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We consider a general discrete-time financial market with proportional
transaction costs as in [Kabanov, Stricker and Rdsonyi Finance and Sto-
chastics 7 (2003) 403—411] and [Schachermayer Math. Finance 14 (2004)
19-48]. In addition to the usual investment in financial assets, we assume
that the agents can invest part of their wealth in industrial projects that yield
a nonlinear random return. We study the problem of maximizing the utility
of consumption on a finite time period. The main difficulty comes from the
nonlinearity of the nonfinancial assets’ return. Our main result is to show
that existence holds in the utility maximization problem. As an intermediary
step, we prove the closedness of the set A7 of attainable claims under a ro-
bust no-arbitrage property similar to the one introduced in [Schachermayer
Math. Finance 14 (2004) 19-48] and further discussed in [Kabanov, Stricker
and Rasonyi Finance and Stochastics 7 (2003) 403—411]. This allows us to
provide a dual formulation for A7.

1. Introduction. We consider a general discrete-time market with propor-
tional transaction costs as in [7, 8, 13]. Following the above papers, we model
the wealth process by a vector-valued process (V;), each component i correspond-
ing to the number of units of asset i which are held in the portfolio. The usual
self-financing condition is described by the constraints V; — V;_| € —K;, where
—K; is the random convex set of affordable exchanges at time ¢, given the value
of the underlying assets and the level of transaction costs.

In the case of efficient frictions where the transaction costs are positive (which
is formulated by the assumption that K; is proper), a general version of the
Fundamental Theorem of Asset Pricing was obtained by Kabanov, Stricker and
Résonyi [7]. In the case where some of the costs may be zero, a notion of “robust
no-arbitrage” was introduced by Schachermayer [13] and further studied in [8].
This assumption can be interpreted as follows: there is no arbitrage even if we
reduce the size of the proportional transaction costs (which are not already equal
to zero). In the above papers, it is shown that this assumption is equivalent to the
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existence of a strictly consistent price system (see [13] for a precise definition).
It also implies the closedness of the set of attainable claims and allows to provide
a suitable dual formulation for this set.

In addition to the above setting, we assume in this paper that the financial agent
can invest part of its wealth in nonfinancial assets, for example, industrial projects,
which are also subject to proportional costs (see [4, 5]), but, in opposition to usual
financial assets, yield nonlinear returns. Our principal aim is to study the problem
of maximizing the utility of consumption over a finite time period. The analysis of
such a model differs from the usual setting in many aspects:

1. It follows from the nonlinearity of the nonfinancial assets’ return that the
set A7 (0) of attainable claims with zero initial endowment is not a cone. More
generally, the set of attainable claims with initial endowment x, A7 (x), is not
linear with respect to x, that is, x + A7 (0) # Ar(x).

2. All transactions V; — V;_| € —K; are not allowed since it is natural to impose a
nonnegativity constraint on the level of investment in the nonfinancial assets. In
fact, the effective set of possible transactions at time ¢ is a subset of —K; which
depends on the initial endowment and all the transactions up to ¢.

3. The notion of no-arbitrage is not as clear as in pure financial market. Indeed, if
we have an initial investment y (in units) in some project which yields a non-
negative return in terms of cash, and if we do nothing, at the time horizon T we
end up with a nonnegative amount of cash g and we still have the investment y
(in units). Since (g, y) > (0, y) there is an arbitrage, in the usual sense, if g # 0.
However, from an economic point of view this situation should be possible as
the risk supported by investing in a project also lies in the liquidation value of
the investment which does not appear in the above formulation.

In order to avoid trivial situations, we have to impose some no-arbitrage con-
dition. In view of part 3 above, we define it only on A7 (0), that is, we assume
that A7 (0) N LO(RTLN ) = {0}; see the notation below. As the initial endowment
in nonfinancial asset is 0, this avoids the problem pointed out in part 3. In order to
obtain the usual closedness property of A7 (0), we impose a “robust no-arbitrage
condition.” Because of the nonlinearity of the nonfinancial assets’ returns, we can-
not work directly with the “robust no-arbitrage condition” of Schachermayer [13].
We therefore extend this definition. Our version can be interpreted as follows: there
is no arbitrage even if we slightly reduce the size of the proportional transaction
costs between financial assets and slightly increase the return of the nonfinancial
ones. It also allows us to provide a dual formulation for this set.

In the multivariate setting, the usual duality approach for the utility maximiza-
tion problem is much more complex than in the case of no transaction costs. The
reason is that, even when the utility function U is smooth (which is not assumed
here), its Fenchel transform U may not be smooth. To manage this difficulty,
we can proceed as in Deelstra, Pham and Touzi [2] and Bouchard, Touzi and
Zeghal [1] who reduce to the smooth case by approximating U by smooth convex
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functions. But this leads to long and technical proofs. In the paper by Kramkov
and Schachermayer [10], a more direct argument is proposed. It consists in first
deriving the duality theorem in an abstract way. This allows to show that max-
imizing sequences for the primal problem satisfy a uniform integrability condi-
tion. However, it turns out that the one-dimensional argument of Kramkov and
Schachermayer [10] does not work directly in our multivariate setting. We over-
come this difficulty by introducing some auxiliary primal problem. At this point,
we shall mention that another possible approach would be to use a dynamic pro-
gramming as done in [11] for the (frictionless) incomplete discrete-time market.
We leave this alternative for future research.

The rest of the paper is organized as follows. The model is described in Sec-
tion 2. We discuss our “robust no-arbitrage” condition in Section 3. The utility
maximization problem is defined in Section 4 where we state our existence result.
In Section 5, we show the closedness of the set attainable terminal wealth and we
provide a dual formulation for this set in Section 6. The last section contains the
proof of the existence result.

In this paper we shall repeatedly use the following notation. For x € RV,
we shall often write x as (xF cx! ) where xF eR? and x! € RV, The exponent F
(resp. I) stands for “financial” (resp. “industrial”). Given E C RN | we write
E={(xF,05):x = (xF,x!) € E}, where Oy denotes the zero of RY. We de-
note by | - | the Euclidean norm and by “-” the inner product of R”, where
p € N is given by the context. Ri will denote the set of elements of R” with
nonnegative components. Given a probability space (2, ¥, P) endowed with a fil-
tration F = (F;)seT, T ={0, ..., T} for some T € N\ {0}, and a random set E,
we denote by L% x T, E) the set of processes Y = (Y;(w))seT valued in E,
by LO(E; F;) the set of F;-measurable random variables which take values in E
P-a.s. For F-adapted processes with values in E, we write LO(E; ). For P~ P,
we similarly denote by L'(Q x T, P, E) [resp. L' (E;P, ;)] the set of ele-
ments of LO(Q x T, E) [resp. LO(E; #;)] which are ]f”—integrable. For bounded
random processes (resp. ¥; measurable random variables), we use the notation
L>®(Q2 x T, E) [resp. L*°(E; #;)]. When P =P, we omit the argument P, and
similarly when t = T', we may omit the argument ;. We do the same thing for £
when it is clearly given by the context. For a subset E C R?, we denote by E* its
positive polar in the sense of convex analysis, that is, E* :={y e R :x - y > 0 for
all x € E}. Given an event set B, we denote Ellg = {lgx:x € E} where 15 =1
on B and 0 otherwise. These last notations are naturally extended to random sets.

2. A financial model with industrial investment opportunities.
2.1. Financial and industrial investment strategies. Set T = {0,..., T} for

some 7" € N\ {0} and let (€2, ¥, P) be a probability space endowed with a filtration
F = (#7)seT. We assume that £7 = F and that %y is trivial. Given two integers
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d>1and N > 1, we denote by K the set of C-valued processes K such that
Rfer \ {0} C int(K;) P-a.s. for all t € T. Here, we follow Kabanov, Stricker and
Résonyi [8] and say that a sequence of set-valued mappings (K;);cT is a C-valued
process if there is a countable sequence of RN _valued processes X" = (X}')seT
such that for every ¢ € T, IP-a.s. only a finite but nonzero number of X} is different
from zero and K; = cone{X}, n € N}. This means that K; is the polyhedral cone
generated by the [P-a.s. finite set {X}',n € N and X} # 0}.

