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UNIFORM MOMENT BOUNDS OF FISHER’S INFORMATION
WITH APPLICATIONS TO TIME SERIES

BY NGAI HANG CHAN! AND CHING-KANG ING?
Chinese University of Hong Kong and Academia Sinica

In this paper, a uniform (over some parameter space) moment bound for
the inverse of Fisher’s information matrix is established. This result is then
applied to develop moment bounds for the normalized least squares estimate
in (nonlinear) stochastic regression models. The usefulness of these results is
illustrated using time series models. In particular, an asymptotic expression
for the mean squared prediction error of the least squares predictor in au-
toregressive moving average models is obtained. This asymptotic expression
provides a solid theoretical foundation for some model selection criteria.

1. Introduction. Moment inequalities and moment bounds have long been
vibrant topics in modern probability and statistics. The celebrated inequalities of
Burkholder [3] and Doob [5] offer exemplary illustrations of the importance of
moment inequalities. Using moment bounds, the order of magnitude of the spec-
tral norm of the inverse of the Fisher’s information matrix can be quantified and
consistency and efficiency of least squares estimates of stochastic regression and
adaptive control can be established; see, for example, the seminal work of Lai and
Wei [15] and the succinct review of Lai and Ying [16]. In this paper, a uniform
(over some parameter space) moment bound for the inverse of the Fisher’s infor-
mation matrix is established. This bound is used to investigate the moment prop-
erties of least squares estimates and the mean squared prediction error (MSPE) for
time series models.

To appreciate the significance of uniform moment bounds, consider the stochas-
tic regression model

(1.1) yr = &:(00) + &, t=1,...,n,

where g;(-) is a random function, 6y is an unknown parameter and {&;} is a martin-
gale difference sequence. There are two important problems related to this model.

Received May 2010; revised August 2010.
1Supported in part by the General Research Fund Nos. 400408 and 400410 and the Collaborative
Research Fund No. CityU8/CRF/09, all from the Research Grants Council of Hong Kong.
2Supported in part by the National Science Council of Taiwan under Grant NSC 94-2118-M-001-
013.
MSC2010 subject classifications. Primary 62J02; secondary 62M10, 62F12, 60F25.
Key words and phrases. Fisher’s information matrix, least squares estimates, mean squared pre-
diction errors, stochastic regression models, uniform moment bounds.

1526


http://www.imstat.org/aos/
http://dx.doi.org/10.1214/10-AOS861
http://www.imstat.org
http://www.ams.org/mathscinet/msc/msc2010.html

UNIFORM MOMENT BOUNDS 1527

The first one concerns the mean squared error prediction. In practice, the un-
known parameter 6y is usually estimated by the least squares estimate 6,,, which
minimizes S, (0) =Y} (yr — & (0))2. Although the (strong) law of large numbers
(LLN) and the central limit theorem (CLT) of 6, were established under certain as-
sumptions on g;(-) and &; (see among others, Lai [14] and Skouras [19]), relatively

little is known about the moment convergence of 6,,. Moment convergence of 6,
offers important insight in the pursuit of the mean squared prediction problem. To
see this, suppose that n'/2 6, — o) is asymptotically normal with mean zero and
variance n > 0. Then an immediate question is to pursue

(1.2) Eln'2@, —60)17=0(1), g=1.

In particular, if (1.2) holds for some q > 2, then {n(@ — 6p)? } is uniformly inte-
grable and consequently, lim,_, s nE6, — 90)2 = . This result can be applied to
develop an asymptotic expression for the mean squared error of 6, as

E(f, — 60)* = Z +o(n™)

from which asymptotic properties of the MSPE of the least squares predictor
g,,+1(én) of yu+1, E(Ypn+1 — gn+1(én))2, can be established; see Sections 2 and 3
for further details.

To establish (1 2), consider the Fisher’s information number, ! Yr(er (0))>
of (1.1), where g;(0) = dg;(9)/d6. As will be shown in Section 2, it turns out that
the uniform negative moment bound for ! (g (6))?, that is, for any g > 1,

n —-q

(1.3) E{ sup (n—l Z(g,/(e))z) } =0(1)
0€Bs, (6) =1

plays a crucial role in proving (1.2), where Bs, (6p) = {0 :|0 — 6p| < &1} for some

61 > 0.

A second but equally important problem in stochastic regression concerns
model selection. To understand how the uniform moment bound is related to this
issue, consider the case when g;(-) in (1.1) contains k£ > 1 unknown parameters
0o € R*. A multiparameter generalization of (1.3) becomes: for any ¢ > 1,

(1.4) E{ sup kmm< ‘IZVg,(Ong(o))T)}=0(1>,

0eBs, (60) =1

where Amin (L) denotes the minimum eigenvalue of the matrix L and Vg;(0) de-
notes the gradient vector of g;(#). In particular, when g;(0) = g;(61,...,6k) =
01yi—1+ -+ Oryr— in (1.1), that is, when y; is an autoregressive (AR) model of
order k, (1.4) reduces to

(1.5) E{ mm( Iny 1 (k) 1<k>>}=0<1>,

t=1
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where y; (k) = (y:, ..., yi—k+1)T. By imposing a Lipschitz type condition on the
distribution function of ¢; and a stationarity condition on g;(-), Findley and Wei [7]
established (1.5), thereby providing a rigorous mathematical derivation of the AIC
model selection criterion for weakly stationary AR processes. However, the proof
of (1.4) for a general stochastic regression model is much more involved than (1.5)
due to the presence of an “extra” supremum, which is taken over an uncountable
set inside the expectation. As a consequence, similar to the AR case, knowledge
about negative uniform moment bounds of the Fisher’s information matrix (1.4)
constitutes an indispensable tool for the model selection problem.

The rest of this paper is organized as follows. In Section 2, we first show in The-
orem 2.1 that (1.4) holds under more general situations where Bj, (09) is replaced
by a bounded subset ® of R* and Vg, (#) is replaced by a vector-valued random
function f;(6), 6 € O, satisfying certain assumptions. We then apply Theorem 2.1
to establish the moment convergence of least squares estimates in (nonlinear) sto-
chastic regression models; see Theorem 2.2. Section 3 focuses on the applications
of Theorems 2.1 and 2.2 to autoregressive moving average (ARMA) models. In
particular, the moment convergence of the least squares estimates and an asymp-
totic expression (up to terms of order n~!) for the MSPE of the least squares pre-
dictor for ARMA models are established. To facilitate the presentation, technical
results of Sections 2 and 3 are deferred to Appendices A and B, respectively.

