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Let {L};(x,t) € R Ly R_]F} denote the local time of Brownian motion,
and

o 2
o :=/ (L) dx.
—0oQ

Let n = N(0, 1) be independent of «;. For each fixed ,

R (L LX) dx — 4t £ o64\1/2
1372 - (?) on

as h — 0. Equivalently,

L - L2 dx — 4t £z (64

12
1374 (?) «/0‘_177

ast — oQ.

1. Introduction. In [10] almost sure limits are obtained for the L? moduli of
continuity of local times of a very wide class of symmetric Lévy processes. For
Brownian motion the result is as follows: Let {L; (x,7) € R Ix R}r} denote the
local time of Brownian motion. Then for all p > 1,and all r € R,

b

L;c—i—h —LX|P

!
N
for all a, b in the extended real line almost surely, and also in L™, m > 1. (Here n

is a normal random variable with mean zero and variance one.) When p = 2 and
a = —00, b =00 we can write (1.1) in the form,

(1.1) lim

b
dx =2PE ”f LY1P?d
lim | x (Inl?) | 1L 17 dx

00 (Lx+h . LX)Z
(1.2) lim ~ T dx =41 a.s.

110J

This result in (1.1) uses the Eisenbaum Isomorphism theorem (see, e.g., [9], The-
orem 8.1.1), and is a consequence of a similar result for the Ornstein—Uhlenbeck
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process [the stationary Gaussian process {G(x),x € Rl}, with E(G(x) —
G(y))? =2(1 — e~ *=Y1y], which is that, for all p > 1,

03 ;}ii%/b G(x—i—il/)ﬁ— G(x)|P

This is also obtained in [10], in which this question is considered for a very large
class of Gaussian processes. The right-hand side of (1.3) is the expected value of
the left-hand side. Consequently, (1.3) can be thought of as a law of large numbers.
In [11] we consider the central limit theorem for the left-hand side of (1.3). For the
Ornstein—Uhlenbeck, when p = 2, we get

dx=E|n/’(b—a) Va,beR'as.

- JP(G(x +h) — G(x))2dx —2h(b — a)

(1.4) }llw 37 £ (16/3) (b — a)y.

The argument involving the FEisenbaum Isomorphism theorem that is used in
[10] to show that (1.3) implies (1.1) does not work to show that (1.4) implies a
similar result for the local times of Brownian motion. In this paper we obtain a
central limit theorem corresponding to (1.1) by considering moments of

1 2
(1.5) f(LjH' — LY)*dx.
(An integral sign without limits is to be read as /7 .)
Let
(1.6) o :/(Lf)zdx,

and let n = N (0, 1) be independent of «;. We have the following weak convergence
results.

THEOREM 1.1. For each fixed t,

S — L9 dx — 4kt

1.7 13/ NN
as h — 0, where ¢ = (64/3)1/2.
Equivalently,
(LXH — L2 dx — 4t
(1.8) J (L t3;4 S e arn
ast — oQ.

The equivalence of (1.7) and (1.8) follows from the scaling relationship

(1.9) (LY 5,0 e R x R Z(h'LI*; (x,1) e R' x R}
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(see, e.g., [9], Lemma 10.5.2), which implies that

x X £ x
(1.10) / (L =L dx =0’ / (L = L)) dx.

Using this, and (1.7) with r = 1, and the change of variables 2> = 1/¢ gives (1.8).
We show in Lemma 8.1 that

(1.11) E(/(L;C“ —Lf)zdx>=4z+0(z1/2).

Consequently, (1.8) can be written as

(Lx+1 _ Lx)de — E( (LX—H _ Lx)de) r
(1.12) J(Ly d t3/4f ! ! — c/an.

The weak law (1.7) can be written similarly.
Consider the limit in (1.7), and note that

C o0
(1.13) A/a,nz/‘ LY dWy,
o.¢]

where {W,,x € R'} is a new two-sided Brownian motion independent of
{L}; (x,1) € R! x Ri}. The process { [0 LY dWy,t € Ry} is often referred to
as Brownian motion in Brownian scenery. It appeared first in the work of Kesten
and Spitzer [8]. Let {Sx};2, be a simple symmetric random walk and let {0 (x)}.ez
be independent identically distributed symmetric random variables, with variance
one, that are independent of {Si}. The process

n
(1.14) Ko=) oS, nx=1,
k=0
was introduced in [8] as a model of a self-interacting process. K, is called a ran-
dom walk in random scenery. In [8] it is shown that under certain moment condi-
tions

o
(1.15) n—3/41<[,,,]£>/ LYdWy,  asn— oo,
—00

in the space of bounded functions on [0, 1] with the uniform topology.

More recently, the random variable |2 L} dW, has appeared as the limit in a
model for charged polymers [2]. Let {wx ]2, be independent identically distrib-
uted symmetric random variables, with variance one, that satisfy certain integra-
bility conditions and let {S}?2 ; be a simple symmetric random walk independent
of {wy}. Consider the stochastic process

(1.16) H, = Z a)ja)kl{gj:sk}, n>1.
1<j<k<n

H,, is referred to as the polymer energy of {S1, S», ..., Sp}. To understand the phys-
ical intuition behind this, think of assigning an electrical charge wy to the random



A CLT FOR MODULUS OF BROWNIAN LOCAL TIME 399

site Sk, forall k =1,2,.... Assume that whenever §; = Si, we have an electrical
interaction wjwy. In this case H, represents the total electrical interaction of the
polymer {Sy, S2, ..., Sy}. In [2] it is shown that

o0
(1.17) n4H, 5 2—1/2f LY dW,.
—00

Furthermore, Chen and Khoshnevisan ([3], Theorem 1.2) show that K,, and H,, are
close in distribution.

In the proof of Theorem 1.1 we use the following result which is of independent
interest: let {L}, Zj‘, (x,1) € R! x R}r} denote the local times of two independent
Brownian motions and let

(1.18) Bs.1 =[L§Zfdx

denote their intersection local time.

THEOREM 1.2. For each fixed s, t,

(LXTh — LY — I%Ydx o~ —
f k) k) t t = C ﬁs’tn

(1.19) P

as h — 0 where C = (32/3)/2. Consequently,

(LX-H _ Lx)(Zx—H _ Zx)dx Lo~
(1.20) J (L ’t3/4’ ! = C,/B1.1n

ast — o0.

We were motivated to try to find a central limit theorem for [(Lj th_ L“t‘)2 dx
by our interest in the expression

n l n
(1.21) Hy= Y lsi=sj) — 5 > lusi-s;=1)
i,j=1,i#j i,j=Li#j

which appears as the Hamiltonian in a model for a polymer in a repulsive medium
[6]. Here S :={S,;n=0,1,2,...}is a simple random walk on Z'. Note that

1
(1.22) Hy =2 @ —nth?,
xeZz!
where [ = 3", 1;5,=y} is the local time for S.

Theorems 1.1 and 1.2 are proved by the method of moments. In Section 2
we show that Theorem 1.2 follows immediately from moment estimates in
Lemma 2.1. Lemma 2.1 itself follows from Lemma 2.2, which obtains the mo-
ments of an expression analogous to the one in Lemma 2.1, except that the fixed
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time ¢ is replaced by independent exponential times. Lemma 2.2 is proved in Sec-
tion 4. Lemma 2.1 also requires Lemma 2.3 which allows us to use Laplace trans-
form methods. Lemma 2.3 is proved in Section 5. In Section 3 we derive some
estimates on the potential densities of Brownian motion that are used throughout
this paper. In Section 6 we show that Theorem 1.1 follows from Lemma 6.2, on
the moments of an expression analogous to the left-hand side of (1.7), in which ¢
is replaced by an independent exponential time. Lemma 6.2 is proved in Section 7.
In Section 8 we obtain (1.11).

The basic tool we use for studying moments of local times is Kac’s moment
formula. We use exponential times to make Kac’s moment formula manageable.
Moments at exponential times correspond to the Laplace transforms of the mo-
ments at fixed times. Since the left-hand side of (1.7) has no obvious monotonicity
properties, an important part of our proof involves showing how to derive limit
results for the moments of (1.7) from limit results for their Laplace transforms.

An alternate approach to proving Theorems 1.1 and 1.2 would be to use
Tanaka’s formula and martingale methods (see [14, 15]). For the results in this
paper this would involve establishing results about the differentiability of triple in-
tersection local times, as is done in [12] for ordinary intersection local times. We
plan to return to this at a later date.

2. Proof of Theorem 1.2. We derive Theorem 1.2 from the next lemma which
is proved in this section.

LEMMA 2.1. Forall s,t > 0 and all integers m > 0,

o (LT = LOET" — L) dx\"
ie0 Wi

S | oo

0, otherwise.

2.1

PROOF OF THEOREM 1.2. It follows from [4], formula (6.12), that

(2.2) E{(/(Lf)zdx)n} < C"(@n)H/4,

Therefore, the right-hand side of (2.1), which is the 2nth moment of ¢/Bs ;7 is
less than or equal to C}' ,((2n))3/*. This implies that c¢,/B; 1 is determined by its
moments (see [5], pages 227-228). Thus (1.19) follows from [1], Theorem 30.2,
which is often referred to as the method of moments. We then get (1.20) by using
the scaling relationship (1.9). [

The next two lemmas are used in the proof of Lemma 2.1. Lemma 2.2 is proved
in Section 4 and Lemma 2.3 is proved in Section 5.
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Let A; and X;r be independent exponential times with means 1/¢ and 1/¢7,
respectively.

