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RATE OF CONVERGENCE IN THE MULTIDIMENSIONAL
CENTRAL LIMIT THEOREM FOR STATIONARY PROCESSES.
APPLICATION TO THE KNUDSEN GAS AND
TO THE SINAI BILLIARD

BY FRANCOISE PENE
Université de Bretagne Occidentale

We show how Rio’s method [Probab. Theory Related Fields 104 (1996)
255-282] can be adapted to establish a rate of convergence in ﬁ in the

multidimensional central limit theorem for some stationary processes in the
sense of the Kantorovich metric. We give two applications of this general
result: in the case of the Knudsen gas and in the case of the Sinai billiard.

0. Introduction.

0.1. Context. We denote probability dynamical system (€2, ¥,v, T) where
(82, F,v) is a probability space endowed with a v-preserving transformation 7
of Q2. Let a probability dynamical system (€2, ¥, v, T) and a measurable func-
tion f:Q — RY (with d > 1) be given; we consider the stationary process
(Xi:=f o TH)=1.

We say that a R¢-random variable N is Gaussian if, for any 8 € R, the distri-
bution of the real-valued random variable (8, N) is either a normal distribution or
a Dirac measure. With this definition, a Gaussian random variable has a general
normal distribution (cf. [16], III-6 for more details). We say that we have a central
limit theorem (CLT) for (Xj)>1 if (ﬁ > %=1 Xi)n>1 converges in distribution to
a Gaussian random variable N.

CLTs in the context of dynamical systems have been established in many arti-
cles (cf. [13, 27, 36, 39]). In these works, multidimensional central limit theorem
follows directly from one-dimensional central limit theorem. Indeed, let us recall
that the fact that (ﬁ > %—1 Xk)n=1 converges in distribution to N means that, for

all B € R?, the one-dimensional process (ﬁ Y i—1(B:, Xk))n=1 converges in dis-
tribution to (8, N).

In the present paper, we are interested in questions of speed of convergence
in the CLT for multidimensional stationary processes. There are many ways of
estimating the speed in the CLT. Let us endow R¢ with the supremum norm | - |
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and with the Borel o-algebra B8(R?). For any ¢ :RY — R, we denote by Ly its
Lipschitz constant:

, | (x) — (¥
Ly:= sup ———.
x,yeRY : x+£y X = Yloo

We can estimate the rate of convergence in the CLT for (Xj); by estimating the
following quantities:

(a) uniform norm of the difference between the distribution functions (DF met-
ric):

DF, = sup
(X| ..... xd)E]Rd

(} S X0 <, Zx(") <xd>

—]P’(N(l) §x1,...,N(d)§xd) ,

where X,Ei) and N are the ith coordinates of X; and of N, respectively;
(b) in the sense of the Prokhorov metric (IT metric):

1 n
m, :=inf{8 >0:VB e B[RY), v(— Y Xie B) —P(N € B) 58},
vnio

where B? is the open e-neighborhood of B;
(c) in the sense of the Lipschitz bounded metric (L B metric):

o
E, _¢<ﬁgxk>} —E[¢(N)]

(d) in the sense of the Kantorovich metric (k metric):

K,,:sup{ [( zxk)] ]

We will give additional details about the metrics corresponding to these quantities.

LB, :=sup{ $:R! >R, ||¢||OO+L¢51}:

¢RI > R, L¢<1}

0.2. Previous results.

0.2.1. One-dimensional processes (d =1). When d = 1, it is classical to esti-
mate the speed in the CLT in the sense of the uniform error between the distribution
functions (DF metric).

In [1, 3, 15] a rate of convergence in Ln in the sense of the DF metric is estab-
lished for sequences (X ) of independent identically distributed random variables
such that E[|X|3] < 4+00. Moreover, this result is optimal.
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This result has been extended to some martingale processes (cf. [7]) and to some
stationary processes ([37] extended in [22, 23] and in [26, 25]).

When d =1 and when (Xy)x is a sequence of independent identically distrib-
uted random variables, Nagaev [31] establishes a nonuniform estimate for the dif-
ference between the distribution functions:

Xi+- -+ X,
Jn

A direct consequence of this is a speed of convergence in

3
_ LENXP

AL >0Vn=>1 ‘v( <—.
S+ xP)

§x>—]P’(N§x)

1
N
DF metric but also in the sense of the Kantorovich metric (cf. Proposition 0.10).
Results in the sense of the Kantorovich metric have been established by many

authors. Let us mention the article [41] of Sunklodas.

in the sense of the

0.2.2. Multidimensional processes. For sequences of independent identically
distributed random variables (X )x>1 with values in R4 and admitting an invertible
covariance matrix and admitting moments of the third order, a speed in ﬁ is estab-
lished by Bergstrom in the sense of the DF metric (cf. theorem of page 121 in [2]).
This result gives an extension of the Berry—Esseen result to the d-dimensional
case.

In [23] Jan shows that Rio’s result can be extended to the d-dimensional case
(in the sense of the DF metric).

In [44] Yurinskii establishes an inequality linking the Prokhorov metric with

characteristic functions. This result allows to establish a rate of convergence in ﬁ

for sequences of independent identically distributed random variables in the sense
of the Prokhorov metric. We will recall and use this inequality in the case of the
Knudsen gas.

Let us also mention the works of [4, 35, 38, 42] in which the rate of convergence
in the CLT is estimated in other ways for independent random variables sequences.

0.3. Contents of the present paper. In Section 1 we give a result of speed of
convergence in the CLT for some stationary processes (X)x in the sense of the
Kantorovich metric (Theorem 1.1). The proof of this result, given in the Appen-
dix, uses an adaptation of the method developed in [37] and extended in [26, 25].
In these papers, a rate of convergence in the sense of the DF metric has been estab-
lished in the one-dimensional case. Our hypothesis is analogous to the hypothesis
of [26, 25] but weaker than it.

In Sections 2 and 3 we will give applications of our result.

In Section 2 we study the Knudsen gas model studied by Boatto and Golse
in [6]. We use a Markov model of it. We show that the results of [6] are related
to questions of rate of convergence in the CLT. For this model, we will, first, es-
timate the speed of convergence in the CLT in the sense of the Prokhorov metric
(using Yurinskii’s result of [44] and an extension of the method of perturbation of



2334 F. PENE

quasi-compact operators [20, 29, 30]). Second, we apply Theorem 1.1 of Section 1
and establish a rate in the sense of the Kantorovich metric. This result gives an
extension of a result of [6].

In Section 3 we are interested in the question of the rate of convergence in the
multidimensional CLT for (Xj := f o T*); where T is the billiard transformation
of the Sinai billiard [40] and f is a smooth (Holder continuous) function. Using
Theorem 1.1 of Section 1, we establish a rate of convergence in ﬁ in the sense
of the Kantorovich metric. This is, to our knowledge, the first time that a speed of
convergence in ﬁ is established in this context. In [33, 34] a speed of convergence

in nl/% for any @ > 0 has been established in the sense of the DF metric and in
the sense of the Prokhorov metric (with an adaptation of a method developed by
Jan in [23] using characteristic functions). The result we present here does not
exactly improve [33, 34]. It gives a better rate with another metric.

0.4. Some metrics for probability measures on R?. Let us denote by M| (R?)
the set of probability measures on (R, B(R?)), where B(RY) is the Borel
o -algebra of RY.

DEFINITION 0.1 (The DF metric). For all P, Q in M;(R?), we define

d d
P(]‘[]—oo;x,-]) - Q(]_[]—OO;Xi]>‘.
i=1 i=1

DF(P, Q) = sup

(x1,....,xg) R4

DEFINITION 0.2 (The Prokhorov metric; cf. [3, 14]). Forall P, Q in M;(R?),
we define

(P, Q) :=inf{e > 0:V B € B(RY), (P(B) — Q(B®)) <¢).

DEFRINITION 0.3 (The Ky Fan metric for random variables). If X and Y
are two R¢-valued random variables defined on the same probability space
(Eg, 79, Pg), we define

K(X,Y):=inf{e > 0:Po(|X — Y|eo > &) < &}

Let us recall that lim,,_, 4 o0 K (X;,, ¥) = 0 means that (X,,),, converges in prob-
ability to Y.

PROPOSITION 0.4 ([14], Corollary 11.6.4). For all P, Q in Mi(R?), the
quantity TL(P, Q) is the infimum of K (X,Y) where X and Y are two R?-valued
random variables defined on the same probability space and such that the distrib-
ution of X is P and the distribution of Y is Q.
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DEFINITION 0.5 (The bounded Lipschitz metric). For all P, Q in M 1(RY),
we define

BL(P, Q) :=sup{|Ep[¢] — Eglgll, ¢ :R! = R, l|¢]lcc + Ly < 1}.

In particular, for any bounded Lipschitz continuous function ¢ :R? — R, we
have

|Eplp] —Eglgll < BL(P, Q) X ([[¢lloc + Lg)-
PROPOSITION 0.6 ([14], Theorem 11.3.3). Let (P,), be a sequence of
M1 (RY) and let P be in M;(RY). The following properties are equivalent:

(i) the sequence (Py), of probability measures converges weakly to P;
(i) limy— o0 IT(P,, P) =05
(iii) limy— oo BL(Py, P) =0;
(iv) lim,— yoo DF(Py,, P) =0, if P has a continuous distribution.

More precisely, we have (cf. [28], Proposition 1.2 and [14], Problem 11.3.5):
1/3
YBL(P.Q)<TI(P, Q) < 3BL(P. 0))'".
Let us denote by M mm(]Rd) the set of probability measures on (R4, B(R?))

admitting moments of the first order.

DEFINITION 0.7 (The Kantorovich metric, cf. [14, 16]). For all P, Q
in QMLim(Rd ), we define

k(P, Q) :=sup{|Ep[¢] — Egloll. ¢: R’ > R, Ly <1}.
In particular, for any Lipschitz continuous function ¢ : R¢ — R, we have

[Epl¢] —Egloll =k (P, Q) x L.

PROPOSITION 0.8 ([14], Theorem 11.8.2).  Forall P, Q in M (R?), the quan-
tity k (P, Q) is the infimum of E[|X — Y|sol, where X and Y are two R4 -valued
random variables defined on the same probability space and such that the distrib-
ution of X is P and the distribution of Y is Q.

PROPOSITION 0.9. Let (Py,),, be a sequence ofeMl,im(Rd) and P in MLim(Rd).
The following properties are equivalent:

(i) the sequence (Py), of probability measures converges weakly to P and we
have lim;,, 1 oo fRd |x[00 d Pn(x) = f]Rd |x[o0 d P (x);
(i1) limy— 4ok (Py, P) =0.
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PROOF. According to Proposition 0.6 and to the fact that BL(P,, P) <
Kk (Py,, P), itis easy to see that (ii) implies (i).

Let us now suppose that (i) is true and prove that (ii) is then true. Let us write
op = Jpd |X|oo d Py (x) — Jpd |X|ocd P(x)|. Let ¢: R? — R be any Lipschitz con-
tinuous function with Lipschitz constant Ly bounded by 1. For any nonnegative
real number M, we define ¥y, R >R by

¢(x), if [p(x) —(0)| = M,
vux) =100 +M, ifex)=¢0)+ M,
$O)-M, ifp(x)=¢0) —M.
For all M > 0 and all integer n > 0, we have
|Ep,[¥m] —Ep[v¥ml| < (M 4+ 1)BL(Py, P)
and
VxeR? [V (x) — @0 = [¥m(x) — @) Lix|o> M)
=< (Ixfoo = M)1{jx|oo> M)
and therefore
IEp, [¥m — @1l <Ep,[(| - loo — M)L{j > m]
<Ep,[l - loo —min(| - |oo, M)]
<Epll-lool +an —Ep[min(] - |oo, M)+ (M + 1) BL(P,, P)
<Ep[(|l-loo = M)1. o> my] + 0t + (M 4+ 1)BL(Py, P).
Hence, for any M > 0 and any integer n > 0, we have
IEp,[¢p] —Ep[pll < 2Ep[(| - looc — M)1{j o> r}] + @ +2(M + 1)BL(Py, P).

Let a real number ¢ > 0 be given. Let us fix M, such that Ep[| - |ool{}.|o>m. 1] < %
Let N. be such that, for any integer n > N,, we have «, < % and (M, +
1)BL(P,, P) < £ (according to Proposition 0.6, such a N, exists). Therefore, for
any n > N, and any Lipschitz continuous function ¢ : RY — R with Lipschitz con-
stant Ly less than 1, we have

|Ep,[¢] —Ep[o]] <e. 0

PROPOSITION 0.10 (The Kantorovich metric, case d = 1 ([14], problem 11.8.1)).
Forall P, Q in M1 int(R), we have

(P, Q)=fRIP(]—O<>;x])— 0(1—o00; x])| dx.

1. Abstract theorem. We will denote by Lip(R?, R) the set of Lipschitz con-
tinuous functions from R? into R. Let a probability space (€2, ¥, v) be given. For
any v-integrable function f:Q — R, we denote by E,[ f] the expectation of f
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with respect to probability measure v:
Ef1= [ fdv.
Q

For all real-valued functions f, g in L%, v), we recall the definition of the co-
variance of f and g (with respect to measure v):

Covy(f, ) =Eu[fg]l —Ev[fIEL[g].

Forall A= (aj,...,as) and B = (by, ..., by) ian,wedenotebyA(X)B and A®?
the square matrices given by

A® B:=(a;jbj)i j=1,.,a and A®? = A R A.