2. Uniform bounds on negative moments. Let (2,7, P) be a probabil-
ity space and {F;} be an increasing sequence of o-fields on (€2, F, P). Let
f,(6),t =1,...,n, be r-dimensional F;-measurable random functions of a para-
meter vector @ = (6, ..., 0)T € ® C R¥. In the first half this section, we provide
sufficient conditions under which the minimum eigenvalue of the normalized ma-
trix n= Y £ (O)EN(0), Amin(n ™! X7, £,(0)E1(0)), satisfies the following uni-
form moment bound:

(2.1) E{ sup A;fn<n‘1 Zfz(mf?(o))} =0()  foranyg=1.
0cO

t=1

This uniform negative moment bound is applied to investigate the moment proper-
ties of least squares estimates in the second half of this section. To begin, assume
the following conditions:

(C1) f,(0) is continuous on ® and ® is a bounded subset of R¥;
(C2) there exist positive integer d and positive numbers §, @ and M such that
forany t > d, any 0 <so — 51 <§,any # € ® and any |a| =1,

P(s1 <a™f(0) <s2|Fi—g) < M(s2—s))*  as.,

where ||a|| denotes the Euclidean norm of vector a € R";
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(C3) there exist T > 0 and nonnegative random variables B; satisfying
sup,>1 E(B;) < C for some Cy > 0 such that for all §,, §, € © with [|§; — &, <
Ts

If:(§1) —£:(§2) 1l < B:11§; — &, a.s.;
(C4) there exists C; > 0 such that sup,..; E(supyg IIf; (9) ||2) < (.

(C1) is a standard assumption for the regression function and its gradient vector
in nonlinear regression; see, for example, Lai [14] and Robinson and Hidalgo [17].
(C2) says that given the information (o -field) whose time index is sufficiently
smaller than the current time index ¢, the conditional distribution of af; (9) follows
a local Lipschitz condition of order « for all points # € © and all directions a with
llal] = 1. In the special case when © contains only one point, (C2) is related to
Findley and Wei’s [7] uniform Lipschitz condition over all directions, which is
the key assumption used in deriving the AIC for stationary AR models. Since we
need to deal with the supremum over a class of inverses of minimum eigenvalues
indexed by 6, a Lipschitz type condition over all points (#) in all directions (a)
is required in this paper. As will be seen in Section 3, (C2) is flexible enough to
encompass many time series applications. Conditions like (C3) have been imposed
on the regression function by Andrews [2] and Skouras [19] in proving the uniform
law of large numbers for random functions associated with S, (0). (C3) can be
verified when f; (@) is sufficiently smooth; see (3.26) for more details. (C4) imposes
a mild moment condition on f;(f#) and appears to be satisfied in many practical
situations. Moreover, (C4) can be weakened to sup,.; supgcg E(|If; 0)]%) < C»
for some C, > 0 at the price of strengthening the conditions on B; in (C3) to
sup;~ E(B,z) < Cq for some C; > 0.

THEOREM 2.1. Assume that (C1)—(C4) hold. Then inequality (2.1) is true.

PROOF. First, note that the measurability of supy.g )»r;?n(n_l Yo f(0) x

f;r(ﬂ)) is ensured by the continuity of f;(@). Define ngy = [(n — d)/d], where |a]
is the largest integer <a. Then for n large,

nind (Z f; (0)1?(0))

t=1

d ng—1 —-q
(2.2) <nt { > )»min< > firnari OFG 4 hay (0)) }

j=1 i=0

d ng—1
<{n/(nad)}td™" anngn< DR ((ERIPENI()] (NI (0>),
j=I1 i=0

where the first inequality is ensured by the fact that for symmetric matrices E|
and E>, Amin(E1 + E2) = Amin(E1) + Amin(E2), and the second one is ensured by
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the convexity of x =9, x > 0. As a key step for achieving (2.1), we show, by making
use of (C2)-(C4), in Appendix A that there exists a positive integer m, depending
only on g, r, k and o, such that for all large n, all0 </ <ng—mandall 1 < j <d,

[+m—1
2.3) (;up Amm< 3 fa+1>d+,-(0)f5+1>d+,-<0>)> <G,

i=l
where C3 is some positive constant independent of / and j. Let ng , = |ng/m].
Then, analogous to (2.2),

ng—1
”3)\;?11( Y K OFG gy (0)>

i=0

nd, m—1 m—1
= (l’ld/l’ld m) ”d m Z )\ (Z f(l-i-am-i—l)d—i-] (a)f(l+sm+1)d+,(0))
s=0 i=0

Combining this fact with (2.2) and (2.3) yields for n large and for some positive
number Cy,

an{ sup A& (Z f; (0)ftT(0)> }
=1

fcO

nd
<
- (”d md)4d

ng.m—1 m—1
X an m Z E{;up Amm(Z f(l'Hm‘H)d‘f'] (0)f(l+sm+1)d+J (0))}

j=1 s=0 =0

< C3C4mq.

Thus, (2.1) follows. [

To see the extent of the usefulness of (2.1), consider a stochastic regression
model of the form

24 yi = g1 (00) + &1, t=1,...,n,
where {¢;} is a martingale difference sequence with respective to {G;}, an increas-

ing sequence of o -fields on (€2, F, P), such that
(2.5) sup E(8t2|gt_1) < 0 a.s.,
t

g:(+) is a G;_1-measurable random function on a compact set @1 C R¥ and 0, €
® is unknown coefficient vector. The least squares estimate 6,, of @ is obtained
by minimizing

n

(2.6) $.0)=>"(3 — ()

t=1
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over . The next theorem provides a set of sufficient conditions under which
2.7) Elln'/?6, —60) |1 =0(D).  q=1.

To state the result, denote the gradient vector and the Hessian matrix of a
smooth function i:R* — R by Vh(&y,...,&) = (0h/d&1,...,dh/3&)T and
V2h(&, ..., &) = (3%h/d& &) 1<i j<k- respectively. For @ € R* and n; > 0, de-
fine By, (0) ={§: 11§ — 01l <m}.

THEOREM 2.2. Consider the stochastic regression model (2.4) in which g;(-)
is Gi—1-measurable and continuous on @1 and the martingale difference sequence
{&:} satisfies (2.5). Suppose that there exists 51 > 0 such that Bs,(6p) C ©1 and
the gradient vector Vg; is continuously differentiable on Bs, (8¢). Moreover, as-
sume sup, E(|&/|Y|G;—1) < Cs a.s. for some y > max{q,2} and Cs > 0, and the
following conditions hold.