LEMMA 2.2. For each integer m > 0, and any ¢, ¢’ > 0,

S — L)@ — L2 ydx m
. ¢! ¢ —
2.3) %i%’f« . ) )_am,
where
(2n)! /32\" © x " o
o e Bt ] e
0, otherwise.

We write the statement of Lemma 2.2 in the form,

+h Fxth _ T
lim /‘X’/“egsg/zE«f(L? — L)Ly —Lf)dX)m) dsdt
o Jo

h—0 h3/2

(2.5)
0 o0 , 32 o m/2
:/ / e—“—é“fE{n’"<—/LfL;‘dx) }dsdt.
o Jo 3 ’

For h > 0, let

(LD — LY(L" — L) dx\™
(2.6) Fu(s,t;m) 3=E((f : sh3/zt t ) )
and

32 - m/2
Fo(s,t;m):E{nm(?/Lijdx) }

In this notation Lemma 2.2 states that for any ¢, ¢’ > 0,

00 oo ,
lim/ / e ST (s, t; m) ds dt
0 0

h—0
00 oo ,
=/ / e S5 Foy(s, t: m) ds dt.
0 0

[Note that F(s, t; m) =0 when m is odd.]

2.7

LEMMA 2.3. For all integers m > 0, and 0 < h <1, Fy(s,t; m) is a non-
negative, polynomially bounded, continuous increasing function of (s, t).

PROOF OF LEMMA 2.1. It follows from Lemma 2.3 that Fj (s, t; m) is the
distribution function of a measure [tj ;,; on Ri; that is,

st
(2.8) Fh(s,t;m)z‘/o /Oduh’m(u,v).
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For any 0 < h < 1, consider

o0 o0 ) ,
(2.9) / / eSS E (s, t; m) ds dt.
0 0

Since Fj(0,t; m) = Fy(s,0; m) =0, it follows from integrating by parts (in which
we use Lemma 2.3), that for all ¢, ¢’ > 0,

(2.10) «¢¢’ > Ooe_“_c/’F( t;m)dsdt = Il (s, 1)
. 0 0 h\s,1;m N - 0 0 e Mh,m s, .

We see from (2.7) and (2.10) that for any ¢, ¢' > 0,

0 oo , 0 oo ,
@.11) lim/ / e—fs—“duh,m(s,z)z/ / e o (s, 1),
h—0J0 0 0 0

It then follows from (2.11) and the extended continuity theorem [7], Theo-
rem 5.22, that pp 5 10.m- Using this and Lemma 2.3 we see that

(2.12) }}imo Fin(s,t) = Fy(s, 1) Vs, t

which gives (2.1). (Actually [7], Theorem 5.22, is stated for probability measures
on Ri. The case of general measures on Ri can be derived as in the proof of [5],
Chapter XIII, Section 1, Theorem 2a. Unfortunately [5], Chapter XIII, Section 1,
Theorem 2a, only considers measures on R}r. Its extension to Ri is routine.) [

3. Estimates for the potential density of Brownian motion. The «-potential
density of Brownian motion,
e—2alx]
V2o

Let A, be an independent exponential random variable with mean 1/« .
Kac’s moment formula [9], Theorem 3.10.1, states that

n n
(32) E™ <]_[ Li;i) => TG = xxii-1)-
j=1 T j=1

(3.1) U (x) = /OOO e p(x)dt =

where the sum runs over all permutations 7 of {1, ...,n} and 7(0) =0.
Let A" denote the finite difference operator on the variable x, that is,

(3.3) Alfo) = fee+h) — fx).

We write A" for A when the variable x is clear.
The next lemma collects some facts about u® (x) that are used in this paper.
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LEMMA 3.1. Fixa,B8>0.For0<h <1,

(3.4) APAT Y (x = Y)|yey = 2(ﬂ> =2h+ 0(h?),
xX=y y m
(3.5) |A"u® (x)| < Chu® (x),
(3.6) |AP AT U (x)] < Chu® (x),
(3.7) IA"AT U (x)] < CR2u®(x) Vx| > h.
In addition,
(3.8) f (A" AT () (AT AT WP (x)) dx = (8/3 + O ()R,
(3.9) / (A"AThU (x))? dx = O (h*),
Jx[=h
(3.10) / A" AR (x) | dx = O (h?).

In all these statements the constants C and the terms O(h) may depend on o

and B.

PROOF. Since

ARAR (¢ = y) = (U = y) —u(x = y = )

(3.11)
—{u(x —y+h) —u(x -y},
we have
ARAR U (x = y)|yme = {u(0) — u® (=)} — {u® (k) — u®(0)}
(3.12)
—2(u®(0) — u®(h)) =2 Lo
=2(u®(0) —u“(h)) = <W>
which gives (3.4).

To obtain (3.5) we note that

, e-@|x+h| _ e—\/ﬁm
(3.13) AMu%(x) = ( )
* V2
Therefore,
—V2ax|
A ()] = o=V 2alx |em(|x|—|x+h|) Y
* V2

(3.14) 2
< e VEI () = L bl + Ol = b+ 41[%)

which gives (3.5) (since we allow C to depend on «).
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To obtain (3.6) we note that
IAPAT U ()] = 12u® (x) — u®(x + h) — u®(x — h)|
(3.15)
< A" @) + A u® (x — )

and use (3.5).
To obtain (3.7) we simply note that when |x| > A,

APATR U (x) = 2u¥ (x) — u®(x + h) — u®(x — h)
(3.16)
— u(x(x)(z _ e*mh _ e\/ﬁh)‘
The statement in (3.9) follows trivially from (3.7).
For (3.8) we note that for |x| < h,
APATI U ()

=2u“(x) —u*(x+h) —u*(x —h)

= u*(0) —u“(x +h)) + u*0) —u“(x — h)) —2(u*(0) — u*(x))

= |x + k| + |x — k| = 2|x| + O(h).
Therefore when 0 < x < h, we have
(3.18) A'ATME(x)=x4+h+h—x—2x+O0Hh) =2+ Oh)(h —x)
and similarly for A" A="4# (x). Consequently,

(3.17)

h h
/ (A" AT () (AP ATMUP (x)) dx = (4 + O(h))f (h —x)*dx
0 0

(3.19)
= (4/3+ 0(n)h>.

Similarly, when —h < x <0, it follows from (3.17) that
(320) A"ATMA(x)=h—x+x+h+2x+ 00 =2+ 0M0)(h+x)
and similarly for A” A="u# (x). Consequently,

/(;(AhAhu“(x))(AhAhuﬂ(x))dx =4+ 0(h) /(;(h +x)%dx
3.21) B
= (4/3+ 0(h)h>.

Using (3.19), (3.21) and (3.9) we get (3.8).
To obtain (3.10) we write

/ |AP AT (y) | dy = / |APAT U (y) dy + |AP AT U (y)| dy
lyl<h ly|=h
(3.22)
<Ch 1dy + Ch2/ u®(y)dy = 0 (h?),
ly|<h |y|=h

where for the last line we use (3.6) and (3.7). O
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4. Proof Qf Lemma 2.2. Let X, X + be two independent Brownian motions in
R!. Let L}, Ly denote their local times, and let A, A,/ be independent exponential
times of mean 1/¢, 1/¢’, respectively. Set

(4.1) B2 = f L7 L} dx.

It follows from (3.2), the Kac moment formula, that

m m m
Xi TVi _ Xi T Vi
E(l_[ LA{L%{/) = E(H LM)E(]_[ L} )
i=1 i=1 i=1
m
(4.2) => T4 (enijy = xxj—n)) dr;
b j:1

m
X Z 1_[ ut (V') = Yer(j=1)s
' j=1

where the sums run over all permutations 7 and 7’ of {1, ..., m}, 7(0) = 7/(0) =0
and xo = 0. Consequently, by setting each y; equal to x;, we see that

([ 2 x))
“3) =E (lj iy dxl-)

m m , m
=2 /(l_[ u (Xr (i) = xx(j-0) [T u® (v = xn/(,-_n)) [ dxi.
LA Jj=1 i=1

Similarly,

([T - @ -12)
(i)
(4.4) =< E(lle )E(EZ%{)

)
i);ﬁw

j=1

>

s 1:]5 [}

Xz(j) = Xr(j—1))

I
Equm
[

ﬁ':]s

m /
) 1_[ ut (V2 (y = Yar(i-1)-

' j=

—
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Using the product rule for finite differences,

(4.5) A (fe)(0) = (A" F)gx +h) + fx)Alg(x),
we can write

m m
(1_[ Aﬁ,«) YT uf Ceniy = x2i-1))
i=1

Toj=1
(4.6)
=~ a (J) a(j), ¢4
= ; l_[ o) AL ) R () = X o)
where the sum runs over 7 and all a = (a1, a2) : [1, ..., m] — {0, 1} x {0, 1}, with

the restriction that for each i there is exactly one factor of the form Af‘q. [Here
we define (Ai‘i)o =1 and (Ag) = 1.] In this formula, u%%(x) can take any of the
values u® (x), u®(x + h) or u®(x — h). (We consider all three possibilities in the
subsequent proofs.) It is important to recognize that in (4.6) each of the difference
operators is applied to only one of the terms u%*(-).

Using (4.6) we see that if we set x; = y;,i =0, ..., m, in (4.4) we get

m
X+h _ yx \TXx+th _ Tx
“4.7) E((/(LM l;)(LA;/ LA{,) dx) >
= Z /’Z}l'(x; m, 7' a,ad)dx,
.7’ ,a,a
where x = (x1, ..., x;), and

T, (x; 7' a,a")

0 Wz
(4.8) 1_[ be) (AL ) P () — X))

m
1k Sk) ¢!,
U )T )P g = X)),

and where the sum runs over all permutations 7 and 7" of {I,...,m} and all
a=(ai,a2):[1,...,m]—{0,1} x {0, 1} and @’ = (@}, a}):[1,...,m] — {0, 1} x
{0, 1} with the restriction that, for each i, there is exactly one factor of the form
Aﬁi in the second line of (4.8), and, similarly, in the third line of (4.8).

