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ROUGH EVOLUTION EQUATIONS

BY MASSIMILIANO GUBINELLI AND SAMY TINDEL
Université de Paris-Dauphine and Université de Nancy

We generalize Lyons’ rough paths theory in order to give a pathwise
meaning to some nonlinear infinite-dimensional evolution equation associ-
ated to an analytic semigroup and driven by an irregular noise. As an il-
lustration, we discuss a class of linear and nonlinear 1d SPDEs driven by
a space—time Gaussian noise with singular space covariance and Brownian
time dependence.
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1. Introduction. This paper can be seen as part of an ongoing project whose
aim is to give a pathwise definition to stochastic PDEs. Indeed, the rough path
theory [5, 13, 16, 17] and its variants [4, 6] have now reached a certain level of
maturity, leading to a proper definition of differential equations driven by irregular
signals and in particular by a fractional Brownian motion [2]. Starting from this ob-
servation, we have tried in [12] to define and solve the following general problem:
let B be a separable Banach space, and A: D(A) — B the infinitesimal generator
of an analytical semigroup {S;; r > 0} on B, inducing the family {B,; « € R} with
By = D((—A)%). Let also f be a function from B to L(B_,, B_) for a given
a > 0 and x a noisy input, considered as a function from Ry to B_,. Then, for
T > 0, consider the equation

(D dy; = Ay, dt + f(y;) dx;, tel0,T],

with an initial condition yp € B. The main example we have in mind is the case
of the 1-dimensional heat equation in [0, 1], namely B = L%([0,1]), A = A with
Dirichlet boundary conditions, the usual Sobolev spaces B, = H, = W22, and
x a fractional Brownian motion with Hurst parameter H taking values in B_,.
Notice, in particular, that we wish to consider a noise x which is irregular in both
time and space. Then, in [12], we gave a local existence and uniqueness result for
equation (1), by considering it in its mild form

t
@ Ve = Syo + /O St £ (vs) dxs.

where we let S;; = S;_s and interpreting the integral in this mild formulation as
a Young integral. Once the equation is set under the form (2), the main problem
one is faced with is to quantify the regularization of the semigroup S;; on the
term f(ys)dxs, and then to elaborate the right fixed point argument in order to
solve the equation. The general results of [12] could be applied in the case of
the stochastic heat equation driven by a fractional Brownian motion with Hurst
parameter H > 1/2. They should be compared with the reference [18], where a
nonlinear fractional SPDE is solved thanks to some fractional calculus methods,
but where x is a smooth noise in space.

In the current article, we would like to go one step further with respect to [12],
and set the basis of a real rough path expansion in order to define and solve equa-
tion (2), which would allow to consider, in the case of the heat equation in [0, 1],
a fractional Brownian motion with Hurst parameter H < 1/2. This task is quite
long and involved, but let us summarize at this point some of the ideas we have
followed.

(1) We will recast equation (2) in a suitable way for expansions according to
the following simple observation: we have tried to solve our evolution equation
by means of its infinite-dimensional setting, since it allows to consider x and y
as functions of a unique parameter ¢ € [0, 7], which makes its rough path type
analysis easier (see [11] and [22] for a multiparametric setting). However, when
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we come to the applications to the heat equation, we will consider the evolution
equation in [0, T'] x [0, 1] under the form

1 t 1
3) ¥t = /O Gi(&. )yo(n)dn + /O /O G (€. 1) (ys () (ds, d).

where G stands for the fundamental solution to the heat equation, 0 :R — R is a
regular function, and x(ds, dn) is understood as the distributional derivative of a
real-valued continuous process on [0, 7] x [0, 1]. This definition of our equation
is of course equivalent to (2) when f is considered as the pointwise nonlinear
operator [ f(y:)](§) = o (y:(§)). Now, when written under its multiparametric form
(3), the equation is also equivalent to

1 t 1
V(&) = fo G (& m)yo(n) diy + fo fo G- (€, )x(ds. dn)o (ys(m)).

and it happens that this simple reformulation is much more convenient for our
future expansions than the original one. When we go back to the original infinite-
dimensional setting, we can recast (2) into

t
@) Vi =Sy0+ fo Sus dxs £ (s,

where f is now a smooth function from B to B, and x will be understood as
a Holder-continuous process taking values in a space of deregularizing operators
from B to a distributional space B_; for a certain ¢ > 0. The product dx; f (yy) will
then be regularized again by the action of S, in a way which will be quantified
later on. Notice that the form (4) of our evolution equation is a little unusual in the
SPDE theory, but makes sense in our context.

(2) Instead of considering Riemann sums like in [12] or like in the original
Lyons’ theory [16], our analysis will be based on the theory of generalized dif-
ferentials, called k-increments, contained in [6]. Roughly speaking, this theory is
based on the fact that an elementary operator, called &, can transform an integral
fsl dg,lh, — hg], seen as a function of the variables s and ¢, into a finite differ-
ence product (g; — gs)(h; — hg). Furthermore, under some additional regularity
properties on g and A, the operator § can be inverted, and its inverse A, called
sewing map (from [4]), will be the building stone of our extension of the notion
of integral. Notice that, whenever g and & are Holder-continuous with Holder ex-
ponent > 1/2, this extension coincides with the usual Young integral. When we
consider an integral of the form fS’ dg, ¢ (g,) for a Holder-continuous function g
with Holder exponent in (1/3, 1/2] admitting a Lévy area, our definition of inte-
gral also coincides with Lyons’ one, as shown in [6]. In fact, if the usual rough
path theory gives a richer point of view on the algebraic structure of the path x, it
is worth mentioning that our approach has at least two advantages:
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(1) Once our unusual setting is assimilated, it becomes quite easy to figure out how
a given expansion in terms of x can be leaded. And indeed, it will become clear
throughout the paper, that the k-increments theory provides a tool allowing
some natural computations for our generalized integrals.

(2) The only step where a discretization procedure is needed is the construction of
the A map alluded to above, and this avoids some of the cumbersome calcula-
tions which are one of the main ingredients of the rough path theory.

We hope that this paper will advocate for the use of the k-increments theory, which
obviously does not exclude the other approaches [4, 16].

(3) The fact that we are dealing with an evolution problem will force us to
change some of the algebraic structure we will rely on, especially if one wants to
take advantage of the regularizing effect of S;. This will lead us to introduce an
operator a;; = Sy — Id for ¢t > s, and a modified § operator, called 3, defined by
§ =8 — a. The whole increment theory will have to be built again based on this
modified operator, and we will see that it is really suitable for the evolution setting
induced by (4). In particular, we will be able to define analogs of the Lévy area
and of the higher-order iterated integrals, which are of course harder to express
than in the finite-dimensional case, but can be written, in the bilinear case [that is
o(r)=rin (3)], as

t u t
() X2 = / St dx, f Suvdxy Sus,  Xjy = / Swdx, X2, etc.
) ) )

Obviously, a convenient definition of iterated integrals is the key to reach the case
of a Holder-continuous noise of order < 1/2.