Let M = (M, )i, j=1,...a be arandom variable on £ with values in the set of the
square matrices such that, for any i, j =1,...,d, M; ; is v-integrable. Then, the
expectation E,[M] of M is the d-dimensional matrix given by

Ey[M]:= (Ey[M; ;i j=1....a-

Let us consider a sequence of stationary R9-valued random variables (Xi)k=0
defined on (2, F, v).

For any integer n > 1, we write S, := Y} _; X and Sp =0.

Using an adaptation of Rio’s method developed in [37], we will establish the
following result:

THEOREM 1.1. Let (Xy)k>0 be a sequence of stationary R?-valued bounded
random variables defined on (2, F,v) with expectation 0. Let us suppose
that there exist two real numbers C > 1, M > max(l, || Xollco) and an in-
teger r > 0 and a sequence of real numbers (p;)p, bounded by 1 with
szl pMax;—q,... [p/r+1)] Pp,l < +00 such that for any integers a,b,c > 0 sat-
isfying 1 <a + b+ c <3, for any integers i, j, k,p,q,l with 1 <i < j <
k<k+p<k+p+qg<k+p+1 for any iy, iz, iz € {1,...,d}, for any
F:RY x ([—M; M]d)3 — R bounded, differentiable, with bounded differential,
we have
" (Cov(P (St Xi. X X0, (X1, (X(3),.,)” (X5, 1))

< C(IFllree + [IDF|ooll L) @p,1,

where DF is the Jacobian matrix of F and X ,Sf ) is the sth coordinate of Xi. Then,
the following limit exists:

1
2. i & ®2
) ._ngl}rloon(E[Sn D.

If »2 =0, then the sequence (Sy), is bounded in L2
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Otherwise the sequence of random variables (%)nz | converges in distribution

to a Gaussian random variable N with expectation 0 and with covariance ma-
trix 2 and there exists a real number B > 0 such that, for any integer n > 1 and
any Lipschitz continuous function ¢ :R¢ — R, we have

(5] moon] <%

The proof of this theorem is given in the Appendix.

2. Application to the Knudsen gas. Following Boatto and Golse [6], we are
interested in a generalized model of the Knudsen gas with an isotropic component.
In the present section we use a probabilistic approach. We show how this problem
can be modeled by a Markov chain. Using the method of perturbation of operators
due to Nagaev (see [19, 20, 29, 30]), we get a rate in ﬁ in the multidimensional
CLT in the sense of the Prokhorov metric. Moreover, we establish the same rate
for the Kantorovich metric. This second result is an application of Theorem 1.1

and gives an extension of a theorem of [6].
2.1. The model. In this section we will make the following assumption.

HYPOTHESIS 2.1. (2, F,v, T) is an invertible probability dynamical system,
a:Q — R is a v-centered square integrable function and « is a fixed real number
satisfying 0 < o < 1.

The invertibility hypothesis is not restrictive since any dynamical system ad-
mits an invertible extension (its natural extension). Moreover, let us recall that
any stationary sequence of centered and square integrable random variables ad-
mits a representation of the form (Yy =a o T*) with (Q, F,v,T) and a as
in Hypothesis 2.1. We denote by L?(Q2,RY) the set of measurable functions
f:9Q — RY such that [q|f ()5 dv(w) < +oo. For any f € LP(Q,R?), we
define || fllzr := (Jq | £ ()5 dv(w))'/P. We denote by L®(2, RY) the set of
measurable functions f:Q — R? which are v-almost surely bounded by some
constant and, for such a function, we denote by || f | the following real number:

I flloo :=inf{M > 0: v({w € Q: | f ()]0 > M}) =0).

We consider a system of particles moving independently in R?*! between two
d-dimensional horizontal plates R? x {0} and R? x {¢} separated by some small
distance ¢ > 0. We suppose that these particles move with speed %(a (w), £1) para-
metrized by w. In our model, the speed and the parameter w only change when the
particle hits one of the plates; a particle incoming to the upper plate with the speed
%(a (w), 1) will outgo:



RATE OF CONVERGENCE FOR STATIONARY PROCESSES 2339

FIG. 1.

(a) either (with probability 1 — a) with the speed %(a(T(w)), —1);
(b) or (with probability ) with the speed %(a (o), —1), where ' is given by a
random variable (independent of w) with distribution v.

We make analogous assumptions for reflections off the lower plate (replacing %
by —% and —% by %). We are interested in the behavior of such a model when
& goes to zero. See Figure 1.

Let us study the evolution of a single particle moving in this system. Let us write
6 =1 if, at time 0, the particle is pointing upward and § = —1 if, at time 0, the
particle is pointing downward. Then, the speed of the particle between the nth and
the (n + 1)st collision off one of the plates is %(a (X,),8(—1)"), where (X;), is a
Markov chain such that the conditional law of X,,; | with respect to (X, ..., Xy)
is (1 —a)d7(x,) + av. Let us notice that the measure v is an invariant probability
measure for this Markov chain. More precisely, we define (X,),cz as follows.

_ NOTATION 2.1. We consider the probability space (Q, F, ) with Q = QZ,
F the product o-algebra and v the unique probability measure defined on €2 such
that we have

Eslf(X,)] = fQ Fdv
and

EsLf (XosD)| X Xoot....1= (1 —a)f(T(Xn))+oz/Qfdv,

witll X, ~S~2 — Q given by X, ((wm)mez) := w,. We define the transformation T
on Q by T ((wn)nez) = (Wn+1)nez-

Since v is T -invariant, the existence of ¥ is a consequence of a result of lonescu
Tulcea (cf. [21], [32], page 154). With this notation, if the particle is at time O
at the position (x, €z) (with x € R? and z € [0; 1]) with the speed %(a(Xo), -1
parametrized by X, then its horizontal position at time s > 0 will be given by

L(s/e})—z]

_ s
& (s,x,z,):=x+e-z-a(Xo)+e¢ Z a(Xk)+5‘{S_Q_Z}Q(XL(s/sz)—zHl)v
k=1
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where {u} is the fractional part of u. For symmetry reasons, if the particle was
at time O at the position (x,ez) (with x € R? and z € [0; 1]) with the speed
%(a (X0), 1) parametrized by Xo, then its horizontal position at time s > 0 is given

by E:'(s,x, <5 ) = Sg_(s’ X, 1 - 2, )
2.2. Results. In [6] Boatto and Golse have studied the following quantities:
Fiy(s,x,2,0) = Bs[¢(E5 (5, x. 2, 1)) | Xo = 0]

(their fa . corresponds to our F, thp with —a instead of a). More precisely, they
establish the following result in the situation when the dynamical system is given

by the algebraic automorphism T of the two-dimensional torus T? = ﬁ given by

the matrix (f }) We recall that Ty preserves the Haar measure v on T2,

THEOREM 2.2.1 ([6]). Let us suppose that (2, ¥ ,v,T) = (T2, B(T?), v,
Ty). Let ¢ be a smooth bounded function with bounded derivatives up to order 4.
Let a be a v-centered function belonging to HP (T2, R?) with B > 1 such that the
matrix D(a) ==Y jc7(1 — )*E[a ® a o T*] is invertible. Then, for any real
number ty > 0, we have

sup sup sup sup |F, ¢(s x,z,w) —E[¢(x + By)]| = O(e),
s€[0;10] xeR4 weQ z€[0;1]

where (By)scRr s a d-dimensional Brownian motion with zero mean and with co-
variance matrix D(a).

We will show how this result is related to the central limit theorem for (a(Xg))
and give some extensions of it. Indeed, for any real number 8 > 1, the Sobolev
space HA (T2, R?) is contained in L (T2, R) and we have

REMARK 2.2.2. Under Hypothesis 2.1, if a is in L°(2, RY) and ¢ : R? — R
is a Lipschitz continuous function, then we have

Ls/¢’]
F4(s,x,2,0) —Eg[(p(x +e Z a(Xk)>]

k=0

sup
s>0,xeR9, z€[0;1]

< 8L¢||a||oo(4 +2> 11— a)H).

>1

L2 ()

PROOF. We have

Fy(5.x,2,0) — F;(b(q;—ZJ + 1)82,x, 1, a))' <4eLglallze.
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For any k > 1, we have

k
F,((k+De* x, 1 o)=Y a/(1—a)~/ > o....1; (@),
j=0 lo=0311>1,...,1;>1: lo+--+1 =k
with
k
o (w) = ¢<x +¢ Z a(Tm(a))))
m=0
and

lo
.1, (@) = /Q : --/Qas(x + {( 3 a(T'"(w)))
m=0

J l;
+ Z( > a(T™ (w»))D dv(w) ---dv(w)),

i=1\m;=1
from which we deduce that we have

|Fo ((k+ D& x, 1, w) = F,((k+ D, x, 1, )]

<2¢eLgllallo Y Ao+ 1D(1—a)".

lp>0

Moreover, we have

Eﬁ[ngﬁ(Q:—zJ + 1)»32, 0l ﬂ —E; [¢(x te i/éj a(Xk)>]. -

PROPOSITION 2.2.3.  Let us suppose that Hypothesis 2.1 is satisfied. For any
integer k > 0, we have E;la(Xp) ® a(Xx)] = (1 — @)¥Ey[a ® a o T¥]. Moreover,
the following limit exists:

ln—l ®2
D():= lim E;|[—=3"x
o=t |55 |

and satisfies

D@ =Y 1-a)!Ejla®aoT"].
keZ

PROOF. This is a consequence of the fact that we have E;[a(Xz)|Xo] = (1 —
a)*a(T¥(Xp)). O

Here, we prove the two following results:
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THEOREM 2.2.4 (Rate of convergence in the CLT in the sense of Prokhorov).
Under Hypothesis 2.1, if a: Q — R? belongs to L3>(2, RY) and to LY/21 41 then
(ﬁ ZZ;& a(Xy)), converges in distribution to a centered Gaussian random vari-

able with covariance matrix D(a) = ) jc7(1 — ¥ E [a ® a o T¥]. Moreover
there exists a real number A > 0 such that, for any integer n > 1, we have

1 A
H(m(— Za(xk)), N (0, D(a))) <—,
Nt Jn
where ﬁ*(ﬁ ZZ;(I) a(Xy)) denotes the distribution of ﬁ ZZ;& a(Xy) with respect
tov.
THEOREM 2.2.5 (Rate of convergence in the CLT in the sense of the Kan-
torovich metric). Under Hypothesis 2.1, if a: 2 — R? is a v-centered function

belonging to L°°(Q2, R?), then there exists a constant B > 0 such that, for any
Lipschitz continuous function ¢ : RY — R, we have

< B L

= 7=Le

1 n—l
Es|o| —= a(Xk)>:| — E[¢(N)]
[ (ﬁ g) Vi
where N is a d-dimensional centered Gaussian random variable, centered with
covariance matrix D(a) =) ;7 (1 — a)ME,[a ®aoTk].

)

COROLLARY 2.2.6. Under Hypothesis 2.1, if a : Q — R? is a v-centered
function belonging to L®(2,RY), then, for any Lipschitz continuous function
¢:Rd — R, we have

sup
s>0,xeR4

<eLy(B+llall i)+ IBill1),

E; [¢<x+g“§a<xk>)} ~ B[p(x + V5B)]

k=0

where By is a d-dimensional Gaussian random variable, centered with covariance
matrix D(a).

PROOF. Let a real number s > 0 be given. If s < &2, then we have

Ls/e?]
Ea[¢<x+8 > a(X@)} — ¢ (x)

k=0

=< L¢8||a||L1(V)

and

[E[¢(x +VsB1)] = p(x)| < Ly /sl Bill 1
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On the other hand, if s > &2, according to Theorem 2.2.5 [applied to n = L;—ZJ +1

and to the Lipschitz continuous function z — ¢ (x + z¢ L;—zj + 1)], we have

Ls/&?] S
Ej [d)(x +e kg(:) a(Xk)>] - E[qﬁ(x +e, L—ZJ + 131)]
Moreover, we have

|E[¢<x +s‘/{;—2J + lB1>] —E[¢(x +ﬁ31)]‘ <Ly(Vs+&> = Js)IBil i

e2

2\/s
P

§L¢§”BIHL1' O

< BLye.

<Ly | B1ll 1

2.3. Martingale method. We recall that the Markov operator Q¢ associ-
ated to (Xp)nez is defined by Qq0(f)(w) := E[f(X,+1)|X,n = w], for any
f e L1(2, R). It is given by the following formula:

3) Qo0(f)@) =1 —a)f oT(w) +aE,[f].
Using a method introduced by Gordin [17], we get

PROPOSITION 2.3.1. Let us suppose that Hypothesis 2.1 is satisfied. Let
p € [1,4+00] and a function f € LP(2, C) v-centered. Then, there exists a de-
composition of f of the following form:

f(Xo) =gr(Xo, X_1) +hs(Xo) —hp(X_1), v-a.s.,

with E5[g r(Xo, X—1)|X_1]1=0and h € LP(2,C).
Moreover, if p > 2, then we have E;[(g r(Xo, X_))*1=D(f).

