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Let s = ﬁ(vlk,...,ka)T, k=1,...,K, where {vj;,i,k =1,...}
are independent and identically distributed random variables with Evi; =0
and Ev?| = 1. Let Sg = (S1....,Sk—1, Sk+1.---.5k), Px = diag(py. ...,

Pk—1:Pkt1.---» pK) and B = prs] (SkPST + o)~ Lsy, where p > 0
and the By is referred to as the signal-to-interference ratio (SIR) of user k with
linear minimum mean-square error (LMMSE) detection in wireless commu-
nications. The joint distribution of the SIRs for a finite number of users and
the empirical distribution of all users’ SIRs are both investigated in this paper
when K and N tend to infinity with the limit of their ratio being positive con-
stant. Moreover, the sum of the SIRs of all users, after subtracting a proper
value, is shown to have a Gaussian limit.

1. Introduction. Consider a symbol synchronous direct sequence code divi-
sion multiple access (DS-CDMA) system with K users. The discrete-time model
for the received signal y in a symbol interval is

K
k=1

where the x; is the symbol transmitted by user k, s; € RY is the signature sequence
of user k and w € RV is the noise vector with mean zero and covariance matrix
o2I. We also assume that the symbol vector x = (x1, ..., xx) has a covariance
matrix P where P = diag(py, ..., px) with p; being the received power of user &,
that is, E x,% = pi and that the symbol vector is uncorrelated with the noise (more
details can be found in [13]).

The engineering goal is to demodulate the transmitted x; for each user. Assume
that the receiver has already acquired the knowledge of the signature sequences.
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For user k, the linear minimum mean-square error (LMMSE) receiver generates
an output in a form a,{y where ay is chosen to minimize the mean-squared error

(1.2) E|x; —aly|%.

The relevant performance measure is the signal-to-interference ratio (SIR) of the
estimate (see [13]), which is defined by

(1.3) Br = pist SiPi ST + 6’7 ls;,  k=1,...,K,

where S; and Py are obtained from S = (s1,...,sx) and P by deleting the kth
column, respectively.

It is difficult to obtain clear engineering insights from (1.3) since it is dependent
on the signature sequences. However, if signature sequences are modeled as being
random, one may further proceed with the analysis using random matrix theory
when the number of users K and the processing gain N approach infinity, that is,
suppose

Sk = L(vm,---,vzvk)T,
VN

k=1,..., K, where {vit,i,k =1, ...} are independent and identically distributed
(i.i.d.) random variables. Rigorously speaking, if v;; are random variables, then
(1.2) should be viewed as a conditional expectation and at this time it is also neces-
sary to assume that the signature sequences are independent of transmitted symbol
and noise.

Indeed, considerable progress has been made in this area. For example, Tse and
Hanly in [11] derived the asymptotic SIR under MMSE, a decorrelator receiver and
a match filter receiver and fluctuations of SIR have subsequently been considered
in [10]. Some related results can be found in [13]. Also see [12], and references
therein and see the review paper [1] concerning random matrix theory as well.

However, there are still many open problems in this area. For example, Tse and
Zeitouni in [10] asked: What is the empirical distribution of the SIR levels of the
users across the system? Is this empirical distribution suitable for characterizing
the asymptotic distribution of the SIR for a particular user? Is there any type of
“weak asymptotic independence” among users? Also, the asymptotic distribution
of the sum of all users’ SIRs under MMSE has remained unsolved, which has a
close connection with another important performance measure, sum mutual infor-
mation or spectral efficiency (suitable scaling) (for more information concerning
the sum mutual information or the spectral efficiency, see [9] and [14]).

In this paper we will answer the above questions. In other words, we will derive
the joint asymptotic distribution of the SIRs for different users and the limiting
empirical distribution of the SIRs of the users across the system. The sum of the
SIRs for all users, after subtracting a proper value, is also shown to have a Gaussian
limit, which gives the asymptotic distribution for sum mutual information under
MMSE.
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Before stating our main results, we will introduce some notation. Write By =
SPS”, whose empirical spectral distribution (ESD) is denoted by FB¥. The ESD
of power matrix P is denoted by Hy. Let cy = K/N. F¢H"(x) and H will
denote the weak limits of the distribution functions FB¥, Hy respectively, as
N, K — oo if the limits exist. Define b = [(x + 02)"ldFeH (x) and by =
[(x + o) LdFeN-HN (x), where FENHN (x) = FOH ()| cmey H=Hy -

THEOREM 1.1. Suppose that:

(@) {vij,i,j=1,...}arei.id. with Evi; =0, Ele1 =1 and Ev161 < 00.

(b) Hy converges weakly to some distribution function H and the elements
of P are bounded by some constant.

(c) K/N—->c>0as N— oo.

