we conclude from Theorem 11.1 in [14]
E{To,|Xie i =1,....m), D}, 1}
d/Q+d) |
c4n .
P +4 min — Y [h(Xi) — g "V (X)) P,

nj heHy p, Nj i1
which then leads to

ETy, =E{E{To,|Xi; i=1,....n), D], }}

2 C4nd/(2+d) . w,new 2

" +4h€r%}n E [ |h(x)—q;/ ™" (x)|" e (dx)
n,pPn
d/(2+d)
cqn
2 p +8E/ """ (x) — ¢ () |* e (dx)
+8 min / 1 (x) — s ()Pt (d).

n,pn

Because of (3.7), (6.2) and

f 10 (O Pase (dx) < L? < o0,

which implies that g; can be approximated arbitrarily closely by functions from
Hn,p, (this is a consequence of Theorem A.1 in [14] and the fact that any con-
tinuous function can be approximated in the supremum norm on the compact
set [—A, A]¢ arbitrarily closely by the piecewise constant functions in Hn, p, as
n — 00), the right-hand side of the above inequality tends to zero for n — oco. The
proof of Theorem 4.1 is complete. [J
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PROOF OF THEOREM 4.4. The proof is similar to the proof of Theorem 4.1.
The main difference is that we use Bernstein’s inequality instead of Hoeffding’s
inequality, which requires that we also control the variance. Because of

Wmax (7)

E [ Jine0) = a0Pu@n < Y E [132,00 - a:0P (),
w=0
it suffices to show

’

1 2p/Q2p+d)
67) E [ 132,00 = 0.0 Pua(d) < const- 24/ (221)
’ n
foreveryt €{0,1,..., 7T — 1} andevery w € {0, 1, ..., wmax(?)}.
Fixt €{0,1,..., T — 1} and assume (by induction) that we have for every s €
{t+1,...,T —1}andeveryv € {0, 1, ..., Wmax(s)}

logn\ 2P/ @p+d)
68) E 123,00~ 4,0 P () < const- cHICr+ (21 |
e n
Fixwe {0,1,..., wnax(¢)}. We show
log n\ 2P/ @p+d)
©9) [ 13,00 = 4,0 Pue(d) = const - I (ﬂ) .
’ n

To this end, we apply for fixed p, € &, the error decomposition

/ 12, (6) — o ()220 (dx)

ny+n;g

. 2 R
- / 167,00 — g0 Pate(d) — = 3 142 (Xi) — q (X0
i Zn+
2 ny+n; 5
+<_ Z |é;£z(Xi,t)_%(Xi,t)|
i i=n;+1
4 nyj+n; 5
A n
—— > gy, (Xin) —q” e‘”(Xi,m)
Ui=n;+1
4 e AW w,new 2
+{— D0 1gy (Xi) —q" " (Xi)|
li:n/+l

72 gl w w,new 2
== > gnd" X)) — 4" (X)) )
L —

72 nyj+n; » s
+ (— 3 ani" Xi) — g " (X))
L —
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144 "2, s
- Z |Qn,’tpn(Xi,t)_q1(Xi,t)|)
M i=n;+1
144 "Mt
+— > g Xiw) — ar(Xi )
R

5
=Y Tjn.
j=1

The proof is completed once we have shown that

2p/2p+d)
(6.10) ETj,nfconst-CZd/(ZPer)-(bﬂ) v

n

for j e{1,2,...,5}.
To apply Bernstein’s inequality, we first bound the variance

o” =V(Igu;" Xny11.0) = @Kt DPIXEEY o =10, D] 1)
<E(1Gny” Xnr1.0) = @ Kot DX o iy G=1,..0,m), D] 1)

<ALE(14n " Xnp1.0) = 4 X DPIX e g G =1,...m), DY 1))

— 412 / 137 () — g (1) Pats (d).-

Then, because g,’; and g; are bounded in absolute value by L, we obtain from
Bernstein’s inequality (see, e.g., Lemma A.2 in [14])