Given K € K, we denote by A (K) the set of processes & € LO(Rd+N ; F) such
that

&e—K, and (&)=Y gt >0, 1<i<N,P-as.forall7 eT.

s=0

The interpretation is the following. For 1 <i <d + N, the quantity (&)' corre-
sponds to the number of units of asset i which are bought at time ¢. The convex
cone —K; is the set of variations in the global portfolio which are affordable, af-
ter possibly throwing out some units of the assets, at time ¢ given the price of the
assets. The process I (§) corresponds to the global investment in the different in-
dustrial projects. The condition 7 (§); € Rﬂ , P-a.s. means that it is not possible to
have a negative level of investment in an industrial project.

Due to the constraint on the level of investment, we also need to consider the
case where the strategy starts with an initial holding x = (x, x’) € R? x ]R_IX.
We then extend the previous notation and define 4 (x; K) as the set of processes
£ € LY(RYtN; F) such that

(2.1) g e€—K, and I(¢),+x'eRY, P-a.s. forallr € T.

Observe that A(K) = A((xF, 0y); K).

The return associated to the industrial investment is modeled by a process
R € R, the set of adapted processes with values in the set of mapping from Rﬂ\_’
into K‘HN ; that is, R;(x) is F;-measurable for all x € Rﬁ . A level of in-
vestment [ (£); in the industrial project at time ¢ leads to a reward (in units)
R;11(I(§);) at time ¢t + 1. Here, the fact that R,y takes values in K‘H'N means
that the reward consists in units of the financial assets. If the N last assets are in-
terpreted as industrial tools used for an industrial project, it is natural to assume
that the reward consists in stocks or currencies, that is, pure financial assets, while
the (relative) value of these tools may evolve in time.

The set of claims that can be reached with an initial holding x = xF,xh e
R? x RY is then given by

T T—-1
AT K R :=3x+) &4 ) Rpi(x! +1(8)).& € A K) .
=0 t=0

For x = 0, we shall simply write A7 (K, R) for Ar(x; K, R).
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REMARK 2.1. Observe from (2.1) that for general x = (xF,xT) e R4 x Rﬁ,
we do not have equality between #4(x; K) and A(K), except if x! = 0. Similarly,
Ar(x; K, R) differs from x + A7 (K, R) in general, while A7 (x; K, R) = xF 4+
A7 ((04, x1); K, R). Also, observe that A7 (K, R) is in general not a cone since R;
is not assumed to be linear.

In this paper, we shall assume that (K, R) € K x R satisfies the above assump-
tions [P-a.s. for each € T:

(R1) R;(0) =0 and R; is continuous.
(R2) For A €[0, 1] and (a, B) € (LO(RY))?, we have

(R3) There is some ¢; € LO(R?*V) and L € R such that AL, («) = L,(Ax) P-a.s.
and R, (&) +a; + L, (e) € LORYTY) for all (1, &) € LO(R;. x RY).

The condition R;(0) = 0 is natural since no investment in the industrial project
should yield no return. The condition (R2) is a concavity assumption. It means
that, up to an immediate transaction in terms of financial assets, the return induced
by a convex combination of industrial investments is better than the convex com-
bination of the returns induced by each of them. It implies that A7 (x; K, R) is
convex (see Lemma 2.1 below). The last assumption is more technical. It imposes
an affine lower bound on the mapping x — R;(x)(w) for almost every w € 2. In
the one-dimensional case, this means that R'(c0) > —oo P-a.s. It is used only in
the proof of Lemma 5.3 below and can be replaced by a weaker one as explained
in Remark 5.1.

Observe that we do not impose nonnegative returns; that is, an investment in
nonfinancial assets may lead to a negative reward in terms of financial assets.

We conclude this section with a popular example in the economic literature.

EXAMPLE 2.1. Set d =1, N =2 and consider the Cobb-Douglas func-
tion r(x,y) = x?y? with B, y >0 and B+ y < 1. For p € L°(R;;F) and
n € LY(R2 ; ), the process R defined by R;(x, y) = p;r(x, y) —n; - (x, y) satisfies
the above assumptions. Here, r (x, y) stands for the number of units of some good
which can be produced by using x (resp. y) units of the industrial asset number 1
(resp. 2). p; denotes the price at time ¢ of this good in terms of the financial asset
(interpreted as a currency). 1, is the price at time ¢, in terms of the financial asset,
of some other goods which are used in the production process. Then, 7, - (x, y)
stands for a production cost which, here, is assumed to be linear in (x, y).

2.2. Admissible consumption processes. A consumption process is an
F-adapted process ¢ = (cy);eT With values in Ri. Given an initial endow-

ment x € RY x Rﬁ, we say that a consumption process ¢ is x-admissible if
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(I ¢, 0n) € Ar(x; K, R). We then define

(22) Cr(x;K,R):={c=(c)er € L'RL; F): (Zc,, 0N> € Ar(x; K, R)].
teT

Observe that we only allow consumption in terms of financial assets. This formu-
lation is well understood when the financial assets are indeed currencies.

LEMMA 2.1. Let (K, R) € X x R be such that (R2) holds and fix x € R? x
Rﬂ\r/. Then Ar(x; K, R) is convex, and so is Cr(x; K, R).

PROOF. Let x = (xF,x1) € RY x Rﬁ, let ¢ and g be two elements of
A7r(x; K, R) and let & and§ be two elements of A (x; K) such that

T T-1
XY E+ Y R +1@);) =¢,
s=0 s=0
T N T-1 B
X+Y E+ Y R +1E)) =2
s=0 s=0

For ¢ € [0, 1], we define £¢ = ¢& + (1 — ¢)€. Let p® € LO(R?*N; ) be defined by
pg =0 and

Pl =eRp1(x! + 1))+ A =Ry (x + 1)) — Ripi(x” + 1))
for0 <t <T — 1. In view of (R2)
i € —K,, teT.
Then, £¢ € LO(R4+N; F) defined by
E =t +(1 -0k +pf. teT,

lies in A(x; K) and satisfies

T T—-1
X+ Y E Y R +1E))=eg+(1—e)g.
t=0 t=0

This concludes the proof. [J

3. The robust no-arbitrage condition. In order to avoid trivial situations,
we need to impose a no-arbitrage condition on the global market. Extending in a
natural way the usual notion of no-arbitrage, we assume that

NA(K,R): Ar(K, R) N L' REN) = {0}.

In this paper, we shall indeed impose a stronger condition, which is similar to the
one introduced by Schachermayer [13] and further studied by Kabanov, Stricker
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and Résonyi [8]. To this end, for K € X, we define K= (K?),ET by K? =K;N
(—K,) for t € T, and we say that a couple (12, R) € K x R dominates (K, R) €
K x R if, foreacht € T:

(D1) K, \ K? Cri(K,) and K; C K;,
(D2) R,(0) € K, and R (@) — R () € 1i(K,), « € RY \ {0}.

We then assume that (K, R) satisfies the robust no-arbitrage property:
NA"(K,R): NA(I%, Ié) holds for some (I%, R) which dominates (K, R).

In the context of pure financial models as in [13] and [8], the robust no-arbitrage
condition means that there is no arbitrage even if we slightly reduce the size of the
transaction costs which are not already equal to zero. In our context, the same
interpretation holds for the financial part of the model. As for the industrial part,
we assume that the no-arbitrage property is also stable under a slight increase of
the nonlinear returns.

Our first result shows that the NA”" condition implies the closedness of
Ar(x; K, R).

