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UNIFORM CONVERGENCE OF EXACT LARGE DEVIATIONS FOR
RENEWAL REWARD PROCESSES'

BY ZH1Y1 CHI
University of Connecticut

Let (X,, Y,) be i.i.d. random vectors. Let W (x) be the partial sum of
Yy, just before that of X, exceeds x > 0. Motivated by stochastic models for
neural activity, uniform convergence of the form sup,.c; la(c, x) Pr{W (x) >
cx} — 1| =o0(1), x — 00, is established for probabilities of large deviations,
with a(c, x) a deterministic function and / an open interval. To obtain this
uniform exact large deviations principle (LDP), we first establish the expo-
nentially fast uniform convergence of a family of renewal measures and then
apply it to appropriately tilted distributions of X, and the moment generating
function of W (x). The uniform exact LDP is obtained for cases where X,
has a subcomponent with a smooth density and Y}, is not a linear transform of
Xy,. An extension is also made to the partial sum at the first exceedance time.

1. Introduction.

1.1. Background. Let (X,,Y,)beiid. ~(X,Y)e R2. For x > 0, let

k
N(x) = max{n:;X,-fx,kan}, if X1 <ux,
0, otherwise,

N(x) N(x)

SW=) Xi, W=} Y,

i=1 i=1

where >, x; :=0if n = 0. It will hereafter be assumed that

n
(1.1) X and Y are nondegenerate and Pr{supZXl- = oo} =1.

n=lj—1

The process {W(x), x > 0} is often called a continuous-time random walk or
renewal reward process (cf. [1] and references therein). There have been many
studies of the LDPs for N(x) and W (x) and related issues for exit points, often
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in the more general context of Markov additive or renewal processes [7, 9-11, 15,
16, 18, 19, 21-23, 26].

In this article, we consider the uniform exact LDP for the random sum W (x),

which refers to asymptotics of the form

sup la(c, x) Pr{W(x) = cx} — 1| =o(1) as x — 00,

cel
with 7 being an open interval and a(c, x) a deterministic function. Our interest
in this problem originates from research in neuroscience. In electrophysiological
studies, neuronal activity is recorded as sequences of pulses in voltage generated
by neurons and can be modeled as point processes. In some cases, the neuronal
activity can be regarded as consisting of consecutive “epochs” such that the activi-
ties therein are driven by the same underlying mechanism [4]. Each epoch yields a
measurement, such as the number of pulses during its duration, and the cumulative
measurement within a period of time is of interest. Let X and Y be the duration
and measurement of the kth epoch, respectively. Then the overall measurement up
to time x is W (x). It is useful to understand the probabilistic properties of W (x),
such as the fluctuations in the number of pulses generated by a neuron over the
long term. In the simplest models, the epochs are independent of each other, which
gives rise to the problem at hand. Although X, is positive for neural activity, in
general this is not a required assumption.

The exact LDP is known for the case where c is fixed (cf. [15, 26]) and for other
related cases, such as the degenerate case ¥ = 1 [8]. However, the available results
are not sufficient in some applications. For instance, when dealing with the number
of pulses in neural activity, X, may vary continuously while Y;, are integers. Since
W (x) > cx is equivalent to W(x) > [cx| = ¢*x, with ¢* varying according to x, it
is necessary to consider the convergence for ¢* in a neighborhood of ¢ instead of
for c alone.

1.2. Overview. Our “plan of attack”™ is as follows. We choose the uniform ex-
act LDP of [3] as the basic tool, which requires some careful analysis of the mo-
ment generating function of W (x). Henceforth, denote

(12) My(2)=E[¢V™],  g(2) =gk x)=E[e'|X=x], zeC.

It is seen that for r € R, M, () = Pr{X > x} + ffoo gu®OM,_,(t)F(du). We
have to make sure that asymptotics of the form M, (¢) ~ a(x, 1)e?D* hold uni-
formly well for ¢t € I, where a(x, t) and b(¢) are deterministic functions and I # &
is an open interval. Suppose that E[e'Y ") X] = 1 for some function /(r). Letting

o (t) = ng,()? then yields renewal equations ¢, (f) = ¥ () + ffoo Gx—u(t) F;(du),
where F;(du) = jhu(fﬁg F(du) is a proper probability measure. By the standard the-

ory [5, 2], for each ¢, ¢, (¢) converges and so M, () ~ ¢y (1)e"®*  However, it is
necessary to show uniform convergence for ¢, (¢). One approach is to first estab-
lish the uniform convergence of the renewal measures associated with F;. Indeed,
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if h(¢) is smooth, then the family of F; is smooth in a certain sense, which facili-
tates the establishment of the uniform convergence of the renewal measures. Next,
provided ¥, (¢) are uniformly integrable, the uniform convergence of ¢, (¢) can
be obtained. We can then check necessary conditions on M, to obtain the desired
result for W (x). In particular, we need to establish uniform bounds on M}ng)” )

Suffice it to say, our derivation of the bounds critically depends on the uniform
asymptotics of M, (¢), the smoothness of F; and the assumption that Y is not a

deterministic affine function of X.

Notation. Recall that a connected component of A C R is a maximal nonempty
interval in A and the interior of A is A° ={x:(x — r,x+) C A for some r > 0}.
The Lebesgue measure will be denoted by £. Define a V b = max{a, b}, a Ab =
min{a, b}. By convention, we let inf & = oo and sup & = —oo.

1.3. Main results. To carry out the plan outlined above, we shall first general-
ize the convergence of renewal measures associated with one measure [17, 24, 25]
to exponentially fast uniform convergence for a family of measures. This can be
done in a setting not specific to the uniform exact LDP. For a probability mea-
sure p on R, denote by u, its mean and by N, = >, p"* the associated renewal
measure, where p”* is the n-fold convolution of p, with p® := §(x). Denote by
sppt(p) the support of p. If X ~ p, also let sppt(X) = sppt(p). The next result gen-
eralizes those in [12], which are restricted to X > 0, and gives no bounds on the
convergence of densities. For uniform convergence with power rates, see [13, 14].

THEOREM 1.1 (Uniform convergence of renewal measures). Let M be a fam-
ily of probability measures on R such that

1.3 inf 0,

(13) inf up >

(1.4) M, = sup Ep[e"*] <00 forsomet > 0.
PEM

Suppose that each p € M is a mixture of two probability measures ®, and ¥V,
where

(1.5) p=>0=21,)P,+1,¥,, 0<x,<l,
such that ®, has a density ¢, and

(1.6) y:i=sup i, <.
PEM

Furthermore, suppose that there exists T € (0, 00) such that

(1.7) ¢p € C3(~T,T)) VpeM
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T
(1.8) sup |¢g(x)|dx < 00.
peM /=T

Then N, = Q) + ]\_/p such that Q , has a density q,, SUP e u Np(]R) < oo and for
all0<r <1,

(1.9) A= sup {¥lg,(x) —pu, 1+ sup {”gp(—x)} < oo,
x>0,peM x>0,peM

(1.10) Ax:= sup {e*N,((—oo, —x]U[x,00))} < .
x>0,peM

We will need two corollaries of Theorem 1.1. Corollary 1.2 is based on Corol-
lary 1.1 and is the one which will be used directly in obtaining the uniform exact
LDP.

COROLLARY 1.1. Let z,(x) be functions on R. Suppose that there exists
n > 0 such that L := supxe]R,pe:M{e’”x| |zp(x)|} < 0. Then for each p, there exits
a unique solution Z, to

Z,(x) = 2,(x) + /_ _Zpx = y)p(dy)

(1.11)
such that sup{e”**Z,(x)} < oo, Ve > 0.
xeR

Let up, = M;l fzp(x)dx. Let r, A1, Ay be the same as in Theorem 1.1 and let

o= %min(n, r). Then there exists a continuous function C (-) such that

sup (e°1Z,(x) —upl) +  sup  (e*Z,(x)))
x>0,peM x<0,peM

=<C(A1, A2, L, n,7).

(1.12)

COROLLARY 1.2. Let z,(x) be defined on x > 0 and n € (0, t) such that
Ly :=sup,~¢ peple™|zp(x)|} < 00, where T is as in (1.4). Then

(1.13) Zp(x)=zp(x)+/;xooZp(x—y)p(dy) Vx>0, peM,

has at most one solution satisfying L3(&) = sup,~q ,eyle™ " Zp(x)} < 00, Ve >
0. If the solution exists, then as x — 00,

1 o0
(1.14) Zp(x)—>up:=u—[f0 zp(x)dx—/
p

—00

0 Iyl
([ zorax)pay)|
and for a = %min(n, r), L=L{V (La(n)M;) and C(-) as in Corollary 1.1,

(1.15) sup (€™ Z,(x) —upl) < C(A1, Aa, L., 1).
x>0,peM
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Conditions (1.6) and (1.7) in Theorem 1.1 imply that Stone’s decomposition
can apply uniformly well for p € M [25]. Conditions (1.7) and (1.8) imply that ¢,
have bounded oscillations, so they cannot cluster around a lattice distribution. The
conditions also imply that the characteristic functions of ¢, are uniformly inte-
grable and can hence be inverted, which facilitates the analysis of the tail of ¢,,.
As indicated earlier, the condition (1.4) can be met by tilting a measure with a
smoothly parameterized family of functions.

