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RECURRENCE OF EDGE-REINFORCED RANDOM WALK ON
A TWO-DIMENSIONAL GRAPH

BY FRANZ MERKL AND SILKE W. W. ROLLES

We consider a linearly edge-reinforced random walk on a class of two-
dimensional graphs with constant initial weights. The graphs are obtained
from Z2 by replacing every edge by a sufficiently large, but fixed number of
edges in series. We prove that the linearly edge-reinforced random walk on
these graphs is recurrent. Furthermore, we derive bounds for the probability
that the edge-reinforced random walk hits the boundary of a large box before
returning to its starting point.

1. Introduction. In his paper [10], Pemantle studies recurrence and tran-
sience of a linearly edge-reinforced random walk on trees with a parameter A > 0.
At the end of this paper, he writes: “Questions of reinforced random walk on other
graphs are still wide open. Diaconis originally asked me about the d-dimensional
integer lattice Z¢. I believe it is not even known whether there is a A > 0 for which
the reinforced random walk on Z? is recurrent!”

This turned out to be a hard problem which is unresolved. However, in this
article, we solve a variant of this problem. For a class of fully two-dimensional
translationally symmetric graphs and sufficiently small constant initial weights, we
show that the edge-reinforced random walk visits every vertex infinitely often with
probability one. This is the first time that recurrence of the linearly edge-reinforced
random walk is proven for a fully two-dimensional graph.

Comparison with previous work. Earlier versions of the technique presented
here have been used in [7] to prove recurrence for the edge-reinforced random
walk on a large class of one-dimensional reflection-symmetric periodic graphs,
including, among others, Z x {1, ..., d} for d € N. The technique can be also used
to prove some bounds for the random environment corresponding to the edge-
reinforced random walk on Z?2; see [9].

Given a graph G, its r-diluted version is the graph obtained from G by replacing
every edge by r edges in series. The basic new idea of the present paper is that this
dilution of a graph makes recurrence simpler to prove: Already a simplification
and generalization of the techniques from [9] to diluted two-dimensional graphs
suffices to prove recurrence.

For a more detailed comparison of previous papers with the present work, we
refer the reader to the concluding remarks in Section 10. An overview of earlier
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work on the linearly edge-reinforced random walk can be found in [6]. For a recent
overview of general processes with reinforcement, we refer the reader to [11].

Definition of linearly edge-reinforced random walk. Given r € N, we consider
the graph G, = (V,, E,) with vertex set

(1.1) V. ={(x1,x2) €Z*:x1 €rZorxs € rZ}
and edge set
(1.2) E,={{u,v}CV,:lu—v|=1}.

Here |x| denotes the Euclidian norm of x. Note that the edges are undirected.
A finite piece of G, for r =4 is shown in Figure 1.

Let 0 := (0, 0). The linearly edge-reinforced random walk (ERRW) on G, with
constant initial weights a > 0 and starting point 0 is a stochastic process (X;);en,

with law Pg - defined as follows: At every discrete time 7 € Ny, every edge e € E,
is assigned a strictly positive number w;(e) as a weight. Initially, all weights are
equal to a:

(1.3) wo(e) =a foralle € E,.
The edge-reinforced random walker starts in the vertex 0 at time 0:
(1.4) Pyr[Xo=0]=1.

At each discrete time ¢ € Ny, the random walker jumps randomly from its current
position X, to a neighboring vertex v with probability proportional to the current
weight of the connecting edge {X;, v}:

wl({Xl‘9 U})

G
(1.5) Py [Xiv1=v]|Xo, X1,..., X/]= {
0.a ZeeE,:eaX, wt(e)

X1, vi€E}-

FIG. 1. A finite piece of the graph G4.
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The weight of the traversed edge is immediately increased by 1, whereas all other
weights remain unchanged:

(1.6) wet1(e) = wee) + 1x,. X, }=e} foralle € E,.

Thus, the weight of edge e at time ¢ equals the initial weight increased by the
number of times the reinforced random walker has traversed e up to time ¢:

t—1

(1.7) wi@) =a+ Y 1{x,X,11)=c}-
s=0

We call a path (vg, vy, v2, ...) in a graph admissible if {v;_1, v} is an edge in the
graph for all + € N. We realize POCZ as a probability measure on the set ¥ C VrN‘)
of admissible paths in G, not necessarily starting in 0, endowed with the o -field
generated by the canonical projections X;: X — V., t € Ny.

Main results. We prove the following:

THEOREM 1.1 (Recurrence). Forallr e Nwithr > 130 and all a € (0, (r —
129)/256), the linearly edge-reinforced random walk on G, with constant initial
weights wo = a visits all vertices infinitely often with probability one.

Note that small initial weights a correspond to strong reinforcement. This can
be seen more intuitively by taking the initial weights equal to one, but the weight
increment at each time step equal to 1/a, which defines the same law of the random
walk. In this sense, the recurrence result applies to strong linear reinforcement.

In order to prove recurrence, we derive bounds for the probability that the edge-
reinforced random walk hits the boundary of a large box before returning to its
starting point. Let us introduce some notation before we state the result: For A C
V., let

T4 :=inf{t > 1:X; € A}

be the hitting time of A. If A = {v} contains just one vertex, we simply write T,
instead of t(y). Let

(1.8) L, :=rZ?

be the set of “four-way-crossings” in the graph G,. For (vi,v2) € V,, set

|(v1, v2) oo :=maxflv1], [val}.
We prove the following:

THEOREM 1.2 (Hitting probabilities). For all r € N with r > 130 and all ini-
tial weights a € (0, (r — 129)/256), there exist constants lo = lo(r,a) € N and
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& =&(r,a) > 0, such that the following hold:

(a) Forall £ € L, with €|« > lo, the probability that the edge-reinforced random
walker hits £ before returning to its starting point satisfies

G r 1+&
(1.9) Py olte <10l < (—) .
: [€]0o

(b) As a consequence, for all | > ly, the probability that the edge-reinforced ran-
dom walker hits a vertex in the set V) :={v € V, :|v|co =11} (i.e. a vertex in
the intersection of V, with the boundary of the box [—rl, rl]?) before returning
to 0 can be bounded as follows:

(1.10) Py [Ty, <10 <817,

Notation. Fora,b e R, seta A b=min{a, b} and a V b = max{a, b}. Let |a]
denote the largest integer < a, and let [a] denote the smallest integer > a. The
cardinality of a set A is denoted by |A|. For two probability measures P and Q on
the same space, P < Q denotes that P is absolutely continuous with respect to Q.

2. Main lemmas and global structure of the paper. All the theorems in Sec-
tion 1 rely on the bound (1.9) of the hitting probabilities. The main work in this
paper is required to prove this bound.

Finite boxes with periodic boundary conditions. The bound (1.9) is based
on an analysis of the edge-reinforced random walk on finite boxes with periodic
boundary conditions, in the limit as the box size goes to infinity. We now introduce
these finite boxes and some related notation.

Given r e Nand i € N with i > 1, we define a finite variant Gy) = (Vr(i), Er(i))
of G, with periodic boundary conditions as follows: Set

2.1) VO = (v +riZ?:ve V) C 7/ (riZ?),
(2.2) ED :={{u+riZ? v+ riZ% :{u,v} € E,}.

Whenever there is no risk of confusion, we identify Vr(i) with its set of repre-
sentatives

23) VI i={(vi,v) e V,:rli/2] —ri <v; <rli/2] for j=1,2} C V,.
Furthermore, we identify the subset

2.4) Eﬁi) = {{u —i—riZz, v —I—riZz} H{u,v}e Er,u,ve Vr(i)} C Er(i)
with its set of representatives

(2.5) ED :={{u,v} € E,:u,ve VI CE,.
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FI1G. 2.  The graph (V4(4) E (4)) The white square marks the origin.

Note that the inclusion in (2.4) is strict. We call all edges in E; @ \ E,() periodically
closing edges. For instance, the edge {(ri/2], 0) —|— rzZ2 (r |_z/2j —ri+1,0)+
riZ?} is periodically closing as it is contained in E, ,but not in E,' @

Figure 2 illustrates the graph (Vr(l), Ef')) forr=i=4.

Finally, we set

(2.6) LY :=w+riZ*:vel VD,

Thus, Lﬁi) consists of the vertices in Gﬁi) of degree 4.
To prove our main results, we analyze the edge-reinforced random walk on the

finite boxes Gﬁi) with a constant initial weight a > 0.

Linearly edge-reinforced on finite graphs. Since most parts of our arguments
are quite robust, we work in this section with the edge-reinforced random walk
on a general finite connected undirected graph G = (V, E) with possibly edge-
dependent initial weights a, > 0, e € E. In Section 8, we specialize to the case
G=GY.