Then, for any finite integer m

(1.4) (VN(B1 = piby)s ..., N'N(Bn — pubn)) —> N(0, C)

with covariance matrix

c,H c,H 2
C:<2 ar (x)+(de (x)) (Evj‘l—3))

(x +02)2 x + 0?2

(1.5) . ) 5
x diag(pi, ..., Py)-

REMARK 1.1. Theorem 1.1 indicates that the asymptotic independence of the
SIR among users holds, as conjectured by Tse and Zeitouni in [10]. This theorem
also includes Theorem 4.5 of [10] as a special result. Actually Tse and Zeitouni
in [10] only derived the asymptotic distribution for a single SIR under the condi-
tions that p; = --- = pg and vy is symmetric.

THEOREM 1.2. In addition to the assumptions (b) and (c) of Theorem 1.1, we
suppose: (a') {vij, i, j =1,...} are i.id. with Evi; =0 and Ev?l < 00. Then

(1.6) Gy () 5 Gx),
where
1 K
(1.7) Gyx)=—> T(Bx <x):
K k=1

i.p. denotes the convergence in probability. Moreover, the Stieltjes transform
of G(x) is [(bx —z)" ' dH(x).

REMARK 1.2. Theorem 1.2 characterizes the empirical distribution function
of the SIRs for different users, and, simultaneously, it reveals that the asymptotic
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empirical distribution of the SIRs for a whole system is different from the asymp-
totic distribution of the SIR for a particular user, which is normally distributed, as
shown in Theorem 1.1. For example, consider a special case p; =--- = px = p;
then one can easily obtain G(x) = I (pb < x < 00).

REMARK 1.3. Indeed, the convergence mode in Theorem 1.2 can be strength-
ened to converge with probability 1 according to Theorem 7.1 in [4]. In that paper,
a more flexible model is employed; they show that the corresponding SIR con-
verges with probability 1 and also provide uniform convergence of the SIRs for all
users. It is interesting to consider how to derive the asymptotic distribution of the
SIRs under their model.

THEOREM 1.3. In addition to assumptions (b) and (c) of Theorem 1.1, sup-
pose that (a”) {vj,i, j =1, ...} are iid. with Evi; =0, Ev121 =1 and Evfl =3.
(d) [x(1+xb)"2dH(x) = [xdH(x) [(1+xb)"2dH (x) and [ x*dH (x)(f (1 +
xb)2dHx))* + [x*(1 + xb)™*dH(x) = 2[x*(1 + xb)"2dH(x) [(1+
xb)"2dH (x). Then we have

K

(1.8) > (B — b pr) —> N(u, p),
k=1
where
dH (x)
(1 + xb)?
(1.9) —2 /dFC’H(x)/ x? dH(x)
' ) Gxon2) Qg Y
1 1 2m?(x)
_Zfi(x-i-az)z arg(l —c 7(l+tm(x))2 dH(t)) dx
and
p( dH (x) )2
T
(110 (1 + xb)

1 (d/dz1)m(z1)(d/dz2)m(z2)
= 2712//(11 dz1dza,

+02)(z2 + 02 (m(z1) — m(z2))?

where the contours for z1 and 7y are nonoverlapping and closed and are taken
in the positive direction in the complex plane, both enclosing the support of
FSH(x). Here m(z) represents the Stieltjes transform of F&H (x) and Sm(x) =
lim;_, y Im(z).
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REMARK 1.4. Assumption (d) is satisfied when p; =--- = pg = p and in
this case the formulas (1.9) and (1.10) can be simplified as
dF¢ 2
SN, ) 2/  ___dH(x)
1+ p) (x+0%/p) (14 xb)
1 1
4(a(c)+02/p)  4b(c)+0?%/p)

(1.11)

1 [b dx
+ _/
21 Jae) (x +02/p)ac— (x —1—0)?

and

2c
1.12 =1+ p)* :

(112 = D Gy T e 1 402 p)?

where a(c) = (1 — ﬁ)z and b(c) = (1+ \/E)z and the expression of F€ is referred

to [6].

From Theorem 1.3, we can obtain the following corollary concerning sum mu-
tual information under MMSE.

COROLLARY 1.1. Under the assumptions of Theorem 1.3,
K

(1.13) > (log(1 + i) —log(1 + by pr)) —=> N1, p1),
k=1
where
B dH (x) dFH (x) x2
Hr=H 1+xb_c/(x+o2)2/(1+xb)2dH(x)’
B < dH(x))2
pr=~r 14+xb)

As is seen from Corollary 1.1, the sum mutual information normalized by N
(which is the spectral efficiency which is relevant in wireless communications)
converges (see also [14]). So one can guess that the small fluctuation, when ex-
panded by a factor of NV, appears to be Gaussian. However, it is not an easy task to
prove it.

The organization of the paper is as follows. Section 2 establishes Theorem 1.1.
The proof of Theorem 1.2 is provided in Section 3. The proof of Theorem 1.3 and
Remark 1.4 is included in Section 4 and the proof of Corollary 1.1 is contained
in the last section. Throughout this paper, M may denote different constants on
different occasions and || - || denotes the spectral norm of a matrix or the Euclidean
norm of a vector. Also, set A = SPST + ¢2I, Ay = SkPkS,{ +o0M, k=1,...,K,
to simplify notation.
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2. Proof of Theorem 1.1. Before beginning with the proof, we first state a
lemma.