Returning to the LDP for W (x), define

Dy={seR:E[TX1<1} VieR,
h(t) = inf Dy, h*(v) = sup{vt — h(t)},
t

Bx =limsup(1/x)logPr{X > x} <O0.
X—> 00

For what values of ¢ can a nontrivial LDP be expected for Pr W(x) > cx?If X >
0 and Y are independent, then the LLN implies that ¢ > ¢ := % due to N(x) =
£y and W(x) ~ N (x)EY ~ cox. In general, the answer depends on the properties
of h(t). In the following theorems, 79 > 0 is a basic assumption in order for a
nontrivial LDP to arise for ¢ = 4’(¢) when ¢ takes values across a neighborhood of
79. Note that by the assumptions of the theorems, Y is not a deterministic linear

function of X. Therefore, the case Y = 1 studied in [8] is not covered here.

THEOREM 1.2 (Uniform exact LDP, nonlattice case). Let 19 > 0 and

(1.16) h(zo) € (Bx,00),  inf E[e™V %] < 1.

Suppose the following conditions (1)—(4) are satisfied.

(1) The law of X can be decomposed into the sum of two nonnegative measures
® and V such that ®(R) > 0 with a density ¢ € C*(R).

(2) There exists k € N and ng > 0 such that
(1.17)  E[E["MT P Ix 44 X ][ <1 Vs eR\ {0},

(1.18) E[e—h(f<))X+f(>Y+no(|X\+\YI)] < oo,

(3) With the same ng as in (2),

%) dg(t,x) d°g(t, x)
5'x’ 9
& 0x ax2

(4) In the case where Pr{X >0} < 1,

€ C((to — n, T0 + 1) x sppt(P)?).

(1.19) E[e?™Y=OrMDX) x5 0] <00 Vg > 0.
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Then there exists I = (tg — €, 19 + €) # @ such that h € C*°(I), E[e'Y DX =]
and h''(t) > 0 for t € I and

(1.20)  sup %w/anh”(t)e"h*(h,(”) Pr{W(x)>xh' ()} — 1| =o(1)
tel

as x — 00, where

. B(X,1)
(1.21) 0<¢@) = EXe?hox] =%

with 0 < B(X, t) < oo given by

© Pr{X > x} Xl gy (1) M, (1)
B(X,1) :/0 T / f Ceh()(xtu)

In particular, if X > 0 a.s., then

h()~'(1 = E[e7"OX)),  ifh(r) #£0,
E[X], if h(t) =0.

duF(dx).

B(X,t) = {

COROLLARY 1.3.  Under the assumptions of Theorem 1.2, given a, b € R,
¢(To)e—xh*(h/(fo))+ah(fo)—bfo

To/ 2T xh" (10)

If Y has a finite moment generating function, then the results generalize to the
sums at the first passage time without much extra effort. Let

n T (x)
T(x):min{n:ZX,->x}, W) => Y.

i=1 i=1

(1.22)  Pr{W(x +a) > xh'(t9) + b} ~

COROLLARY 1.4. Suppose that (1.16) and conditions (1)—(3) of Theorem 1.2
hold and that E[e'Y | < oo for all t. Additionally, if Pr{X > 0} < 1, then instead of
(1.19), suppose that

(1.23) E[e~9min@rCoNX 1y ~ )] <co Vg > 0.
Then with W (x) being replaced by W (x) and ¢ (t) replaced by
- B(X,1t
0<o()= (X, 0)

E[Xe!V—hnx] =
(1.22) still holds. The function B(X,1) is defined as
N g:(1) Xl g, (1 Efe! V@]
B(X,1) _/0 /u RO Ga )F(d x)du —f f TG duF(dx).
In particular, if X > 0 a.s., then

h(t) 'E[eT (1 — e7"OX)], if h(t) #0,

BX.n= { E[Xe', if h(t) = 0.
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Now consider the case where Y is lattice-valued. Recall that a random variable &
is said to have span d > 0 if d = max{t > 0:Pr{& € tZ} = 1}.

THEOREM 1.3 (Uniform exact LDP, lattice case). Let Y be lattice-valued with
span d. Suppose that all of the conditions of Theorem 1.2 are satisfied except for
(1.17). Instead, assume that there exists k € N such that

(124)  E|E[SMT O IX 4 4 X ]| <1 Vs e(0,7/d].
Then with tg > 0 and ¢ as in Theorem 1.2 and {a} := [a] — a, as x — 00,
& (10)d e~ X" (W (r0)—dTo{xh' (r0)/d}

V2mxh” (t9) 1 —e70d

To see the relevance of the condition 7y > 0, consider again the case where X
and Y are independent, with EX > 0. Thenby E[¢'Y |E[e " OX] =1, 1/ (0) = %
By the strict convexity of &, h'(tg) > % As mentioned just before Theorem 1.2,
this gives rise to a nontrivial LDP.

Some comments on (1.17) are in order. One of its implications is that for any
a,beRandd > 0,Pr{Y eaX +b+dZ)} < 1. Apparently, if E|E[¢!*Y|X]] < 1,
Vs # 0, then (1.17) is satisfied with k = 1. Another condition that implies (1.17) is
as follows.

(1.25)  Pr{W(x) > xh'(w)} ~

PROPOSITION 1.1. Suppose that X has a continuous density and that there
exists a piecewise continuous function f on sppt(X) such that Y — f(X) is con-
stant or lattice valued. Suppose that the graph of f is not a set of parallel straight
line segments, that is, for any ¢ € R, f(x) — cx is not piecewise constant. Then
(X, Y) satisfies condition (1.17).

Finally, in order to attain the uniform exact LDP, we need ¢ (¢) > 0. If X >
0, then it is easy to see that ¢(¢) > 0. The case where Pr{X >0} < 1 is more
involved. The condition (1.19) is imposed to ensure that in order for ¢ (7g) > 0.

In what follows, Section 2 gives examples of application of the uniform exact
LDP of W(x). In Section 3, Theorem 1.1 and its corollaries are proved. In Sec-
tion 4, the main theorems concerning the uniform exact LDP are proved. Section 5
proves corollaries and related results for the uniform exact LDP. Section 6 collects
auxiliary technical details for the main results.

2. Examples.

EXAMPLE 2.1. Consider the example on neural activity in Section 1. As-
sume that the duration X of an epoch has density e *1{x > 0} and that within
each epoch, the neural activity has the same dynamics. Specifically, let f > 0 be
a piecewise C! function on (0, 00) with [ f > 0. Given an epoch of the form
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[n.n + X], the point process & therein is such that & — n is a Poisson process
with density f(¢)1{t € [0, X]}. Let Y be the number of points in the epoch. Then
Y|X ~ Poisson(F (X)), with F(x) = [; f. Suppose that lim, o £ = v > 0.
Let ¥ (z) = f0°° e FX)=vx) g For any x > 0, W(x) is lattice-valued with span
d =1.Define a = —oo if ¥ (z) > 1 Yz € R, otherwise a =sup{z e R: ¥ (z) < 1}.

We show the exact LDP (1.25) holds for g > 0 with ¢ — 1 > a. We need to
check conditions (1) and (3) of Theorem 1.2, (1.16), (1.18), and (1.24). Condition
(1) is clear. Given X = x > 0, E[e'Y|X = x] = exp{F(x)(e’ — 1)}. Let {x,} be
the set of points where f fails to be C!. Let ® be the density of X restricted
to the exterior of a neighborhood of {x,}. Then condition (3) is satisfied. Now
Vs € (0, ], E|E["Y|X]] = E|eF X" =D| = E[eF (X)(coss=D] - | Therefore,
(1.24) holds.

For any s, E[e™ =5X] = b(s) 1= [§° el @ (€0=D=(+Dx gy Observe that b(s)
is continuous and strictly decreasing on {b(s) < oo}. Since @ — v asx — 00,
fors > sg:=v(™ —1)—1>1, b(s) < 00, and b(s) — 0 as s — oo. On the other
hand, as s | s, b(s) 1 ¥ (e™ — 1) and by e™ — 1 > a, limy 5, b(s) > 1. As aresult,
there exists a unique s = h(zg) > so with E [e®Y=5X] = . It is then easy to see
that there exists n > 0 such that E[¢(T+MY=sX+1X] - 55 Both (1.16) and (1.18)
therefore hold.

By (1.21), ¢(t) = [(1 4 h(1)) [{° xeF D =D=®O+Dx 4 1=1 for t > 0 with
e' — 1 > a. Now suppose that f(x) = 1. In this case, a = —oo and W (x) is the
number of points in [0, (x — X) Vv 0] from a Poisson process V (x) with density 1.
We obtain h(t) =e' — 1, ¢(t) =e " and h*(v) =vInv —v+1forr>0,v > 1.
For any T > 0, letting 79 =In7 > 0 in (1.25) yields

e—x(TlnT—T—H)—lnT{Tx} T—[Tx]e(T—l)x

2nTx(T —1)  2aTx(T —1)

It is worth comparing the exact LDP of W (x) with that of V (x). For x > 0,
the “cut-off” interval [(x — X) V 0, x] is a very small fraction of [0, x]. Does the
random cut-off have any effect? By Theorem 3.5 of [3], we have

e~ XA ([Tx1/x) 1
V2rxAl(zy) 1—e ™’
where A, (t) = %log E[eN®]=¢' —1, A*(v) =vInv —v+1 forv > 1 and 7,
is the unique solution to A’ (t,) = [Tx—ﬂ It follows that the effect can be quantified
asPr{V(x)>Tx}~TPr{W(x)>Tx}.