The edge-reinforced random walk on a finite graph G = (V, E) is defined in
analogy to the definition on G, given in the Introduction. Given a starting vertex
vg € V and initial weights a = (a)eck, it is a stochastic process (X;);en, taking
values in V with law PC _ | specified by

vp,a’
t—1
2.7) wi(e) =ac+ Y 1{x,X,s1)=e) (¢ € E.1€Np),
s=0
(2.8) on alXo=wvol=1,
w; ({ X, v})
PO [Xir1=v| X0, X1..... X)]= = Liix, vieE)
ZeeE:eaX[ wy (e)
2.9)

(veV,teNp).
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Again, we realize Pv(g’a as a probability measure on the set £ € VN0 of admissi-
ble paths in G, not necessarily starting in vg, endowed with the o -field generated

by the canonical projections X;: g — V, t € Np.

ERRW as a mixture. It is known that this edge-reinforced random walk on
the finite graph G is a mixture of reversible Markov chains with a unique mixing
measure. Let us review this result. Let Q = (0, 00) be the space of strictly positive
edge weights on G. For x = (x.).cg € 2 and v € V, define

(2.10) Xyi= ) X

eck:

e3v
For vy € V, we denote by Q,,,» the distribution of the Markovian random walk on
G which starts in vy and jumps from u to a neighboring point v with probability
proportional to the weight x, of the connecting edge e = {u, v}:

(2.11) Qvo,x[XO =l =1,

x{X,,v}
(2.12) Ovo.x[Xiv1 =v ] X0, X1,..., Xt = ——1{(x,,v)cE)

XX,

(veV,teNp).

Fix a reference edge ep € E. At this point, the edge e is arbitrary, but from
Section 5 onward, it will be convenient to assume vy € e¢y. We introduce the set of
weights

(2.13) Qg i ={x € Qix,y =1}

having the weight of the reference edge ep normalized.

LEMMA 2.1 (Mixture of reversible Markov chains, Corollary 3.1 of [12]).  For
all vo € V, a € (0,00)E, and ey € E, there exists a unique probability measure
@UGO,& o ON S2ey with the following properties: The distribution Pvc(ia of the edge-
reinforced random walk on G starting in vy with initial weights a satisfies

(2.14) PGAIAI= [ QupslAIQG o e (@)
€0
for all events A C X of admissible paths in G.

We call QvGo’a’eo the “mixing measure.”
The proof of this lemma in [12] is based on a de Finetti theorem for reversible
Markov chains, which relies on a de Finetti theorem for Markov chains by Diaconis

and Freedman [2].
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The main lemma—concrete version. All theorems of this paper are based on
a lemma, which we phrase in this section and prove in the subsequent sections.
There are two versions of this main lemma: a “concrete” version, which works
with finite boxes with periodic boundary conditions and constant initial weights,
and an “abstract” version working with general finite graphs and general initial
weights having a reflection symmetry. The concrete version is a consequence of
the abstract version. '

For the edge-reinforced random walk on Gﬁ’) with constant initial weights a =
(a, = a)ee E©> starting point 0, and reference edge eg = {0, (0, 1)}, we denote the
mixing measure from Lemma 2.1 by

0 ._ 0"
(2.15) Qo =Qpae-
The initial weight a is omitted from the notation because it is fixed throughout the
paper.

Roughly speaking, the concrete version of the main lemma bounds in a sto-
chastic sense the ratio of two vertex weights x; and x¢ with respect to the mixing

measure Q(()i). For £ € L,, let ig(£) € N be large enough that, for all i > ip(£), the
vertex £ belongs to \7,(” and has vertex degree 4 in the graph (\7,(1), Ef’)).

LEMMA 2.2 (Main lemma—concrete version). Let r € N with r > 130 and
let the initial weight satisfy a € (0, (r — 129)/256). There exist constants ly =
lo(r,a) e Nand &€ =&(r,a) > 0, such that, for all £ € L, with || > lo and i >
io(£), the following estimate holds:

T\ .o\ 1+
(2.16) E@é’)K%) }f(m()o) ‘

The main lemma—abstract version. The abstract version of the main lemma
works with a general finite connected graph G = (V, E) with arbitrary initial
weights a € (0, 00)£. The weighted graph (G, a) needs to have an additional re-
flection symmetry, which we introduce now.

We call a bijection f:V — V on the vertices an automorphism of the weighted
graph (G, a), if the following hold:

e Forall u,v e V,onehas {f(u), f(v)} € E if and only if {u, v} € E.
e The edge weights are preserved: a ¢ (), f(v)} = @{u,v) holds for all {u, v} € E.

We extend f to the set of edges as follows: f(e) = {f(u), f(v)} for e =
{u,v} € E.

In the abstract version of the main lemma, the vertices 0 and £ from the con-
crete version are replaced by two vertices vy, v1 € V with the following symmetry

property:
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ASSUMPTION 2.3. We take two vertices vy, v1 € V, a reference edge ey € E,
and a function ¢ : E — [0, 1], and we assume the following:

(a) The vertices vg, v € V satisfy vy # vy, and vg is not adjacent to vy, that is,
{vo,v1} ¢ E.

(b) The reference edge ey is incident to vy : vy € eg.

(c) There exists an automorphism f of the weighted graph (G, a) with f(vo) = v1
and f(v1) = vo.

(d) We have ¢(e) =0 for all e € E with vy € e, and ¢(e) =1 for all e € E with
V] €e.

REMARK 2.4. In the special case of the periodic boxes Gﬁi), endowed with
constant initial weights a, parts (a)—(c) of this assumption are satisfied for r > 1,
vp=0v=~L¢€ Lﬁi) \ {0}, and eg = {0, (0, 1)}. In particular, the two vertices 0
and ¢ have both four neighbors; recall Definition (2.6) of Lgi). In this special case,
we may take f as the reflection

(2.17) V-V, vi> £ —v.

Forv eV, set

(2.18) ayi= Y de.

ecE:esv

LEMMA 2.5 (Main lemma—abstract version). Under Assumption 2.3, one has
the bound

X 1/4 1
(2.19) Eqo [(ﬂ) ]<exp<——>,
Q.o [\ xy = 328,
where
av-i—l 2
2.20 Sy = — .
(2.20) p ZV 5 62%2’21(4"(‘” p(e)
vee,vee’

This article is organized as follows. In Section 3, we review an explicit de-
scription of the mixing measure Qfo’a’ ¢, from Lemma 2.1. This description was
discovered by Coppersmith and Diaconis [1] in 1986. Later, Keane and Rolles [4]
published a proof of their formula. Section 3 also contains some properties of the
mixing measure, in particular, scaling properties, which are needed in the present
paper.

In Section 4, we interpolate between the two random environment distributions
corresponding to two different starting points. We also show that properties of the
interpolations are inherited from the scaling properties of the mixing measure. In

particular, normalizing constants remain unchanged after scaling.
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Proving the bounds for the weights boils down to proving an upper bound for
these normalizing constants; see (4.13) below. The upper bound for the normaliz-
ing constant is then obtained via a general variational principle, Lemma 5.1. This
variational principle is proved in Section 5. It relies only on the Assumptions 2.3
for the underlying weighted graph.

The variational principle is then applied to a deformation of the interpolated
random environments. In Sections 5-7, this leads to a proof of Lemma 2.5, the
main lemma in the context of a general finite connected graph.

In Section 8, we verify that the assumptions of the abstract version of the main
lemma (Lemma 2.5) are satisfied for the edge-reinforced random walk on the boxes

ﬁl) with constant initial weights a, provided r and a are chosen appropriately. In
this way, we deduce Lemma 2.2 from Lemma 2.5.

Finally, in Section 9, we derive the estimates for the hitting probabilities of
the edge-reinforced random walk (Theorem 1.2) from Lemma 2.5. Recurrence is
shown using these estimates for the hitting probabilities.

The following results from other papers are used. The present paper uses only
a few results from our previous articles. One essential ingredient is Lemma 3.4,
which is a variant of the formula by Coppersmith and Diaconis [1]. The version of
this formula used in the present paper is taken from the Appendix of [9]. Besides
this description of the mixing measure, we cite only a general bound for the tails
of ratios of two edge weights (Theorem 2.4 in [8]) and the fact that the edge-
reinforced random walk visits every vertex infinitely often with probability one if
and only if it returns with probability one to its starting point (Theorem 2.1 of [8]).

3. Properties of the mixing measure. Throughout Sections 3-7, we consider
the edge-reinforced random walk on a finite connected graph G with initial weights
a € (0, 00)E. Since the underlying graph G is fixed, we suppress the dependence
on G in the notation. In particular, we introduce the following abbreviation for the

mixing measure QUGO a.e, {rom Lemma 2.1:

3.1) Qu.aep = @1(1;0,3,60'

The mixing measure Q,, a ¢, has an explicit description, discovered by Copper-
smith and Diaconis [1, 3]. We review it in this section. This description reveals
a nice scaling property of the mixing measure. In order to state it, we need some
preparations.