LEMMA 2.1. Let aj; be the jth diagonal element ofAfl. Under the assump-
tions of Theorem 1.1,

N—o00

1 &, ip
2.1) lim 3" aj; = b
j=1

PROOF. From the well-known matrix inverse formula, we have
1
(S1P1ST 4+ 021)1; —§TST(S8T +02D)-188;

(2.2) ay; =

where

N 1 A R R .
Sj:ﬁ(vpzvjz,---,\/PKUjK)T» ST =&, ....8n), J=1...,N,

and (S1PiST + o2I)y; is defined in (2.3).
Applying the Helly—Bray theorem one can find

1 & .
23)  (SPST 407D = 5 3 v+ o 5 c/de(x) +02,
k=2

where we also use the fact that
2
2 2 K
(Evy; — D

1 & )
—Zpk(vlk—n‘ (LTI o Y
N k=2 N k=2

E

as N — oo.
It is observed that

§j =diag(/p2. ..., /PK)S) SIT = diag(/p ,...,4/pK)S1T

with §; = ﬁ(vjz,...,ij)T and SIT = (S2,...,Sy). This, together with
Lemma 2.7 in [2], implies

A A A N 1 o~ n . |2
E[RTST(SST +6%1)7185; — 5 trPIST (S, PST +o2D)~1S,
(2.4)

_ MEvj,

E|PSTSPiST +62D)71S 1P| — 0,
as N — oo, where we use
IP1ST (Si1P1S] +0?D 'S, Py |
< M|ST(SPST +o°D7IS 1Py || < M.
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Let§; = (v, ..., vn)) By = S1P1S] +62D!, B = (S1;P1;8],+ o’I) !
with S j and Py; obtained, respectively, from the matrix Si and P, by removing

the jth column. We then have

1 e~ -
¥ uwPIST (S P1ST +0%D7'S,

K
(2.5) =—Y pisiB's;

(2.6) |
+M—E|—uB]' - bl

2

<M—= i ‘ JFMKE‘ltB‘1 b‘
. — JR— JR— r —
= N3/2 = 1+pjs B] Sj N N 1

—0 as N — oo.

In the last step, we also use N~ trBl_1 i> b and the uniform integrability of
N-'uB;
From (2.3)—(2.6) we have
Ar A A A i.p. dH
@7 sISTS ST +0%)7'85 5 c/de(x) o [X4H)
1+xb
Thus combining (2.3) and (2.7) one can get

de(x))—l _,

2.8 i ( 2
(2.8) ajg — |o“+c¢ T4 b
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Since ay is bounded by 1/ o2, ay is then uniformly integrable and so

1 al 2 2
N 2 b
j=1

as N — oo. Thus the proof of the above lemma is complete. [

1 al 2 2 2 2
E §NZE|ajj—b|=E|a“—b|—>O,

j=1

We proceed with the proof of Theorem 1.1. Let Syx, and Sy, be the matri-
ces obtained from the matrix S; by removing the kjth column, the k;th and k»>th
columns, respectively and let S;,; be the matrix obtained from S; by deleting the
first m — 1 columns. The matrices Py, , Pix,k, and Py; are defined similarly. De-
fine A7, = Su,Pix, ST, + D71 ALy, = SikikoPikyk,Shp, + 02D~ and

Al_ni = (Sl,;,Pl,;lSITm + ¢2I)~!. Furthermore, all analogues such as Al_kl, koks T€-
quired in the following derivation have similar meanings. )
Write

TA—1
Pis; Al s
m T A—1 T A—1
P1S| A, PkiSkiSi, Ay, S1

o Ta-l
- plS] All’ﬁsl - Z 1 TA—l
k=2 + Pky S, A, Sky

T A—1 T A—1 T A—1
DN PiS| AL Pk Sk Sk, AL PloSka S, Ak k, 81

2.2 7

- T A=l
k=2 knk; (1 DS, A g, Sk (14 PioSp, A 1, 8k:)

m T A1 T A—1
o Ta-l P18y AL Pry Sk S A 81
(2.9) ST AT -S| — E
: = P1S1 8381 1 T Al
k=2 + Pk Sk A1k, Sk

-1

1751

T A1 T A—1 T
mn mn P18y Al;ﬁpkl Sk, sklAmszSkzssz
22

T A—1 T A—1
k=2 koky (1 + Pl S, A, Sk (1 + Pioy S, A i, Sk)

+(_1)m+1
T A—1 T A—1 T  A-l
" P18y AL Pk Sk Sk AL PhaSks t Pl 1Sk, AaST

m—1

W (st AT sk - (L pi, L Aasin_)

kaki,...,
kmfﬁ‘ékmfZ
where the subscripts ki, ..., k;,—1 are larger than 1.
Foranyi#j (i,j=1,...,m) we have
1
T A—1 2 —1 T A—1 T -2
E(s; Aj:8j)" = EtrAlnAls‘,-sj Al osis; = Em trA; S

which implies

_ ip.
N'Y4sT A ls; =50
m
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and then

(2.10) VNSTAT si st A s, —5 0.
Hence, from (2.9) and (2.10) we have

(2.11) VN(pisTAT'si — v NpisTA | Asl) — 0.
Similarly, for any k =1, ..., m one can find

«/N(pkskTAk_lsk - «/Npks,{Al_n%sk) P .

