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The dimer model on a graph embedded in the torus can be interpreted as
a collection of random self-avoiding loops. In this paper, we consider the
uniform toroidal honeycomb dimer model. We prove that when the mesh
of the graph tends to zero and the aspect of the torus is fixed, the winding
number of the collection of loops converges in law to a two-dimensional dis-
crete Gaussian distribution. This is known to physicists in more generality
from their analysis of toroidal two-dimensional critical loop models and their
mapping to the massless free field on the torus. This paper contains the first
mathematical proof of this more general physics result in the specific case of
the loop model induced by a toroidal dimer model.

1. Introduction. Two-dimensional critical loop models are believed by
physicists to renormalize at criticality onto a Gaussian free field theory (Coulomb
gas). On this basis, they are able to derive explicit formulae for partition functions
on the torus [1, 3, 6, 7, 15], from which they obtain information about the asymp-
totic distribution of the sum of the winding numbers of the loops. In this paper, we
give the first mathematical proof of this result, in the case of the toroidal uniform
dimer model on the honeycomb lattice.

Let G = (V(G), E(G)) be a graph embedded in the torus. A dimer configura-
tion or perfect matching M of G is a subset of edges of G such that every vertex of
G is incident to exactly one edge of M. Superimposing M onto a reference dimer
configuration My yields a collection of self-avoiding loops together with doubled
edges; see Figure 2. Loops in this collection can wind around the torus horizontally
and vertically.

We consider the case where G is a quotient of the hexagonal lattice and where
dimer configurations are chosen uniformly among all dimer configurations of G.
The algebraic sum of the winding numbers of the loops in the collection is then
a random variable. The main result of this paper can loosely be stated as follows
(see Theorem 2 of Section 1.3 for a precise statement):

THEOREM 1. When the mesh of the graph G tends to 0 and the aspect of the
torus is fixed, the probability that the algebraic sum of the winding numbers of the
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loops has horizontal component k and vertical component £ converges to

Lm0

Z, ’

where Zp =3 pyez2 e W2/ p+0th/2 g the normalizing factor and p is the ratio
of the two side lengths of the torus.

Let us now describe the setting in more detail.

1.1. Toroidal honeycomb dimer model. The dimer model is a statistical me-
chanics model introduced to represent the adsorption of diatomic molecules on the
surface of a crystal. When, in addition, the underlying graph is bipartite (as is the
case for the square lattice or the honeycomb lattice), this model can be interpreted
as a random interface model in dimension 2 + 1, via the height function [17]. The
dimer model has the attractive feature of being exactly solvable [8, 9, 16] and is
believed to be conformally invariant in the scaling limit; for rigorous results on
this, see [5, 10-12].

In the case where the surface of the crystal is modeled by the regular hexagonal
lattice H, we speak of the honeycomb dimer model. The honeycomb lattice H has
a natural embedding in the plane, in which all faces are regular hexagons of side
length 1 (or, equivalently, the dual faces are equilateral triangles of side length +/3).
Consider the two vectors x and y represented in Figure 1. The lattice H and its
bipartite coloring are invariant under the action of x and y by translation. If, for
every m,n € N*, we define L,, , to be the group of translations spanned by mx
and ny, then L, ,, is a subgroup of the symmetry group of H. The toroidal graph
H,, » 1s defined to be the quotient Hy, , = H /Ly, ».

The graph H,, , can be obtained by cutting out an mx x my rectangle in H and
then gluing opposite sides together. A horizontal side of the rectangle, oriented
from left to right, is mapped to an oriented closed loop on the torus, as is a vertical
side of the rectangle, oriented from bottom to top. Let us denote by y” and y?

o e Hy

X

FIG. 1. The lattice H is invariant under the action of x and y by translation (left). Fundamental
domain Hy | (right).
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these two oriented closed loops. The first homology group Hi(T) is spanned by
the homology classes of y” and V.

The modulus of the torus is the ratio of the two complex numbers representing
the vertical and the horizontal sides of the rectangle. Since the length of the hori-
zontal side is 3m and the vertical side has length /3 by construction, the modulus
of Hy p is iﬁ.

A dimer configuration of Hy, , is a perfect matching of H,, ,, that is, a subset
of edges M of H,, , such that every vertex of H,, , is incident to exactly one
edge of M. Let us denote by M(H,, ,) the set of dimer configurations of H, ;.
Suppose that a positive weight function v is assigned to edges of Hy, ., that is,
every edge e has weight v(e). Then, every dimer configuration M of H,, , has
an energy &(M) = — ), logv(e). The probability of occurrence of the dimer
configuration M of Hy, , is given by the Boltzmann measure py, ,:

e M Tleem vie)
Zm,n(v) Zm,n(v) '

where Zmn n(v) = X prem(Hy ) [leem v(€) is the normalizing constant, known as
the partition function.

When the weight function v is periodic, it is known, using classical subaddi-
tivity arguments (as in [4]) that the quantity —# log Z »(v) converges when m
and n tend to oco. The limit is denoted by f(v) and is called the free energy per
fundamental domain.

In this paper, we consider dimer configurations of H, , chosen with respect
to the uniform measure (i.e., the Boltzmann measure corresponding to weights 1
on all edges). The corresponding partition function is called the uniform partition
function. In this case, the free energy per fundamental domain, simply denoted by
f, is given by the following formula [8], whose derivation is recalled in Section 3.2:

le,n(M) =

1 2w p2m ,
) f=—m/0 /0 log(2(cos ¥ + 1) — ¢®) do dp.

1.2. Toroidal dimer model and self-avoiding loops. The dimer model on the
toroidal graph H,, , can be interpreted as a collection of self-avoiding loops as
follows. Let My be a fixed dimer configuration of H,, , and let M be any other
dimer configuration of H,, ,. The superimposition of My and M then consists of
self-avoiding doubled edges and alternating loops, where doubled edges are edges
covered by a dimer in both My and M, and alternating loops are cycles whose
edges are, in alternation, dimers of My and M; see Figure 2. This feature is due to
the fact that, by definition of perfect matchings, every vertex of H,, , is incident to
exactly one edge of M and one edge of M.

Orienting the dimers of M from their white end to their black end and the dimers
of My from their black end to their white end gives rise to an orientation of the
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FI1G. 2.  The superimposition of M and M consists of doubled edges and alternating loops.

loops. Let us denote by M & My the set of oriented loops obtained from this su-
perimposition; see Figure 3 for an example.