Now let Y = 1{X > M}, where M > 0 is a constant. Then W (x) is the num-
ber of epochs in [0, x] with duration longer than M. Conditioning on X; +
X =uc 0,2M), ¢ = Y1 + Y» is binary with Pr{¢ =0} € (0, 1). Therefore,
|E[e! 0 +Y2) X, + X, =u]| < 1, Vs € (0, 7] and condition (1.24) is satisfied. For
t >0, s = h(r) is the solution to seMs = e M (¢! — 1). It follows that for any

Pr{iWw(x)>Tx}~

Pr{V(x)>Tx}=Pr{Nx)>[Tx]}~ T>1,
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ce(e™, %), there exists a unique 7o > 0 with h’(7g) = ¢. The exact LDP for
Pr{W(x) > cx} can then be obtained.

EXAMPLE 2.2. Fixa>0.Let X~ N(,1)and Y =1{X >a} — 1{X < a}.
Regard S, = X1 + - -- 4+ X, as a random walk. Given x > 0, N(x) < oo a.s. and
W (x) is the difference between the number of steps with size greater than a and
the number with size less than a before the random walk crosses x for the first
time. Note that EN(x) = oo and hence that W (x) is not integrable. Let ®(x) =
Pr{X <x}.Fort>0ands € R,

E[eY X1 = ¢ [e' (1 — ®(s +a)) + e (s +a)].

A1)
Then h(1) = —/2In 5 < 0 is well defined only for ¢ € (0, In 7 E’g,‘g)). Now
h(t) > Bx = limy_ %Pr{X > x} = —oo and condition (1.19) is satisfied. As in
Example 2.1, W (x) satisfies the exact LDP in (1.25) with d = 1.

EXAMPLE 2.3. Suppose that X and Y are independent, each has a C? density
suchthat EX > EY =1, essinf X =essinfY =0 and

to = sup{t: E[¢'Y] < o0} > 0, lim E[Ye'V] = oo,
t—>1t)—

where essinf X :=sup{x :Pr{X > x} =1}. Let §, = (0,0) and forn > 1, let §, =
(En10E02) = (T7o) Xi, Xisy V).

Given x > 0, let I, = [0, x] x [0, x]. Consider the probability that the first &,
outside I, is a certain distance from the upper-right corner (x, x). Let T (x) =
min{n:&, ¢ I7}. Given A € (0, 1) and M € R, let Ay . » = {§7(0),1 < Ax + M}.
Observe that, for0 <y < x,&r),1 <y <= “forsome k > 1, Zle X; <yand
YK Yi>x" &= W) >x.

As X > 0 is nondegenerate, for r > 0, there exists a unique h(t) with
E[e'Y"OX] = E[e!Y|E[e"X] = 1. Then h'(t) = %, where a, = E[Yel] i

b;® E[e'T]
—hOX] .
% strictly decreasing. If h(#9—) = oo, then as

t 1 t9, by — essinf X = 0 and hence h'(r) > Z—? — 00. On the other hand, if 2 (ty—)

strictly increasing and b, =

is finite, then as ¢ 1 fg, E[e'Y] = W is bounded and hence, by E[YeY] —
oo, h'(t) > Z—é — oo. In either case, h'(t) — oo. Since h'(0) = % <1, there is a
unique 1, with 4'(1)) = % So by Corollary 1.3,

Pr{A, x m}=Pr{WQlix + M) > x}

¢ (r)eMh ™) —xh* ()

=Pr{WOx + M) > Axh' (1))} ~ TR

1—E[e” @)X
h(t)E[Xe "TIX|E[e!Y]"

where ¢ (1)) =
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3. Exponentially fast uniform convergence of renewal measures. This sec-
tion proves Theorem 1.1. For any o -finite measure p, let p denote its characteristic
function.

PROOF OF THEOREM 1.1. Since N, =14 pN, and p = (1 — 1,)®, +
ApW,, following [25], N = (1 — A, ¥,) "' [1 + (1 — 2,)®,N,] and

3.1) Npy=(1—=2xp)®,%N,*N, +ZA"\I’”*_Q,,+N,,.

n=0
Because @, has a density ¢, € Co(( T,T)) with T > 0 independent of p and
becausel — k > 0, O has a density g, € C. Also, note that Np R) =1 A

We first show that (1.10) holds for 0 <r < 1. By A,¥, < p and y =
suppeMAp < 1,forany ¢ > 0, x >0 and p € M, we have

EX
Np((—00, —x]U[x,00)) < S+ 3 A <8, + 1y_

n>ex I4

where S, =3, . Pr{| 27, Xi| > x} with X; ii.d. ~ p. By (1.4), there exists
T > 0, such that My =sup ¢  Eple” IXI1 < 0. Then by Chernoff’s inequality,

Sp < Z Ep et(nX—x) + e—t(nX—l—x)] < 28xex(e log M,—r)'
n<ex
Thus, given ¢ € (0, logTM ), (1.10) holds for 0 < r < min(e log L — elogM;).
The rest of the proof is devoted to (1.9). We need a suitable spectral representa-
tion of g, (x). By Np(R) = =~ x xp =1 =2Ap)Ppx N is a probability measure.
Then, as in [25],

L R _ixo_Xp(©) )
(3.2) g, (x) = +2n/ %(e )4

l o° N —ix6 )2[)(9) _ 1

For completeness, proofs for (3.2) and (3.3) are given in the Appendix.

_ Because sppt(®,) C [T, T, the tail probability of x is the same as that of
N, up to a shift bounded by T and a multiplicative factor bounded by 1 — . Then
by (1.10),

(3.4) sup  {e"™ xp((—o0, —x]U [x, 0))} < o0 YO <r < 1.
x>0,peM

By condition (1.3), (3.2)—(3.4) and the self-conjugacy of x,(60) and p(0),

L—I—LI p(X) + Rp(x), if x >0,
(3.5) gp(x) = Hr 27

1
Elp(x)—}—Rp(x), if x <O,
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with sup,.o pen |e%* R, (x)| < 0o, where

1 1
1-p)  —ippz

oo .
(3.6) I,(x) =/_oo e_’xgxp(H)Kp(Q)dO, K,(z):=
To continue, we need the next lemma, which will be proven in Section 6.1.

LEMMA 3.1. There exists n > O such that for all p € M, p(z) := E ,["*X]
is analytic on Dy, = {z:|3(z)| < n} and p(z) # 1 for z # 0. Furthermore, Ly :=
SupzeDn,peM |Kp(Z)| < Q.

Let Ap(s) = Ap [ €W, (dx). By (3.1), [N (@ — is)| < 2% Ap(s)", s € R.
T|x|

Given s € (—1, 7), since 0 < el**I — 1 < |sx|el**] < %,

|s| M-
T—|s|’

. Thus one can choose 0 < n <« 1 as in Lemma 3.1

0<h, / e, (dx) — A < /(e'”' — 1) p(dx) <

|s| M-
T—|s]

yielding 0 < A,(s) <A, +

such that sup peEM,Is|<n Ap(s) < 1. As a result, N p(2) are analytic and uniformly
bounded in D,,. By means of some computation,

(3.7) 1,0 —is)| <eTlmin(1,C072)  VO,5s€R,peM,

where C = sup,, [ [¢y|. It follows that £, = (1 — A,)®, N, is analytic in D,
and (1 4 6?) SUP e p, s <n |Xp(@ —is)| < oo. Thus there exists a constant C1 > 0
such that [ |Xp (0 —is)|d6 < Cy fors e [—n,n]land p € M.

Letr € (0,n). By Lemma 3.1, K, (z) is analytic on D,. For x > 0, apply Lemma
3.1 and Cauchy’s contour integral to e ~/** ¥ »(2)K (2) along the path J(z) = 0 and
3(z) = —r. Then by (3.6),

oo .
I,(x) =/ e XD 5 (0 —ir)K p(0 — ir)do
—00

and hence |I,(x)| < Lye™" [°% |Xp(© — ir)|d0 < CiLre™". Similarly, for
x <0, |1,(x)| < C1L,e". So by (3.5), (1.9) holds. [

PROOF OF COROLLARY 1.1. For pe M, Z,(x) = ffooo Zp(x — y)N,(dy) is
a solution to (1.11). For x > 0,

Zp(0) — 1y = f_ =N,y + /_ 2 =g, dy

o0

1
-— Zp(x —y)dy
Kp J—o0
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and hence

o0 _ x/2 _
1Z,(x) — up| < /x/z 12— VIV, (dy) +/_oo 120 — )N (dy)
+/x/2\zp(x — (@) — ;] dy

x/2 »
+/_OO l2p(x = Vgp () + 1, ) dy.

The integrals on the right-hand side are bounded by LAye /%, L Aye™"%/?,
LAje /2 and %L(Al + %)e_"x/z, respectively. A similar bound for x < 0 can
be obtained. Therefore, Z), gatisﬁes (1.12).