(i) (C2)—~(C4) hold for ® = Bs,(00), £:(0) = Vg:(0) and F; = G;—_1. In addi-
tion, there exists q1 > q such that

n q1
(2.8) max E( sup n*I/ZZ&(Vzg,(G))iJ ):0(1),
1<i,j<k 06331(0()) =1
(29) max_E( sup  |(V2(0)); 1) = 0(1),
1<i,j<k,1<t<n 06331(00)
(2.10) max E( sup ||Vgt(0)||4‘“)=0(1).

I=t=n" “9eBs (8o)

(ii) For any &3 > 0 such that ®1 — Bs,(0¢) is nonempty, (C2)—(C4) hold for
© =0 — Bs,(00),1;(0) = g:(0) — g:(00) and F; = G;_1. In addition, there exist
0<v<1/2and g2 > q/(2v) such that

n'> " e(3(0) — g:1(00))

t=1

(2.11) E( sup
0c®,—Bs, (0o)

q92
) =0(n"?%?).
(iii) There exists M > 0 such that

(2.12) P( sup kr;iln<n_1 ZVg,(O)(Vgt(H))T) > M) =0,

0eBs, (00) =1
n
(2.13) P( sup n 'Y Ve (@ > M) =0@m™),
06351(00) =1
1 . 2 2 Y
- — —-q
(2.14) lgg}ékp<oe;g%o)n ;W 8:(0)); ;> M) =0m™ ).
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Then (2.7) holds.

Some comments are in order. Conditions (i) and (iii) are needed to prove that
the gth moment of n!/ 2 (én —00)1114, is asymptotically bounded in (2.15), where
A, 1s the event én falls into a small ball around 6¢. Equations (2.9) and (2.10) in
condition (i) are similar to Condition 13 of [17], but (2.9) and (2.10) require the
existence of higher-order moments of Vg;(#) and V2g;(6) to establish inequal-
ity (2.26), which plays an important role in deriving (2.15). Equation (2.8) in con-
dition (i) can be viewed as a “moment” counterpart to (3.18) of [14] and can be
justified by an argument similar to (3.8) of [14], which shows that the supremum
of a Hilbert space (H) valued martingale is dominated by its norm in H under cer-
tain smoothness conditions. For more details, see (B.5) and (B.7) of Appendix B.
Equations (2.12)—(2.14) in condition (iii) may seem less relevant to the typical
assumptions made for LLN and CLT of 0, at the first sight. However, like (2.9)
and (2.10), they are needed for the derivation of (2.26). In fact, (2.12) and (2.13)
can be simplified into a single assumption that for any m > 0,

> n_1>

P( sup
0eBs, (00)
=0n™1),

where ||D||? = SUP x)=1 x! DT Dx for the matrix D. However, we do not want to
complicate the proof of Theorem 2.2 by using this assumption. When g;(0) is
a linear process with coefficient functions satisfying certain smoothness condi-
tions, (2.12)—(2.14) can be justified based on a uniform version of the first mo-
ment bound theorem of Findley and Wei [6]. Further details can be found in (B.6)
and (B.9)-(B.11) of Appendix B. In contrast to conditions (i) and (iii), condition
(ii) is required to prove that the gth moment of ||n'/? (én —00)|l1p, is asymptoti-

n' Y Ve (0) (Ve (0)T —E{Vgi(0) (Vg (0)™1

t=1

cally bounded in (2.27), where B,, denotes the event én falls outside a small ball
around 6. Finally, (C2) in condition (ii) provides an identifiability condition for
model (2.4), while (2.11) is a moment counterpart to (3.14) of [14] and can be
analogously justified as (2.8).

PROOF OF THEOREM 2.2. Let 0 < 8} < min{8;,37 "k~ 'M~2} and A, =
{9,, € BIST (6p)}. We first show that

(2.15) E(|n'2(8, — 00)[1914,) = O(1).

By the mean value theorem for vector-valued functions, on the set A,,,

A 1 A A
(2.16) 0=VS,(0,) =VS,(0p) + [/ V23S, (00 +7 (0, —00))dr (0, —09),
0
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where S,(-) is defined in (2.6) and the integral of a matrix is to be understood
component-wise. In view of (2.16) and the identities that VS, (8) = —2>"/_, (y; —

g(0)Vg:i(0) and V2S,(0) =237 Vg, (0)(Vg (0N — 230 (31 — () X
Vzg, (0), one has

217 > &Vgi(80) = (L(Bn.00) — Q(01.00)) (0, —00)  on Ay,
=1

where L(8,,.00) = [y X1y V(B0 + B, —00))(Vg, (80 +r (B, — 00)))" dr and

Q0,,00) = [y X7y (3 — 800+ B —00))V2g: (B0 +r (8, —00)) dr. A direct
algebraic manipulation leads to

(2.18)  Amin(L(®n,00) = inf )xmin(sz)(wz(a)f) on Ay,
0

1
06351(0 -

which, together with the continuity of Vg;(@) on B, (60), condition (i) and Theo-
rem 2.1, yields that for any s > 1,

B (0" L(0,,00)14,)

(2.19) .
§E< sup A;fn<n‘1ZVg,w)(Vgt(a))T))=0<1).

0635] (00) t=1

With the help of (2.19), we can assume without loss of generality that L} (9,,, 0o)
exists on A,, and hence by (2.17),

1n'/2@, — 00) 14,

n2Y e Vg (00)

t=1

<InL™'(@,.00)| Iy,

. 1 n .
1L Bn 00) 1| [ 071230 60V (00 + B = 00) dr

t=1

(2.20) X 10, — Bl 1a,

n 1 n o
+1nL ™ @, 00)] fo n'S r 00— 6, Ve 07,

t=1

x V2g,(00 +r(0, — 00)) dr

x 1120, — 00) |14,
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where 07, satisfies [|67, — 0ol <r 16, — 0ol By the Cauchy—Schwarz inequality
and Jensen’s inequality, it follows that

1 n .
/0 n=1/2 Zs,vzgt(ao +r(0, —0p))dr

t=1

(2.21)
<k max sup [n7'2) &(VPgi(0))i | :=kW,
1=i,j=kgeBs, (80) =1
and
H f 12r<0o— ) V(07 )V (00 + 7B, — 00)) dr
n 1/2
gknen—oon( sup n—‘ZHVgt(o)uZ)
0eBs, (00) =1
(2.22)

; 1/2
xl max sup n IZ(Vzgt(o))iz,j}

=i /<k0€Ba (00) =1

= k|6, —00||R1/2 )2,

Denoting SUPge B, (B) )‘mm( 1 Vg:(0)(Vg:(0)T) by R, and combining

(2.18) and (2.20)— (2 22), we obtain
1n'%@, — 80)[1714,
q

n~!/2 Z e Vg:(0o)

< Sq{RZ
t=1

(2.23)
+ 87 K RIWS + 87"k RARTIZ R In' 2B, — oo)ﬂmn}

.= 39{(I) + (II) 4 (1II)}.