THEOREM 3.1. Let (K, R) € K X R be such that (R1)—(R3) and NA" (K, R)
hold. Then, for all x € RY x Rﬁ, Ar(x; K, R) and Cr(x; K, R) are closed in
probability.

PROOF. See Lemma 5.4 and Remark 5.2 below. [

In Section 6 we shall provide a dual formulation for Ar(x; K, R) and
Cr(x; K, R). It is not the main aim of this paper but it will be useful in the proof
of Theorem 4.1 below. As usual, the dual formulation is obtained by using the
closure property of A7(x; K, R).

4. Existence in the utility maximization problem. We now consider a se-
quence (U;);cT of concave mappings from Ri into R U {—o0} such that

@.1) cl(dom(Uy)) =R%,  teT,

where cl(dom(U;)) denotes the closure of the effective domain of U;, dom(U;) :=
{c e RY:|U,(c)| < oo}. It is natural to assume that U, is R? -nondecreasing in the
sense that

4.2) U(x) > U (y) ifx—yeRL teT.
The utility maximization problem is defined as
u(x) = sup E|:Z Ut(ct)], x e RY x ]Rﬁ,
ceC¥(x;K,R) LreT



2400 B. BOUCHARD AND H. PHAM

where

CY (x; K, R) = {c eCr(x;K,R): (Z Ut(ct)) € L'(IP)}.

teT

REMARK 4.1. We claim that (9}1 (x; K, R) # @ whenever x € int(Kg). This
follows from the following observations.

1. By assumption RZ™V \ {0} C int(Ko). It follows that (Ko)* \ {0} C int(RE™).
In particular, for Hy = {y € R4tV : y! = 1}, the set (Ko)* N H; is compact and
there is some & > 0 such that yi >¢gforalll <i<d+ N and y € (Kg)*N Hj.
Also observe that, for y € K, y! =0 implies y = 0.

2. Observe now that x € int(Kg) if and only if y - x > 0 for all y € (Kg)* N Hy. It
then follows from part 1 that, for x € int(Kg), we can find some x € K‘”N with
% >0, fori <d, such that x — ¥ € K.

3. Letting x and X be as in part 2, we define the process ¢ as cf = X'/T for all
i<dandteT. Then,ce Cr(x; K,R) C Cr(x; K, R) and ¢; € dom(U;) for
allr € T; see (4.1).

As usual, we need to impose some additional conditions on the utility functions.
In our multivariate framework, it is natural to rewrite the usual Inada conditions in
terms of the Fenchel transforms associated to U;:

U(y) = sup Up(x) —x -y, yeRZ 1 eT.

xe]Rfi,_
In the smooth one-dimensional case, the usual Inada conditions U, (0) = 400 and
U/ (+00) =0 are equivalent to dom(U;) D (0, 0o). We therefore assume that
4.3) int(RY) C dom(Uy),

which is equivalent to int(]Ri) C Uxe(o’oo)d dU (x),where dU;(x) := —a(—U;(x))
and d(—U;(x)) denotes the subgradient of —U;(x) at x in the sense of convex
analysis (see, e.g., [12]).

For later use, observe that

(4.4) Ux)<Ul(y) ifx—yeRy reT.
REMARK 4.2.  Set e = (1/3/d, ..., 1//d) € R and define the convex map
Viir e Ry +— Us(re). By (4.4), V; is nonincreasing. We claim that
. / _
dim V) =0,
where V, denotes the right-hand side derivative of V;. Indeed, since U; and U, are
conjugate functions, it follows from assumption (4.1) that, for all x € (0, oo)d s

—o0o < Us(x) = inf Ut(y) +x-y<inf V;(r) + (x - e)r.
yE(0,00)d r>0



OPTIMAL CONSUMPTION WITH INDUSTRIAL INVESTMENT 2401

But if lim, _, | o V,/(r) < —¢ for some ¢ > 0, then, for x such that x - e < /2, the
right-hand side term is —oo, thus leading to a contradiction.

We finally impose that for all r € T and A € (0, 1)
(4.5) U (hy) <CH1+U,(y»)*)  forall y e dom(U,),

for some finite C}* > 0.

REMARK 4.3. (i) Assume that d = 1, that Uy is strictly concave, increasing,
continuously differentiable and that, without loss of generality, U, (co0) > 0. Then,
it follows from Lemma 6.3 in [9] that the reasonable asymptotic elasticity condi-
tion

U/
4.6) AEU,) = limsup “2r™) _
X— 00 U, t (x )
is equivalent to the existence of some yy > 0 such that, for all A € (0, 1), there is a
finite C} > 0 for which

Ui(hy) < C/U(y)  forall y < yo.

Since U, is nonincreasing this implies (4.5).
(i1) In (1), (4.6) can be equivalently written as
5 —yU{(y)
imsup —=——— < 00
y—>0 U: (y)
see Proposition 4.1 in [2]. This condition was extended to the nonsmooth multi-

variate case by Deelstra, Pham and Touzi [2]. In our setting, their condition takes
the form

4.7 limsup( sup q- y>/0t(y) < 00,
L)—=0 Nge—aU, (y)

where a(]t (y) denotes the subgradient of U, at y in the sense of convex analysis
and

L(y):= inf  x-y.

xeRZ, |lx|l=1
Arguing as in the proof of Lemma 4.1 in [2], one easily checks that (4.7)
implies (4.5). However, (4.7) is much stronger than (4.5). For instance, if we

take U;(x) := In(x!), then elementary computations show that (4.5) is satisfied
while (4.7) is not.
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EXAMPLE 4.1. Let us consider two examples of families of utility functions
satisfying the above assumptions. Let (U,i )i<q be a family of strictly concave,
increasing, continuously differentiable utility functions defined on (0, oo) such
that, without loss of generality, Uti (00) > 0 for all i < d. Assume further that
each of them satisfies (4.1), (4.3) and (4.6). As observed in the previous remark,
it follows from Lemma 6.3 in [9] that (4.5) holds for each of the corresponding
Fenchel transform U/ .

1. Assume that U,i (0) =0fori <d, so that U; > 0, and set

d
U(x):=Y Ul(x')  forxeR%.
i=l
Then, U,(y) = Y°%_, U/ (y'). Since (4.5) holds for each U/ > 0, it is satisfied
by U, too.
2. Set
U;(x) := U,1 (xl) for x € dom(Utl) X Ri’l.

Then, U, (y) = U/} (y') which also satisfies (4.5).
We can now state our main result.

THEOREM 4.1. Fix (K, R) € X x R such that (R1)-(R3) and NA" (K, R)
hold. Let the conditions (4.1), (4.2), (4.3) and (4.5) hold. Assume further that
u(x) < oo for some x € int(Kq). Then:

(i) u(x) < oo forall x e RY x Rﬁ,
(i) forall x € RY x Rﬁ such that Gg (x; K, R) # O, there is some c* € Gg (x;
K, R) such that

u(x) = E[Z U,(c;‘):|.

teT

REMARK 4.4. If the U,’s are assumed to be strictly concave, then uniqueness
holds for the utility maximization problem.

REMARK 4.5. In Remark 7.3 below, we discuss the assumption (4.5) which
can be replaced by a finiteness condition on some auxiliary dual problem as in [10].

REMARK 4.6. In Kabanov and Kijima [5], the optimization problem is split
into an optimal investment problem plus an optimal consumption problem, given
the optimal investment strategy. This separation principle is intimately related to
the particular “no-bankruptcy” constraint imposed on the wealth process in their
complete market framework. In our incomplete market framework and under the
natural constraint induced by the definition of the admissibility set Cr(x; K, R)
[see (2.2)], it does not seem possible to obtain such a separation principle.
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The remaining sections are organized as follows. In Section 5 we show that
Ar(x; K, R) is closed in probability as soon as (R1)-(R3) and NA" (K, R) hold.
In Section 6 we use this result to provide a dual formulation for the set of attainable
claims. The proof of Theorem 4.1 is given in Section 7.

