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ASYMPTOTIC ERROR FOR THE MILSTEIN SCHEME FOR SDEs
DRIVEN BY CONTINUOUS SEMIMARTINGALES

BY LIQING YAN
University of Florida

A Milstein-type scheme was proposed to improve the rate of convergence
of its approximation of the solution to a stochastic differential equation driven
by a vector of continuous semimartingales. A necessary and sufficient condi-
tion was provided for this rate to be 1/n when the SDE is driven by a vector
of continuous local martingales, or continuous semimartingales under an ad-
ditional assumption on their finite variation part. The asymptotic behavior
(weak convergence) of the normalized error processes was also studied.

1. Introduction. We consider a general ¢g-dimensional stochastic differential
equation (SDE) driven by a vector of continuous semimartingales ¥ € R? on time
interval [0, 1] with the starting point xg € R?,

t
(1) &=mﬁ£ﬂ&wn

where f denotes a matrix of functions from RY into R? ® R¢. This equation in-
cludes the classical It6-type SDE:

t t
@ x=m+ﬁu&mm+ﬁm&m&

with a, b matrices of functions and W a multidimensional Brownian motion. We
refer to [10] for the stochastic integral with respect to a semimartingale. In appli-
cations, one wants to find the expectation of some functional of the solution of the
SDE (1), for example, such quantities can be the prices of financial derivatives,
such as options. Due to the simulation difficulties, one usually combines a numeri-
cal solution X", with a Monte Carlo technique to approximate the expectation. For
example, one can use E[h(f( 1] to approximate E[#(X1)] and use the Riemann
summation

| QLI 1
IE[— E h(X?,)] to approximate IE[/ h(Xs)ds]
ni ! 0
i=1

Of cause, {E[A ()?Z)],i =1, ..., n} are unknown, however, Monte Carlo method

can be used to estimate them by simulating the paths of the numerical solution X",
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A widely used numerical method for the SDE (1) is the following continuous-
type Euler scheme X", which is given by

X} =X+ (X)) (Y = Yan) X{ = xo,

where n(t) =k/n, ifk/n <t < (k 4+ 1)/n. Many authors have studied the vari-
ous convergence criteria for the Euler scheme under different cases of the matrix
function f(-) and the driving process Y. For reviews, see [12] or [5]. Talay and
Tubaro [13] obtained the celebrated expansion of the global error of the Euler
scheme. Protter and Talay [11] studied the Euler scheme for SDEs driven by Lévy
processes. Kohatsu-Higa and Protter [6] studied the Euler scheme for SDEs driven
by semimartingales. Yan [14] proved the convergence of Euler scheme for SDEs
without continuity assumption of f(-), and obtained the rate of convergence with-
out Lipschitz conditions on f(-).

For SDE (2), if a = 0, then the rate of convergence of the Euler scheme is clas-
sically 1/n; if a does not vanish, it is also classical that the rate is 1/,/n. However,
the distribution of the normalized asymptotic error for the Euler scheme was es-
tablished only recently, for SDE (2) see [7], and for SDE (1) see [2]. A necessary
and sufficient condition in [2] (Theorem 1.2) was given for the rate of convergence
of the Euler scheme to be 1/,/n when the driving semimartingale is a continuous
local martingale and f is a C! function, that is, v/n(X" — X) converges weakly
to a process U, which is a solution of a known linear SDE with some additional
randomness.

The rate of convergence of an algorithm certainly depends on the smoothness
of f.If f is in C2, we can modify the Euler scheme to improve its rate of con-
vergence and study its normalized asymptotic error. It is well known that (see
Chapter 10 of [5]) the Milstein scheme for SDE (2) with the addition of two more
terms to the Euler scheme, which is given by (for the case of d = ¢ = 1), X =0
and

X} = X0y +b(Xi)) (t = n(®) + 35 (X5 )b (X)) (¢ = n(0))?
3) +a(X50) (Wi = Wae)
+ %a(XZ(r))a/(XZ(r))[(Wt - Wn(t))2 —(t —n®)],

increases the rate of convergence from 1/n to 1/n? when a = 0, and increases the
rate from 1/4/n to 1/n when a does not vanish. In this paper, motivated by this
fact, we give a class of SDE (1) that the Milstein scheme X" converges weakly to
the solution X of SDE (1) at the rate of 1/n and determine its asymptotic error,
that is, the weak limit of n(X} — X;), when f is a matrix of C 2 functions.

Our result is of mathematical interest only, since the Milstein scheme involves
stochastic integrals which cannot be simulated exactly (except, in the Brownian
case, when column vectors of the diffusion coefficients, seen as C! vector fields,
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commute in the Lie bracket sense). From an applied point of view, the discretiza-
tion error needs to be studied in the weak sense (the law of the underlying process).
It is now well established that errors in pathwise sense or in L” norm lead to crude
sub-optimal estimates in the weak sense. For example, for the Euler scheme X"
for the solution X, 4/n(X" — X) converges weakly to a nonzero process (see [2])
and n(E[f(X™)] — E[f(X)]) converges to a nonzero constant (see [13]). How-
ever, a recent work by Kbaier [4] uses the stable weak convergence of the nor-
malized pathwise error in order to get a useful estimate in the weak sense for the
Euler scheme for Brownian SDEs. Those technical results might help to provide
estimates in the weak sense for schemes (such as the Milstein scheme), which
discretize SDEs driven by general semimartingales and can be simulated.

We refer to the section of preliminaries in [2] for the weak convergence in the
Skorohod topology, which is denoted by “==." See [8] and [9] for an expository
account about weak convergence of stochastic integrals. For readers’ convenience,
we give a definition of the (x) property for a sequence of continuous semimartin-
gales below. See [2] for the general case.

DEFINITION. We said that a sequence of continuous semimartingales X” sat-
isfies (x), if [M", M"]; 4+ |A"|; is tight, where X} = M[' + A}, M" is a local
martingale and A” is a finite variation process, [M", M™"]; is the quadratic varia-
tion of M" over [0, 1], |A"|; is the total variation of A" over [0, 1].

In this paper we only consider the continuous process Y. From [2] and this
paper, especially Theorem 2.2 below, we can imagine that the error distributions
in the discrete case could be much more complicated. In Section 2 we develop
a fundamental result on the error distribution for the Milstein scheme for the
SDE:s driven by a vector of continuous semimartingales Y (not just one Brownian
motion), where we employ Kurtz and Protter’s idea in [7], and overcome several
technical difficulties for the Milstein scheme, a more complicated and accurate
algorithm in high-dimensional cases than the Euler scheme. Various convergence
rates are obtained for three cases:

(i) Y is a continuous process of finite variation in Section 3,
(ii) Y is a continuous local martingale in Section 4 and
(iii) Y is a continuous semimartingale in Section 5.

An example as the application of our theory is shown in Section 6 and seven lem-
mas are given in Section 7.

2. Results on the error distribution. Let Y = (Y i)lfifd be a vector of con-
tinuous semimartingales on a stochastic basis (2, £, #;, P) with Yy = 0. We con-
sider the g-dimensional SDE (1) on time interval [0, 1] with the starting point
Xp = (xé, ...,xg )* € R? and f being a matrix of C 2 functions from RY into
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R? @ R? with at most linear growth [i.e., || f(x)]| <c(1 + ||x])) for some con-
stant ¢]. Then SDE (1) has a unique strong solution X, see [3].

There are many numerical methods to approximate the solution X, such
as the Euler scheme. In this paper we consider the Milstein scheme X" =
(X", ..., X")T which is defined by X{ = xo, and

Xy = Xm(r) + 11X ) (Ye = Yun)
—i—tr([f( n(t))] Df( n(t)) A(I)(Yf_yn(S))dYst)’

where tr(A) is the sum of .t.he diagonal elements of matrix A, f i is the ith row
vector of f,and Df' = (f/ :=df" /dxy) is a g x d matrix, fori = 1,..., q. This
scheme X7 can be written as

o r
“) X;“:x(l)"‘/o (X)) dYs +_/ — Yuo) [f (Xp)] Df'(x ns) dYs

See (54) for an example of this Milstein scheme for SDE (2). The error process
of the Milstein scheme is denoted by U;" = X' — X;. We prove that, when f is
a C? function and Y is a continuous local martingale, nU" converges weakly to a
nonzero process U, which satisfies a known linear SDE (8).