Denote by §; the Dirac measure at 1. We endow €2, with the reference measure

dx
(B2 peldx):=81dxe) [] —=81dxy,) [] ddogxe).
eeE\leo} ¢ eeE\eo}

The measure p,, is just the Lebesgue measure on a logarithmic scale. More
precisely, the image of p,, under the bijection

(3.3) Ley: Ry — REMON . (x,) e > (102 x,)ec E\ feo)
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is the Lebesgue measure on RZ\0}_Given a different reference edge e; € E, we
introduce the map

(34) 8ep,eq : Qe() - SZ6’] s 8ep,eq (X) = (xe/xel)eeE-
It serves to change the normalization. The map g ., is a bijection with inverse

8ey,eq-

LEMMA 3.1. Forall ey, ey € E, eg # ey, and all Borel sets A C 2,,, we have

(3.5) Peol{x € Qg 2 8eg.e; (X) € A}l = pe, [A].

In words, pe, is the image measure of pe, with respect to ge ¢, .

PROOF. It suffices to prove the lemma for sets of the form A =[],z A, with
A, ={1}and A, = (b, cc] fore € E\ {e1}, where 0 < b, < c,. Then, for x € 2,
we have g ¢, (x) € A if and only if the following hold: 1/c,, < x., < 1/b,, and

Xeybe < X < X¢ Ce for e € E N\ {eg, e1}. Thus, the left-hand side in (3.5) equals

/l/bEQ( 1_[ /Xc]ce dﬁ)d.x/'gl . 1/b60< 1—[ log 2) dxel
1/690 Xey b, Xe xel I/Ceo be xel

ecE\{ep,e1} ecE\{ep,e1}
(3.6)

= [ log=p,IAlL
b

ecE\{e1} e O

The following function ®,, , plays an essential role in the description of the
mixing measure.

DEFINITION 3.2. A spanning tree 7 of G is a maximal connected subgraph
of G without cycles, viewed as a set T C E of edges. Let 7 denote the set of
spanning trees of the graph G. We introduce the map @, 2: 2 — (0, 00), given
by

[Tocp xo [
(3.7 Dyy.a((Xe)ecE) = any /2 cep e (ay+1)/2 Z l_[ Xe-
xvo HveV\{vo} v TeT ecT

LEMMA 3.3 (Scaling property). For all A € (0, 00) and all x = (x¢)ecE € €2,
we have

(3.8) vao,a()\x) = vao,a(x)-

As a consequence, for all ep, e1 € E and all x € Q,

(39) q)vo,a(ge(),el (.X)) = q)vo,a(x)-
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PROOF. Let A € (0, 00). Any spanning tree T € 7 has |V| — 1 edges. Hence,
for any x € 2, we get

(3.10) ®ypa(Ax) = 14Dy a(x)
with the exponent
1 Vi—1 1
3.11) A:Zae—%— oLt 4] '2 =Y a-3> a=0
ecE veV\{vo} ecE veV

for the last equality, we used the definition of a,. This proves (3.8). By the defini-
tion (3.4) of g, ¢,, the identity (3.9) is just the scaling property (3.8) in the special
case A =1/x,,. 0

The mixing measure from Lemma 2.1 can be described as follows:

LEMMA 3.4 (Description of the mixing measure, Lemma 9.1 of [9]). For all
vo € V,ae (0,00, and eq € E, the distribution Qug.a,¢0 Of the random environ-
ment from Lemma 2.1 is absolutely continuous with respect to p,, with the density

d 1
QU(),&,@O (x) — CI)UO,a(X)»

3.12)
dpeo 2wy, e

X € Qq, where zy, o, > 0 denotes a normalizing constant.

Although the distribution Q a ¢, does depend on the initial weights a, we usu-
ally drop the subscript a, writing

(3.13) Qv(),eo = @vo,a,eo

to simplify the notation, since a is being fixed.

LEMMA 3.5.

(a) Forall ey, ey € E and all measurable functions f : 2., — [0, o], one has
G4 [ G ()o@ = [ @)D a)p @)
60 el

In other words, the image of the measure ®y, a dpe, on Q. with respect to the
map geye, : ey —> e, equals the measure Oy, a dp,, on Q..

(b) As a consequence, the normalizing constant zy, ., does not depend on the
choice of the reference edge:

(3.15) Zvg,eg = Zvg,eq -
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(¢) Under Qy.e,, the scaling (x./xe,)ecE Of the random environment according
10 8ep,e, has the law Qy, ¢, -

(d) The joint laws of the family (X./Xz, Xe/Xv, Xv/X5)e e v.5ev Of all ratios of
weights with respect to Qy, ., and with respect to Qy, ¢, coincide.

PROOF. Let eg, e; € E. Using first the scaling property (3.9) and then the
transformation formula and Lemma 3.1, we obtain the claim (3.14) in (a) as fol-
lows:

/Q F(@eg.e1 (1)) By a () Peq ()
(3.16) - fg (a0 (1) Py a(8eg.e1 (1)) Peq (dX)
€

- f £ Prg.a(0) pe, (d).
Qe

The claim (3.15) in (b) is just the special case f = 1 of the first claim (3.14).

Part (c) is an immediate consequence of (a) and (b), since dQy, ., =
(Zvo,eo)ilq)vo,a dpEO and d@vo,el = (Zvo,el)ichvo,a dpe1 .

Part (d) is a consequence of part (c). To see this, take x € Q,, and y =
8eo.e; (X) € . Using the notation y, = > ,cg..5y Ve for v € V in analogy to
Xy =D pcE-esy Xe,» We get the claim (d) from

(xe Xe Xy _(Ye Ye v

(3.17)

L) £ - £ L) .
Xz Xy xﬁ>e,éeE,v,ﬁeV <yé Yo y{))e,éeE,v,ﬁeV O

Part (b) of the lemma allows us to omit the reference edge eq in the normalizing
constant:

(3.18) Zug = Zug,eq-

Hence, (3.12) can be rewritten as

dQ 1
O () = — Dy a(x), X € Q.

(3.19)
dpeo g

4. Interpolation between two environments. For two vertices vg, v € V,
we consider an interpolation of the random environments Q,,,¢, and Qy, ¢, as-
sociated with the edge-reinforced random walk on G with initial weights a and
starting points vy and vq, respectively:

DEFINITION 4.1 (Interpolated measure). For vg, vy € V and eg € E, define
Pyy,v1,¢o to be the probability measure on €2, with the following Radon—Nikodym
derivative with respect to pe,:

dPyy vy 1 (d@vo,eo d@vl,m)lﬂ

4.1) =
dpe, Zyg.vi.eo \ dPeg dpe,




ERRW ON A 2-DIMENSIONAL GRAPH 1691

with the normalizing constant

d d 1/2
(4.2) Zg,vn,e0 °= / <—Q“O’60 7(@“1*60) dpey.-
Qeo dloe() dpe()

REMARK 4.2. Since dQyq,¢,/dpe, and dQy, ¢,/dpe, are strictly positive
probability densities with respect to p.,, the normalizing constant Z, y, ¢, 1S in-
deed strictly positive and, by the Cauchy—Schwarz inequality, it is finite. Hence,
Py, v1,e0 18 Well defined.

The measure Py, y, ¢, inherits the following invariance under change of normal-
ization from Qy ¢,:

LEMMA 4.3.
(a) The normalizing constant Zy, v, ¢, does not depend on the choice of the refer-
ence edge:
4.3) Zyo,v1,e0 = Lvg,vy,e1 forall ey, e; € E.

(b) The law of ge.e,, that is, the distribution of (xX¢/Xe,)ecE > under Py, v, o, equals

Pug,v1e1-
(c) Consequently, the ratios (x./Xy)ecE vev have the same joint laws under
Pug,v1,e0 and Pug vy e -

PROOF. Let eg, e; € E. We claim that for any measurable function f:Q2,, —
[0, oo] the following identity holds:

dQuyeo ,  AdQyy e 172
[ f(geo,el(x»( Qupey ) Q”(x)) pey ()
ng

@.4) dpe, dpe,
. ( (d@vo ,€1 d@vl el ( )1/2 (d
- / F( T T ) o

To see this, we first insert the description (3.19) of the random environments Qy, ¢,
and Qy, ¢,- Then, we apply the scaling invariance (3.9) of the densities, and finally,
we use Lemma 3.1. This yields the following for the left-hand side of (4.4):

1 1 12
i Gae (x))(z—w%,a<x>—d>vl,a<x)) pey (d)

Zu;

1 1 172
45) = fQ ) f(geo,el(x))(acbuo,a(geo,el(x))acbvl,a(geo,el (x))) pey ()

1 1/2
- / f(x)( Dupa0) M(x)) pe (d).

v
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which equals the right-hand side of (4.4).