(4) The whole integration theory can be expressed in an abstract way, by just
supposing a certain set of assumptions on some incremental operators like X? and
X3. However, we will try to check these assumptions in some interesting cases,
like the infinite-dimensional fractional Brownian motion for our Young type in-
tegration, or the infinite-dimensional Brownian motion for our step 3 expansion,
based on X2 and X>. Notice that the rough expansions for the fractional Brownian
motion should be investigated in details too, but one is faced with an additional
problem in this situation: on one hand, a Stratonovich type integration requires
a lot of regularity in space for the noise, due to the well-known presence of some
trace terms. On the other hand, the Skorokhod integral does not fulfill the algebraic
requirements we ask for our integral extension. A discussion of these problems and
some ideas to solve them will be included at the end of the paper, but for sake of
conciseness, we will postpone a complete development of this part to a subsequent
paper, and stick here to the Brownian case.

This paper is structured as follows. In Section 2, we recall the basic setup of [6]
which allows to embed the theory of rough paths in a theory of integration of
generalized differentials, called here k-increments. We wrote it with the aim of
having a self-contained and pedagogical introduction to the topic. However, we
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give also a new and very elementary proof of the existence of the basic integration
map A of [6]. In Section 3, we introduce and study a modified coboundary induced
by the operator § on the complex of increments, using the additional data provided
by an analytic semigroup S, in such a way that the new complex can be shown
to act simply on convolution integrals of the form appearing in equation (4) and
on their iterated versions. This new complex maintain many of the properties of
the original complex (e.g., its cohomology is trivial) and it is shown that when
equipped with Holder-like norms which measures “smallness” of the increments,
it admits a map, called A here, which is the main tool for building an integration (or
better, convolution) theory over those 1-increments which are good enough (again,
in a suitable sense, to be specified in due time). A key feature of this perturbed
complex is that, due to the convolution with the semigroup S, “space” and “time”
regularity of increments depends on each other: we can gain space regularity by
loosing some time regularity and vice-versa. This property will be essential for the
solution of the evolution problem by fixed-point arguments. In Section 4.2, we use
the theory outlined in Section 3.2 to define the convolution integral in the Young
sense and solve a class of nonlinear evolution problems, reobtaining some results
of the work [12]. Notice that we will also improve some of our previous results
contained in [12], in the sense that we will be able to construct global solutions to
our evolution equations in the Young context. In Section 5, we study the bilinear
evolution problem

t
©) Ve = Sy0 + fo St dxy Yy

We will also introduce a notion of rough-path suitable for noises driving evolu-
tion equations. By exploiting this pathwise technique, we are able to obtain au-
tomatically the flow semigroup of the equation and we will show how to express
this semigroup as a convergent series of iterated-integrals which are the lift of the
step-3 rough path used in the construction of the solution. In Section 6, we turn to a
nonlinear case of evolution system, namely the case of the quadratic type equation

t
yr =8y +/0 Sts dxsB(ys ® ys),

where B stands for the pointwise multiplication of functions. This requires the
additional careful introduction of a collection of a priori increments indexed by
planar trees, and an associate notion of controlled path. Finally, all our results will
be applied in the concrete case of the stochastic heat equation on the circle, in a
setting recalled at Section 3.4. The case of a fractional Brownian case is handled
in the special situation of the Young theory, while we stick to the example of an
infinite-dimensional Brownian motion in the rougher situation. We build the rough
path associated to this latter noise and provide concrete conditions where the the-
ory outlined in the previous sections can be fruitfully applied. A systematic study
of the regularity properties of the incremental operators defined as X or X3 in (5)
will also be provided at Sections 6.5 and 6.6, thanks to some Feynman diagram
techniques.
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2. Algebraic integration in one dimension. The integration theory intro-
duced in [6] is based on an algebraic structure, which turns out to be useful for
computational purposes, but has also its own interest. Since this setting is quite
nonstandard, compared with the one developed in [16], and since we will elabo-
rate on it throughout the paper, we will recall briefly here its main features. We
also provide an elementary proof of the existence of the A map.

2.1. Increments. As mentioned in the Introduction, the extended integral we
deal with is based on the notion of increment, together with an elementary opera-
tor § acting on them. However, this simple structure gives rise to a nice topological
structure that we will describe briefly here: first of all, for an arbitrary real num-
ber T > 0, a vector space V, and an integer k > 1, we denote by C¢(V) the set
of functions g: [0, T1* — V such that 811, = 0 whenever #; = t;; for some
i <k — 1. Such a function will be called a (k — 1)-increment, and we will set
C«(V) =Ui>1 Ck (V). The operator § alluded to above can be seen as a cobound-
ary operator acting on k-increments, inducing a cochain complex (C, 8), and is
defined as follows on Cy (V):

k+1
M 8:G(V) = Gt (V) Oty = (=D gy i

i=1

where #; means that this particular argument is omitted. Then a fundamental prop-
erty of 8, which is easily verified, is that §6 = 0, where &8 is considered as an
operator from Ci (V) to Cry2(V). We will denote ZC (V) = Cr (V) N Kerd|c, (v)
and BCy (V) :=Cr (V) NImé|¢,_,(v), respectively the spaces of k-cocycles and of
k-coboundaries, following standard conventions of homological algebra.

Some simple examples of actions of §, which will be the ones we will really
use throughout the paper, are obtained by letting ¢ € C; and & € C,. Then, for any
t,u,s €0, T], we have

(8) (5g)ts =8r — &8s and  (8h)jus = hys — My — hus.

Furthermore, it is readily checked that the complex (Cy,d) is acyclic, that is,
ZCr4+1(V) = BCy (V) for any k > 1, or otherwise stated, the sequence

9) 0—R—C1(V) =5 Ca(V) =25 C3(V) =5 Cu(V) = - -

is exact. In particular, the following basic property, which we label for further use,
holds true.

LEMMA 2.1. Let k> 1 and h € ZCy41(V). Then there exists a (nonunique)
f €Cx(V) such that h = §f .

PROOF. This elementary proof is included in [6]; see also Proposition 3.1 be-
low. Let us just mention that f;,...,, = hy,....0 1S a possible choice. [



ROUGH EVOLUTION EQUATIONS 7

REMARK 2.2. Observe that Lemma 2.1 implies that all the elements & €
C(V), such that §h = 0, can be written as &2 = §f for some (nonunique) f €
C1(V). Thus, we get a heuristic interpretation of §|c,(v): it measures how much a
given l-increment is far from being an exact increment of a function (i.e., a finite
difference).