First we can use the same arguments as in Theorem 3.1 in [2] to show the
convergence of the Milstein scheme X” to the unique solution X of SDE (1).

THEOREM 2.1. If f is a C? function with at most linear growth, then
X" and XZ(_) go to X in probability.

Before examining rates of convergence, we introduce some notation below. For
anumber 0 <s < 1, let s = s —n(s), where n(s) = k/nifk/n <s <(k+1)/n.
For any process V, we write A} (V) := Vt(n) =V: — Vaw), and

t t
5) 7= [ M@y = [ v"ar,
0 0
. t . t s .
6) M :=/ A';(z")dxg=f/ Y™ (aY,)T v,
0 0 Jn(s)
. t . t .
(7) N = /0 ANV (AK(Y) T dY] = /0 YW (y™)ay/.

The (j, k) entries of the matrix M" and N™ are denoted by M"/k and N"™Jk,
respectively. Let M" = (M™', ..., M"®), and N* = (N"!, ..., N"%).

THEOREM 2.2. Let Hf' be the Hessian matrix of f'/ and a,, be a determin-
istic sequence of positive numbers. There is equivalence between the following:
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(1) The sequence (a, M", oy, N") has (x) and
(Y’ anMns anNn) :> (Ya Ma N)

(ii) For any starting point xo and any C? function f with at most linear growth,
the sequence a, U" has (x) and (Y, a,U") = (Y, U).

In this case, the limits M = (M", ..., M%), N =(N',..., N and U = (U', ...,
U?)* can be realized on the same extension of the space on which Y is defined,
and they are connected by

t R
Ul = / (U) Df (Xy) dY,s
0

(®) Y Y (f T (XD X F (X, )de)

=lk=1

~.

d t . ,
-3 Ztr( /0 LfF (X Hf <Xs)f(xs>de),

j=1

andUé:Ofori:l,...,q.

PROOF. First we establish a connection between (U", M", N") through a
SDE (18). Let R" = (R"!, ..., R')T, where

)] R = /Ot[f(XZ(v))A?(Y)] Df' (X)) dYs.

Let h' = (Df))T f by (5), we have

(10) R} = fo [ [h"( n(s))A”<Y>T = tr( fo i n(s))dZ")
(A1) ALR™) =tr(h' (X)) AT(Z™)).

By the definition of the Milstein scheme in (4),

(12) X7 _x0+/ X)) dYs + R,

and therefore,

(13) ANX") = f(X2 ) AL(Y) + AT (R™).

Integrating the transpose of both sides of (13) with respect to Df’ ( nm)dY
we have

t . t . .
(14) /O[A;’(X”)]’Df’(XZ(S))dYszfo [AT(RMITDf (X)) dYs + R,
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see'(9) fop the dg:ﬁnition of R;’i . From (12) and SDE (1), we get an expression for
U =Xyt - Xi,

. ro. . .
(15) U7 = [ 170 = 01 = [0 = f (X )]s + RY

By Taylor’s expansion, there exist &” between X" and X;, and £ between
X{ and X ) such that

16)  f1(XH — f1(X,) = U Df ED,
(A7) XD — (X)) = [ALXDI DS (X)) + 5(H L B,
where
H'Y = [AFXMITHFY EDATX™.
Combining (15), (16) and (17), we have

. t .o .
U =/O (UM DF(EY)aY, + R

t _ d
- /0 [AY (X" Df (X ) dY %Z / H"J dy/.
From (14),

t .o
- /O UM DfIE dY,

N
~ [(arnr o ar - L 3 [ ey,
=1
By (11) and (6),

d
/[A”(R” "D (X)) dYy —ZZ/ (X)) ALR™) Y

j=lk=1

The above equation about U” can be written as follows:

Ul = / (UNTDfIEH Y, — ZZtr(f £ (x5 hE n(s))dM">

j=lk=1

(18)
d ¢ B )
-3y tr</0 HfY (S;’)A?(X”)[A?(X”)]fde).

j=1
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Now we prove the implication (i) = (ii). First we assume that f, Df, Hf are all

bounded. Since A% (Y), AY(Z") and A} (R") go to zero as n — oo [see (11)], by
the definition of M" in (6) and Theorem 2.1, we have

t ) ) t
ngpni Jj 1 nj
oz,,/(; AL (R™)dY; _antr(/o h( n(s))dM >:>tr</ h (X5)dM] )

and
t . t .
<anf A?(R”)[A?(R”)]T dYS/,an/ A’;(Y)[A;’(R”)]1r dYSf> = 0.
0 0

From (13) and the definition of N" in (7), we have the following identity in the
sense of weak limit (=):

lim tr(an / CHFUEM AT XA (X dY )
= lim tr(anf HfY7ED (X)) AT YIAT Y™ F7( nm)de')

n—oo

a9 = tim (o [T HFTEDS (X ATy )

lim tr(oz,,/ FT(Xn) VHF(EM £( n(s)) NnJ>

=tr( /0 f’(xs>Hfff'(Xs>f(Xs>dN!),

where (19) is due to the fact that tr(AB) = tr(BA) for matrix A and B. And now
it follows that

(Y, anM", oty tr( /O CHFU ) AT (X [AT (XM dY ))

(20)
— (y, M, tr( /0 T XOHFT(X) F(X0) dN] ))

and the sequence in the left-hand side of (20) has (%) since (o, M", o, N") has (x).

A similar argument (stopping time) as in the proof of part (a) of Theorem 3.2
in [2] shows that the weak convergence in (20) and (x) property are also true for
any function f in (ii). Now the implication (i) = (ii) and the equation (8) follow
from the above statement and (18) through the same arguments as in Theorem 3.2
of [2].

The implication (ii) = (i) is proved through (18) with the starting point xg =
(1,...,1) € R? and some special matrix function f, which is defined below so
that M" and N" can be represented as integrals with respect to U™ and Y.

Let’s consider M" first. When d = 1, we choose the SDE X} =1+ [} X!dv],
obviously, X I'— g(v"), which does not vanish and X"! does not vanish either
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on [0, 1] for n large enough. From (18), we have dUt”1 = Ut”] dYt1 —xrl apmmiit,

S : n(t)
which is equivalent to

am"" = U /X, dy) -1/ X0 dUmt

From Theorem 2.3 in [2] and Theorem 3.1, it follows that «, M" has (x) and
Y,anM"™) = (Y, M).

When d = 2, we consider the SDE X! = 1 +a [{ X! dY} +bY?, where a, b are
two constants. Equation (18) becomes

1) dU =aU™ dy! — & X2, dMM + bam"

When a = 1,b =0, let U1 =y x"!111 = x"1 When a = 1,b = 1, let
yni2l = g, xm121 = x"1 Equation (21) leads to two equations for M"'!I,
axy

(22) thnlll _ Utnlll/XZ(ltl)ldYtl _ I/Xg(ltl)ldUnlll’

For M"12 pm122 we consider the SDE in (1) with xo = (1, 1)” and
_(a xi
f= (xl 0 > '

Dflz(g é) and Df2=<(1) 8),

and fl21 =1, all other szj are zeros. Letting i =2 in (18) we have

Then

(24) du* =urtay! —adm'" — xp dm; ',

When a = 0, X! = &(Y?), which does not vanish and X”! does not vanish ei-
ther on [0, 1] for n large enough. From (24), we can get an equation for M"1%2 as
in (22) for M"'1, When a = 1, from (24), we can get an equation for M2 g
in (23) for M"!2!. Now we have four equations for M = (M"Y, Switch-
ing the positions of ¥Y'! and Y? gives us four similar equations for M"?. Again,
from Theorem 2.3 in [2] and Theorem 3.1, it follows that o, M" has (%) and
Y,anM"™) = (Y, M).

When d > 3, we choose three different fixed integers i, j, kK between 1 and d,
and define

PG, x0, o x0) = x0(1i + D) + Ali + Bhaj,

where I;; is a d x d matrix with its (i, j) entry being 1 and other entries being
zero, A and 8 can be either O or 1.