5. The closure property. Observe that, because of the constraint (2.1), the
sets Ar(x; K, R) are not K7-solid, that is,

Ar(x;K,R) 2 Ar(x; K,R) — LY%K7).

Indeed, f ¢ Ar(x; K, R) whenever P[f ¢ R x ]Rﬁ_/] > 0. In order to obtain a
suitable dual formulation for A7 (x; K, R) (see Section 6 below), we therefore
introduce the K7-solid envelope of A7 (x; K, R):

AL (x; K, R):= Ar(x; K, R) — L%(K7).
Since
(5.1) 50 K, RN LR x RY) = Ar(x; K, R),

passing from A%.(x; K, R) to Ar(x; K, R) is straightforward. In particular, if
AST (x; K, R) is closed in probability, then so is A7 (x; K, R).

In this section, we prove the closedness of AST (x; K, R). It is not of direct use
for the proof of Theorem 4.1, that is, the closedness of Ar(x; K, R) is enough,
but it will allow us to establish a general dual formulation for the set of elements
g of Ar(x; K, R) which are “bounded from below”; see Theorem 6.2 in the next
section.

Observe that we can rewrite A% (x; K, R) as

T T-—1
SO K R = x4+ Y &+ Y Ra(x! +1(6)). & € A (x; K) Y,
t=0 t=0

where, for x = (xF', x1) e RY x RY, 4°(x; K) is the set of adapted processes &
such that

52) &e—K;, and I(§)li<71 +x! eRY, P-a.s. forallr € T.

We shall simply write A% (K, R) and 4°(K) when x = 0.

The closure property of A% (x; K, R) is a consequence of the stronger result
stated in Lemma 5.4 below. We essentially follow the steps of [8]. First, we estab-
lish Lemma 5.1 which has to be compared to Lemma 5 in [8]. This is the key result
to prove the closure property. We then use an induction argument similar to that in
the above paper. The key Lemma 5.1 is used to “transform” unbounded sequences
(&™) into bounded ones for which we can extract convergent random subsequences
(see Lemma 5.2). Lemma 5.3 is used to control the induced nonlinear returns R;.



2404 B. BOUCHARD AND H. PHAM

LEMMA 5.1. Let (K,R) € K x R be such that NA" (K, R) holds. Let
& € A*(K) be such that

T T—-1
Y&+ ) RUE))=¢
t=0 t=0

Jor some € € K, with tg € T. Then, € € K?O, and

1), =0, &eK%forallteT.

PROOF. 1. First assume that P[e ¢ K%] > (0. By (D1), there is a set B C Q
of positive probability on which ¢ € ri(K 1)+ Hence, we can find some B €
LOREN; #))\ {0}, such that —e + B € —K, on B. Set & =& + (B — €)1,
Since B — € takes values in K‘HN , we have [ (é )=1(&) and

T T—-1
Y E+ D RaUE)) =8
t=0 t=0

Set
rip1 = Rep1 (1 (E)y) — Rep1(1(€)y)
§0=§0 and §z+1=§z+1—rt+1, 0<tr<T-1.

By (D2), r141 € K, P-ass. and £ € A (K) C A°(K) satisfies

T T—-1
Y&+ D RIE)) =8
t=0 t=0

Since B € LO(KffN ; F1o) \ {0}, this contradicts N A(I? , ﬁ) and therefore
NA"(K,R).

2. If P[1 (&) #0] > 0 for some t* € T \ {T}, then on a set B C Q2 of positive
probability we have I (&)« # 0. Set o := Ié,u_](l(é),*) — Ry 1 (I (€)4+). Then,
by (D2), @ € K+, P-as. and a € 1i(K;+, 1) on B. We can then find some B €
LORE™N; F11) \ {0} such that @ — B € K+, . Then,

T T—1
—a+B+Y E+Y RuaUE)=€+B+y,
1=0 =0

where

yi= Y Ruld@)—-RudEye Y K,  Pas

teT\{¢t*} teT\{¢t*}

by (D2). Arguing as in part 1, we obtain a contradiction to NA(K, R). Hence,
I1(&); =0 P-as. for all + < T. Since € takes values in KHN, we must also have
1) =0P-as.
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3. We already know from part 2 that /(§); = O for each ¢ € T. It follows that
& € —K, for all t € T. Assume that P[&+ ¢ K K ] > 0 for some t* € T. By (D1),

there is a set B C 2 of positive probability on Wthh we have &+ € —rl(K ). We
can then find some 8 € LO(Rd+N F+) \ {0} such that &+ + B € —K . Since

T T—-1
B+D &+ Y RuUE))=B+e,
t=0 =0

we obtain a contradiction to NA(K, R) by the same arguments as in part 1. [

Before going on with the proof of the closure property, we recall the following
lemma whose proof can be found in [6].

LEMMA 5.2. Set 4 C ¥ and let E be a closed subset 0fRd+N. Let (")n=>1
be a sequence in L(E; 9). Set Q = {liminf,_. o ||7"]| < 00}. Then, there is
an increasing sequence of random variables (t(n)),>1 in LO(N; G) such that
t(n) — oo P-a.s. and, for each w € Q, n’(”)(a)) converges to some n*(w) with
n* e LYE; ).

As a consequence, we first obtain an additional property on R which will be
useful in the proof of Lemma 5.4 below.

LEMMA 5.3. Let R € R be such that (R1)~(R3) hold. Let (n"*,o"),>1 be
a sequence in LO(R, x Rﬁ; F1) such that (n",a") — (00, a) P-a.s. for some
o€ LO(Rﬁ). Then, there is a sequence (T,),>1 in LO(N; F7) such that t,, — o0
P-a.s. and

: Ty —1 TnpyTny —
Jm () R (™) — Ry(e) =
for some € € LO(KI; F).

PROOF. By (R1), (R2),
(5.3) ™ 'R(n"a") — R(@") € =K,  on{y" >1}.

(i) We claim that we can find some Y € L*°(K;") with ¥ I~ 0 P-as. for all
i=1,...,d+ N.Then,on {n" > 1},

Y[R (™) + (1) ay + Lo (@™)]
Y- [R(@™) + (") Lay 4 Li(a™)],

where a; € LO(RT'N ) and L, € R are given by (R3). Since R;(«") converges
P-as. to R;(a) [see (RD)], (™) 'a, + L; (@) converges P-a.s. to L;(«) and
"R ™) + (") a + Li(@") € LORE™N), we deduce that

s ny—1 n_n
liminf | (7") ™" R (n"a")|| < oo,
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In view of Lemma 5.2, we can then find a sequence (t,),>1 in LO(N; #) such
that 7, — oo P-a.s. and (™)~ 'R;(n™a™) converges P-a.s. Since K, is closed,
the result then follows from (5.3).

(ii) It remains to prove that we can find some Y € L®(K;) with Y > 0
P-as. for all i = 1,...,d + N. Observe that for X € LO(ri(K;)) there is some
Y € L°°(K/) such that Y - X > 0. Let ¢; be the vector of RN defined by
el-J = 1;—;. Since K; dominates Rf’N, that is, Rfer \ {0} C ri(K;), for each
1 <i<d+ N we can find some Y; € K; such that Y; - ¢; > 0. Then, Y :=
Zfi{v Y; € K/ satisfies the required property. [

REMARK 5.1. In the above proof, assumption (R3) was used only to show
that
(5.4) liminf |(n™) " R, (&™) || < oo, P-a.s.
n—oQ

Then, we could replace (R3) by: for all sequence (", «"),>1 in LO(]RJr X Rﬁ T F)
such that (n", a") — (00, @) P-a.s. for some o € LO(Rﬁ), we have (5.4).