Notice that our future discussions will mainly rely on k-increments with k <2,
for which we will use some analytical assumptions. Namely, we measure the size
of these increments by Holder norms defined in the following way: for f € Co(V)
let

| fis|
Ifll,= sup d

s,e[0,7] 1t —s|*

and C)(V)={f €Ca(V); Il < o0}
In the same way, for & € C3(V), set

|Psus |
Ihlly.,= sup ——
saurelo.7) | — sV |t —ulP’

(10)
Ul =i S Wil g h = S0 < i < .
i i
where the last infimum is taken over all sequences {#; € C3(V)} such that h =
>_; hi and for all choices of the numbers p; € (0, ). Then || - ||, is easily seen to
be a norm on C3(V), and we set

C5 (V) = {h € C3(V); | ll,0 < 00}

Eventually, let C§+(V) = Up=1 Cé‘ (V), and remark that the same kind of norms
can be considered on the spaces ZC3(V), leading to the definition of some spaces
ZC (V) and Z2C3T(V).

With this notation in mind, the following proposition is a basic result which is
at the core of our approach to pathwise integration.

PROPOSITION 2.3 (The sewing map A). There exists a unique linear map
A ZC31+(V) — C21+(V) (the sewing map) such that
SA =1Idzcyv)y.

Furthermore, for any (> 1, this map is continuous from ZC? (V) to Cé’“ (V) and
we have

1 1+
(11) |ARN) < s WAl he ZCT V).
PROOF. For sake of completeness, we include a proof of this result here,

which is more elementary than the one provided in [6], and which will be gen-
eralized at Theorem 3.5. For the sake of notation, we will omit the dependence in
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V in our functional spaces, and write for instance C3 instead of C3(V). Let then &
be an element of ZC? - ZC31Jr for some p > 1.

Step 1: Let us first prove the uniqueness of the 1-increment M € Cé‘ such that
SM = h. Indeed, let M, M be two elements of Cé’“ satisfying §M = S§M = h and
set Q=M — M. Then dQ0=0and Q € Cg. Invoking Lemma 2.1, there exists an
element ¢ € C; such that Q = §qg, but since u > 1, ¢ is a function on [0, T'] with
zero derivative, that is a constant and then Q = 0.

Step 2: Let us construct now a process M € C4', with 1 > 1, satisfying §M = h.
Since 84 = 0, invoking again Lemma 2.1, we know that there exists a B € C; such
that §B = h. Pick s, t € [0, T], such that s < ¢ in order to fix ideas, and for n > 0,
consider the dyadic partition {ri"; i <2"} of the interval [s, t], where

(t—s)i .
(12) rfzs—l—T fori <2".
Then for n > 0 set
b1
(13) — By — Z By .

Then it is readily checked that M g = 0. Furthermore, we have

erls+1 — Mn = Z (B n+1 n+l - Brn+l rn+l —B n+1 n+l)

Fiy2:2i 2i+1°72i Ti42:12i 41
2"—1
E (SB) n+1 n+1 n+1 = g h n+l n+l n+1,
o 72i42:72i+1:72i Tit2:T2i+1:72i
i=

and since h € C§ with > 1, we obtain

ety < Ml =)
=T e

which yields that M;; = lim,,_, oo M/} exists, and satisfies inequality (11).

Step 3: Let us consider now a general sequence {m,;n > 1} of partitions
{r{)‘,r{’,...,ri’n, r,’:"H} of [s,.t], with s =ry <rf <--- < r,?n < r,?nH =1t We
assume that 7w, C m,+1, and lim,_, oc k, = 00. Set

kil
Tn
(14) M =Bis =) By
1=0

It is easily seen that there exists 1 </ < k,, such that

20t — s
kn

(15) i =il =
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Pick now such an index [, and let us transform 7" into 7, where

A _ g0 N n n n n
7'[—{l’o,rl,...,l’l_l,rH_l,...,rkn,l’kn_,_l}.
Then, as in the previous step,

M =M — BBy o = Mg —h

n n n n
-1 L ES R Ry A

using the definition of the space Cé’“ and the bound (15) we have

T Ty i t—s\*
|Mts — M| <2 ”h”u k— .
n

Repeating now this operation until we end up with the trivial partition 79 = {s, t},
for which M}" = 0, we obtain

| M I<2“|IhII,LIt—SI“ZJ_"<2"Ilhllult—SI“ZJ W=cynlt —s|*
j=1 j=1

Hence, there exists a subsequence {m,,; m > 1} of {m,; n > 1} such that MZ?” con-
verges to an element M;,, satisfying M;; < ¢, »|t — s|**. With the same consider-
ations as in [13], it can also be checked that the limit M does not depend on the
particular sequence of partitions we have chosen, and thus coincides with the one
constructed at Step 2.

Step 4: It remains to show that §M = h. Consider then 0 <s <u <t < T, and
two sequences of partitions 7z;}; and 7/}, of [s,u] and [u, t], respectively, whose
meshes tend to 0 as n — o0o. Set also 7/} = th”u U /). From the previous step, one

can construct easily some subsequences 7}y, 7,5, 77/, with w/{ = 7" Un /%, such
that
n—Wl n,tﬁ’l
1 us 1 s
llm tu —Ml‘M’ llm us =MMS7 llm ts =M[S'
nm—0o0 m—

Call now k7 (resp. kj", k;) the number of points of the partition 7/} (resp.
m/n, ). Then a direct computation, using definition (14), shows that for any

0 <i <2"™ we have

nm ”ﬂl ﬂm
Mtsts _ tusu _ usut
k;}: k’n +1 le kal +ku3+]
— (3B)us — Z By ZBW, - Z By,
1=k +

tu
= (BB)tus = hlus-

Taking the limit m — oo in the latter relation, we get (6 M);,s = h;ys, which ends
the proof. [

We can now give an algorithm for a canonical decomposition of the preimage of
the space ZC31+(V), or in other words, of a function g € C>(V) whose increment
8g is smooth enough.
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COROLLARY 2.4. Take an element g € Co(V), such that §g € Cg(V) for
w > 1. Then g can be decomposed in a unique way as

g =148f + Adg,
where f € C1(V).

PROOF. Elementary; see [6]. [

At this point, the connection of the structure we introduced with the problem
of integration of irregular functions can be still quite obscure to the noninitiated
reader. However, something interesting is already going on and the previous corol-
lary has a very nice consequence which is the subject of the following property.

COROLLARY 2.5 (Integration of small increments). For any 1-increment g €
Ca(V), such that §g € C31+, set §f = (Id — Ad)g. Then

M5 |—0

n
(Sf)ls = llm th[+]ll‘a
i=0

where the limit is over any partition ;s = {ty =t, ..., t, = s} of [t, s] whose mesh
tends to zero. The 1-increment §f is the indefinite integral of the 1-increment g.