PROOF. Let p and f be as in the hypothesis of the proposition. Let us notice
that Q4 0 acts continuously on L”(£2, C) and that we have (Qq.0)"(f) = (1 —
a)" foT", for any integer n > 0. Using the fact that Xy o T = X1 (forany k € Z),
we can check directly that the functions g (X0, X—1) = >_,50(Qa,0)" (f)(X0) —

> m>1(Qa,0)" (f)(X—p) and hy = =3, 1(Qa,0)"(f) are suitable. Let us prove
the second point. By definition, we have

1 n—1 2
D = lim E;|[— X .
(f):= lim Kﬁ};ﬂ w”
Moreover, we have

n—1 n—1
Y X = (ng(Xk, Xk—l)) +hr(Xp—1) —hp(X_1).

k=0 k=0
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We conclude by noticing that we have E;[g s (X, Xx—1)gr(X;, X;—1)] = 0 if
k#1. U

The sequence of random variables (3_}_ & 7 (Xx, Xx—1)), is a martingale and
hp(Xo)—hp(X_1)=hroXo—hsoXgoT ! isacoboundary in (2, 7, T).

This result (Proposition 2.3.1) ensures that, if a is in L2(2,RY), then the se-
quence of random variables (a(Xg))x satisfies a central limit theorem. Here, we
are interested in a more quantitative question: the rate of convergence in the CLT.
To this end, we will use more sophisticated methods (perturbation of operators,
Theorem 1.1).

COROLLARY 2.3.2. Let f be a v-centered function belonging to L*(2, R)
such that D(f) = 0. Then we have f =0, v-almost surely.

PROOF. Letsuch a function f be given. According to the two previous results,
there exists a function 4 € L%(2, R) such that
f(X1) =h(X1) — h(Xo), v-a.s.

Let us show that & is almost surely constant. Let us suppose that there exists
two disjoint measurable subsets A and B of €2 such that v(h € A) > 0 and
v(h € B) > 0. Then, there exist @1, @, € Q such that we have

Xi1(@1) = X1(@2) =, h(w) € A, h(Xo(w1)) € A, h(Xo(@2)) € B
and
F(X1(@) =h(X1 (@) — h(Xo(@i)),
and therefore h(Xo(@1)) = h(w) — f(w) =h(Xo(@p)). O
2.4. Proof of Theorem 2.2.4. The idea of the method we present here is due to

Nagaev [29, 30]. It has been used by many authors (cf., e.g., [19] and [20]). From
formula (3), we get, for any integer n > 0,

Ono(N@=1-a)' foT (@) + (1 = (1 —a)")E[f].
We recall that we have the following relation:
Op0(N(@) =Es[ f(Xn)| X0 = o).

We will see that the good properties of the Markov operator Q, ¢ enable us to use
the method used in particular in [20].

NOTATION 2.2. We denote by (-,-) the usual scalar product in RY. If
(8B, | - llg) is a complex Banach space, we will use the following notation:
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1. We denote by B’ its topological dual (i.e., the set of continuous linear maps
from B in C). We endow this set of the norm | - || g given by ||A| g =

supy ¢y g=1 1A
2. Forany A € 8" and any f in 8B, we will use the notation

(A, [l = A0

3. Forany A € 8’, any g € 8B, we denote by g ®, A the continuous linear endo-
morphism of B defined by

(8 ®« A)(f) = (A, f)«8.
4. We denote by £ g the set of continuous linear endomorphisms of 8. We endow

this set with the norm || - || ¢4 given by || P| z5 := SUP| £ g=1 P(f)ls-

Let us consider the Banach space 8B := L*°(2, C) endowed with the norm
I-lg=1l"-|lLe. For any t € R?, we denote by Qg the linear operator on
L1(2, C) (for any g € [1; 400]) defined by

Ot (f) i= Quo(e" " £()).

With this definition, we have

(Qut (/) (Xn) = Eg[e " 4XmtD) £(X, 4 1) X, ]

The introduction of these operators is motivated by:

REMARK 2.4.1. Under Hypothesis 2.1, for any r € R? and any integer n > 1,
we have

Ej[el =00 X 1] = (Qg,)" (D(X_1).

PROPOSITION 2.4.2. Let us suppose that Hypothesis 2.1 is satisfied. Let
m > 1 be an integer. If a: 2 — R? is in L™ (2, RY), then the function Qq..: R —
Lg is C™ on R? and, for any integer k = 1,...,m and any (ji,..., ji) €
{1,...,d}k, we have

d* %
mQa,t(f) =1 Qot,t(ajl(’) e ‘ajk(‘)f('))

(where aj is the jth coordinate of a).

We recall that we have Qq o(f) =aE,[f]4+ (1 —«) f o T. This can be rewritten
as follows:

Q0 0o()=A@:v)f+ (1 —a)(foT —E)(fD.
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THEOREM 2.4.3 (Perturbation theorem, see [20]). Let us suppose that Hy-
pothesis 2.1 is satisfied. Let m > 1 be an integer. We suppose that a2 — R4
is a v-centered function belonging to L™ (2, RY). Then, there exist a neighbor-
hood Ug of 0 in R¢ and three nonnegative numbers ci, 11, n2 and four functions
ra.. € C"(Up, C), vy.. € C™(Uy, B), ¢u.. € C™(Up, B') and Ny.. € C™(Uy, L3)
such that:

1. (Initial values) Ay0 =1, vg0 =1, @0 =v and Ny o(f) =1 —a)(fo T —
Eu[fD.

2. (Initial derivatives) Foranyi =1, ...,d, lt=0 = 0; if m > 2, then we have

Hess; hy.t|i=0 = —D(a), with D(a) := Zkez(l —a)ME,[a ®aoTH.
3. For any t in Uy, we have:

3)~a '

(a) (Decomposition of the operator) For any integer n > 1, (Qq. )" =
()\-oc,t)nvot,t Qx Qa,t + (Na,t)n-

(b) (Dominating eigenvalue) Qg Ve = Aa,iVa.i» (Qu,1)*Pat = AatPai
and {(Pu.t, Va1« = 1.

©) |Agel >1—n1.

(d) For any integer n > 1, we have

k

_ < 1—n1 —n)".
dn --dn, <c(I—=n1—mn2)

max
k=0,....m it,.rix€{l,....d}

PROOF. This result is a d-dimensional version of Theorem III-8 of [20],
page 18. Its proof leads to the implicit function theorem and is exactly the same as
the proof of Theorem III-8 of [20]. [

2.4.1. Regular case. In our proof, the following theorem plays the same role
as the Berry—Esseen lemma in the proof of the rate of convergence in the one-
dimensional central limit theorem (see Theorem B of [20], page 12).

PROPOSITION 2.4.4 ([44]). Let Q be some nondegenerate d-dimensional
normal distribution. There exist two real numbers cy > 0 and I' > 0 such that,
for any real number T > 0 and for any Borel probability measure P admitting
moments of order L%J + 1, we have

(P, Q)

[1+F
g e))

T
Ld/2J+1
( |tloo<T Z

ak 2\ 12
m(w—fﬂg)(t)‘ dt) }
}k 1] ik
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We will prove the following and conclude according to Proposition 2.4.4.
PROPOSITION 2.4.5. Under the hypotheses of Theorem 2.2.4, if D(a) is in-

vertible, then there exists a real number 8 > 0 such that, for any integer k =
o,..., L%J +landanyiy,...,ir€{l,...,d}, we have

</|;|oo<,3«/ﬁ

(%)

PROOF. The following formula will be useful in the following.

ak

2 1/2
(Eg[ef -0V Tiz atx)] _e—<1/2><r,D<a)t>)‘ d;) /
al‘l’l e alik ’

LEMMA 2.4.6. Let k be a positive integer. Let b be a complex-valued function
C*-continuous defined on some open subset U of R%. Let n > 1 be an integer.
Let us consider the function u : U — C given by u(t) := (b(\/Lﬁ))”. Then, for any
i1,..., ik €{l,...,d}, we have

k
8[,'1 s BZik u(t)
t n—m
= > nn—1---(n—m+1) b(—
(AL, A} Qs ( ﬁ))

" a*4ip t 1
Xn(a- o ><_> k2
i=1 tllii) e tl]#(j[il ﬁ n

where Qy is th¢ set ofpartitions A={A1,...,An} of {1,...,k} in nonempty
subsets Ay ={I\", ... I} }.

Let ¢; > 0 and B8 > 0 be two real numbers such that the closed ball BHoo O, B)
is contained in Uy and such that for any ¢ € By., (0, B), we have Ay, | < ™21
and e~ (1/2DD@1) < p=2(1) [This is possible because D(a) is invertible and
because we have Hess; Ay ¢|r=0 = —D(a).] In the following, n will be any integer
and 1 € R¢ any vector satisfying n > 2 and |f|~ < B+/n. For such a couple (n, ),
we have = € Uy. Therefore, we have

N
E; [ei(t,(l/ﬁ) Y a(Xn))

=, (Qg /)" D
= Crary i) (Vs Wa it/ /i @ Pty i) D+ (0, (N ) i) Do
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1. We start by giving an estimation when k = 0. We have
Eﬁ[ei(t,(l/\/ﬁ)ZEo] a(Xz))] — ¢~ /D, D))

= o/ ym)" Vs oty it ® Py i) D

+ (v, (N, t/f) 1), — e~ /D)1, D(a))

— [y — e 20.00]

+()‘a z/[)n(<vv (Ua [/f@* P, t/f)1>*_ ) (v, (N, t/f) 1),
—0(—t3 —ey(1— 1/n)tt>+0<_t cztt)>
\/—l | «/_| loo

LS

+a(l=—nm—m)'—= NG
1 —(c oo _(c 7100
—of Lip <c2/2)<r,t>> 0(_ (c2/2)<t,t>> L= i —
(ﬁl e + N +er(l—n1—m)" NGE

Therefore, we have

1/2
(/ |E~[ei<z,(1/ﬁz>z};&a<x1>>]_e—<1/2><z,D<a>r>|2dt>/ :0< ! >
N N Vn

2. Let k be an integer satisfying 1 <k < L%J + 1and (iy,...,i) €{1,..., d}k.
According to Theorem 2.4.3, we have

k
T gy [0/ TS at)
at,-l cue at,’k Y

ak ;
= (m((xa,,/ﬁ) ))(V, (Ua,,/ﬁ & (Pa,;/\/z)l)*

e (c2/2)(t,t 1 ak
+ 0((1 +1¢1F ) ) + <v (Ny )" 1>
e e} ﬁ nk/z ’ 8tl| atlk ’ t/\/ﬁ %

o 0
= (g (Coaara) 0 Qo1 &4 sy D

e~ @/DUNN /(1= 5y — )"
i nk/?

ak
- (m (()‘a,t/ﬁ) ))

o1 4 ey 220N e —m —n)
NG S

+ 0(<1 +iek)
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. k
since (V. (U 1/ i ®s Corpyi)l)s — 1= O(02) and 5lom (g i ym)") =
O((1 + |tk )e= €2/ We will estimate the following quantity:

0" 0" (1/2)t. D(ayr)
)\‘ ny __ e— t, a)t .
81‘,’1 ---3l‘ik (( a’t/ﬁ) ) al‘il "-82‘,',(

In the following b:BHOO(O, B) — C will be a function Cld/21+1 op BHoo O, B)
such that 92(0) = 0 and Hess 5(0) = —D(a) and |b(1)| < e~} [we will take
b(t) == kg, and b(t) := e~ /D P@N] According to Lemma 2.4.6, we have

()= 5 eia

with

t n—m
G (A, D)D) =m0 — 1)< (0 —m + 1)(19(%))

e L)
i1 N0t gy e 0Ly )\ .
hy lya,

Forany A4 ={Ay, ..., A} € Ok, we denote by mo(4) the number of A; € 4 such
that #4; = 1. Let us notice that we always have 2m < mgy(+) + k. Indeed, we have

k=) #A; = mo(A) +2(m — mo(A)) =2m — mo(A).

i=1

Therefore, for any A = {A1, ..., Ay} € Ok, we have

(A)
|8 (A, BY(D)] < nme‘“'z(”"")/")“”)0((%)% )n_k/2
n

— 0(n(1/2)(2m—(m0(=>‘¥)+k))|t|oomo(=>”°)e—(02/2)(l,l>)
— O(|t|g100("4’)e_(cz/2)<t’t>).

(a) If A={Ay,...,An} € QO is such that 2m < mg(+A) + k, then, for any
t € B}, (0, B/n), we have

¢ [0 A)

20 (A D] = O e @200 ),

(b) Now, let us consider a partition A = {Ay,..., A} € QO such that
2m = mo(+A) + k. Then, A is made of subsets of {1,...,d} containing at most



2350 F. PENE

two elements. For such a partition s, for any ¢ € By.| (0, B4/n), we have

| @nm (A, Ay, () = g (A, e~ /DEP@NY )|

_ O(L(l n |t|gn§<A>+3)e—<cz/2><z,z>)_

Jn
o)

3
_ o~ (=m)/ 2@ _ g ( kS e—(Cz/Z)(lJ))
N

Indeed, we have

9 t
9 G oD@ (_)
ar; o N7

()La’l/ﬁ)n_m

and

92 (r —(1/2)(- D(a).))< t > 0<|t|oo)
.—e : — |)|=0|—F%).
0t; 01 * N N 0

2.4.2. Degenerate case. In this section we suppose that the matrix D(a) is
degenerate (i.e., noninvertible). There exists a matrix A € GL(RY) such that we
have

T _ . ( 1 07,a-1
A-De@)-"A=Jp:= (Od—l,l Od—l,d—l)’

where [ is the rank of D(a), I; is the [-dimensional identity matrix and Oy, , is the
(m, n)-dimensional null matrix. By replacing function a(-) by A -a(-), we can (and
we will) assume that we have D(a) = J;. According to the previous subsection, we
have

~ 1 n—1 1 n—1
@) n(v*(<ﬁ kgoal(xk),..., ﬁgoaz(xk))), N (0, m) = 0(e),

where a; is the ith coordinate of a. Forany i =/ +1,...,d, we have D(a;) =0
and therefore, according to Corollary 2.3.2, we have a; = 0 almost surely.