A loop C of M & My can then be seen as a closed path on the torus T. The equiv-
alence class [C] of C in the first homology group H;(T) ~ Z? can be decomposed
in the basis ([yh], [¥']D. Its coordinates (C", CV) in this basis are called the wind-
ing number of C: C" (resp., CV) is the algebraic number of times the loop C winds
horizontally (resp., vertically) around the torus. The winding number of the dimer
configuration M, denoted by windy, (M), is the sum of the winding numbers of
all of the loops contained in M © My:

windy,(M)= Y [CleZ”
C loop
in M&M,

An example of a computation of windy, (M) is given in Figure 3. Note that the
dependence on My of the winding number of M is quite simple: if M; is another

FI1G. 3. The superimposition M © My consists of oriented loops. In this example, the winding
number is wind pg, (M) = (1, 0).
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FIG. 4.  Dimer configuration of Hy 3 which generates the reference matching M.

dimer configuration, then
WindM1 (M) = windMO (M) — windMO (M1 ) .

From now on, we assume that n is a multiple of 3 and fix the reference dimer
configuration My of H,, , to be the one generated by translations of the dimer
configuration of H; 3 of Figure 4. We also drop the subscript M in wind gz, (M).

Since dimer configurations of H,, , are chosen according to the uniform mea-
sure, for every m, n, wind(-) is a random variable. Let us call it the winding number
and, in order to stress the dependence on m and n, denote it by wind,, ,,(-).

The main result of this paper is an explicit expression for the asymptotic distri-
bution of the random variables (wind,, ,) when m, n tend to infinity and when the
modulus i —2— of H,, , converges to ip for some p > 0.

V3m

_n_
3m
verges to ip for some p > 0. Recall that when » is a multiple of 3, wind,, , is the

winding number of the uniformly distributed dimer configurations of H,, ,, com-
puted with respect to the reference dimer configuration M defined above. Then,
the main result of this paper is the following theorem:

1.3. Statement of result. Let us assume that the modulus i of Hy, , con-

THEOREM 2. In the joint limit m,n — o0, % — p, the sequence of ran-
m

dom variables (wind,, ,) converges in distribution to the two-dimensional discrete
Gaussian random variable wind, whose law is given by

1
) Vk,0) e Z*  P[wind, = (k, £)] = Z_e—m oo
o

where Zp = Z(k,E)EZZ e—ﬂ(kz/p-i-pzz)/z‘

e A similar result was obtained by Kenyon and Wilson [14] in the case of the
square lattice embedded in the cylinder. Working on the torus makes compu-
tations much more difficult since it means dealing with the toroidal partition
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function in the proof, which is a combination of four terms [9] (instead of one,
as in the cylinder case). Moreover, we have to extract information about the two
components of the winding number (instead of one, as in the cylinder case).
Note, also, that in proving Theorem 2, we give a full asymptotic expansion of a
perturbation of the uniform partition function; see Theorem 4, Section 2 below.

o It was brought to our attention, after the acceptance of this paper, that an asymp-
totic expansion of the uniform partition function was obtained in the physics
literature by Ferdinand, in the case of the square lattice [7]. Nevertheless, let us
stress the following facts: the expansion of [7] is not perturbative, it is not done
to the same level of mathematical rigor and no information about the distribution
of the winding number is inferred.

e Theorem 2 holds if the honeycomb lattice is replaced by the square lattice. We
believe that the techniques and ideas applied here could be used to extend the
result to quotients of the honeycomb and square lattice, embedded on tori with
modulus in the upper half complex plane (and not just ip, p > 0). More gener-
ally, we conjecture the result to be true when considering the dimer model on
any periodic bipartite graph within the liquid phase [13], with an appropriate
embedding.

1.4. Outline of the paper.

e In Section 2, we prove that the moment generating function of wind,, , can be
expressed in terms of a perturbed uniform partition function Z,, ,(a, B); see
Section 2 for a definition. Theorem 4 then gives a full asymptotic expansion
of Z,, »(a, B), from which we deduce pointwise convergence of the moment
generating function of wind,, , to the moment generating function of wind,
and, hence, Theorem 2.

e The remainder of the paper consists of the proof of Theorem 4, giving the full
asymptotic expansion of the perturbed uniform partition function Z,, ,(«, B).
For the reader’s convenience, the proof is split into two parts:

— By [8], the partition function Z,, ,(c, B) can be expressed as a linear com-

bination of four terms, Z,(,‘Z Z) (o, B), 0,1 € {0, 1}. Proposition 8 of Section 3

gives a full asymptotic expansion for each of the four terms Z,(Z Z)(oz, B)asa
function of Jacobi’s four elliptic theta functions. The proof of Proposition 8
is postponed until Section 4. Proposition 9 then gives an explicit expression
for the combination of Jacobi theta functions involved in the expression of
Zm.n(a, B). The proof of Theorem 4 is thus completed, apart from the proof
of Proposition 8.

— Section 4 consists of the proof of Proposition 8, giving the full asymptotic
expansions of the four terms Z,(,f,Z) (o, B) as functions of Jacobi’s four elliptic
theta functions.
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2. Winding number and partition function. Define F}, , to be the moment
generating function of the random variable wind,;, ,:

V(a, B) € RZ Fm,n(aa B) = E[e_ﬂ windp, ‘(05,,3)]

= Y Plwind, = (k, 0)]e T PO,
(k,0)eZ?

Convergence in distribution of the sequence (wind,, ,) to the two-dimensional
Gaussian random variable wind, given in (2) is equivalent to pointwise conver-
gence of the sequence (F}, ,) to the corresponding moment generating function.

Lemma 3 below gives an expression of F, , in terms of a perturbed uniform
partition function, defined as follows. Let us introduce the appropriate choice of
perturbed edge-weights. Define edges to be of type I (resp., II, III), as in Fig-
ure 5. Then, for a, B € R, let us assign weights a = e~*"/™ to edges of type 1,
b~ =BT/ to edges of type II and b = f7/?") to edges of type IIL In the
sequel, we shall also use the notation A = a2 = 2" B = p2 = ¢PT Observe
that the weights a, b~!, b tend to 1 when m, n tend to infinity and thus yield a per-
turbation of the uniform partition function. They are used to collect information
on the uniform measure. Let us denote by Z,, ,,(c, 8) the partition function of the
graph H,, , corresponding to these weights and let us call it the perturbed uniform
partition function or, in short, perturbed partition function.

LEMMA 3. The moment generating function F,, ,(c«, B) of wind,, , and the
perturbed uniform partition function Z,, , (o, B) are related in the following way:

wan/3 va"(a’ ,3)

Fm,n(av B)=e .
Zm,n(0,0)

PROOF. For i =I, II, III, let N; (M) be the number of edges of type i in the
dimer configuration M. Then, by definition, the partition function Z,, ,(c, B) is

_ N(M — Nn(M N (M
Zmn(at, B) = Z (e om/(Zm)) 1( )(e ﬁn/(Zn)) 1 ( )(eﬁn/(Zn)) (M)
MeM(Hpy )
— Z A—NMM)/2m) p(Nm(M)—Nu(M))/(2n)
MeM(Hp n)

where, we recall, A = ™, B = P,

II I I I

I II

FI1G. 5. The three types of edges around a white vertex (left) and around a black vertex (right).
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FIG. 6. Computing windy, ,, (lef?), Windi’n’” (right).