Applying (2.8), (2.10), (2.19), sup, E(|&;|”|G;—1) < Cs a.s., Holder’s inequality
and Lemma 2 of Wei [21], it can be shown that for n large and some positive
constants C| and C3,

(2.24) E((I) <CY
and
(2.25) E((I)) < C5;

see Appendix A of Chan and Ing [4] for more details. In addition, by making use
of (2.9), (2.10) and (2.12)—(2.14), we show in Appendix A that for n large,

(2.26) E((I) < C% 4 CLE(|n"/?@, — 00)1914,).
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where C3 and C} are some positive constants with Cj satisfying 0 < Cj <379,
Consequently, the desired conclusion (2.15) follows from (2.23)—(2.26).

Letting B, =1{0,, € ®1 =0 — Bj: (89)}, the rest of the proof aims to show that
(2.27) E(ln'6, —00)1715,) = O(1),

which, together with (2.15), yields the desired conclusion (2.7).
Since ||n'/2(6,, — 0¢)||? < Cg*nq/2 for some C3 > 0, (2.27) follows immediately
once we can show that

(2.28) P(B,) = 0n"4%).

By the continuity of g;(-) on @1, condition (ii) and Theorem 2.1, one has for any
s>1,

n -5

. — 2

(2.29) E{[ inf 1"y (g0(0) — & (80)) } }= o).
0O =1

In addition, it is straightforward to see that

B, C {2 sup
06(:)1

nt> e(gi(0) — gz(0o))‘
t=1

(2.30) .
> inf n! Z(gz(a) - gr(00))2}-

0O, =1

Since g» > q/(2v), there exists n; > 0 such that g» = g(1 + n1)/(2v). By (2.29),
(2.30), (2.11), Chebyshev’s inequality and Holder’s inequality, there exists C¢ > 0
such that for all large n,

n =q2/n1ym/(1+n1)
P(B,) < C§EE< inf n') " (g,(0) — gr(()o))z) }

96@1 =1
q2\ y 1/(+n1)
)} =0n"1?).

X {E( sup
06@1

Consequently, (2.28) is established and the theorem is proved. [J

nt> " er(3:(0) — g1(00))

t=1

As mentioned in the Introduction, (2.7) can be used to examine the asymptotic
properties of MSPE of gn+1(9n), E(yp+1 — g,1+1(9,,))2, which is also known as
the final prediction error (FPE) for AR models; see Akaike [1]. To see this, note
first that under certain mild conditions such as (2.2) and (2.3) of [14], é,, — 0p a.s.
If one can further show that

(2.31) n'2(Vgni100) 7@, —00) = H
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and
(2.32) n{(Vgns1000)) " (0, — 00)}? is uniformly integrable,

where = denotes convergence in distribution and H is a random variable with
E(H?) < oo, then

(2.33) lim nE{(Vgn+100)" 0, — 60))> = E(H).

Once (2.33) is established, it can be linked to E(y,+1 — gn+1(6A?n))2 by means of
Taylor’s expansion as follows. Note that

n{E(nt1 — &n+10))” —E€2, )}

(2.34) o ) 3 )
=nE{(Vgn+1(00)) (0, —00)}" + E(R,) — E(HY),

provided the remainder term R’n satisfies E(Rn)z o(1). While (2.31) can be estab-
lished by means of asymptotic distribution results (see Section 3), (2.7) serves as
an important device in establishing (2.32) and E( Rn)= o(1). If one further assumes
that E(s,z) =02 > 0 for all # > 0, then (2.34) provides an asymptotic expression

for E(ynt1 — &nt1(0,))% as

+0(n_1).

R E(H?
235) E(ys1 — gni1 B))> = o2 + %

Although the second term in (2.35) is asymptotically negligible compared to o2,
E(H?) becomes a key quantity. Utilizing (2.7), one can make use of the asymptotic
expression in (2.35), in particular E(H?), to construct optimal model selection cri-
teria; see, for example, Akaike [1], Wei [22] and Findley and Wei [7]. See, also,
Section 3 for further discussions.

3. Applications to ARMA models. Letyy,...,y, be generated from the sto-
chastic regression model,

3.1 ve=gm) +e&,  t=1,...,n,

where 19 = (0.1, - -+, @0, p;» Bo.15 - --» Bo.p,) T is an unknown coefficient vector
and g;(ny) has the ARMA representation

(3.2) gy =a01yi—1+ -+ a0, p Yi—p; — Bo,1&—1 — - — B0, prEt—py

with the initial conditions y; = & = 0 for all r < 0. Define

=arg man — &)
UGH =1
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where TT C RP'TP2 is a compact set that includes 7, as an interior point and whose
elements n = (a1, ...,ap;, B1, ..., ﬂpz)T satisfy the following properties:

14!
Alpg()=1- Zajzj #0,

j=1
(3.3) !

P2 )

Ary()=1-— Z,B_,-z’ #0 forall |z] < 1;

j=1
3.4 Aj,5(z) and A3 5 (z) have no common zeros;
(3.5) otpy |+ 1Bps| > 0.
In this section, we apply the results obtained in Section 2 to show that
(3.6) Eln'2G, —np)l? =0M),  g=1.

Applications of (3.6) to the investigation of the MSPE of g,+1(#,,), E(yn+1 —
gn+1 (ﬁn))z, are also given. It should be mentioned that our initial conditions, y; =
& = 0 for all r <0, are made for simplicity of the argument only and all results in
this section can be straightforwardly extended to the case where (y;, &;) obey the
same assumptions for r <0 as for ¢ > 0.