2.5. Proof of Theorem 2.2.5. The sequence of random variables (a(Xg))x sat-
isfies the hypotheses of Theorem 1.1. Indeed, for any integers «, B, y > 0O satisfy-
ingl <a+p+y<3,anyintegers | <k <k+p<k+p+qg<k+p-+I, and
any integers i1, iz, i3, we have

Es[ (a1, X)) (@i, Xis pra))” (@i Kkt p1))” 1X0, X1, -, Xk ]
= 0!, () (Xp)

and

Es[ (i, X)) (@i Xis pra))” (@i Kkt pr)) ] = Bl ],
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. I—
With ¥ = Vg t.apoyirinis = af x Q% o(al x (@l Jal)). We get

ICov(G(Xo, .., Xi), (@, (Xt ) (i Kb pra)) (@i Xt p))7 )|
<1108 o = Ey[¥ D= lIG(Xo, ... Xp) I 1
<A -’y —E¥lll=lGXo. ... Xl 1
<2(1 —a)?|[YllL=lIG(Xo, ..., X 11
<201 — )P all &P G (Xo, ... Xl 1
<201 —a&)?(1 + |al3)IG(Xo, ... XDl 1.

3. Application to the Sinai billiard. The billiard system considered here has
been studied in many articles since the fundamental article of Sinai [40]. Let us
mention [8-11, 24]. The question of the CLT in this context has been studied in
many articles [9, 10, 12, 43].

Here, we are interested in the question of speed of convergence in the CLT.

A first result has been established in [33] for one-dimensional observables
(the speed is estimated in the sense of the uniform norm of the difference between
repartition functions). This result has been extended in [34] (for d-dimensional
observables, the speed being estimated in the sense of the Prokhorov metric).

The speed obtained in these two papers is in n~1/2%¢ for all & > 0. Here, we
establish a rate of convergence in the CLT in n~!/? in the sense of the Kantorovich
metric. This result is an application of Theorem 1.1.

3.1. The model. We are interested in the behavior of a point particle moving
with unit speed in some domain Q of the torus T2, the complement of which is a
finite union of open sets @1, ..., Oy called obstacles. Each obstacle (; is a strictly
convex open set, the boundary of which is C3 and the curvature of the boundary is
never null. See Figure 2.

We suppose that the closures of the obstacles are pairwise disjoint. We suppose
that the point particle moves in Q with unit speed and elastic reflection off the
obstacles. See Figure 3.

T PN
@ - 2@

o R

FIG. 2.
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n(q)

FIG. 3.

3.2. The billiard flow. Let us notice that, when the particle hits an obstacle,
the couple position-speed is ambiguously defined: incoming and outgoing vectors
coexist. To avoid this problem, we decide to take the following convention: when
a particle hits an obstacle, its position-speed couple corresponds to the outgoing
vector. Let us be more precise. For all ¢ in d Q, we denote by 71(q) the unit vector
normal to d Q in g directed to the interior of Q.

The set of configurations is the set O given by

01:={(q.V):q € Q, Ve T,Q, ||Vl =1and (g € 30 = (ii(q), V) = 0)}.

We call billiard flow the flow (Y;),; defined on Q; such that, for all r > 0, all
(g,v) € Q1 and all (¢’, V") € Qj, the fact that Y,(g, V) = (¢’, v') means that “if a
particle is at ¢ with the speed v at time 0, then it will be at ¢” with speed v’ at
time ¢.”

This flow preserves the normalized Lebesgue u on Q1.

According to the description of our model, it is natural to study the model cor-
responding to the times when the particle hits an obstacle [cf. the system (M, v, T')
below].

3.3. The billiard transformation. Let us consider the billiard system (M, v, T)
defined as follows:

(a) M is the set of configurations of Q1 corresponding to the times when the
particle meets an obstacle, that is,

M:={(q,V¥):q €30, veT,0, |v]|l =1, (n(g), v) > 0}.
(b) Forany i =1,..., I, we write /; the length of the boundary d0; of the ob-
stacle ;. We parametrize M by G: M — U,-Izl({i} X I% X [—m/2; w/2]) defined

by G(gq,v) = (i, r, @) if g € O;, if r is the curvilinear abscissa of g on (;, and ¢ is
the angular measure taken in [—7/2; 7r/2] of the angle between 7(g) and v.
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FIG. 4.

(c) v is the Borel probability measure on M of the following form:

1 1
V(A) = — / cos(p)drde,
C,; {(rn9): G~ (i,r.p)eA)

where C is some constant.

(d) T is the transformation of M that, at the configuration (g,v) € M of a
particle at the time just after a reflection, associates the configuration (¢, V') € M
at the time just after the following reflection off 0 Q (cf. Figure 4).

(e) We also define the function 7 : M — [0; +oo[ where 7 (g, V) is the time to
wait for a particle at g with speed v until the next reflection off 8 Q (cf. Figure 4):

7(q, V) :=min{t > 0:q +1tv € 0Q}.

Let us specify the link between billiard transformation and billiard flow. The
flow (Y;); can be viewed as the special flow over the dynamical system (M, v, T)
associated to the roof-function . This is very natural: we identify ((g, v), s) with
(g + s, v) (cf. Figure 5).

In the following, we suppose that the billiard system has finite horizon, that is,
that function t is uniformly bounded.

In Figure 2 only the second domain corresponds to a billiard system with finite
horizon.

3.4. About the regularity of T. Let Ry be the set of configurations correspond-
ing to a vector tangent to an obstacle:

Ro:={(gq,v) € M :(n(q),v) =0}.
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The study of the billiard is complicated by the discontinuity of 7 at points
of T~1(Ry) (cf. Figure 6).

However, we know that, for any integer k > 1, the transformation T* defines a
C!-diffeomorphism from M \ UI;:() T~/ (Ry) onto M \ U];-:O TJ(Rg). Moreover,
the sets U];.:O T~/ (Rp) and U];:() T/ (Ry) are finite union of C!-curves.

FIG. 6.
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3.5. Hyperbolic properties of the billiard transformation. For any C'-curve y

of M, we define
l(y)::/ Vdr? +de?,
12

using the parametrization of M by the function G previously defined.

PROPOSITION 3.5.1. There exist two real numbers Co > 0 and ag €]0; 1]
such that, for all x, there exist C Lcurves y3(x) (stable curve) and y* (x) (unstable
curve) of M containing x (with positive length for v-almost every x) such that, for
any integern > 0, all y,z € y*(x) and all y', 7’ € y"(x), we have

d(T"(y), T"(2)) < Coogyy/d(y, 2)

d(T™"(y), T7"(2)) < Coag/d(y', 2.

3.6. The functional sets #, . Because of the discontinuities of 7', if ¢:
M — R is a Holder continuous function, then ¢ o 7™ is generally not a Holder
continuous function. This observation leads us to the introduction of the sets #¢;,
defined below. These spaces will be such that, if f is n-Holder continuous, then
foT™isin Hy .

Let a real number n €]0; 1] be given. For any m, we consider the set #; ,, of
bounded functions ¢ : M — C such that the following quantity is finite:

o () — )|
p = sup sup p p” ,
CeCp x,yeC,x#y (max(d(x, y)7 ’d(T (X), T (y))))n

where C,, is the set of the connected components of M \ U’]’.’:O T/ (Ro) and d is
the metric defined on each connected component of M by d((q,v), (¢’,?)) =
JIr=rl+ 1 — @12 if G(q, D) = (i, r, @) and G(q', ) = (i, ', ¢).

The set #;, ,, can be understood as the set of functions that are Holder continu-
ous in the m future configurations. These classes of functions have been introduced
in [33].

Let us notice that the function 7 is in F#] 1.

In the following section, we give a decorrelation result for these classes of func-
tions. Before recalling this result, let us make some comments about the classes of
functions F, ;.

and

PROPOSITION 3.6.1. Let a real number n €10; 1] and an integer mo > 1 be
given. For any functions ¢ and  belonging to ¥, ,,, we have:

1. The functions ¢ and  are uniformly bounded [because the set M \
U';@O T~/ (Rg) has only a finite number of connected components).
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2. The function ¢ +  is in Hy 1, and we have

(n,mo) (n,mo) @, mo)
C¢+¢ < C + C

3. The product ¢ - is in Hy ;n, and we have
Coy"” = Cg"" W oo + €™ Il

4. For any integer m >0, ¢ o T™ is in Hy jny+m and we have

Cg] 7’110+m) < C(n M())
o m

5. For any integer m > 0, the function ¢ is in Hy ;uo+m and we have

(n.mo+m) (n.mo)

PROOF OF POINT 4. Let x and y be two points of M belonging to the same
connected component of M \ Um+m° T~/ (Rp). Then T (x) and T™(y) belong to

the same connected component of M\ U'}EO T~/ (Ry) and we have

B (T (1)) — ¢ (T™ ()|
< €M max(d(T" (), T" (), ... d(T"™ "), T" "0 (1))"). O

3.7. A decorrelation property. The following result has been established
in [33] (cf. Proposition 1.2 and Corollary B.2 of [33]) with the use of the method
developed by Young in [43].

PROPOSITION 3.7.1. Let a real number n € ]0; 1] be given. For any real num-
ber R > 1, there exist two real numbers C, g > 0 and 8, g €10; 1[ such that, for
any integers my > 0 and mp > 0, for all ¢ € H,) n, and € Hy 1, for any integer
n >0, we have

|Cov(, ¥ o T™)|

&)
—-R
< Cpr(Illool¥lloo + C" " ¥ lloo + 1pllcCy )80
We will not use directly this proposition; we will use a slight modification of it:
reading the proof of Theorem B.1 of [33], we can notice that, in formula (5), co-
efficient Clﬁ/"’m” can be replaced by the regularity coefficient of i on the stable
curves:

C(n o)) W (y) — ¥ (2)]

= sup sup
XEM y,zeyS (x) d(y,z)"

[by replacmg, in the proof of Theorem B.1, the definition of Vi (x) by the infimum
of ¥ o Td on the stable curve containing x].
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3.8. Theorem.

THEOREM 3.8.1. Let a real number n € ]0; 1] and an integer mqo > 1 be given.
Let f: M — R? be a bounded function, the coordinates of which are in Hy,mq- For
any k, we write Yy := f o T* and Sy := Y| + - - - + Y. Then, the following limit
exists:

1
»2:= lim —(E[S®?)).
n—-—+oon

IfE2 =0, then (Sy), is bounded in L?.
Otherwise, the sequence of random variables (%)nz | converges in distribution

to a Gaussian random variable N with null expectation and covariance matrix ©*
and there exists a real number B > 0 such that, for all n > 1 and all Lipschitz
continuous function ¢ :R? — R, we have

‘E[d)(%)} ~Elp))| < %

PROOF. For all n, Y1 + --- + Y, has the same distribution as X; + --- + X,
with Xi := f o T k. Therefore, it suffices to show that the sequence (X), satis-
fies the hypotheses of Theorem 1.1. Let us take M := max(l, || f|lco). Let a, b, ¢
be integers satisfying a,b,c>1and 1 <a+b+c<3.Leti,j,k, p,q,l bein-
tegers satisfying 1 <i < j<k<k+p<k+p+q<k+p-+I1 Letiy, i, izbe
integers belonging to {1, ...,d}. Let F:RY x ([—M, M]d)3 — IR be a bounded,
differentiable function, with bounded differential. We have

(COVF(Sim1, X, X5, X0, (XE1,) (X2, 1) (XL, 00 )|
=|Cov(F(foT "4+ foT U™V, foT™ foT I, foT™¥),
fio T—(k+p)fil; o T_(k+p+‘1)fl§ o T—(k+p+l))‘
= | Cov(go, Yo o TP,
where we define
po=fEfLoT! ™ floT!
and
Vo:=F(foTF Tt piiq foTk 1 foTh T foTk i, f).
Let us use formula (5) modified with C 1(”;7,(5)) instead of C f;’mZ).