Let us compute the two components windf,‘l, . and wind,, , of wind,, , as functions
of N1, Nni, Ni1. Consider the 2n left-to-right horizontal paths of the dual graph
H,, . as in Figure 6 (left). Then, for any such path y, wind,, , (M) is equal to the
number of positive (right-to-left) crossings of M © My along y minus the number
of negative (left-to-right) crossings of M & My along y. Summing over all 2n

horizontal paths and observing that Nyr(Mp) = N(Mp), we obtain
2n - wind,, , (M) = Nu(M) + Nui(Mo) — Nmi(M) — Nui(Mo)
= Nu(M) — Ni(M).
In a similar way, considering the 2m top-to-bottom vertical paths of Figure 6 (right)
and observing that Ny(Moy) = 2mn /3, we obtain
2mn

2m - windﬁ’n(M) = NI(M) — Ni(Mp) = Ni(M) — =

Plugging this into the partition function Z,, ,(«, §), we obtain

Zn(ct, B) = A—n/3 Z A~ wind), (M) g—wind;, (M)
MeM(Hp.p)
— g Ton/3 Z Ck’ﬁe—ﬂ(ak-i—ﬁﬂ)’
(k,6)ez?
where Cy ¢ is the number of dimer configurations whose winding number is (k, £).

The proof is completed by recalling that dimer configurations of H,, , are chosen
with respect to the uniform measure, which implies that

. Ck.e
P dpn=(k,0)]=——"—
[windy, » = (k, )] Zmn(0.0)
[Z,.1(0, 0) is the uniform partition function].

O

Theorem 4 below gives a precise asymptotic expansion of Z,, ,(, ). Com-
bined with Lemma 3, this yields pointwise convergence of the sequence (F )
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to the moment generating function F, of the discrete Gaussian random variable
wind, and, hence, Theorem 2.

THEOREM 4. In the joint limit m,n — 00, ﬁ — p, we have the follow-

ing asymptotic expansion for the perturbed partition function Z,, , (o, ). For all
(@, B) € R?,

errp/6
V2pP(e=PT)2

o« Z en(ak+ﬁ£)e—n(k2/p+pfz)/2(1—|—0(1)),
(k,0)e7?

Zm,n(a, ,3) — (_l)mnefnnoz/?ae*mnf

where P(q) =[]j=,;(1 — q*%) and t is the free energy per fundamental domain of
equation (1).

REMARK 5. Recall that, by definition, the free energy per fundamental do-
main f is given by
) 1
f=— mlnlgoo o log Z,,,.,(0, 0).

Hence, it is not surprising that f should govern the exponential growth rate mn of
Zm,n (o, B).

COROLLARY 6. Forall (a, B) € R?,
lim_ Fon(a, B) = Fp(a, B).

m,n—

n/ﬁm—)p
PROOF. Combining Lemma 3 and Theorem 4, we have

1 1 _ 2 2
lim  Fy (o, ﬁ)zz_ Z o (@k+BO) ,—(k? [ p+pt?) /2

m,n— o0

P
n/(/3m)—>p k.pez?

_1 T kBT W ppi)2

Zp (k,0)eZ?2
= Fp(OK’ ﬁ)’

where Z, =3 ¢ pezze™” ®2/p+p)/2 Tn the second equality, we have used the
fact that the sum is symmetric in (k, £). [

REMARK 7. Recall that F}, ,(«, B) is the moment generating function of the
random variable wind,, ,, which is computed using the reference dimer config-
uration Mp. A natural question which arises is what happens when the reference
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dimer configuration is changed. Let F,% 1 (o, B) be the moment generating function
of the winding number, computed using a generic reference matching M. Then,
looking at the proof of Lemma 3, we obtain

FM1 (g, B) = ANID /@) g N+ Nu(v)/ @) Zmn (@ F)
mon Zmn(0,0)
m,n ’

Using Theorem 4, we deduce that
FM1 (o, B) = AN/ @) =n/3 p(=Nm (M) N (M) /2

1
% - Z en(ak+5e)e—n(k2/p+pzz)/2(1+0(1))_
P (k,0)ez?

Hence, Corollary 6 holds provided that the reference dimer configuration satis-
fies Ny(M,) = 2’% and Nyr(M1) = Nii(M1). Observing that Ny, Ny, N are al-
ways constrained to satisfy Ny + Ny 4+ N = 2mn, this implies that N{(M;) =
Nu(My) = Nm(M)) = 252,

3. Proof of Theorem 4. The main ingredient in the proof of Theorem 4 is an
explicit expression for the perturbed partition function Z,, ,(«, §) as a combina-
tion of Jacobi theta functions. This is given in Proposition 8, Section 3.2 below.
The proof of Proposition 8 is postponed until Section 4. In Section 3.1, we recall
the definition of Jacobi theta functions. Proposition 9 of Section 3.3 gives a con-
cise formula for the combination of theta functions involved in the expression of
the perturbed partition function Z,, , (o, B). Section 3.4 consists of the proof of
Theorem 4, using all of the above.

3.1. Jacobi theta functions. Recall the definition of Jacobi’s four elliptic theta
functions ¥; (¢, g),i =1, ..., 4, and their expressions in terms of infinite products:

o0
_ , 5
(¢, q)= Z (—1)k—1/2@k+Dic o (k+1/2)

k=—00

=2¢"*sin(¢) P(q) [T (1 — 2¢* cos(2¢) +¢*).
=1

[e.¢]
] 2
N )= Y, eFhHDitgktl/

k=—00

=2g"*cos()P(q) [ ] (1 + 24 cos(2¢) +¢*).
=1

e o
P
R = Y. e =P@) [](1+2¢7 " cos20) +¢* ),
=0

k=—00
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5. )= Y (—DFHGE = P(g) T(1— 297 cos(2) +¢*+2),
=0

k=—00

where P(q) =121 — q2k). It is sometimes convenient to use the notation
9:(£|) for 9; (¢, €7).

The proofs of these formulas, as well as other properties of Jacobi theta func-
tions, can be found in [2].

3.2. Perturbed uniform partition function. Let us recall the definition of the
perturbed partition function Z,, , (o, 8). It is the partition function of the dimer
model on the graph H,, ,, where edges are assigned perturbed uniform weights:
edges of type I (resp., II, IIT) have weights a = e~/ (resp., b~ = e‘ﬁ” /@)
b). Recall, also, the notation A = ™, B = ¢P™ and p = limy, ;- o00 f . An ex-
plicit formula for the partition function Z,, , (o, B) is given in [8]:

Zn(e, B) = (=" (=2 (a, p) + 2D (@, B))

3)
+ 200, B) + Z! (@, B)),
where
Zyte p= 1] [] PGzw.
m=(=1)° wr=(=1)"

1 b

-+ — a
4) P(z,w)=det| b w w

az b + Z

1 b w w  b?
(b—l-w)(—i-b) az= b2+ + a’z.