The claim (4.3) in part (a) is a special case of (4.4) with f = 1. Part (b) is an
immediate consequence of part (a) and (4.4). Part (c) follows from part (b) in the
same way as Lemma 3.5(d) follows from Lemma 3.5(c). [

Part (a) of the lemma allows us to drop the reference edge ¢g in the normalizing
constant:

(4.6) Zvg.v1 = Zugvy.e0-
One reason why we introduce Py, v, ¢, is the following symmetry property,

which does not hold for the random environment distribution Q, ¢,:

LEMMA 4.4 (Symmetry property of Py v .¢,).- Let vo,vi € V be such that
Assumption 2.3(c) holds. Then, for all ey € E, the ratios x,/xy, and xy, /Xy, have
the same law under Py, y, ¢, -

PROOF. Let vg, v; and f be as in Assumption 2.3(c), and let ¢y € E. We claim
that the two random vectors

X Xf
“4.7) (—e) and (ﬂ) have the same law under Py y, ¢, -
Xvy / ecE Xvy /ecE

To see this, let A C 2 be a measurable set. Using the definition of Py, 4, ¢, and the
description (3.19) of the random environment in the first step, we get

X
P (25) €]
vo/ e

12

1 Xe 1 1

-— | 1A<(—> )(—cbvo,au)—@vl,a(x)) pey (d)
Zvo,v1 Q Xvy/ ecE Zug 2y

€0

() )
= 1a( (22
AR Qf(eq) X f(vg)/ ecE

1 1 1/2
><(Z—q’vo,a((xf(e))eeE)Z—q’vl,a((X.f(e))eeE)) P f (ep) (dX),

vo V1

where in the last identity we used that p,, is obtained from p# () by permuting the
variables by x > (X f(¢))eck. Since f is an automorphism of the weighted graph
(G, a) with f(v1) = vy, it follows from the description (3.7) of the densities that

(4.9) Pug.a((X£@)ecr) = P 1 upa(*) = Pupalx).
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Using f(vg) = vy, one obtains in the same way @y, a((xf(e))ecE) = Pyj,alx).
Hence, we conclude from (4.8)

X
on,vl,eo |:<x_e> E S A:I
v/ e
k().
= lA _
ZUO’UI Q.f(c’()) Xvy /ecE

i i 12
x(—%,a(x)—cbvo,a(x)) P ey (d)

2wy e

X
=Pv0,v1,f(eo)[< ;(6)> . € A].
V] e

Lemma 4.3(c) implies that in the last probability one can replace the reference
edge f(ep) by eg. Hence, the claim (4.7) follows.

In particular, we conclude from (4.7) that
4.11) Tt oang Y@ T

esov] xv() xUO (=101 Xy Xv;

(4.10)

have the same law under Py y, ¢,. U

Next, we present the connection between the interpolated measure and the ran-
dom environment distribution. The normalizing constant Z,, ,, of the interpolated
measure turns out to be equal to the 1/4-moment estimated in the main lemma 2.5;
see the left-hand side of (2.19).

LEMMA 4.5 (Relation between Py y, ¢, and Qy, ¢,). Let vy, vy € V be such
that Assumption 2.3(c) holds. Then, for all ey € E, the measures Py v, ¢, and
Quy, ey are mutually absolutely continuous with the Radon—Nikodym derivative

4.12) d]P)UO,UI,eoz 1 <Xﬂ>1/4‘
d@vo,eo Zvo,vl xUO

As a consequence, one has

o\ 174
V|
(4.13) Zin=Eayq|(32) ]

vo

PROOF. Letvg, vy and f be as in Assumption 2.3(c), and let eg € E. Using the
definition of P, , ¢, and formulas (3.19) and (3.7) for the densities dQy, ¢,/dpe,
and dQy,.¢,/dpe,, We get

dPuyvyey 1 (d@vl,eo ) 1/2 (dQvo,eo )—1/2

d@vo,eo B Zvo,v1 dpeo dpeo

o (Zﬂ>lﬂ<m>l/4
Zyg,vy \Zy Xug

(4.14)
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We claim that z,, = z,,. Indeed, since f is an automorphism of the weighted graph
(G, a) with f(vg) = vy, we can use (4.9) to obtain

o :/Q q)vl,a(x)peo(dx) :/Q q)vo,a((xf(e))eeE)peo(dx)
(4.15) 0 0
= [ Pualp i @0 =z
2

~leg)

recall that these normalizing constants do not depend on the choice of the reference
edge eg by Lemma 3.5(b). Thus, (4.12) follows from (4.14).

Integrating (4.12) with respect to the probability measure Q,, ¢, yields the sec-
ond claim. [J

REMARK 4.6. The fact Zy, ,, < 0o, which was noted in Remark 4.2, and the
identity (4.13) together imply E@vo’eo [Cxy, /xvo)l/ 4 < 0.

5. The key estimate in the proof of Lemma 2.5. From now on until the end
of Section 7, we assume that Assumption 2.3 holds.

In order to prove the main Lemma 2.5, it suffices by (4.13) to get good estimates
for the normalizing constant Z,,, ,, . In this section, we derive such an upper bound
for Zy;,v, -

We introduce the following function of the random environment:

Q — R, Hy, v (x) 1= %log xﬂ.

vo

(5.1) H,

0,01 *

Lemma 4.5 allows us to write
eHvo,v] (X)

(52) on,vl,eo(dx) = 4@1)0,60(61)6)-
ZUOaUI

The following general variational principle is a cornerstone of this paper.

Let & denote the set of all probability measures IT on €2, such that IT and
Pyy,v1.¢, are mutually absolutely continuous and Er[Hy, ., ] and Ep[log(dI1/
dPyy,v,,e0)] are finite.

LEMMA 5.1 (Variational principle). The functional

drl
(5.3) F:2—>R, F(IT) := En[Hyy,v, 1 + En |:log 7]
d]PJUO’Ul’eO

is minimized for T1 = Qy, ¢, € P with the value

(5.4) F(@vo,eo) = log Zyg,v; -
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PROOF. We prove first that Qy, ¢, € . By Lemma 4.5, Q,, ¢, and Py v, ¢,
are mutually absolutely continuous. To see that the expectation E@UO’EO[HUO,U]]
is finite, we use Theorem 2.4 in [8]. In the present context, this theorem states
that for all edges e, ¢’ € E, with respect to Q. ¢,, the random variables x,/x,
have tails bounded by a power law. As a consequence, the law of Hy ,, (x) =
41 log(xy, /xy,) has exponentially bounded tails, that is,

. 1
5.5 lim sup M log Quy, e [

M — o0

log il > Mi| <0.
Xy
This implies EQUQ,L‘OHHUOaUl [T < o0.
Next, we show that Eq, , [108(dQu,eo/dPvy,v;,e)] is finite. The representation

(5.2) of Py, v, ,¢, implies

dQuy,e
dIFDUOa V1,€0

From Remark 4.2 we know that logZ,,, 1is finite. Using (5.6) and
Eq, . [|[Hy,v |1 < 0o, this implies that log(dQyy, e, /dPyy,v,,¢,) has a finite ex-
vp.¢p t1 Y0 . ’ s
pectation with respect to Qy, ¢,. This completes the proof of Qy, ¢, € P.
Taking the expectation of (5.6) with respect to Q,., yields the claim
F(Qyy,e,) =log Zy, v, as follows:

(5.6) log =10g Zyy,v; — Hyy,v; -

d@vo,eo
d]P)v() »U1,€0

We now prove that log Zy, ,, is indeed the minimal value of the functional F.
Let IT € &. We rewrite (5.6) in the following form:

dQU():eO
d]P)UOqUL ,€0

(5:7) 108 Zugan = Eauy o [Hugu ]+ B, | 102 |=ranw.

log Zyy,v, = Hyy,v, + log
(5.8)

H, +1 L 1 a1
= H,,, og — log .
o dPyy, ;e dQuq.¢

Taking expectations with respect to IT, this implies
drll ] .
Qvo,eo ’

recall the definition (5.3) of F'. Now, the last relative entropy is nonnegative:

drl }
> 0.
d@vo,eo

This implies the claim F(IT) > log Zy, »,. U

(5.9) 108 Zyy.0, = F(IT) — Eny |:10g

(5.10) En [log

Before going into the details, let us intuitively and roughly explain how to get
a good upper bound for log Z,, ,,. To apply the variational principle, we need to
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construct an appropriate IT = H%(’i,)l ¢o € P depending on a parameter y € R. On
the one hand, IT should be “close” to Qy, ¢, to get the relative entropy in (5.10)
small. On the other hand, we need to control F(IT). This requires us to control
both, Er[Hy,,», ] and the relative entropy En[log(dI1/dPy, v, ¢,)]. We choose I1
to be a “deformation” of Py, v, ¢,. By this we mean that IT is the law of a suitable

random variable Eeo‘p) Qey — ¢, With respect to Py, y,,¢,- We call E%(p) the
“deformation map.” It depends on a deformation parameter y € R.