PROOF. Just consider the equation g = §f + Adg and write

n n n
Sl-[ = Zgl‘i_Hl‘i = Z((Sf)t,'_HIi + Z(A8g)t[+1ti
i=0 i=0 i=0

= (8f)is + )_ (A8 ;-

i=0
Then observe that, due to the fact that Adg € C21+(V), the last sum converges to

zero. [

2.2. Computations in C.. For sake of simplicity, let us assume, until Section 3,
that V =R, and set Cx(R) = Ci. Then the complex (Cy, §) is an (associative, non-
commutative) graded algebra once endowed with the following product: for g € C,
and h € Cyy, let gh € C; 11— the element defined by

(16)  (8M)ty,....tmin1 = &t1eostn Pty ot 1> Hyooos tmgn+1 €00, T

In this context, the coboundary § act as a graded derivation with respect to the
algebra structure. In particular, we have the following useful properties.

PROPOSITION 2.6. The following differentiation rules hold true:
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(1) Let g, h be two elements of C1. Then
a7 8(gh)=48gh+ gdh.
(2) Let g € Cy and h € Co. Then
8(gh)=6gh+ géh, 8(hg)=35hg —hég.

PROOF. We will just prove (17), the other relations being equally trivial: if
g,h €Cy, then

[5(gh)]ts = gtht - gshs = gt(ht —hy) + (& — gs)hs = gt(ah)l‘s + (ag)tshSa
which proves our claim. [

The iterated integrals of smooth functions on [0, T'] are obviously particular
cases of elements of C which will be of interest for us, and let us recall some
basic rules for these objects: consider f, g € C{°, where C{° is the set of smooth

functions from [0, T'] to R. Then the integral [dg f, which will be denoted by
J(dg f), can be considered as an element of C§°. That is, for s, ¢ € [0, T], we set

Tutdg f)=([dsr) = [ agu fu

The multiple integrals can also be defined in the following way: given a smooth
element 1 € C5° and s, € [0, T'], we set

Tis(dgh) = (/dgh)m = [ .

In particular, the double integral Ji(df> df? f!) is defined, for f!, 2, f3 e C{°,
as

t
a@rdarr =([arrarr ) = ar 7.
Ti(@frdr? (ff ff)m [ a5 dustas? 11
andif f1,..., f"T1 e C, we set

(18)  Fu(df"trdfm - df? fH= f tdfbf’“Jus(df” - df? fh,

which defines the iterated integrals of smooth functions recursively.
The following relations between multiple integrals and the operator § will also
be useful in the remainder of the paper.

PROPOSITION 2.7. Let f, g be two elements ofoO. Then, recalling the con-
vention (16), it holds that

§f=Ja@f), §(J(dg ) =0,
§(TJ(dgdf)) = (8g)(8f) =T (dg) T (df)
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and, in general,

n—1
S(T@f" - dfh) =Y J@f" - df tHg@f’ - dfh).

i=1

PROOF. Here again, the proof is elementary, and we will just show the third
of these relations: we have, for s, t € [0, T'],

t t
Tis(dgdf) = / dgu (fu— f3) = f dgu fu — Kis,

with K;s = (g: — &s) fs. The first term of the right-hand side is easily seen to be in
ZCZ. Thus,

8(j(dg df))tus =—K)us = g — gu][fu - fs]a

which gives the announced result. [J

2.3. Dissection of an integral. The purpose of this section is not to provide an
account on all the computations contained in [6]. However, we will go into some
semi-heuristic considerations that, hopefully, will shed some light on the way we
will solve rough PDEs later on: with the notation of Section 2.2 in mind, we will
try to give, intuitively speaking, a meaning to the integral [ ¢(x)dx = 7 (dx ¢(x))
for a nonsmooth function x € C;. Notice that, in the sequel, x should be considered
as a vector valued function, since the whole theory can be handled via the Doss—
Soussman methodology in the real case. However, we will present the main ideas
of the algorithm below as if x were real valued, the generalization from R to R”
being just a matter of (cumbersome) notation.

2.3.1. The Young case. The first idea one can have in mind in order to define
J(dx ¢(x)) is to perform an expansion around the increment dx: indeed, in the
smooth case, we have

(19) J(dx p(x)) =8x ¢(x) + T (dxdg(x)).

If we wish to extend the right-hand side of (19) to a nonsmooth case, we see that
the first term is harmless, since it is defined independently of the regularity of x,
by

[Bx )]s =[x — xs]o(xs)  fors,r€[0,T].

The last term of (19) is more problematic and we proceed to its dissection by the
application of §: invoking Proposition 2.7, we get, in the smooth case, that

8(J(dxde(x))) = 8x 8(¢p(x)), thatis,
[8(T (dx dp(x))]rus = [8x11[8 (@ (X)) ]us-

(20)
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Now the r.h.s. of (20) is well defined independently of the regularity of x. Thus,

if 8x8(p(x)) € C}*, which happens when x € C{ with o > % and ¢ € C'(R),

then Proposition 2.3 can be applied, and A[§x §(p(x))] is defined unambiguously.
Hence, owing to (20), we set

J(dxde(x)) = A(dx 8(p(x)))
and
(21) J(dx ¢(x)) =dx ¢ (x) + A(dx d(p(x))) = (Id — A§)[6x (x)],

where the last equality is due to Proposition 2.6 and to the fact that §§x = 0. No-
tice once again that this construction is valid whenever x € C{ with o > % and
¢ € C'(R), and it is easily shown, along the same lines as in the proof of Propo-
sition 2.3 that the integral 7 (dx ¢(x)) defined by (21) corresponds to the usual
Young integral.

2.3.2. Case of a a-Holder path with 5 < o < 1. The construction (21) does

not work if x ¢ Cl1 /2% However, if x € Cy with @ > 1. we can proceed further in

the expansion of equation (19) by observing that, still in the smooth case, we have,
fors,t [0, T],

[ et = [ g =t oo + [ dn [ v,
or according to the notation of Section 2.2,
22)  Sp(x) =T (de(x)) = T (dx ¢'(x)) = 8x ¢'(x) + T (dx d¢' (x)).
Injecting this equality in equation (19), thanks to (18), we obtain
(23) J(dx 9(x)) = 8x ¢(x) + T (dx dx)¢' (x) + T (dx dx dg' (x)).

Let us assume now that we are given a process J (dx dx) € Cy, usually (and some-
what improperly) called the Lévy area of x, such that

24) 8(J(dxdx))=6x6x and J(dxdx)e C%“.

