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NONDIFFERENTIABLE FUNCTIONS OF ONE-DIMENSIONAL
SEMIMARTINGALES

BY GEORGE LOWTHER

We consider decompositions of processes of the form Y = f(¢, X;)
where X is a semimartingale. The function f is not required to be differ-
entiable, so 1t6’s lemma does not apply.

In the case where f (¢, x) is independent of ¢, it is shown that requiring f
to be locally Lipschitz continuous in x is enough for an It6-style decomposi-
tion to exist. In particular, Y will be a Dirichlet process. We also look at the
case where f (¢, x) can depend on 7, possibly discontinuously. It is shown, un-
der some additional mild constraints on f, that the same decomposition still
holds. Both these results follow as special cases of a more general decom-
position which we prove, and which applies to nondifferentiable functions of
Dirichlet processes.

Possible applications of these results to the theory of one-dimensional dif-
fusions are briefly discussed.

1. Introduction. Suppose that we have a real valued semimartingale X and a
function f:R; xR — R. In the case where f is twice continuously differentiable,
1t6’s lemma shows that f (¢, X;) decomposes as

t
(1) £t X)) = fo Dy f (s, Xs_) dXy + Vi

for a finite variation process V. In particular, it follows that f(z, X;) is itself a
semimartingale. The goal of this paper is to generalize this decomposition to situa-
tions where f is not differentiable. The case where f is merely once continuously
differentiable has been studied previously by several authors and requires going
outside the class of semimartingales. Continuous Dirichlet processes were defined
by Follmer in [10] as the sum of a continuous local martingale and a process with
zero quadratic variation, and it is known that the class of such processes is closed
under C! transformations [2, 4, 7]. These results were applied in [1, 8] and [9] to
the study of diffusions with distributional drift.

Noncontinuous Dirichlet processes were defined in [18] as the sum of a semi-
martingale and a process with zero quadratic variation. It was then shown in [3]
that this class of processes is also closed under C! transformations.

Alternatively, for noncontinuously differentiable functions, decomposition (1)
has been studied in [6] assuming that (i) the left derivative df/d¢ exists and is left
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continuous in ¢ and (ii) there is a decomposition f = f;, + f, such that 9f;/0x
exists, is continuous and has a left continuous and locally bounded left derivative,
and the left derivative df,/dx exists and has a locally bounded variation in (¢, x).

In the case where f(z, x) is independent of ¢, we shall show that being locally
Lipschitz continuous in x is enough to conclude that the process V in (1) has well-
defined quadratic variation with zero continuous part. Working under the slightly
generalized definition of a noncontinuous Dirichlet process as the sum of a semi-
martingale and a process whose quadratic variation has zero continuous parts, this
shows that f(X;) will indeed be a Dirichlet process. We also look at the case
where f is a possibly discontinuous function of time. It is required that locally
the variation of f(z,x) in ¢ is integrable with respect to x. If, additionally, it is
locally Lipschitz continuous with left and right derivatives with respect to x, then
we show that decomposition (1) can be used, and V will have zero continuous
quadratic variation. Furthermore, in Section 2 the general situation where X is a
Dirichlet process will be looked at. In that case, additional “almost everywhere”
differentiability conditions need to be imposed on f and, as we show, it then fol-
lows that f(z, X;) is itself a Dirichlet process. We also give a brief discussion
later in this section of the possible applications of these results to one-dimensional
diffusions.

Throughout this paper we assume the existence of a complete filtered proba-
bility space (£2, F, (F;)er, . P). The definition of quadratic variation used fol-
lows that of [17]. First, a (stochastic) partition P of R is a sequence of stopping
times 0 = ‘L'éD < tlp < --- 1 00. Then for cadlag processes X, Y the approximation
[X, Y] to the quadratic covariation along a partition P is

00
P __
(2) [X, Y]t = Z(thp/\t — thP_l/\t)(YTkPAt - Yka_lAt).
k=1

The quadratic covariation [ X, Y], if it exists, is defined to be the limit of [ X, Y] P as
the mesh |P| = sup; |l 'EkP — rkP_l oo goes to zero, with the topology of uniform
convergence on compacts in probability (ucp for short).

[X,Y]= (X, v]" (ucp).

lim
|P|—0
We also write [X] = [X, X] for the quadratic variation. If the quadratic varia-
tions and covariation of processes X, Y all exist, then by the polarization identity
[X,Y]= (X + Y] — [X] — [Y])/2, the quadratic covariation is a difference of
increasing processes and so has locally finite variation. By ucp convergence, the
jumps of the quadratic covariation are A[X, Y] = AXAY, so its continuous part
can be written as

[X,Y]{=[X.Y], — ) AX,AY,

s<t
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and [X]° = [X, X]¢. A cadlag process X will be said to have zero continuous
quadratic variation if its quadratic variation exists, and [X]¢ = 0. Alternatively,
for short, X will be referred to as a z.c.q.v. process. Then the following definition
of Dirichlet processes will be used.

DEFINITION 1.1. We say that a real valued process X is a Dirichlet process if
it has a decomposition X =Y 4 V where Y is a semimartingale and V is a cadlag
adapted z.c.q.v. process.

We now state the first result which says that a locally Lipschitz continuous func-
tion of a semimartingale is a Dirichlet process. Such functions are differentiable
almost everywhere, so we set f'(x) = limsup;,_,o(f(x +h) — f(x))/h which will
be locally bounded and equal to the derivative of f wherever it is differentiable.

THEOREM 1.2. Let X be a semimartingale and f:R — R be locally Lip-
schitz continuous. Then

t
FX) = fo FI(Xy_)dXs + Vi,

where V has zero continuous quadratic variation.

The proof of this is given in Section 3 and follows as a special case of the
decomposition of functions of Dirichlet processes (Theorem 2.1).

For time-dependent functions, as well as requiring f (¢, x) to be locally Lip-
schitz continuous in x with left and right derivatives everywhere, it will also be
required that, locally, its variation in ¢ is integrable with respect to x. This leads us
to look at the following classes of functions.