2714 L. YAN

Denote X' (f) the ith component of the solution X of SDE (1) with the start-
ing point xo = (1,...,1) € RY. Let Xkkk = x2( 0.0y xikk — x1( 0.0y  xiik —
X'(fLYy, xkik = Xz( FOh, xiik = x1(fO1). Naturally, let X"/* be the Mil-
stein scheme for X'/* and U"/k = x"iik — XUk for any 1 < i, j, k < d. Since
Xkkk — g (Y¥), it does not vanish and X" does not vanish either on [0, 1] for
n large enough. Letting i = 1 or 2 in (18), with f being %0, 1.0, 0.1 respec-
tively, we have

09 =g ant - g aup,

6 au ooy ao

27 dMn”k Unklk dyl dUmzk _ anlf de‘kk
n(t ’

(28) dMnkjk nk]k dYk dUnk]k . Xn](cj)k dMnkkk
n(t

(29) a7 = u* ay] — aupTt - xRk ampi

For the error processes U", under the assumption of (ii), we have that
ik mjk i ik iik
(¥, U™, X0 1< jkza = OV UYE XTO) 1t jksa

and the left-hand side of the above formula has (x). From Theorem 2.3 in [2] and
Theorem 3.1, it follows that

(30) a,M" has (x) and (Y, aU", a, M") = (Y, U, M).

Next, let us consider N". Let F(x) = fxoo e‘yz/2 dy,forx,ye R!. When d > 3,
we choose f as follows, for fixed i, j, k between 1 and d:

fx1,x2, ..., xq) = F(x2) F(x3) 11 +x202j + x312;.
Letting i = 1 in (18), we have

v = [[wnrpsi@nar, —Zz“(f 7 O i

j=lk=1
d t
(31) — 3> ul | HfYEHANXD[ANXY]" Y]
(] )

. 1
=1—11— 1L

A simple calculation shows that Df1 = F/(x_z)F()cg)Izl- + F/(X3)F(x2)13,~, Df2 =
bLj, Df3 = Iz and Df' =0 for [ > 3; f)' = F'(x2)F (x3), f3' = F'(x3)F (x2)
and fl” =0for/ # 2 and / # 3, and all other Hessian matrices are zeros, except

(32) HfY(x) = F"(x2) F(x3) a2 + F'(x2) F'(x3) (I23 + I32) + F (x2) F" (x3) I33.
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= </ ' (Df?) fdM’”>+tr</ (Df?) fdM’”)

III:tr(/O Hf“(s;')A;‘(x")[A;‘(x”)]fdY}).

Therefore,

Since (DfH)* f=1Ijnf = X;;%,)I”,(Dﬂ) f=Ixf= Xn(t)lkkandtr(I]JM”i)—

M™MI et FP? = F'(X0E ) F(X )Xoty and FIP = F/(X00 ) F(X0E ) X0% ),
then
t
II:/O n(s)de” +/ n(s)dekk
(33)

t .
= [ FeEami / FI3dmri,
0 0
On the other hand, III can be split into two terms by (13), that is, Il = A% + B,
(34) A?i = /[f( n(s))Y(n)] Hfll(g )[f( n(s))Y(n)]le
t .
G5) =t [ [F(X) P EDLS (X )]
36) B _/ [AT(R™) 42 £ (X" ) YT HFY € AT (R dY!
61 = [TANR 2 (X T HE Dl (X ) a)
38 = [ Hric RE(X" ) dM™
68) = [ H e (X))

where (37) is due to [y A%(R™)dY{ =tr(fy h' (X}} ) dM]"), which is from (11),
and (35) is due to the definition of N™ in (7); we write

H'" =[A"(R") +2f( ,,(s))YW] HfEm.

To simplify the notation, we can write (32) as Hf li EH =aln+b(Ixn+13)+
clzz, where a, b, ¢ are corresponding function values at £'. Using the fact that
Iij Iy = 81, where 8 =1 when j =k, §jx =0 when j # k; to simplify the
matrix product f*Hf f in (35), we get

. t 5 .
A;” = tr(/ (Xn(v)) al]] + Xn(c n(s)b(l k+ ij) + ( n(v)) CIkk dN;“>

/ X;,(zé) 2 Nﬂl]j +2/ X;t(ZA)X:lzé)bdeJk_i_/ XZ(Z;) Nmkk
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where we use the fact that N” is a sysmetric matrix. Now let 5;12 and 5;’3 be the
second and third component of £/, respectively, and let

GM = (X% ) ’a= (X2 F" (! F (M)
G = (X)) c = (X132 ) F" (61 F(EM);
3 2
G" =2X"

n(s) n(v

b =2X10 X0 F(EIF(ER),

then A’;i can be represented as integrals with respect to N as follows:

. t .. t . t .
(39) AN = /O G AN + /O G AN /0 G™ dN"Ik,
Letting F"' = (U")*Df!(£""), combining (31), (33), (38) and (39), we get an
equation for U", Y, M", N",

t t . t . 4 ..
UM = / Frlay, — f G dNMIT f G"2 ANk / G"3 dN"iik
0 0 0

(40) t t t

= [ Erzamin = [ a0 am)
When j = k, the above equation can be written as

S t
N :/0 {(Fpldy, —dup!
(41) — (F?+ FPydM" 7 — H w(h' (X)) dM]"))
% {Gnl Gn2 Gn3}—1

Since X2 = &(Y?) and X3 = &(Y?) do not vanish, and X" converges, G" also
converges and does not vanish for large n fori = 1, 2, 3. Under (ii) in Theorem 2.2,

H" | F" and G;‘i converge to finite processes. By Theorem 2.3 in [2] and Theo-
rem 3.1, it follows from (30) that

@) (o, U", a, M", oan”’.jj)lf,-,jfd has (x) and
(Y, anU" anM" 0y N"™7) < j<g = (Y, U, M, N < j<q.

From (40) we can express N'/¥ as the sum of integrals with respect to Y,
U", M"N"JJ and N"** By the same arguments, it follows from (42) that

(o, U", ay M", 0, N) has (x) and
(43)
(Y7 anUnvanMn’anNn) :> (Y, Ua Ma N)

Whend =1, let f(x;) = F(x1); when d = 2, take

F(x))F(x2) 0 O
< 1 2 xz) and  f(xy, x2)_(() F(x1)F(X2)>

we can get (43) accordingly. Now, the implication (i) = (ii) has been proved. [

fxr,x2) =
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3. Continuous processes with finite variation. When the driving process Y
in (1) is of finite variation and continuous, SDE (1) is an “w-wise” (deterministric)
equation. Without loss of generosity, we assume that Y is a nondecreasing function
of ¢ in this section. It is classical that the rate of convergence of the Milstein scheme
for an ordinary differential equations (ODE) is 1/n2. Here we give a necessary and
sufficient condition for the rate being 1/n? and its error distribution, which are
useful for our main results in the next section when the driving process Y in (1) is
a continuous local martingale.

To simplify our notation, first we assume that ¥ € R! and let

t

(44) N':= N/'(Y) :=/0 (Yy — Yoi5)) dYs.

An integration by parts shows that

[nt]
3N (V) =Y (Yijn — Yi—tyn) + (Ye = Yu)’

i=l

(45) -
3
=Y (Yi/mar = Yi—1y/mni) -

i=1

THEOREM 3.1. Assume that Y is a continuous process in R! with finite vari-
ation. There is equivalence between the following:

(a) Equation (46) holds almost surely;

t 1
(46) n=/mm, /W£M<w
0 0

(b) The sequence of random variables {4" N lzn In>1 is tight.

(c) The sequence of random variables {n* N [ In=>1 is tight.

(d) sup, nzN{’ < 00 a.s.

(e) The process n?N" converges a.s. uniformly in time to a process N.

In this case we have N; = %fé y3ds and sup, n® [, |dN"| < 00 a.s.

PROOF. The implication of (¢) = (d) = (c) = (b) is obvious. Let A be
the set of all w such that (46) does not hold, and B = {a):4”N12n — oo}. By
Lemma 3.1, we have A C B and then (b) implies that P(A) = 0. So (a) fol-
lows. By Lemma 7.2, (a) implies (¢) and N; = % éyg ds. Since fol [dN{| <
fol (Y, — Yn(s))zdfs, where Y, = fé |ys|ds, and Y, satisfies (46), by Lemma 3.1,
we have sup,, n> fol |[dN!| <ooas. O

LEMMA 3.1. Assume that Y is continuous in R' with finite variation and
deterministic. Only two cases are possible:
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(a) Equation (46) holds and sup,, n*N [ <oo.
(b) Equation (46) does not hold and 4" N 12n — 00.