Let

Th(x;m, 7' a,a’)

m . .
(4.9) = [TUaL )" Al ) () = xai-0)
j=1

m
(k) sy ¢!
kl_ll : /(k) ) (A /(k—l))az u® (X — X k-1)))-
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The difference between (4.8) and (4.9) is that u%F is replaced by u* and similarly
for u¢%. To simplify the computations, we first obtain

. 1 . / /
(4.10) Jim > /Th(x,n,n,a,a)dx

.o’ a,a

and then explain why (4.10) is unchanged when 7, is replaced by 7,
Recall that Ahf(u) = f(u+h) — f(h) so that

411 A'AT"Fu—v)y=2fu—-v)— fu—v—h)— fu—v+h).
Consequently,
(4.12) AMAR Fu—v)y = APATR Fu - v).

We proceed to evaluate (4.10) based on the different ways the difference opera-
tors in (4.9) are distributed. We examine these in three subsections. The reader will
see that the only limits in (4.10), that are not zero, come from the case considered
in Section 4.1.

Let e = (e(1),...,e(2n)) where e(2j) = (1,1),e(2j — 1) = (0,0), j =
1,...,n.

4.1. a = d’ = e and compatible permutations. Let m = 2n and let P =
{(l2i—1,12i), 1 <i < n} be a pairing of the integers [1,2n]. Let 7 and 7’ be
two permutations of [1, 2n] such that foreach 1 < j <n, {(2j — 1),7(2j)} =
{li_1, lp;} for some, necessarily unique, 1 < i < n and similarly for 7', that
is, foreach 1 < j <n, {#/(2j — 1),7'(2))} = {lpx_1, o} for some, necessar-
ily unique, 1 < k < n. In this case we say that 7 and 7’ are compatible with
the pairing P and write this as (w,7") ~ P. [Note that {7z (2j — 1),7(2))}
is not necessarily equal to {7'(2j — 1), 7/(2/)}. Furthermore, when we write
{(r2j — 1), 7(2j)} = {bi—-1, i} we mean as two sets, so, according to what
is,wemay haver (2j — 1) =1ly;_1,m(2j)=bijorn(2j—1)=b;, n(2j) =bi_1.
A similar situation exist for 7’.] We write 7 ~ 7’ to mean that (7, ") ~ P for
some pairing P. In this subsection we show that

2n
Z f’]},(x;n,n'/,e,e) l_[ dx;
w~m’ j=1
_(@n)! (32R3\" . . 3n+1
-0 (T) E{(/LMLX{,C@ }+0(h ).
In Sections 4.2 and 4.3 we show that

(4.14) >

wn’ or (a,a’)#(e,e)

(4.13)

2n
Th(x;m, ' a,a) H dx;
Jj=1

— 0(h3n+l)‘
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Together these estimates give (2.1).
When 7 and 7’ are compatible it follows from (4.9) and (4.12) that

Th(x;m, 7, e, e)

(A" AU (xr 2y — X2 (2j-1)))

~.
Il =
—_

(4.15) X ug(xn(zj—n - xn(2j—2))

1=

.
Il
—_

(Ah A (Xz'20) — X7/ 2k—1)))

:|=

k=1

x 1_[ u{/(xn’(Zk—l) — Xp/(2%k—2))-
k=1

We would like to integrate T, (x; 7, 7/, e, ¢) with respect to x, but this is not
easy because the variables,

(o)) = Xr@j-1) %@y = Xw@j-n, J € [ nl}
and
{*r@j=1) = Xx@j-2), Xz/2j—1) — Xx'2j—2), J € [1,n]},
are not independent. To get around this difficulty we first write

n
@16) 1= [Ty~ 1<h) + Uiy =iy 20) = D~ 1by
i=1 ACIl,..., n]

where
(4.17)  Dp={lxy; —x1; | <h,i € A}N{lxs,, — xpp; | > h,i € A°};

and use it to write

/’Z},(xnrr ee)l_[dxj

(4.18) i=1
_/H (= l|<f)7?z(x w7 e, e)l_lldijrElh,
J
where
(4.19) Eypn= / T, (e, e, 6)1—[ dx;.

ACEP j=1
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Let
(4.20) wé (x) = |A"ATUE ().
We have
2n
/ Th(x;m, 7', e, e) 1_[ dx;
Dy =l

n
4.21) ifD [ T4 (aj—1 — Xn@j—2)w (X)) — X 2j-1)
A j=1

2n

n
x [Tub (1) = Xwr-2)w* (xwan — Xr@-n) [ ] dx;.
k=1 j=1

Let
(422) Da={x2j—1 —x2j2| <h, j <|A}N{lx2j—1 —x2j-2| > I, j > |A]}.

Applying the Cauchy—Schwarz inequality in (4.21) to separate the terms in v from
the terms in 7/, and then relabeling, we get

2n 2
f Th(x;m, 7’ e, e) H dx;
Da izl
n ) ) 2n
5/5 H(Mg(Xijl —x2j-2)) " (w® (x2; — x2;-1)) 1_[ dx;
A j:1 ]=1

n 2n
8 ff) [T (ajmr = x2j-20) (W (2 = x25-0) T
A i =1
(4.23) ! '

[A] n
< (]_[/(wg(xw))zdxzj)( l_[ /1{|x2,-|zh}(w§(xzj))zdxzj')
j=1

J=IAl+1
Al ’ n ’
X (H f(w; (ij))zdx2j>< [ /1{|x2j|zh}(w§ (X2j))2dX2j)
j=1 j=IAl+1
< (CrRTHAN?,

where the last inequality comes from (3.8) and (3.9). Combining this with (4.19)
we see that

(4.24) |E1 ] = OB,
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We now study

n 2n
(425) Bl’l(ﬂa 7T,, e, e) = / l_[(l{|x12i Xy 1 |§]’l})7;l('x’ T, 7'[/, e, e) l_[ dx]

i=1 j=1
Recall that foreach 1 < j <n, {r(2j — 1),7(2))} = {l2i—1, [2i}, for some 1 <
i < n. We identify these relationships by setting i = o(j) when {7 (2] —
D, w(2))} ={l2i-1, l2i}. We write

n
u® (Xa(2j—1) — *r2j-2)
11

426)

n
= H(Mg(xhrr(j)—l - lerr(j—l)fl) + Ahju{(xlhr(j)—l _'x12(r(j71)7]))’
Jj=1

where hj = (Xz@2j—1) = Xip,(j-1) + (Kt ; 1)1 — Xm(2j—2)). Note that because of
the presence of the term [T;_; (1{x,,. —x,. ,1<h)) in the integral in (4.25) we need
only be concerned with values of || <2h,1 < j <n.

Similarly we set i = o”/(j) when {7’ (2j — 1), 7'(2))} = {l2i_1, [2;}, and write

n
[T Crrjmty = xar2j—2)
j=1

(4.27)
n
— ¢ _ 8 _
- l_[(” ('xl2rr/(j)—l le(r/(j—l)fl) +AVu (xl2a/(j)—1 lerr’(jfl)—l))’
Jj=1
where h/j = (Xz'@j-1) — xlza,mil) + (xlza/(jil)i1 — Xz/(2j—2))- As above we need

only be concerned with values of |h’j| <2h,1<j<n.

We substitute (4.26) and (4.27) into the term Th(x;m, 7', e, e) in (4.25) and
expand the products so that we can write By, (7, ', e, ¢) as a sum of many terms
to get

By(m, 7', e, e)
(4.28) )

n
2=/H(1{|x,2i—x,2i_l|5h})771(X; w7’ e e) [| dxj+ Exp,
=1 j=I

where

Th(x:m, 7' e e)

n

n
(4.29) = l_[ AhA_hug(xlzi — Xl ;) X 1_[ uc(xlzm)_l — xl%(j_l)_l)
i=1 j=1

n n
h —h {/ {’
X 1_[ ATA T u (xl2i _xl2i—1) x 1_[ u (xlza/(j)—l _xlza’(j—l)—l)’
i=1 j=1
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and
(4.30) Exyn= Y.  Eypan.
A,A'C[1,...,n]
where
n
Eypnp = H(I{I%, oy, <h) ]_[A AU (xrj) — Xn2j—1))
i=1 j=1
hA
X l_[ leo(j)fl _'x12z7(j71)71) l_[ A jug('xha(j)fl _x120(j71)71)
jeA jeAc
n I
(431) X l_[ AhA_hMC (.xﬂ/(Zk) _'xﬂ/(Zk—l))

/
X 1_[ u’ (xlza’(k)—l _xlzd(k—l)—l)

keA’
, , 2n
b€ _ ‘
X H ATku (xlza/(k)—l lea’(k—l)—l) H dxj,
keA’c j=1

and A€ and A are not both empty.
Using (3.5) we see that

C c
|Eapp.ar| < CMRIATTHIAT

n
/l_[ (Mg =iy, 1<) [T w8 (r2jy = ¥z 2j-1)
j=1

(4.32) =

n
/
X l_[ M{(xbo(j)—l _xlzo(j—l)—l) l_[ wt (xﬂ’(Zk) - xﬂ’(Zk—l))
i=1 k=1

X H ug/(‘xl&y(k)—l - lerr(k—l)—l)dxj‘

Using the Cauchy—Schwarz inequality as in (4.23), we see that

(433) |E2,h;A,A’| < Ch3n+|A"|+|A/c‘.
It now follows from (4.30) that
(4.34) Exp = O,