It thus suffices to consider the asymptotic distribution for the linear combina-
tion of \/_(pkskA ~Sx — pxbn), k=1, ..., m. To this end, it can be seen that
{ pksZA aSk-k=1,...,m} are independent when the matrix Al_ni is given and
hence it suffices to consider only one of { pis;, A sk, k=1, ..., m} when the ma-

trix A, ni is given.
By Lemma 2.1 and the Jensen inequality, it is easy to verify that

lim Za”/ZaU <1,

N—o0
where Afr:l = (a;j). Hence forany k =1, ..., m,
trA7}
VA (pist Aihsi— pip 2 )
D dFH (x) dFSH(0N? 5

by Theorem 1.1 in [5] when Al_ni is given. Here the asymptotic variance can be
computed using formula (4.23). From result (1) of Theorem 1.1 of [3] it can be
concluded that

trA_ j
VA (R b ) L0,

Thus we are done by the Fubini theorem and the Cramér—Wold device.

3. Proof of Theorem 1.2. Let z =u + iv, v > 0. Recall that the Stieltjes
transform is defined for any distribution function F as

I
mF(z)=/EdF(x), 2eCt={zeC,3z>0).

Hence, the Stieltjes transform of Gy (x) is

1 &1
(3.1) mGN(x)(Z)szﬂk—z
k=1
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and it suffices to consider mg , (x)(2).
First we obtain a decomposition as follows:

dH(x)
=Vi+Va+ V34 Vg,
bx —z

(3.2) meyx)(2) —

where
K 1

1
Vi=mgyu)(2) —
v ,; (pr/N) AT —

V, = ! i( 1 1 )
2K 2\ pumuA —z (/N wA T —2)
1 K 1 1
Vy=— B |
3 Klg((Pk/N)trA_l—Z Pkb—Z>

1 & 1 dH
O PNl v

=t pib —z xb—z

It is straightforward to verify that

1
Br—z

1

—= ’
v

1

33
(3.3) oeb—z

1
< —;
v’

then we have

M
- N

1 & _ 1
(3.4) E|V1|§v2—KZpkEskAk Sk — NtrAk -0,

k=1

as N — oo. Similarly, by (3.3) one can find

1 K sTA%s M
(3.5) EIVal < s ZEM§——>O,
VNK T 1+ pis{A'se ~ N

as N — oo. From the uniform integrability of the random variable N~!trA~!,
one can obtain

1 K 1
3.6 E|V3| < —— E—tA_l—b' 0.
(3.6) VIS g U -

It is obvious that |Vy4| converges to zero. This, together with (3.1)—(3.6), implies
Theorem 1.2 and thus we are done.
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4. Proof of Theorem 1.3. We begin the proof of this theorem with the re-
placement of the entries of S by truncated and centralized variables. Since E vfl <
00, we have 8_4Ev‘1‘11(|v11| > e+/N) = 0 for any ¢ > 0. Thus a positive se-
quence ey converging to zero can be selected so that

.1 e Ev} I(jv11| > env/N) — 0.

Define ﬁ,‘j = vijl(|vij| < SN\/N) and ﬁij = ﬁij — Eﬁ,‘j, i=1,...,N, ] =
1, ..., K. The corresponding matrices and vectors are denoted by S, S, Sk and
Sk, k=1, ..., K, the elements of which are 0;; or v;; instead of v;;.

Let

Ak = SkPkSI{ + 621, Ak = SkPkSI{ + o’L
It follows from (4.1) that

K K
P(z s AT s £ 3 pA)
k=1

k=1

(4.2) < P(U(|Uz‘j| > EN«/W))
i
<NKP(vi1| = envV/N) =0,

as N — oo.
Observe that

18TA "8 —sT A 80| < (BSDA Esy + 2187 A Esy |
4.3)
1 a2 aTA—1 s
< ﬁ”ESkH +2[s; Ay Esy].
Concerning the first item on the right, we have
(44) IESII” = [ ES1]1> = o(N ),
where we use the fact that
(4.5) Edy =o(N7?).
For the second item, by (4.4) one can find
TR an 1 . _
E® AL ESO)” < I ESPE IS
4.6)
1 A 2 12 -3
= — IES{["E|s1]|” = o(N ).
o
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Combining (4.3)—(4.6), one can conclude that
K ~ ~
E> GIA'sc—s{A s

k
“4.7)

3K . R
< S I1ES, 1> +2> (EGI A 'EsH'* — 0.
k
Next we will show that

(4.8) i(g,&&;lék —§TA 50 0.
k
By matrix inverse formula AT —B 1=B!(B-A)A"!, we have
5T A s, — 5T A sl
=I5t A ' [(ESOPKEST)
— (ESOPS] — SkPe(ESTIAL 5|
(4.9) %”Sk” IESK I[Pk |
+ 15T AL IESOPST + SkPr(ESTHIAL 5
< P E )

+ 57 A; ' I(ESOPKS] + SePrESIAL 5.