PROOF. We can use the same notation and arguments as in the proof of
Lemma 4.2 in [2]. A modification is that (4.3) in [2] is replaced by nZNf =
J(Ly)?dr= [(Ln)>V,dv, where Ly (s) =n(Yin — Yi—1y/n) for s € (i — 1)/n,
i /n] (by the way, in (4.3) of [2] i’ should be replaced by v). [

Now consider the case that ¥ € R?. Recalling the notation of N/ and M"i/*
in (6) and (7), we have the following theorem.

THEOREM 3.2. AssumethatY = (Y, ..., Y7 isa continuous process in R4
with finite variation. For each i = 1, ...,d, there is equivalence between the fol-
lowing:

(a) We have

. t |
47) Y, =/ yids, / Iy PP ds < o0 a.s.
0 0

(b) The sequence of random variables {4" N 12”iii}n21 is tight.

(c) The sequence of random variables (n’N ?iii}nzl is tight.

(d) sup, nle””i < 00 @.s.

(e) The processes n>N"' converges a.s. uniformly in time to a process N'*.

If the above cases h()ldfor all i = 1,...,d, then for any i, j,k=1,...,d, then
the‘processe.s.nzN ik and n® M"I* converge a.s. uniformly in time t to processes
NUK and MJ* | respectively, where
ik 1 (" i ik ik 1 (" ik
N = §/0 Yo¥iysds and M;" = g/o Ys¥i Ys ds.
And we also have sup, n’ fol |dN;1ijk| < 00 and sup,, n* fol |dMs"ijk| < 00 a.s.
PROOF. By Theorem 3.1, we have that (¢) = (d) = (¢) = (b) = (a). By

Lemma 7.2, we have (a) = (e), and the uniform convergence in the last claim.
From (59) and Lemma 7.1, it follows that
Y™ ay*

1 - 1
nZ/ |d Mk §n2/
0 0 J/n(s)
) 1 K . K k .
< | (/ vilar [ |y,|dr)|y;|ds<oo,
0 n(s) n(s)

1 . 1 ps . s .
nzf |dN;”Jk| §n2/ / |yrf|dr/ |yf|a’r|y;|ds < 0.
0 0 Jn(s) n(s)

yilds
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So we have the uniform boundedness in the last claim. [

Recalling the notation that U = X! — X!, X" is the first component of the
Milstein scheme X" defined in (4), and X ll is the first component of the solution X
of SDE (1): X; = xo + f§ f(Xs)dY;. Let

d .
GY(x) = Hf Y (X)Lf (X)I" + Y fi @IDfF oI

k=1

THEOREM 3.3. When Y = (Y, ..., Y%7 is a continuous process with finite
variation, there is equivalence between the following:

(a) For any starting point xo € R? and any C? function f with linear growth,
the sequence of random variables n* fol |dU}| is bounded a.s.

(b) For any starting point xo and all C* functions f with at most linear growth,
the process n>U" converges uniformly to a limit U a.s.

(c) Foreach i, the process Y' has the form

. r 1
Y,’:_/(; yeds with/(; |y;|3ds<oo.

In this case, let y; = (y!, ..., y®)T, then the limiting process U = (U!, ..., U9)*
is the solution of the following linear equation: Uy = 0, and

i LT 5o [ i
Ul = /0 Us)*Df (Xs)ysds—g]g1 /0 Vs G7(Xs) f(Xs)ys ds.

PROOF. That (b) = (a) is obvious. By Theorems 2.2 and 3.2, we have that
(¢) = (b) and the last claim. The implication of (a) = (c) can be proved by
the notation and results in the proof of (ii) = (i) in Theorem 2.2. First, since

X"kkK yniformly converges to X<tk = et (by Theorem 2.1) and Ytk is contin-
uous on [0, 1], for fixed w € 2, there exist two constants a and b such that
O<a< X;’kkk < b for n large enough and all 0 <t <1,k =1,...,d. Now from
(25)-(29), n? [, 1dM"*| is bounded a.s. Similarly, from (41), n2 Jo 1N | s
bounded a.s. (c¢) follows from Theorem 3.2. [

4. Continuous local martingales. To simplify our notation in the proof of our
main result, we first assume that the driving process Y in SDE (1) is a continuous
local martingale in R, null at zero. With the notation of N/'(Y) in (44), we have
the following:

THEOREM 4.1. Assume that Y is a continuous local martingale in R' null at
zero. Let Cy =Y, Y]; be the quadratic variation process of Y . There is equivalence
between the following:
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(a) There is a predictable process c such that
t 1
(48) G =/ ¢y ds, / lesPds <oco  as.forO<r<1.
0 0

(b) The sequence of random variables {(nN{(Y),n > 1} is tight.

(c) The sequence of random variables {n*[N™(Y), N"(Y)11;n > 1} is tight.
(d) The sequence of random variables (n®’N 1(C),n > 1} is tight.

(e) sup,~n*NJ'(C) < o0, a.s.

PROOF. The equivalence between (a), (d) and (e) can be deduced from The-
orem 3.1. The equivalence between (b) and (c) comes from the fact that, for a
sequence of continuous local martingales M}, {M{,n > 1} is tight if and only
if {{M", M"];,n > 1} is tight. This is because there are two universal constants
a; and a, such that a; E((M", M™"]T) < (IEM?)2 <wmE(M", M™MT) for any stop-
ping time 7. (a) = (b) is obvious after we prove the weak convergence of nN,”i i
in Theorem 4.2 under the assumption of (a), see the last paragraph of the proof of
Theorem 4.2.

Next we show that (¢) = (d). Let T'(n, p) = inf{t : n>[N"(Y), N"(Y)]; > p},
and T(p) =inf{t:C; > p}, T=T(pP) ATn,p), and 7; =T A % Note that
for a continuous local martingales M; null at zero, by the It6 formula, Mf =
6 Jo M2 dM, + 15 [§ M} d[M, M],. If [M, M]; is bounded, then [§ MPdM; is a
martingale, hence, I[*]Mt6 = 15E fé Ms4d[M, M];. By the Burkholder—-Gundy in-
equality, there is a constant « such that E[M, M ]t3 <«kEM ?. Therefore,

t
E[M, M]} < 15/<E/ M}d[M, M.
0
Now let M; =Y — Y;rr,_,. Since [M, M]; =C — Cipq,_,»
E(C — Ct/\fi_l)3 < ISKE/ (YS — Y(i,l)/,,)d'dcs.
IAT

Recalling the notation of (45),

n
ENI”/\T(C) = E% Z(C - CMTi—l)3
i=1

tAT
<SCE [ (= Yionyn)* dC = SKEIN" (V). N" (V).

Let ¢t = 1 in the above inequality, then E[nszAT(C)] < 5kp. Now for any g > 0,
P(n*NJ(C) > q) < P(n*N}, 1 (C) > q) + P(T < 1) <5kp/q + P(T < 1).
Since P(T < 1) goes to O uniformly in n as p — oo by (c), we have

. 2 arn _
plgrgOSIrleP(n NI (C) > q) =0,
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which implies (d). U

Now we assume that the driving process ¥ = (Y%, ..., Y97 in SDE (1) is a con-
tinuous d-dimensional local martingale on (2, ¥, ¥, P), null at zero. Let C; =
(C;J)1§l-,j§d be the quadratic variation processes of Y, that is, C;J =[Yi, Y'],.
Our main result is as follows.