P{T, > e|X§;;‘§U‘jm(,)+l (i=1,....n),D5 .}

< | Pl - max P{/ |Gni” () = g ()14 (dx)

2 ni+n; )
— = S X —a (X > €
i i=n;+1

t,new . T
Xi,t:wmax(t)+1 (i=1,....m), °(Dn,t+1 }

= |Pul - max P{ / a7 (x) — qr(x) 120 (dx)

1 nj+n;

—— Y @ X — e (X
N i=n;+1
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/ 13737 () — gy (0) Py (d)
‘th ?max(t)ﬂ(’ =1,....m), ‘:DnT,erl}

<|Pul - max P{/ a7 (x) — g (x) [ 110 (dx)

1 nyj+n;

—— Y i Xi) — (X

ti=n1+1

6 1 02 t,new . T
2 + 5 m Xi,l:wmax(l)—i—l (l = 1, ey l’ll), Qn,l‘-i-l
ni(€/2 +o2/(8L?))?
|Pul - exp| —
2024 2(e/2+02/(8L2)) - (4L2/3)

(_ ni(e/2+0a/(8L%)* )
P\ 612 1812 /3)(e/2 + 02/(8L2))

A

IA

| Pul - ex

- 1 n:e - 3 nge
sIPal-exp{ =5 gs 12 ) Tl e (T 2 )

Thus,

o0
ET, =< f P{T1, > s}ds
0
> t,new T
:/0 E{(P{T1 > sIX; 0 a1 G=1o,n), Dy g} ds

<P 00 3”[ d
<120 [ exp( 1o s ) ds

2 2p/Q2p+d)
S L1207 |Py] < const - C24/@p+d) (M) ‘
3 ny n

Furthermore, by a?> = (a — b + b)> < 2(a — b)? + 2b?, we get

nj+n;

Ton<— Y g™ Xi) — a:(Xin)?,
L

from which we conclude, together with (3.7) and (6.8), that

ET,, = E{E{D, ﬂ|th tn?uv,vmx(z)ﬂ (G=1,....m), o‘DnT,thI}}

<4E / 102 () — g () P (dx)
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< const - Czd/(2p+d) . <loﬂ

2p/Q2p+d)
c)

Similarly, we get

ETy4, < const- Cc2d/Q2p+d) (
n

To bound 73 ,,, we apply Lemma 6.1, which shows

s . T
P{T;, > e|Xf’?fUV1me(t)+1 (i=1,....n), D, 41}

nj+n;
SP{— > 1GY, (Xio) — a"" v (X 1?

i Zn4
€ nj+n;
. AW, P w,Nnew 2
> 718 min — (g, (Xi) — g/ (X
peESn Ny i=n+1
t,new . T
‘Xi,t:wmax(t)Jrl (G=1,....m), Dy 1
P,
<es | P .
€ - Ny

This implies for any u > 0

o0
ET5, 5/ P{T5, > €}de
0

o0
5/0 E{P{T3,, > e|X§;;{§jjmx(t)+l (i=1,....n), Dl }}de
const e‘7)
<u +/ cs - d de
u € Ny
|Fn|
=u-4cs- - (log(consr) — logu),
n;
where we have used that (3.16) and the boundedness of g,”""*" (which is a conse-
quence of the boundedness of f; on [—A, A]?) yield
nj+n;
Tsn<— > 140 (Xie) — q""" (Xi)|> < const.
Ui=n+1

With u =log(n)/n, we get
logn logn
ET;, < 1 4 ce| log(const) — log )
n

n

1
< const - C¥/@r+d) (_ogn

2p/Q2p+d)
)
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Furthermore,

(6.11) ETsn = E{E{Ts.01X; a1 (= 1o m), D)0l

=144 . Ef |G 7" () — g (x) [ 110 (dx).