Each of the four terms Z,, (@ ")(a, B) is a determinant of a Kasteleyn matrix, a rel-
ative of the adjacency matrix of the graph H,, ,, computed with discrete Fourier
transforms, using the invariance of the graph under translations by the vectors x
and y of Figure 1. Using Riemann sums and analyzing the behavior of P(z, w) in
the neighborhood of its zeros, one deduces (see, e.g., Kasteleyn [8]) that the free
energy per fundamental domain with weights 1 on the edges is

1 1 1 dz dw
f=— lim —IlogZ, ,(0,0)= /log<w+ +2—z)——,

mn—>o0 mn Z w

2r 2w
47_[2/ / log(2(cos ¥ + 1) — ') dop dy,

which is precisely equation (1).
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The following proposition gives the asymptotic expansion of the four terms
Z,(;Z Z) (o, B) involved in the explicit expression (3) of Z,, ,(«, B). The proof is
postponed until Section 4.

PROPOSITION 8. In the joint limit m,n — oo, ﬁ — p, we have the fol-
lowing asymptotic expansion for the four terms involved in the partition function

Zm,n(aa B):

(—1>"Z§,§,? (@, B)
(=1"Zinad @ B) | _ (_ymn g3 y-mnt€
(11 =D e 3
Zm,(z)l (Ol,,B) P(Q)
Z4 (. B)

mxzp/Zeﬂp/6

(=01, @)P1(5, 9)) +o(1),
D2(8, q)92(¢, q) + o(1),
03(5, 9)03(8, q) + o(1),
04(8, q)04(¢, q) +o(1),

where { = % (pa+ip), g = e "™ and tis given in equation (1).

3.3. Recombining Jacobi theta functions. The following proposition gives an
explicit expression for the combination of Jacobi theta functions involved in the
perturbed partition function.

PROPOSITION 9.
Vi=x+iyeC,VteH={z€ C;Imz > 0},

4 .
Y 0l = @e—f2x2/<”f>ﬂ3(§

i=1

<)o)
- iyl= ).

27 ) \P12
PROOF. Let g = ¢/™7. By definition of Jacobi theta functions, we have

N EIDDEIT) + 92D D2(E|T)
Z (1- (_1)k+e)ei(2k+1);ei(zz+1)§q(k+1/2)2+(e+1/2)2

(k,0)eZ?

Y (- (= D)R0) i 204 £+ D pi2k= Oy (k4 1/27+(E+1/2)7
(k.0)e7?

The general term of this sum is nonzero if and only if k¥ £ £ mod 2. In this case, we
introduce the two integers # and v such that k + ¢+ 1 =2u and k — £ =2v + 1,
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and rewrite 91 (¢ |7)01 (1) 4+ D2(¢|1)92(Z|T) as

s 1101 |T) + 2L D) D2(C | T)
—9 Z ei2u(2x)ei2(2v+1)iyq2u2+(2v+1)2/2.

(u,v)eZ?

Similarly, we write

931003 1T) + D4 (L) V4L |T)
= Z (1+(_1)k+z)eizk;eizequ2+e2
(k,0)eZ?
= Z (1+(_1)k+Z)ei2(k+€)xei2(k—(£)iqu2+£2-
(k,0)eZ?

In this case, the general term is nonzero when k = £ mod 2. Setting u = K+l and

2
k—t
v = "5, we get

93(Z1T)D3(L|T) + 4L |T)D4(|T)
_9 Z ei2u(2x)eiZ(Zv)iyq2u2+(2v)2/2'
(u,v)eZ?

(6)

Summing (5) and (6), and recombining the sum over v, we obtain

4
Zﬁi (|7); (E|T) -9 Z ei2u(2x)ei2v(iy)q2u2+v2/2

i=1 (u,v)eZ?

:2( i e2iu(2x)(q2)u2>( i M2iv(iy)(q1/2)v2>

u=—00 V=—00

= 205(2x|27) 03 <ly’§>

2l —i2x2/(711:) (.x 1) ( T)
= /= 93 =|—— )os(iv]= ).
re Nzl 20/ ’y)z

The last equality results from the Jacobi identity which describes the transforma-
tion of the function 3 under the modular group [2]:

)

U 9

YueC,Vo e H M (ulo) = \/Ze—iuz/(na)%(Z
o o

withu =2x ando =27. O
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COROLLARY 10. [In the case where { = Z(pa +if) and T =ip (i.e., g =

e_ﬂp)7
4 _ [2 2 iral i inBip
. . _ |2 —matp/2 _ el b
iEZIl‘/‘,((,q)l?,({,q)— pe 15‘3( > 2p)03( > 2)

=\/§e—na2p/2 Z AkBEe—n(kz/p+p€2)/2,
P

(k,0)e7?

where A = ™ and B = ™P.

3.4. Proof of Theorem 4. Using expression (3) for the perturbed partition func-

tion Z,, (o, B) and Proposition 8, we know that in the joint limit m,n — oo,
n

\/gm - p9

mn 4 —n/3 —mrtfenolzp/Z‘e]U)/6
Zm,n(a» B =(1D"A e Tq)z
(7) .
X (Z 191'(4“,61)191'(;:,6])-1-0(1))-

i=1

Replacing the combination of Jacobi theta functions of (7) by the expression given
in Corollary 10 yields

mn n/3 —mnf en,o/6
Z ,B)=(D""A™ T
(®) e = © V2P
x Y. AkBle TR 0t0/2 (1 4 (1)),

(k,0)e7?

which is precisely Theorem 4.

4. Asymptotic expansion of the perturbed partition function: Proof of
Proposition 8. Let us quickly recall the content of Proposition 8. It gives explicit
expressions for the four terms Z,S?,%)(a, B), Zf,gl,,)(a, B), Z,S},In)(a, B), Z,S}%)(oz, B)
involved in the expression (3) of the perturbed partition function Z,, ,(«, B), as
functions of Jacobi’s four theta functions. Sections 4.1-4.4 consist of prelimi-
nary computations for each of the four terms Z,(na,?,) (o, B). Proposition 8 is then
proved in Section 4.5 using the aforementioned computations. Let us recall the no-

tation used: @ = e 7%/ p = TP/ A =™ B =P p=1limy oo ﬁ’
=Z(pa+iB)and g =e "7,
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4.1. Computations for Z,g} ln)(a B). The beginning of this computation is in-
spired by [14]. Using the explicit expression (3) for Z (11)(05 B) yields

2
zG @ p= T] ]"[( +(2—az)+b)

M=—lwi=—1

=1 II ( b2(2—a z)+1)

M=—lwi=—1

= 11 H ( r)(bz ”)

M=—1w"=
= J] ]"[ (w b*r)(w — b*ra),
m—flw”—fl

where

2 2.\2

az a<z
=—14+—=+ 1——) —1.
r1,12 + > \/( 2)

Since 1 and r, depend on a and z through the product a’z, we define ¢ € C as
a’z = ¢'? and

i9 i 2
) r1,2(¢)=—1+%ii 1—(1—%).