THEOREM 4.2. Assume that Y is a continuous local martingale in R? null at
zero. There is equivalence between the following:

(a) There is a d x d nonnegative matrix-valued predictable process c such that
‘ 1
(49) c,=/ ¢y ds, / lesI3ds <00 for0<i<1.
0 0

(b) For each i, the sequence of random variables (r.v.) {(n N fiii, n > 1} is tight.
(¢) Foreach i, the sequence of r.v. {nZ[N"iii, N n> 1} is tight.
In this case, and if o, is a d x m matrix-valued process such that ¢; = 0,0}
(o" is the transpose of o), then there is a Brownian motion W = (WL, ..., wmT
on (2, F, %, P), a possible enlarge space of (2, ¥, ¥, P), such that Y; =
fo oy dWs. The sequence (nM™ . nN"™ ), < j<d stably converges in law to processes
(M7, NY)1<j<da. given by

. 6" t .
(50) M) = % Z/O o507 dBFo,
p=1
. \/§ m t )
(51 N/ = 5 Zfo o0l dVP ol
p=1

where B = (BI') 1< j<m, V¥ = (V/")1<i jm and for 1 < p.i, j <m,
VP =/2/2BP 4 /2/2BP 4+ (V3/2WP +12WP)1( = j),

where 1(i = j) =1 if i = j, 0 otherwise, and {Bpij, W”Il <pi,j<m}isa
sequence of independent standard Brownian motions on an extension of space
(fl, F , 5"-:; 15) onwhich Y and W are defined and independent of Y and W. More-
over, we have that (mnM"™, nN™) has (x) and (Y,nM",nN") — (Y, M, N), that
is, the statement (1) in Theorem 2.2.

REMARK 4.1. The limits of the quadratic variation of (nM",nN", W) are
listed in Lemma 7.6.

PROOF OF THEOREM 4.2. By Theorem 4.1, we have the equivalence between
(b) and (c). Next we show that (b) = (a). Since C; — Cy is a nonnegative matrix
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forany 1 > s >0, [C/ — C{/1? < [C' — Cil|[C}” — C{'], the Cauchy inequality
implies that

[NI'(C')]* < N'"(C')N'(CH).

By the notation of Nt”""" in (7) and N,”(Yi) in (44), we have Nt”m = N,”(Yi).
From the implication of (b) = (e) in Theorem 4.1, sup,, n2N ! (C') < 0o for all i.
Therefore, sup, n? N} (C¥/) < oo for all i and j. By Theorem 3.1, we conclude (a).

It remains to prove that (a) implies the last claims, since (b) or (c) follows
from the last claims. By Lemma 7.6 and Theorem 4.1 of [1], the sequence
(nM"P ,nN"P)1<p<q stably converges in law to the process (M?, NP)i<,<q4
of (50) and (51). By the same arguments as [2], it follows that the triple
(Y,nM"P, nN"P)1<p<q converges in law to (Y, MP, NP);<,<4 for the product
topology on D(R?) x D(RMS), and since all these processes are continuous,
we also have convergence for the Skorohod topology on D(Rd+2d3). Finally,
Lemma 7.6 implies (%) for the sequence (nM",nN"). [

THEOREM 4.3. For a continuous local martingale Y = (Y ..., YD with
quadratic variation C; =Y, Y;, there is equivalence between the following:

(a) For any starting point xo € R? and any C? function f with linear
growth, the sequence of random variables nU™ is tight, where X* means that
SUPg</<i | X:l-

(b) Forany starting point xo and any C? functions f with at most linear growth,
the sequence (Y,nU™) converges weakly to limit (Y, U).

(c) We have (49).

In this case, the process U = (U, ..., U9)" is the solution of the linear equa-
tion (8), with M, N given in (50) and (51).

PROOF. That (b) = (a) is obvious. From Theorems 2.2 and 4.2, we have that
(c) = (b) and the last claim. The implication of (a) = (c) can be proved by the
notation and results in the proof of (ii) = (i) in Theorem 2.2. First, from (25)—(29)
and the tightness of U"'* and U”?*, that is, the tightness of U/ we deduce that
nM™Jk has (x). From (41), the sequence n N nijj s tight and satisfies (x). Then
(c) follows from Theorem 4.2. [

5. Continuous semimartingales. Now we consider the case that the driving
process Y is a continuous semimartingale. We assume that ¥ = H + A, where
A is a continuous adapted process of finite variation and H is a continuous local

martingale, both being d-dimensional and null at 0. Let C; = (Ctij )1<i,j<a be the
quadratic variation process of Y, that is, C,” =[Y!,Y/),=[H, H'],.
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We do not have the necessary and sufficient conditions for the error process U”
to converge at the rate 1/n. Partial results are available when A; has the form

) r 1
(52) A;:/O alds with/o lal|*ds < oo as.

THEOREM 5.1. Assuming that Y is a continuous semimartingale, for the fol-
lowing statements, we have that (a) and (52) imply (b), and (b) implies (a).

(a) There is a d x d nonnegative matrix-valued predictable process c such that
t 1
(53) C; =/ csds with / ||cs||3ds < 00 a.s.
0 0

(b) The sequence (nM"P,nN"P)|<p<p, in (6) and (7), has (x) and is tight.

And furthermore, under (a) and (52), if H; = fé o5 dW;, where ¢; = o0 as in
Theorem 4.2, then the sequence (nM"P,nN"P) <, <q stably converges in law to
the processes (MP?, Np)lipsd, where ]\_/'tp = th + 1/2f(§ ceal ds, and M, N are
given in (50) and (51). Moreover, we have

(Y, nM"P ,nN"P)1<p<q has (x) and

REMARK 5.1. The limits of the quadratic variation (nM", nN", W) are listed
in Lemma 7.6.

PROOF OF THEOREM 5.1. By the integration by parts formula, we have

s S
YM)XM) = | ¥"@Ey)T+ | av.(y"m)" + e,
n(s) n(s)

According to the notation of M"? and N"*” in (6) and (7), we have
t
N = M + (M"P) + f cayy.
0

By Theorem 2.3(a) in [2], under (b), we see that the sequence n fé S(")d Yr
is also tight and has (x) for any p = 1,2,...,d. Particularly, the sequence

nf CiPP gy?P is tight and has (x). Then its quadratic variation processes,
n? fot(Cfp — Cpp))2 dcrr = nth”(Cp”), are tight too. Theorem 3.2 implies that

n(s
sup,, nZNf(CW ) < 00. By the same reason as in the proof of (b) = (a) in Theo-
rem 4.2, we can conclude (a).
Now we assume that (a) and (52) hold. By the usual stopping time arguments,
we can also assume that fol llas||?ds and fol llcs |I? are bounded by a constant «.
First, n N"*” can be decomposed as follows:

nN" = F{* + F;" + F" + F,* + (F;" + F,")" + F{”,



2724 L. YAN

where Fl? =n ! H(”)(H("))’dH” = H(")(H(”))fdAp = x
Smce for any i, n(A’("))2 n(A’ — (A))Z f"(s)+1/"(a§)2 ds < a, by (52) and

n(s)
the Cauchy—Schwarz inequality, n(A'("))2 goes to zero uniformly for s € [0, 1]

as n — 0. Thus, Fj "’ has (x) and weakly converges to 0. By (81) and (82),
F3" P and Ffp have (*) and weakly converge to 0. By (80) and Theorem 4.2,
F{'” + F,” has (») and weakly converges to N/ = N/ + 3 [§ ¢;al ds. Putting
them together, n NP has (x) and weakly converges to N/ .

Second, nM"P can be decomposed similarly as follows:

t t t t t
M"P=/O G’desp+/0 G’l‘dAf-l—/O ngYSp+/0 G';dyf+f0 GLdy?,

where G? = [3 H' dHT, Gi = [ H'™ dAL, G% =[5, APV dHT, Gl =
/ S(S) Aﬁ") dAT. When H and A are a one-dimensional process, from (84) and (85),

n
2 2
we have n 3 G dY{ = 0; from (81) and (82), we have n [ H" A" dY{ = 0;

since G5+ G’ = HS(")A§"), we have n fé G, dayy L2> 0. Therefore, n fé G, ayl +
n fé G53d Y? has (x) and weakly converges to 0. Since n(A";("))2 goes to zero uni-
formly for s € [0, 1] as n — oo as shown above, so does nG’. Thus, fé GﬁdYsp
has (x) and weakly converges to 0. By (83), n f(f Gid AP has () and weakly con-
verges to 0. By Theorem 4.2, we have n fé GhldY, J has (x) and weakly converges

to M}. So, nM"P has (x) and weakly converges to M. [0

Combining Theorems 5.1 and 2.2, we get the rate of convergence 1/n for U" =
X" — X, when Y is a continuous semimartingale.