By Lemma 2.7 of [2] one can obtain
A PO 1 - A AN
E(g,{A,;lskPk(Es,{)Ak—lgk —— trA,;lskPk(Es,{)A,;1>

M?
< N2 8(Evll) EtrSkSk

M?* .
< Nzog(Evn)zEtrslsT,

which implies

K
N A A 1 N A A
(4.10) ZE,{A,:ISkPk(ES,{)A,:lék—NtrA;ISkPk(ESZ)Akl 2,
k=1
Here we use (4.5) and

| A K K?
4.11) NEtrslsT_— Z Ev“
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On the other hand we have

|Ev11|

TA-1x—1g
N3/2 Y. pie ACALS;

J=Li#k

ann

where e = (1, ..., DT. This, together with (4.5), gives

Z(Eu 31212 12

L1 ST\A-1

MlEUuI

KM|Evy|

1 & . .
E|= Y uA 'SP (ESDHA < gy

k=1

and by combining (4.10) one can then find

K .
(4.12) > sTA 'SP (ESDA "5 5 0.
k=1
Similarly, one can also show that

K .
(4.13) S OsTA (ESOPSTAL s 5 0.
k=1
Thus (4.8) immediately follows from (4.5), (4.9), (4.12) and (4.13). It is easy to
check that
(4.14) 1 — var(d1;) = o(N ).

Applying this and the argument similar to the centralization step, one can then
renormalize the underlying random variables. Consequently, it can be assumed
that the underlying random variables satisfy

Evi1 =0, EU121=1, |v11|§8N\/N.

In the sequel we still use v;;, s, Sk and Ay instead of vy1, S, St and Ay, to simplify
the notation.
Write §; = s,{A,?lsk and

K K K
Z DSk = Z pkskT(Al:l — A_l)Sk + tr(A_1 (Z kakS[>)
k=1

k=1 k=1

2
Z (PiSk) LN —oluwAl
o 1+ pesi

Further, after some simple computations one can find
Ko
- —,\=N—O'2tI'A_1—K
=1 LT P
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Applying the formula

[ S PiSk — by pk
L+ pisk  14+bypr (14 peSi)(1+ by pr)

to the above identity we can arrive at

(4.15)

(4.16) HN () i G —by)=Ui —Up —Us+Us — U
. —_— Sk — =U;—-U; - - Us,
(1 + xby)2 k:lpk k —ON 1 2 3 4 5
where
K 208 1 \2
lzzpk(sk by)
= A +bypi)®’
Ur=02(tr A~' = Nby),
3=i PG —bn)’
= (L4 pkbn) (1 + piSi)”
dHy(x)
Uy=N(—0o’by)— K K/
4 (I —0"by) + 15 xby
and

1 dHy(x) )

K
Us = o —by ) ———— [ N
s= L) (G~ [a ey

As will be seen, the contributions from Us, U4 and Us can be ignored and the main
terms are U and U;.

It is easy to see that by satisfies
1 xdHpy(x
4.17) 1 o2 gy [H4END
by 1+xby
that is, U4 = 0.

For the term Uz we have

K
\Usl <M >[5k — by lP < M(Usi + Uz + Usa),
k=1
where
K

Usi =)y

k=1
K

U=

k=1

3

A -1

Sy — —trA
N k

’

3

1 1
— trA,;1 — —twA!
N N
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and

Uss = K‘%trA‘l — bNr
From Lemma 2.7 of [2] one can find

EU3 < Z( EvHE(trAk 232 4 AAéEv?lEtrA,?) = O (epn).
For the term Uz,

st A s P _
U32_N3Z‘ R =onT,

1+ piSk

where we use the fact

2
PkSk Ak Sk

1
1+ piSi _2

(4.18)

In the sequel, we will not mention it again whenever (4.18) is used. By Theorem 1
of [3] we have

Uss -5 0.
From the above argument it can be concluded that
(4.19) U; -5 0.

We now analyze the term U; by computing its variance:

K piGi—by)® & pPEGE—bw)?\
(4.20) E(l; m — /; %W) =Uy1 + Uy,
where
U= i E(p,%(ﬁk - bN)j _ PREGk~ bN3)2>2
-1 \(d+bnpo) (1+ by pi)
and

K

e 3° E{(p,i(ﬁkl—bN>2_p,%1E<§k1—bN>2)
B AT S RO NS

(P;%z G, —bn)* P EGr, — bN)2>]
(1 +prk2)3 (1 +prk2)3



196 G.-M. PAN, M.-H. GUO AND W. ZHOU

Similarly to the argument of (4.19), one can get
K

Ui <MY EG—by)*
k=1
<MZ[ ( tA )4—I(E<1tA‘1 ltA_l>4]
Sk — —tr —tr ——tr
k k N k N
4.21)

1 4

+ MKE(NtrA—1 —bN>

= 0(en),
as N — oo. Indeed, in the last step we also use the fact that

1 . 4
KE|—trA™ —b
(N ' N)

2 2£ -1 _ 2
<(1/o”+bn NZE(trA Nby) — 0.