This assumption is of course not automatically satisfied, but it can be checked for
instance in the Brownian and fractional Brownian cases. Then the right-hand side
of (23) is again well defined independently of the regularity of x, except for the
last term. However, recast equation (23) as

—J(dxdxd¢'(x)) = =T (dx ¢(x)) +8x ¢(x) + T (dx dx)¢’ (x),

and apply again 6 to both sides of this last expression. Invoking Proposition 2.7
and recalling that §(J (dx dx)) = éx §x, we obtain

8T (dxdxdg' (x)) = —8x8¢(x) +8x8x ¢’ (x) — T (dx dx)8¢ (x)
= —8x[8p(x) — 8x ¢'(x)] — T (dx dx)8¢'(x).

(25)
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Everything in the r.h.s. of equation (25) is well defined at this stage, and if we
assume that all the terms belong to Cf with u > 1 [which can be justified via Tay-
lor’s expansions whenever x € C{ with o > % and p € C 2(R)], we can conclude
that

J (dx ¢(x)) = 8x ¢(x) + T (dx dx)¢' (x)
+ A[T (dx dx)8¢' (x) + 8x(8¢(x) — dx ¢'(x))],
or stated otherwise
J(dx ¢(x)) = (Id — Ad)[8x ¢(x) + T (dx dx)¢(x)],

where we used the fact that § 7 (dx dx) = dx éx to put in evidence the fact that we
are actually integrating (in the sense of Corollary 2.5) the 1-increment éx ¢(x) +
J (dx dx)¢’ (x) which can be thought of as a corrected version of the more natural
integrand dx ¢ (x). It is worth noticing at that point that this integral has now to be
understood as an integral over the (step-2) rough path (x, 7 (dx dx)) introduced in
[6] and it coincides with the notion of integral over a rough path given by Lyons
in [17].

REMARK 2.8. This algorithm has an obvious extension to higher orders if
we assume that a reasonable definition of the iterated integrals J(dxdx --- dx)
can be given. To proceed further, however, we need the notion of geometric rough
path (for more details on this notion see [17]) which must be exploited crucially
to show that some terms are small enough and belong to the domain of A. For a
more general approach, which does not rely on geometric rough-path, see [10].

3. Algebraic integration associated to a semigroup. The aim of this section
is to set the basis for our future computations: after recalling some basic facts about
analytic semigroups, we will define a set of increments C, and a modified operator
§ adapted to our evolution setting. Then we will give some basic calculus rules for
(Cy.8) and eventually, we will fix the notation for the main application we have
chosen, that is the stochastic heat equation.

3.1. Analytical semigroups. As in [12], we will be able to develop our inte-
gration theory in the abstract setting of analytical semigroups on Banach spaces,
whose basic features can be summarized as follows: let (B, ]| - |) be a separable
Banach space, and (A, Dom(A)) be a nonbounded linear operator on 5. We will
assume in the sequel that (see [20, Sections 2.5 and 2.6]) A is the generator of an
analytical semigroup {S;; t > 0}, satisfying

| S| < Me™M for some constants M, A > 0 and for all ¢ > 0,

where | - | also stands for the operator norm on B. Set now A, = —A. This allows
us, in particular, to define the fractional powers (A, Dom(AY)) for any o € R.
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For o > 0, let B, be the space Dom(A¢) with the norm |x|z, = |ASx|. Since
A, is continuous, it follows that the norm | - |5, is equivalent to the graph norm
of AS. If o« =0, then B, = B and Ag =1Id. If ¢ <0, let B, be the completion of B
with respect to |x|p, = |ASx|, which means in particular that B, is a larger space
than B. We will also set B_oo = Uy eRr Ba-

Among the important facts about these spaces, note the following ones: For any
o € Rand any p > 0,

(26) A, " maps B, onto Ba+p forala e R, p >0,
27 lx18, < Ca.plx|B, forall x € By and all o < p.
Moreover, for all «, 8 € R,

(28) AYAP = A%TF onB,

with y = max{«, 8, @ 4+ B}. The semigroup (S;);>¢ also satisfies
29) S; may be extended to By foralle <Oandall z > 0,
(30) S; maps B, to B, foralla € R, p >0, >0,
31 forallt > 0,0 >0  |A%S,| < Myt=%e™™,
(32) forO<a <1, xeB, [Six — x| < Cot*|ASx|.

We will denote with £(, B") the space of continuous linear operators from the
Banach space B to the Banach space B’. We let L(B) = L(B, B). In order to be
coherent with our previous notation, we also set S;_; = S;; for a generic semigroup
S,and0<s<t<T.

3.2. Convolutional increments. Let us turn now to the main concern of this
section, that is the definition of a complex (Cy, 6) which behaves nicely for the
definition of our evolution problem.

Notice that, due to the fact that the operator S;,;, is well defined only for #; > 15,
our integration domains will be of the form &,,, where S,, stands for the n-simplex

Sn={t1,....tn): T>t1 >t >--->1, >0}

Let then V be a separable Banach space. The basic family of increments we will
work with is {én(V); n > 0}, where én(V) denotes the space of continuous func-
tions from S, to V. Observe that an operator § :én(V) — én+ 1(V) can be defined
just like in (7). In particular, if A € C;(V) and B € C»(V), the relation (8) is still
valid. However, let us see now why 4 is not adapted to the resolution of equa-
tion (4).

What made § an interesting operator in Section 2 was the simple fact that, if
Fe éfo(R), then, for z, s € [0, T]?, we have

(33) [8F]s = / ' fudu  with f=F'.
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However, if S; is the semigroup defined at Section 3.1, and if we set
A t A~
P = / Sufudu  fori=0, f e CX(B),
0

then the same kind of relation does not hold true for F. Indeed, for s <1t, if we
define the operator a;s : B — B as
(34) ars = Sis — 1Id,

where Id: B — B is the identity operator, then it is easily seen that
[6F1is = Fr — Fy = ags Fy + /S Sy fudut
and hence, in order toA geAt a similarA relation to (33) in this new context, one should
consider an operator ¢ : C,,(B) — C,,+1(B), defined by
[BALry .ty = [8Aly oty — Aty Aty
for A € Cu(B), (11 -+~ t+1) € Syt

In the remainder of the paper, we will write SA = §A — a A, where we made use
of the convention (16). As in Section 2.1, one can define, forn > 1,

2C,(B)=C,(B)Nker(d) and BC,(B) =C,(B)NIm().

Then the perturbed operator $ preserves some important properties of the origi-
nal coboundary §.

(35)

PROPOSITION 3.1. The couple (Cy. d) isan acyclic cochain complex: Z(fn+1 =
BC,, for any n > 0.