Recall that @ = ¢=7%/™ and that z is an mth root of —1. Hence, for large m and
n, we are concerned with values of ¢ whose imaginary part is close to 0 and whose
real part is in [, 7].

Choice of ry, ry and their domain of definition. In the formula for r{(¢), r2(¢),
there is an ambiguity in the determination of the square root, which we now clar-
ify. The functions rq(¢), r2(¢) are analytic on a domain D, provided the square
root does not vanish in D. The square root vanishes when (Re(¢), Im(¢)) =
(O[2r], log(1/4)), so let us choose

={¢p € C|—7 <Re(¢) <7, —c <Im(¢) < c},

where ¢ is some positive constant smaller than log(4). Now, observe that
r1(¢)ra(¢) = 1 so that one of r1, rp has nonnegative imaginary part. Moreover,
r1 satisfies the polynomial equation

1 .
(10) rn4+—=e9%—-2.
ri

Taking imaginary parts on both sides yields

(11) Im(ry (¢))(1 — ) = e~ M@ gin(Re(e)).

1
Ir1(¢)[?
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FIG. 7. Plot of the two functions r1(¢) (plain line) and ro(¢p) (dashed line) for ¢ € [—n, 7], and
their position with respect to the unit circle. Note that when « is not O and m is large enough, r1 (i 7fn—o‘
and ry (i jfn—o‘) are still on the unit circle (see Lemma 11 below).

Hence, Im(r1(¢)) % 0 whenever Re(¢) ¢ {—m, 0, 7}. When Re(¢) = 0, we look at
equation (9) and deduce that the term in the square root is positive when | Im(¢)| <
c so that Im(r1(¢)) # 0 in D. Using the analyticity of r; and r; in D, we conclude
that one of ry, r» has imaginary part which is positive in D. By convention, we
choose r1(¢) such that Im(r;(¢)) > 0 in D. The values for r, r» on the boundary
of the domain D are chosen by continuity. Figure 7 shows a plot of r{(¢), r2(¢)
when ¢ is real.

Let us first compute the product over w in (8). Since w is an nth root of —1, we
have

VieC [] *—wy=2"+1.

wht=—1

In particular,

[T w=D" [T ®ri@)—w)=1+Bri¢). j=1.2,

wht=—1 wht=—1
so that
(12)  z0W@ g =08 ] 1+ Bri@)(1 + Bri(¢)).

M=-1

Ideas governing the next steps of the computation. There is a change of behav-

ior in the product (12) when |r;j(¢)| is smaller, greater or close to 1. We start by

factoring out r;(¢) when |rj(¢)| > 1. This part of Z,(,}}n) (o, B) grows exponen-

tially, so we expect it to involve the free energy per fundamental domain f. We
postpone its study until Section 4.5. Then, in Lemma 12, we deal with the part
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of Z,(n“n) (a, B) where |r;(¢)| < 1. This part makes no contribution to Z,(n“n) (a, B).

Finally, in Lemma 13, we deal with the part of Z,g,ll,,) (a, B) where |r;(¢)] is close
to 1. This part involves the Jacobi theta functions giving the discrete Gaussian

term of Z,(,,Hn) (e, B). In Sections 4.2, 4.3 and 4.4, we study, in a concise way, the

computations for Z,(nl,(,)q) (o, B), Z,(,?,ln) (o, B) and Z,S?,(,)l) (a, B).

In order to proceed with these steps, we need:

1. acharacterization of |rj(¢)| > 1, |rj(¢)| < 1 and |r;(¢)| =1;

2. an expansion of rj(¢) when ¢ is close to O (for Lemmas 12, 13);

3. to know that |r1(¢)] is increasing as a function of Re(¢) when —r <Re(¢) <0
and Im(¢) is small (for Lemma 12).

All of this is provided by the following lemma.

LEMMA 11. On the domain D, the functions r and r» have the following
propetrties:

1. = If0 <Re(¢) =7, then |ri(¢)| > 1, [r2(¢)| < 1.
— If —m =Re(®) <0, then |ri(¢)| <1, [r2(¢)| > 1.
— IfRe(¢) =0, then [ri (@) = |r2()| = 1.

2. Their expansions in the vicinity of ¢ = 0 are given by

(13) ri(¢) = eiz”/3<1 + % + 0(¢2)) _ i2T/3,0/V3H0@Y)
(14) r(p) = ei27f/3(1 - % + 0(¢2)) — o—i21/3,~¢/V/3+0¢?)

3. When —m <Re(¢) <0, |r1(¢)] is increasing as a function of Re(¢).

PROOF. 1. Since ra(¢)ri(¢p) = 1, it suffices to prove the properties for r{(¢).
Recall that, by convention, Im(r{(¢)) > 0 in D. Looking at equation (11), we de-
duce that when sin(Re(¢)) > 0 or, equivalently, Re(¢) € (0, ), we have |r1(¢)| >
1. We further deduce that when sin(Re(¢)) < 0 or, equivalently, Re(¢) € (—m, 0),
we have |r1(¢)| < 1. The explicit evaluation of 71 () shows that the inequalities
are still strict when Re(¢) = .

We thank the referee for the idea behind the above argument.

Let us now consider the case where Re(¢) = 0. Since ¢ € D, we have Im(¢p) >

log(1/4) and
o)\ 2
1-— (l - > >0

so that, in this case, r1(¢) is given by

e~ Im(®) e—Im(¢) \ 2
ri(¢)=—1+ 5 +i1—<1— > )

with no ambiguity in the square root. An explicit computation yields |r;(¢)| = 1.
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2. The second part of the lemma is obtained via an explicit Taylor expansion of
r1(¢), r2(¢) in a neighborhood 0, which can be performed since these functions
are analytic.

3. We need to prove that % is nonnegative whenever —7 < Re(¢) < 0.
The derivative of |r(¢)|? with respect to Re(¢) is
) 2 3 _
Ir1(9)] =2Re( (@) rl@)).
dRe(¢) dRe(¢)
Observe that r1 (¢) satisfies the polynomial equation
r@)? +r1(@)2—e?) +1=0.
From this, we deduce, by differentiating with respect to Re(¢), that
ori(@)  ie'’ri(¢)
IRe(d)  2r1(d) +2— e’

3|r1(¢)|2:2Re( ielr (@) )
dRe(¢) 2r1(¢) +2 —e'?