We now consider
2n
(4.35)  Bu(m,7n,e,e) _/l_[ {1y —1; I|<h})’2;,(x w7 e, e)l_[ dx;.
j=1
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Using (4.18) and (4.24) we see that

2n
(4.36) Eh(ﬂ,ﬂ/’e’e)://]N;t(xﬂ'[,ﬂ/,ese) [ dxj + 0w +h.
j=1

Using (4.29) we see that
~ 2n
/’Z}L(x;n,n/,e,e) H dx;

j=1

n
:fl_[ AhA_hug(xlzi _x12i—1)

i=1

(4.37) . .
hoa—h ¢
X l_[ ug('lerr(j)—l _XIer(jfl)fl) H A"ATE (xlzi - lei—l)
j=1 i=1
n 2n
¢ _ .
X 1_[ u (XZZU’(j)—l lea/(j—l)—l) 1_[ dx;.
j=1 i=1
We make the change of variables x;,, — x5, + x1,, ,, i =1,...,n and write this
as
n n
/ H AhA_h”C(xlzi) 1_[ uc(XIZ(r(j)—l - le(r(jfl)fl)
i=1 j=1
n , n , 2n
X H AP AT S (x1;) H ut (xlzg/g)q — xlzq/gq)q) l_[ dx;.
i=1 j=1 i=1
We now rearrange the integrals with respect to x,, xg,, . .., X, and get
N 2n
/’Z}l(x;rr,r[/,e,e) H dx;
j=1
, n
_ </(AhA—huf(x))(AhA—huf (x))dx)

(4.38)

n
¢ _ ¢’ _
X/l_[u (XIZU(_/'%I lea(jfl)fl)M ('xl2rr/(j)—l lea/(j—l)fl)
j=1

n
X H dxpy,; .

i=l
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Writing y,(j) = X (-1 Yo' (j) = Xlygr(jy_y and using (3.8), we can write this as

/"]},(x m, ee)l_[dx,
j=1
_<8h3(1+0(h)))"

(4.39) 3

i=1

n n
% / [ 14 Gotiy = yoi—1)u® (vorjy = Yorii—1y) [ | dvi-
j=1

Considering (4.28), (4.34) and (4.39) we see that

/E(xnn ee)l_[dxj

j=1

8h3
(4.40) ( ) /]_[u Yoy = Yo(i-n)uE (Yor(jy = Yorj—1)

x ]‘[ dyi + O(h*"h.
i=1

In the first paragraph of this subsection we explain what we mean by (, 7) ~
P, for a pairing P = {(lpi_1, b)), 1 <i < n} of the integers [1, 2n] and permu-
tations 7, 7’ of [1,2n] that are compatible with P. Obviously, there are many
such pairs. There are 22" ways we can interchange the two elements of each pair
7(2j —1),7(2j),and 7' (2j — 1), 7’ (2j) without changing (4.40). Furthermore,
by permuting the pairs {wr(2j — 1), w(2j)} we give rise to all possible permuta-
tions o of [1, n], and similarly for 7. Consequently,

Z /’Z}l(xrrr[ ee)l_[dx,

(w,")~P
32h3 n / n
—< 3 ) Z/ [T#* oty = Yoi-1)u® (orcjy = Yor(j—1) T dvi
s j=l1 =1
(4.41) . ’
32/13 n - n 3
= (—3 ) E{(/ L’;;L’x‘{/ dx) } + o>,
Here the sum in the second line runs over all permutations o,o’ of {1,...,n}

and o (0) = ¢’/(0) = 0. The final line of (4.41) follows from the Kac moment for-
mula (4.3).
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Since there are (2n)!/(2"n!) pairings of the 2n elements {1, ..., 2n} we obtain
(4.13).
In the next two subsections we obtain (4.14).

4.2. a = d' = e without compatible permutations. Consider the multigraph
G » whose vertices consist of {1, ...,2n} and assign an edge between the ver-
tices w(2j — 1) and 7 (2) foreach j =1, ..., n and similarly between 7' (2j — 1)
and 7r/(2j) for each j =1,...,n. Each vertex is connected to two edges, and it
is possible to have two edges between any two vertices i, j. Note that the con-
nected components C;, j =1,...,k of G, 5/ consist of cycles. (For example, in
Section 4.1, all the cycles are of order two.)

Let C; = {j1,..., ji(j)} be written in cyclic order where /(j) = |C,|. Clearly
lezl [(j) = 2n. We show that when all the cycles are not of order two, as they are
in the case of compatible permutations considered in Section 4.1, then

2n
(4.42) ’ < cpint,

/’]},(x;n,n/,e,e) 1_[ dx;

j=1

Since we only need an upper bound, we take absolute values in the integrand
and get

2n
‘/ﬁ,(x;n,n’,e,e) l_[ dx;
j=1

k
(4.43) = / l_[ (w(sz —Xj) w('le(j) - le(j)fl)w(le - 'le(j)))
j=1

2n

n
x [T uler@j—1) = xz@j-2)u(xr@j-1) — ¥r@j-2) [ | dx).
j=1 j=1

where we use the notation u(x) to denote either u¢ (x) or u¢ (x), and w(x) to
denote either w¢ (x) or wf/(x). [w® (x) is defined in (4.20).] Note that we group
the functions w according to the cycles.

For each j =1,...,k we set y;, = xj; —xj,_,, i =2,...,1(j), and note
that Zf(:j% vj = —(xj — xj;). It is easy to see that the 2n — k variables
{yvi lj=1,...,kii =2,...,1(j)} are linearly independent. We then choose
additional k variables z;;/ = 1,...,k from amongst the variables {x7 ;1) —
Xr(2j—=2)s Xn'(2j—1) — Xa/(2j—2)} 1 < j <n} so that {yjl. lj=1,....,k;i=2,...,
[()H)}U{z; |l =1,...,k} are linearly independent and generate {x1, ..., x2,}. We
make this change of variables and use the fact that u(x) is bounded and integrable,
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followed by (3.6) and (3.10), to see that

2n
‘/’Z},(x;n,ﬂ/,e,e) l_[ dx;
j=1

k 1(j) 1(j)
=C H (/ w(yj,) - w(yjl(j))U)(Zyji) 1_[ dyj,-)
Jj=1 i=2 i=2
(4.44) ) ot
<c[Tswlwwl( [ woay)

j=1"

k k
< C 1_[ hl+2(l(j)—l) =C l_[ hZI(j)—l‘
j=1 j=1

(Note that the only dependence on ¢ and ¢’ is in the constant C.)
Since Zl;:l 1(j) =2n, we see from (4.44) that

2n
(4.45) ‘/’]},(x; 7,7 e, e) l_[ dxj| < Ch*=* = cp¥n"*,

j=1

It is easily seen that for noncompatible permutations we have k < n, which
proves (4.42).

4.3. When a = a’ = e does not hold. 'We now consider all partitions 7 and 7’
when a = a’ = e does not hold. Consider the basic formula (4.9). Since we only
need an upper bound, we take absolute values in the integrand as in (4.43). Since
a =a’ = e does not hold there are terms in which only one A’ is applied to a u®
or uf’.

We use the notation u and w defined right after (4.43). If there are k < 2n factors
of the type w, then there are 2(2n — k) factors of the type AThy . We use (3.5) to
pull out a factor of

(4.46) p*2n =0

from the basic formula (4.9), and are left with an integral like the one on the right-
hand side of (4.43) except that there are k factors of the form w which may be
linked in chains as well as in cycles, and there are 4n — k factors of type u. We
denote this integral by Jj,.

As in (4.43), we arrange the w factors into cycles and chains. We then change
variables and integrate the w factors. As in (4.44) a cycle of length / gives a con-
tribution that is bounded by CA'+2¢=D = Ch?~! In addition, by (3.10), chain of
length I gives a contribution that is bounded by C n'.
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If there are j cycles of lengths [(i),i = 1,..., j and j' chains of lengths
I'G),i=1,...,j wehave

J J
(4.47) PNIGEDNAGESS
i=1 i=1
Therefore,
(4.48) Jn < CHOS 1072516 < cp2ki
Together with (4.46) this shows that

(4.49) /’Z}l(x; m,7’,a,a) l_[ dxj| < Ch¥=J — cp3npn—i.

‘ 2n
j=1

As in (4.45) we see that
2n
‘fTh(X;n,n’,a,a’) [ dx;

Jj=1

(4.50) < Ch3tt,

We have established (4.13) when m is even. We now show that we get the same
estimates when u¢ and u®’ are replaced by u® % and ! [see (4.8) and (4.9)].

The key observation that explains this is that in applying the product for-
mula (4.5), the only terms of the form u®(x — y) that may have x replaced by
X + h are those to which Afé is not applied. Similarly y may be replaced by y + h
only if A? is not applied to a term of the form u® (x — y). Consequently, in eval-
uating (4.10) with 7;, replaced by 7, we still have APATIYEE = APAThYE and
similarly for NN

It is easy to see that the presence of the terms in u* or A¥"u5%, or in u¢'¥ or
AEh,t' % have no effect on the integrals that are O (h3"+1/2) ag h — 0. [That is, the
terms that are equal to 0 in (4.10).] This is because in evaluating these expressions
we either integrate over all of R! or else use bounds that hold on all of R!.