PROOF. Let us prove first that §isa coboundary, that is, 86 = 0. Indeed, if

Fel, according to the fact that §§ = 0 and thanks to the forthcoming Lemma 3.2,
we have

S8F = (5 —a)[(5 —a)F]=88F — 8(aF) —aSF +aaF
=—8aF 4+ adF —adF +aaF =aaF —SaF.
Furthermore, it is readily checked that
(8a)tus = aryays, (t,u,s) e Ss,

which gives 85F =0. .
The fact that Im 8| 6 = ker 8| G,,, can be proved along the same lines as for the

(Cx, 8) complex [6]: pick A € én+1 such that §A = 0, and set By,..1, = At..1,s
with s = 0. Then

[<§B]z1...t,,+1 =[0A]t. s + (—1)”“14;1..4,1+1 — annAptys
=[8ATtysys + (D" A = (D" AL
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Thus, setting C = (—1)"*1B, we get 5C = A. O

The cochain complex (é*, S) will be the structure at the base of all the con-
structions in this paper. Let us also mention at this point that, when the meaning
is obvious, we will transpose the notation of Section 2 to our infinite-dimensional
setting. Furthermore, whenever this does not lead to an ambiguous situation, we
will write én instead of én (B).

Let us give now a simple and useful extension of Proposition 2.6, which has
already been used in the last proposition.

LEMMA 3.2. Let L € Cy_1(B) and M € Co(L(B)). Then
S(ML)=8ML — MSL.

PROOF. Let Gll"'tn = MlltZLtZ"'ln' Then

n+1

[6G 1y tyer = D (—1'Gy s
i=1

n+1
= _Ml‘223Lt3~~-tn+] + Mt|t3Lt3-~l‘n+| + Z(_l)lMt|t2Lt2...Ai...tn+l
i=3
n+1 )
= [8M]l‘1[2t3Lt3-~l‘n+| + Mt1l‘2 Z(_l)lLtz...fi...[,H_l s
i=2

which yields our claim. [J

3.3. Computations in é* Here again, like in Section 2, we will try to move
from a smooth setting to an irregular one. And we will start by giving the equiva-
lent, in our new setting, of Proposition 2.3, which will require first the introduction
of some analytical structures on the spaces Cp.

3.3.1. Holder type spaces. First of all, we have to define some Holder type

subspaces of ék, k < 3, related to the spaces B,, « € R: for u > 0and g € éz(Ba),
we set

| SlBa
(36) lgllpa = sup —osBe

D oy ad G =18 € B gl < 00}
t,5€0) -

and the definition above also induces some seminorms on Ci: for y > 0, @ € R, we
say that f € C%”a if

Ifllya =18f1ly.a <00

Another useful subspace of C1 will be é?’a, the space of bounded paths in B, with
the supremum norm | fl0.o = sup;efo, 77 | /118, -
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As far as C3 is concerned, CAg ** can be defined in the following way: set

|htus|B
||h||y,p,oz = Ssup ﬁ,
t,u,s€S3 |t - u| |Lt _S|

37)
Wl = inf{Z Vil pyppraih = S hi0 < py < u]
i i

where the last infimum is taken over all sequences {h;}; such that h = )", h; and
for all choices of the numbers p; € (0, u). Then || - ||, o is again easily seen to be
a norm, and we set

CL* = {h € C3(Bw); 1l e < 00}

In order to avoid ambiguities, we shall also denote in the sequel by N f; éJK ]

the k-Holder norm on the space (?j, for j =1,2,3. For ¢ € Ci(V), we also set

NTE: CYV)] = supyeqorry 155 lv-
Eventually, we will need to introduce a slight extension of the spaces we have
just defined above: for j =1, 2, let 6’;‘ ** be defined by

n,a SU—E,0+E
(38) gf= N ¢ ,

e<unl—

where ¢ < u A 17 stands for the condition ¢ € [0, u] N[0, 1), and where the inter-
section is considered along any arbitrary family {0 <¢) <--- <&, <u A 17} for
n > 1. Obviously, some families of operators will play an important role in the se-
quel, and this will lead us to the following specific definitions for operator-valued
increments.

DEFINITION 3.3. For >0 and «, 8 € R, we will call égﬁﬂ’“ the space
ég (L(Bg; By)), and will denote by E5' LP-* the space

eyche= (N Cytrhote,
e<uUNl—

where the intersection is still considered along any arbitrary finite family {0 < &1 <
-+ <&, <A 17} for n > 1. The natural norm on C5' £ will be defined by

1Az llop
(39) Al pw = sup ,
oo ey |t — s|¥

and when we consider some Hilbert—Schmidt operators, the corresponding spaces
will be denoted by CAg Eﬁsa and 85 Eﬁ;{
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3.3.2. The convolution sewing map and related properties. Here is a first
proposition showing how the analytical structures introduced above interact with
our previous algebraic notation.

PROPOSITION 3.4. If o > 1, then for any « € R, ZC4** = {0}.

PROOF. Takeh e ZCA’; **_ Then, according to Proposition 3.1, there exists f €
¢ 1 such that & = S f . Consider the telescopic sum

n
his =G s =Y Sttrpr G Fizss»
i=0

with respect toAthe partition IT}, = {fo<j<n+1:%0 =, thn+1 =t} of the interval [s, t].
Since § f € ZC;’“ with > 1, we have

n

n
18 is1By < NG it Be SN0 F e D Ntier — 1]
i=0 i=0
which converges to zero as the size of the partition goes to zero. Since ¢, s are
arbitrary, we have s f =h =0in C})"“. O

We can now state and prove the equivalent of Proposition 2.3 in our evolution
setting, which is the main aim of this section.

THEOREM 3.5. Let uw > 1, o € R. There exists a unique sewing map
A ZCéL’a — 52“’05 such that SA = IdZé3. Furthermore, forany 0 <e < u Al—,
there exists a strictly positive constant c;, ¢ such that

(40) IARN—eate < Cpellhll e
forany h € ZC?’“.

PROOF. Like in the proof of Proposition 2.3, we will divide our computations
in two steps below.

Step 1: The uniqueness part of our theorem simply stems from the fact that if
we have 8a = h and §a’ = h with a,a’ € C%, then b =a — a’ € ZC}"* and since
u > 1, by Proposition 3.4, we must have b = 0.