Hence,

mgn(%) = _Sign<lm(2e—i¢(rl ((;) +1) — 1>)

= sign(Im(e " '?(r1 () + 1))).
Rewriting the quadratic equation satisfied by r1(¢) as
(r1 (@) +1)* =eri(¢),

we see that e /% (r1(¢) + 1) equals l_Cr(fz;b), whose imaginary part has the same

sign as Im(r (¢)), which is nonnegative by definition. [J

Since z is an mth root of —1, we can write z = /7 TD/™ for j € {— 151
LmT_IJ} sothat ¢ = 7 (i +2j + 1). Using Lemma 11, we know that when j > 0,
[r1(¢)] > 1, and when j < —1, |r2(¢)| > 1. Factoring those terms out in (12) and

using an algebraic manipulation to produce a product over positive j’s only, we

obtain the following expression for Z,(nl,ln) (o, B):

zZ (a, B)

m,n
[(m—1)/2] . .
_ mia+2j+1
Jj=—1lm/2]

9 (1 +Br§’<n(ia+2j + 1))>

m
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L(m—1)/2] . 2i 1 n
— (_1)mn< 1_[ r <w>>

j=0 "
Lm/2]—1 . . n
-2 1
X( 1 rz(’“’“ (2j + ))))
j=0 "
L(m—1)/2] . .
2 1
X l_[ <1+B_1r1_"<—n(la+ J+ )))
j=0 "
] 27 +1
X (1 +Br§l<—ﬂ(la+ J+ )>>
m
lm/2]—1 . .
-2 1
X l_[ (1+Brf<n(la 2+ ))>>
j=0 "
o — 27 +1
« (1+Blr2—n(7f(106 2j+ ))))
m
LEMMA 12. In the joint limit m, n — o0, ﬁ — p, we have
L(m—1)/2] . .
2 1
l—[ <1 +B_1r]_n(7r(za+ J+ ))) — 11 o(l).
j=Lm14] "
Lm—1)/2] - -
2 1
1—[ (1 + Brg(w)) =1+o0(1),
j=lml/4] "
lm/2]—1 . .
-2 1
I1 (1+Br?(”(’“ 2/ + )))>=1+o(1),
j=lm'/4) "
lm/2]—1 . .
-2 1
I <1+B—1r2—"(”(’“ 2j+ )))>=1+0(1).
j=lm/4) m

PROOF. We give the proof for the first product on the second line. The proof
for the other terms is obtained using the same arguments.
Taking the logarithm of the left-hand side, we get

Lm/2)—1 . .
—Qj+1
) log(l—i-Br{’(n(la 27+ ))))‘
j=lm14) "

lm/2]—1 o
< ¥ ‘1og(1+Br{l<”(’“ (ZJH))))‘

m
j=lm]
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lm/2]—1

o —(2j+1
= Z cB r?(ﬂ(la @+ )))‘ for some constant ¢ > 0
j=lm14) "
o —(2j+1
<mcB max r{’(ﬂ(la 2j+ ))>‘
Lm!/4]<j<lm/2]-1 m

af o — 2ml/%)
<mcB|rj| ———— (Lemma 11, part 3)
m
< che_Z”pml/4(1+0(1)) (Lemma 11, part 2)
=o(1). O

LEMMA 13. In the joint limit m,n — oo, «/’%m — p, we have

[m!/4]—1

1_[ (1 n B_lrl_n(n(ioz +2j+ 1)))(1 n Br{’(ﬂ(m —’fj + 1))))

j=0 m
19 _7
o
Lmﬁ_l(l N Brn<7r(io¢ +2j+ 1)))(1 n B_lr_n(n'(ia —2j+ 1))))
/) e — 2

j=0 m m
03¢, q)
= @) +o(D),

where { = Z(pa +if),q =e "7 and P(q) = ]_[7:1)(1 —q%).

PROOF. The arguments used are similar to those of Lemma 12. First, note that

o
93(¢,9) = P(q) [ (1 +e¥4q2 (1 +e72g% T
j=0
Lml/ﬂ*l
= 1 2i¢ 2j+1 —2ic 2j+1
= lim P(q) [] (1+e¥q¥ T4 5g% ),
j=0
Let us prove the following (the other three cases are handled similarly):

[m'/4]—1

I (1 +B—1r2—n(ﬂ(ia —@2j+ 1))))

j=0 "

(15)
lm"/4]~1

= [] a+e*g¥ ™ +o).
j=0
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A generic term of the right-hand side of (15) can be written as

Aa+ eZiquj-‘rl) — (1 + e—ﬁneina,oe—np(Zj-l—l))‘

Note that such a term can be equal to 0, whenever o =

% for some integer k and

B=—p2j+1) for some j € {0,..., m'/*] — 1}. So, the product of the right-
hand side of (15) might vanish. Observe that when this is the case, there is only
one term in the product which is actually 0; let us denote by j the corresponding
index.

We first consider the part of the product corresponding to nonzero terms on
the right-hand side of (15). That is, depending on the values of « and 8, we either
consider the whole product or the product over all indices except ;. In order to keep
the notation simple, it is implicit that j is omitted whenever it occurs. Dividing the
left-hand side by the right-hand side in (15) and taking logarithms yields

L

mi/4)—1 —1.—n . .
1+B 'ry (i —(2j +1))/m)
E log . .
4 1+ B—leznapq2‘/+l
Jj=0

1+ B ' (w(ia — (2j + 1)) /m)
1+ B—leinaquj-l—l :

1/4J -1
< ) |log

j=0
Observe that the two quantities B~!ei™®¢2/+1 and B~lr; ”(W) are
bounded, and bounded away from —1, uniformly in j =0,..., Lml/ 4], Jj # 7,
for m and n large enough. We therefore get the following bounds, where c1, ¢, are
positive constants:

L

ml/4]—1 —1.—-n . .
1+B 'ry (w(ia — (2j+1))/m)
Z 1Og 1+B—leina,o 2j+1
j=0 7

lm!/4]—1

< Z cl-B_lr

2

_n<ia - 2j+ 1)) i eimqu2j+l

Jj=0 m
Lml/4J_]
< Z cr - B! }eﬂ(iaf(ZjJrl))n(l+0(1))/(\/§m)
j=0
— en(ioc—(Zj—i—l))p’ by (13)
Lm /4]
: : -y n(1+o(1))
< Z lic — (2j + Dle 7 (2j+D(p+o(1)) p— — 2 (1)
=0 V3m

because the series with general term |ic — (27 + 1)|e™”" 2j+he ig convergent and

thus the upper bound goes to zero when \/’%m goes to p.
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Let us now consider the case when o = 21</T+1 for some integer k and B =

—,0(%7 + 1) for some j € {0, ..., |m'/*] — 1}. For all terms involving indices
j # j, the above estimate holds. When j = j, the corresponding term on the right-
hand side of (15) is 0; let us show that the corresponding term on the left-hand side
is o(1):

(i — (2] +1))

‘1 + B 1r2”( )|
m

— |1 + B—1eﬂ(iOt—(27+1))ﬂ(1+0(1))/(«/§m)’ by (13)

— |1 4 B~ i@ Do rlia— T+ D)+ 3m=p)]|
. - n(l+o(1))
=11- [l—i-n io—2j+1) <7—,0>+0(1):H
‘ ( j+D) Do
n(l+o(l)) B
V3m

In the two last lines, we have used the assumption 1 + B~1e”™ (fa=2j+D)p — 0,
Combining this with the estimate when j # j yields the lemma. [J

:‘n(ia—@f—l—l))( ,0) —}—0(1)‘ =o(1).