They do have an effect on the terms for which the limit in (4.10) are not zero.
For example, instead of the right-hand side of (4.40), we now have

8h\" [ »
(T) /Hug’ (Vo) = Yoj—0)us *(Yor(j) = Yor(j-1))
=1
(4.51) ’ )
x [T dvi + 0> th.

i=1

Suppose that Mg’ﬁ(ya(,') — yg(,‘_l)) = ug(yo'(i) — Yo(i—1) + h). We write this term
as

4.52) 45 (Vo) = Yoii-1) = 4 Vo) — Yoi-1)) + AU (yo iy — Yoi-1))
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and similarly for u¢ g3 Substituting these expressions into (4.51) and using (3.5),
it is easy to see that (4.51) is asymptotically equivalent to the right-hand side of
(4.13) when m is even. (The error term may be different.) Thus we see that replac-
ing u¢ and u® by ué¥ and u¢"? does not change (4.10) when m is even.

It is rather obvious that the limit in (4.10) is zero when m is odd because in this
case we can not construct a graph with all cycles of order 2. The extension of this
limit when u® and u® are replaced by u%* and u¢ " follows as above.

5. Proof of Lemma 2.3. For & = 0 it suffices to show that

Go(s,t) := E{ </ Lfo dx)n}

is a nonnegative, polynomially-bounded, continuous, increasing function of (s, 7).
The fact that Go(s, t) is a nonnegative, increasing function of (s, ¢) follows imme-
diately from the fact that the local times L* and L* have these properties.

To prove continuity we note that for all |r|, |r'| < rg, [ LfHZfH/ dx <
J Ly, L4y, dx. Therefore continuity follows from the Dominated Convergence
theorem and the continuity of local times once we show that for all s, ¢,

(5.1) t/ljffdx

has all moments. It follows from the Cauchy—Schwarz inequality, the scaling rela-
tionship (1.9) and (2.2), that

() | <o) o] (f o) )
(5.2) < (St)3n/4E{(/(LT)2dx>n/2}E{(/(Zf)de)n/z}

< C(st)>/4,

In addition to showing that (5.1) has all moments, this also shows that Go(s, t) is
a polynomially bounded function of (s, t).
We now consider Fj, (s, t) for h > 0. It suffices to show that

(5.3) Gi(s, 1) = E(( / L = L@ = L) dx)m>

is a nonnegative, polynomially-bounded, continuous, increasing function of (s, ).
Let W, denote Brownian motion and let f € S(R') be a positive symmet-
ric function supported on [—1, 1] with [ f(x)dx = 1. Set f.(x) = f(x/e)/e



418 CHEN, LI, MARCUS AND ROSEN

and
S
(5.4) Ly, =/ fe(W, —x)dr.
’ 0

It follows from [9], Lemma 2.4.1, that

m
E(n LI T Z%)

j=1

(5.5) = lim E(l_[ @y - L@ - LY )

j=1
—hmE<]_[(fo+h xJ) (H(LXJM Ly )

Using the Fourier transform,

. . —~ S .
(5.6) Lty = / e P (e7 P _ 1) F(ep) / PV dr dp,
9 2y 0

we have

(n(ij+h Xj ) f ne lp]x](e—lpj _ l)f(Spj)

1
R
[ <l_[elijr ) l_[dr_/ dpj
[0,s]™ "
Note that
m m
/ E(l_[elijr]> l_[ er
0.1\ ;= j=1
- W,
= E P () Wrj dr;
Z/{\O<rl<'“<rm<5} (U ) lj J
b4 ]—1 =
(5.8)

pf=E

. m m
o k= Pﬂ<k>)(W"f_erl)> [T dr;
j=1

= Z/ E
= J{0<ri<--<ry<s)
. 034 ) ) T
_ - —i Pk ri—rj—1 .
=X g L S
— Jio<

<-<rp<s} j=1 j=1

Since this is bounded and integrable in py, ..., p;, and f(ep) < C, we can take
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the limit as & goes to zero in (5.7) and hence in (5.5), to see that

m
E(H (L L5 z;‘fs)

j=1

m
= [ Tt - peei — 1y
R-m
j=1

/ l_[ elp] Wr
[0,s]™

m iP’-W,./ m
x/ E He 7 Hdr}drjdpjdp;-.
[0,z

j=1 j=1

5.9

It now follows from Parseval’s theorem that

m m
Gi(s, 1) = / E(]‘[ @ — L@ - Z?")) [T dx;

j=1 j=1

1 / o ipih 2
= H le=iPil —
(2m)™ Jgm izl

/ l—[ PV
[0,s]"

m
x/ E(Help] r)l_[dr drjdp;.
[0,z]™

j=1 j=1

(5.10)

The fact that G (s, t) is a nonnegative, increasing function of (s, #) follows from
this and (5.8). The fact that G (s, t) is a polynomially-bounded, continuous func-
tion of (s, t), follows, as in the proof for Gg(s, t), if we note that by translation
invariance [(L¥*")2dx = [(L¥)?dx so that, as in (5.2),

E{(/ L dx>n} = E{(/(Lé‘*h)zdx)"/z}E{(/(Zf)zdx)n/z}
v el (fare)”)

5 C(St)3n/4.

6. Proof of Theorem 1.1. The proof of Theorem 1.1 follows from the next
lemma exactly as in the proof of Theorem 1.2 on page 400.
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LEMMA 6.1. For each integer m > Qandt € Ry,

- E((f(L;C““ — L)?dx — 4h)”1)

;) h3/2

z{;%g;( N'e|(farra)) pme

, otherwise.

(6.1)

We use the next lemma in the proof of Lemma 6.1. It is proved in Section 7.

LEMMA 6.2.  Let A; be an exponential random variable with mean 1/¢. For
each integer m > 0,

lim E
h—0

((f(L”h Li‘z)zdx — 4hk§>m)

132

:{(22,1';);< ) E|(fasra) ] gm=n

0, otherwise.

(6.2)

PROOF OF LEMMA 6.1. We write (6.2) as

0 LXth — 192 dx — 4hs\™
lim e_“E(<f( 5 ;)7 dx S) )ds
0

h—0 h3/2

00 64 m/2
:/ e—fSE{n'"<—/(L§)2dx) }ds.
0 3
Let

= LIt — L3 dx — 4hs\™
64 Faat=B((LESZEEEEIYY) s

_ 64 m/2
Fuow) = | (5 [antax) .

Then (6.3) can be written as

(6.3)

and

00 - 00 ~
(6.5) lim / e S Fun(s)ds = / e S Fpo(s)ds.
h—0J0o 0

_ We consider first the case when m is even and write m = 2n. In this case
F>, 1 (s) > 0 and the extended continuity theorem [5], Chapter XIII, Section 1,
Theorem 2a, applied to (6.5) implies that

t r__
(6.6) lim/ an’h(s)ds=/ Fapo0(s)ds
h—0Jo 0
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for all ¢. In particular,

+8 __ t+6

(6.7) lim Fonp(s)ds = Fa.0(s) ds.
h—0J¢ t

It follows from the proof of Lemma 5 that F\zn’o(l‘) is continuous in ¢. Conse-
quently,

1 t+6
(6.8) (}5‘}”}13}) 5 Fonn(s)ds = Fano(1).
When ¢ =0 we get
6.9 1 1 F ds =
© i, i | Pt =
To obtain (6.1) when m is even we must show that
(6.10) lim Fay 4 (1) = Fap,0(t).
h—0
This follows from (6.8) once we show that
1 pt+d
11 lim lim — F: = 1 F
(6.11) Jim lim < | n,h(8)ds = im Fonn(1).

We proceed to obtain (6.11).
For s > ¢, we write

/(L§+h — L)?dx — 4hs

= {/(L;f”’ — L) dx — 4ht}
(6.12)
+ {/[(Lf”’ — L) — (LT — L)Y dx — 4h(s — z)}
h h h
+ 2{/(L;f+ —LOILI — LY — (L7 - Lf)]dx}.
We use the triangle inequality with respect to the norm || - |2, to see that

1/(2/1)
211 h ( )

n 1 X X X X
<F1/(2 )(Z)‘i‘{ |:h3/2{/[(Ls+h_Ls)_(Lt+h_Lt)]2dx
2ny1/(2n)
(6.13) —4h(s—z)H }
x+h x x+h X
+2{E[h3/2{/(L+ — L)L =LY

2ny1/(2n)
—(Lj”’h—Lf)]a’x” } :
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Note that

(6.14) /[(Lx-i-h LY) — (L3+h — Lx)]zdx L /(Lx+h L) dx
and

/[Lf*h — LYI[(LX — L) — (L — L)) dx
(6.15)
L x+h X7 x+h Tx
= /[Lt — LYNL¥Hh —T* dx.

Hence we can write (6.13) as
=1/(2 =1/(2 =1/2
B/ < B0+ BT s -1
2ny1/(2n)
+2{ [h3/2/[Lx+h LILEth — f_t]dx] } .

We now use the triangle inequality with respect to the norm in L?"([t,t +
81,8~ 1 ds) to see that

(6.16)

| pres 1/2n)
{g an,h<s)ds}
t

| s 1/@n)
6.17) < FE/2" @0+ {g Fou (s — t)ds}
t

1 o 1 X+h X117 x+h Tx 2 /e
+2{gl E[m/[l/t _Lt][LS—[ —Ls_t]dx:| ds} .