We can now state the main result of this section.

LEMMA 5.4. Let (K, R) € X x R be such that (R1)-(R3) and NA" (K, R)
hold. For t € T and a € LO(Rﬁ; F1), let Y*(K) be the set of processes
FS LORIHN . F) such that

& e —Klg>, foralls € T and
1(&)s +a€Rﬁ forallt <s <T —1, P-as.

For t € T, let Y;(K, R) denote the set of elements (a, g) € LO(Rﬁ; Fr) x
LORIHN . £ such that there is some & € Y*(K) for which

T T—1
DoE+ Y Re(I¢)s+a)=g.
s=t s=t

Then, for all t € T, YL.(K, R) is closed for the convergence in probability.

REMARK 5.2. Forx = (xf,x!) e RY x Rﬁ, the above lemma readily implies
that A%.(x; K, R) is closed in probability since (x!, g, + (x¥,0x)) € Y2(K, R) if
and only if g, € A} (x; K, R). In view of (5.1), this shows that A7 (x; K, R) is
closed too and so is Cr(x; K, R).

PROOF. We proceed by induction. For ¢ = T, there is nothing to prove. We
then assume that Y}H(K , R) is closed for some 0 <t < T and show that this
implies that Y}.(K, R) is closed also. Let (", g"),>1 be a sequence in Y7.(K, R)
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that converges in probability to some (o, g) € LO(RQ\_/ : F1) x LORITN: 77). After
passing to a subsequence, we can assume that the convergence holds P-a.s. Let
(")n>1 be a sequence such that

T T—-1
(5.5) &"eY U (K) and D &'+ Rp(IE"s+a")=g", n>L
s=t s=t

Set Q = {liminf,,_ o [/l < 00} and observe that Qe F.
1. By Lemma 5.2, if P[Q2] = 1, we can find an increasing sequence of random

variables (t(n)),>1 in LO(N; %) such that, for each w € Q, & T )(a)) converges to
some & (w) with & € LO(RYTN: ). We then have

gr(n) :gtf(n) + Rt+1(1(§r(n)) —|—at(”))

+ Z %.r(n)_i_ Z R+1 r(n)) +I($T(n))t+ar(")),
s=t+1 s=t+1

where
gst(n) = gsr(n)]ls>t+1, 0<s<T.

Hence, (I(E™™), + o™, 7™ — 7 — R,y (I1(67™), + a™™)) belongs
to Y’+1(K R). Since Y“LI(K R) is closed, we can find some & € LO(RYTV; ),
with & = 0 for s <7 + 1, such that

T-1

Z E+ Y Rt(I@)s+1E) +a)=g—&— Rp(IE) +a),

s=t+1 s=t+1

where we used (R1) to pass to the limit in R, . Set
és = "St]]-{s:t} + 51{z<s§T}, seT.

Then,
T—1

Zss + > R (IE)s+a)=

s=t S=t

where, in view of (5.5),
£ € — K1y, fors e T and
I(§)s+aeRﬂ‘r’ fort <s<T —1, P-as.

This shows that (a, g) € Y} (K, R).

2. We next consider the case where IP’[Q] < 1. Since Q € F:, we can work
separately on €2 and ¢, by considering two alternative strategies depending on
the occurrence of € or Q¢. We can then proceed as if IP’[fZC] =1.
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2a. Let n} := |||l + 1. Since liminfn_,oo(n?)_1 I/l < oo P-a.s., we can find
an increasing sequence of random variables (t(n)),>1 in LO%(N; %) such that

r(n))—l tr(n)

for each w € Q°, (ns converges to some §t* in LORYHN; 7).

Set

(g__-n’ gn’ &n) = (ntf(n))—l(é_-r(n)’ gr(n)’ ar(n)) and ﬁt = ntf(n)’
so that

g =&+ @ 'R (@ (1E™) +a"))
(5.6) _
+ Z é + Z (77[) Rs+1(’71(1(§ )s +a” ))
s=t+1 s=t+1

Set

iy o= Ropt (TENs + @) — ) Rt () (1 E™)s + @),
(5.7)

t+1<s<T-—1.
In view of (R1), (R2), ', ; € Ky, 1 +1<s5<T —1,P-as. Set
(5.8) EN = E"oy 1 — " ysp2 € —Ks,  seT.
Since I (§) does not depend on the d first component of £, we have
(5.9) IE"s=1GE")s+1E",  szr+1

Since @ + I(é”)t — 1(5*), P-a.s., we deduce from Lemma 5.3 that there is some
ee LYK r+1> Fr+1) and an increasing sequence of random variables (o (n)),>1
in LO(N; ;1) such that

(5.10)  lim (n"( N R (77 (TET™), + @ ™)) — R 1 (1(E®)) = —e,
where o (n) goes to oo P-a.s. Since by (5.6)—(5.9)
ga(n) Sa(n)-i-( —o(n )) Rz+1( (n)(l(ég(”)),+5lg(")))

+ Z Sa(n)_i_ Z R+l U(”)) +I(§U(n))t+&‘7(”))’
s=t+1 s=t+1

hence, (1(E°™), + @™, g™ — i ) R i " A E7M), + @7 ™)) —
7)) belongs to YA (K, R). Since YA (K, R) is closed and (3", @") goes to 0
PP-a.s., we can find some adapted process &£* such that

E¥ e —Klyzr41 fors e T,
TE*), +1(E*), eRY  foralls € T\{T}, P-as.,
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T
0= Jlim (7)) Rea (7 (1 E), +67) + &+ Y &
s=t+1
T—1

+ 20 Rt (TED), +1E),

s=t+1
and it follows from (5.10) that

LYK, 1 Fiv1) 2 €= Ry (1(EF)))

T T—1
+ Y EHE 4 DY R (IED)s + TE)).

s=t+1 s=t+1
‘We then define

(5.11) £ =8 +E 21, seT.

'With this new notation, we have I(é*)s ly<7-1 € Rﬁ, §s* € — K155, foralls €T,
and

T-1
(5.12) €= Zé + Z Ryp1(1(EM)y).
By Lemma 5.1, we must have € € Kt+1,
(5.13) I1()s=0 and &'eKk® forallseT.
Finally, letting
éj = és* —€ly—s11, seT,

we deduce from (5.11)—(5.13) and (R1) that
T
(5.14)  £* e A (K), Efe—Kl,>  forallseTand Y & =
s=t

2b. Since ||§,* | = ||§z*|| =1 on €, there is a partition of Q into disjoint subsets
I'; € F such that I'; C {(5,*)i #0}fori=1,...,d. We then define

Z(S” BlEDL,  seT,

with ,B;” = (Sf)i/(";‘;‘)i onIy,i=1,...,d. Since, by (5.14) and the definition
of £”,

T T
Sen=%"e"  E'e-Kdg and IE"),=I1¢E");,  seT,
s=t s=t
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it follows that £” € Y"%"(K) and
T . T—1 .
Y E4+ Y Re(IE"s+a")=g". n>1
s=t s=t

We can then proceed as in [8] and obtain the required result by repeating the above
argument with (§"),> instead of (£"),>1 and by iterating this procedure a finite
number of times. [

6. Dual formulation for attainable terminal wealth. In this section we pro-
vide a dual characterization of the set of attainable terminal wealth. To this end,
given K € X and P ~ P, we define Z7(K,PP) as the set of adapted processes
Z=(zF,z" e L"(R4tN; P, F) such that:

(i) (zF,0n) eri((K,)*) foreacht € T and Z7 € (K7)*\ {0} P-a.s.,

(i) ZFisa ]f”—martingale.

REMARK 6.1. Recall that, by assumption, Ri’LN \ {0} C int(K7) P-a.s. It fol-
lows that (K7)* \ {0} C int(RETY) P-a.s. This shows that Z7 € int(RS™Y) P-ass.
whenever Z € Z7 (K, IF”) for some P ~ P.