DEFINITION 1.3.  We shall denote by Dy the set of functions f: Ry xR — R
such that:

e f(t,x) is locally Lipschitz continuous in x and cadlag in ,
e forevery Ko < K1 € Rand T € R; then

Ky T
/ / |d; f(t,x)|dx < oo.
Ky JO

If, furthermore, the left and right derivatives of f (¢, x) with respect to x exist
everywhere, then we write f € D.

As with the time-independent case above, the derivative of f (¢, x) with respect
to x need not exist everywhere, and the notation D, f (¢, x) will be used to denote
limsupy,_,o(f (¢, x +h) — f(t,x))/h. Again, this will be locally bounded for any
f € Dy and equal to the partial derivative with respect to x wherever it exists.
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THEOREM 1.4. Let X be a semimartingale and f € D. Then

t
F.X) = fo Dy f (5. X,_)dX, + Vi,

where V has zero continuous quadratic variation.

In particular, this shows that f (¢, X;) is a Dirichlet process. In Section 2 we
state, and prove, a more general decomposition result which generalizes Theo-
rem 1.4 to arbitrary Dirichlet processes. However, this result will also require
f (¢, x) to be differentiable with respect to x in an almost everywhere sense. Then,
in Section 3 we show that if X is a semimartingale then any function f € D is in-
deed differentiable in the necessary “almost everywhere” sense, from which The-
orem 1.4 follows.

Let us first discuss some possible applications of Theorems 1.2 and 1.4 to the
theory of one-dimensional diffusions. Diffusions with a distributional drift have
been studied in [8] and [9] via a generator L, written formally as

(3) Lf =302 f"+b'f"

Here 0 = o (x) and b = b(x) are continuous functions. The diffusion X is then
defined such that

t
FXD) - fo Lf(Xy)ds

is a local martingale for all functions f in the domain of the generator L. If b is
not differentiable then (3) is understood only as a formal expression, and the full
definition of L and its domain are given in [8] and [9]. Let us consider the case
where b = ac?/2 for some « € (0, 1]. Then f is in the domain of the generator L,
if 2% f' is continuously differentiable and

Lf — %0_272(1(0,2(1]‘/)/.
In particular, Lh = 0 is solved by

h(x>=/0xo—2“(y>dy,

so Y = h(X) is a local martingale. Then, 2~ is continuously differentiable and it
follows that X = A~ 1(Y) is a Dirichlet process.

We could consider extending this analysis to the case where o is merely
bounded and measurable, such that o~2¢ is locally integrable. In that case 4!
might not be differentiable, although it will be locally Lipschitz continuous. Then
Theorem 1.2 shows that X = 2~ !(Y) will still be a Dirichlet process. Using The-
orem 1.4, these ideas could be generalized to the case where o = o (¢, x) is time-
dependent.

Another application of these results, which will be investigated in a future paper,
is in obtaining generalizations of the backward Kolmogorov equation. Suppose, for



80 G. LOWTHER

the moment, that X is a diffusion satisfying a stochastic differential equation of the
form

(4) dX;:O'(t,X[)dW[+b(t,Xl)dt

for a Brownian motion W. Given a twice continuously differentiable function
f(t, x), the backward equation says that f (¢, X;) is a local martingale if

af 1 ,d%f of
®) P TR P
which is a straightforward consequence of It6’s lemma. In particular, if f is
bounded and satisfies the boundary condition f(7,x) = g(x), then (5) provides
a sufficient condition for

(6) f@, X)) =E[g(X7)|F:]

to be satisfied for all # < 7. Under sufficiently strong conditions for the coeffi-
cients o and b—such as Holder continuity (see [11])—this can be used to prove
uniqueness of solutions to (4). Now, suppose that o, b are not smooth (and more
generally, could be distributions). Then requiring f to be twice differentiable is too
restrictive for the backward equation to be useful, and (4) can fail to have unique
solutions. However, in many cases, it is sufficient to restrict to functions f € D.
For example, if X is a continuous and strong Markov martingale, then the results
of [14] and [16] show that if g is convex, then f (¢, x) satisfying (6) turns out to be
convex in x and decreasing in .

As any local martingale with zero quadratic variation must be constant, Theo-
rem 1.4 shows that f (¢, X;) will be a local martingale if and only if

09

t
Vi=Vo— / Dy f(s, Xs)b(s, X5) ds.
0

Using this idea, it is possible to derive generalizations of the backward equation
which apply to nondifferentiable functions. We shall apply such methods in a fu-
ture paper to obtain uniqueness results for time-inhomogeneous one-dimensional
diffusions.

We end this section with a few remarks on Dirichlet and z.c.q.v. processes. First,
the quadratic covariation [ X, Y] is easy to describe whenever either of X or Y has
zero continuous quadratic variation.

LEMMA 1.5. Let X and Y be cadlag processes such that X has zero contin-
uous quadratic variation and [Y] exists. Then the covariation [X, Y] exists and
satisfies [ X, Y]¢ =0.

The proof of this is given in Section 2. If [X] = O then this result reduces to
the statement [ X, Y] = 0, which is a simple consequence of the Cauchy—Schwarz
inequality. One implication of Lemma 1.5 is that the sum of any two z.c.q.v.
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processes is itself a z.c.q.v. process, and it follows that the space of Dirichlet
processes is closed under taking linear combinations.

Note that although the decomposition into a semimartingale and zero continu-
ous quadratic variation process will not be unique, any Dirichlet process X has the
canonical decomposition

where M is a continuous local martingale and V is a z.c.q.v. process with Vy = 0.
The existence of the decomposition follows from the existence for the case where
X is a semimartingale ([12], page 209 or [15], page 527). Uniqueness follows from
the fact that any local martingale with zero quadratic variation is constant.

Alternatively, the following Doob—Meyer-style decomposition can be used and
is a generalization of the canonical decomposition for special semimartingales.

LEMMA 1.6. Let X be a Dirichlet process such that Xj = sup,, | X;]| is lo-
cally integrable. Then there exists a unique decomposition X = M + V where M
is a local martingale and V is a previsible z.c.q.v. process with Vy = 0.

PROOF. First, as every previsible local martingale is continuous, it follows that
every previsible z.c.q.v. local martingale has zero quadratic variation and, there-
fore, is constant. So, the decomposition is unique.