LEMMA 3.8.2.  The function v is in Hy/2 my+k—i+1 and we have

n
(1/2,()) amo)  Co
Clﬁo < ||DF||oon —1 g
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PROOF. Let three points x, y, z in M be such that y and z are in y°(x). Then
we have

IF ) = @] <P Cld(y, )",
|F(T* () = f(T*(@)| = CP" (Coa ™) (. 2)"2,
£ ) = 1T @) = € (Cony )y, 20"
f
and

[foT* )+ + fo T ') = (FoT* @)+ -+ fo T ()]

i—1
<Y IfoTHHM(y) — foTHH7(g))|
m=1

i—1
< Y CPMY (Coag T d(y, )"
m=1

a(k—i+1)n
< C;n,mo)cg 0 ; d(y,z)"/z. O
1-— o

Since f is in H;) p,, the function ¢ is in F;)/2 o+ and we have

Igollos < IFISTPFE < (L+11£120)

and
COPm < (@ b+ CY P £ <3P (4 712

(n,m2)

Therefore, according to (5) modified with C 1(;’(5)) instead of C v , we have

| Cov(¢go, Yoo TP

2mo-+ 2, D= R(mo+
< Cya.r(Iolloo + CG> ") ([gllo + C /N5l 0 = ROm0HD

<K(lFllcc +IIDFllcc)¢p.i,

with

n
. (n/2,m0) 3 mmy)Co R
K :=Cynr(l +3cf’7/ "N (1 + ||f||oo)<1 +C 1_ag>an/2f’}g)

and

. op—(R=1)I
Op,l = SU/Z’R .
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‘We have

max < (Sp—((R—l)/LRJ)p
Zplzo .... Lp/LRJJgoP’l = pg:lp n/2,R

((LRI+1=R)/LRDp
= Z P8y k < 4o00.
p=1 U

APPENDIX

PROOF OF THEOREM 1.1. Our proof of Theorem 1.1 follows the same
scheme as [25].
First, since (X4 )k>1 1s stationary, we notice that, for any integer n > 1, we have
Sn

®2 n—1 k
©) E[(ﬁ) }=E[X1®2]+};(1—;)<E[X1®xk+1]+E[Xk+1®x1]>.

Therefore, according to (1), »2 exists and we have
22 =E[XP+ Y (E[X) ® Xi1] +E[Xer1 ® X11).
k>1
Moreover, according to (6), we have
IE[S2?*] — n2%00 <2 kIE[X| ® Xis1lloo <4CM Y keyep.
k>1 k>1
Hence, if £2 = 0, then the sequence of random variables (S,),>1 is bounded
in L2(Q2, RY).

Let us now suppose that ¥ 2 is nonnull. Then, there exists k € {1,...,d} and a
d-dimensional orthogonal matrix O such that O - 2. O~ is diagonal. Therefore,
there exists an invertible matrix A such that

A2 A=,

where A denotes the matrix transposed to A and where Jj is the d-dimensional
diagonal matrix such that the first k diagonal elements are equal to 1 and the others
to 0.

In the following, we will suppose that ¥? is the d-dimensional identity ma-
trix /5. This is not a restrictive hypothesis: it suffices to replace d by k and (X,),
by ()N(n = (~,(,1), eee, f(,(,k)))n where f(,(,i) is the ith coordinate of f(n =A-X,
[since the random variables (5( ;J ) +.o 4+ X ,(,] ))nz | are bounded in L%($2, R) for
all j=k+1,...,d and the norms on R4 are equivalent].

As in [37], we will use an inductive proof. The idea is to prove the existence of
areal number A > 1 such that the following property (#,(A)) is satisfied for any
integer n > 2:

(Prp(A):Vk=1,...,.n—1,Vop € Lip(Rd,R)
IE[¢ (SK)] — E[¢(vVAN)]| < ALy,
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where N is a d-dimensional Gaussian random variable with expectation 0 and
covariance matrix /. Let us define V,, := E[S®?] and v, := E[S®?] — E[Sf’_zl].
We have

v =EXP T+ Y (BIX) ® Xir1] + E[ Xkt ® X1]).

Hence (v,),>1 converges to »2 = 1. There exists ng > 1 such that for any integer
n > ng, the eigenvalues of v, are between % and % In the following, we will
suppose the existence of a sequence (NV;);>o of independent identically distributed
Gaussian random variables with expectation 0 and covariance matrix /; such that
(Ni)i>o is independent of (Xg)r>0. The main part of the proof is to establish the

following result.

PROPOSITION A.1. Under the hypotheses of Theorem 1.1, there exist a real
number K > M and a continuous decreasing function { :[1, +00] — ]0; +o00[
satisfying limg_, oo ¥ (¢) = 0 such that for any integer n > 9ng and any real num-
ber A > M, ifwe have ($,(A)), then, for any real number ¢ > 1 and any Lipschitz
continuous function ¢ :R? — R, we have

|El¢(Sn + eY)] —E[@(Sng—1 + Tng—1.n +Y)]| < K(1 + Ay (e)) Ly,

where Y and Ty,,—1,, are two v-centered Gaussian random variables independent
of (Xk)k=0, with covariance matrices 15 and V, — Vy,_1, respectively.

Let us show how we can conclude once this result is proved.

1. Let us write A := d/9n9 + max,,—o
(Pony (A)) is satisfied.
2. Let us show that there exists a real number Ag > M such that, for any integer
n > 9ng and any real number A > Ay, we have (£,(A)) = (P,+1(A)).
Let an integer n > 9ng and a real number A > M be given such that prop-
erty ($,(A)) is satisfied. Let ¢ : RY - R be any Lipschitz continuous function.
Then, according to Proposition A.1, we have

[E[¢(Sy + eY)] —E[¢(Sng—1 + Tng—1.n + €Y)]| < K(1 + A () L.