Let 5 € I1. Define ¢;() = 0 for t <0 and define &;(y) recursively for t > 1 by

e(m) =y — &)
(3.7) =YVt —U1Yi—1 — " — UpYVi—p
+ Bre—1(n) + -+ Bprer—p, (0),

noting that &;(5y) = &. As observed in (2.19) and (2.29) of Section 2, to obtain
(3.6), it is crucial to verify that for some 6; > 0 with Bs, (y) C IT and any s > 1,

(3.8) E{ sup A [n“ Zvet(n)(vaz(n))T” = 0(1);
neBs, (o) =1
and for any 8, > 0 with IT =TT — Bs, () # @ and any s > 1,
(3.9) E{sup [n_l > (ecm) — 8t(770))2j| } =0().
nell =1

Denote the ith component of Ve () by (Ve (n));. Straightforward calculations
yield thatfor 1 <i < p;and 1 < j < py,

P2
(3.10) (Verm)i =—yi—i + Y Bs(Ver—s()i.

s=1
P2
(3.11) (Verm) py+j = &—j () + Y Bs(Ver—s() py+j-

s=1
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For j <0, let ¢! () = '” (n) = 0 and for j > 0, let ¢! () and ¢}’ () satisfy

—A2 3. (2) Ay y(2) A2 5, (2)
3.12 (1) J 2, Mo (2) Jj_ n Mo
(3.12) ]Zoc mz/ = TEYIwE ]ZO )z EREYINE

In view of (3.3)—(3.5) and the compactness of I1, there exist positive constants K
and K; such that forall j >0andi =1, 2,

(3.13) sup|c' ()] < Ky exp(—Ka ).
nell

Define 6 (1) = ¢\, (). 1 <1 < pr, and " () = 2, (), 1 <1 < ps. Then
it follows from (3.10)—(3.13) that

t—1 1—1 T
(3.14) Ve, (1) = (Z bV er—j ... Y B (e, j>

j=1 j=lI

and

(3.15) max sup|b(l)(n)| < Kjexp(—K2j) for some K > 0.
I<I<pi+p2 yenl

Moreover, one has
(3.16) e () — (o) = Y _ bi(mer—i.

where bj(n), j > 1, satisfy 1+ %2, b;(nz/ = A1 5(2)A2.90(2)/(A2,4(2) X
Ajy,(2)) and
(3.17) sup |bj ()| < Kzexp(—Kaj)

nell

for some positive constants K3 and K. The next theorem provides sufficient con-
ditions under which

(3.18) E{supkmln|: ”Zwt(n)(w,(n))T“ =0(1) foranys > 1.

t=1

This result leads immediately to (3.8).

THEOREM 3.1. Assume model (3.1), with g;(-) defined in (3.2) and &; being
independent random variables satisfying E(e;) = 0 and E(etz) =02 forallt > 1.
Moreover, assume that there exist positive constants o1, & and M| such that for
any 0 < sy —s1 <&,

(3.19) sup |Fyomv(s2) — Fromy(s1)| < Mi(s2 — 1),

1<m<t<oo,|v|=1
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where v € R™ and F; ,,v(-) denotes the distribution function of VT(St,...,
8t+1_m)T. Then, (C1)—(C4) hold for ©® =11, £,(0) = Ve;(n) and F; = o{e;—1,
&—2, ...}, the o-field generated by €;_1,€;_, .... Hence, by Theorem 2.1, (3.18)
follows.

PROOF. According to (3.3) and (3.12), it is easy to see that Ve;(n) is con-
tinuous on I1, and hence (C1) follows. Define A = {a:a € R?, |a| = 1}, where
p = p1 + p2. To show (C2), note first that by (3.3)—(3.5), one has for any A € A
and » € I1, there exists 6 = 82(A, ) > 0 such that for all large ¢,

(3.20) EQATVe, (1)* > 6s.
In addition, it follows from (3.14) and (3.15) that
(3.21) E(XTV&(W]))Z converges to /(A, n) uniformly on A x IT,

where [(A,7n) is some nonnegative function on A x II. Moreover, since
E(XTV&(n))2 is continuous on A x IT, uniform convergence implies that /(X, )
is also continuous on A x II. By (3.20) and the compactness of A x II,
infacp yern (A, n) > 0. This, together with (3.21), yields that there is a positive
number € and a positive integer L such that for all # > L,

3.22 inf EQTV 2 0.
(3.22) Ae}\{lﬂéﬂ A" Ve ()™ >e>
For 7 > I1 > 1, define Ve, (1) = (5L, b er—iv ..., X0y 7 (n)er—i) T Ac-

cording to (3.14) and (3.15), there exists a positive integer L(¢) such that for all
t>11 > Li(e),

(3.23) sup |[EATVe, ()* —EQTVe ()| < €/2.
AeA pell

From (3.22) and (3.23), it follows that for all # > di = max{L, L(¢)},

: T 2
(3.24) XGXI};{GHE(X Vera, ()™ > €/2.

Denote AT(Ve; 4, (1) — Ve, (n)) by R/(A,n) and o~ (varATVe, 4, (n)))'/? by
g:(o, A, ). Since XTVS,’dl(n)/g,(o,X, ®) can be written as Z‘;l:] cjer—j with

>4 ¢2=1,(3.19) and (3.24) imply that for any A x 7 € A x [Tand ¢ > dy,

P(s1 <A"Ve () < 521 Fi—a,)
=P(si + R (A, p) < XTvgt,dl () <s2+ R/ A, )| Fi—q,)

si+ R ) ATVe q ()  s2+ Ri(A,n)
< < ‘Ft—dl
gi(o, A, ) gi(o, A, ) gi(o, A, 1)

o(s2—s1)\*"
S Ml (W) a.S.,

(3.25) =P
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provided 0 < 55 — 51 < (§4/€/2)/0. In view of (3.25), (C2) holds with d = d,
M =M(6/2/€)*,a =aj and § = (§/€/2) /0.

On the other hand, it is shown in Appendix B that there exists T** > 0 such that
for any n, 1, € IT, with || — 5|l < T,

(3.26) IVer () = Vel < llny — my 11 By,

where B; are nonnegative random variables satisfying

(3.27) supE(B?) < oo.

1>1
Combining (3.26) and (3.27), we obtain (C3). Finally, the proof is completed by
noting that (C4) is an immediate consequence of (3.26), (3.27), (3.14), (3.15) and
the compactness of I1. [

REMARK 1. In the proof of Theorem 3.1, (3.19) plays the same role as that
of (C2) in the proof of Theorem 2.1. When ¢&;’s are normally distributed, (3.19) is
satisfied with M| = (27102)_1/2, o =1 and any £ > 0. In addition, when &;’s are
i.i.d. with an integrable characteristic function, (3.19) is satisfied with any & > 0,
o1 = 1 and some M > 0. For more details, see Lemma 4 of [11]. An extension
of Theorem 3.1 to autoregressive fractionally integrated moving average models
(ARFIMA) has also been obtained by the authors. However, since the proof of this
extension is quite involved, the details will be reported elsewhere.

THEOREM 3.2. Under the same ~assumptions as in Theorem 3.1, (C1)—(C4)
hold for £;(0) = &;(n) — e:(ny), O =1 and F; = o{e;—1, &1—2, ...}, and hence by
Theorem 2.1, (3.9) follows.