THEOREM 5.2.  Assume that Y = H + A is a continuous semimartingale in R?
null at zero. If (52) and (53) hold, then for any starting point xo and any C? func-
tions f with at most linear growth, the sequence (Y,nU™) converges weakly to
a limit (Y, U), the process U = (UL, ..., U7 is the solution of the linear equa-
tion (8), with M given in (50) and N replaced by N, which is given in Theorem 5.1.

6. Examples. For the Itdo-type SDE in (2), X; = xo + [ya(X,)dW; +
fot b(Xs)ds. If a,b are C? functions, then we can use the Milstein scheme X 7
defined in (4) to approximate the solution X;,

X=X

n(t

yHaw™ bt ™ 4 Laa' (W) — ™)
(54) t t

+Aop (Y 4 [ ab' s aw+ [ ab' W™ ds,
n(t) n(r)
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where W,(") =W — W), t™ =t —n(t), and function a, a’, b, b’ taking values
at X Z(t). Compared with the Milstein scheme defined in (3), this scheme has two

more terms, f”’([)ab/s(”)dWs and [, ab’ " ds.
In order to apply Theorem 5.1 to find the asymptotic error U of nU" = n(X" —
X) for the scheme in (54), we use the following notation: f = (a, b), Y; = (W;, )7,

Hy = (W, 007, A, = (0,0)". Let Fy = Y.\ (¥;")", Gy = [}, ¥\"d(¥,)", and
F _( s(n)Ws(n) Ws(n)S(n)) G.— fns(s) Wr(n)dWr fns(s) Wr(n) dr
N s =
sOWM g fns(s) r ™ aw, f;(s) r® dr

and

t t
N,’“:/ FydWy, N;'2=/ Fyds,
0 0

t t
M;“:/ Gy dW,, M[’Z:/ G, ds.
0 0

By Theorem 5.1, (n N1 p N1yt 11y — (N1 N2 A1) wwhere
t 1 2 1 1

N = mM=—B!  NU="_B't+ B>t~ Wi,

! 2 N ! Ve 23! t

and B!, B2, W are three independent standard Brownian motions, defined on an
extension of the probability space on which W is defined. We also have that the
limits of all other entries of nN™', nN"2, nM"', nM"? are zeros. Therefore, the
limit process U of n(X" — X) satisfies the following linear SDE:

t 1 rt
U, = / Usa (X)W, + U/ (X,) ds — f (X" (Xy) ds

f /a(X)a”(X)(Cif_l il/li dZVS>.

If a(-) is a C? function and b(-) is a C' function, we can use the following
simpler Milstein scheme X" rather than (54):

t t t

to achieve the same rate of convergence, that is, n(X" — X) = U, and U satisfies

—f a(X,) (@ (Xy))?

t 1 rt

U = f Ush'(X,) ds + Usa (X0) AW, — 3 / b(X )b (X,) ds

(55 1 ¢! 1 t ’ 1 t
—— | Cco(X, dWS——/C X, dB‘——/c X,)dB?,
2/00() 755 ), Crxoas! = [0 a;

where W, B!, B? are three independent Brownian motions and Co, Cy, C» are
three functions dependent on a and b.
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7. Some lemmas. In the next two lemmas we assume that X, Y and Z are
three continuous processes with finite variations, which satisfy

t t t
Xz=/ xsds, Yz=/ ysds, thf Zsds,
0 0 0

(56)
x,y,z€L3(0,1]),

where L ([0, 11) = {x|[lx]l, = (fy |xs|” dx)"/? < o0}.

LEMMA 7.1. Let Xﬁn) = Xy — Xu(s), then forany 0 <t <1,

(57) n?

t
/ xXmWy™az,
0

=< lixllsliylisllzlis,

(58) n? <lxlslylslzls.

t s
/ X" ay,dz,
0 Jn(s)

PROOF. By the Holder inequality, |X§n) 1P < (s —n(s))? f,f(s) |x,|3 dr. Then

OIEPN & 273 L3
| x ||3 <[ (s—n()) x| drds < —lx]I3.
0 n(s n

0

It follows that n2| [{ XY™ dZ,| < n | X@|51Y D 1511zll5 < Ixl30y130z]5.
which proves (57). Since

S N r N N
/ Xﬁ’”dn\sf [ aduiias< [ i [ iylar
n(s) n(s) Jn(r) n(s) n(s)

(58) follows. [

(59)

LEMMA 7.2. Asn — o0, the following uniform convergences in t holds:

t t

(60) l’l2/0 X§n)X§n) dZ; — %'/0 XsXsZsds,
t t

1) nz/O XMy®Waz, — %./0 X5 YsZs ds,
t s t

(62) nzf / Xﬁ”)dYrdZS — %/ X5 VsZsds.
0 Jn(s) 0

REMARK 7.1. When x, z € L%([0, 1]), from Theorem 4.1 in [2], we have
t t
(63) n/o X§”) dZ, — %/0 XsZsds uniformly in ¢ as n — oo.

When ||x||2 and ||z||2 are bounded, we have L? convergence in (63).
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REMARK 7.2. By Cauchy’s inequality, we have the following, which will be
used in the proof of Lemma 7.7:

1 1 1 1
(64) n/ | X" |ds 5/ lxs|ds and nzf X ds 5/ |xs]? ds.
0 0 0 0

PROOF OF LEMMA 7.2. To prove (60), first we assume that x; € C I there-
fore, x; and dxs/ds are bounded by a constant « in [0, 1]. By the mean value
theorem, there exists an s between n(s) and s such that X§") = x5(s —n(s)). Since

n? [5(s —n(s))*ds — t/3, and
t t
nZ/O ()2 (s — n(s)) zg ds —> %fo (x5)’zs ds,
we need only to show that n? f(;((xs)2 — (x)3) (s — n(s))%zsds — 0. This is true

because |(x)2 — (x5)2] < 2a2/n and n? fot (s—n(s))zsds — % ézs ds. Second, if
X5 & C!, since x; € L3, for any € > 0, there exist a x5 € C! such that lx — x|z <e.

By (57),
t s 2 t s 2
nzf (f xrdr) dZs—nzf (/ )Erdr) dZ;
0 n(s) 0 n(s)

t S S
/ / (or + ) dr / (v — %) drdZ,
0 Jn(s) n(s)

=< llx +xli5llx = xl5llzl5.

:n2

Now we can claim that (60) holds for all x € L3. Since 2ab = (a + b)? — a* — b2,
(61) follows by (60). (62) can be proved by the same arguments as in the proof
of (60). Here we just give two key steps. It is easy to see that (62) holds when
X5, ys € C I since there exist § and 7 between n(s) and s such that f,f(s) X 5") dY, =

X5 V7 f,f(s) dr fnr(r) du = x5y7(s —n(s))?/2. And for x, y, X, 7, by (58),

t s r t s r
nZ/ / / xuduyrdrdZs—n2/ / f Xyduy-drdZs
0 Jn(s) In(r) 0 Jn(s) Jn(r)

< lIxlislly = ylislizlls + Iy llsllxe = xl5lizll3-

If x5, ys and z; are all nonnegative, both sides of (60), (61) and (62) are all
continuous and nondecreasing, these convergences are uniform in ¢ over [0, 1].
This uniformity can be easily generalized for all X, Y and Z which satisfy (56).

g

In the proof of the next two lemmas, let C,, be the constant in Burkholder’s
inequality, that is, E|Y;|” < C,E[Y, Y1? /2 for any continuous local martingale Y.
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LEMMA 7.3. Let W, B, U and V be four independent standard Brownian mo-
tions and n(s) = [ns]/n. If we write Ws(n) =Wy — Wy, then for 0 <t <1,

(a) n? /0 t WOwWDwmwm g Ly
(b) n? /0 t W wmB®W g g Ly
(c) n® /O t WO wmwmgm gg o,
(d) n? /O t wmwmymym gg o,
(e) n® /O t wmBMy ™y ™ gs 0.