Step 2: The existence part can be adapted from Proposition 2.3, and we will
construct a process M € Eg “ such that SM = h starting from any B € Co(By)
satisfying §B = h (this increment B exists thanks to Lemma 3.1). Now, similar to
(13), we will set, for a givenn > 1, and (¢, s) € Sy,

- Bts Z Str B 1+I T A
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where s, t and r/' have been defined at (12). Then Mtos =0 and

n+1 n
Mts - Mts

= Z (S n+1 B n+l n+l — S n+l B n+1 _n+l S n+1 B n+1 n+l)

Iiva Tit2:"2i ity 14272041 Iiv1 Tit1o72i

— § S n+1 (B n+1 n+1 B n+1 n+1 B n+1 n+l)
t 1z 14 14
=

Niva " Tiy2:"2i 2i+2:72i 41 2i+1°72i

- S n+1 [Srn+1 rn+1 Id]B n+l n+l.

i 142 it Niy1:72i

Thus, according to the definition (35) of 5, we get

2" —1
n+1 n
Mts+ _Ml‘ E S n+1 [(53) ntl ontl on+tl — a n+l n+1Bn+1 rH—l]
Diy2:T2i41:72i Miv2: it T2i41°72i
2" —1
E S n+1 ((SB) n+1 n+1 n+1 B E S n+1h n+l n+1 n+l.
Nit2 Pit2:T2i+1:72i i 12i42:7 204112

Hence, for any ¢ < u, we get, invoking (31),
|ATE M = M) < D 1t —rl | TRl palt — s
i=0

celt —s|*F¢h 1
< el “=1hl w—e du.
27D o

which gives, like in Proposition 2.3, that M;; = lim,,_, oo M], exists, and is an ele-
ment of 6’5‘ ' Now, the fact that §M = & can be shown analogously to the case of
Proposition 2.3, and the proof of (40) is straightforward. [

A direct consequence of the existence of the f\—map is a result of convergence
of finite sums.

COROLLARY 3.6. Let ge éz such that 3g € CAé“Y for some > 1. Then the
1-increment § f=0d— Ad) g€ C}“ satisfies

n
(6f)l‘s = ‘Hltiliri)ozstti+1gli+1tia
s i=0
forall (t,5) €Ss.

PROOF. It follows the lines of the proof of Corollary 2.5. [
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We will now define an equivalent of the iterated integrals of Section 2.2 in our
convolution context: consider some smooth functions g € C{°(L(By)) and f e
éfo (By), for some o € R. Then J (dg f) will be defined as an element of CASO (By)
by Jis(dg f) = fst dgy fy, for (t,s5) € S». We will also need some integrals of
processes weighted by the semigroup S, defined as follows, for 0 <s <t < T':

A t
Tz )= [ Swdgu fo
N
Once these elementary blocks have been defined, the iterated integrals
@) T@" fy - df) for fu. ... f2€CP(LB)). f1 € C(Ba),

where d*/ f; stands for any of the increments of the form df; or d fj» can be de-
fined recursively along the same lines as in Section 2.2. In particular, the operator-
valued increment J (dg S) is defined by

N t
\.7zs(dg S) :/ Stu dgu Sus-
s

The relations between § and these integrals, which will be useful for our purposes,
can be summarized in the following:

PROPOSITION 3.7. Leta € R, and g € C°(L(By)), f € C®(By). Then

§(TdfH=0, §JWdgf)=0, §Tdgdf)=JTdgS(f)

and
§8(Jdgdf)=TdgS$ITW@f),  8T(dgdf)) =T dg)Tdf).

PROOF. The proof of these results is elementary. We will give some details
about the last relation for sake of completeness. For any (¢, u, s) € Sz, invoking
the definition of §, we have

[8(T(dgdf))ius = [8(T (g df)ius — aruTus(dg df)

t v t v
— / Stodg / dfy — / Svdgy / dfs
S S u u

~ [ Swde, [ g~ 18w -1l [ Swvde, [ df
= Juu(dg) Tus (df),

which proves the claim. [J
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3.4. Fractional heat equation setting. In this section, we will give the general
setting under which we will try to define and solve the stochastic heat equation
driven by an infinite-dimensional fractional Brownian motion: as mentioned in the
Introduction, the main application we have in mind is the situation where A =
A —1d, and A is the Laplace operator on the circle S, assimilated to [0, 1]. This
operator can be diagonalized in the trigonometric basis of L>([0, 1]; C), namely
{en; n € Z}, where

en(x) = 27 x €10, 1].

Associated to these eigenfunctions are the eigenvalues A,, = —1 — (27n)%. We have
chosen to deal with A = A —Id instead of A itself for computational convenience,
since this choice avoids the problem of a null eigenvalue for constant functions.
Notice that in this case, A is the generator of an analytical semigroup, and all the
constructions of Section 3.1 goes through. Then B, can be identified with H,, the
usual Sobolev space based on L([0, 1]), for the definition of which we refer to
Adams [1], and {S;; t > 0} stands for the heat semigroup, which admits a kernel
G:(&,n) for t > 0 and &, n € [0, 1]. In this context, set Gy (&, n) for the kernel

of the operator A S;, and GP (g, n) for the kernel of the operator A, F Then, for
ac€Rand B >0, GY and G*# admit the following spectral decomposition:

GlE. =) e e (E)en(n) and

nez

GPE. M=) 1 Pen®enm).

nez

(42)

Let us specify now the noise X we will consider: we will try to stick to the
existing literature on the topic, and choose a fractional Brownian noise in time,
defined on a certain complete probability space (2, F, P), which will be homoge-
neous in space, with a spatial covariance function Q. Namely, X will be a centered
Gaussian field indexed by functions on [0, T'] x [0, 1], such that if ¢ and ¥ are
smooth enough, then

ELX (@)X ()]
(43) 2H-2
e [ ([, Q€= o ndedn)u— v dudy,

withcy = HQ2H — 1), for H > % Notice that, in order to simplify our statements,
we will generally assume that Q can be decomposed itself on the basis {e,; n € Z}
in the following way:

(44) Q&) =) qnea®)  withg, =1,", forve[0,1),
nez

and notice that the case v = 0 corresponds to the white noise in space, while the
case v > 1/2 corresponds to a noise admitting a density in space. Some explicit
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construction of such kind of noise, as well as an account on the related stochastic
calculus, can be found in [24]. The methodology we will develop in the rough case
will also enable us to handle the Brownian motion case, which means a covariance
structure given by

45) EX@)XW)]= /

[0,7]

(/[w ¢, £)QE — My (u, n) d& d,,) du.

We give here a slight extension of a result result of [6], which will be used be-
low to prove existence of regular versions of some stochastic processes, following
the well-known approach of Garsia—Rodemich—Rumsey. The proof is conceptu-
ally similar to that appearing in [6] but there is a small technical difficulty due to
the fact that convolutional increments are one-sided and which forces us to follow
the scheme of the proof of the GRR inequality in Stroock’s book rather that which
can be found in [6].

In order to state this extension, we shall introduce for the first time a variant of
the operator 8, called §, acting on operator-valued increments which turns out to
be useful in the sequel, and which is defined by

(46) §0=80—-0a=80—-aQ—Qa,  QeC*L®DB)).

With this additional notation in hand, our regularity lemma is the following below.