Existence of the decomposition is trivial for local martingales, so, by decom-
position (7), it is enough to consider the case where X has zero continuous
quadratic variation. Write » AX for the previsible projection of the process AX.
Then Theorem 7.42 of [12] shows that there exists a local martingale M such that
AM = AX — PAX. By applying decomposition (7) to M, without loss of gen-
erality we may suppose that M has zero continuous quadratic variation. Writing
V =X — M we see that AV = PAX is previsible, so V is a previsible z.c.q.v.
process. [

2. Functions of Dirichlet processes. In this section we shall state and prove
the most general decomposition result of this paper for functions of Dirichlet
processes. As f(t,x) will be required to be differentiable with respect to x in
an “almost everywhere” sense, we start by defining

(8) diff(f) = {(¢, x) e Ry x R: f(¢, x) is differentiable in x}.

We also define the subset of R4 x R at which f (¢, x) is differentiable with respect
to x in a rather strong sense.

©) diffC(f) = {(z,x): lim (f(s.2) = f(s.3))/(z = y) exists} C diff( f).
V,2—>X

Here, the limit is taken over all s € R} and y, z € R with y # z. Alternatively,
diff C (f) is the set of points at which D, f is continuous.
We now state the decomposition result.
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THEOREM 2.1. Let X =Y +Z where Y is a semimartingale and Z is a cadlag
adapted z.c.q.v. process. Let f € Dy satisfy

(10) f Ly, x)edite )y d[X]7 =0,
(11) / Lo 4dEEC P B X, =0y [ £ (1, )| dx = .
Then

t
(12) £t Xp) = /0 Dy f(s, X,_)dYs + Vi,

where V is a z.c.q.v. process.

Equation (11) is trivially satisfied whenever f is time independent, and, as will
be shown in Lemma 3.2, it is always satisfied in the case where X is a semimartin-
gale.

The proof of Theorem 2.1 is given in this section. We start with a necessary
and sufficient condition for a process to have zero continuous quadratic variation
(Lemma 2.3). This result is used firstly to give a short proof of Lemma 1.5, and
then applied to Theorem 2.1, the proof of which is split up into several lemmas.

Let us introduce some notation in order to simplify the formulas used in this
section. For any process X and stochastic partition P of R, we use § ,f X=X, P

X aTE expression (2) can be written as

(X, Y1, =D 8 X'8{Y".
k>0
Here, X' denotes the stopped process X% = X, ;. Now suppose that X, Y are any
cadlag processes and S € Ry x € is a jointly measurable set containing only
finitely many times in each bounded time interval (restricting to any w € €2). We

shall make use of the following limit, in order to subtract out the discontinuities of
Xand Y,

o

(13) ‘}1)1‘210; Lgef  ofInsze) 6 XS Y = g lises)AX AY.

This follows from the fact the left-hand side reduces to a finite sum with one term
for each time in J|O, ¢]] N S, and convergence is almost-surely uniform over finite
time intervals. So, define S to be the collection of jointly measurable subsets of
R4+ x €2 which contain only finitely many times in each bounded time interval (for
each w € Q). By the debut theorem ([5], IV.50 or [12], IV.1), this is the same as the
sets which can be expressed as the union of graphs of a sequence of random times
increasing to infinity,

o
14) S= U [z,1: 7, : Q2 — Ry U{oo} are measurable and 7, 1 oo}.

n=1
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For any partition P, S € S and ¢ > 0, we write [P, S, ¢] to denote the (random) set
of k € N such that tkP <t and ]]rklil, rkP NS is empty. Using this notation, we
now give a sufficient condition for [X, Y] = 0 to be satisfied.

LEMMA 2.2. Let X and Y be cadlag adapted processes such that

15 inf 1i P sPxsPy ):o
 pmar( % s
[P ke[P,S,t]

forallt,e > 0. The limit is taken as P ranges over the partitions of R.
Then the quadratic covariation [ X, Y] exists and [ X, Y] =0.

PROOF. First, we note that for every S € S and ¢t > 0,

AX AY,| < AX AYg|+ liminf sPxshy).
Z| sAYs| < Z |AX s|+‘11r3r‘1£10 Z |8 X6 Y|
s<t seS,s<t ke[P,S,t]

By (15), the right-hand side of this expression must, with probability 1, be finite for
some S € S. Therefore, the locally-finite variation process A; = > ., AX;AYj is
well defined. We show that [ X, Y] = A. Consider the following identity:

o0
XY = As =D lger  crinszeyde X80 Y° = D AX,AY;
k=1

ues

o0
PyssPys
+ D lger o Pins=ey X°8 Y = D AA,.
k=1 u¢s
Limit (13) says that the first two terms on the right-hand side vanish as | P| goes to
zero (uniformly over all s < ¢), giving

1imsupIP’<sup I[X, Y]f — Ag| > 8)

|P|—>0  “s<t

§limsupIP’< > |5,§’X3,§’Y|ze/2>+19>< > |AAS|28/2)

[PI=0  \ge[p,S.1] s¢S,s<t

for all £, & > 0. As A is cadlag and measurable, S can be increased to include all
the jump times of A in the limit, so the last term on the right-hand side can be
made arbitrarily small. Also, by the condition of the lemma, the first term can also
be made as small as we like. [

This leads to the following necessary and sufficient condition for a process to
have zero continuous quadratic variation.
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LEMMA 2.3. Let X be a cadlag process. Then it has zero continuous
quadratic variation if and only if

(16) inf limsupP( > 38X > s> =0
SES P10 N\ke[psit]
forallt, e > 0.

PROOF. If (16) is satisfied, then Lemma 2.2 with Y = X gives the result. Con-
versely, suppose that X has zero continuous quadratic variation and consider the
following identity,

oGP =1X12 =Y (AX)T+ Y (AXy)?

ke[P,S,t] ST S¢S, s<t
2 P 2
+ 20 (AX) = Y0 e crpasse) Gk X7
seS,s<t TkP<t

Here, 7 is the maximum of the stopping times tkp satisfying rkP < t. As X has zero
continuous quadratic variation, the first two terms on the right-hand side converge
to zero in probability as | P| tends to 0. Also, limit (13) shows that the last two
terms vanish, giving

limsupIP’( Z ((S}:X)2 > 8) < IP’( Z (AXS)2 > 8).