PROOF. We prove the lemma by the simple fact that a sequence of random

variables &, ﬁ) the limit of E[£,], if the variance of &,,, Var(§,,), converges to zero
as n — 00. Now for any four standard Brownian motions wl w2 w3 w4 (not
necessary to be independent), let A§”) = WS1 () WS2 ) Ws3(") Ws4 ("); by Cauchy’s in-
equality, we have E(A)2 < E(W)8 < Cs[s — n(s)]*. Therefore,

t 1/n 2
Var<n2 / A ds) < n5E( / A ds)
0 0

5an4/ s4ds§Cg/n,
0
which implies that the variances of the left-hand sides of (a), (b), (c), (d) and (e)

converge to zero as n — 00. Next we calculate the expectations of the left-hand
sides. Since the expectations of the left-hand sides of (c), (d) and (e) are 0 and

En? /OI(WS(”))4 ds =n® /Ot 3(s — [ns]/n)*ds
= [nt]/n+ (nt = [ne])/n’ —> 1,
En? /OZ(WS(")BS("))st =n? /Ot(s — [ns]/n)*ds —> t/3,
we can conclude all of the L? convergences. [J

LEMMA 7.4. Suppose that for any pair from four standard Brownian mo-
tions W, B, U and V, they are either identical or independent, then for 0 <t <1,
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t N N
(a) n? f { W™ dB, U,(”)dV,}ds
0 n(s) n(s)

1?2 {t/6, ifW=Uand B=1V,

—>
0, otherwise;

t/3, fW=B=U=YV,

t/6, fW=U#B=YV,

t/6, fB=U#W=V,

0, otherwise.

t 2
(b) n? /0 {W§"> B™ U,(”)dV,}ds L

n(s)

PROOF. We use the same arguments as in the proof of Lemma 7.3 to prove
the L? convergence. Let

N N
Xs=| W™dB, and Y,=| U™Mav,.
n(s) n(s)

First, for the variance of the left-hand side of (a), we have

Ky 2
IE(XS)4§C4IE</ (W] dr)
n(s)

N
<Ci(s—n@)E [ [WP)ar
n(s)

= Cy(s — n(s))*.
Similarly, E(Ys)* < Ca(s — n(s))*. By the Cauchy inequality,

5 (! 5 1/n 2 Y )
Var( n X, Yods ) <n’E X, Y,ds) <n IE (X Y)“ds
0 0

4 [1m 4 NP
Sn/O (E(X,)*E(Y,)*)

1/n
< n4/ Cals — n(s))*ds = C4/(5n) — 0,
0

as n — oo. For the expectation of the left-hand side of (a), we use the in-
tegration by parts formula (see page 60 of [10]). If B and V are indepen-
dent, then E(X;Y;) = E[X,Y];, =0. If B =V, then E(X,Y;) = E[X, Y], =
Ef;(s) Wr(n) Ur(") dr. Now if W and U are independent, then IE(W,(")U,(n)) = 0;

if W =U, then E(W,(”)U,(n)) =r —n(r). Therefore,if B=V and W = U,

t N
lim En? X Yids = lim n / / (r —n(r))drds
n(s)

n—oo n—oo

hmn /2/ s—n(s) ds =1/6;
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otherwise, it is zero. We finish the proof of (a). Second, we claim that the variance
of the left-hand side in (b) goes to zero as n — oo. This is because

Var( /W<">B<"> U,(”)dVrds)

n(s)

1/n 2 1/n 2
§n5E< /0 W§">B§">sts) <nE /0 (W B™WY ) ds

1/n 1/n
<n / VEW® BV R(Y,)* ds < n / VE(W) B, ds
0 0

1/n
< /C4Csn’ / (s — n(s))* ds < /CaCg/(5n).
0

Next, we prove the convergence of the expectation of the left-hand side of (b) to
the right-hand side of (b). For the first case that W = B = U =V, since (Ws("))2 =
2[5 W AW, + 5 —n(s),

t s t s 2
E{nZ/ (W;'”)Zf Wr(”)dWrds} :2n2/ E{f Wr(”)dW,} ds
0 n(s) 0 n(s)

t
:nZ/ (s —n(s))*ds — 1/3
0
as n — oo.

For the second case that W = U # B =V, since W and B are independent,
(")B(") fn(g) r(") dB, + f,f(s) Br(n) dW,; taking expectations of the squares of
both sides, we have E{f,‘f(s) " 4B, f,f(s) B dW,} = 0. Therefore,

t s 2
{ / W g Wr<n>d3,ds}:n2/ E( Wr(”)dB,) ds
n(s) 0 n(s)

=n /2/ —n(s)) ds—> t/6
asn — o0o.

The third case is equivalent to the second. It is easy to see that the expectations of
both sides in the forth case are zeros. [

Now, let Y be the continuous local martingale defined as the beginning of Sec-
tion 4, that is, Y; = Y;(0) = f(; o5 dWs. In order to prove Theorem 4.2 in the gen-
eral case of o, we define another continuous local martingale Y;, on the probability
space where Y and W live on, as follows: Y, =Y, (o) = fo o, dWs, where o is a
d x m matrix-valued process. We write

(65) NP (o) = /O t Y (o) (Y (o))" dYP (o),



THE MILSTEIN SCHEME 2731

M (o) = fot fn;) Y™ (6)dY, (o) dYP (o),

1 1/6
n=1(c,5) = (E/ o —6s||6ds) ,
0

where [lo]| = (X;;[05 1) 2 N;' (&) and M['” (&) are defined similarly for ¥, (&).

(66)

LEMMA 7.5. Iffo1 lo | ds and fol 1618 ds have an upper bound p, then there
exists a constant C, which depends on p, such that

(67) n*E|I[N" (o), N1 (0)], — [N" (&), N"1(&)]]| < Cn,
(68) n*E|[[M" (o), M" (o)1, — [M" (&), M" (&)1:]| < Cn,
(69) n*E||[N" (o), M"(0)], — [N"F (&), M"(&)]]l < Cn,
(70) n*E|[N"P (), W], — [N (&), W1|| < Cn,
(71) n*E[|[M" (o), W1, — [M"P (&), W1,]| < Cn.

PROOF. Let C be the constant which changes from line to line. By the Burk-
holder and the Holder inequalities, for an integer &,

(72) E(|y™ ) < (s —n) 'E [ ol dr.

n(s
thus, [{ E(|Y )% ds < C/nk and also [ E(|Y™ )% ds < C/n*. Similarly,
t _ t
/0 E(|y® — v\ *as < C/nkIEfo oy — &% dr.

Let A ® B = (a;jB) be the Kronecker product between two matrices A = (a;;)
and B = (bum). For (67), we write A = Y (Y)* and B = ¥ (¥{")7, then by
the Holder inequality,

n’E|[N" (o), N*(0)]; — [N"’ (&), N™ (&) |

t
= anHf A® AcP(c) — B® BcP9(5)ds
0

t
< n2E/O x| le =& 1ol + 151)

+6]¥ = V([ P+ [Pl ds
2 [ miy® — 50152\ ([ EAYOIE 2 170132
<co?(([CEly? —7010ds) - ([EAYO P+ 1701 ds

2o (! (n) |6 213
+Cn EHYS H ds n<Cn.
0

172
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For (68), we write A =[5 Y™ d(Y,)" and B = Jns) Y d(¥,)*, again, by the
Burkholder and the Hélder inequalities and (72),

39 s 5 5 3/242
(E[|A]] sC[E(/()nY,("’U o dr) ]
n(s

s s 1/242
s ) [ o)
s 2 s
<ce([ [l ar)E( [ odtar)
<c((s=nes) | - nryPE| [ . o du|ar
x (E[/n(s) ||Gr||6dr])

s 2
<C(s — n(s))4<E[/ ||or||6er .
n(s)
It follows that

t t K
/ || Al ds 5c/ (s—n(s))zE[/ ||a,||6dr] ds
0 0 n(s)

(73) ,
< 1/n3E/ los I ds.
0

Similarly,

s -
IEIIA—BllszIE/ oy Y™ — 5,72 dr
n(s)
$ = —
< CE/( I - YO Pl + |7 oy — 6,17 dr
n(s

s s 1/2
< c([s —n(s)PE f loy — 5|4 drE / lov 14 + ||&r||4dr) .
n(s) n(s)

By the Cauchy inequality,
t 2 t s
(f E|A — B||2ds) < c/ s —n(s)]ZIE/ lo, — & ||*drds
0 0 n(s)
t N
(74) x [E [ llop + 15,1 drds
0 n(s)