We start with a series of lemmas which are similar to results in [13] and [8].

LEMMA 6.1. Fix (K, R) € X x R satisfying (R1)-(R3) and NA" (K, R).
Then, for all P~ P, there is a process Z € Z1 (K, If”) N L such that

sup EP[Z7 -g] < o0.
geA% (K, RNLL(P)

PROOF.  Since, by Remark 5.2, A% (K, R) is closed in probability, A% (K, R)N
L! (If") is closed in Ll(]f”). By Lemma 2.1 it is also convex. In view of NA(K, R),
which is trivially implied by N A" (K, R), it then follows from the Hahn—Banach
separation theorem that, for each ¢ € LI(RSI:FN . P) \ {0}, we can find n(¢) €
L®(R4+NY) quch that

EF[n(¢) - g1 <EF[n(¢)-¢]  forall g e AS(K, R)N L' ().

Since —LO%(K7) C A%.(K, R), we must have n(¢) € LO((K7)*). Using a standard

exhaustion argument, we obtain some 7 € LO((K 7)%) such that EED [n-g] <0 for
all g € AS-(K, R)NL'(P),and P[n = 0] = 0. Set Z, = (Z', Z!') = E[n| #;]. Then,
ZF is a martingale. Since D oteT —LO(K,; Fi) C A% (K, R), we must have

Effn-gl<0  forallge Y —L'(K;B, 5.
teT
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In particular, this shows that (Z,F ,0n) € LO(ri((K. )¥)). The rest of the proof
then goes as in Corollary 1 in [8] by using Lemma 5.1 and the fact that the
K, =K/nN K‘l N are countably generated (see the remark after Corollary 1 in [8]).

]

REMARK 6.2. Observe that x € Kgifandonlyify-x > 0forall y € (Ko)* N H,
where H = {y e R¥*V : y! = 1}. Using part 1 of Remark 4.1, we then deduce that,
for any x € RY x Rﬁ, we can find some £ = (£!, 04_14n) € R? x Rﬁ such that
x —x € K.

COROLLARY 6.1. Fix (K, R) € K x R such that (R1)—(R3) and NA" (K, R)
hold. Fix x = (04, x') e R x ]RN Then, for all P ~ P, there is some Z € Z7 (K,

P) N L™ such that

a(xl; Z, I@) = sup IEP[ZT -g] < o0.
gEeAL(x; K, R)NL! (P)

PROOF. In view of Remark 6.2, there is some £ € R*™ such that £ — x €
K. It follows that A% (x; K, R) C A% (X; K, R). Then, the required result is a
direct consequence of Lemma 6.1. Indeed we can find some Z which satisfies the
assertions of Lemma 6.1. Since A%.(x; K, R) —x C A} (%; K, R) —x = A% (K, R)
(see Remark 2.1), it follows that

sup EF[Zr-(g—%)] < sup  EF[Zr gl
geAL(x; K, R)NLL (P) g€AS (K, RNLL(P)
where Z7 - X € L® since Zy € L*°. O

LEMMA 6.2. Fix (K,R) € KX x R such that (R1)—-(R3) and NA" (K, R)
hold. Fix x = (xF,xT) e RY x RY, g € LORI*N; Fr) and P ~ P such that

g € LY(RYN: P). Then,
EP(Zy g — 28 xF1—a(x!; 2, <0 forall Z= (2, Z') € Z1(K,P)
implies g € A% (x; K, R).
PROOF. Fix some P such that g e L'(R4HN; P). Assume that g¢AT(X; K,

R)N L' (P). Since, by Lemma 2.1 and Remark 5.2, A%.(x; K, R) N L' (P) is closed
in L' (P) and convex, we can find some n € L®(R4+V) such that

sup Ef[n-(g— 5, 0M)] <EF[n- (g — F, 0m)]-
g€AS (K, R)NL (P)

Set Z; := Ep[nlf}] The same argument as in Lemma 6.1 shows that Z% i
]P’—martlngale with Z7 € LO(KT) and (ZF,0n), € LO((K )*; F;) for each t € T
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Fix Z € Zr(K, }fb) N L such that a(x’; 2, }f") <00 (wpich is possible by Corol-
lary 6.1). For ¢ > 0 sufficiently small, we have Z¢ :=¢Z + (1 —¢)Z € Z7 (K, P)
and
a@!;zeBy=  swp EF[Z5- (g - F.0N))]
geAL (x; K, R)NL(P)

<EPF[Z5 (g — (xF,0n)].

where we used the fact A% (x; K, R) — (xF', 05) = A% ((04, x7); K, R). This leads
to a contradiction since (Z¢) is a martingale. [

We can now state a first version of the so-called super-hedging theorem.

THEOREM 6.1. Fix (K, R) € X x R such that (R1)—(R3) and NA" (K, R)
hold. Fix x = (xF cx! ) e RY x }Rﬁ. Then, we have the equivalence between:

(i) g€ A7 (x; K, R),
(ii) for some If”:v P such that g € L'(RI+N, IFD), we have for each Z =
(zF,z2" e Zr(K,P)

EP(Zr g — 28 - xF1—ax!; 2, P) <0,

(iii) for all P ~ P such that g € LY RN P), we have for each Z =
(zF,z") e Zr (K, P)

EP(Zy g — zF - xF1—a(x’; 2,B) <0.

PROOF. Since Z is a martingale, (i) implies (iii) by definition of a(x'; Z, P)
and the fact that (g — @xF,on) e A% ((0g, x1); K, R). Obviously (iii) implies (ii).
The implication (ii) = (i) follows from Lemma 6.2. [J

In the case where the claim is uniformly bounded from below for the natural
partial order induced by K7, we can obtain a version of the super-hedging theorem
which does not depend on the integrability properties of g.

THEOREM 6.2. Fix (K, R) € X x R such that (R1)—(R3) and NA" (K, R)
hold. Fix x = (xF, xT) e R x Rﬁ and let g be an element ofLO(]Rd+N) such that

g +c € Kt for some constant ¢ € R‘HN

(i) g€ A7 (x; K, R),
(i) foreachP~Pand Z=(ZF,Z") e Zr(K,P)

. Then, we have the equivalence between:

B Zr g —zF - xF1—a(x!; 2,B) <0,
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(iii) for some P~P, we have for each Z = (Z¥, 2"y e Z7 (K, If")
]EP[ZT -g—ZOF -xF] —a(xl; Z,]@’) <0.

PROOF. 1. Let g € A% (x; K, R) be such that g + ¢ € K for some constant
c=(cF,0n) e RN For k > 1, set By = {|lg + c|| < k}. Then, 1p, goes to 1
P-a.s. as k — oo. For each k > 1, define g := (g +¢)1p,. Since g +c € LY%K7),
gk € AT (x+c; K, R)=cf + A% (x; K, R) forall k > 1. Slncegk is bounded, we
deduce from Theorem 6.1 that, for each P~Pand Z = (ZF, z! )e Zr (K, P), we
must have

EP(Zr g — 2F - (xF +cD) —ax!: 2. P) <0,

Since gx € L°(K7) and Z7 € LO((K7)*), we have Z7 - g¢ > 0 P-a.s. Using Fatou’s
lemma, we then deduce that

EP(Zr (g +0)— ZF - F + ) —ax!; 2, B) <0 forall k> 1,

and (ii) follows from the martingale property of Z F, ~

2. To see that (ii) implies (i), we define P ~ P by P = (e_”g”/IE[e_”g”]) - P
Then, g € L' (R?TN; P) and the result follows from Theorem 6.1.