IPI=0  Neerp,s.1] s¢S,s<t
The result follows by noting that we can increase S to include all the jump times
of X in the limit. [

Lemma 1.5 follows as a simple consequence of Lemmas 2.2 and 2.3.

PROOF OF LEMMA 1.5. For S € S, t > 0 and partition P, the Cauchy—
Schwarz inequality gives

1/2
> |3,§°X3,5Y|5( > (3k”X)2) (Z(S,fY)z)

ke[P,S,t] ke[P,S,t] Tkp<t

1/2

As the quadratic variation [Y] is well defined we can take limits as | P| — 0,

limsupIP’< > |5,§’X3,{’Y|>g>
[PI=0 Meerp, s,

<lim supIP’([Y]f Y 6Px)? 82)
[P]—0 ke[P,S,t]

<timsupP(K 30 602022 ¢) + 2], > K)
[P|—0 ke[P,S,t]
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for all ¢, K > 0. As X has zero continuous quadratic variation, Lemma 2.3 says
that the first term on the right-hand side of this inequality goes to O if we take the
infimum over all § € S. Then, taking the limit as K — oo, we see that the second
term on the right-hand side also vanishes. So, the result follows from Lemma 2.2.

g

The remainder of this section is dedicated to proving Theorem 2.1. Let V be the
process appearing on the right-hand side of (12),

t
V= £t X)) — fo Dy f(s. Xs_) dYy.

It needs to be shown that this is a z.c.q.v. process, and the approach used is to split
8}V into separate parts,

SEV = (@ Xop) = flo. Xop) + (0. Xop )= (51, X op )
(17) (e6Px— ™ Do ra. x,)ay
(st [ postxian)

+(fo. Xop) = (0. Xop ) = L8] X).

Here, o is a suitably chosen stopping time in the interval [rkP_l, rkP ] and ¢ is a sim-
ple previsible process which, by definition, are linear combinations of processes of
the form Al ) for stopping times 7 and bounded F;-measurable random vari-
ables A.

Using Lemma 2.3, we show that the contribution of each of the three terms on
the right-hand side of (17) to the continuous part of the quadratic variation of V
can be made arbitrarily small (by making suitable choices of ¢ and ¢).

We start by showing that the contribution to the continuous part of the quadratic
variation coming from the first term on the right-hand side of (17) is zero. The idea
is to smooth out the time increments of f by making use of the following identity:

1 v )
(18) g(y) = —f ((a—y+x)g'(x)+gx))dx,
a y—a

which is an application of integration by parts and applies for every absolutely
continuous function g and every a > 0.

LEMMA 2.4. Let X be a cadlag process and let f € Dy satisfy (11). Then for
anyt >0,

essinflimsup )~ sup  (F(rf Xy — F(5f . Xs))2 =0.
SES |PI=0 relp. s, seltl | ot
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PROOF. Forany u <v € R} and x € R, we use the notation
Suv f(x) = f(v,x) — fu,x).
Then for any a > 0, substituting g(x) = (8,4,,,]‘(x))2 into (18) gives

1
Gup fO)? = - / ’ (2(a — y + x)(Buv Dy f ()80 f (X) + Bup f())?) dx

y—a
1 ry v
== /y_a/u (2(a — y +x)8u v Dy f(x) + 8uv f (X)) d; f (2, x)dx.

For any S € S, it follows that if hf; “S(u, x) is the (random) function

1 o
P.S _
ha (M"x)_;Z1{‘L'klil<u§t,f}1{]]‘[{71,‘[,(1)]]QS=®} sup lxex,—a,x,)
k=1 s€lr_,7 ]

X 2(a = X, +0)8,p D f() 8,0 pf(0)],
then
P 5 o pt
Af= Y sw G fO0Ps [ RISl 6nldx,
ke[P,S,t]s€lr; . 7_]

Without loss of generality, we can assume that f (¢, x) is Lipschitz continuous in
x with coefficient K, in which case

limsup |55 (s, )] < 1(s¢s)8a(s, %),
|[P]—0

8a(s,x) = 1{x,_AX,—a<x<X,_VXj)
X (4K 1y, xygdiffc(f)y + a A f (s, 0))),
where A f(s,x) = f(s,x) — f(s—, x). So, by bounded convergence,
o0 t
limsup AY 5/ f Lis¢sy18a(s, X)|ds f (s, x)| dx.
|P|—0 —00 J0

As S € § can be increased to include (in the limit) all the times at which either
f (s, x) or X is not continuous,

o0 1
essinflimsupA§ < 2K/ / 1{xs,as,\gsxs,(s,x)ggdiffc(f)}|dsf(s,x)|dx.
SeS [P]—0 —o0 JO
Also, a can be chosen arbitrarily small,
o0 t
essinflimsup AL < 2K/ f Lix=x,, s, 0)¢ditfc(p)y1ds f (s, x) | dx.
SeS  |p|—0 —00 JO

Finally, (11) shows that the right-hand side has zero expectation, so it must almost
surely be equal to 0. [J
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We now bound the contribution to the continuous part of the quadratic variation
of V coming from the second term on the right-hand side of (17). The previsible
process 75 below will be chosen to be equal to D, f (s, X;_).

LEMMA 2.5. Let X =Y + Z where Y is a semimartingale and Z is a cadlag
adapted process with zero continuous quadratic variation. Given any uniformly
bounded and previsible process n and simple previsible process ¢ set,

B,f) = sup
se[r

;‘g(st f nudY

R
Tk
for all partitions P of Ry. Then

inf hmsupIP’< Z (Bk ) > 8) < P(f ¢ - n) dlY] = 8)

SES IPI=0 N\kg[psia]
forallt,e > 0.