To evaluate the term U1z, we need to decompose it further as shown below. The
strategy is to split A !into the sum of Akl k, and

1
Akl k» Pk Sky Sszkl %)

1+ prost A b, Sk

so does for Ak_zl. Thus one can find

4.22) Ui =Ui21 + U2 + U123 + Uioa + - - - + Ui,
where
K K
Ui = Z E(piiks Bri k2 Broky ) Ui = Z E(Piiks Ckyky Braky )
ky#k, ki#k,
K K
U= Y E(PuiBrilion): Uia= Y, E(priliitalion):
k1#ka k1#ks
K K
Uips =-2 Z E (ki ks Sy ko @k )+ Uig = —2 Z E (i ks By ka Qhoky )
ky#ka ki#ks

K K
Uip7=-2 Z E(Pyky @y ky Chooky ) s Uiog = -2 Z E(Pk ko %k Broky )
k1#ks k17#ky

Uio =4 > E(Pkiky ta%sk, )
k1#ks
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with
1
Pij = >
Y (4 bypi)3(1+ by py)?
Bij = pi(s] Ajj'si —bn)* — pPE(s] Aj'si — by)?,
2 2
§ij = 2 N2’
Yij = PiPjS; A,J SjS; A Si,
Pi)/ij(s,'TA,] —by) EPiVij(STAfjl i —bn)
ojj = T .
1+ pjstAj's; 1+ pjsTAZ's
Also, set
1 1
O{kl = — , O{k2 = — .
1+ pi,St Ap oSk, L+ pioSE Ap oSk

As will be seen, each of B;;, {;; and «;; converges to zero in some way and the
convergence rate is needed to attain our aim. In the subsequent paragraphs we
show that each term Uyz;, j =1, ..., 9, converges to zero.

Consider the term Uy first. It is straightforward to verify that

E|sI'B;s 1trB2
r DkSk — — k
N

(4.23)
2
(Ev” —3) Z E b(k) + mEterB,Z,
j=1

—_ (po
where B, = (bJ1 i

2 — 2 —
[((sklAkl}stl - bN) - E(s/{]Akl}(szl - bN) )lAkl}Q]

) is any symmetric matrix independent of si. It follows that

2 _ B 1 2 1, 2
= N (Ak1k2 EAk[kz) (ﬁ trAklk2 — bN) - E(N trAklkz — b[\]) s

and then, that

Up =E |: Dikiko E ,3k1k2|Ak1k2) (,3](2](1|A;:1}<2):|’

M
(4.24) <7 (trAg:, —trEALL )

K
>
k1 5ks
K
> (E
k1#ks

+E(wAg L, — Noy)' + (E(wAL L — Nby)?)?).
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Since the distribution of tr Ak_l%cz is dependent on different k1, k>, the difference
between tr Akﬁcz and trA~2 caused by a different kK must be eliminated. To this
end, by splitting A,;}Q into the sum of Ak_ll and &, ,, one can get

-2 -2 3\2
_ - 2
< ME(rAjij, 6k, — t EA 1 ko)
_ —1\2
(4.25) + ME(tr& Ay — tr EqnAL")
+ME(wA? —wEA?)
<M+ ME(wA> — w EAL?),
where
— Al T A~1
Ekiky = A ey Pl Sk Siey A iy Xk

and we also used

—1 -2 —4
trAk]kZSklkz <o trsklkz <o .

Repeating a step similar to (4.25), by Theorem 1 of [3] one can then conclude that

I < —2 212

ki#ky
MK? MK? L 5s
— 0,

as N — oo. Again, by an argument analogous to (4.25), one can find
- 4
E(trAp ), — Nby)
<MEWwA™ —EwA™) + M(EwA™" — Nby)* + M.

The second term on the right-hand side of the above inequality is bounded by the
argument of Theorem 1 of [3]. We also claim that the first item on the right-hand
side has an order O(N). To see it, set F; = o (s1,...,s;) and E;(-) = E(:|F)).
By decomposing as the sum of a martingale difference sequence and using the
Burkholder inequality, we have

E(trA_1 — EtrA_l)4

K 4
(4.27) = E(Z(Ek — Ep_tr(A™ — Akl))

k=1
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X 2
< ME(Z((Ek - Ek—l)nk)2>

T A2 4
PkS; Ay 7Sk )

K
<KM E<(Ek—Ek—1)
2 14 pr(1/N) r AL

K . L
+KMZE<(Ek_Ek_1)77k(PkSk (pk/N)tr_llsk ))
= L+ (pr/N)tr Ay

K A72
5KMZE<s,{Ek( k )sk

14 (pi/N) AL

k=1
s trA; > )4
- S Lk
N "1+ (pi/N)r A
kmME o1 )\
+7]§E<5k—ﬁtrAk )
MK?
< =O(N),

- N
where
= PrsE AL sk
14 prsT A s
and we also use (4.18) and the equality

e = prstA s m(pid — (pe/N) r A
1+ (pe/N) tr A 14 (pr/N) tr AL

Combining the above one can conclude that

-0 as N — oo.