_n_

COROLLARY 14. In the joint limit m,n — o0, Tim — p, we have

(D" Z\ @ ) 935,993, q)

Mo @A - Pr oW
where
N <L<m1—_1[>/2J ”(n(ia +2j+ 1)))"
m,n i m
A2 (@) = (Lmﬁ_lm(n(m G 1))))”.
m,n H m

4.2. Computations for Z,(,}%)(a,ﬁ). The computations for Z,(nl,(,?(a,ﬁ) go

through in a similar way. Let us just stress where the differences occur. Using

the explicit expression of (3) for Z,(nl,on) (c, B) yields

1
Z2Ve. B =[] I 5= —b*rDw—b*r).
m— n— b w
7M=—1w"=1
This time, w is an nth root of 1 (instead of —1), so

VieC [JTa—wy=1"—1

wt=1
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In particular, [T,n_, w = (—1)"~! and, when performing the product over w, we
obtain

z(% (@, B)
— (_1)m(n71)Bfm
Lm—1)/2] . . . .
" 1—[ (1 _Br?(n(za—}—% + 1)))(1 _Brg<7r(zoz+2] +1)>>

j==1m/2] " "

Lom—=1)/2] : ; n
o (T (e 2 0)

j=0 "

lm/2]—1 L n
X( 1l rz(n(la (2]+1))>)

j=0 "

—-1)/2 . .
5 “’"1_1[)/ J<1 Blr_n<7r(lot+2]+l)>>
_ gl (TUetEI D

j=0 "

y (1 B Br§<n(ia+2j + l)))

m

Lm/2]—1

R o)

. 5 (1 _ B_1r2_n<n(ia - Qj+ 1>>>)_

m
The rest of the computation goes through in the same way, except that the +’s of

Z,(n”n) are replaced by the —’s of Z,(,,l,on). As a consequence, the analog of Lemma 13

involves the fourth Jacobi theta function ¥4(¢, ¢) instead of the third one. We sum-

marize the expression for Z,S} ,91) in the following result.

_n_

COROLLARY 15. In the joint limit m, n — 00, N — p,

(D)™ Zp (@, B) _ 04(C, Q)04 q)

AL @A par oW

4.3. Computations for Z,(,?,ln (o, B). The computations for Z,g?, 1,, (o, B) are

slightly different. When performing the product over w for Z,S?,ln) (o, B), we get

Lon—1)/2] . .
2
Zr(r?,ln)(a’ B) = (_l)mnB—m l_[ (1 + Br?<7l’(la’;‘ J)))
j=—1m/2]

X (1 + Br§<w>)
m
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In order to obtain an expression similar to what we had above for Z,S}ln) and Z,(n],(,)q),
we isolate the term j = 0 and factor r,’:(%(z’ o + 2j)) when its modulus is greater
than 1. This yields

Zyps) (@ B)

R )

. (“’"1‘_[“/” y <n(ia’: 2j)>>" (L"l’-/[” rZ(JT(iam— 2j)))"

Jj=l Jj=l1

Lm—1)/2] . .
1 —p(m(a+2))
X ]_[ <1+B r (—m
j=1
. i
X <1+Br£’(7n(la+ D))
m

(17) x Lnf_/[zj (1 + Br (—”(l“ - 21))) (1 + B_1r2”<—ﬂ(iam_ 2j)>).

Let us rewrite the first two terms in brackets, using the fact that rl(i"‘#) =
ry l(""‘7”), as

(B‘1 +ri’<ia—ﬂ>><1 + BrY (l“”))
m
() ()
m m
% (B—l/zrz—n/z(wm> L B2, n/z(lolj'[))

m m

= 4C05h<10g<31/2r?/2(ﬂ)>> cosh(log(Bl/zr;ﬂ(ﬂ)))

mn m

and note that

lim 4005h<10g<31/2r?/2<ﬂ)>> COSh<10g<Bl/2r;/2 <ﬂ)>)
n,m—oo m m

(16)

(18)

n/(+3m)—p
_4 (77(01,0—1'/3)) (77(01,0-1-1'/3))
= 4COS COS
2 2
= (2¢08(£))(2¢c08(2)).

For the other terms of (16), we use the same arguments as for Z (11)(a B) and
obtain:
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COROLLARY 16. In the joint limit m,n — 00, f — P,
D" Zwid@ ) _a” PG onca
Cha(@T2 (@) P(g)? ’
where
[m—1)/2] : : n
(fa+2j)m
o= (Tt
j=1 "
lm/2] . . n
m(ia —2j)
= ( T n(722)).
j=1

4.4. Computations for Zp (00) 7 (o, B). Computations are similar to those for
Z,S?,ln) (e, B). The analog of (18) is, in this case,

(A
= asinn (log( 8271 (“2) ) ) sinn (rog (8273 (22 )))

which, in the scaling limit, converges to

4sinh<w> Sinh(W)

- 4sin(w) sin<%+l'3)> — (2sin(Z))(2sin(2)).
As in the case of Z,(nl,(,)f, the product over the roots of unity introduces a factor
(—1)"=D_ An extra factor (—1)"~! appears since we factor —rk(”(w‘TH])) when

its modulus is greater than 1, something which occurs exactly LmT_IJ + 151 =
m — 1 times. Thus, we have the following result:

COROLLARY 17. In the joint limit m,n — o0, f — P,
D" Zin@p) __a PG onCa
P (@T7, () P(g)? '

4.5. Investigation of A 2 (@) and Fm 2 (@), and proof of Proposition 8. As
mentioned in “Ideas governmg the next steps of the computations” in Section 4.1,

we deal here with that part of each of Z(”)( ,B), Z(lo)( . B), Z(Ol)(a B) and
(OO) n (¢, B) which grows exponentially in mn. Recall that we expect this growth
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rate to be driven by the free energy per fundamental domain f of equation (1).
Proposition 8 below gives precise statements about this by exhibiting the relation
between A,ln’n(a)A%’n(a), F,L’n(a)f‘i’n(a) and Alln,n(o)Aan,n (0), and giving the
asymptotic behavior of A}n’n(O)A,znﬂ 0).

Note that the proof of Proposition 8 is completed by combining Corollaries 14,
15, 16, 17 and Proposition 18.

PROPOSITION 18.  In the joint limit m,n — oo, —ng - P,

A (@47, (@) 2
LA BpERge Gy = €2 (L o(D);

m,n

(=)'}, (@T2 (@) 2
2. AN = = g2 T2 (Lt o(1));

m,n

3. AL, (0)A2,(0) =e™/0. e~ (1 4 o(1)).

PROOF. Recall the definition of the functions ri(¢) and r(¢) given in (9).
Recall, also, that there is an ambiguity in the choice of the square root, which
we had clarified on the domain D = {¢ € C|—7 < Re(¢) <m, —c < Im(¢) < ¢},
where ¢ is some positive constant smaller than log(4).