PROOF. First, as ¢ is simple previsible, it is piecewise constant and there are

only finitely many times at which it is not continuous. So, we can restrict to those

S € § which contain all the discontinuity times of ¢. In that case, for any k €
[P,S,t]and s € (rkP_l, rkP], we have ¢ = kap' So, fork e [P, S, t],

P
Tk

B =¢r80 Z+ (;rkpa,fy - frp s dYS)
k—1

= p8 Z+ 5[ U,

where U is the process U = [(¢ — 1) dY . Then the triangle inequality gives

12 0 12
(19) ( )3 (Bk)) <K< ) (8{2)2) +(Z(8£U’>2) ,
k=1

kelP,S,1] ke[P,S.1]
where K is any upper bound for |¢|. As Z has zero continuous quadratic variation,
Lemma 2.3 gives

172

> (352)228> =0

1nf lim supIP’(
ke[P,S,t]

|P\~>0

for every ¢ > 0. Finally, using the definition of quadratic variation, the last term
on the right-hand side of inequality (19) will converge in probability to [U]; =
fé(;‘ —n)?d[Y] as |P| — 0, giving the result. [

We now turn to the third term on the right hand side of (17). This will require
making a suitable choice for o € [‘rk 1 Tk 1. More precisely, for every partition P,
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we will choose stopping times (okP )keN satisfying
P P P
Te—1 =0 =T
(20) P P P P
0 > Ty whenever 7, > 1;_4,

for each k. Once these times have been chosen, they define a new partition P given
by
5 2 if k is even

k/2 ’ ’

(21) il = o
0(1;+1)/2, if k is odd.

The choice of akP will be made with the help of the following lemma, the proof of
which makes use of the optional section theorem ([5], IV.84 or [12], Theorem 4.7).

LEMMA 2.6. Let X be a Dirichlet process, and & be any nonnegative optional
process uniformly bounded by some K € R.. For every partition P set
P _ 2 2
D, = %‘ka((XTkP — XUkP) + (XO_kP — eril) ).
P

Then for every § > 0 we can choose the stopping times o, satisfying inequalities
(20) such that

t
inf lim su P( DPze)sP(/ K1 +3 dXCZs>
ses |PH(}’ ke[PZ:SJ] k 0( (lg1>0) + 8) dIX]S

forallt,e > 0.
PROOF. First, by decomposition (7), write X = Y + Z for a continuous local
martingale Y and z.c.q.v. process Z. Let us set
P _ 2 2
Ay = %'Ukp ((Y.[kP — ngp) + (YO_kP — YTkP—l) ),

Bl = §,r((Zyp — zgkp)2 +(Zyp — szpil)Z).

Choosing any S € S the triangle inequality gives

(5,0 (50 (5"

ke[P,S,t] ke[P,S,t]

1/2 } 1/2
S(Z A,f) +(K > (3,52)2) ,
r,f<t ke[P,S,1]
where P is the partition defined by (21). If we choose any &’ < ¢ and set &” =

K~ 1(/e — +/€)?, this gives
IP’( > bf Ze) EP(Z AL zs/> +IF’( 3 67 2)? 28”>.

kelP,S,t] o<t kelP,S,1]
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As Z has zero continuous quadratic variation, Lemma 2.3 says that the second
term on the right-hand side vanishes if we let | P| go to zero and take the infimum
overall S €S,

22 inf 1i P DFP >¢) <li P AP > />.
@t 37 vlze) stmapr(% af =
|P| ke[P,S,t] |P| of <t

This simplifies the problem to the case of a continuous local martingale.
We now make a choice for the stopping times akP . For any partition P and k € N,

the set of times s € (tkP_l, ‘EkP ] such that & < § is optional. So, by the optional

section theorem the stopping time akP can be chosen such that inequalities (20) are

satisfied, éakp < § whenever crkP < ‘L’kP and

P(of <tf)=P@Es e (. tf) st & <8) —27K|P|.
It follows that
P(,p >8) <P(¥s € (¢, 7 1. & > 8) + 27k 1Py,
Also, by the debut theorem, we can define the stopping times
sl =inf{s e (¢ |, tl1:6 <8y U {l).

By the choice of akP and &kP , the following holds outside of a set of probability at
most 27 K| P|:

AF < 8((Yyp — Y(,kp)2 +(Y,p — Yr{_l)z) +K1gp_ oy (Yor =Y )?

Tk—1

< 8(GRY)? + Gh_ V) + K (Yzp = Y,p )

~P ~P
p p %%k %k

=805V +8@5_ V) + 2KfP (Yo=Y, )Y, + K/P d[Yl;,
Tk—1 B Tk—1

where P is the partition defined by (21). Noting that & > 8 whenever s €
(rkP_l, &kP ), this inequality gives

P P
5 5 T Tk
(23) AL <8GRV +8CH V) +K | | g5 dIY]s +2K/P al ay,
Tk—1

Tk—1

outside of a set with probability at most 27| P| and with
o
P_
Ols = Z I{SE(T]{P,V&ICP]}(YS - YT](P71 ).
k=1

The continuity of ¥ implies that @ — 0 as | P| — 0, so bounded convergence for
stochastic integration gives
S P
/0 a, dY,

—0

sup
s<t
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in probability as | P| — 0. Summing inequality (23) over k and taking the limit as
|P| — 0 gives

limsupP( Y AL = 8')

|P|—0 e
- t S
< limsupIP’<8 YY)+ K/ lig, =5 d[Y ]y > g> +limsup Y 27%| P
|P|—0 5 0 IPI=0 =0

T <t

t
< IP’(](; (84 K15 d[Y]s > 5),

where £ is any real number in the range 0 < & < ¢’. The result now follows from
combining this with inequality (22) and letting & increase to . [J

We use Lemma 2.6 to bound the contribution to the continuous part of the
quadratic variation of V coming from the third term on the right-hand side of (17).

LEMMA 2.7. Let X be a Dirichlet process and f:R; x R — R be cadlag
in t and Lipschitz continuous in x. Choosing any bounded optional process ¢ and
any h > 0, set

Eg= sup [(f(s, Xg+a)— f(s,Xy))/a—¢

O<lal<h
Also, for every partition P, set
CL=F0l Xp) = flof  Xop )= E,r80 X.