The intuition behind our ch01ce of the deformation map zgg"’) is as follows: In

the case of large boxes G, , for vg =0 and v; € Lﬁ’) far away from the origin,
roughly speaking, one expects that under Q,, .., the weights of the edges close to
v] are typically much smaller than the weights of the edges close to vg. On the
other hand, under the interpolated measure Py, ,, ¢,,» one might expect intuitively
that the edge weights close to vg and close to v; are more or less of the same
order of magnitude. This motivates us to define Eég“’) below in such a way that it
leaves the weights of the edges incident to vy unchanged [see (5.14) below] and
multiplies the weights of the edges incident to v; by e¢¥ [see (5.15) below]. For
negative y, this yields the desired behavior.
Formally, the deformation map is defined as follows:

DEFINITION 5.2. Let vg, v1, eg and ¢ be as in Assumption 2.3. For y € R, we
define the map

(5.11) EY:Q—Q,  (Xx)eer > (€779%,)

As a consequence of Assumptions 2.3(b) and (d), (2re) (x))eq = Xxe, and, hence,
E9) maps Q,, to Q,,. We denote the restriction of %) to Q,, by

(5.12) EIY Qo) — Q-
Let 1'[%‘%)] ¢, denote the distribution of E%(p) under Py, v ,¢0-

Let us state two important properties of the map :g‘p).

LEMMA 5.3. Forall y e R and x € Q,,, one has

(5.13) (EZP(x)),, =%y and (EJ? (X)), =€ xy.

vo

PROOF. Let x € . It follows from the properties of ¢ assumed in Assump-
tions 2.3(d) that

(5.14) (Eg’o"")(x))e =X, foralle>vy and

(5.15) (Egg‘/’)(x))e =e’x, forall e 5 vy.
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Summing (5.14) over all edges e incident to vy and (5.15) over all edges e incident
to vy yields the claims in (5.13). U

Applying the variational principle (Lemma 5.1) with the measures H%f@), ,es WE
obtain the following upper bound:

LEMMA 5.4 (Key estimate). Forall y € R, one has

drip ) o,
(5.16) log Zvo,v1 =< En(w) [Hvo,vl] +E_oo log ————|.

v0,V1,€( Hvo‘ul,eo dPUOquaEO
To prove this key estimate, we need to verify that H%f’;)] e € P forall y e R.
This requires some preparations.
We start by introducing additional notation. For y € R and x € €2, we set

5.17) xl(}"p) = Z e??y, for every vertex v € V,

ecE:

esv
(5.18) Y}W) (x):= ]_[ (e7%®x,) for every spanning tree T € 7.

ecT
In the special case y =0, we have xl(,o‘p) = x, and we abbreviate

0
(5.19) Yr(x) ==Y () = [Toer Xe-
(yo)

LEMMA 5.5. For all y € R, the measures 1y’ e, and Py, v, ¢, are mutu-
ally absolutely continuous. The Radon—Nikodym derivative satisfies the following
identity for pe,-almost all x = (X.)eeE € S2¢y:

d Hf}gff)l €0

lo E(V(P)(x)
g d]P)U(),Ul,E() ( €0 )
ay, 1
(5-20) =r(5 +7) - Lre@a
eckE
atl P 1 Y W0
T Z log ——log=tel T2
e\ 2 X 2 7 Yrer Yr(v)

In the remainder of this article, we work with this particular realization of the
Radon—Nikodym derivative dT13%) .o /d Py, co-

PROOF OF LEMMA 5.5. By its definition, Py 4, ¢, is absolutely continuous

with respect to p,,,. Consequently, since H%ff,)l e 18 the law of Eég“” under Py v, ¢,
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due to Definition 5.2, one has for any positive measurable function £ : Q,, — R,

— =)
El_[%(,pv)l,eo [h] - EPUO’Ul'eo [h °© ueo ]

(5.21)
= / M(EYO () T () 5, (),

€0

The map :g’o/@) is invertible. Due to (5.14), zig“’) leaves the weight x,, of
the reference edge ep > vp unchanged and it multiplies all other x, with some
142
0

e-dependent constant. Thus, Eg leaves the reference measure p,, invariant:

peo[[D%(p)] TA]= Peo[A] for all measurable sets A C €2,,. Consequently, apply-
ing the transformation formula on the right-hand side of (5.21), we obtain

= -1
(522)  Epgy 1= ] ) o ”° ([P () pey ().
This implies that H%fﬂ,eo is absolutely continuous with respect to p., with the
Radon-Nikodym derivative

(re)
(5.23) dnvj(;j/l))l,eo _ dPyy,vy.e0 [H(W’)]
d,oeo dpe() @

Using (3.12) and Lemma 4.5, it follows that both dPy.y, ¢ /dpe, and dTTIS%) .,

dpe, are strictly positive on €2.,. Hence, the measures l'[%ff})lyeo and Py v;.e0

are mutually absolutely continuous, and for p,,-almost all x € €2, the Radon—
Nikodym derivative satisfies

dng}(;%)l »€0

lo 209 (x)
g dPUO,Ul,eO( () )
(re) —1
dnvo V1,€0 (yo) ]P)vo V1,€0 (yo)
(5.24) :log(i EYY (x) [7 glre (x)] )
dp HEGY )| T (2 W)
dIPU V1,é€ dPU V1,€ -
=1o ( 0,1, 0( ) - |: 0,V1,€0 E(y(p)(x) ] )
g d eo dloe() ( “ )

To get an explicit form for the last expression, we use Lemma 4.5 and (5.13) to
obtain

dPUo,vl ,€0

(5.25) dp

1/4
ervl) / dQuy. e,

= (o)

=(e)
(Eg? () = vm( o

€0 €0
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Next, we insert formulas (3.19) and (3.7) for dQy, ¢,/dpe, and simplify the result-
ing expression using the abbreviations (5.17) and (5.18):

d]P)vo,vl,EO (E(y(p)(x))
d 0
Pegy
_ 1
Zyg,vi Zvg
(5.26) [eer (€ # % xi®) /S req Moer (€79 x,)
X
. v /2+1/4
xa 0/ / ( Yx )avl /214 I—[UG V\{U(),Ul}[ZEBU e]/(p(@)xe](au+1)/2
B 1
Zvo,vlzvo

[Tecs €79 Mecr x5y Xrer Y379 (x)

v(ay, [24+1/4)  ay,/2+1/4 ay /24+1/4
e 1 UOO vll HveV\{vo Ul}(x(}“/’))(av—l—l)/Z

Fory =0, BY? : Q. — Q, is the identity map by Definition 5.2: 7 (x) = x

for all x. Hence, we obtain

-1
APy v;.e0 ) - [deo,v1,e() (E(yw)(x))]
dloeo d,OeO «©
(5.27)
B eV(a”l/2+1/4) (xl(}VW))(av-i—l)/Z ZTGT YT(X)
[eer €% |yl ~ % Srer Y7 ()

Taking logarithms in the last formula, the claim follows from (5.24). O

LEMMA 5.6. Forall y € R, one has

(yo)
|:10g an}é%"eo} < Q.

(5.28) 0<E_uy
n o de(),v],e()

v0-v1-€0

PROOF. By Assumption 2.3, ¢ takes only values in [0, 1], so that e~7! <
e7?(© < el7l for all edges e and all y € R. This bound implies e~17x, < X <

elx, and e V=D yr (x) < ¥ (x) < eV HIVI= I)YT(x) for all v € V and all
T € T; here we use that every spanning tree 7 € 7 consists of |V| — 1 edges.

Thus, using (5.20) and the fact that :g“’) is a bijection on £2,,, we get

(vo)

dmis) . dns) .
(5.29) sup |log L0 (x)| = sup |log 2L (B9 (x)) | < oo.
ereO on,vl,eo ereO on,vl,eo
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Hence, the expectation in (5.28) is finite. Note that this term is a relative entropy
of H%,@],eo with respect to Py, 4, ,¢,3 therefore, it is nonnegative. This completes

the proof of the lemma. [

H(yw)

In the proof of Ty, "y, ¢, € &, we need that the first expectation £ oo [Hyy,v, ]
vQ,V1-€Q

arising in the upper bound of inequality (5.16) is finite. Later, for controlling the
right-hand side of the key estimate (5.16), we need the stronger statement that this
expectation is linear in y:

LEMMA 5.7. Forall y € R, one has

14
(5.30) En(yw) [Hvo,v|] = -

0v1-€0 4

PROOF. Recall the definition (5.1) of H,,y,. In the case y = 0, one has

Egg“’) (x) = x for all x and, consequently, nﬁ%‘fﬁl,eo = Pyy,v;,¢0- Hence, integrat-

ing (5.6) with respect to Py, y, ¢, yields

Ye log ™ | = E [Hy o]
4 Pug,vy.eq | 108 % = FPueo V001
dQvo,eo
=logZyy v, — E]P)'JO"’l’e0 |:10g dPyq v, eo]
5.31 o
( : dPyyvy,e0
= log Zyov + EPUO-"I-"O log W
vo, €0

> log Zyy,v, > —00.