It remains to show that the solution is unique for each p. If sppt(p) €
[0, 00), this follows from [5], Lemma 4.1.1. In general, let D(x) be the differ-
ence between two such solutions. Then D(x) = [°% D(x — y)p"*(dy). Given

e > 0, there exists C > 0 such that D(x — y) < Ce®“) and hence |D(x)| <
[22, Cef ) p*(dy) = Cet* (E ple™#X1)". By (1.3) and (1.4), Eple *X] < 1 if
e K 1. Letting n — oo yields D(x) = 0. The uniqueness is thus proved. [

PROOF OF COROLLARY 1.2. The uniqueness of the solution to (1.13) can
be shown by following the proof of Corollary 1.1. Let Z,(x), x > 0, be the so-
lution. Extend Z,(x) and z,(x) to R so that for x <0, Z,(x) =0 and z,(x) =
- 00 Zp(x — y) p(dy). Then the renewal equation

Zp(x) = 2p(x) + /_ Zyx=ypy)

holds. By (1.4), for x <0, |z,(x)] < [T Lo()e" =) p(dy) < Ly(n)e™ M.
Thus sup, e e {e”"!1z,(x)|} < L. By Corollary 1.1, (1.15) holds. [J

4. Uniform exact LDP. This section proves Theorems 1.2 and 1.3. We start
with some basic results.

4.1. Preparations. By condition (1.18),
(t,s) = E[e""X] € C®((t,9): |t — 70l < no, |s + k()| < no)-
Then f(s) := ¢(10,5) € C*°, f(—h(tp)) = 1. By condition (1.16), inf f < 1. As
h(tg) = —sup{s: f(s) <1} and f is convex, f'(—h(zp)) > 0. Therefore,
d¢ (0, —h(t0))
as
Fix 19 and 79 as in Theorem 1.2. By the implicit function theorem (cf. [20]),

there exist 0 < g9 < 9 Ang and 0 < n < (h(7t9) — Bx) A no such that % is a smooth
mapping from Iy = [t — &0, To + o] into [A(t0) — 1, h(To) + 1],

(4.1) E[eT7hDX] =1

E[Xe™Y~hX] 5 g,
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and

dp(t,s)
= >

(4.2) E[XeYT5X
as

0 on Iy X [—h(t9) —n, —h(t0) +n].

. . . . _n 2, tY—h(t)X
Differentiate E[¢!Y ~"X] =1 twice to obtain h”(r) = £L& E}E)Ele)ri’(ghf:))(] —. By

condition (1.17), A”(¢) > 0 and hence h(t) is strictly convex on Ij.
By (4.1), for any ¢ € Iy, define the following probability measure:
Pi(dx,dy) =Y "Ox pdx, dy).

Denote by E; the expectation under P; and by E that under P. Then E;[X] =
E[XeY =X and sup,j, E/[X] < 0. Under P;, the marginal of X and the con-
ditional measure of Y given X are, respectively,

Fi(dx) = gx(1)e " O¥F(dx),

4.3) "
P(dy|x) := P(dy|X =x) = P(dy|x).
8x (1)
Note that for any function f, E;[ f(X)] = E[e!Y ~"®X £(X)]. Define
Pr{X > x} M, (1) gx (1)
4.4) Wx(f)zws ¢X(t):eh(—t)x’ kX(t):eh(—t)x‘

Then F;(dx) = ki (t) F(dx). To apply Corollary 1.2 to the proof of Theorem 1.2,
the following lemmas are needed.

LEMMA 4.1. The family of probability measures {F;(dx),t € Iy} satisfies
conditions (1.3)—(1.8).

LEMMA 4.2. Forallx >0andt € Iy, My(t) < 00. Define

1
4.5) Ax(t) = —log My (1), AT (%) =sup{rt — Ay (1)}
X teR
and define ¢ (t) by (1.21). Then there exists I = [t9 — &, 70 + €] C Ij with € €
(0, g9 A 10) such that inf,c; b (t) > 0,
(4.6) limsupsup{x|A™ (1) =A™ ()|} <00, n=0,1,2,

X—>00 te]

and ¢ (t) is continuous on 1, inf;c; ¢ (t) > 0, and there exists a > 0 such that

4.7 limsup e sup [¢y (1) — P (2)| < 00.

X—>00 tel

In the following proofs, the uniform exact LDP in [3] is the fundamental tool.
However, it turns out that some of the conditions used in the main result of [3] are
hard to verify for W (x). We shall instead check the more basic conditions provided
in that work.
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4.2. Nonlattice case. PROOF OF THEOREM 1.2. Let I be as in Lemma 4.2.
To prove (1.20), it suffices to show that for any x,, — oo and 7, € (9 — /2, 70 +

e/2),
o (tn) —x W
4.8) Pr{W(x,) > x,h'(1,)} ~ ———te N (h () n— 00.
(4.8) {W(xn) = xnh'(Tn)} o I )
For brevity, define M, (t) = M,, (¢t) and ¢,(t) = ¢, (t). Let A, (1) = é X
log M,,(t) and v, = h'(t,). Note that « := inf;, h”(r) > 0. By (4.6),

1
C:= —limsup[xn sup |A;,(t) — h/(t)l} < 00.
200 =n tel

Let ¢, = x% For n > 1, v, £ ¢, € I and hence A} (t, + &) — vy = A (T, +
&n) — h'(ty + &) + e, > 0. Likewise, v, — A}, (7, —&,) > 0. Since A}, is strictly
increasing, there exists a unique ¢, € I with

4.9) Ay (1) = vy, |ty — Tl < C/xp.
Define random variables A} and U, such that
expltu)
M, (1)
A*
U,= —2 .
NEWNAC)

We will later show that there exist § > 0 and N > 0, such that

Pr{A} e du — x,v,} = Pr{W(x,) € du},

(4.10) F(s) = :;R{|E[e”Un]|1{|s| <8 Jxa M)} e L,
E[e(t,;"+iS)W(xn)] 1
4.11) sup |——| = 0( ) vn, A > 0.
n<|s\p<k M, (t;lk) «/x_n

Equation (4.10) implies (2.7) in [3]. Meanwhile, it can be shown that U, —d>
N (0, 1), which is the first conclusion of Lemma 3.1 of [3] (cf. [6], Theorem 3.7.4).
Thus the first claim in the proof of Lemma 3.2 of [3] holds. As 0 < liminfz; <
limsupt,; < oo, t; satisfies (3.3) in [3] and (4.11) implies condition (c) of Lemma
3.2 of [3]. Thus that lemma holds for W (x,). By Theorem 3.3 of [3],

o= A (vn)
Pr{W(x,) > x,v,} ~ —m— n— 0o.

152w x, A (t%)
Ay ()

By (4.6), 3#25 — 1. Note that e han) = gty =h(t)) gy (1), Since ¢ €
C(I),by (4.7) and (4.9), lim ¢, (1)) = ¢(70). By Taylor expansion,

vt = h(t) = vty — h(ty) — $H"ED () — T0)*

=h*(vy) — SH"EN (@ — )2, some &, € [1y, 17].
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By (4.9), vty — h(t)) = h*(v,) + o(xn_l) and hence (1.20) is proved. [
4.3. Lattice case. The proof for this case is based on the next lemma.

LEMMA 4.3. Under the assumptions of Theorem 1.3, for all x > 1, W(x) is
lattice-valued with span d.

PROOF OF THEOREM 1.3. As in the proof of Theorem 1.2, the bound in
(4.10) still holds. On the other hand, following an argument similar to that in the
proof for (4.11), it is not hard to see that for any n € (0, 7 /d],

sup

E[e(l‘:Jris)W(x)] ( 1 )
n<ls|<m/d

=0\ —].
M (1) Vx
The rest of the proof follows that of Theorem 1.2. Let v = A'(7p) and v, =

%[Xd—”]. As vy —v| < %, Vx > 0, there exits a unique ) with 2'(t}) = v,. By
Theorem 3.5 of [3],

Pr{W(x) > xv} = Pr{W(x) > d[%”

=Pr{W(x) > xv,}
d TS
NZZINAG R L
By W' (t}) — W' (10)| = [vy — V| < %, there exists C > 0 with [£} — 7p| < %

Then A;C/(t;ck) - h”(f()), e—xAj;(Vx) — e—X(Uxt;_Ax(f:)) — e_X(VxT:_h<t;))¢x(t;<) ~
e i —h() ¢ (74) and

~

vty —h(t) = (vx — )t} — 10) + (vx — V)T + vI} — h(2})
= (vy — V)10 + V10 — h(T0) + O(x_z).