Consequently, it remains to verify that

n

(6.12) E/an () — qz(X)Izm(dX)Sconst-CZd/(zl’*d)-(

for some suitably selected p, € P,.
To bound ET5 ,,, we use the error decomposition

/ 1627 () — g0 ()21 (dx)

. 23
- / 137577 (x) — g0 (0P (dox) — " Z 1357 (K1) — g (X2
+— ZlA“”’"(X”)—qI<X”)| ——Z|~w””<xl,>—qt<xn>|
+— Zr“’ "(Xi0) — q(Xi)? —n—er;”,””(Xl D =g " (X))
i=1

+— Z| ani" (Xin) — g (X

9
= Z Tj,n»

Jj=6
with
_ I _ —2/Q2p+d) —1/Qp+d)
=(k,2") where [ = [log,(C (n/log(n)) )]
Because ¢; is bounded in absolute value by L, we have
»<0 and ET7,<0.

Furthermore, in the same way as for 73 ,, we obtain from (3.7) and (6.8)

ETSJZ = 4E{ { Z |¢]t(Xz t) - w new(Xi,t)lz‘i)ij;_H }}

—4E f 10 (0) — g™ () Pt (dx)

)2P/(2P+d)

’

logn
S const - CZd/(2P+d) . (i
n
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where the last equality follows from the fact that the conditional expectation

g;”"" (x) does not depend on data from time ¢.

Next, we bound 7¢ ,. The functions c},’f ;p " and ¢; are bounded in absolute
value by L, and é,’,‘f i7" belongs to the linear vector space #,,, p.» Whose dimen-

sion D,, is bounded by some constant (depending on A and k) times C24/Gp+d) .
(n/log(n))4/?P+4)  As in the proof of Theorem 11.3 in [14] [in particular, the

proof of inequality (11.6)], this implies
ETgn = E{E{Ton| Dy 11}

12 (logn; + 1) - C2/@r+d) . (n /10g(n))d/@r+d)

nj

2 2 d
< const - C24/@r+d) . (@) p/@pt )‘
- n

Finally, we bound Ty ,. With

o® = sup E*{|¥";""}| X, =x} <4L* < o0,
xeR4
we can conclude from Theorem 11.1 in [14] that

E{To,|Xi; (i=1,...,n), i)LH}

<402 . L 44 h(X """ (Xi))?
<4o +4, in Z| (Xip) — (Xi0l

g
n2r/Q2p=+d) . log(n)d/(zp+d)

<402.cH/@p+d)

4 . h(X i wnew X 2‘
+4, min nlD (Xi0) (Xi0)l
Therefore,

ETy, =E[E{To,|X;; (i=1,...,m), DI, 1})

2p/@2p+d)
< 1202 . C2/2p+d) (l()ﬂ> p/2p
n

+4 min E [ [h(x) — """ ()2 (dx)

€, py

< 1262 C2/@+D) (k’ﬂ

2p/@2p+d)
")

+8E / 192" (x) — gy ()2 e (dx)

+8 min / B0 — g 0P ().

he#t n,Pn
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Note that for the last term in the last inequality (without the factor 8) we get

,min f Ih(x) — g, (0)|* s (dx) < min  sup |h(x) — q: (x)]*.

€7tn.p np xe[-A, A1

Because we have assumed that g; is (p, C)-smooth, there exist a h € #, , with

sup  |h(x) —gq:(x)] <co-C- 67,
xe[—A, Al

where 8, = C~2/@rP+d) . (n/log(n))~1/ P+ is the edge length in the cubic par-
tition used in the definition of the spline space; see Theorem 12.8 in [24]. We
conclude that

min / 1h(x) — gr (0)Pate (dx)

<c3-C*.52P

— 2. C2.CTHPIPD () log (n)) 2P/ CPHD

< const - C24/@p+d) <_10gn

2p/(2p+d)
n ) '

From (3.7), (6.8) and the above inequality we see that

ETy , < const - C?4/@r+d) (bﬂ

2p/@2p+d)
.)

has an upper bound with the proper rate. The proof of Theorem 4.4 is complete.
O

Acknowledgments. The authors would like to thank the associate editor and

the referees for the very constructive suggestions which helped us to improve the
article.