Here we used that the relative entropy of Py, v, ¢, With respect to Qy, ¢, is non-
negative. By Lemma 4.4, the random variables log(x,, /xy,) and log(xy,/xy,) =
—log(xy, /xy,) have the same law with respect to P, ,, ¢,. Hence, all expectations
in (5.31) are finite and, in particular, it follows that

X
(5.32) Ep [log i} =0,
v051-€0 X
vo
which proves the claim in the case y = 0.
For y € R, we use the definition of H%f@)l e as the law of Egg(p) under Py v, ¢

and the relations (5.13) to obtain

= (o)
1 1 Z
2 Enge) [Iog xﬂ] = —Ep, , |:10g (fﬂﬁ]
4 V), 01.€Q Xy 4 0-V1-€0 (Eejo/q) (x))vo
1 eV xy,
o3 :ZE]PUO-UMO [1og Xy }

y 1 xvl}
= — —E l — | =
1 + 1 on,vlﬁeo[og Xug

A=
U
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Now we are ready to prove the key estimate:

PROOF OF LEMMA 5.4. Let y € R. By the variational principle (Lemma 5.1),

it only remains to verify that H%ff))] o0 €P.

By Lemma 5.5, the measures H%f,)l,eo and PPy, », ¢, are mutually absolutely

continuous. Lemma 5.7 shows that the expectation £ ) [Hyg,v,] 1s finite. The
0

V(U1 €

relative entropy E oo [log(d l'l%f/f,)l,go /APy v;,e,)] 18 finite by Lemma 5.6. This
V0,1,

implies the claim H%f@)l,eo er. U

6. Estimating the relative entropy. By Lemma 5.7, the first term in the key
estimate (5.16) is linear in y. The goal of this section is to prove the following
quadratic bound in y for the second term in (5.16):

LEMMA 6.1 (Bound of the relative entropy). Suppose that Assumption 2.3
holds. For all y € R, one has

dni())(;%)l ,€0 ] < SSDVZ

(6.1) E e
Mo dPyg,vy.e0 2

v, V1 ,€0

[log
with S, defined in (2.20).

Before proving the lemma, let us introduce some notation. For y € R, set

(re)
dIl
(6.2) 80 =Engy [log w}

d]P)UOqUL,EO

By the definition of ITy}%) ., (Definition 5.2), we have g(y) = Ep, . . [fy]
with
A
(6.3) fy (x) :==1log LD (B (x))
dPUO,Ula'fO
for x € Q,,. The idea for the bound of the relative entropy is to do a Taylor ex-
pansion of g around y = 0. First, we need to show that g is twice continuously
differentiable. This will be done by showing that f, is twice continuously differ-
entiable in y with derivatives which are bounded as functions of x.
Recall the abbreviations (5.17) and (5.18). It will be convenient to use the fol-
lowing notation: For x € Q,,, v € V, and y € R, consider e — ¢(e) as a random
variable on the space {e € E : e > v} equipped with the probability measure

eV? @y,
e

(6.4) Mx,v,y = Z o

ecE: Xv
esv
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For any spanning tree 7' € 7, we abbreviate
(6.5) AT) =) g(e).
ecT

We consider the map A : T — A(T) as a random variable on the space 7 of span-
ning trees equipped with the probability measure

(ye)
Y (x)
(6.6) Vy,y i= Z r o) T
TeT 2 T'eT Y7 (x)

LEMMA 6.2.  For each x € Qy,, the function y > f, (x) is twice continuously
differentiable with the following derivatives:

af, a
V() St 2 e©a
ecE
©7) +1 1
a
+ ) T B, lel - B [A]L
veV\{vo,v1}
32 f, ay + 1 1
(6.8) az;oc)= >, 5 Varu,, (@) — 5 Var,, (A).
veV\{vo,v1}

PROOF. Let x € Q,,. Using the definitions (5.17) and (5.18) of x(W) nd

Y}y‘p) (x), respectively, we find that these two quantities are differentiable in y
with the following derivatives:

d
(6.9) —x7? =3 p(e)e’?“x, and
3)/ ecE:
esv
i (ye) _ (ye) _ (ye)
(6.10) oy Y 7 (x) = Z p@)Y; 7 (x) =AT)Y; 7 (x).
ecT

Hence, it follows from the explicit form of f, (x) given in (5.20) that y — f, (x)
is continuously differentiable with

af, a ay+1
V( )=ty e@act Do n Y ele)erIx,
ecE veV\{vg,v1} 4Xv eckE:

esv

(6.11)
1 e AMYY ()
2 Y VYW

Inserting the definition of the measures 1, ,,, and vy, gives (6.7). Differentiating
(6.11) with respect to y yields the claim for the second derivative. [




ERRW ON A 2-DIMENSIONAL GRAPH 1703
Now we are ready to prove the bound of the relative entropy:

PROOF OF LEMMA 6.1. By Assumption 2.3, ¢(e) € [0, 1] for all e € E and,
hence, A(T) € [0, |E|] for all T € 7. Thus, it follows from Lemma 6.2 that

o/
(6.12) sup Jy (x)
erfo 3-/)/

< 0

for j =1, 2. Consequently, g(y) = EPVOs“l’EO[ fy11is twice continuously differen-
tiable and the derivatives are obtained as expectations of the derivatives of f),.
Since g(y) is a relative entropy by its definition (6.2), one has g(y) > 0 for all y.
Furthermore, g(0) = 0 because H%fﬂ)lyeo = Pyy,v;,¢ for y = 0. Thus, g'(0) =0,
and a Taylor expansion of g around 0O yields

. ~\ g~
(6.13) ¢) =/0 &)y — 7)dy
with
1"y~ 82f~
(6.14) &P = oy | VV ]

To bound g”, we estimate the expression (6.8) for the second derivative of f,:
Since variances are nonnegative, we obtain for all y € R the bound

32 f5 ay+1
82; ()= =5 Var,,,;(9)
veV

(6.15)

a,+1 )
<> ”2 max (ple) —p(e))” = S,.

veV ,
vEe,vEe

Since the upper bound S, is independent of x and y, the claim of the lemma
follows from (6.14) and (6.13). [

7. Proof of the abstract version of the main lemma. In this section, we
combine the results from Sections 4-6 to prove the abstract version of the main
lemma:

PROOF OF LEMMA 2.5. Combining (4.13) with the key estimate (5.16) yields
dTI) o }
dPU(): v1,€0

for all y € R. To estimate the upper bound, we use Lemma 5.7 for the first term
and the bound (6.1) of the relative entropy from Lemma 6.1 for the second term:

1/4 2

xvl J/ S(py
7.2 log E — <-4+ —.
7 o @”0*0[(%0) ]—4+ 2

1/4
x
(1.1) log Eq,, ., [(#) ] <E oo  [Hywl+ Eqoe |:10g

V0 v, V1€ v, V1.€(
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This upper bound is minimal for y = —1/(4S,). Inserting this value for y gives
the bound

Xy, 1/4 1
(7.3) log E@vo,eoK oy ) }5 328,

This proves the claim (2.19) of Lemma 2.5. [

8. Application to finite boxes. In this section, we derive the “concrete ver-
sion” of the main lemma (Lemma 2.2) from the “abstract version” (Lemma 2.5).
Given ¢ € L, (sufficiently far from the origin) and a sufficiently large box size
i > ig(€) with ip(£) introduced immediately before Lemma 2.2, we start by defin-
ing a specific function ¢ : E,(') — [0, 1] as in Assumption 2.3(d) in the special
case of finite boxes with periodic boundary conditions. Recall the definition of the
“Dirichlet form™ S, in (2.20). We prove the following:

LEMMA 8.1. Let r € N with r > 130 and let the initial weight satisfy a €
(0, (r — 129)/256). There exist constants ly = lo(r,a) e N and € = &(r,a) > 0,
such that for all £ € L, with |£|ec > lo and i > ig({), there is a function ¢ =
(pé’) : E,(l) — [0, 1] with the following properties:

(a) Assumption 2.3 is fulfilled for the graph (V,E) = (Vr(i), Er(i)) with con-
stant initial weights a, the vertices vop = 0 and vy = £, the reference edge
eo =10, (1, 0)}, and the function ¢.

(b) The following bound holds:

1
5 = B0+ 5 log(lleo/r)

(8.1)

From now on, let » € N with r > 2. Only later, in the proof of Lemma 8.1, we
need the stronger bound r > 130.

Defining a function ¢. For u’,v' € L, with [u' —v'| =r, we call {u’, v’} an
r-edge. We say that an edge e = {u, v} € E, belongs to an r-edge {u',v'} if e C
[u’, v'], where [u/, v'] denotes the straight line with end points u’ and v’. For v €
V., we call

(8.2) level(v) := [v]oo/ 7]

the level of the vertex, and we will also say that v is at level level(v). The definition
of levels is illustrated in Figure 3.
Before we define ¢, we introduce an auxiliary function D:

DEFINITION 8.2 (Approximate Green’s function). Given the two end points
u,v € V, of an edge {u, v} € E,, we take the unique vertices u’, v’ € L, and the
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FI1G. 3. There is precisely one vertex at level 0, namely, the origin 0, which is marked with a white
square. The vertices at level 1 are marked with thick black dots, whereas the vertices at level 2 are
marked with white circles.

unique numbers j,, j, € {0, 1, ..., — 1} such that the following hold:

(a) {u’,v'} is an r-edge,
(b) ju+jy=r—1and

(©
T
8.3) u=2F oy

+=v v=—jv+1v/ Ju "
r

and + —u

r
In particular, the straight line [u’, v'] corresponding to the r-edge {u’, v’} contains
the straight line [u, v] corresponding to the edge {u, v}. We define

Ju 0 log(level(u') v 1) + Jo

8.4) Du,v):= 0 log(level(v') v 1).
Interchanging the roles of u and v interchanges u” with v and j,, with j,. As a con-
sequence, D(u, v) = D(v, u). Thus, D can be viewed as a function on undirected
edges:

(8.5) D:E, — [0, 00), D({u,v}) := D(u,v).