Since we have

9ng l1Sm i, For any A > Ay, property

~~~~~

|El¢(Sn + eY)] — El@p(S)]l < LyeE[]Y |o]
and
|E[¢(Sng—1+ Tng—1.n +€Y)] — E[@(Tng—1.0)]]
< Ly (E[Y |oo] + E[[Snp—1]s0])-
we get

[El¢ ()] = E[@¢(Tng—1,1)]| < Ko(1 + A (e) +2¢) Ly,
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with Ko := K 4+ E[|Y|oo] + E[|Spy—1loc]. Let us now estimate the following
quantity:

[E[¢(v/nY)] = E[¢(Tug-1.0)]]

Let O = O, be an orthogonal matrix such that O(V, — V,,O_I)O_1 is
diagonal with nonnegative diagonal coefficients. Let us denote by A, ,, the
diagonal matrix with nonnegative diagonal coefficients such that

2 _
(An,no) = O(Vn - no—l)O L
Let us define M), p, as follows:
My ng = 0" Ay, O.

Then, we have (M,,,,,O)2 =V, — Viy—1. Let us denote by | - |» the usual Euclid-

ean norm on R? and ||A|| := sup|,,—1 |Az|2 for any (d,d)-matrix A. Let us
recall that if A is a nonnegative symmetric matrix, then ||Al|| is equal to the
maximal eigenvalue of A. We have

[E[¢(vnY)] = E[¢(Tup—1.0)]| = [E[¢(vnY) = ¢(Mun,Y)]|
< LyE[|(Vnla — My ng)Y | ]
< LyE[|(vnls — My n,)Y|,]
< Ly ||~/nla — My n, || ELIY |2]

< Loy Inla = (Vi = Vi) |EDIY 12]

< Lo llnda = Vall + | Vag—1 [[ELY 12].

Indeed we have

IVils = Mun || = max |Vn—i[=  max  [Jn—

)‘esp(Mn,no) MGSP(Vn—VnO—l)

< max \/|n—u|=\/|||nld— (Vi = Vig—1)

T 1eSp(Vu—Vig—1)

|

where we denote by Sp(A) the set of eigenvalues of the square matrix A. There-
fore, since the sequence of matrices (V,, —m - 1;),, is bounded, we have

|E[¢(S)] — E[p(v/nY)]| < K'(1 + Ay (e) + 2¢) Ly,

with K" := Ko + E[|Y |215up,,>,, v/lm 1 — Viu [l + Vi —11l. Let us denote
by €4 the unique real number €4 € [1, +oo[ such that 1 + Ayr(e4) = €4.

According to the preceding, for any integer n > 9n¢ and any real number
A > M, we have

’

(Pa(A) = (Put13K'en)).
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Let us show that there exists a real number Ay > M such that, for any
A > Ap, we have 3K's4 < A. The function A — ¢4 is increasing. If we had
M, :=sup, 4 < 400, we would have m| :=inf4 ¥ (¢4) > 0 and therefore, for
any A, M| > €4 > Ay (e4) > Amy, which is impossible. Therefore, we have
limg_, 1 5o €4 = +00. Hence, there exists A9 > M such that for any A > Ay,
we have 3K’ (1 + Avyr(¢4)) < A and therefore 3K's4 < A.

Hence, for any real number A > max (Ao, A1), we have ($9,,(A)) and, for any
integer n > 9ng, (P, (A)) = (Py+1(A)), from which we deduce Theorem 1.1.

Now, we have to prove Proposition A.1.

Let an integer n > 9ng be given. Let (Yi)i>n, be a sequence of independent
random variables defined on (€2, ¥, v) independent of (X)x>0 such that Y} is a
Gaussian random variable with expectation 0 and covariance matrix vg. Let Y be
a Gaussian random variable with expectation 0 and covariance matrix I, defined
on (£2, ¥, v), independent of ((Yi)k>ny, (Xr)k=0) [this is always possible in some
extension of (2, ¥, v)].

NOTATION A.2. Letk be an integer such that ng <k <n. We define Ax(f) =

ELf(Sk—1 + X)] = ELf (Sk—1 + Yi)].
For any function ¢ € Lip(Rd, R), for any real number ¢ > 1 and any x € R4,
we define

Jo.kne(x) = E[dﬁ <x + > Yi+ 8Y>],
i=k+1

with convention } 7, | ¥; =0if k =n.
Let us notice that we have

El¢ (S, + eY)] —E[qs(Sno_] +Y v +sy>] = 3 Mfpkome).

i=ng k=n
We will use Taylor expansions for functions  : R¢ — R. We will use the following

notation.

NOTATION A.3. Let k be an integer such that k > 1.
If h:RY — R is k-times differentiable, for any x € R, we denote by D¥h(x)

D¥n(x) = (Lh(x))

0xj, - -+ 0x;, i emiz=1,....d

We denote by | - | the supremum norm on Rl
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For any AD, ..., A® in R we denote by AV ® --- ® AX the point

k
1 k ()
A()®®A():(HAZJJ)
j=1 [T ir=1,....d

lif AO =P, ..., aAD)].
For any integer j satisfying 1 < j <k, for any A € R4 and any
B e R4 we denote by A * B the point of R{+@" ™ given by

d
AxB:= Z An1 ..... nj,il,...,ik__]' Bn1 ..... n;j .
ny = i1y ik_j=],...,d

For any A:Q — Rl 4 and any B:Q — Rl d}k, we define (when it is
well defined):

..... ir=1,...,d’
[ Alloo := ll1Alooll oo
d
Cov(A,B):= Y Cov(Ai. i Bi...i)
[1yeeey ir=1

On the other hand, let us notice that the k-linear form on R¢ associated to
D¥h(x) is

(A1, ..., A > D*h(x) % (A1 ® - ® Ag)
and that, for any j =1, ..., k, we have
(D)) % (A1 @+ ® A) = (D h(x)) * (A1 ® - ® A))) % (Aj11® -+ ® Ay).
We have Ap(f) = A1x(f) — A2k (f), with
Ark(f) :=ELf (Sk—1 + X)] — ELf (Se=1)] — SE[D? f (Sk—1)] * vk
and

Aok (f) :=ELf (Sk—1 + Yl = ELf (Sk-1)] — 3EID? f (Sk—1)] vy
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A.1. Estimations for small k.

LEMMA A.1.1 (Adaptation of Lemma 6 of [37]). Let f:R? — R be a func-
tion in C*. We have

k—1
|A(H)] = d*(I1D? flloo + ||D“f||oo><M3 +15C* M2 (r + 1) Y (14 p)gpo
p=0

k=2
+3CM ) > ga,,,l).

p=r+l1i=1,...k—1: (r+DI<p

PROOF. Since Yy is a Gaussian random variable independent of Si_1, with
expectation 0 and covariance matrix vi, we have

1
B2kDI= ‘E[f(sk_l + Yi) — f(Sk—1) — §sz(5k—1) * (Yr ® Yk):”
1 1
= 5‘/0 (1-— t)ZIE[D3f(Sk_1 +tYy) * Y1§>3]dt‘

1 1
= 5‘/0 (1 —1)*E[g(tYy) * Yk®3]dt‘

with g(u) = E[D? f (Sx—1 + u)]

acRd

d> !
<= /0 (1 —1)? sup [E[D? f(Sk—1 + @)l El Yoo ] dt
3

d
< — sup |E[D? f(Sk—1 + O)]|ooEl Yool

acRd
We have E[|Y2 ool < %. Moreover, according to hypothesis (1), we have
[Vk|loo < 2C(M + 1) Zl;_:}) ©p,0- According to Holder inequality and to the fact
that ¢, 0 < 1, we can show (cf. [37], page 264) that we have |vk|gé2 <(@4CM +
1))3/2% Zl;_zlo(l + p)@p.0- Hence, we have

8
| A2 k()] < d4£ sup [E[D? f (Sk—1 + @)]loo
343 aeRr

(7

k—1
x (CM + D)3 (1 + p)gp.o.
p=0

Let us now control A x(f). Since we have vy = IE[X,‘?Z] + Zf:_ll (E[X; & Xr]+
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E[X; ® X;]), we have

A1k(f) =E[D' £(Sk—1) * Xk + 3 Cov(D? £ (Sk—1), XP?)

k—1
—E[D*f(Sk—1)]* Y_E[X;: ® X«]

i=1
+E[LD? f(Sko1 + 60X * X2,
where 0, is a random variable with values in [0; 1]. We have

®) | D% F(Sk—1 + 6k X0) * X2 | o, < 21D flloo M.

00— 6

On the other hand, according to (1), we have

k—1
Cov(D? £ (Sk-1), X22)| < Y |Cov(D2 £ (S;) — D f(Si—1), X&?)]

i=l

9 o
<3d°CMIID’flloo Y _ @p.0-
p=1
‘We have

k—1

D' f(Si—1)=D'f(0)+ > (D' f(S) — D' f(Si—1)
i=1
k—1

=D'f(0) + Z(sz(Sm) - X;

i=1

1
+ [ =00 FSim X0 £ X
0

and so
k—1
E[D' f(Sk-1) * Xi] — E[D* f (Si—D)] * Y B[X; ® X4]
i=1
k—1
=" Cov(D*f(Si—1). X; ® Xy)
(10) =l

k—1

+ Y EID*f(Si—1) — D> f(StieD] * E[X; ® Xi]
i=1

k—1 1
+ ZCOV(/O (1 =)D f(Si—1 +1X;) % (X2 dt, Xk>,
i=1
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since E[D! fO) x Xi] = D! f(0) % E[X;] =0. According to (1), we have

k—1
Y IE[D? £ (Si—1) — D* f(Sk—D] * E[X; ® X
i=1
k—1
(11) <d’| D fllaoM2CM Y (k — D)gr—i0
i=1
k—1
<2d°|D? fllosCM* Y popo

p=1
and
k—1 1
> Cov(/ (1 =)D f(Si—y +1X;) % (XD dt, Xk>
‘ 0
i=1
k—1
(12) <Y d’CQID’ fllooM* + ID* f oo M) @r—i.0
i=1
k—1
<2Cd*(I1D° flloo + I1D* flloc) M* > p.0.
p=1

For any integer i =1, ...,k — 1, we write j = j; := max(0, (r + 2)i — (r + D)k).
According to (1), we have

|Cov((D*f(Si—1) — D*f(S;)) * Xi, Xi)|

i—1
< > |Cov((D? £ (Sm) — D* f(Sm-1)) * Xi. Xi)|
m=j+1

<3dC|\D? fllooM*(i — j — Der—i0
and
IE[D? £ (Si—1) — D> f(S)] *E[X; ® X
<d| D’ fllooli — j — HDM2C Mgy _i 0.

Hence, we have

k—1
Y |Cov(D? £ (Si—1) — D*£(S)), Xi ® Xi)|

i=1
(13) k—1
<5CM*|ID* flloo(r + 1) pop.o.

p=1
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If (r+2)i—(r+ 1)k <0,then j =0 and so Cov(sz(Sj), X; ® Xr) =0. Hence
we have
k—1

>_[Cov(D? £ (S)). Xi @ Xi)|
i=1

J
= ) > [Cov(D? £(8) = D2 f(Si—1). X ® X))
i=l1,..., k—1:(r+Dk<@r+2)il=1
(14)
(r+2)i—(r+1k

< > A3CMID flloo > @itk
i=l1,..., k—1:(r+Dk<@r+2)i =1

k=2
<3dCM|D flloo Y. > Pp.j-

p=rt1j=1,..k—1:(r+1)j<p 0

LEMMA A.1.2 (Adaptation of Lemma 5 of [37]). Forany ¢ € Lip(R?, R), for
any integer k = ny, ..., n and any real number ¢ > 1, the function fg j n ¢ is C™
and, for any integer i > 1, we have

C; I
—k+e2)—D2"P

ID' fpkmelloo < o

with C; == d'+13 . 211 Jrd 1Zloo| D' (2) |00 dz, Where h is the density function of
the Gaussian law with expectation 0 and covariance matrix 1.

PROOF. Let us denote by I', ; .2 the positive symmetric matrix such that

n,k,e

Fz,k,ﬁ =V, — Vi +&21,. For any x € R4, we have
Sokne(xX) =E[p(x + Yiy1+ -+ Yy + V)]
: ¢@h(T )} (u—x))d
= u u—x))du.
Jdet(V,, — Vi + €21y) Jrd n.k.e?
Let an integer i > 1 be given. Let k1, ..., k; in {1, ..., d} be given. Let us denote,

for any matrix A, the jth column vector of A by [A];. For any x € R?, we have

----- i

1
~ Jdet(V, — Vi + 621y)

X /Rd ¢(u)Dih(Fn_’,1<’82(u — X)) * ([Fn_,/lc,gz]kl Q- ® [Fn_,llc’gz]ki)du

= [, #G+ g DD (T} ol @ BT, | 2lk) dz
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= fRd(qﬁ(x + T pe22) — #(x))

x D'h(2)* (0 ol ® - @0, L) dz,

since [pa D'h(z)dz = 0. Let us denote by A_ and A, respectively, the smallest
and biggest eigenvalues of V,, — Vi + £21,. Since '), k.2 1s diagonalizable in an
orthonormal basis, we have

1/2
|Fn,k,52 “Zloo < d)q_/ 1Z] 00 -

Moreover, forany j =1,...,d, we have |[Fn_]1( sZ]J"OO < k:l/z. Therefore we have
1/2 i
. Y ,
1D g tonet Wloe = Lod [, 21l D)1 .

Since k > ng, we have
-+ <io<hi <3k +¢&

(according to the fact that two invertible symmetric matrices are diagonal in a same
basis). [J

PROPOSITION A.1.3. For any ¢ € Lip(R¢, R), for any real number ¢ > 1,
we have
n—|n/3]—1
Yo 1A fpkne) <d*(C3+ Cq)In(3)

k=ng

x <M3 +15C2MA(r +1) Y (14 p)gp.o

p=0
Lp/(r+1)]
+3CM Y Y <p,,,l)L¢.
p>r+1 =1
PROOF. According to Lemmas A.1.1 and A.1.2, we have
n—|n/3]—1
D A Spkme)l
k=ng

<d*(C3+Cy)

n—1

1

x Y —<M3 +I5C?M*(r+ 1) Y (14 p)gp.o
m=|n/3]+1 m+ p=z0

Lp/(r+1)]
+3cM > Y. W,)Lq;.
p>r+1 =1 O
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A.2. Estimations for big k.

LEMMA A.2.1 (Analogous to Lemma 7 of [37]). For any real number