3. Obviously (ii) implies (iii). It remains to check the converse implica-

tion. le P such that (ii1) holds, P~ }P’ and let H, := EP a’}P’/dIP’W’,] Then
for ZEZT(K IP) we have Z = (H,Z,),ET € Zr(K, IP’) and a(x!; Z ]P’)
ax!; Z, IP). This shows that (iii) implies (ii)). [

REMARK 6.3. Observe from (5.1) that Theorems 6.1 and 6.2 actually
provide a dual formulation for Ar(x; K, R). It suffices to add the condition
g€ LOR? x RY).

REMARK 6.4. 1t is clear from the proofs that the results of this section still
hold if we replace (R1)-(R3) by the assumption that A7 (x; K, R) is closed.

REMARK 6.5. Although the dual formulation we obtained is already much
more general than what we need for the proof of Theorem 4.1, we think that a
more precise description of the natural set of dual variables could be obtained by
means of Lemma 5.4, which is actually much stronger than the version we used in
the proofs. We leave this point for future research.

7. Proof of the existence result for the optimal consumption problem. As
already explained in the Introduction, the one-dimensional argument of Kramkov
and Schachermayer [10] does not work directly in our multivariate setting.
We therefore manage this difficulty by introducing the auxiliary primal problem:

(7.1) w(x = ux!, 00 14n), x'eRy,
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and dualize the value function u; as follows. Our set of dual variables is defined as
DN =1, @) e L' @ xT,RY) x Ry :Vx!' eRy,

VeeCr((x',0a-11n); K, R),

E[ZYt ¢ —ylxl} SO!},

teT

(7.2)

v eRy,
and we consider the dual problem
(7.3) i = inf E[Y T+l yleR,.
YedO") |7
Recall that by convention L' (Q x T, Ri) =LY (Q x T,R%; P).
REMARK 7.1. By Remark 6.2, we can find some x = '(xl ,00-14N) € RA+N
such that the constant consumption process ¢ defined by ¢} =1 for all r € T and

i <d belongs to @% (x; K, R). It then follows from the definition of !D(yl) that,
for each o € Ry, the set {Y : (Y, ) € D(y')} is bounded in L1(Q x T, R%).

The abstract duality relation can be stated as follows.

LEMMA 7.1. Under the assumptions of Theorem 4.1, we have the duality re-
lations:

(7.4) i1y = sup ixH—x'y'l,  yeRy,
x1€R+

(7.5) ui(xh = inf [ —x"y", x'eRy.
yleRy

PROOF. We only establish (7.4). The other relation (7.5) follows from (7.4)
and general bidual properties of Legendre transform (see, e.g., [12]).

By definitions of 17, and JD(yl), we have for all xl,y1 eR4, ce Cr((x!,
Oa—1+n); K, R) and (Y, ) € D(y'):

E[Z Ut(ct):| = E|:Z U (Y) + Y 'Ct:|

(7.6) teT teT

sE[ZlZ(Y,Ha} +x'yl,

teT
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and so

(1.7) wyh = sup () —xy<a ") vyleRy.

X16R+

We now fix some y! € R,. In order to prove (7.4), we can assume w.l.o.g. that
w(yl) < 0.
1. For n > 0, we define G, as

Co={c=(c;) € L°RL;F): eyl <n,t €T}

The sets G, are compact for the weak topology o (L*°(2 x T, Ri), LY(Q x
T, Rfﬂ)). Moreover, it is clear from its definition that D(y') is a closed convex
subset of L'(€2 x T, Ri). We may then apply the min—max theorem to get

sup inf E[Z(U,(c,) —Y-a)+ oei|

ceC, Y.ed() |

= inf  sup E|:Z(Ut(ct) —Y ) +oei|.

YeDG ceC, |for
By setting
U'm= sup [Ule)—c-yl, yeRy,
ceRe c|<n
we then deduce that
sup  inf E[Z(Ut(c,) —Y )+ a:|

ceC, Y.)eD(Y) | /o
(7.8)

= inf E[Z U (Y, —I—oz} =l (yh.

YedOh) |7
For later use, observe that
(79 Uy >0z ifz—yeR? and U'<Uf  ifk>n.

2.Forany Z = (ZF, Z) € Z7 (K, P), we have from the P-martingale property
of ZFand Theorem 6.2: Vx! e R, Vc e Cr((x',04_14n): K, R),

IE|:Z'TF . Zc; — Zéx1:| =IE|:ZZtF-c; — Zéx1:|

teT teT
<a(Oy; Z,P).

It follows that the pairs (Y, o) defined by

1 1
LzF a=2-a0n; 2P

7.10 Y =
(7.10) Z1 Z1
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belong to D(y'). Here, we use the convention 0/0 = 0 and we observe from Re-
mark 4.1 and the martingale property of Z* that Zé =0 implies Z' =0.
Now, for x! e Ry, let ¢ = (¢;) € L°(R% ; F) be such that

E[ZY,-ct—y1x1:| <« V(Y,oz)e!D(yl).
teT

By taking (Y, @) in the form (7.10), we deduce that

E[Z? Yo — Zéxl} <a(Oy:Z,P) VZeZr(K,P).
teT

By Theorem 6.2, this means (¢;) € Cr((x!, 04—1+n3); K, R). Therefore, we have
the duality relation between the sets C(x') and i)(yl) in the sense that, for any
x! € R, an element ¢ = (¢;) in LO(RY ; F) belongs to C7((x!, 04_14n); K, R) if
and only if

E[Z Y, ¢ — y1x1:| <a VY, a)eDOH.
teT

It follows that
sup E[Z Y: - ¢ —a}
Y.)eD(y") LreT
=inf{y'x":x! > 0s.t.c e r((x', 04—14n); K, R)},
and therefore
lim sup inf E[Z(U,(c,) —Y-a)+ oei|

n=0 e, (Y)edOh) | it
(7.11)

= sup sup E[ZU,(@)—xlyl} =w(y').

x1€Ry ceCr((x!,04-148); K. R)  LreT

3. Identifying relations (7.8) and (7.11), we get
(7.12) lim @t (v =w(yh,
and so we have to show that
(7.13) Tim @ (") =i (.

Let (Y", a™) be a sequence in D (y!) such that

lim E[Z ar o —I—oz":| = lim a{(y") = wy").

n— oo
teT
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By Lemma Al.1 in [3] applied on L% x T), there exisAts a sequence (f”) €
conv(Y™, ..., Y"1 . ) which converges a.e. to a process Y, taking possibly infi-
nite values. Moreover, by convexity of U;" and (7.9), we have, by (7.12),

.. DS ~ .~ 1
(7.14) lhrgng{;rU[’(Yt”)—i—a”} fnlglgou'{(yl)zw(y ),
te

where &" is constructed from (oek )k>n With the same convex combinations as Y".
Let us now consider the sequence of nonincreasing convex functions

¢ri=(=V)~'  onRy,
where (—V;)~! denotes the generalized inverse of the nondecreasing function —V;,
and V; is the convex map introduced in Remark 4.2. We then define

d
¢:yeR?— minlx - y:x € R with |x|| ::lei|ei=1 .
i=1

With this notation, we have y — £(y)e € ]R‘j_ for all y € R?. Since ¢; is nonincreas-
ing and l?t" < U,, it follows from (7.9) that

Ee: (U] (¥/)7)] < Elo: (07 (€Y e)™)]
< @ (0) + E[(Y)]
<@ (0)+E[X(e)- Y] with X(e) =(1/e',...,1/e9).