Then for any § > QO the stopping times akP satisfying inequalities (20) can be chosen
such that

t
inf 1imsup]P>< Y (€= s> < IP(Z/ (Lig, =5 K>+ 8%) d[X] > e)
SES1PI=0 \iefp 5. 0
forallt,e >0 where K € R is any upper bound for & .
PROOF. First note that we can restrict a to the rational numbers in the def-
inition of &, so it is the supremum of a countable set of optional processes and

therefore is itself optional.
For every partition P, set

P_ P _
a =erP—XUkP, by =X.[kP_1—XGkP.
Then we can rewrite C ,f) as
le = 1{a,f¢0}((f(okp’ XakP +alf) - f(UkP’ ngf’))/alf - 405)015

— Lyroo) (F 0 Xop +00) = (01", X)) /B — 55r)0k -
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In particular, if |a,£J | and |b,f | are both smaller than /, then
P
ICe I =&, p (X p = Xl +1Xp = Xop D)
and so
(24) Cch? <Bf = 2gjk,, ((X.p = XUkP)2 +(X,p — thp_l)z).

So, if we let § € S include all the times s for which |AX,| > h, then inequal-
ity (24) will hold whenever ]]rkP_l, rkP I1NS=o and rkP < t for all fine enough
partitions P. Therefore,

IP’( > (c,f’)228> 5]}»( > B,f’ze>

ke[P,S,t] ke[P,S,t]
in the limit as | P| — 0. The result now follows by applying Lemma 2.6 with 2£2
in place of &, 2K ? in place of K, and 282 in place of §. [J

Finally, for this section, we put together the results of Lemmas 2.4, 2.5 and 2.7
to prove Theorem 2.1.

PROOF OF THEOREM 2.1. By the condition of the theorem, X =Y + Z for
semimartingale Y and z.c.q.v. process Z. Using decomposition (7) we may sup-
pose that Y is continuous, so [Y] = [X]°. It needs to be shown that V defined
by (12) has zero continuous quadratic variation. By localization, we may assume
that f (¢, x) is Lipschitz continuous in x with coefficient L, rather than just locally
Lipschitz.

Let n be the previsible process n; = Dy f (s, X5—), which is uniformly bounded
by L. Also pick any simple previsible process ¢ such that |{| < L. For any & > 0,
set

= sup |(f(s, Xy +a)— f(s, X)) a— &

O<lal<h

’

which is bounded by 2L. Supposing that for every partition P stopping times ka
satisfying inequalities (20) have been chosen, (17) allows us to write

(v =A+Bf +cf
with
A/iD = f(fkp’ erP) - f(GkP’ erp) + f(GkP’ XTkP—l) B f(TkP_l’ eri')’

P

%%
BkP:;o'kP(SkPX_/P nSdYS7

Tk—1

le = f(UkP, kaP) - f(UkP, erP_l) - {UkpS,fX,
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where O‘kP are stopping times satisfying inequalities (20). In particular,

(25) Y V)2 <3(AD* +3(BE)? +3(Ch)*

If P is the partition defined by (21), then Lemma 2.4 with P in place of P gives

essinflim sup Z (A,f)2=0
SESIPI=0 ke[p. 8,11

for all # > 0. So, by applying Lemmas 2.5 and 2.7, respectively, to the second and
third terms on the right-hand side of (25), for any § > 0, the stopping times akP can
be chosen so that

inf li P sPvy? > )
inpimsup(| 32 61V ze
|P| ke[P,S,t]

t
26) EP( [ w2 arxy; 28/3)

t
+ IP’(Z/ (1enosydL? +6%) d[ X1 > 8/3)
0 s
for any ¢ > 0. Also, whenever (s, X;) € diff(f) then the definition of & . gives

e~ D, f (s, Xy) = &

as h — 0. By (10), this limit holds almost everywhere with respect to the measure
fot -d[X]°. Combining this with the inequality 1zr_5 < 872", we can take
limits as 2 — 0 in inequality (26),

inf lim su ]P’( sPvy? > 8)
SeS \P\—>0p ke[p;g,]( g ) N

@7) < P( | (¢ P dIX) = 8/3)

+ IP’(Z /Ot (48 2L2(Dy f (s, X) — &) + 82) d[X]E > 5/3).

As the simple previsible processes generate the previsible o -algebra, the monotone
class lemma shows that there exists a sequence of simple previsible processes ¢”
satisfying

JP(/[@S" —n5)?d[X]E > s) -0
0

as n — oo for every ¢ > 0. Furthermore, if 1 is bounded by L, then ¢" can also be
chosen to be bounded by L. So, we can substitute ¢" for ¢ in the right-hand side
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of inequality (27) and take limits

inf li P sPvy? > )
525 "111?(}3 < Z e V)" e
[P ke[ P,S,t]

< P(z At(45_2L2(Dxf(s, X,) — n5)” +8%) d[X]¢ > 8/3)
=P8 [X]S > &/3).

This last equality holds because ny = D f (s, Xs) whenever AX; = 0. The result
now follows by letting & decrease to 0 and applying Lemma 2.3. [

3. Functions of semimartingales. In this section, the decomposition result
Theorem 2.1 is applied to the case where X is a semimartingale. Using Lemma A.3
for the “almost everywhere” differentiability of functions in D, it is shown that (11)
is automatically satisfied, and (10) is satisfied for every f € D. Theorems 1.2 and
1.4 then follow.

We start with the following simple result, which allows us to represent the mar-
ginal distributions of a semimartingale by a function C € D.

LEMMA 3.1. Let X be an cadlag adapted process which decomposes as X =
M + A for a martingale M and integrable process A with integrable variation
over each finite time interval. Define the function C:Ry x R — R by C(t,x) =
E[(X; —x)+]. Then C(t, x) is convex in x, cadlag in t and for every x € R,

C(t,x) —l—E[/Ot |dAS|]

is increasing in t. In particular, C € D.

PROOF. First, (X; — x)4+ is convex in x, so by the linearity of expectations,
C(t, x) will also be convex in x. Also, from the decomposition of X we see that
{X;:t < T} is uniformly integrable for every T > 0. Therefore, as (X; — x)4 is
cadlag in r we see that C(z, x) will also be cadlag.