Finally, note that x (v, — v)tg = dto{xv/d}. This then completes the proof. [

4.4. Uniform bounds for the tilted complex moment generating functions. The
rest of the section is devoted to (4.10) and (4.11). Let 0,, = \/A]/(£}). Then

Vn/XnZ 1
E[e*Ur] = {— nyon } M, (z*
[e*""] =exp o M, () nlt, +

z

, eC.
mon> :
PROOF OF (4.10). The formula will follow if there exist a, § > O such that

limsup sup]| E[¢"Un]|1{|s| < 5~/E0n}e‘”2} < 0.

n seR
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Replacing s with ,/x,,0,,s, the supremum becomes

su { | M, (t: +1is)] euxnanzsz } )
My (1)

[s|<é

As t¥ eI and A)(t)) is bounded away from 0 and oo, (4.10) will follow if there
exist a > 0 and § > 0 such that
M, (t + i5)|eaxs2} .

limsup sup { ML)
X

X—>00 rel,|s|<é

Note that M, (1) = ¢, (1)e" D Let G (1t + is) = e "DXE[(FTIWX ] By
Lemma 4.2, sup; |¢;;’((;)) — 1| — 0 and inf; ¢ (¢) > 0. Thus it suffices to show that

4.12) limsup sup {|Gx(t +is)|e®™*’} < oo.

x—00 tel,|s|<8

Define wy = Y_, u;. By (4.3) and (4.4), for 5,1 € R,

G(t+is) :1//x(l)+/x Ee* Y |ulGr_y(t +is)F,(du)

=) / Ve, OUwe <x, Yk <n} [| Eile"” lu;1F(du;).
n=0

j=1

Jn(s,1,x)

Note that |J, (s, 1, x)| < Ju(t,x) := Jy(0,2,x) and ), 50 Ju(t,x) = G (1) =
¢ (t). First, we show that there exist # > 0 and M > 0 such that

(4.13) limsupe”x{sup D 1@ x) 4+sup Y [t x)] § < o0,

X—>00 tel p<px tel n>Mx
By (1.18) and inf; h(¢) > Bx, there exists a € (0, %(infl h(t) — Bx)) such that

L := suplog E,[¢*/1X1] < o0,
tel

K@) = sup [e* Y (1)| < o0.

tel, x>0
Then
n
001 = K@) [ 2000 T] Fiduy)
j=1
< K(¥)e 2 (E [e***])".
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Fix n € (0, 7). Then forall ¢ € I,

nx
Y 1t )| < K@)e > Y E [e* X

n<nx n=1
- K(w)e—Zax+Lnx _ K(‘/I)e—ax
- 1—eL  l—e L7

On the other hand, by the selection of /, it is seen that there is b > 0, such that
| :=sup,;,log E; [e="X] < 0. By Chernoff’s inequality, for n > 1,

[Jn(t, x)| < K(W)P[(Z Xj fx) < K(w)eth[[e*bX]” < K(lﬂ)eberln.

J=1

By choosing M > 0, (4.13) is thus proved.
Let Ay =[nx, Mx]. We need to bound ), c 4 Ju(s, 1, x). For n > nx, let

Ty = [ Y, Ol < x, Yk € (ox,l) [] el 1Fid).
j=l1

With the same a > 0 and L > 0 as in the bound for }_, -, [Jnl, forz € I,

| u(s, 2, x) — J (s, 2, x)| < / Yy —w, ) Hwg > x, Ik < nx} ]_[ Fi(duj)
j=1

nx k
(4.14) 5K<w)ZP,<ijzx)
k=1 j=1
K()e
l—e L~

nx
< K(w)efmlx ZekL —

k=1

We next find an @ > 0 such that sup,c; > ",ca, J; (5,1, X) = 0(e=%**") and then
use the above approximation to bound sup,.; > J, (s, ¢, x). Note that

nx
Jo(s,t,x) = / Jn—nx) (S, 8, — winy)) l_[ Et[e”YIuj]Ft(duj).
Jj=1

Fix k as in (1.17). Let & = Zl;‘:l Y, Z = ZI;.ZI X ;. In order to obtain the
desired bound, we express J,(s,t,x) in terms of E/[8|2). By (1.17), for
each 1 € I, E;|E,[¢"*5|Z]] < 1, implying that E;[oz(t)] > 0, where o,(t) =
Var;(£|Z = z). Note that if o,(¢) > O for one ¢ € I, then by the smoothness of
P;, v(z) :=inf;c 0,(¢) > 0. Therefore, Pr{v(Z) > 0} > 0. On the other hand, by
(1.18), sup, E[e'$1El|Z] < 0o a.s. Thus there exist r > 0 and R > 1 such that
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p =infie; P(Z €T) >0, where I' = {z:7 < v(2), sup,¢; E/[|E1Z=z] <R}
Letm = [}, Z; = 4y X(jotykrs & = X4y Y- 1yk+s- Then

> J,i(s,t,X)=/< > Jk(s’f’x_wLnxJ))

neAy k<(M—n)x

\%
m .
X H Et[eISSJIZj =Zj]Ftk*(de)
j=1

Lnx]
x I Eidle™™X;=u;1F (duj).
j=mk+1

Since [V | <> Ji(t, x — w[r]xj) = (bx—wm” () < Sup; o« (1),

> Ji(s.t,x)

neAy

ssupd)x(t)/ [TIE:(€"51Z = 21| F}*(dz))
sX j:l

t

(4.15) .
< supcbx(r)[l — p+ psup|Eile€|Z =z]|} .
t,x zel

By Lemma 4.2, sup, , ¢x(t) < 0o. Let u,(z) = E;[§|Z = z]. Then by [2],
Proposition 8.44, for |s| < 1,ze€"andr € [,

|E[€"8)Z = 2]| = |E [ ¢ @)z = ]|

- R
- — s -—.
=T =T

Because - — g as x — 00, it is seen that there exists o > 0 such that for |s| < 1
and x > 0, |ZneAx J)(s,t,x)] < Ce“"“z, with C > 0 an unspecified constant
that may vary from appearance to appearance. Together with (4.14), this implies
that [} _,ca. Ju(s, 1, x)| < C(xe ™™ + e“"“z). Then by (4.13), there exists § > 0

such that for [s| <d,r €l and x >0, |G (t +is)| <C(e ™ 4+ xe ¥ + e‘““2).
This then completes the proof of (4.12). [J

PROOF OF (4.11). The formula will follow if sup,c; < |sj<; |Gx(t + is)| =
o(x~1/2), where G.(-) is defined as in (4.12). From the proof of (4.10),
SUPc s p<s<i |Gx(t +is) — e, Jy(s,1,x)| = O(e™®) for some a > 0. On
the other hand, from (4.15), we obtain |}, c4 (s, t,x)] < Cf(s)"™/k, where C
is a constant and f(s) = sup,¢; E;|E;[€"*%5|Z]|. As E|E[€*¢%]|Z]| < 1, it can be
seen that f(s) < 1. The proof then follows. [J
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5. Consequences of the uniform exact LDP.

PROOF OF COROLLARY 1.3. Let v =h'(tp). For x > 0, there exists a unique

t, el with b/ (t,) = v, := %. As t, — 70, by the uniform convergence,

P (1y) _ e
Pr{W(x +a) > xh’ 4o~ X mda)h ()
T{Wx +a) 2 x4 (z) ) Iy 2nxh”(tx)e

Since 7y — 70 > 0, L) — (14 0(1))—25__ On the other hand,

te/2 xR (1 To/2mxh" (1)
—(x +a)h*(vy) +xh*(v)
=x[h*(v) — h*(vy)] — ah™(vy)
7D ) S B0 — b) — ah o),

X

with z = z(x) between v and v,. Since h* (v) = 19 and A*(v) = vty — h(10), the
limit is ah(tg) — btp. This then completes the proof. [J

PROOF OF COROLLARY 1.4. Use the same g, (), k. (t) and F;(dx) as in the
proof of Theorem 1.2. On the other hand, define

M (1)
eh(t)x ’

M (1) :=E[¢V™],  ¢.() =

o0

- 1
) = e [ a0 F @),

As in the proof of Theorem 1.2, let M, (t) = M,, (t), An(t) = A, (t) and
expl{t,u}
M, (1)

- A*
Uy = —1 .
NESNAC

Clearly, Lemma 4.1 still applies. The proof then follows from Lemma 5.1 below
and almost the same steps as in the proof of Theorem 1.2. [J

Pr{A* € du — x,v,} = Pr{W(x,) € du},

LEMMA 5.1. Under the conditions of Corollary 1.4, Lemma 4.2 still holds
if Ax(t), ¢x(t) and ¢(t) are replaced by A (t) = Llog My(t), ¢x(t) and $(x),
respectively, and equations (4.10) and (4.11) still hold if M, (t), A, (t) and U,, are
replaced by M, (1), A, (t) and U, respectively.

PROOF OF PROPOSITION 1.1. Let the span of Y — f(X) be d. Since X has
a continuous density, each connected component of sppt(X) has a nonempty in-
terior. We first show that if f(x) is continuous but not affine on a nonempty
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(a,b) C sppt(X), then (X, Y) satisfies condition (1.17) with k = 2. Let (&, {1)
and (&, ¢») be independent, such that Pr{§; € dx} = Pr{X € dx|X € [a, b]} and
Pr{¢; e dyl& = x} =Pr{Y e dy|X = x}, Vx € [a, b]. It suffices to show that

(5.1) E|E[#*CFD g + 5] <1 Vs #£0.