A similar argument starting with (6.12) shows that

1 pi+s 1/(2n)
{ ; Fz,l,h<s>ds}
t

1 rt+8 1/(2n)
6.18) = F/ ()~ {3/ an,h(s—t)ds}
t

1 (+8 1 X ~ N 2n 1/(2n)
—2{5/1 E[W/[L;H_ _L?][Lfi_z —Lf_,]dXi| ds} :

Since

1 t+6 1 5
(6.19) —/ Fopp(s —t)ds = —/ Fon n(s)ds,
S Js 8 Jo

we see from (6.9) that to prove (6.11), it only remains to show that

1 [r+d 1 x+h X x—l—h x 2
(6.20) 1_%1+ 1121 sgp 5/ E Wi [L;™ = Lyl[Lg™ L _,ldx| ds=0.
—
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By the monotonicity property of Fj (s, t; m) given in Lemma 2.3,

1 rr+d 1 x+h x1rT7x+h Tx 2
g_/t E|:_h3/2 /[Lt — L 1[L;T, —LS_,]dx} ds
(6.21)

1 o x+h X7 x+h Tx n
fE[m/ [Lt _Lt][L5 —La]dxi| .
—00
Thus (6.20) follows from the fact that
: . 1 x+h xX\(TXx+h Tx 2
(6.22) 81—1>1})1+ hhm solip E ey (L;y7™" = L;))(Ly™ —Ls)dx| =0
—

which, itself, is a simple consequence of (2.12) and Lemma 2.3. Thus we obtain
(6.10) and hence (6.1) when m is even.
In order to obtain (6.10) when m is odd we first show that

(6.23) sup Fa, (1) < C13/2,
h>0

To see this we observe that by first changing variables and then using the scaling
relationship (1.9) with h = /7, we have

Jatt - ptar =i [T - Ly ax

(6.24)
—1/2
Therefore,
— x —4ht ot e x —4ht~
(L;H_h Lf)zd 4h c 3/2( (LJIH-ht / LJIC)Zd 4h 1/2)
3/2 = 3/2
(6.25) h - h
_ (@ = L) dx — 4ht =1/
(ht_1/2)3/2

so that for any integer m,
(6.26) Fun() =t F,, 1 1p(1).

Therefore to prove (6.23) we need only show that

(6.27) supsup Fy, 5,-12(1) < C.
t h>0

It follows from (6.10) that for some § > 0,

(6.28) sup  Foy p12(1) < C.
{t,h|ht=1/2<8)
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On the other hand, for hz~1/2 > §,

(@ L2 dx — 4hi112)
(ht_1/2)3/2

(6.29) <572 f(L);“"‘”2 — L) dx + 45712

< 48_3/2/(L’]‘)2dx 445712 < oo

since [ (L’f)2 dx has finite moments [see (2.2)]. Using (6.28) and (6.29) we get
(6.27) and hence (6.23). It then follows from the Cauchy—Schwarz inequality that
(6.30) sup | F i (1)| < CP™/4

h>0

for all integers m.
We next show that for any integer m, the family of functions {F, »(¢); h} is
equicontinuous in ¢, that is, for each ¢ and ¢ > 0 we can find a § > 0 such that

(6.31) sup  sup |y n(t) — Fpn(s)] <e.
{s|ls—t|<8} h>0

Let
S — L2 dx — 4ht
h3/2 :

Applying the identity A™ — B™ = z';;—ol AJ(A—B)B" I~ with A = &, (t), B =
Dy, (s) gives

(6.32) Dy(2) =

m—1
(6.33)  Fun(t) = Fusn(s) =Y, &) (®5(t) — @p(5)) s ()" /7"

j=0
Consequently by using the Cauchy—Schwarz inequality twice and (6.30), we see
that

Sup sup| Fop i (1) = Fyn, 1 (5)]
{s]|s—t|<6} h>0
(6.34)
<Cim sup sup||®y(r) — Pp(s)2.

{slls—t|<8)} h>0
Using (6.12)—(6.15), we see that to obtain (6.31) it suffices to show that for some
5 >0,

(6.35) sup sup F\z,h(s) <e,
{s|s<8} h>0

and for any T < oo,

1 N N 2
(6.36) {zSEIT)} {Slila)} Zu}())E[m /(L;C+h _ Lf)(L;‘ﬂLh . Lf)dxi| <e.
< s< >
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By (6.23),

(6.37) sup Fy 5 (s) < Cs3/?
h>0

which immediately gives (6.35). Furthermore, applying the Cauchy—Schwarz in-
equality in (5.10) and using (5.8) to see that

m

) m
6.38) / E(l_[ ell’erj> l_[ d}"/‘
[0,z i '

j=1

j=1
is positive and increasing in ¢, we see that forall r < T,

1 - - 2
E[W /(L;“fh — LH)(LEh — Lf)dx}

2\ 1/2
< ( [h3/2 /(Lx+h _ LX)(LX+I’Z LX)dxj| >

1 h Sxth ¥ 2
(6.39) x (E[W/(L§+ —LHYL — LY dx )

)
< (E[# /(L’;”1 — L35 — Z’})dx} )1/2
2\ 1/2
% < |:h3/2 /(Lx—I—h Lx)(Lx-‘rh Lx)dxi| )
Using the scaling relationship, as in (6.25), we see that

1 - _ 2
E[W /(L;‘“1 — L)L — L;‘)dx]

1 _
_ /4 s x—+hs
=9 E|:(hs—l/2)3/2 /(L1
Following the proof of (6.27) we see that the expectation is bounded in s and 4.
Therefore, by taking § sufficiently small we get (6.36). This establishes (6.31).

We now obtain (6.1) when m is odd. By equicontinuity, for any sequence
h, — 0, we can find a subsequence hnj — 0, such that

(6.40)

2
VL@t )l‘)dx:| .

(6.41) lim F,;, (1)
j—o00 J
converges to a continuous function which we denote by F,,(¢). It remains to show
that
(6.42) F(t)=0.
Let
(6.43) Gun() =€ "Fpp(t) and Gp(1):=e "Fpu(t).
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By (6.30),
(6.44) supsup |G p ()| <C and  lim sup Gy, 5 (t) =0.

>0 =050
It then follows from (6.5) and the Dominated Convergence Theorem that for all
¢ >0,

(6.45) /0 Tt SGpm(s)ds =0.

We obtain (6.42) by showing that G, (s) = 0.

It follows from (6.44) that G, (¢) is a continuous, bounded function on R that
goes to zero as t — 00. By the Stone—Weierstrass theorem (see [7], Lemma 5.4),
for any ¢ > 0, we can find a finite linear combination of the form ), cie s
such that

n
Gp(t) — Zc,-e_f"t <e.

(6.46) sup
! i=1

Therefore, by (6.45),

* —s72 _ > —s . LG \ 7
/0 e Gm(s)ds_[) e (,-221616 )Gm(s)ds
o —s| _ - =Cs \
+/0 e (Gm(s) l»:EICZe )Gm(s) ds

(6.47)

= /Ooo e’ (5m(s) — Zcie_ffs)ﬁm(s) ds
i=1

© 5 172
< 28(/ e G, (s) ds)
0

by the Cauchy-Schwarz inequality and (6.46). Thus fooo e’ 651 (s) ds = 0 which
implies that G,,(s) =0. U

7. Proof of Lemma 6.2. Our goal is to obtain the asymptotic behavior of the
mth moment of

+h 2
f(Lf{ — Li‘{) dx —4hi;
h3/2
as h — 0. In the numerator we have the term 44 ;. Note that by Lemma 8.1, this
is necessary in order that the expected value of the numerator goes to 0. Since we
have 43/2 in the denominator in (7.1), and 0(h/h3/2) = 0 (h~'/?), we must show

that in the expansion of the expectation of the mth moment of (7.1), the terms that
would cause it to blow up are canceled. We do this in the first part of this proof.

(7.1)
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Note that
(7.2) /‘Lig dx =A;.

Using this and (3.4), we write the left-hand side of (6.2) as

. f(L”h LY )2 dx —2A"A™"ub(0) [ LY dxm
(7.3) lim E(( 3 R S ) )

For any integer m we have

E((f(ijh — L}, % dx —2A" A"t (0) / L, a’x) >
( (/(Lx,—I—h Lii;)z dx; — 2AhA—hu§(0) / L))i'; dx,-))

(7.4)
= Y ™ 'E((H/(Lx’+h L} )2dx,)
AC{l,...,m} icA
(]‘[ 20" AT 4(0)/L"l dx,)>
i€cAC

We now show that there are many cancelations in the final equation in (7.4) that
eliminate the problematical terms we discussed in the beginning of this proof, and
also significantly simplifies it.

Consider a generic term in the final equation in (7.4) without the integrals. To
clarify what is going on, we calculate

(7.5) E(]‘[(L;‘fjh — L} )(Ly’+h L) [1 2AhA—hu§(0)L;‘;>,
ieA icAc

keeping in mind that y; = x; for all 1 <i < m. Using the Kac moment formula
(3.2), we have

(]‘[(L“h L@t -1 [T 2a"a huf(O)Lf;)

icA ieA°
h Ah iy Yi h A—h i
(16) = (]‘[ Axl,Ayi)E(l_[ Ly Ly [T 24" ug(O)L;C{)
icA icA icA¢
m+|A|

=(2AhA—hu€(0))A”<]_[ AﬁiAﬁl) Yo 1 #ethy—a(i=1),

icA oceBy j=1
where the sum runs over By, the set of all bijections,

(7.7 o:[l,....m+ Al {x;, yi,i € A} U {x;,i € A°}.
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As we did in the beginning of Section 4 we use the product rule,

(7.8) Al f()g()) = (Al F))g(x +h) + f){Ag(x)),
to expand the last line of (7.6) into a sum of many terms, over all o € By, and
all ways to allocate each difference operator, Ail,- and Ag}_, i,j € A, to the terms

ué(o(j) —o(j — 1)) in which o(j — 1) and/or o (j) are contained in A. After
setting all y; = x; we can then write (7.6) as

m+|A| 4
(2Ah —h C(O))\A | Z 1_[ O_(j) al(.]) AZ(] 1))“2(])
oceBy,a j=1
(7.9
xubHo () = = D)y — vis
where the sum runs over o € B4 and all a = (aj, a2) :[1,...,m + |A|] — {0, 1} x

{0, 1} with the restriction that for each i € A there is exactly one factor of the form
Aﬁi and one factor of the form Agi , and there are no such factors for i € A°. [Here
we define (Ai‘i)o =1 and (Ag) = 1.] In this formula, u%%(x) can take any of the
values u® (x), u® (x + h) or u®(x — h). [This is because we use (7.8) to pass from
the last line of (7.6) to (7.9). We consider all three possibilities in the subsequent
proofs.] It is important to recognize that in (7.9) each of the difference operators is
applied to only one of the terms u®-*(-).