The proof of Theorem 3.2 is omitted, since it is similar to the proof of Theo-
rem 3.1. Using Theorems 2.2, 3.1 and 3.2 and Lemma B.1 of Appendix B, the next
theorem, whose proof is deferred to Appendix B, establishes moment bounds for

12 —
n Ny 7’0)'

THEOREM 3.3. Assume that the assumptions of Theorem 3.1 hold and for
some q1 > q > 1,

(3.28) supEle; |* < oo.

r>1

Then, (3.6) follows.

As an application of Theorem 3.3, an asymptotic expression for the MSPE of 7),,,
E{ynt1 — gns1(W,)}?, is given in Theorem 3.4 below.
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THEOREM 3.4. Assume that the assumptions of Theorem 3.1 hold. Moreover,
let &; be i.i.d. random variables satisfying for some q1 > 18,

(3.29) Ele1]? < o0.
Then,
(3.30) Mim n[E{yns1 = gus1 (i) — 0?1 = po’.

PROOF. Let §; be any positive number such that Bs, () C IT and define A, =
{n, € Bs,(ny)} and A}, = {3, € [1 =11 — Bs,(n¢)}. By Taylor’s theorem,
n'2(Yns1 — n1(y) — Ens1)

=n'""(Venr1m) (i — 10) 4,
n'’? T2 N
(3.31) + T(nn —1N9) Ve, —no)la,

+ 1'% (g1 (i) — ent+1(00)) L ag

= (I) + (II) + (1ID),

where ||[9* — ol < 19, — noll. In view of (3.31), (3.30) holds immediately if one
can show that

(3.32) lim E()? = po?,

(3.33) lim E(ID? =0,
n— oo

(3.34) lim E(III)? = 0.
n— oo

By utilizing the martingale CLT (cf. [9]) and a truncation argument in [10], it
can be shown that

(3.35) n{(Ven 1) (i — no)}Ha, = F1Q,

where Q is distributed as N (0, 02T ~!) with I' = lim,_, oo E{V&, (1) (V& () T},
and F, satisfying E(F) = 0 and E(FFT) =T, is independent of Q. Let 2 <r <
18/5. Then, it follows from Holder’s inequality, Theorem 3.3, (3.15) and (3.29)
that

E{|n'?(Vens1(m0) " G, — 10)1"}
<E{In"?@, — o) I" 1 Vent1(mp) 11"}
< (Eln" 2, — 1) I7H P @I Vens1 ) 17)° = 0 (1),

which implies the uniform integrability of n{(Ve, 11 (no))T(fyn — no)}zl A, - Comb-
ing this with (3.35) yields

Jim E[n{(Venr1(0))" G = 19)) 14,1 = E(F' Q) = po?,
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and hence (3.32) follows. Moreover, applying Theorems 3.2 and 3.3, (3.29) and an
argument similar to that used to prove (B.8) and (B.12) of Appendix B, it is shown
in Appendix B of [4] that (3.33) and (3.34) are also true. Consequently, the desired
conclusion (3.30) holds. [

REMARK 2. Note that the moment restriction (3.29) is stronger than necessary
for the proofs of (3.32) and (3.34). On the other hand, since (3.33) requires that
E|[n'/2( — no)||? = O(1) holds with ¢ = 9/2 (see Appendix B of [4]), it seems
that one cannot easily weaken (3.29) because Theorem 3.3 constitutes a key tool
in verifying (3.33).

In the special case of p» = 0 (the pure AR case), equation (3.30) was examined
by Fuller and Hasza [8], Kunitomo and Yamamoto [13] and Ing [10]. In addition,
for the case pp > 0, equation (3.30) was also considered in Yamamoto [23], but
a rigorous proof of (3.30) is still lacking in the literature. By establishing a set
of uniform moment bounds, this paper offers a rigorous proof of (3.30) for the
ARMA case.

Equation (3.30) implies that when two competing ARMA models are enter-
tained, the one having fewer estimated parameters also possesses a smaller MSPE,
up to terms of order n~!. As a result, the principle of parsimony (e.g., Tukey [20]),
which roughly asserts that mathematical models with the smallest number of pa-
rameters are preferred, is now endowed with a precise meaning in the context of
ARMA modelling. When p> = 0, (3.30) was established in Akaike [1] using an
ad-hoc argument, which immediately led him to develop the final prediction error
criterion,

n

n+p SN2
that is commonly used for AR model selection with optimal prediction efficiency;
see Shibata [18] or Ing and Wei [12]. Under this perspective, a contribution of
(3.30) is that it provides a theoretical foundation for the construction of the FPE
criterion for ARMA models. The issue of whether the FPE criterion (or its variants)
is asymptotically efficient (in the sense of [12] or [18]) in ARMA model selection
still remains open, however.

As a final remark, we note that (3.30) is obtained based on Theorems 2.1
and 2.2. Moreover, since these theorems provide a useful device for exploring the
moment properties of least squares estimates in (nonlinear) stochastic regression
models, their applications to prediction or model selection in models beyond the
ARMA case are anticipated.

APPENDIX A: PROOFS OF (2.3) AND (2.26)

PROOF OF (2.3). Letm = |{{{(r+2k)+r+k+2q}/a] +1withl| >q. We
only prove (2.3) for the case of / =0 and j = 1 since the other cases can be simi-
larly verified. First, define A(u) = {Z;":_Ol supgee Ifi+1a+1(0) 12 <ut/9/r} and
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B(u) = {Z;":_Ol Bi+na+1 < ult/q/k1/2} where B, are random variables defined
in (C3). Then, the left-hand side of (2.3) (with/ =0 and j = 1) is bounded by

00 m—1 5 -4
Ko+ P{sup( inf Z f(,-+1)d+1(0)) ) > u}du
Ko _

9o \lyl=

m—1

o
=K +/ P inf inf Tf- 0 2<u_1/q i
* "k {oe@ Iyli=1 ;)(y (i+Dd+1(0))
0 m—1
(A1) <Ko+ [ Plinf inf S (yfapnas10)) <u™9, A@w), Bu) | du
Ko 6@ |lyl=1 =

+ OOP(AC(M))du—i-/OOP(BC(u))dM
Ko Ko

= Ko + () + (1) + (I10),

where Ko = Ko(l1, 8, g, k, T) is a positive number to be specified later and A€ (u)
and B¢ (u) denote the complements of A(u) and B(u), respectively. Since /] > ¢,
by (C3), (C4) and Chebyshev’s inequality, it follows that for n large,

(A.2) (I) <C{ and (D) <C3,

where C} and C5 are some positive constants depending on C1, C2, a, 11,7, k, q
and K.