Assume that (5.1) is not true for s # 0. Then for a.e. u € (a, b), there exists A
such that Pr{¢) + ¢ € h+ 5--Z|&) +& = 2u} = 1. Since {1 + 8 € f(E)+ f(E2) +
dZ as., Pr{(h+ 2-7) 0 (f (1) + f(&2) +dZ) # D|& + & = 2u} = 1, implying
that for a.e. x € Qu — b,2u — a) N (a, b), fQu —x)+f(x) eh+ 27”Z+dZ
Since f(2u — x) + f(x) is continuous in x and 5-~7Z + dZ is discrete, there exists

csuch that fQRu —x)+ f(x)=c. In partlcular lettlng x =u yields c =2 f(u).
It follows that for x, y € (a, b), f(x) + f(y) = 2f(%) and hence f is affine on
(a, b), a contradiction.

It remains to show (5.1) for the case where f is piecewise affine. By the as-
sumption, there exist disjoint intervals (ay, b1), (a2, b2) C sppt(X) and constants
c1 # ¢3,dy and dj such that f(x) =cjx +d; on (a;, b;). Let (&1, {1) and (&2, &) be
independent such that Pr{§; e dx} =Pr{X e dx|X € [;} and Pr{¢; e dy|é =x} =
Pr{Y e dy|X = x}. Now sppt(§1 + &) = J =[a1 + a2, b1 + b>]. Given §1 + & =
we o Z:= fE) + f(&) L (cr — c)n + ciu + di + d, where Pr(n € dx} =
Pr{& edx|é el}=Pr{X edx|X el},withl =w—by,u—ay)N(az, by) # 3.
Thus Z has a density, yielding |E[e/S¢112) (&) + & = u]| = |E[e"*?|& + & =

ul]l <lforalls #0. O

6. Auxiliary technical details.
6.1. Proofs of auxiliary results for the renewal measures.

PROOF OF LEMMA 3.1. By condition (1.4), p(z) = E ,[¢'*X] are analytic and
equicontinuous in D;. Fix rg € (0, 7). Let i, = E|X| and v, = %EP[XZ]. For z
with |z| < rg,

1) = 1= ppz—vp?| <Y RTEIXT
n=3
6.1) = E[e"X] =1 — i, lz] = vplz)?

< E,[IX]Pe X z)? < oMz,

n!

where C > sup,.ox3e"0~"* By (1.4), sup,, vp < co. Combined with (1.3), this
implies that there exists 6 > 0 such that |p(z) — 1] = 8]z] if |N(z)| < 6 and
I3(2)] = 4.

Assuming the first statement in Lemma 3.1 were false, there would be 7, —
0, 6, € R and p,, € M, such that 6, — it, # 0 and p,(6, — it,) = 1. From the
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previous paragraph, |6,| > 8. Then by |p, (6, —it,) — pn(6n)| < Ep, [elnX] -1 <
M"™/T _ 1 50, py(6,) — 1. On the other hand, by (1.6) and (3.7), pn(6,) =
(1= 2p)®p(6,) +ApY,(6,) < CO;% + y. Therefore, liminfCO;2>1—y >0
and the 6, are bounded. By (1.4), M is tight. Then there exist a probability measure
po and an s # 0 such that, say, p, = po and 6, — s. Note that |s| > §. Because p
are equicontinuous on D¢, by p, (6, — it,) = 1, we obtain po(s) = 1. Therefore,
Po is concentrated on a lattice L of span |[s|.

Given ¢ >0and n >0, let L, = J,c; (x — &, x + €). There exists R > T such
that p,((=R,R) N Lg) > 1 —n, Vn > 1. Then by (1.5), (1.6) and sppt(P,) C
(=T.,7),

(6.2) y+sup (=T, T)NLg)>1—1.

PEM
Because ¢, € CZ((—T, T)), from sup, , 165 (x) — o5 M| < [T 1oy V1, i =
0,1, we obtain A := SUP e ¢ l¢pllo <00 and by (6.2), y + AL((=T,T)NLg) >
1 — 7. Letting ¢ — 0 yields y > 1 — 7. Since 7 is arbitrary, we arrive at a contra-

diction to (1.6). This proves the first statement in Lemma 3.1.
To show that L, < oo for some n € (0, 7), given p € M,

1 1 1p(z) =1 —ippz
|Kp(2)| = —— - — = - P
1—-p() —ippz wplp(z) — 1|z

By (6.1), |p(z) — 1 —ippzl < vplzl* + CM: |z and |p(z) — 1| = pplz] —
v,lz)? + CM; |z, As inf, 1, > 0 and sup,, v, < 00, there exists § > 0 with
SUP e p, 91z, |52 <8 | K p(2)| < 00. Thus if L, = oo for any 5 € (0, 7), then there
exist t, — 0, 6, € R and p,, € M such that |6,| > § and p, (6, —it,) — 1 — 0. The
same argument for the first statement then applies to yield a contradiction. This
completes the proof of Lemma 3.1. [J

6.2. The moment generating function of the random sum. This part pro-
vides technical results on M, (¢) for the proof of Lemma 4.2. Recall that Sy =
limsup, %log Pr{X > x}.

LEMMA 6.1. The following statements (1)—(4) are true. (1) For any t with
Dy # O, E[e'Y—5X] is strictly convex in s € D;. Furthermore, given t,t, and
A€ (0, 1), we have (1 — X)Dy, + 2Dy, C D1yt +irp- (2) Forany t € R, Dy is a
closed interval and h(t) > —oo. In particular, if h(t) < oo, then h(t) € D;. 3) h
is convex in A={t e R:h(t) < oo} and h(0) =0. (4) A is an interval with 0 € A.
In particular, for any t € A, if D # &, then D # &, Vs € A°.

PROOF. (1) follows from the strict convexity of e*, the assumption that X
is nondegenerate and Holder’s inequality. (2) By (1) and Fatou’s lemma, D is
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a closed interval. If h(¢t) = —oo, then for any M > 0, E[eYtMX] < 1, imply-
ing that esssup X < 0, which contradicts (1.1). (3) By (1), & is convex. Clearly,
h(0) < 0. If h(0) < 0, then E[e"©@1X] < 1 and by the strict convexity of E[¢*X],
there exists a > 0 such that E[¢%X] < 1. For x > 0, by Chernoff’s inequality,
P> Xi>x}<e ™ Z(E[eax])” < 1, implying that Pr{N (x) = oo} > 0,
which contradicts (1.1). (4) follows easily from (1). [

LEMMA 6.2 [Upper bound for exponential rate of M, (¢)]. Lett € R be such
that Bx < h(t) < oo and D; # . Then M, (t) is rightcontinuous in x > 0 and for
e>0with h(t) + ¢ € D7, there exists K, > 0 such that

(6.3) M, (1) < KeehO+ox gy 5 .

Furthermore, if either h(t) > 0 or e < |h(t)|, then one can set K, = lli(;'((tt)g) , where
H(a) = E[e” Y 9X] 4+ 1 and p(t, &) = E['Y ~(hD+X],

PROOF. For brevity, define af = Y 7_, a;. First, suppose that i(¢) > 0. Fix
e > 0 with h(t) + & € D?. By Lemma 6.1, E[e/Y = D+8X] < | Then

o0 o0
VO =S YN ) =k < YT {xE < x)

6.4) k=0 k=0

o0 o
< ZetY{‘e(h(z)—i—e)(x—X’f) — ph()+e)x ng’
k=0 k=0

where & = H'}:1 exp{tY; — (h(t) + &)X} Let & = e O+9X S~ Then

o
(6.5) E[5] ="t p(r,e)* < o0.

k=0
Equations (6.4) and (6.5) show that M, (¢) < Ko e")+e)x and, given xg > 0,
eV < ¢ Vx € (0,x0). When y | x, N(y) | N(x) and W(y) — W(x) as.
Then by dominated convergence, M, (¢) is rightcontinuous in x.

If Bx < h(t) <0, then we show that for 0 < & < —h(t), E[e”"O+e)X] < 0.

Fix 8 € (0, h(t) — Bx). For x > 1, Pr{X > x} < e~ ("O1+0x Then

o0 (0,0
/ e—(h(z)+e)xF(dx)§/ DT B ()
0 0
o
<1+ |h(t)|/ MOXPrix S xldx < oo
0

and hence E[e_(h(’)+8)X1{X > 0}] < 00. On the other hand, because /(t) +& < 0,
E[e~—h®0+8)X11X < 0}] < 1. Therefore, E[e— "X < E[e~"DX] 1 | < 0.
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Fix ¢ € (0, —h(t)) with h(t) + & € D/. Then

o0 o
VO =S YN () =k < YT xS k)

k=0 k=0
ad k+1

(6.6) < Y M (T 0
k=0

o0
= X 37 g = O+ Xiir
k=0

Note that &, is independent of X,,1 1. An argument similar to that for 4(z) > 0 can
then be applied. The expression for K, follows from (6.5) and (6.6). [

LEMMA 6.3 [Upper bound for exponential rate of M)E”)(t)]. Suppose that
there exists I = (a, b) such that By < h(t) < oo on I. Also, suppose that there
exist T € I and 1 > 0 such that D? # @ and E[e'Y ~hOX+1UXIHYD] < o0 for
t € I. Then for any x > 0, M,(t) € C*®°(I) and there exists K = K(n,t,¢),
such that |%| < Ke"O+ex 'yt ¢ I e > 0. Furthermore, if h(t) + ¢ € Dy
and either h(t) > 0 or ¢ < |h(t)|, then one can set K = H(h(t)) x Hi(h(t)) X
P,(p(t,e)) x (1 — p(t,e))™", where H(-) is given in Lemma 6.2, Hi(a) =
CE[e!Y hOX+n(XI4+IYD] yith C an absolute constant and P, a polynomial of
degree n with absolute constant coefficients. Fmally, z” e C(I xR).