A > M, for any integer n > 9ny, if property ($,(A)) is satisfied, then, for any
¢ € Lip(R?, R), for any real number € > 1, for any integer k € [n — 1515 nl, for
any integer | € [3; k], for any integer i > 1, we have

. A 1
(1) S [EID fp (81 + o = ki At 5 )Lo

with K; 1= 22d’ [pa |Dh(2)|sodz + Civ/3 .

PROOF. Let N; be a Gaussian random variable with null expectation and co-
variance matrix [ - I;. Let T, ; .2 be as in the proof of Lemma A.1.2. First, let us
notice that, if (#,(A)) is satisfied, we have

IE[D' f4 kone(S1 4+ a)] —EID fpkne (N +a)]loo
<37 [ B9(Si+a+ T, 0]

—E[p(N;+a+T, D1+ ID'h(2)|odz

2241 .
< W/Rd AL¢|Dlh(Z)|oodZ,
n—k+e¢

since y > ¢(y +a + I'y, ; 22) is Lipschitz continuous with Lipschitz constant
bounded by L. On the other hand, we have

ELD' fp kn.e(N; +a)] = D' (a > (B[ fp fon.e (N1 + a)]))
= D'(a+> (E[¢(a + Tpke2er - M),

where N is a Gaussian random variable with null expectation and covariance ma-
trix 1. As in the proof of Lemma A.1.2, we get

i—1
Ci Civ/3'
: - 1L¢§ 1[1 L¢.
Vn—k+i+e?"” NI m

According to estimation (7) and since k — 1 > %, we have:

|ELD' fp kon.e(Ni +a)]|oo <

LEMMA A.2.2. Let an integer n > 9ng and a real number A > M be given.
If property (P,(A)) is satisfied, then, for any ¢ € Lip(R¢,R), for any integer
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k=n— L%J, ..., n, for any real number & > 1, we have
16/ 271 A 1
A <Lg-d* K( —) CM)3/?
|A2 k(S kn,e)l < Lo 35 S\ Gk en +- (CM)
(16)
k—1
x Y (14 p)gp.o-
p=0

LEMMA A.2.3. There exists a real number K (only depending on d, C, M
and r) such that, for any ¢ € Lip(R?, R), for any integer n > 9ng and any real
number A > M, if property ($,(A)) is satisfied, then, for any integer k = n —
L%J,...,n, we have

. a B
A < LyK nk nk
ALk (fpkne)|l < Ly (<n “k+e2)32 + n
(17)
N Ay ik AS ji¢ +o >
Wkt el m—krel YWakLo )

with ap =14 L0 plps B =14+ Lol oo ym 1= Lo oo & and

et oo
S =2, 2 ) (r42) |41 s With $p i= pmax;—o,..|p/¢+1)| p.j-

PROOF. To simplify notation, we will write f; instead of fy i » .. We have

Ark(fi) =EID" fi(Sk—1) * X + SEID? fi(Sk—1) * (X22 — vo)]

+ LE[D? fi(Sk—1) * X1

1
+ %E[/O (1 =1’ D fi(Sk—1 + X)) * (X,?“)dt].

.....

the matrix E[D? Jfx(Sk—1)] is symmetric, we have

Avk(f) =E[D' fi(Sk—D) * Xkl — > E[D* fi(Si—1)]* E[ Xk ® X;]
i=1,...,k—1

+ 5 Cov(D? fi(Sk-1), XP%)

+ LE[D? fi(Sk—1) * X2

1
+ éE[f (1= 1D fi(Sg—1 + 1 Xp) X dt].
0
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For any integer £ € {0, ..., k — 1}, we have

D' fi(Si_1) — D' fi(Sk—e—1)
k—1
- (D' fi(S)) = D' fi(S;-1))
j=k—t

k—1

= Y D*fi(Sj-)*X;

j=k—¢t

k—1
+3 Y Dfi(Sj) x X
j=k—t

k—1 1
+3 > /O(1—:)ZD4fk(Sj_1+txj)*xf?3dz.
j=k—¢

Therefore we have
1
A1 (fo) = E[%/O (1 —03D* fi (Si_1 + 1 X)) * X,?“dt}

+ LE[D? fi(Sk-1) * X2

+E[D' fi(Sk—o—1) * X]
k—€—1

— 2 EID? fu(Sk-D] *E[Xx ® X;]
i=1

+ 3 Cov(D* fi(Sk—1), X2%)

k—1
+3 Y EID?fi(Sj-1) * (X9 @ Xp)]
j=k—t
k—1 1
+3 > EUO (1—t)2D4fk(Sj_1+th)*(Xk®X§3’3)dt}
j=k—t
k—1
— Y EID*fi(Sk-1) — D fi(Sj— D] * B[ X ® X]
j=k—t
k—1
+ > Cov(D*fi(Sj-1), X; ® Xx).
j=k—t

In the following, we take £ = [«/n — k |, the integer part of /n — k. Since n >
9n029and%” <k<n,wehave 0 <{f <k —1.
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A2.1. Control of E[} Jo (4 = 03D fi(Sk—1 + 1 X)X P*dr].  According to
Lemma A.1.2, we have

1 rl
‘E[E/ (1 —1)°D* fi(Sk—1 + 1 Xx) *x,;@‘*dz]'
0
1
18 <d*—||D* fillcoM*
(18) =d" o I1D" ficlloo

M*Cy o g

<d* Lg.
=% T4 ke

A22. Control of LE[D?fi(Sim1) * XPl. We have D3fi(Sim1) =

D? fie(Sk—e-1) + 251 (D* fi(Si—j) = D? fie(Sk—j-1))- According to (1) and to
Lemma A.1.2, we have

- [Cov(D* fie(Sie-1), XiP)| = d* Ly C(C3 + COP|Jn=k)+1,0
and
¢
2_ICov((D? fi(Si—) = D* fie(Sie—j-1), X))
j=1
(20) <P i 3CaM -
- j=1 (n—k+ 82)3/2¢-7’0 )

Ax oy

<d’Ly3CaM——"F
=TT Tk 232

Moreover, according to Lemma A.2.1, we have

IE[D? fi (Se—1)] * E[X$]|

1) < d3K3<# + l) 3Ly
- (n—k+e2)32 n

Ao B
<d’K M3( vk V""‘)L :
= 3 (n —k + £2)3/2 + n ¢

A.2.3. Control of E[lek(Sk—Z—l) * Xr]. According to (1) and to Lem-
ma A.1.2, we have

o) IE[D' fi(Sk—¢—1) * X1l = [Cov(D" fi(Sk—e—1), X&)

<d(C1+ )| fix j+1.0L0-
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A.2.4. Control of Z] ot |E[D2fk(Sk_1)] *E[X;—; ® Xi]|. We have

k—1
> E[D? fi(Sk—D)] % E[Xx—; ® Xl
j=t+1
k—1
<d® > |E[D?fi(Sk—1)]loc B[Xk—; ® Xlloo

j=t+1
(23)

<d* Z T Le2CMej0
jmt Vn—k

5
<dCMCr—"k 1.
vn—k+¢g? ¢

A.2.5. Control of | Cov(D? fi(Sk_1), XZ2)|.  We have

y4
D? fi(Sk=1) = D? fi(Sk—e—1) + > _(D* fi(Sk—j) — D* fi(Sk—j—1))
j=1

¢
= D? fi(Sk—e—1) + _ D fi(Sk—j—1) * Xi—;
j=1

+Z/ (1= DD* fi(Sk—jor +1X0-)) % XE2, d1.

Hence, we have
Cov(D? fi(Se—1). X %)

¢
= Cov(D? fi (Sk—t-1). XZ2) + > Cov(D? fi(Sk—e—1) * Xk—j, X2?)
=1
¢

Z Z Cov((D? fi(Sk=m) — D fi(Sk—m—1)) * Xx—j, X%
j=lm=j+1

1
+Z/O (1= 1) Cov(D* fi(Sk—j1 + 1 Xi—j) * X221, XF2) dt.

1. First, according to (1) and to Lemma A.1.2, we have
Cr+ C3

D1+1,0
vn— Foor
<d’C(Cr+ ca)«pL,r_k 1+1.0Lo-

|Cov(D? fi(Sk—e—1). XP?)| <d*C
(24)



2374 F. PENE

2. Control of -4_ Cov(D3 fi(Sk—¢—1) * Xi—j, X2).

(a) For any integer j = 1,...,¢ satisfying 7= < j < {, we have
vn—k < (r+2)j and, according to (1) and to Lemma A.1.2, we have

- 3 2C(C3 + Cy)M

3 ®2
|Cov(D” fi(Sk—e—1) * Xi—j, X7)| < — kg2 Levio
Hence
¢
> |Cov(D? fi(Sk—e—1) * Xi—j, XT%)|
j=ln—k/(r+2)]+1
(25)
pE 2C(C3 +Ca)M L
=T ke e
(b) For any integer j =1, ..., £ satisfying j < ~ +2k, according to (1) and

to Lemma A.1.2, we have

C(C3+Cy)
[Cov(D? fie(Sk—e-), Xy ® X < d* =" Lygusi .
and
CM?*(C3 + Cy)
|Cov(D? fi(Sk—e—1), Xi—j) * E[X;?ZH < d3—L¢§0Z+1—j,O-

—k + &2

Moreover, according to (1) and to Lemma A.2.1, since k — £ — 1 > %, we have

IE[D? fi(Sk—e—1)] * E[Xs—; ® X221

A 1
<d’K (— )L C2M ,
=C BN\ k232 o5 Nes0
from which we get
Wn—k/(r+2))
> |Cov(D? fiSk—e—1) * Xi—j. X2
j=1
(26) <d20M*(C5+C )7 Y/nk Ls

—k+¢&?

Aa ¢ I
n—

3. cOntrolofz‘;’.:lz J+1C0V((D3fk(Sk m) = D2 fi(Sk—m—1)) * Xp—j, X&).
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(a) For any integers j and m satisfying 1 < j <m <f and m < (r +2)j,
according to (1) and to Lemma A.1.2, we have

ICov((D? fe(Sk=m) = D fi(Sk—m—1)) * Xk—j, X2%)|
3CC4M?
4
d (n—k + g2)32 #¥i0:
Hence, we have

¢ min(¢,(r+2)j)

S Y CoV((D fi(Skm) — D filSkm1)) * Xij, XZ2)|
j=1 m=j+1
(27)

<d43CC4M2(r—|- Doy,
= n—k+e2 ¢
(b) We will use the following formula: Cov(A x B, C) =Cov(A,B® C) —
Cov(A, B) * E[C] + E[A] % E[B ® (C — E[C])]. For any integers j and m
satisfying 1 < j <(r+2)j+1<m < ¢, according to (1) and to Lemma A.1.2,
we have

|Cov(D? fi (Sk—m) — D> fi(Sk—m—1), Xi—j ® X2
3C4M
4o T .
=y ez hoPmid
and
ICov(D? fi(Sk—m) — D’ fi(Sk—m—-1). Xx—j) * E[X2?]|

4 3C4M>3
(n—k + 82)3/2 L¢§0m—j,0,

from which we get

Y4
S Cov(D filSkom) — D filSkom—1), Xi—j ® XE?)]
j=1(+2)j+1<m<t

¢
+3 Y |Cov(D? fi(Skem)
J=1(r+2)j+1<m=<t
(28) 3 ®2
— D’ fi(Sk—m—1), Xk—j) * E[ X7

_ 6CCyM> .
o —Lg.
=+ D =kt e2)3/2" k"9

Indeed, we have
¢ Lp/Gr+1D)] o

0
) DD D S S

j=1+2)j+1<m<¢t p=r+2 j=1

n—k
r+1
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and

¢ X /n—k
Z Z Pm—j,0 = .

J=10+2)j+1sm=t r+l
Finally, according to (1) and to Lemma A.2.1 (since k — £ — 1 > %), we have
¢ 14

3 > EDfe(Skm) = D fi(Sk-m-1)]

j=1lm=min(¢,(r+2) j)+1

*E[X—j ® (XP? —E[XP?))]

¢
Z [D? fi (Sk—mince. 42 j)-1) — D fe (Sk—e—1)]

* B[ X ® (XP? —E[X2?])]|
(29)
L€/ (r+2)]
= > IE[D? fi(Sk—(42)j—1) — D fi(Sk—e—1)]
j=1
*E[Xi—; ® (XP? —E[XZ%))]|
UGS A .
<d 2Ky —— 4+ )Ly2CMo;
N 2 3((n—k+82)3/2+n) P H0L0

Aa — Bk
<d’4CK M( n_k vn )L
= WM G kre 2 T )
4. We have

(|
Z/O (1= 1)|Cov(D* fi(Sk—j1 + tXx—j) x X2, X %) | dt
j=1

(30)

3C(C4 + Cs)M?
<d4 / (1— 2)3/2 Lypjodt

d43C(C4 +c5)M2 .
(n—k+e2) 2 VI

A.2.6. Control of Zﬁ-:l E[D3fk(Sk_j_1) * (X}?_Zj ® Xi)]. Let us notice that
we have

¢ ¢
Y EID® fi(Sij-1) * X2, @ Xil =y Cov(D? fi(Sk—j—1) * X2, Xa).
j=1 j=1
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We control this quantity as we did for

12
> Cov(D? fi(Sk—j—1) * X—j, X2?)
j=1

in the previous section (we get analogous estimations).

A.2.7. Control of 2‘;’.: o =02EID* fi (Sk—j—1 +1 X5 )% (XD J®Xp)ldr.
We control quantity 30—, [y (1 = )2 Cov(D* fi (Si—j—1 +tXx—j) * X, Xx) dt
as we did for z’j.:lfol(l — 1) Cov(D* fir(Sk—j—1 + 1 Xi—j) * X,‘?_zj,X,‘?z)dt.
We obtain estimations analogous to (30).

A.2.8. Control of zf.:lE[D2 fi(Sk=1) — D* fir(Sk—j—D)] * E[Xk—; ® Xil.
For any integer j =1, ..., £, we have

D? fi(Sk—1) — D? fi(Sk—j—1)

(D fi(Sk—m) — D? fi (Sk=m—1))

I
M\.

3
I
—_

|
M&.

(D3fk(Sk—m—1) * Xi—m

I
-

m

1
4 [0 0D* S + X)X, i ).

Moreover we have

l
D? fi(Sk—m-1) = D? fiSk—e—1) + Y (D? fi(Sk—p) — D? fi(Sk—p-1))-
p=m+1

We get

4
Y EID? fi(Sk—1) — D fi(Sk—j—D)] * B[ Xs—j ® X;]
j=1

J 1
> E[ / (1= )D* fi(Sk—m—1 + t Xp—m) * X2, dz]
0

1m=1

12
j=

*E[ X ® Xkl

L j
+ 3 Y EID? fi(Sk—t—1) * Xik—m] * E[X4—; ® X¢]
j=1m=1
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¢ J L
+3°3 3 E[D*(fi(Sk-p) — D fi(Sk—p-1)) * Xk—m]
j=lm=1 p=m+1

*E[ X @ Xi].
1. According to (1) and to Lemma A.1.2, we have

L
2.2
j=1m=1

1
E[ fo (1 =)D fi(Skem—1 + 1 Xpmm) % XE2,, dr]

* E[ Xy ®Xk]‘
(31)

¢
Cy
4 2
<d Z} Zl RS 82)3/2L¢,M C2Mgj o
J=lm=

. 2CM3C4
—_— L
(1n— k + £2)32 n=ke

2. We have Y5_; 37 ELD? fi(Sk—e—1) * Xk—m] * E[Xs—; ® Xi] = Ay + Ao
with

e
A=Y Y EID’ fir(Sk—t—1) * Xk—m] * ELXi—j @ Xill{e=(r42)m)
j=lm=1

[
Ay = Z Z E[D3fk(sk_g_1) * X * E[Xi—j @ Xillyo<(r42)m)-

j=1m=1
According to (1) and to Lemma A.1.2, we have

L j
Ci+Cy
ENEDIDY dsCMZichb(pZ—H—m,Ol{Zz(H—Z)m}
islm=t n—k+e
[Vn—k/(r+2)]

Ly Y 1 —m)ees1-mo

m=1

, C3+Cy

<d’CM
- n—k+e?

C3+C ¢
(32) <demr 2 > P9p.0
n—k+e2 ? p:
p=[(r+1)/n—k/(r+2)]

Ci+C
(33) <dem? 2Ty

n—k+e
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[We use the fact that if £ > (r + 2)m, then we have m < X2 kande+1—m >

DA > (4 + 1ym and m < HH52 )
On the other hand, we have
T2 2
2CM~=C;
Azl <d® ) Z P10 olge<¢r+2ymiLe