To deal with (I), consider the hypersphere S, = {y:y € R, ||y|| = 1} and the
hypercube H' (1) = [1 — 2u~“1+D/24 (|, (h+D/2a | 1 1) 1], u > 0. Note first that
S, € H (1) for any u > 0. Divide H"(#) into sub-hypercubes of equal size,
each of which has an edge length of 2u~(171/2¢ and a circumscribed circle
of radius /ru~1+1/24_ Denote these sub-hypercubes by B;(u), 1 <i <m* =
(luh+D/24] £ 1) Letting G;(u) =S, N Bi(u) and {Gy, (u),i = 1,...,m**}
denote the collection of nonempty G;(u)’s, it follows that S, = U:”:[ Gy, (u)
with m** < (lu®*+D/24| 4 1)". On the other hand, since ® is a bounded sub-
set in R¥, there is a positive integer g such that for any u > 0, ® C Hk (u) =
(g 2gu_(11+1/2)/q(Lu(““m/q] + 1), g]*. We can similarly divide Hk (u) into
equal-sized sub-hypercubes Wiu),i=1,...,e*, where the edge length of Wi (1)
is 2u L+1/297" apd o* = =g (Lu(11+1/2)/qJ + l)k In addition, it holds that ® =
Ue 1 Ju; (), where with J;(u) = O N Wi (), {Jy;(w),i =1,...,e**} denotes the
collection of nonempty J, (u)’s. By observing

{mf inf Z f(i+1)d+1(0))2<u1/q}

0<0 |yll=1 ;

e m m—1 i
— U U L’ inf inf Z(ny(i+1)d+1(0)) < u—l/q}’

o1 j=1 |0€ s ) yeGy; () (=

~.



1544 N. H. CHAN AND C.-K. ING

one has
m—1 )
P inf inf 3 (v fiynar10))” <u”9, Au), Bu)
0@ lyll=1 7—7
(A.3)
e** m** m_l -
>3 r(N e w)
s=1j=1 i=0
where

(s, _ : : Te . —1/(2q)
C. = inf inf f 0| <u ,
2 (u) {GGJUS wyeb (u)}y (i+1)d+1(0)]

ult/a uh/2
Bisnast = 7qm> 39p [finan @] < W}

Lety;j € Gy, (u),j=1,....,m™, and O € J, (u),s = 1,..., ™, be arbitrarily
chosen. Then, for any y € ij (u) and 0 € J,, (u),

Y £ 0ar100] < 1yj — ¥l £+ nar1(65)]
+ 1Y 1| €6+ 1)a+105) — £it1ya+1(0) |
+ |y Ei+1)a+10)).

Combining this with (C3) yields that on the set Cl.(s’j )(u) with u > (2kY/ 2/
0)a/(+1/2),

Y7 EG+10a+1(05)]

< 2/ru” B2 sup |4 1)a410) |
0cO®

+ 2k YD 4+ infinf [y G 1at1(0))]
0c (1) YEGy, ()

<5y~ /%
and hence
Ay P DI = Iy fasna @) < 5u” ).

In view of (A.3) and (A.4), it follows that for u > (2k'/2/7)2/(h+1/2),

m—1
P(inf inf Tg, 0))" <u=4, Au), B(u
<oe® lyll=1 ;)(y (+1d+1(0)) (), B(u)
(A.5)

e** m** m_l )
=33 P( N Di“'”ut))-

s=1j=1 \i=0
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Observe that

m—1 m—2
P( N D?"”(M)) = E{ I1 ID'(S,J'>(M)P(D,(,jf;(u)|~7'—(m—l)d+l)},
i=0 '

i=0

where [ denotes the indicator function of the set Dl-(s’j )(u). This, together

DI ()
with (C2), implies that for u > (10/6)2‘1, alll <s<e™ alll <j<m*™ and n
large,

m—1 . =
P( m Dl-(s’J)(M)) < M(lO)au_a/qu{ 1_[ ID.(‘Y‘j)(u)}'

i=0 i=0
Repeating the same argument m — 1 times, one has

m—1 .

(A.6) P ( N Di(s’”(u)> < M™(10)" @y "/,
i=0

Taking Ko > max{(10/8)%4, (2k'/2/7)4/(+1/2) "1} it follows from (A.5), (A.6)

and m > {{{(r +2k) +r + k + 2¢g}/« that

oo € m** m—1 )

s=1j=I i=0
(A7) < 2r+kngm(10)Olm /oo u—{l/(Zq)}{am—(ll+1)r—(2[1+1)k} du

Ko

=2tk M™ (100%™ (C (g, o, m, I, 7, )} Ky

where C(q, o, m,l1,r, k) ={oam — (I1 + 1)r — (211 + 1)k —2q}/2q. Consequently,
(2.3) is ensured by (A.1), (A.2) and (A.7). U

C(g,a,m,l1,r.k)

PROOF OF (2.26). Let C§ = 8"k9M?9. Since 8, defined at the beginning of
the proof of Theorem 2.2, is smaller than 37 1k=1M~2, it follows that Cy <371,
By the Cauchy—Schwarz inequality and (2.12)—(2.14), one has

2q 2 /2 /2
E(D < 87kt PE(RIRYRE L 1212y

+ CIE(IIn'%@, — 00)|114,)
<87 kan?/HE(RXM RY, RY )}/

(A.8) _ _ i
x {P(Ry > M)+ P(Ry, > M)+ P(Ry, > M)}

+ CIE(In'*@, — 00)1114,)
= O({ERX R, R + CFE(In'* (B, — 00)11914,).-
In addition, E(Ry RY RY ) = O (1) follows from Holder’s inequality, (2.9), (2.10)
and (2.19). Combining this with (A.8) yields (2.26). [
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APPENDIX B: PROOFS OF (3.26), (3.27) AND THEOREM 3.3

Throughout this Appendix, J(m, p), 1 <m < p, denotes the set {(ji,..., jm):
J1 <+ <jm,ji €{l,...,p}for1 <i <m}, and for j = (j1,..., jm) € J(m, p)
and smooth function w = w(§) = w(&;,...,&5), Djw denotes the partial deriv-
ative " w/d§,, ..., 0&;,. Before proving (3.26) and (3.27), we note that ac-
cording to (3.3)-(3.5), (3.10)—(3.14) and the compactness of II, (Vzel(n)),‘,j =
22;21 cs,ij(me—1—s, where ¢ ;j(n) are continuously differentiable on IT and sat-

isfy, for some D1, Dy > 0O (independent of i, j and s),

(B.1) sup |cs,ij ()| < Dy exp(—Dys).
nell

Moreover, there exists a small positive number t* such that

(B.2) sup |Djbs ()| < D3 exp(—Des),
nell*
(B.3) max sup |Djb§l)(11)| < D4yexp(—Dgs),

JEX(m, p),1=m=p yer1*

(B.4) _ max sup |Djcsij(m)| < Dsexp(—Des),

.]EJ(m5p)51§m§p nel‘[*
where IT* = Unel'[ B:+(n) and D3, ..., D¢ are some positive constants indepen-
dentof i, j,/ and s.