PROOF. Because DY # <, by Lemma 6.1, D # &, Vt € I. Then by
Lemma 6.2, Vx > 0, M,(t) < oo on I, implying that M, (t) € C*°(I) with

M (1) = E]Wx)"e!V™]. For n > 1, by | Y5 xi|" < k'YK x|, if
h(t) >0and 0 < & « 1, then, as in (6.4),

|W(x)|nelW()C) < e(h(t)+e)x io: kn—l (i |Yl |n>$k
k=0 i=1
Let C = sup,-ox"e " and ¢ = Ce'Vi~hOXitn(Xil+¥iD _Since ¢; are i.i.d. with
E¢i < oo and |Y;|"e!Yi—(hO+e)Xi < 1 we have E[|W (x)["e'V )] < KehO+e)x
where K = E¢1 Y 722, k" p(t, e)*~1. The case Bx < h(t) < 0 is proved likewise.
The rest of the proof follows that of Lemma 6.2. [

LEMMA 6.4 [Exact exponential rate of M, (¢)]. Suppose that Bx < h(t) < oo
and E[e'Y T"OX] = 1. Suppose that either (1) Pr{X >0} =1, or (2) D? # @ and
E[e?0Y =X X > 0] < 00, ¥g > 0. Then L log My (t) — h(t).

PROOF. By Lemma 6.2, we have lim sup%log M, (t) < h(t). It remains to
demonstrate that liminf % log M, (¢t) > h(t). First suppose that (1) is true. Then
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D; = [h(t), 00) # &. Assume that the lower bound does not hold. Then there
exist & > 0 and z,, — oo such that f(z,) := e(%)% — 0. Fix n, | 0. Then
Xp :=sup{x:Vu € [0, x), f(u) > n,} < oo and

Pz [ B e = 0 F @0 = m ELP1X € 0,511

where Z =tY — (h(t) — ¢)X. Since M, (¢) is rightcontinuous, f(x,) < n,
and hence E[eZI{X € [0,x,]}] < 1. Note that x, is increasing. If x, 1 oo,
then E[e4] < 1, contradicting the definition of h(¢). If x, — z < oo, then
My, (t) = f(xp)e? D% — 0, that is, E[¢'" )] — 0, which implies that
Pr{|W(x,)| > M} — 1 for any M > 0. However, since N(z) < oo and |Y| < oo
a.s., this is impossible. Thus the lower bound holds.

Suppose that (2) is true. Let U, = exp{tY, — h(t)X,}, Z, = U;---U, and
T(x)=N(x)+ 1. Fix ¢ > 0 with h(t) + ¢ € D/. Define &, as in (6.4). Then

Z,H{T (x) =n} < Z,{T (x) = n}

n
< l—[ o Y—h(OXk 5 es(x—Z?:_ll X — o5, U,
k=1
Since E[€,-1]1= p(t,€)" " and E[U,] = 1, with p(z, ¢) < 1 defined as in Lemma
6.2, there exists M > 1 such that for x > 1, E[Z7)I{T (x) > Mx}] < % Let
X*=X*(0) = YL Xi = x, ¢ =¢(x) = g€ 10 MOX" Then
1 x ehh)x
—E[etw(x)e’YT<X)_h(t)X T (x) < Mx}] > )
Mx ~ 2Mx
- N R W)l 1 h)x
Fix p, ¢ > 1 with o + ;=1 and pt € A°. Then E[e”’ NPE[cN = S
Note that M, (pt) = E[e”"W™]. Also, note that 0 < X* < X,, if T(x) = n. So
by the assumption, E[¢9] < Y n~9E[e?n=(hOANDX)1(X, > 0}] < co. Thus
liminfpixlong(pt) > h(t). Replacing pt by ¢, we get liminfilong(t) >
ph(t/p), Vt € A°. Let p 1 1. Since h(¢) is convex and hence continuous in #A°,
the lower bound follows. [

E[etW(x)é'] >

6.3. Proofs of auxiliary results for the uniform exact LDP.

PROOF OF LEMMA 4.1. Recall the definition of Iy and n > 0 given just before
(4.2). By (1.18), there exists a > 0 such that
sup E,[¢41X1] < E[e® ~M@X+m0(X+1YD] < oo,
tely B
Let R > 0 and 7 (x) € Cg°(sppt(®) N (=R, R)) such that 0 < 7 (x) <1 and
[m¢p > 0. Now each F; has a subcomponent with density k,(#)7(x)¢(x) €
Cg((—R, R)). It is then seen that the conditions in Theorem 1.1 are satisfied. [
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PROOF OF LEMMA 4.2. By (4.2), h € C®(lp) and E[¢'Y~"®X] =1, one
can choose ¢ € (0, %) and I = (79 — &, 70 + ¢) such that (1) h(t) + & € D/
and |h(t) — h(ty)| < % for every t € I; (2) sup,¢; p(t,a) < 1, Va € (0, €], where
o(t,a) = E[e'Y ~hO+OX] 3y inf,.; |h™(1)| < 00, n > 0. By Lemma 6.3, Vx >
0, M, (t) € C*®°(I) and VO < n < 1, there exists K (n) > 0 such that
(6.7) supfe "X (M ()] + M ()] + M (D)D)} < K ()e™,

tel

We first show (4.7). From the definitions, for x > 0,

6.8) M0 =Pr(X = xb+ [ @M F ),

(1) = e (1) + / " k(s (D) F (du)
(6.9) ‘x°°
— () + /_ BeuOFidu).

From (6.7), supx>0’,el{e_”¢x (1)} < 00, Ve « 1. On the other hand, by the se-
lection of Iy, Bx < inf;, h <inf; h. Since ¥, (1) = e "X pr{X > x}, there exists
& > 0 such that sup,; ¥ () = o(e”**). We now apply Lemma 4.1 and Corollary
1.2 to (6.9). Then

bu(t) — Eix] [/Ooo Yo (1) dx — /Ooo(/olx' ¢u(t)du)Fz(dx)]

uniformly exponentially fast for # € I. The right-hand side is ¢ (), so (4.7) holds.
It remains to show (4.6). Because A, (t) = %log M, (t) = %log o5 (t) + h(t),

¢ () PL ()i (1) — ¢}, (1)?
A/ (t) — X + h/(t)’ A//(t) — X X + h//(t).
* Xy (1) * x¢x(t)2

Therefore, in order to obtain (4.6), it suffices to show that
(n)
(¢

(6.10) lim sup sup ox (1) < 00, n=1,2.

X—>00 tel ¢x (t)

To show (6.10) for ¢.(¢), we first show that for x >0 and ¢ € I,
(6.11) ¢ (1) =Y (1) + /_ (ky (1)px—u (1)) F (du),

that is, j—t t ook @y O F(du) = [~ (ky (1)px—u (1)) F (du). It suffices to ver-
ify that for 0 < e < 1, ™ SUP|—s|<e | (ku ($)Px—u (5))"| F (du) < oo. Indeed, as
ke(t) = e "OXE[Y | X = x] and ¢, (1) = e "X M (1), by (6.7), it can be seen
that for ¢ < 1, there exists C such that forn <2,te€ [ and x > 0, Ik,(cn) ] <
Ce "X E[e!Y+elY | X = x] and sup, |¢"(1)] < Ce®*. By (1.18), fix n > 0 and
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£ € (0, 1) such that Z := '~ "OXUXIHYD € 11 and sup; -, [h(s) — h(1)] <
%. It follows that supys_ <, [(ku ()P —u(5))"| < 4C%e**[Z|X = u] € LY(F) and
hence (6.11) holds.

Now let wy(t) = [* k,(O)pr—u(@)F(du). By (6.11), ¢.(t) = z:(t) +
JF o @i () F(du), where zy(t) = ¥L(1) + wy (). As [0 ky(t)F(du) =1, by
an argument similar to that above, ffooo k! (t)F(du) = 0. Then

X o0
01 = [ Ollgeu® = pOIF @) +60) [ 1K, OIF @)
—o0 X
From (4.7), sup,c; |¢x(t) — ¢ (t)] < Ce™* for 0 < a < 1. Combining the above
results, we have

X
|w (1)] < C/ e~ MOu=ate=0) g Y+l X — 4] F (du)
—0o0

o0
+ ¢(z)/ e~ OurnC=n) oY HnlYl ¥ — | F(du)
X

S Cef(n/\s)x.

On the other hand, because Bx < infies (1), ¢, (1) = —xh (t)e "X %
Pr{X > x} — 0 uniformly exponentially fast on /. Thus sup,; |z, (t)| — 0 ex-
ponentially fast and Corollary 1.2 can be applied to (6.11) to obtain sup; |¢’. (1) —
¢’ (t)| — 0 exponentially fast. It also implies that ¢ € C! (cf. [20], Theorem 7.17).