SIS

1 K B 4
— Y E(rAg,, — Nby)' <
ki#ky

The basic inequality (E|X|)?> < EX? implies the remaining term in (4.24) also

goes to 0 as N — oo. Hence Uj3; can be ignored.
Consider the term Uyo, second. By (4.23) we have

T A—1 T A—1 2 -1
E((pkzakzsklAklkzskzsszkleSkl) |Skz»Ak1k2)
(4.28)

3
_ T A2 2
= m(pkzakzsszklkzskz) .
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It follows that

K
Un= ) E[E(Pklkzéklkzlskz,A;;}Q)ﬂkzkl]
ki#ky

2
— N2 Z Skz klkzskz b )

k17#ks
MK2 2
(4.29) =3 N2 Z E( trAklkz bN)
ki#ky
MK? MK? _ )
<5 TN E(trA~' — Nby)

-of3)

Similarly, the term Uy,3 converges to zero.
Third, consider the term Uy»4. To simplify the notation, we write

) _ () _ s
Sk sklAklkzskl’ Sk sszklkzskz, j=1,2,

a -1 -1
Skiky = Sk] AklkzskzsszklkZSkl'
According to (4.28) one can find that

K

_ 2.2 2 2
U124 - Z E(pklkZakzyklkzyklkzakl)
k1#ka

9 KX 2)\2
~ 4 Z plzl plzzpklsz(pkzakzslgz)) E(pklaklslil))

k1#ks
(4.30)

K 2

2 N 4 MK

=M Z Eakz(kaSklkZ) + N
ki#ky

<Men =0().

Fourth, since the composition of the terms U5 and U127 is similar, we analyze
only the Upss term. From (4.28) we obtain

K
431) Upps=-2 Z E(pklkzalzzakl szlkgpkzyklkz(slg) _bN))
ki ke
3« @ 2 (1)
(4.32) +2 Y Pk E(Pk Plost, @) E (o Viaks sy, — bv)euk, ).

k1#ks
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By the Holder inequality and (4.28) one can find
| E (Pl Viko (55, — b )ty )|

(4.33) < M(E(ptSakooi) ) (E(sg)) — by)*)'?

M
which implies that the term in (4.31) converges to zero. Moreover, the absolute
value of each summand in (4.31) is not larger than

~ 3
ME|O‘1%2(pkzsk1kz) (sk2 bN)|

1
= ME[|s)) = by |E(|posiais | o, MGk, 550)]

1 3
akz ‘Aklkz Sk2)i|

2)

NkaSkQ
M 1

+ _E[|S( ) bN|E(|kaSk2 | akzlAklkz Sk2)]

<ME|:} (1) bN}E(pk2§k1k2

E|(s,) = bn)si, |

which leads the sum in (4.31) to converge to zero. So Ujps5 converges to zero as
N — o0.
Fifth, consider U6 (U128 can be analyzed similarly):

U126
1
(4.34) =-2 Z Pk E[ PR, Skl —by) pkz)/klkz(slgz) —by)ag, ]
k17#ka
K
(4.35) +2 3 Prk PR E(SH = bN)? EpiyViak (s5)) — b )otk,.
k1#ks

From the estimate (4.33), the sum in (4.35) has an order O (N ~!/%). On the other
hand, each summand in the sum in (4.34) can be rewritten as

1 2
E[plzlpkzpklkz(slgl) _bN) aklE(yklkz(skz bN)|Ak]k2 Skl)]
1 2 — 1/2
5 E[plzlakl (SIEI) bN) (E(yk1k2|Ak]k2’Skl)) /

1 20— 12
x (E((sty’ = bn) 1Ak 50)) 7]
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1 2 2 1 2,4 — 1/2
E[p, (st = b)" prasiy e, (E((st, —on) 1AG Ly 501)) 7]

and, thus, the sum in (4.34) converges to zero. Thus Uj,¢ converges to zero as well.

Finally, consider the term Uja9. As was done for the terms Uj24, U125 and Uyjog,
the U1pg term is split into the sum of two terms. It follows from (4.33) that one of
them,

K
43 Pk E (P Viaks (55 — b8)otko) E (P Viaks (552 — b )tk )
k1#ks

converges to zero. The other term is

K

4 Z E(Pryies Pk Vierks (slg) — b )k, Py Vi Ky (Slg) —bn)a, ).
k1#ka

The absolute value of each of the above summands is not larger than
~ 1 2\1/2 ~ 1 2\1/2
(E (Pry Stk (S/EI) —by)ak,)”) % (E (Pky Stk (slgz) —by)a,)”) 2.
Note that
E(pr, Skyk, (slgll) - bN)O‘kl)z
(1 2 A \2i4—1
= E(((Slq —bn)ok,) E (P, Skik,) |Ak1k2’ Sk,))

3 1 2 2
= WE((SIEI) - bN)pklslgl)akl)

3
E(sy —bn)” <

< —.
~ o4N? N3

Similarly,
E(pk2§k1k2 (SIE;) - bN)O‘kz)2 = M/N3-

Hence U1p9 converges to zero.