REMARK 8.3.

(a) The map D linearly interpolates on edges between two neighboring vertices in
L,; see Figure 4.

(b) For a technical reason we multiply the first [respectively second] log in (8.4)
by j./(r — 1) [respectively j,/(r — 1)] and not by (j, + 1/2)/r [respectively
(jv + 1/2)/r]: This choice makes the function D constant on all four edges
incident to any vertex of degree 4. This feature is inherited by the function ¢,
defined below. It is essential that this property holds for the vertices 0 and ¢
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(0=0J (3,0)] (6,0)| (9,0)
_ 0 _k’% — 10Z 2 _10%2+1°%3 mm l0Z3

FIG. 4. The values of the function D on a piece of G3.

by Assumption 2.3(d). It is not an essential property for all other vertices of
degree 4, but nice to have, because it makes the terms corresponding to these
vertices cancel out when estimating S,; see the arguments leading to (8.9)
below.

For v € V,, define
(8.6) D(v) := min D(e).

eckE,:
esv
Note that D(¢) > 0 for all £ € L, with level(£) > 2.

For fixed ¢ € L,, we next rescale and truncate D in such a way that it takes only
values between 0 and 1, and the value 1 is taken on all edges which have both
endpoints on a level > level(¢).

We now use the identifications (2.3)—(2.5) of vertices/edges in finite boxes

Ggi) with vertices/edges in the infinite graph G,. Recall, in particular, the defi-
nition (2.4) of E.

DEFINITION 8.4. For £ € L, with D(£) > 0, i > io(£), and e € E\”, define

.7 p(e) =g () := % Al ifee B9,

and ¢(e) := 1 for periodically closing edges e € EY \ E .

Here is the motivation why to use this particular function ¢: Recall that ¢ needs
to be chosen in such a way that the “Dirichlet form” S, defined in (2.20), gets
small enough, as specified in (8.1). Given the constraints on ¢ from Assump-
tion 2.3(d), the Dirichlet form S, is minimized for a certain two-point “Green’s
function.” For our purposes, it suffices to use an approximation to this function hav-
ing a roughly similar logarithmic decay. On the other hand, an arbitrary “Urysohn-
type” function would in general not yield the required bound (8.1) of S, roughly
proportional to 1/1og |£| .

PROOF OF LEMMA 8.1. We first verify Assumptions 2.3(a)—(d). Let r € N
with r > 130 and a € (0, (r — 129)/256). Let £ € L, with |£|s > g and i > ig(£).
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Since r > 2, 0 and ¢ are not adjacent. Hence, Assumption 2.3(a) is satisfied. The
reference edge ¢p = {0, (1,0)} is incident to 0; thus, 2.3(b) holds. Remark 2.4
shows that part (c) of the assumption holds. By definition, ¢ takes only values
in [0, 1]. To verify that part (d) of the assumption holds, note that each edge
e € E!" incident to 0 belongs to an r-edge of the form {0, ¢’} with ¢’ € L, and
level(¢’) = 1. Hence, for all e € Efl) with ¢ 5 0, D(e) =0 and ¢(e) = 0. Further-
more, for i > ig(£), one has D(e) > D(¢) for all e € Er(l) adjacent to £ and, thus,
¢(e) =1 for these edges. Thus, Assumption 2.3(d) holds. This completes the proof
of part (a) of the lemma.

We now prove part (b) of the lemma. Let d,, denote the vertex degree of a ver-
(@)
B

tex v in the graph G, ", that is, the number of edges incident to v in G, Further-

more, let

(8.8) oa:=aa):=

In the special case of the graph Gﬁi) and with our choice of ¢, for all vertices v
of vertex degree d, = 4, that is, v € Lﬁl), we have ¢(e) — ¢(e’) =0 for all edges

e, € E r(i) incident to v. Furthermore, all vertices in V,(i) have either degree 2 or 4.
Hence, we get

adv + 1 2
S, = Z 3 max_(p(e) — p(e))
v® e,e'eE":
vevr vee,vee’
(8.9) 5
=« Z max (p(e) —(e))".
ONA0) e,e'cE":
veVr ALy vee,vee’

By Remark 8.3, the function Er(i) > e > D(e) interpolates linearly between
the values log(level(u’) v 1) and log(level(v’) Vv 1) for edges e contained in the

convex hull of an r-edge {u’, v'}. As a consequence, for v € Vr(i) with level(v) >
level(¢) + 1 and all edges e > v, one has D(e) > D(¥); recall the definition (8.6)
of D. This implies ¢(e) = 1. Thus, we obtain

2
Se<a > max (w(e) — min w(e/)>

veV,-(i)\Lﬁi): ecE,": e’eE,: :
level (v) <level(£) vee
D D / 2
(8.10) =« Z max ( ©) — min (e )>
ve VLD e \D(E) e,EEﬁ/U: 2o

level(v)<level(£) vee

o 2
= — max (D(e) — D(v))".
by 2, e (Pe@-bw)
veVy \L": r

level(v) <level(£)



1708 F. MERKL AND S. W. W. ROLLES

If e = {u, v} € E, is adjacent to a vertex £’ € L,, say, v = ¢, then in the repre-
sentation (8.3) for u and v, one has j, =0 and j, =r — 1. Hence, forall ¢’ € L,,

(8.11) D) =log(level(¢)) v 1).

Assume that v € Vr(i) \ Lﬁi). Then, there exist precisely two edges e = {u, v}
and e = {u, v} incident to v, and both of them belong to the same r-edge. Let
u’,v' € L, denote the endpoints of this r-edge as in (8.3). The definition (8.4)
and (8.5) of D and (8.11) imply

<Q@@—Qwvy

2 —
(8.12) max (D(e) = D(v))" = P

ecE,":
esv
The convex hull [u, v'] of any r-edge ¢ = {u’, v’} contains precisely r + 1
vertices in V., where two among them belong to L,. We get

(QW@—Q@UY

, Z max D =
”€<Vr([)\L,(~'))ﬂ[u/,v/]eee;:;) A
(8.13)
(D) — D(v'))*

r—1

This formula is the essential point where one can see why large values of r make
recurrence easier to prove: Every r-edge contributes r — 1 summands; each of
them scales proportional to 1/(r — 1)2. Thus, every r-edge gives a contribution
proportional to 1/(r — 1), which gets small for large values of r.

Inserting the expression (8.13) into (8.10), we obtain

(D) — D)) ‘

r—1

o
(8.14) Sy < DR >

{u’,v"}r-edge:
level(u’),level(v') <level (£)

Before going into the details, we explain the rough idea of the remainder of
the proof: The summand corresponding to an r-edge {u’, v’} in the sum in (8.14) is
roughly of the order [ —2(r — 1)~ ! with / = level(«’). The number of r-edges on this
level has roughly the size const - /. Thus, the contribution from edges on level / in
the sum in (8.14) is roughly const -/ ~1(» —=1)~!. Thus, the whole sum [without the
first factor oo/ D (£)?] has roughly the order of magnitude const - log(level(£))(r —
1)~'. The first factor in (8.14) equals o/ (log level(¢))2. Hence, we get an upper
bound for S, roughly of the size const/[(r — 1) loglevel(£)].

More precisely, we proceed as follows: Note that r-edges {u’,v’} with
level(u") = level(v’) do not contribute to the sum in (8.14). Furthermore, there are
4(21 — 1) r-edges connecting points u’ € L, with level(u’) =1 to points v’ € L,
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with level(v') = — 1. Using (8.11), we obtain
o

Sp = (r — D[log(level(£))]?
level(£)
(8.15) x Y 4@l —Dflogd v 1) —log((d — 1) v 1)’
=1
4o level(£) i 2
= ¢~ Dilogteei@f 2= @~ |:10g 1]'

=2
Applying the inequality logx < x — 1 yields

level(£) i 2 level(¢) I 2
20— D|log—| < 20— 1) ——1
g( >[0gl_1] < 1;( )[1_1 ]

level(£)—1 level(£)—1 1

(8.16) 2y Ly 1
T I

I=1
< 2[1 +log(level(£))] + 2.
Combining this with (8.15), it follows that
- 8a[log(level(¥)) + 2]
Y= (r — D[log(level (£))12

Using the definition (8.8) of « and our assumption on the initial weight a, we
get

(8.17)

r—1 r—1
2560 128(2a + 1)
Consequently, we can choose a constant ¢ = ¢(r, a) € (0, 1) such that
c(r—1)

(8.18)

(8.19) o |

holds. We set

(8.20) ftrnay="C"D
256

By (8.19), & > 0. We choose lo(c) = ly(r, a) large enough that for all £ € L, with
[€]oc > lo(c), one has

log(level(£)) + 2 !