The exponentially fast convergence sup,; |¢7 (1) — ¢ ()| — 0 can be proven
likewise. To complete the proof, we must show that, by shrinking / if neces-
sary, inf;ey | ()| > 0. First, if X > 0, a.s., then this follows easily. Suppose that
Pr{X > 0} < 1. Since ¢,(19) > 0, we have ¢ (t9) = lim, ¢ (t9) > 0. If ¢p(79) =0,
then ¢,(79) — O exponentially fast in x, that is, there exists a > 0 such that
M, (ro)e_h(m)x = o(e”*"). This implies that limsup, %log M, (t9) < h(tg). On
the other hand, by condition (1.19) and Lemma 6.4, (1/x)log M, (tg) — h(7p).
The contradiction implies that ¢ (7p) > 0. Since ¢ is continuous around tp, we can
shrink [ to obtain inf;c; ¢ (¢) > 0. This completes the proof of (6.10). [J

PROOF OF LEMMA 4.3. Without loss of generality, let d = 1 and Pr{Y >
0} > 0. Clearly, W(x) C Z. By simple results from number theory, there exist
Yi,...,¥s € sppt(Y) such that for each large m € N, there exist cq,...,cs € N
with > ¢;y; = m. Fix I';, i <, such that Pr{X € I';} > 0 and Pr{Y = y;|X =
x} > 0, Vx € I';. Since the law of X has a subcomponent with a density and
Pr{sup, >"7 | X; = oo} = 1, there exists #o, such that the law of &j := Zism X;
has a subcomponent with a density in (0, c0). Then there exist kg and A C
sppt(§0)” N (0, 00), with £(A) > 0 and Pr{} ;- Yi = koléo = x} > 0, Vx € A.
By the property of measurable sets in R, {x 4+ y:x,y € A} contains an interval
(a,b) # 2. Let k =2ko, t = 2ty. Then (a, b) C sppt(>_; <, X;)° and Pr{}_; ., ¥;i =
k|2 i< Xi =x} >0, Vx € (a, b). Finally, there exists / =[t,t+1] ﬂsppt()f) with
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t > O such that Pr{X e I} > 0. Without loss of generality, assume that all I';, (a, b)
and [ are in [—R, R] for some R > 0.

Fix m, p1,..., ps,q1,...,q9s € Nsuch that > p;y; =m, > q;yi =m + 1. De-
fine p =3 pi, q =>_ q;. We claim that for x >> 0, there exists n € N such that the
events E1 and E; defined as follows each has a positive probability. E; is the joint
event of (1) N(x) =nt + p, (2) Xnw)+1 €I and 3) {Z; :=(X;,Y;),i <nt + p}
can be partitioned into By, ..., By, Cy,...,C, such that |Bj| = p; with X; € T';
and Y; = y; for each Z; € B}, C; = {Z,'jl, e, Z,'jt}, with Zlft X,'ﬂ € (a,b) and
> i<t Yi, = k. E, is defined likewise, with ¢; replacing of p;. Event E| implies
that W (x) = nk + >_ p;y; = nk + m, while E, implies that W (x) = nk +m + 1.
Therefore, nk + m,nk +m + 1 € sppt(W (x)) and W (x) has span 1.

To verify the claim, let 7o = 1 + max{p, g}. For x > 0, there exists n € N
such that ToR + na < x and —TopR + nb > x. This implies that for any z;y, ...,
Zip; €T'i, i <5, and z € I, there exists a nonempty open interval J € (a, b) such
that the inequalities

n n
ZZ,‘j—i—ZM,‘EX, Zzij+2u,-+z>x
ij i=1 ij i=1

are satisfied by any uy, ..., u, € J. Therefore, the probability that all of
the following events on (X1, Y1), ..., (Xus, Yn) happen simultaneously is pos-
itive: (1) > 5zij + 2 Xi <x, Q) X jzij + 2 Xi +z>x and (3) Vi <
n, i< Xir+1 € (a,b) and Yo, Yieyy = k. Let Xyri1, ..., Xpryp take values
X11s+vsZ1pys---»>Zsls -+ Zspy» TESPectively, while let X, 11 =z, and Y41, ...,
Yyr4p take values yp, ..., ys, respectively, such that Y, ; = y; if Z{Z;} ph<j<
Zi’;:l pn-Then 3,1, Yi = nk+m. Rearrange (X1, Y1), ..., (Xns4p, Ynr4p) 8O
that those with negative values of X; appear first. This results in N(x) =nt + p
and W (x) = nk + m. Hence the claim holds for E;. The case for E; can be treated
similarly. [

PROOF OF LEMMA 5.1.  In order to show Lemma 4.2 with Ay (%), ¢« (t) and
¢ () being replaced by A (¢), ¢x(¢) and ¢(x), note that

(1) = V() + /_ ; (1) s —u (1) F (dt)

=+ [ xoo $ru (1) F(du),

as opposed to (6.9). From the proof of Lemma 4.2, one can see that the lemma is
implied by Lemma 4.1 and the fact that

(6.12) sup|y ()| =0(e™),  n=0,1,2, for some a > 0.
tel

Indeed, (6.12) implies Lemmas 6.2-6.4, which are then combined with Lemma
4.1, (6.12) and Corollary 1.2 to obtain (4.6) and (4.7). For the current proof,
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Lemma 4.1 still holds. Therefore, we only need to check (6.12) with v, replaced
by v, as well as Lemmas 6.2-6.4. By Holder’s inequality,

_ 1 o 1 _
wa(t)|=—eh(,)x/ g(t, u)F(du) < eh(l)xE[eth]l/qPr{X>x}1 la,
X

for all ¢ > 1. Set ¢ > 0 so that (1 — é)ﬂx < h(79) < oo. By the assumption
of Corollary 1.4, E[e4'Y]'/4 < co. Therefore, SUp,¢; |, ()| = 0(e™%) for some

a > 0. The exponential decay of sup,, |1ﬁ,§")(t)| for n =1, 2 can be shown like-
wise. The proofs of Lemmas 6.2—6.4 for M, (1) closely follow those for M, (¢). We
omit the detail for brevity.

From the proofs of (4.10) and (4.11), one can see that they are implied by
conditions (1.17) and (1.18) as well as the fact that there exists a > 0 such that
SUP;c/ x>0 |e2%* . ()| < oco. Conditions (1.17) and (1.18) are still assumed here.
It is not hard to show that there exists a > 0 such that sup,.; ,~¢ |24 (1)] < oo0.

By now repeating the proofs, it is seen that (4.10) and (4.11) still hold when M, (1),
A, (t) and U, replace M, (t), A,(¢t) and U,,. U

APPENDIX

PROOF OF (3.2) AND (3.3). Let P be the probability measure that has density
p- As in [2], Vr € (0, 1), let g, be the density of yx, x Y o2 ,r" P"™. Then ¢, =

Xp o or'pt = %ﬁlg%. Since (1 — Ap)l\_]p is a probability measure, (1 —

Ap)IN,| <1.By (3.7), &, € L. Therefore, §, = (1 — 1,)®,N, € L'. By |1 —
rpl>1—r,4 €L'. Given M > 0, by an inverse Fourier transform,

—1x9 XP(Q) L <—1x9 XAP(Q) )
q’(x)_z / =@ = 271/ A —rp@))

1 rM , 0 1 . X, (0
_ _/ sﬁ(e—’xex”i()) 4o +—/ m(e—’wx"i()) do.
o J_m 1—rp@®) 21 Jio|>m 1—rp®)

I 06)

Let e ¥ x,(0) = f(6) +ig(®), p(6) = u(0) +iv(9). Then

I =f_A; f(e)m(ﬁﬁ(e)) do +

For 6 #0, p(6) # 1. Therefore, lim, 41 J1 = p«lp + fin f(9)§)'t(%)d0 (cf. [21,
Lemma 10._11 or [24], page 330). By its definition, W, has a finite mean, say a,
and hence N, has finite first moment a ) nA’,. Consequently, x, has a finite mean,

/M rg(@)v(0) 46 = I+ I,

-m [1=rp@O)
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yielding g(6) ~ ,uxpe as & — 0. On the other hand, p(0) =1 + p,0 + 0(6). By
dominated convergence for J, as r 1 1,

M M 9
g@)v(9) g _ixo Xp(©)
J2—>/ ———=d! = I — ——|—/ E)‘i(e " 7A>d0.
-m |1 = p@O)? wp J-m 1—p@®)

Because p(0) — 0 as 6 — oo, dominated convergence applies to ;. This then
completes the proof of (3.2). To now obtain (3.3), first let x = 0. Because x, has
a finite first moment and %, € L', it is seen that xp(0)/0 € L'. For s > 0, let

g(s) = % > é(ffooo sin(t@))(p(dz‘))e_ez/zs2 df. It is seen that g(s) converges to
the left-hand side of (3.3) as s — co. On the other hand, by Fubini’s theorem,
8(s) = 2= [ h(t, $)xp(dD), where h(t,s) = [, L sin(t0)e=¢"/>" d6. Observe
that d;h = 2w ¢ (t), where @y is the density of N (0, %). By h(0,s) =0, h(t,s) =
2m(Pr{Z < st}— 1), where Z ~ N(0, 1). Therefore, g(s) = [° Pr{Z < st}xp(dt)—
%. Let s — oo and apply dominated convergence to complete the proof. [J
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