REFERENCES

[1] BLUMENTHAL, R. M. and GETOOR, R. K. (1968). Markov Processes and Potential Theory.
Academic Press, New York. MR0264757

[2] BOESSARTS, P. (1989). Simulation estimators of optimal early exercise. Working paper,
Carnegie-Mellon Univ.

[3] BROADIE, M. and GLASSERMAN, P. (1997). Pricing American-style securities using simula-
tion. J. Economic Dynamics and Control 21 1323-1352. MR1470284

[4] BROADIE, M. and GLASSERMAN, P. (1998). Monte Carlo methods for pricing high-
dimensional American options: An overview. In Monte Carlo Methodologies and Ap-
plications for Pricing and Risk Management 149-161. Risk Books.

[5] CHOW, Y. S., ROBBINS, H. and SIEGMUND, D. (1971). Great Expectations: The Theory of
Optimal Stopping. Houghton Mifflin, Boston. MR0331675


http://www.ams.org/mathscinet-getitem?mr=0264757
http://www.ams.org/mathscinet-getitem?mr=1470284
http://www.ams.org/mathscinet-getitem?mr=0331675

1170

(6]

(7]

[10]
(11]
[12]
[13]
[14]
[15]
[16]
(7]
(18]

[19]

[20]

[21]
(22]
(23]
(24]
[25]
[26]
[27]
(28]

(29]

D. EGLOFF, M. KOHLER AND N. TODOROVIC

CLEMENT, E., LAMBERTON, D. and PROTTER, P. (2002). An analysis of the Longstaff—
Schwartz algorithm for American option pricing. Finance and Stochastics 6 449-471.
MR1932380

COVER, T. M. (1968). Rates of convergence of nearest neighbor procedures. In Proceedings
of the Hawaii International Conference on Systems Sciences 413-415.

DE BOOR, C. (1978). A Practical Guide to Splines. Springer, New York. MR0507062

DEVROYE, L. (1982). Necessary and sufficient conditions for the almost everywhere conver-
gence of nearest neighbor regression function estimates. Z. Wahrsch. Verw. Gebiete 61
467-481. MR0682574

EGLOFF, D. (2005). Monte Carlo algorithms for optimal stopping and statistical learning. Ann.
Appl. Probab. 15 1-37. MR2134108

EL KAROUI, N. (1981). Les aspects probabilistes du contrdle stochastique. Lecture Notes in
Math. 876 74-239. Springer, Berlin. MR0637471

GLASSERMAN, P. (2004). Monte Carlo Methods in Financial Engineering. Springer, New
York. MR1999614

GLASSERMAN, P. and YU, B. (2004). Number of paths versus number of basis functions in
American option pricing. Ann. Appl. Probab. 14 1-30. MR2100385

GYORFI, L., KOHLER, M., KRZYZAK, A. and WALK, H. (2002). A Distribution-Free Theory
of Nonparametric Regression. Springer, New York.

HAUGH, M. and KOGAN, L. (2004). Pricing american options: A duality approach. Operations
Research 52 258-270. MR2066400

KARATZAS, 1. and SHREVE, S. E. (1998). Methods of mathematical finance. Springer, New
York. MR1640352

KOHLER, M. (2006). Nonparametric regression with additional measurement errors in the de-
pendent variable. J. Statist. Plann. Inference 136 3339-3361. MR2283548

LAMBERTON, D. and PAGES, G. (1990). Sur I’approximation des réduites. Ann. Inst.
H. Poincaré Probab. Statist. 26 331-355. MR1063754

LAPRISE, S. B., SU, Y., WU, R., Fu, M. C. and MADAN, D. B. (2001). Pricing American
options: A comparision of Monte Carlo simulation approaches. J. Comput. Finance 4
39-88.