(8.21)

log(level(£))
Inserting this bound into (8.17) and using the definition of £, we obtain
8a 1

B2 S = N oglevel(0) ~ 321 + &) log(level (0))
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Using the relation level(£) = || /7 yields the claim of the lemma. [
Finally, we deduce the concrete version of the main lemma:

PROOF OF LEMMA 2.2. Letr € N with r > 130 and a € (0, (r — 129)/256).
By Lemmas 8.1 and 2.5, there exist constants lo = lo(r,a) e Nand & =&(r,a) > 0,
such that for all £ € L, with [£|s > [lp and i > iy(£), one has

(8.23) E [(”)1/4% ( ! )<( 2 )HS
. i €X — —_— .
o[ \xo PU32s,) = s O

9. Proving the main theorems. Now we are ready to prove the estimates for
the hitting probabilities of the edge-reinforced random walk.

PROOF OF THEOREM 1.2. Given r and a as in the hypothesis of the theorem,
take lo = lp(r,a) and & = &£(r,a) from Lemma 2.2. Let £ € L, with |£|o > Ip.
Fix any finite set I of finite paths in G, starting in 0 and ending in ¢, such that
every path w € IT visits 0 only once, namely, at its start, and visits also £ only
once, namely, at its end. Take any i > ip(¢) large enough so that for all &= € I1
and for all vertices v in 7, the vertex v and all its neighboring vertices belong to
V( 2 Identlfylng V ) with a subset of Vr(’), we view [T also as a set of finite paths
in G, . )

For any admissible finite path 7 = (vg, vy, ..., v,) In Gﬁ’), let 7 = (vy, ...,
v1, vg) denote its reversed path. We set I1 = {7 : 7 € I1}. Furthermore, let
Ay ={X; =v, fort =0, ...,n} denote the event that the random walk (X;); fol-
lows the path 7 as an initial piece of its trajectory. By a slight abuse of notation,

we use this notation both for random walks on G, and random walks on Gﬁi). Set
An =Uyen Ar and, similarly, Apge = Unene An

Fix a collection of weights x € (0, oo)E’ Let QU0 » denote the law of the
Markovian random walk on G(’) starting 1n vy € Vr() as defined in (2.11) and
(2.12). We are going to compare the laws Q ) and Q(’) of the two random walks
starting in 0 and £, respectively: For a finite path = (vo, Vl,...,U,) fromuyyg =10
to v, = £ as above, we have

n—1

n
I R | e | N L

=0 u X0, X
and, thus,
; X¢ X¢
(9.2) oy [Anl =0 [Ap-]< =.
’ X0 X0
Trivially, we know Q§.[An] < I and, thus,
1/4
9.3) o9 [An < Al < (xe) '
X0 X0
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Representing the reinforced random walk on Gﬁi) with start in 0 as a mixture of the

Markovian random walks Q(()’;)x (Lemma 2.1), we conclude, using the claim (2.16)
of Lemma 2.2 in the last step,

(@) (@) X¢ 174 ro\'E
94) P[Apl=E Anl|<E o|| — = :
04 PyglAnl=Egn[Qy [An]] = @E,)[(xo) }—(mw)

Now, the reinforced random walk in G, and the reinforced random walk in Gﬁi)
with the same starting point 0 and the same initial weights a have the same law up

to the stopping time when the random walker leaves the graph (Vr(i), Er(i)). Since
i was chosen large enough, depending on I1, this implies

_ 1+¢

G, _ p r
©.5) PtAn) = PAn = ()

’ ’ [€loo
Now let ITy . denote the set of all finite paths in G, from 0 to £ that visit 0 and ¢
only once. We write ITp , as the union of an increasing sequence of finite subsets
I, 1 Ig,¢, n = oo. Then as n — oo, the events A, also increase toward the
event {1ty < 79} that the random walker hits ¢ before returning to 0. We get

. . o r 1+¢&
(9.6) Poalre <7l = lim Py lAm,]= <|€|oo> ’

which proves the first part of the theorem.

To prove the second part, for [ € N, let £; denote the set of vertices £ € L,
with |£|s = rl. Observe that the first time the reinforced random walker starting
at 0 hits the set V; (provided this ever happens), it hits it in a vertex in J&£;. This
implies the following bound for the probability that the edge-reinforced random
walk visits the set V; before returning to 0:

9.7) Pyrlty, <T0l= Pyrlte, <wl < Y. Pyilte <Tol.
leL

Since there are 8/ vertices in L, with |£|o, = rl and hence in £;, it follows from
the first part of the theorem that

1 1+¢&
G, Y
(9.8) Py ilty, <0l < 81(7> =8l°.
This concludes the proof of the theorem. [J
Our estimates for the hitting probabilities imply recurrence:
PROOF OF THEOREM 1.1. The edge-reinforced random walk on any infinite,
locally finite, connected graph visits infinitely many points with probability one.

In other words, it does not get “stuck™ on a proper finite subgraph. This fact is,
for example, remarked in [5], page 2. Here is the intuitive argument: Take two
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neighboring vertices v and v’. Conditional on the random walk visiting v the kth
time at time 7, the probability to be at v at time 7 + 1 is at least ay, )/ (ay + 2k),
which is not summable in k. Thus, the following implication holds almost surely
by a Borel-Cantelli argument: if v is visited infinitely often, then v’ is also visited
infinitely often.

Hence, the probability that the edge-reinforced random walk never returns to 0
equals the probability that the random walker visits the sets V; for all [ before
returning to 0. This shows that

o0
9.9)  Pyrro=o00l= Py [ﬂ{wl < T()}:| = lim Py [Ty, < o).

I=1

By estimate (1.10) from Theorem 1.2, the last limit equals zero. Hence, POCZ [to =
oo] = 0, which means that the edge-reinforced random walk returns to its start-
ing point with probability one. By Theorem 2.1 of [8], this implies that the
edge-reinforced random walk visits every vertex infinitely often with probability
one. [J

10. Conclusion. The technique used in this paper is quite robust to some per-
turbations of the model, but very nonrobust to other perturbations. More specifi-
cally:

e The method of the proof in this paper could be adapted to the r-diluted ver-
sions of a large class of two-dimensional graphs with constant or periodic initial
weights, provided r is large. The graphs need to have sufficiently many reflec-
tion symmetries, as specified in Assumption 2.3. This includes, among others,
the diluted versions of Z? with additional diagonal edges added in a periodic
and reflection-symmetric way. It also includes diluted versions of Z? x G, with
any finite graph G with a transitive action of the automorphism group, for exam-
ple, Z?* x (Zmod NZ). The abstract version of our main Lemma 2.5 is general
enough to cover all these cases.

e A variant of the method presented here was used in [7] to analyze the edge-
reinforced random walk on a large class of one-dimensional graphs with a re-
flection symmetry. There, besides recurrence, exponential decay of the weights
of the random environment was proven. The abstract version of our main
Lemma 2.5 also covers these cases. In the one-dimensional setup, the law of
the position of the reinforced random walk is tight uniformly in time with expo-
nential tails. The proof of this fact is contained in [7]. Indeed, in one dimension,
the 1/4-moment analog to (2.16) decays not only with a power law, but even ex-
ponentially fast. Furthermore, such a bound holds also for the one-dimensional
infinite-volume random environment. In the present paper, we do not treat a
two-dimensional analog.

e On the other hand, we cannot handle arbitrary initial weights with our method,
as soon as one violates reflection symmetry.
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e The techniques of this paper break immediately down if one varies the reinforce-
ment scheme. They apply only to linear reinforcement. The method depends
crucially on partial exchangeability of the linearly edge-reinforced random walk
and, even more, on the specific form of the random environment distribution as
described in Lemma 3.4 and Definition 3.2.

e The method presented here applies also to the original problem on Z? and yields
bounds for the random environment distribution because the abstract version
of the main lemma (Lemma 2.5) applies in this case as well. One could use
this to derive bounds for the hitting probabilities in the style of Theorem 1.2,
but weaker. However, using the variational principle in a different way [using
Qu) ¢ instead of Py, 4, ¢, in the definition (5.3) of F] and using more sophisti-
cated deformation maps (defined in terms of a function ¢ as in Assumption 2.3,
but additionally depending on the environment x), one can derive different and
stronger bounds for the edge-reinforced random walk on Z? beyond the scope
of this paper. This includes a fast decay of the expected logarithm of the weights
of the random environment for small initial weights a. For more details, see [9],
in particular, Theorem 2.3 in this reference.

An important difference between the present paper and the previous work of [9]
and [7] consists in the simplifying idea to prove recurrence directly from bounds
on the environment on finite boxes without studying the random environment in
infinite volume.
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