For the purpose of proving Proposition 18, we need to extend this clarification
to a domain D’ containing —7 < Re(¢) < 37 and small values of Im(¢). On this
new domain, we also want to give a meaning to log(r;(¢)). Hence, we need to
show that we can associate with r1(¢) a well-defined argument in (0, 277).

Recall that 1 (¢) is analytic provided that the term in the square root of (9) does
not vanish. This only happens when (Re(¢), Im(¢)) = (0[2x7], —log(4)), so the
function ry is analytic on

D' ={¢ € C|—m <Re(¢) <37, —c' <Im(p) < '},

where ¢’ is some positive constant smaller than log(4).
Equating the real parts of the two sides of equation (10) yields

Re(r1(¢)) (1 + ) = e M@ cos(Re(¢)) — 2

1
Iri()[?
so that Re(r;(¢)) < 0 on D’. As a consequence, one can associate, without am-
biguity, an argument in (0, 27r) [even in (%, 37”)] with r1(¢). We deduce that the
function log(ry) is analytic on D’.

We need one more property of r1: looking at the term in the square root of (9),
we know that r{ (¢ +2m) =r(¢p) = % Therefore,

(19) arg(r1(¢ +2m)) =21 — arg(r1(¢)).
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A @ A5, (@)

m Recall that

Proof of 1. Let us first consider the log of the ratio
r2(¢) =r1(¢ + 2m) so that one can write

L(m—1)/2] . .
M@= T n(TEE2ED)

j=0 "

Lm/2]—1

T rl(n(ia+2m—2j— 1)))”

j=0 "

_ (H (W))

j=0 "

mia+2j+1) T72j+1)
(logrl(—m ) —10gr1<7m ))

m—1
=n- Z(f1(¢j +&q) — f1(9))),
=0

It follows that

log

-1

Ay @A, (@) . '"Z
A OAG 0

(=)

where f1(¢) =logri(¢), ¢; = T2+ 4nd Eq = iTe We know that f1 1s analytic

m m
in D’, so we can perform a Taylor expansion. This yields

AL (@)A2 (@)
g 2m. ,
Al L (0)A2,,(0)

m—1

—n- g(eaf{(@) + %ff’wj) + 0(%))

ian (27 =0 orn (27 ) n
=7<g§fl<¢j))— N (;j;fl (¢,~))+o(ﬁ).

For the first term, we have

27T m—1 . 27 ) m—1 ¢j+n/m / /
L iep= [ fwds =3 [ o - sip)as

T /m

m—1 @ , 1
= Ai@n) — £1(0) — J; /¢,. F@) b — b)) de + O(W)

—m/m

= f1@2n) — f1(0) + 0(#)'
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For the second term,
/! ! / 1
—Zﬁ (dn)—/ f@ds+0(—5) = siem - o+ 0(-5).

Recomblmng the different terms gives

Ay @A (@) ian
2

g 31" Az, 2 N1 = A0)

2
- 2R (fiem - flo) + o(n’;‘

where fi(2m) = %%, f1(0) = 2%, f{ (2n> =—7 f0)=F%

Hence,
Al (@)AZ (« 2
log I’;l,l’l( ) ;n,n( ):—zlogAJ’-a % +0< 2)
Am’n(O)Am’n(O) 3 2 m

which proves part 1.
Proof of 2. To prove part 2, it suffices to show that lim, ;00 (— 1)"A,1n’n ()
n/(/3m)—p
x AZ @)/ T (@I (@) = g~ /2 = ™2 We write T}, ,(@)T2 (@) as a
unique product:

L@ ()

:<L(m1‘_‘[)/”rl(n(za+2])) 1—/[ (n(ia+2m—2j))>n

j=1 "

o ({5 ([ ) )

g
N———"

()

Xl_[ (7‘[(10(-1—2])) (n(ioz+2(j+1))))n'

m

The first two terms of the last line consist of the first and last terms of the product
(20), while the product over j contains the terms of (20) grouped in pairs, starting
from the second one.

From equation (19), we know that r;(¢)r1(¢ 4+ 2m) = 1 and arg(r1(¢p)r1(¢ +
2m)) = 2m. In particular, we deduce that

\/r1<71(nz'1a))rl (n(m’: 2m)) _
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Therefore,

m—1 . . . . n
L o o gy rot2))\ (wGat2G+ D))"
Fm,n(a)rm,n(a) (=1 (Jl:[o r1 < m )rl < m >

. . Al L(@A2 (@) .
Let us consider the log of the ratio SO @@ It can be rewritten as

m.,n

A (@AZ (@)
ST @2 (@)

L m%l 1<fl<ﬂ(ian-1|-2j)> _2f1<71(ia +mzj+1)>

j=0
+f1<n(ia+2j +2))>.
m

Since the function f is analytic in D’, a Taylor expansion yields

AL (@AZ (@) =—ﬂ-(m)2 ,,(ﬂ(%—i—U)—i—O(%)

& 1)”1”,11’”((1) 2 (@ 4m

nmw (27, n
~ [T f@ras+0 W)

niw , , n

Hence,

A,L’n(oz)A%m(a) nw , n
8 T, @2 @ dm 1T SIO) O<W>

_nmw +O<n)_,on+0(n>
" 23m m2) 2 m?)’
which proves part 2.

Proof of 3. Recalling the definition of the free energy per fundamental domain f
given in equation (1), let us integrate it explicitly over :

2r 2w .
_Lz / / log(2(cosy + 1) — €l¢) dpdy

— l¢
- 27r2/ / log|2(cosy + 1) —e'?|dpdyy  (by symmetry)

2nz[/ /hlogle‘*ﬁ—nwndww/ /znlog|e””—rz<¢>|dwd¢}
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1 T 1 T T
=—— [ ogln@)ldg = —[f togr1(@)do + [ logr(~¢) d¢]
T Jo 27 LJo 0

1 2w
=5 f1(9)do,
T JO

where, in the fourth line, we have used the identity

log |z], if [t] = |s],

1 27 ;
. 2 _
271./0 loglr +se 'd‘”‘{logm, if [s] > |¢].

Let us now consider the logarithm of A,ln’n (O)A%m (0):

log Ay, (VA2 ,(0)
m—1
=n-Y_ fi(®))
=0
mn| (27 m=l it /m
- E[/o fi(p)do + J;/(p,-—n/m (fi(e)) — fl(q’)))dd)}

= mn[% Ozn J1() d¢}

n , , n
- P (fiem - )+ 0(5).
by the Euler—McLaurin formula. Hence, we deduce that

log AL (0)A2 (0) = T otro(L
og A, (A, ( )_—mn-f—l-gp—i- ) 0
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