We get the simplification of the final equation in (7.4) because many terms in
the expansion of (7.6) for different sets A and o € B4 are the same, and when they
are added, as they are in the final equation in (7.4), they cancel. We now make this
precise.

Fix A € {1, ..., m} and consider a particular bijection o € B4. Consider (7.9)
for this A and o. For i € A we say that x; is a bound variable, if x; and y; are
adjacent, that is, if either (x;, y;) = (o (j —1),0(j)) or (y;i, x;) = (6 (j —1),0(j))
for some j. Furthermore, for a given o € B4 that contains bound variables, and a
given a, we say that a bound variable x; is a singular variable if both Ah and Ah

are applied to the factor u® (x; — y;).
Note that by (7.8) an & is not added to x in any u®(-) to which Afc’ is applied.
Consequently,

(7.10) AL AR SR — 3y = AP AT UE(0).

Continuing, we emphasize that the property that x; is a bound variable depends
only on o. The property that x; is a a singular variable depends on the pair o, a.
Let

(7.11) S(o,a) = {i|x; is a singular variable for o, a}.

Consider a term in (7.9), with S(o,a) = J C A. Then for each i € J we have a
unique k; € [1,m + |A|] such that {o(k; — 1), 0(k;)} = {x;, yi}. Let K ={k;,i €
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J}. Using (7.10), we see that the contribution of o, a in the second line in (7.9) is

m+|A| . ‘
V)= [T (85)" (A1) e 0 () =0 (G = D)y g wi
j=1
m-+|A| _ .
712 =@ T (ag;)" (A )@Y
j=1igK

X uSH o () =0 (= D)y i

Let Z(o) denote the set of all ¢’ € B4 which can be obtained from o by in-
terchanging o (k; — 1) and o (k;) for some set of the elements i € J. Clearly
V(o',a) = V(o,a) for all ¢’ € Z(o). Since |Z(c)| = 2//! we see that the con-
tribution in the second line in (7.9) obtained by summing over all ¢’ € Z (o) is

m+|A|
V(Z(0),a) = A" A ut ol TT (AL

a(j))al(J)(Ah
J=Lj¢K

g(jfl))@(])
(7.13)
X ug’ﬁ(a(j) —o(j— 1))|yi:xl”w'

In what follows, given o € B4, we write it as a vector (o (1), ...,0(m+ |Al)) €
R™*1Al For any J C A we define o4_; € Bs—y, by deleting the components y;,
i €J from (6(1),...,0(m + |A])). We only use this latter notation when J is
contained in the set of singular variables of some o, a.

As an example of the relationship between o and Z (o), letm =3, A = {1, 2, 3},
o = (x1,Xx2, y2, ¥3,x3, y1) and J = {2, 3}. Then Z(o) consists of the four bijec-
tions

o =01 = (X1, X2, Y2, Y3, X3, Y1),

02 = (X1, 2, X2, ¥3, X3, Y1),
(7.14)

03 = (X1, X2, ¥2, X3, ¥3, Y1),
o4 = (X1, y2, X2, X3, ¥3, Y1)

Also, in the notation just defined, oy 3y = (x1, X2, y3, X3, Y1), 0{1,2) = (X1, X2, 2,
x3, y1) and o1y = (x1, X2, X3, ¥1).
In the notation just defined, we write (7.13) as
V(Z(0),a) = QA"A™"ué )]
m+|A—J|

10 2 ()
(7.15) < [T @k )@l o)=Y
j=1

< utH(oa_y(j) —oa—s(j - D)yi=zi vi
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where a’ is obtained from a = {(a; (), ax( J))}erlA| by deleting from a the pairs
(a1(j),az(j)) for j € K, and renumbering the remaming terms in increasing order.

Note that in applying the product formula for difference operators (7.8) we can
choose which function plays the role of f, and which the role of g. When x; is a
bound variable, that is both x;, y; appear in the same u° (-), and we apply (7.8) to
expand Afé,, we take g to be u® (y; — x;). That is, we take

A u® (xi — a)u’ (xi — yi)
(7.16)
= AL ub (i —aul (xi +h — yi) +ub (x — a) A2 ul (xi — i),
and similarly when we apply (7.8) to expand Ai{i. Thus if x; is a singular variable
and we apply Ah A?i by the above rule, and then set y; = x;, the term that contains
AP A=Y (0) s

(7.17) ub (xj —a) A" AT 0)ub (b — xp).
Note that there are no +4 terms added to the y; or x;. Because of this we see that
Y V(Z(0),a)
{a|S(o,a)=JCA}
(7.18) = QA" AUt (o))
/
X{( I1 AﬁA’;,) “(oa-s(j) —oa- J(J—l))} :
icA—J yi=x;,Vi

where the notation [] indicates that when we use (7.8) to expand the second line
of (7.18), we do not apply both Aﬁi Aﬁi to the same factor u¢ (-). This is because
all the singular variables have been removed from the S(o, a). The significance of
this representation is that it does not contain any ambiguous terms u%%(-).

For J C A, let ¢ € Bs_;. We write ¥ as a vector in R4~/ whose compo-
nents consist of a permutation of the m + |A — J| elements {x;, y;,i € A — J} U
{xi,i € (A — J)°}. Let o0 be obtained from this vector by inserting a component
yi, following x;, for each i € J. Considering the way o4_; was obtained from o
[see the paragraph following the one containing (7.14)], it clear that for this o, we
have o4_; = . It then follows from this and (7.18) that we can rewrite (7.9) as

3 @ataut o)A ATt o))

JCA
m+|A—J|
{( T AhAh> > T] uf(o(j)—a(j—l))} |
icA—J oeBa_y j=I yi=xi,Vi
(7.19) =3 @AMAThuE () A=

JCA
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A )

icA—-J
m+|A—J|

< Y I ué“(a(j)—au—l))}

oceBa—y j=I1

Yi=xi,Vi

Hence by (7.4)—(7.9), for any integer m, we have

E((/(Lijh —Lj,) dx — 2AhA_hu§(0)/L§{ dx>m>

= > (p¥l Z/d;(A—J)dx,

AC(L,....m) JCA

(7.20)

where the set function ¢ is defined by
¢(D) == @AM AU (O]

(7.21)
"Nl AR i g
x{(l_[ Axl,Ayi) > 11 uf(o(j)—a(j—l))} g
ieD oeBp j=1 yi=x;,Vi
It follows from Principle of Inclusion—Exclusion ([13], page 66, formula (8)) that
(7.22) Yo =DM Y p(A-D=0(1,....m).
ACA{l,...,m} JCA

Referring to (7.20)—(7.22) we see that to estimate (7.4) we need only consider
A ={1,...,m} and those cases in which each of the 2m difference operators A”
are assigned either to a unique factor u® (-), or if two difference operators are as-
signed to the same factor u® (-), it is not of the form u® (0). Therefore, we see that

E((/(Lijh — L},)*dx —2AhA_hu{(0)fL§{ dx) )

(7.23)
—=m Z /%ﬁ(x; w,a)dx,

weD,a
where

2m . .
(7.24) Tiemay=[[(al (AL Y2 Pub () = xnion),

j=1
and the sum runs over D, the set of all maps 7 :[1,...,2m] — [1,...,m] with

|7 ~1(i)| = 2 for each i, and all a = (a1, a2):[1,...,2m] — {0, 1} x {0, 1} with
the property that for each i there are exactly two factors of the form Afcl,» in (7.24),
andif a(j) = (1, 1) for any j, then x5 (j) # Xz (j—1). The factor 2™ in (7.23) comes
from the fact that |7 ~!(i)| = 2 for each i.
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It follows from (1.4), (7.3) and (7.23) that to obtain (6.2) it suffices to show that

. 3/25m to .
(7.25) Jim A" /Th (x;7,a)dx
n€D,a
is equal to the right-hand side of (6.2). To simplify the proof we first show this
with ’Z;ln (x; 7, a) replaced by

2m

. ) )
(7126) Ty(xrim @) = [T (AL )"V (AL, ) (o) = xnj1)-

Jj=1

At the conclusion of this proof we explain why we have the same limits when 7, (-)
is replaced by ’Z;Zﬁ(-).

From this point on, the proof is very similar to the proof of Lemma 2.2. Let
m = 2n. Consider the multigraph G, whose vertices consist of {1, ..., 2n} and we
assign an edge between the vertices m(2j — 1) and 7 (2j) foreach j=1,...,2n.
Each vertex is connected to two edges, and it is possible to have two edges between
any two vertices i, j. Note that the connected components C;, j =1,...,k of G,
consist of cycles.