LEPELTIER, J. P. and MARCHAL, B. (1976). Probleme de martingale et équation différentielles
stochastiques associés a un opérateur inteégrodifférentiel. Ann. Inst. H. Poincaré Sect. B
12 43-103. MR0413288

LONGSTAFF, F. A. and SCHWARTZ, E. S. (2001). Valuing American options by simulation:
A simple least-square approach. Review of Financial Studies 14 113-147.

NEVEU, J. (1975). Discrete-Parameter Martingales, 2nd ed. North-Holland, Amsterdam.
MRO0402915

ROGERS, L. C. G. (2002). Monte Carlo valuing of American options. Math. Finance 12
271-286. MR1910596

SCHUMAKER, L. (1981). Spline Functions: Basic Theory. Wiley, New York. MR0606200

SCHWEIZER, M. (2002). On Bermudan options. In Advances in Finance and Stochastics.
Essays in Honour of Dieter Sondermann (K. Sandmann and P. J. Schonbucher, eds.)
257-270. Springer, Berlin. MR1929381

SHIRYAYEV, A. N. (1978). Optimal Stopping Rules. Springer, New York. MR0468067

STONE, C. J. (1982). Optimal rates of convergence for nonparametric regression. Ann. Statist.
10 1040-1053. MR0673642

TILLEY, J. A. (1993). Valuing American options in a path simulation model. Transactions of
the Society of Actuaries 45 83—-104.

TSITSIKLIS, J. N. and VAN ROy, B. (1999). Optimal stopping of Markov processes: Hilbert
space theory, approximation algorithms, and an application to pricing high-dimensional
financial derivatives. IEEE Trans Autom. Control 44 1840-1851. MR1716061


http://www.ams.org/mathscinet-getitem?mr=1932380
http://www.ams.org/mathscinet-getitem?mr=0507062
http://www.ams.org/mathscinet-getitem?mr=0682574
http://www.ams.org/mathscinet-getitem?mr=2134108
http://www.ams.org/mathscinet-getitem?mr=0637471
http://www.ams.org/mathscinet-getitem?mr=1999614
http://www.ams.org/mathscinet-getitem?mr=2100385
http://www.ams.org/mathscinet-getitem?mr=2066400
http://www.ams.org/mathscinet-getitem?mr=1640352
http://www.ams.org/mathscinet-getitem?mr=2283548
http://www.ams.org/mathscinet-getitem?mr=1063754
http://www.ams.org/mathscinet-getitem?mr=0413288
http://www.ams.org/mathscinet-getitem?mr=0402915
http://www.ams.org/mathscinet-getitem?mr=1910596
http://www.ams.org/mathscinet-getitem?mr=0606200
http://www.ams.org/mathscinet-getitem?mr=1929381
http://www.ams.org/mathscinet-getitem?mr=0468067
http://www.ams.org/mathscinet-getitem?mr=0673642
http://www.ams.org/mathscinet-getitem?mr=1716061

MONTE CARLO ALGORITHMS FOR PRICING BERMUDAN OPTIONS 1171

[30] VAN DE GEER, S. (2000). Empirical Process in M-Estimation. Cambridge Univ. Press, New

York.
D. EGLOFF M. KOHLER
ZURICH CANTONAL BANK N. TODOROVIC
P.O. Box, CH-8010 ZURICH DEPARTMENT OF MATHEMATICS
SWITZERLAND UNIVERSITY OF SAARBRUCKEN
E-MAIL: daniel.egloff@zkb.ch POSTFACH 151150, D-66041 SAARBRUCKEN

GERMANY
E-MAIL: kohler@math.uni-sb.de
todorovic @math.uni-sb.de


mailto:daniel.egloff@zkb.ch
mailto:kohler@math.uni-sb.de
mailto:todorovic@math.uni-sb.de

	Introduction
	Discrete time optimal stopping and recursive regression
	Monte Carlo algorithms for optimal stopping
	Main theoretical results
	Finite sample behavior
	Proofs
	Acknowledgments
	References
	Author's Addresses