Let us now set f(t) = E[fol |d As|]. Then for every s < ¢, Jensen’s inequality
E[(Mz + As - X)+] = E[(Ms + As - x)+] gives

C(t,x) =E[(M; + Ay —x)4]1 = E[(M; + As — x) 4] — E[(A; — Ay)-]
> E[(Ms + Ay —x)1 1= f(O) + () =C(s,x) = () + f(5).

So C(t,x) + f(¢) is increasing in 7.
It only remains to show that C € D. First, the convexity in x shows that C(¢, x)
is locally Lipschitz continuous with left and right derivatives in x. Secondly,
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C(t,x) can be expressed as the sum of C(¢,x) + f(¢) and — f(¢), which are
monotonic in ¢. So its variation satisfies

[ dcu oz e 25,
which is locally bounded. [
Equality (11) follows easily for semimartingales.
LEMMA 3.2. Let X be a semimartingale and f € Dy. Then

/ L@, x)ediftC(f),P(X,=x)>0y|dr f(t, x)| dx = 0.

PROOF. As X is a semimartingale it decomposes as X = M + A for a local
martingale M and finite variation process A. By pre-localization, we only need
to consider the case where sup,-|X;| is integrable and, therefore, A has locally
integrable variation. Then, by localization, we may suppose that A has integrable
variation, and M is a uniformly integrable martingale.

We now set C(t, x) = E[(X; — x)+]. Then, letting D C, D;FC be its left and
right derivatives in x, respectively,

P(X; =x)=DIC(t,x) — D C(t, x).

Therefore,

/f Lyt ) gdiffC(f),P(X,=x)>0)lds f (t, X)| dx
5//I{D;*C(r,x)aéD;C(r,x»|dff(t’x)|dx

:f/1{(t,x)¢diff(C)}|dtf(tvx)|dx'

However, Lemma 3.1 says that C € D, so by Lemma A.3, the right-hand side of
the above equality is 0. [

In order to complete the proof of Theorems 1.2 and 1.4 it is necessary to show
that equality (10) is satisfied. The following identity, which follows from It6’s
lemma, will be be used to this end.

LEMMA 3.3. Let X be a cadlag adapted process which decomposes as X =
M + A for a martingale M and cadlag integrable process A with integrable vari-
ation over finite time intervals. Set C(t, x) = E[(X; — x)+] so that, by Lemma 3.1,
CeD.



FUNCTIONS OF SEMIMARTINGALES 95

Then, for any nonnegative and measurable 6 : R4 x R — R with bounded sup-

port,
/f@d,Cdx = %E[/OOOQ(I,Xt)d[X]f] +EUOOO /_:e(z,y)dydA,]

(28) +E[ >

t€R+

Xy
/ (X, —x)0(t,x) dx].
X,

PROOF. It is enough to consider the case where 6(¢, x) is nonnegative, twice
continuously differentiable in x and once in ¢, and with compact support in
(0, 00) x R. The general case follows from the monotone class lemma. So sup-
pose that 6 satisfies these properties and define f:Ry x R — R by

Ftx) =/e<r,y)<x — )4 dy,

which is twice continuously differentiable in x with D,, f = 6. Also, as 6 has
compact support, f has bounded derivatives and 0 < f(¢,x) < K(1 + |x|) for
some constant K. Then Itd’s lemma gives

t 1 rt X
£t X)) = /0 Dof(s. X)X, + 5 /0 6(s, X,) d[X]"

t X
+f0 D,f(s,Xs)ds—i—Z/XS(Xs —x)0(s, x) dx.

s<t

As fé D, f (s, Xs—)dMj; is a local martingale, there exist stopping times 7,, 1 oo
such that

tAT,
E[/ Dxf(s,Xs_)dMs]=0.
0
So,
E[f(t ATy, XiaT,)]

(29) B E[/own Dy f(s. X;-) dAS]

1 tAT, . INT,
+§E|:f0 G(S,Xs)d[X]s]—i-E[/o Dy f (s, Xs)dsi|

+E[ >

s<tAT,

Xs
/ (X5 —x)0(s, x) dx]
X5

Letting n go to infinity, monotone convergence implies convergence of the sec-
ond and fourth terms on the right-hand side and dominated convergence implies
convergence of the first and third terms. Also, uniform integrability of X;.7, =
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Mia1, + Asar, over n € N shows that the term on the left-hand side will also
converge.

Taking ¢ large enough so that the support of 6 is contained in [0, ] x R,
f(t, X;) =0 and taking the limit as n — oo in (29) gives

0= E[/ Dy f(s, Xs_)dAs] + %E[/Q(s, Xs)d[X]E}

+EU th(s,Xs)ds:| +E[Z/XXS (X, —x)e(s,x)dx]
s>0" 75—

The result now follows by substituting in

E[/ D, f(s. XS_)dAS] - E[/_/_); 0(s, y)dy dAS}

and by using integration by parts

fE[D,f(s,Xs)]dsszU D.6(s, x)(X, —x)+dx] ds
=// DO(t,x)C(t,x)dtdx

:—f Q(Z,X)dtC(l,x)d-x- O

The following simple consequence of Lemma 3.3 will be used to show that (10)
is satisfied.

COROLLARY 3.4. Let X be a cadlag adapted process which decomposes as
X = M + A for a martingale M and cadlag integrable process A with integrable
variation over finite time intervals. Define C € D by C(t,x) = E[(X; — x)+].

If f(t, x) is locally Lipschitz continuous in x then,

E[/ 1{(t,X,)¢diff(f)}d[X]zc:| 22// Ly, x)edift(£)y 1de C (2, x) | dx.

PROOF. First, choose any nonnegative bounded and measurable 6 : Ry x R —
R with bounded support.

We use a result of Lebesgue which states that any locally Lipschitz continu-
ous function on the reals is differentiable almost everywhere ([13], Theorem 3.2),
giving

Xt_ Xt
/ Ly, y)edifi )0 (1, y) dy = /x Ly x)gdite( )y (Xe — x)0 (2, x) dx = 0.
—00 —
So, replacing 6 (¢, x) by 1{(t’x)¢diff(f)}9(t, x) in (28) gives

E[/ Ly, x,)edift )10 (2, Xz)d[X],C} =2f/ Ly, x)editt( )0 (¢, x) d C(t, x) dx.
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Letting 6 increase to 1 gives the result. [J

We can now complete the proof of Theorem 1.2, which makes use of Lebesgue’s
result that locally Lipschitz continuous functions of the reals are differentiable
almost everywhere ([13], Theorem 3.2).