+¢
j=lm= 1
2CM2C5 ‘ .
9 S e L vk
J=IVn—k/(r+2)]
3 2CM2C;

= Tk tvirte:
3. We have

Jj r+2)j

L
>0 X [BLD® filSk—p) = D fi(Stp-1)) * Xim]

* E[Xr—j @ Xi|

. (r+2)
e D) 4 )
d"CyM
;E,,;H (n—k+2)3/2"7? j
2d*CCyM3
= kg e Vel
and
¢ ¢
22 2 Bl filSkp) = D filSimp-1) * X
j=1m=1p=@r+2)j+1
*E[Xr—; ® Xk]|
j ¢ ;
3C4M
(36) =AY Y Tk eyahetrmo
j=lm=1p=(r+2)j+1 €
4 3C4M3 1

2
= n—k+e232(r +1)2 > Piepoly
p=1

. 3CyM3 1
1k + D2 (r 4 1Rkl
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A.2.9. Control of Z lCov(szk(Sk,j,1),Xk,j ® Xg). For any integer

j=1,...,¢, we have

I4
D fi(Sk—j—0) = D* fi(Si—e-1) + Y (D? i (Skm) — D? fie(Sk—m—1))
m=j+1

and, for any integerm = j + 1, ..., ¢:

D? fi(Sk—m) — D? fi(Sk—m—1)
1
= D? fi (Skem—1) * Xp—m + /0 (1= O)D* f(Skomot + 1 Xpem) % X2 d1

0
=D’ fi(Sk—e-D) * Xkem + Y, (D? fiu(Sk—p) — D fi(Sk—p-1)) * Xiem
p=m+1

+/ (1= O)D* F(Skomt + 1 Xpom) # XE2, d.

Therefore, we have

4
Z COV(szk(Sk_j_l), Xi—j ® Xk)
=1

~

Z V(D fi(Sk—e—1), Xk—j ® X)

+Z Z COV(/ (=0 D* fi(Sk-m—1 + 1 Xe—m) X2, dt,

j=lm=j+1
Xk—j®Xk)

4

+2

Cov(D? fi(Sk—e—1) * Xk—m» Xk—j ® Xi)Li<(r+2ym)

~.
3

2

]:

3

4
14 min(¢, (r+2)m)

+) Yo Cov((D? fi(Sk—p) = D filSk—p-1))

j=lm=j+1 p=m+1

¢
¢

Z Cov(D? fi(Sk—e—1) * Xi—m> Xk—j ® Xi)1{e=(r+2)m)
=j+

3

* Xk—m, Xk—j @ Xi)
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¢ ¢
+3° 3 Cov((D? fi(Sk—r+2ym—1) — D? fi(Sk—e—1))
j=lm=j+1

% Xk—m, Xk—j ® Xi)Lie=(r+2)m+1)-
Let us control each term of the right-hand member of this identity.

1. [Control of ¥-°_; Cov(D? fi(Sk—¢—1), Xk—j ® X¢).]
According to (1) and to Lemma A.1.2, we have

¢

> |Cov(D? fi(Sk—e—1), Xi—j ® Xi)|
=1/ 42) |+

14

< Y (Icov(D? fi(Sk—e—1) * Xi—j, X&)
j=1¢/(r+2)]+1

+ [E[D? fi (Se—e—1)] * B[ X3—; ® Xx1l)
£

4C(C2+ C3)M
< > &> — === Ly9j0
=l Y=kt

and

L€/ (r+2)]
> |Cov(D? fi(Sk—e—1). Xi—j ® X)|
=
= 4/—n—k+£ ¢Pl+1—j,j

Let us notice that if j < |_ 2J then we have (r +2)j <{ and so j = (rr—:-ll) <
erflrl and £+ 1 —j =€~ Lm] +1=> %\/ —k > “r’iz . Therefore,
we have

¢
> |Cov(D? fi(Sk—e-1), Xi—j ® X))
(37
X+ OM 5C(Cy+ C3)M
Vn—k+ g2

2. [Control of ¥-5_ 3¢ _ . Cov(fy (1 — ) D* fi(Sk—m—1 + 1 Xk—m) * X2, dt.

Xk—] ® Xk) ]

Let j and m be two integers satisfying 1 < j < j+1<m <{.
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(@) If m < (r +2)j, then we have

1
Cov( [ 0= 0D St + X0 5 2, @ X Xk>

‘ [/ (= )D* fi(Skom1 + 1 X ) 5 XE2, dt}

*E[Xr—j ® Xk]‘

3(C4+ Cs)M?
4
C o —kxerpntetio

(b) If m > (r + 2)j, then we have

1
Cov( [ (1= DD (St + Xk XE2, . Xey © X )|

< 2(C4 + Cs)M?
(n— k +e2)3/2 ¢¥m=iJ:

Therefore we have

14 4
>y COV(/ (1 = O)D* fi(Sk—m—1 + t X—m) * X$2 dt, Xy J®Xk)‘
j=lm=j+1

£ |/—k] LWn—k] Lp/(r+1)]
(38) ( )L¢

S(n—k—i—gZ)3/2 sz:l Pepot pX::l ; Pp.j

Zkoam
S G N Y] ¢7
(n—k+g2)3/2

for some Igo only depending on d, C, C4, Cs, M and r.
3. We have

L 4
Z Z COV D3 Jie(Sk—v—1) * Xg—m, Xp— ]®Xk)1 E<(r+2)m}}

< 3
d W( Lo pepo
(39) p=[Vn—k/(r+2)?]
LVn—k| Lp/(r+1)]

+ > ) <Pp,j>L¢

p=[r+D)/n—k/(r+2)2]  J=1

KIV\/_
L¢,
n—k—i—g2
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for some K| only depending on d, C, M and r. Indeed, let j and m be two
integers satisfying 1 < j <j+4+1<m </{.

(@) If ¢ < (r+2)ymand m < (r +2)j, then we have

2(C3 + Cy)
[CoV(D? fie(Sit=1) * (Ximn @ X)), Xa) | = d°Co—=——5LsM0j0
and

CiM
IE[D? fi (Sk—t—1) * Xi—m] * E[Xi—j ® Xi1| < d°

n—k+ g2

() If £ < (r +2)m and m > (r + 2)j, then we have

2(C3+Cy)M
n—k+e?

C2M(pj,()L¢.

|Cov(D? fi(Sk—e—1) % Xi—m, X—j ® Xi)| <d°C ¢Pm—j,j-

(a) We have

¢ ¢
Y > IEID? fi(Sk—e—1)1 * E[Xp—m ® Xi—j ® X
j=lm=j+1
< d3K3(# + l)L
- (n—k+e2)32 n ¢
¢ ¢
x> B[ Xk ® Xi—j ® Xilloo-
j=lm=j+1
Since we have
¢ (r+2)j ¢ (r42)j

3N EXeem ® Ximj @ Xilloo < > Y 2CM%p;0

j=lm=j+1 j=lm=j+1

V4
<2CM*) (r+Djgjo
j=1
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and
J4 J4 J4 J4
YooY EXem ® Xk ®Xillw < Y. Y. 2CMgpu_j,
j=lm=@r+2)j+1 J=lm=(@r+2)j+1
¢ Lp/Gr+D)]
<2CM DY > e
p=1 j=1
we get
L J4
> > [EID? filSk—e—0)]# E[Xk—m ® Xi—j ® X
j=lm=j+1
(40)

Aa«/n—k ﬂ«/n—k>L
o

<d4 1CM2K<
<d4(r+1) 3 (n—k+82)3/2+ "

(b) For the two other terms, we write

C3+Cy

3 3
|Cov(D” fi(Sk—e-1)> Xk—m ® Xik—; ® Xi)| <d Cm

L¢(Pl’,+1—m,m

and

IE[D? fi (Sk—e—1) * Xi—m] * E[Xs—; ® Xi]|

C3+Cy
<dlcm*— " —m.0,
= n—k+ 82 ¢PL+1-m,0

according to (1) and to Lemma A.1.2. Let us notice that, if £ > (r + 2)m, then

we have m < @andsoﬁ—l—l—mz % Vzn_kz(r—l—l)m and m < Zﬂ;lm.

Hence, we have

0 £
Z Z @Z-H—m,ml{ﬁz(r—i—Z)m}
j:l m=j+1

¢
< Z (m — D@o1—mmle=0+2m)

m=2

Vn—k/(r+2)] Y] + 1—m

2

m=2

IA

_— max _ i
r+1 j5(8+1—m)/(r+1)(pe+l "

e
< Z p max @p ;=< Y=k

] 1
p=[(r+D/n—k/(r+2)] J=p/(r+1)
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Therefore, we have

¢ ¢
Z Z |Cov(D? fi(Sk—t—1), X—m ® Xx—j ® Xi)|Lie>(r+2)m)

j=lm=j+1
(C3 + C4)V¢—
n—k+ g2

(41)

¢).

I/\

In the same way, we get
¢t
Z Z IE[D? fi (Sk—e—1) * Xk—m] * E[Xs—; ® Xi111{e=(r+2)m)

42)
3c? (C3+Cy)y =33

<d’C
- n—k+e2

¢.

5. We have
min(¢, (r+2)m)
|Cov((D? fi(Sk—p) — D? fi(Sk—p—1))
Z Z )
j=lm=j+1  p=m+1
* Xi—m, Xr—j ® Xi)|

(43)
o [vn—k] Wn—k] Lp/(r+1)]
Yp j)

- (ZP%HZP

= 2V3/2 Ly
(n—k+e°) ot

I%/
< 3% ik Ly,
(n—k+g2)3/2
for some 153 and IZé only depending on d, C, C4, M and r. Indeed, let j, m
and p be three integers satisfying | <j <j+1<m<m+1=<p <t

(a) If we have p < (r +2)m and m < (r + 2)j, then we have

) |Cov((D? fi(Sk—p) — D2 fir(Sk—p—1)) * (X ® Xi— ), Xi)|
o 3% 1 M,
(n—k +e2)327? i0

and
IE[(D? fi (Sk—p) — D> fi(Sk—p—1)) * Xi—m] * B[ Xs—; ® Xi]|

(45)
D) ¢>M @j,0-

c— % |
(n—k+¢2)3/
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(b) On the other hand, if p < (r +2)m and m > (r +2)j + 1, then we have
|Cov((D? fi(Sk—p) — D? fi(Sk—p—1)) * Xk Xi—j ® X)]
=kt enpn oM on

We conclude with the use of the following formulas:

<d*c

¢ (r+2)j r+2)m

YooY Y wes0+2)] ZJ ;.0

j=lm=j+1p=m+1

and
V4 V4 r+2)m
Z Z Z Pm—j,j = Z Z (r 4+ Dmom—j.j
j=lm=(+2)j+1 p=m+1 J=1m=(r+2)j+1
¢ Lp/(r+1)]
S+ ). D pep
p=1 j=I
6. Now we control
¢ ¢
Y > Cov((D? fi(Sk—tr42m—1) — D? fi(Sk—e—1))
j=lm=j+1

* Xi—m> Xk—j © Xi)Le=(r+2)m+1)-
If £ > (r +2)m + 1, then we have
D? fi(Sk—(r+2ym—1) — D fi (Sk—e—1)

4

= 2 (D fi(Sk—p) = D° fi(Sk—p-1)).

p=@r+2)m+1
We will use the following formula:
Cov(A*B,C® D)=Cov(A,B®C ® D)
—E[A* B]+E[C ® D]+ E[A]*E[B® C ® D].

(a) f € > p>(r+2)m+1, then we have

|Cov(D3 fi (Sk—p) — D fi(Sk—p—1), Xk—m ® Xi—j ® Xz)|

3C4M

4
=d le‘¢(pp—m,m
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and

IE[(D? fi (Sk—p) — D fi(Sk—p—1)) % Xx—m] * E[Xs—; ® X

4 3CaM?
(1 —k 4 e2)32 9P

The sum of these quantities over (j, m, p) satisfying 1 < j < j 4+ 1 <m and
(r+2)ym+1<p<{£islessthan

B |/n—k | Wn—k] Lp/(r+1)]
4 2 .
kT2 ¢( 2, pepot 2 p *"‘”)
p=1 p=1 j=1
Thus we have
¢ ¢
Z Z ’COV(D3fk(Sk_(r+2)m—l)
j=lm=j+1
(46) = D fi(Se—t-1) Ximm ® Xi—j ® Xi) Loz (r42m+1)
Kaoyimz
. s le
(n —k +&2)3/2
and
¢ ¢
Yo > |BUD? fi(Sk—¢rr2m—1)
j=1lm=j+1
“ — D fi(Sk—e—1)) * Xk—m]

* E[Xi—j ® Xil[1je=¢+2m+1)
Ka /i
k.
(n —k +2)3/2

(b) Let us now control the following quantity:

¢ ¢
> > E[D fi(Sk—r42m—1) — D? fi(Sk—e—1)]

j=lm=j+1
#E[Xk—m ® Xi—j @ Xille=(r+2ym+1)-
Ifé>@+2ym+1landm> (r +2)j+ 1, we have
[E[D fe (Sk—¢r4+2ym—1)] * E[(Xk—m — E[Xs—m]) ® Xx—j ® X]|

A

1
3
=d K3<<n ket )L”’zCM‘”’" il
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fe>@F+2)m+1andm < (r +2)j, we have

IE[D3 fi (Sk—(rt2m—1)] % ElXk—m ® Xi—j @ (Xi — E[XiD)]|
< d3K3<# + l>L¢,C3M2g0 i 0.
- (n—k+e2)32  n -
Therefore, we have
T
IE[D? fi (Sk—¢r+29m—1)] * B[ Xk—m ® Xk—; ® Xilliesr4+2ym+1)]
i=1

J

m=j+1
< d3lg6<; + 1)
(n—k+e2)32 n
Wn—k] Lp/(r+1)] Lvn—k]
X L¢,( )

(48)

YooY epit Y P90

p=1 Jj=1 p=1

~ Ad — Bk
<d*K, ( Vn—k yn )L .
- 6 (n —k+&%)3/2 + n ¢

In the same way, we get

¢ ¢
> IE[D? fi (Sk—t-1)] ¥ E[Xk—m ® Xi—j ® Xillje=(r+2ym+1)]
j=1m=j+1

~ Axa — IBJTk
<d3K( vk L )L .
=S ke 2T )

(49)

This completes the proof of Lemma A.2.3. [

A.3. End of the proof of Proposition A.1. Let an integer n > 9n¢ and a real
number A > M be given. Let us suppose that property (5, (A)) is satisfied. Let a
real number ¢ > 1 be given.

Let us recall that we have

E[¢(Sn + SY)] - E[¢(Sno—l + Tno—l,n + SY)] = Z Ak(f(i),k,n,s)s

k=ng

with Ty—1,, :== > 7_, Yi. Then, according to Proposition A.1.3, we have

i=ng
n—|n/3]—1
Yo M fphne) S K(Lg,

k=ng

where K{ only depends on (d,C, M, r, (¢p.1)p,1)-



RATE OF CONVERGENCE FOR STATIONARY PROCESSES 2389

On the other hand, according to Lemma A.2.2, we have

n
50) Z |A2,k(f¢,k,n,s)| = L¢Ké (1 +A Z / 2 3/2)
k=n—|n/3] 1>0( +&)
Moreover, according to Lemma A.2.3, for any integer k =n — L%J, ...,n,wehave
N Ao — Bk  AYynzk
A < L4k nk 2 .
kUil < LoR (i + O 4 L
A8 ik
+ ﬁ + ‘PL«/n—kJH,O)’

with o, =1+ ZL " P B =1+ ZLMl Eps Ym = ZLmjrm/(r+2)21 ¢p and 8y, =
Z;ZOLm/(rH)Hl %” with ¢, := pmax;—o, . |p/r+1)) @p.j- We control indepen-
dently each sum of these terms over k € {n — L%J, ...,n}.
1. Control of the first term:
i Aa —¢
_ 213/2
k=T /3] (n —k +&2)3/

_AL%%J 1+ZL 1Py
B (I +&2)3/2

(51) =0
<A((Z—1 )+§":(Z—1 ) ¢ )
=< & (I +£2)3/2 =\ (1 +£2)3/2 PSp

A

1 2
A 2 )
((g(l“z)m) g,/p 221

2. Control of the second term:

n

(52) » @51+Zg,,.

k=n—{n/3] " p=>1

3. Control of the third term:

Xn: Ay«/n—k A A |.Z\/7J c
— 2 — 2 p
R = Rt p=[V1/(r+2?]

Lvn] p?(r+2)* 1

<AZ Z l—l—SZCP

p=0 [=p2



2390 F. PENE

Therefore, we have

n AVJ— pZ(r+2)4+82
(53) Z 12 EAZI <ﬁ)§p-
k:n—\_n/3jn_k+8 >0 p=—1l+e
4. Control of the fourth term:
Zn: A8 — [n/3] +00 Zp

p

k=n—|n/3] ’V”—k+8 Z Vi 2

p W1/ (r+2)]+1
p*(r+2)?
<Ay Y

RN

p>1  1=0

<AY 2(VPPr+22 + &2 —Ved - 1)
p=>1
Hence, we have

n

54 5 A AT 2(r +2)2(1 + p?) 93
k:n—\_n/SJVn_k+8 =1 Vp? +¢e? P
5. Control of the fifth term:
n [n/3]

Z Ok +1,0 = Z PLVii+1,0
k=n—n/3] 1=0

<Y #{:[VI]=pleptio,
p=0

from which we get
n

(55) > Lk +1.0 = > @p+ Dgpsto.
k=n—n/3) p=0
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