7.1. a = e and all cycles are of order two. When a = e (defined just before
Section 4.1), we have

2n

(7.27) Ta(xsm,e) = [ | ub (xz@j-1) = Xz@j-2)) A" A" (X 2)) — Xr2j-1))-
j=1

Assume now that, in addition, all cycles are of order two.

Let P = {(l2i—1,2i), 1 <i <n} be a pairing of the integers [1, 2n]. Let # € D
[defined just after (7.24)] be such that foreach 1 < j <2n, {7 (2j — 1), 7 (2j)} =
{l2i_1, l5;} for some, necessarily unique, 1 <i < n. In this case we say that 7 is
compatible with the pairing P and write this as & ~ P. [Note that when we write
{(r2j —1),7(2j)} ={lai—1, [2;} we mean as two sets, so, according to what 7 is,
wemay have t1(2j — 1) =11, 72j)=hiorn(2j — 1) =bi, 1(2j) =1lri_1.]
Whenever 7 € D is such that G, consists only of cycles of order two, 7 ~ P, for
some pairing P of the integers [1, 2x]. In this case we have

n 2n

(7.28) Th(x;m, e)=[[(A" AUl (xsy, —x1, ) [1uf (rzjmt) —xx2j-2))-
Pl j=1

Following the proof of Lemma 2.2 we first show that

2n 2n
(7.29) fﬁz(x; 7o) [ ] dx; =f71,h(x;n,a) [T dx; + 0>+,
j=1 j=1
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where
n

Tipn(xsm, e) = l_[(l“xlzi iy |§h})(AhA_h”{(xlzf - xl2i—l))2
i=1
(7.30)

2n
X H ”{(xn(zj—l) — X7(2j-2))-
j=1

To prove (7.29) we proceed as in (4.16)—(4.19), and see that it suffices to show
that for A C[1,...,n] and |A¢| > 1,

h A —h 2
fl_[ gy, iy, 1<) |1 Tty =y 12y (A" AT 0 gy = 3y )

icA icAc
7.31
( ) 2n n
X 1_[ I/t;(xﬂ(Zj—l) —Xﬂ(zj_z)) l_[ dx]' — 0(h3n+1).
Jj=1 =
To show this we first choose ji, k =1, ..., n, so that

(7.32) {x,,(zjk_l) _xn(ij—Z),k =1, ...,n} Ufxy, — x5, ,i=1,...,n}

spans R?". Let y;, i = 1,...,2n, denote the 2n variables in (7.32). We make
the change of variables in (7.31) to {y{, ..., y2,}. We then bound those terms in
ug(xn(zj_l) — Xz2j-2))> J = 1,...,2n, that do not map into ué(y;), for some
i=1,...,2n [see (3.1)]. We are then left with an easy integral and using (3.8),
and (3.9) and the fact that ¢ (-) is integrable, we get (7.31).

Analogous to (4.25) and (4.26), we now study

2n
(7.33) /Tl,h(x;n,e) I dx;.
j=1

Recall that for each 1 < j <2n, {(2j — 1),7(2j)} = {lri_1, l2;}, for some
1 <i < n. We identify these relationships by setting i = o(j) when {7 (2j —
1), 7(2j)} = {bi—1,[2}. In the present situation, in which all cycles are of or-
der two, we have o :[1, 2n] — [1, n], with |or_1(i)| =2,foreach 1 <i <n. We
write

2n
[Tu (it = x2j-2)
Jj=1
(7.34)
2n
h,
= (”C (xlza(j)—l - lea(j—l)—l) + AMut (xlzo(j)—l - lea(j—l)—l))’
Jj=1
where hj = (xn(zj_l) - lea(j)—l) + ()Clza(j_l)_1 - x,r(zj_z)). Note that because of

the presence of the term [T/ (1{x,,, —x,,. ,1<h}) in the integral in (7.33), we need
only be concerned with values of |h;| <2h, 1< j <2n.
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Following (4.28)—(4.33), we see that

2n
le,h(x;n,e) [ dx;
j=1

2n

n 2n
(1.35) = / H(AhA_h”éh(xlm _xlzi—l))2 l_[ ug('xlhr(j)—l _x12n(j71)71) H dx;
i=1 j=1 j=1

where x_; =0.

We now estimate the integral in (7.35). Using translation invariance and then
(3.8), we have

n 2n

n 2
_ 2
/H(AhA hut(xlzi _x12i—1)) l_[ MC(‘XIZJ(j)—l _xl2a(j—l)—1) H dx;
i=1 =1

j= Jj=1
n ) 2n 2n
(7.36) = / H(AhA*hug (x1,)) 1_[ ug(xlzgm_l —xlza(j_l)_l) H dxp,
i=1 j=1 k=1

2n n
= (8/3 + O(h))nh3n/ 1_[ ut (xlza(j)—l - xl2a(j—l)—l) H dxiy_,.
j=1 k=1

We set yx = x1,,_, and write the last line of (7.36) as

2n n
(7.37) (8/3)”h3”f [Tu oy = voii-n) [T dve + 0>,
j=1 k=1

It follows from (7.29) and (7.35)—(7.37) that

2n
/Th(x;n,e) H dx;
=1
(7.38) ! X
= /35 [ TTu (e = voii-0) [T dve + 0+,
j=1 k=1

where yg = 0.

Let M denote the set of maps o from [1,...,2n] to [1,...,n] such that
lo~1(i)| = 2 for all i. For each pairing P of [1, ..., 2n], any = € D that is compat-
ible with P (i.e. w ~ P) gives rise to such a map o € M. Furthermore, any of the
22" maps in D obtained from 7 by permuting the 2 elements in any of the 2n pairs
{m(2j —1),7(2j)}, give rise to the same map o. In addition, for any o’ € M, we
can reorder the 2n pairs of 7 to obtain a new 7’ ~ P which gives rise to o’. Thus
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we have shown that

/’Z}l(x 7T, e) l_[ dx;
T~P

(739) =( ) ) / H (Vo) = Yoi—1) dek+0<h3"+‘)

ogeM

— (13—6}13) E{(f(L{;)zdx) }+ O (h*+1),

where the last line follows from Kac’s moment formula. The factor 27" that ap-
pears in the transition from the second to the third line in (7.39) is due to the fact
that |01 (i)| = 2 for each i [see (7.23)].

Let G, denote the set of 7 € D such that all cycles of the graph G, have order

two. Since every such 7 is compatible with some pairing P, and there are (22,1'2!!
such pairings, we see that

5 frisno o= 220 st )|

(7.40)

7.2. a = e and all cycles are not of order two and a # e. We follow closely
the argument in Section 4.2 to show that

/T(x T, e)l_[ dxj| =

T¢G) j=I1
Let the cycles C; = {jji, ..., ji(j)} of Gy be written in cyclic order where [(j) =
|C}|. Note that Y-4_, 1(j) = 2n.
Since we only need an upper bound, we take absolute values in the integrand to
see that

(7.41) = O t.

k
(7.42) = / l_[ (wt (Xj, =xjp) - w' (le(j) - le(j)—l)w{ (le - le(j)))

2n

2n
x [Tu® (rj-1) —xx@j-2) [ ] dx;.
j=1 j=1

where w* (x) is defined in (4.20). Note that we group the functions w according to
the cycles.
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We now follow the paragraph containing (4.44) verbatim until the end of Sec-
tion 4.2, except that we replace # and w by u* and w®, to get (7.41).
When a # e,

(7.43) >N

T az#e

0(h3n+1)

/’Z},(x T, a)l_[dx]

This follows easily by obvious modlﬁcatlons of the proof in Section 4.3, similar to
the modifications of the proof in Section 4.2 that gives (7.41).

We now note that it follows from the arguments in the final three paragraphs of
the proof of Lemma 2.2 on page 416, that for m even we obtain the same asymp-
totic behavior when we replace 7j,(x; , a) by ’];lﬁ (x; m,a), and also, that we get
the right-hand side of (6.2) for odd moments.

Summing up, we have shown that the only nonzero limits in (7.25) come from
(7.40) when m is even. Using this in (7.25), in which we multiply by 2°", we see
that (7.25) is equal to the right-hand side of (6.2).

8. Expectation.

LEMMA 8.1. Forh =0,

(8.1) E(/(L)ﬁh - L’l‘)zdx> =4h + O(h?)
as h — 0. Equivalently,

(8.2) E(/(L;‘“ — L;f)zdx> =4t + 0(t'/?)
ast — Q.

PROOF. By the Kac moment formula,

(e

(8.3) =2 f / hp,1 (xX)A" p,, (0)dry drydx
1 lr’

+ 2// NG x)A"AT" p,, (0)drydrydx.
=M=

When we integrate with respect to x, we get zero in the first integral and one in the
second. Consequently,

( f (LT — 1)? dx> =2 / A"ATp,, (0)dry dry
l 1rl<1}
(8.4)
=4 fo (1= 1) (pr(0) — pr () dr
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Since

i L R2)2r
8.5 fridrff r dr = O(h?
(8.5) A NG Y- (h7)
and

00 | — p—h*/2r o0 12 /2r
8.6 / ——dr < dr = 0 (h*
(8.6) 1 NG r < | \/— r (h7),

we see that to prove (8.1) it suffices to show that

(8.7) A (pr(©0) — pr(h)) dr = h+ O(K?).

This follows from (3.1) since

(8.8) A(w@ mmMnJm/ @ (py(0) — pp(h))dr

Thus we get (8.1); (8.2) follows from the scaling property (1.9). [
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