Summarizing the above argument, one can conclude that the variance of the
term U] converges to zero as N — oo and thus, it is sufficient to compute the
asymptotic value of its expectation, which can be accomplished as follows:

K
> AkEGk —by)?
k=1

K 1 N | 1 2
(4.36) = Z ﬁkE<§k — ﬁtrA; > + Z ﬁkE(ﬁ trA,: — bN>
k=1
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2 K
= N7 Z KEtr A7+ o(1)

2 K.
= mEtrA‘2 Zpk + o(1)
k=1

F¢ H()C) x2
- / (x +02)? / (14 xb)3 4H (),

where py = p; 2 /(14 by py)3, and in the second and third equalities we use a trick
similar to (4.25).
Note

(4.37) FOM = (1 =) o,00) + cES,

where F©H represents the limiting spectral distribution of P!/2STSP!/2 with
Pl/2 = diag(./p1, ..., /Px ). From (4.37), one can get

d Fen-Hy
trA™" — Nby =tr(P/?2STSP'/?2 4+ 521)~! —K/——Z(x)
X+o

and Theorem 1.1 of [3] is then applicable. Thus, for U, one has a central limit
theorem and it then suffices to show that Us converges to zero in probability. It is
obvious that the term Us becomes zero when p| = --- = pg; however, its conver-
gence in probability appears to be somewhat troublesome when the powers of the
users are not the same. We will provide an abridged analysis for this case. Set

1 _/ dHy (x)
(1 + prbn)*’ (1+xby)?

Using steps analogous to (4.25), one can obtain

ZPk(Sk— — A, )(ak—a)

k=1

ay =

_ 1 X
+ (trA I—meﬁzpk(ak—awop(l)
k=1

K
R 1 _
= E pk(sk— NtrAkl>(ak—a)+op(l).
k=1

Hence it is necessary to show that

2
(4.38) 0s 2 (Z Dk <sk — —trA} >(ak — a))

k=1
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converges to zero. Expanding out the right-hand side of (4.38) one can get

Us = Usy + Usa,

where
K 1 | 2
Usi=Y_ E(Pk<§k — — Ay )(ak —a)) ,
k=1 N
d k1 1
Usp = Z E<Pkll’k2(sk,2 — NtrAk_l )
k1#ka

o
X (sg') — NtrAkzl)(ak1 —a)(ax, — a)).

It is easy to see that

M E )
Usi < — Z(pk(ak —a))”—0.
N =
Regarding the term Usjy, one can show that it converges to zero by an argument
similar to that used for the preceding term Uj» and since the process is somewhat
tedious, it is omitted.
For the computation of (1.11) and (1.12), without loss of generality, suppose
p = 1; otherwise replace o? by oz/p. As for the formulas (1.9) and (1.11) one can
refer to, respectively, (1.18) and (5.13) of [3].
Now let us derive (1.12). It is shown in [7] that m(z) = mpcu(z), for each
zeCt,is the unique solution in CT to the equation

tdH@)\ ™!
(4.39) m=—|z—c .
14+1tm
From this equation, the inverse function has an explicit form
1 tdH-(t
(4.40) z=——+c¢ Q)
m 14+tm

and one can then find for H (¢) = I{1,00)(?)
1 c
m(z) + 1+m(z)
Suppose the my contour encloses the m; contour (see [8] or [3] for the range

of m(x) for a real x and contour of m). For a fixed m, it follows from (4.41) and
the Cauchy residue theorem that

(4.41) ==

dm B L/ (m3 +m1)dm
(z(m1) + 02 (m1 —m2)* 02 (my —ma)(my —mp)(my — my)?

2mwi mlz, + my

o2 (mp —mp)*(mp —myg)
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where

~(1+ (e = D/od) + /(1 + (¢ = D/o2)? +4/o2
my = )

2

~(1+ (= /o) = (L + (¢ = D/o2)? +4/o2
: .

mp =
Consequently,
_ /‘ mb + myp
o?niJ (my —m2)>(mp —mg)(z(ma) + 0?)
_ mlz, + my / (m2 + mo)dmy
ot (mp —mg)i ) (ma—mp)3(my —my)
2(mb —I—mb)(m —|—ma) 2¢
oHmp—ma)t (@2 Fc— )2 +dod)?

dmy

5. Proof of Corollary 1.1. Using the Taylor expansion, one can find
K

> (log(1+ Br) — log(1 + by pr))

k=1

_ i — by pi Z (Bx — bn pi)? i (Bx — bn pi)?

= 1+bypr 2(1+byvp)? o 3(1+8)°
dHy (x) B —bvp)? & (B —bypr)?
T xby Z(ﬂk—prk) 2142(1+pr;<>2+2—3<1+&>3

k=1

1 dHN(x)>

K
+ —b ( _
];(,Bk N PE) 14 by px 1+xby

where each & is located in the interval [ By, by px]. Since

K 3 K

(Bx — bn pr) 3
S NP <5 1B — b il
D TR SkZIIﬁk N Pk

Corollary 1.1 holds by the argument of Theorem 1.3.
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