PROOF OF THEOREM 1.2.  As in the proof of Lemma 3.2, pre-localization can
be used to reduce to the case where X decomposes as the sum of a martingale and
a cadlag integrable process with integrable variation. Define C € D by C(t, x) =
E[(X; —x)4].

Let diff(f) be the set of x € R at which f is differentiable. Also, choose any
t >0andsetf(x)= fé |dsC (s, x)|. Corollary 3.4 gives

t
EUO Lix, gaift(£)) d[X]E} = 2/ Lixgaif /)0 (x) dx.

However, as f is locally Lipschitz continuous, Lebesgue’s theorem tells us that f
is differentiable almost everywhere, and the right-hand side of the above equality
is 0. So, (10) is satisfied and Lemma 3.2 gives (11). The result now follows from
Theorem 2.1. [

The proof of Theorem 1.4 also follows easily.

PROOF OF THEOREM 1.4. As above, we may restrict to the case where X is
a sum of a martingale and a cadlag integrable process with integrable variation.
Then Corollary 3.4 and Lemma A.3 give

E[f 1{(t,X[)¢diff(f)}d[X]?j| =2// Ly, ¢dift )y de C (2, x)| dx = 0.

Therefore, (10) is satisfied and Lemma 3.2 gives (11), so Theorem 2.1 gives the
result. [

APPENDIX: “ALMOST EVERYWHERE” DIFFERENTIABILITY

In this appendix, we show that functions in D are differentiable in the “almost
everywhere” sense required by the proof of Theorem 1.4. See Lemma A.3 below
for the statement of the result.

For every a € R\ {0} we use V,, to represent the finite difference operator

Vaf(t,x)=(f(t,x +a) — f(t,x))/a.
Also, for f € Dy, the left limit in ¢ is denoted by

lim f (s, x), ift >0,
f(t,x)= st
f(0, x), if r =0.

Then we have the following integration by parts formula.
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LEMMA A.1. Suppose that one of f, g € Do has compact support in (0, 00) X
R. Then

30) // Vafdtgdx:// V_4g  d; fdx.

PROOF. Choosing any a € R, integration by parts and the condition that fg
has compact support in (0, c0) x R, gives

[ faxrardee s+ [ o @ ndfex+w=o0.
Then integrate with respect to x,
/ff(t,x+a)dtg(t,x)dx+//g_(t,x—a)dtf(t,x)dx=0.

The result follows by subtracting this equation from itself with a replaced by 0 and
dividing by a. O

Letting Vs f be the difference of the left and right finite differences

Vof =Vaf —V_uf,
then the previous result can be used to prove the following limit.

LEMMA A.2. Let f,g € Dyand 6 : Ry xR — R be measurable and bounded
with bounded support. Then

(31) /fe@afdtgdx+f/Wagd,fdx—m

as a — 0.

PROOF. First, if we suppose that f has compact support in (0, co0) x R, then
we can take the difference of (30) with itself, with a replaced by —a to get

(32) //%fd,gdx+//%g—d,fdx:0.

Now for general f, g € Dy, choose any continuously differentiable 6 : R, x R —
R with compact support in (0, o0) x R. Replacing f by 6f in (32),

(33) //%a(ef)d,gdx+ffe©ag—d,fdx+//(%g—)%fdzdx:o.

For any function 4 (¢, x) which is locally Lipschitz continuous in x, we can make
use of the identity V_,h(t, x) = V,h(t, x — a) to get

/u(x)@ah(t,x)dx
= /(u(x)Vah(t, x) —u(x)Vah(t,x —a))dx

_ f(u(x) —u(x + @) Vah(t, x)dx — 0
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as a — 0, whenever u is continuous with compact support. Combining this with
dominated convergence for the following integrals gives

f/(@ag_)%fdtdx:f(/(@ag_)%fdx)dtao,

//9(%(5'_ —8))di fdx =Z/9@a(g_ —9(f—f)dx—=0

t>0

as a — 0. In the second of these limits, the fact that that there are only countably
many times at which g— # g has been used to write the integral as an infinite sum.
Combining these limits with (33),

(34) //%a(ef)dtgdx+//0%gd,fdx—>0

as a — 0. Now, the limit
a0
Vo(0f) —O0Vaf = [V +aV,0V,f — f a

as a — 0 implies that Va6 f) — 6V, f — 0. Applying this with dominated con-
vergence to the first integral in (34) gives (31). The result for arbitrary 6 follows
from the monotone class lemma. [

Finally for this section, Lemma A.2 is used to show that every f € D is differ-
entiable with respect to x in an “almost everywhere” sense. It is not clear if this
result will generalize to arbitrary f € Dy which would imply that Theorem 1.4
holds for all f in Dyg.

LEMMA A.3. Forany f € D and g € Dy,
f/ Ly, x)edift(£)y1dr g (2, x) | dx = 0.

PROOF. Write D f(t,x) and D f(t,x) for the left and right derivatives,
respectively, of f(z,x) by x. Then f(¢,x) is differentiable with respect to x at
those points where D f = D f.

The definition of V,, gives @af — Dff — Dy fasal0.So (31) with g re-
placed by f gives

[[owir-D;prasax=o.

As this is true for every bounded and measurable 8 with bounded support,

(35) / Loy gaiti )1 f | dx = 0.
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Similarly, (31) gives

(36) //Q(Djf—D;f)d,gdx:—%//e%gd,fdx.

Letting K (¢, x) be the locally bounded function limsup, Wa g(t, x)|, applying
dominated convergence to the right-hand side of (36) gives

< [ [ 161K1d f1dx.

Replace 0 by 1(( x)qdift(r)}f 1n this inequality and apply (35),

[[owis-; pragax

V (D f — D< f)d;gdx

< f Lenyaaitic 1101 K |dy f | dx = 0.

As this is true for every measurable and bounded 6 with bounded support, the
result follows. [
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