PROOFS OF (3.26) AND (3.27). Let t** =t*/2. For |5, — 51| < t**, it fol-
lows from the mean value theorem for vector-valued functions that ||Ve,(,) —

Verm)I? < g = mIPl fo VZertny + vy — np)doll® < llmy — mI7(B2,
where By = {}_<; j<j SUPyer (Vze,(n))ij}l/z, with IT** = U, ey Br= (1) De-
noting by IT** the compact closure of IT**, one has IT** C IT*, which further
yields [T c Ule B:+(0,), for some 1 <r < oo and 01,...,0; < II. Hence,
E(Etz) <XYi<ij<p 25:1 E{supneBT*(or)(st,(n))ij}. Moreover, it follows from
(B.1), (B.4) and (3.10) of Lai [14] that for all 1 <i,j <p, 1 <r <7 and
t >3, E{sup"eBr*((,r)(Vzat(n))iz’j} < C Y2 {exp(—2Dys) + exp(—2Des)} for
some C > 0 (see Appendix B of [4] for more details). Consequently, (3.26) and
(3.27) follow. [

The next lemma, Lemma B.1, provides moment bounds for the supremums of
some random functions associated with (2.8) and (2.11)—(2.14). Lemma B.1, to-
gether with Theorems 3.1 and 3.2, constitutes the major tools for proving Theo-
rem 3.3.

LEMMA B.1. Let 0, be some point in R k> 1, and 81 be some positive
number. For t > 2, define K;(0) = Zf;% ci(0)e;—; and Q;(0) = Zf;% di(@)e,_;,
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where €; are independent random variables with E(¢;) = 0 and E(Eiz) = 062 >0
foralli > 1, and c;(0) and d;(0) are real-valued functions on Bs, (0,). Assume
that for any i > 1, j € J(m, k) and 1 <m < k, Djc; (0) are continuous on Bs, (0,),
and for some q1 > 2, sup;> E|€; |7 < 0o. Then, there exists C > 0 such that for
n
E( sup Z
0EBs, (04)|1—

alln > 2,
q1
=2 )

n—1 q1/2
(B.5) < qu‘/2|:{2ci2(00)}
i=1

K (0)e;

n—1 q1/2
+ {Z max sup  (Djc; (0))2} :|

1.]e.](m k), 1<m=<k 06381(0 )

Moreover, if for any i, j > 1, j€ J(m, k) and 1 <m <k, Dj{c;(0)d;(6)} are con-
tinuous on Bs, (00), and for some q; > 2, sup; Ele;|?7' < 00, then there exists

C > 0 such that for alln > 3,
n q1
E( sup > K:(0)Q:(0) — E(K,(6)Q;(6)) )
96351 0a)|=2

gy T

j=1\i=1 j=1\i=1
j—1 /n—j 2\ q1/2
)
(B.6) j=2U\i=1
ji—1 /m— 2\ q1/2
(EE )
i=1 \I=1
j—1 m—j 2\ q1/2
+< (ZVHj—i,l))
i=1 \I=1
j—1 /m—j 2\ q1/2
()
i=1 \I=1
where

Vii=lci(0,)d; (0 d S;;= Di{c;(0)d;(0)}]|.
i,j lci(04) ]( a)l an i,j JEJ(mril)ai(<m<k0€ls3;Izﬂ )| J{Cl( ) J( MH
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The proof of (B.5), given in Appendix B of [4], is based on (3.8) of [14] and
Lemma 2 of [21]. Assuming that sup;.; E|e;|9" < oo for some g1 > max{q, 2}
with ¢ > 1, (B.5) can be used to justify (2.8) for the ARMA case. More precisely,
applying (B.5) with K;(8) = (stt(n))i,j and €¢; = &, in conjunction with (B.1)
and (B.4), it follows that for any §; > 0 with B, (3¢) C II,

q1
)z o(l).

In addition, by n}aking use of (B.5) with K;(0) = &;(n) — &:(no) and ¢; = &, the
compactness of I, (3.17) and (B.2), we obtain

n
nV2Y e (Ve ()i

=1

(B.7) max E( oup
I=i.j=p  \neBs, (no)

n=Y (e () — & (ng))

t=1

q1
(B.8) E(suP ) =0 1/?),

nell

which gives (2.11) (with g2 = g1 and v = 1/2) for the ARMA case.

On the other hand, (B.6), whose proof is also given in Appendix B of [4],
can be viewed as a uniform version of the first moment bound theorem of [6]
and plays a key role in verifying (2.12)—(2.14) for the ARMA case. Let M3 be
any positive number larger than ZD%O’Z Y2 exp(—2Dyl) and §; be any posi-
tive number satisfying Bs, () C II, noting that D and D, are defined in (B.1).
Assume sup;~ E|&;|*!! < oo for some g > 2¢ with ¢ > 1. Then, by (B.6) with
K:(0)=0:00)= (st,(n)),-,j and €; = &, (B.1), (B.4) and Chebyshev’s inequal-
ity, one has forany 1 <i, j < p,

P< sup n! Z(stz(ﬂ))%j > M3>
nEBs; (o) r=1 7

n 9
n~' Y (Ve n)f ; — E{(Ve ()} )]

t=1

B9 < P< sup
n€Bs, (19)

> (M3/2)q‘>

=0~ ") =0m™),

which is (2.14) for the ARMA case. In addition, (2.12) and (2.13) for the ARMA
case, that is, for some M, M, > 0,

(B.10) P( sup kr;iln(n‘l ZVet(n)(Vsz(n»T) > M1> =09,

neBs; (ng) =1
n -
(B.11) P( sup n' Y Ve, ()* > Mz) =0(m™),
nEBs, (19) =1

can also be similarly verified. With the help of these results, we are now in a
position to prove Theorem 3.3.
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PROOF OF THEOREM 3.3. Since (3.28) is assumed, (B.7)-(B.11) follow. In
view of Theorems 2.2, 3.1 and 3.2, it remains to show that for some g1 > ¢ > 1
and some small positive number §; with Bs, () C I,

(B.12) max_E( sup (V)i jI'") =0,
I=i.j=pA=st=n “yeBs (o)

and

(B.13) maxE( sup ||V8;(17)||4q1>20(]).

I=t=n" “yeBs, (ng)

These equations, however, can be verified based on (3.15), (3.28), (B.1), (B.3),
(B.4) and an argument similar to (3.10) of [14]. The details are thus omitted here.
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