1
< Cl/n4IE/ los — a5 l|* ds.
0
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Finally, (68) follows from (73), (74) and
n*E([M" (o), M" (0)]; — [M" (&), M™ (&),

t
= nZEH/ A® AcP(c) — B® BcP9(6)ds
0

t
< an/o 1Al =G lloll + 181D + 1A — BIAIAN + [ BIDIG 1 ds

t 2/3
§n2C</ E||A||3ds> n
0
2 ! 2 N[ 3
+n C</O E|lA - B| ds) (/0 E(IA] + 1B]) ds)

Inequalities (69), (70) and (71) can be proved in the same way as above. [

1/3

LEMMA 7.6. Let N (o) and M"P' (o) be the (i, j) entries of NP (o)
and M (o), respectively. Let W be the ath component of the Brownian motion W
inRY. Under the assumption of (49), forall 1 <i, j,k,l, p,q <dand 1 <a <m,
andt € [0, 1], we have

(75) nz[anlJ(U),qukl((f)]; _P) %/0 (C;jcfl+C;kcgl+C;lC§k)C§7quv
.. |2 . [
(76)  n2[N"PU (o), M"H (o)), L5 1 / (ciked! 4 cilei®yerd s,
0

6

. z : H
T M (), MMM ()], s L / cikellerd ds,
0

6
.. |2
(78) n[N"Y (o), W4, LN %/ céjaspk ds,
0
(79) n[M"™ (), W4, 25 0.

PROOF. Let T, = inf{t: f{ llcs|*ds > p}. Since (49) implies that P (T, <
1) — 0, it is enough to prove the lemma for the processes stopped at T,
which is equivalent to assuming that fol lles |1 ds is bounded by a constant p, or
fol llos ||6ds < p. Since oy € L%([0, 17), for any ¢ > 0, there exists a matrix func-
tion &; € CO([0, 1]) such that [y |loy — &,[|ds < &, and [ [|6,]1°ds < p. If we
denote the right-hand side of (75) as h(o), and denote it as h(6) when c; is re-
placed by 6,07, then |h(0) — h(0)| < fol llos — 65 |° ds. We have the same results
for the right-hand sides of (76), (77), (78) and (79). Therefore, by Lemma 7.5, it

suffices to prove the lemma for o5 € C ([0, 17).
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Now we define 0 = 0;,(5), Where n(s) = [ns]/n. Since fol llos — o ||6ds <«k/n
for some constant «, by Lemma 7.5 again, we need only to show that

[Nl’lpl](o,) qukl(o,)] _) /(CU kl—l—Clijl—l-Cllek)qudS,

and the corresponding convergences in (76), (77), (78) and (79) where o is re-
placed by o. By the monotone class theorem and Lemmas 7.3 and 7.4,

(a) n’[N"P (5), N"H (&),

Z / 51 501 GRK G a5y W i 0]y K gyl g
/k/l/

LN / (c’f oy c’kcfl + c’lcfk)cpq ds,
(b) n*[N"P(5), M"M (5)],

/ U g S ’ /
= n / Yl kK Gl e Gy w T W / Wk aw! ds
i’ /k/l/ n(s)

LN %/0 (ci.kcﬂ + ¢ ch)cpq ds,
(c) n*[M™ (&), M"* (5)],

= > n /0 a“ kka cPi(o)

/ /k/l/
N . g[S / ’
X Wl gw) Wk aw! ds
n(s) n(s)
ro.
P, %/0 cékcglch ds,

(d) n[N"P (&), Wk],_z / 5ii' 61 5 Pk W o] g
i'j

N %/Ot cioPkds,
(e) n[M"™ (&), W"],_Z f 5li'5)1 G Pk . W}”ﬁ’dwrf’dsiw.
We finish the proof. [J
LEMMA 7.7. Let X', X2 be two continuous local martingales with their

quadratic variation process C;J =[X!, X/, = fé ¢ ds, and Xé(") = X’ X;(s)
Let A, and A; be two adapted continuous processes of finite variation, with
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Ar = [tagds and A, = [Lasds. If [y (a)*ds, [} (as)?ds and [y |cs|*ds are

bounded by a constant o, where ¢; = (c;] )22, then

t 2 t
(80) n / x1mx2m ga B 1 / c2a; ds,
0 0
t 2
(81) n/o xlmam gx2 L,
t 1 _ L2
(82) n /0 xImaAm A =50,
Y 2 L?
(83) n f X1 ax2aa, L5 o,
0 Jn(s)
L 1 y2 L?
(84) n / A axlax? L o,
0 Jn(s)
t s 1 _ L2
(85) n f A® ax'ai, L 0.
0 Jn(s)

PROOF. The Burkholder inequality and the Cauchy inequality are used fre-
quently throughout the proof, and the constant x changes from line to line. Let

Y = fio Xr W dX2, Gla) = n [§ ¥Vagds, 2= [, ¥ ds. For (83),

2
we need to show that G} (a) L 0. By (64), we have

1 1/ rs 2
IE/ (X' s < KIE/ </ cr“dr> ds
0 0 n(s)

(86) |
§K/n2E/ (C;I)zds §Koz/n2.
0

Then by Cauchy’s inequality, (64) and (86),

1 1 ps
IE/ (Y™)*ds < K]E/ / (X)M)2e22 dr ds
0 0 Jn(s)

1 s A 1 s 12
< K(E/ f (x 1 ar dsIEf (H*dr ds)
0 Jn(s) 0 Jn(s)
L 1mna Loa , \7?
<«/nlE [ (X;") dsE | (c;7)"ds
0 0
< ﬁa/nz.

Since YS(") is a martingale with mean zero, E(Z'Z/) = 0 for i # j. Again by the
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Cauchy inequality, (Z')> < [/}, ,,(¥\")2 ds/n. By (87),

n , 1
E(G?(l))anzzE(Z’)zfnf E(Y;”))zds <ka/n.
i=1 0

2 2
It follows that G (1) L 0, which implies that G} (a) L% 0fora step function a.
In the general case there is a step function b such that E fol (ag—bg)*ds — 0. Since

L2
G} (bs) — 0 and

1
E(osup1 G (@) — G?<b>|) < nE( | @ = b0 ds)
<t=<
1 2 ! 2 172
<& [ OV ask [ (@ —po2as)
0 0

| 12
sw&(ﬂzf (as —bs)st) ,
0

2
G} (a) L 0 for any function a. So we have (83). Equation (80) follows from (83),
(63) and the following integration by parts formula:

s N
X1 x2m / X} Wdx;+ | X;™MdX) +C% - C.
R S n(é) n(s) ’

Now let y, = sup<;-, f(ii/_nl)/n(ar)zdr Since y, < a and y, — 0, then

Efyn] = 0 and E[y,]?> — 0. By the Cauchy inequality, n(A)? < y,. By (86),
we have the following:

1
(a) E/ (X! ds < Jia/n,
0
: N2
(b) E(n/ X§<”)A§,”>dAs)
0
1 1
fE/O n(Xsl(”))zdsE[O n(Agn))z(cszz)st < av/kaE[y,],
¢ 2
(©) E<n /O X;<")A§">dxf>
! 2(v1mN2( 4 )2 22
<kB( | n7(X;")(A{") 7 ds
0

1 1/2 1

§K<Ef nz(Xsl(”))4ds> (Ef nz(Aﬁn))A‘(cszz)zds)
0 0

<kav Eynz.

1/2
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Thus, (81) and (82) follow.

Next, we will prove (84) and (85). Let H!' = fns(s) Aﬁn) erl. Since

2 s 2
(AS”))zcrndr) fxnz]E(yn/ crndr) ,
n

S
E(nH"* < Kn4E</
n (s)

()
by (64), we have

1 1 s 2
E/ (nH"*ds < Kn2E|:)/nz/ (/ crndr> ds:|
0 0 n(s)

1
< K]E|:ynz/0 (cr”)2 dr] < KO(E[)/nZ].

Then

t s 2 1 1 1/2
E<n / AMgx! de) <«E / (nH™?c?2 ds §/<oe<E / (nHS")4ds> ,
0 Jn(s) 0 0

t ps _\2 1 1 1/2
E(n// Aﬁ’“dX}dAS) gaE/ (nH;’)zdsfa(Ef (nHS”)4ds) ,
0 Jn(s) 0 0

from which we get (84) and (85), since E[ynz] — 0. O
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