By part 2 of Remark 4.1, we can find some x(e) > 0 such that (x(e), 0g—14n5) —
X(e) € Ko. Then, (X(e))teT € Cr(Tx(e)1y; K, R) where 11 = (1,0,...,0) €
R4+N Tt then follows from the above inequality and the definition of D (y') that

(7.15) E[Z@(U{'(ﬁ”)_)} <Y i(0) + Tx(e)y' +&".

teT teT

Now, by I’Hopital’s rule and Remark 4.2, ¢;(r)/r goes to infinity when r goes to
infinity, and so there exists some positive 7; > 0 such that ¢;(r) > 2r for all r > ;.
Hence, for all n,

Ur(¥"N™ <7+ 30 (01 M),
and by (7.15)
E[Z 0;%?;1)—} <Cy" + 14",
teT
where C(y1) = Y er7r + 3 (91 (0) + x(e)y"). We then deduce that
W —coh < E[Z 17,"(?;*)} +a"

teT



2418 B. BOUCHARD AND H. PHAM

so that by (7.14), after possibly passing to a subsequence, for n large enough
" <wiyH+1+CG") < oo,

which proves that the sequence (&) is bounded. After possibly passing to a sub-
sequence, we can then assume that it converges to some & € R . It then follows
from (7.15) and the de la Vallée Poussin theorem that the sequence (ﬁ[’(f”)_) is
uniformly integrable. Since U /' converges to U, uniformly on compact sets, it then
follows from Fatou’s lemma that

1inrgi£f1€[z Uy +&”} > E[Z U, (Y)) +&} > a1 (yv).
teT teT

Since we obviously have i/ (y") < it1(y"), inequality (7.14) implies (7.13), that
is, (7.4), see (7.7). O

REMARK 7.2. 1. Assume that for some x! > 0, u (') < 0o. Then, by the du-
ality relation (7.5) in Lemma 7.1, there exists some y1 € R, such that i1 (yl) < 0.
Hence, for this yl, there exists some (Y, «) € @(yl) such that ), .t U,(Y,) €
L' (P). In view of (7.6), this implies that u (¥!) < oo for all ¥ > 0.

2. Fix x € int(Kp). Then, by parts 2 and 3 of Remark 4.1, there exists some X =
(2!, 04—14n) with £1 > O such that x — (!, 04—1+n) € Ko and C¥ (%; K, R) # @.
Since Cr(X; K, R) C Cr(x; K, R), the finiteness of u(x) implies the finiteness of
uiH =u(®).

3. Finally, let x € RY x RY be such that C¥(x; K, R) # @. Then, by Re-
mark 6.2, there is some %! > 0 such that u(¥!, 0g_14n) > u(x).

4. Combining part 2 with part 1 and then part 3 proves (i) of Theorem 4.1.

We go on preparing the proof of Theorem 4.1 with two more lemmas.

LEMMA 7.2. Let the conditions (4.1), (4.3) and (4.5) hold. Let y1 e Ry and
Y,a) e éD(yl) be such that

(Z U,(Yg) e L'(P).

teT
Then,

(ZU,(AYt)) eL'(P)  forallxe(0,1].

teT

PROOF. 1. First observe that U, (LY~ € LY(P) foreachz € T and A € (0, 1].
Indeed, given x© ¢ int(Ri), we have by definition of U,

U P <0,0Y,) + 1Y, - xF.
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Since ¥; € L' (P) and U, (x) is finite, this implies that U, (AY;)~ € L' (P).
2. From part 1, it suffices to show that U, (Y;)* € L (P) implies that U, (AY;)* € L' (P)
for all A € (0, 1]. Fix A € (0, 1]; by assumption (4.5) we have

Uyt <1+ 0,7,
which, by part 1, shows that U, (LYt € L1(P) and concludes the proof. [J

LEMMA 7.3. Fix (K, R) € K x R such that (R1)-(R3) and NA" (K, R) hold.
Fix x e R9 x Rﬁ, and let (cp)n>1 be a sequence in Cr(x; K, R). Then, there is a
sequence (Cy)n>1 such that ¢, € conv(ck, k > n), for each n > 1, which converges
P-a.s. to some ¢ € Cr(x; K, R).

PROOF. We set x = (xF,xl). Since c,’; >0 for each 1 <i <d + N,
we deduce from Lemma Al.l in [3] that there is a sequence (¢;),>1 such
that ¢, € conv(ck, k >n), for each n > 1, which converges P-a.s. to some
ce LO([O, oo]; F). By Lemma 2.1, ¢, € Cr(x; K, R) foreach n > 1. Since, by Re-
mark 5.2, Cr(x; K, R) is closed, it suffices to show that || Y ;o ¢; || < co. To see
this, recall from Theorem 6.2 and Lemma 6.1 that there is some Z = (ZF, z!) e
Z71(K,P) such that

E|:Z£ (Z(Cn)t>:| Szg'xF+a(xl;Z,P)<oo, n>1.

teT

By Remark 6.1, we have ZiT > 0 P-a.s. forall 1 <i <d;sending n to oo and using
Fatou’s lemma then leads to the required result. [

We can now conclude the proof of Theorem 4.1.

PROOF OF THEOREM 4.1. Item (i) has already been proved in Remark 7.2.
We prove (ii).
1. Let (¢"),>1 be a sequence in Cr(x; K, R) such that

u(x) =nli)ngoE[Z U,(cf)]
teT

Since U; is convex, it follows from Lemma 7.3 that, after possibly pass-
ing to convex combinations, we can assume that ¢ converges P-a.s. to some
c¢* € Cr(x; K, R). We shall prove in part 2 that

+
(7.16) { (Z Ui (c} )) } is uniformly integrable.
n>1

teT
Then, using Fatou’s lemma and the continuity of U;, we obtain

u(x) = nli)rgoE[Z U, (c:’):| < E|:lim sup Y U, (c:’):| = E[Z U; (c;‘)i|.

teT =00 e teT
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2. To prove (7.16), we assume to the contrary that the sequence is not uniformly
integrable and work toward a contradiction. If (7.16) does not hold, then, after
possibly passing to a subsequence, we can find some § > 0 and a sequence (A}, »
such that, for each n > 1, (A})}_, forms a disjoint partition of €2 such that

(7.17) |:<ZU;(C, ) M} l<k<n,n>1.

teT

By possibly adding a constant to the U, ’s, we can assume that there is some r € Rfﬂ
such that min;c U (r) > 0.

Now, by Remark 7.2, there exists some y! € R, such that ii1(y') < oo. Hence,
for this yl, there exists some (Y, ) € @(yl) such that

(Z U,(Yg) eL'(P).

teT
Then, by Lemma 7.2,

(Z U,(AY,)) eL'®)  forall ke (0,1].

teT

Observe from Remark 6.2 that we can find some X! > 0 such that the process r 4 c*
belongs to @T((x 0g—1+N); R, K) for all k > 1. It then follows, by definitions of
U; and ci)(y ), that foreach A >0 andn > 1

ZE[Z U;(r—l—ct)]lAn} <IE[ZUI(AY,)} +AZE[YT (Zrﬂf)n%}

k=1 teT teT teT

< E[Z Ut(xy,)} +na(y'2! 4+ ).

teT

Since U, is R? -nondecreasing [see (4.2)], we have U, (r + ct) > U, (cf‘)+ It then
follows from (7.17) that

ns < E|:Z Ut(,\y,)} +nr(y'#'+@)  foralln>1and A > 0.
teT

Dividing by n > 1 and sending n to oo in the above inequality, we obtain
(7.18) §<i(y'#'+a)  foralla>0.
Sending A to O then leads to the required contradiction since § > 0. [
REMARK 7.3. 1. Since D(Ay!) = 2D (y!) forall A > 1, the above proof goes
through if we replace the assumption (4.5) by
(7.19) ' <oco  forall y! > 0.
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Moreover, as explained above, it follows from Remark 6.2 that u(x) < co when-
ever ii! (yl) < oo for some y1 > 0. Hence, if (7.19) holds, then the assumption
u(x) < oo for some x € int(Kop) can be dropped too.

2. Since u

I'is nonincreasing, it follows from Lemma 7.2 that (7.19) is implied

by (4.5) and the condition u(x) < oo for some x € int(Ko).

(1]
(2]
(3]

(4]
(3]

(6]
(71
(8]
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