LEMMA 3.8. Forgny y >0,a B€Rand p > 1, there exists a constant C
such that for any R € Co(LP%), we have

(47) IRy po < C(Ups2/p.p.pa(R) + 18Ry p.0),

where
|Rts|,3a>p ]l/p
U R) = . dtd .
%p,ﬁ,a( ) I:,/32<|t—s|7’ S

PROOF. As in [6], this result is a direct consequence of a more general
Lemma 3.9 below by choosing ®(x) = x” and p(t) =t¥+>/7. O

LEMMA 3.9. Let p and \V be strictly increasing, continuous functions on R
satisfying p(0) = ¥ (0) =0 and ¥ (x) — o0 as X — 00. Then there exist a con-
stant K such that for any o, B € R and any R € Co(LP%) for which

U= // ( tclﬂa)dtds<oo
O<s<t<T p(t—s)

sup |SRtus|,3,a =< q)_l(

S<u=<t

and

4C
(t_s)2>p(t—s), O<s=<t=T
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for some constant C < 00, then

I=s  _,(4B t=s  _,(4C
[Rislga < 8K A ) (7>p(du) + 9K A o} (ﬁ)p(du)
forall0<s<t<T.

PROOF. The proof follows closely Stroock’s proof of the Garsia—Rodemich—
Rumsey inequality. First, show the estimate for 7 =t = 1 and s = 0. For a se-
quence of times t,,s, such that t > f41 > tx, § < Sk4+1 < Sk and fy = sg, we have

RIS = Rl‘l‘() Sl‘()s + Stto Rl‘()s + SR[Z‘()Sa

n n
Rtto = Rtln+1 Stn+1[0 + Z S”kHleHTk kato + Z 5R”k+ltk Stklo
k=0 k=0

and

n n

Rfos = Slosn+1 Rsn+1s + Z StoSk RSkSk+1SSk+1S + Z Sfosk8R5k5k+15'
k=0 k=0
|Ruu|ﬂ,a
pv—u)
sp, define d,, by the equation 2p(d,) = p(s,). Remark that since fol I(t)dt=U
there exists fy such that 7 (f9) < U. We claim that there exists s,+1 € (0, d,) such
that both inequalities

Next, we choose these times as follows. Let I (v) = f(;’ W(

) du. For any

2U
I(sn+1)§d— and <I>(

n

|Rs,,s,,+1 |,B,a ) < 21 (sy)
pP(Sp —Suy1)/ —  dy

hold. This is always possible since, if we call A, C (0,d,) (resp. By,) the set of
Sn+1 where the first (resp. the second) fail, we have

2U
sz dspe 1(s1) > -|4,] - and
Ay

n

|Rsns,,+1 |,3,a ) - 21(sp) B, |

1<sn)z/ ds, 1<1>(
B, " P(Sn — Sn+1) dy

so we must have |A,| < d, /2 and |B,| < d,,/2 which means that (0, d,)\ (A, U B,,)
has positive measure. Then since
P(Sn —Spt1) < p(sn) = ZP(dn) = 4(p(dn) - p(dn)/z) = 4(p(dn) - p(dn—i—l)),

we have
21(sy,)

|Rsnsn+1 |/3,a = d)_l < )p(sn — Sn+1)

n

54@‘1( )(p(d,» — pldns1)

dndn—l

dy 4U
54/ d>_1<—2)p(du)
dn-H u
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and

~ _,/4C _,/4C
|8Rsnsn+1s|ﬁ,a <o l(ﬁ)p(sn) <490 1( )(p(dn) - p(dn—l—l))

; dy
dy 4C
<4 q>—1(—2>p(du)
dy1 u

then we have

[ee] o0
|Rigslpa < M* D Ry |+ MY I8R50, 1]
n=0 n=0

> dn 4U > dn 4C
< Z4M2/ ! (—2>p(a’u) + Z4M/ o (—2>p(du)
d, u d, u
n=0 n=0 n+l

n+1

s AU 1—s 4C

where we used the fact that there exists M > 1 such that |S;|q.q < M for any o
and any 7 > 0.
Similarly, we find

=5 /4U ‘-5 74C
Riplpa <0t [ 07 (2 Yoty +am [ 071 (55 ) piat.

So using that

- _ r—s _ 4C
15 Rusgs o < 1( )p(t—s)g o I(F)p(dux

(t —s)?
we obtain

1—s 4U t—s 4C
|Ris|p.a < 8M> <I>_1<—2>p(du) +9M c1>—‘(—2>p(du).
0 u 0 u
Now it is not difficult to extend this to generic0 <s <t < 7. [J

4. Young theory. We are now ready to analyze the Young integration in the
evolution setting along the same lines as in Section 2.3: we will first define the
integral J(dx z) for two Young paths x, z in an abstract setting. Then we will
solve Young SPDEs, and eventually, check our main assumptions in the fractional
heat equation setting of Section 3.4.

4.1. Young integration. The extension of the notion of integral weighted by
an analytical semigroup will be performed through the following algorithm, which
will be used in fact throughout the remainder of the paper:

(1) Assume first that x is a regular operator-valued increment, and z a regular
B-valued function and let J;5(dx z) = fs’ St dxy zy, for (t,s) € Sy, as an ele-

ment of éz.
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(2) Through the application of §and A, try to get an expression for J (dx z) which
depends only on minimal regularity requirements for x and z.

(3) Extend the notion of integral using the previous step, and see that it induces
the convergence of some well-chosen Riemann sums.

Here is how this general strategy can be implemented here: suppose for the
moment that x is a smooth operator-valued function and z a smooth function. Then
it is easily checked that

(48) J(dxz)=J(dx S)z+ T (dx 82).
Note that in this last equality appears for the first time an incremental opera-

tor which will play a fundamental role in the sequel, namely the operator X! €
C2(L(B)) defined by

N 1
(49) X\ =TsdxS) = / Sy dxy Sys-

And here is an important point of our strategy: the noise x does not appear by
itself but always inside a convolution of the form (49), so its action is milded by
the regularizing properties of the semigroup.

Applying § to the last term of equation (48) and invoking Proposition 3.7, we
get

817 (dx82)1= T (dx S)éz = X' §z.
If the 2-increment X! 8z is small enough, namely if X! Sz ¢ CA§L ¥ for some # and

some p > 1, then we can express J (dx z) as

(50) J(xz)=X"z+ AlX' bz = (1d — Ad)[x'z].

The last equality is justified by noting that when x is a smooth incremental oper-
ator, we have §Xx'=Xx'a (i.e. X = 0), and thus by Lemma 3.2 one obtains that
S(Xlz) =-x15z.

Let us turn now to the second point of our general strategy, which consists in
inverting the process which leads to (50): indeed, if we can define properly the
right-hand side of (50), then we will be able to extend the notion of integral by a
procedure which is coherent with the basic properties required to any integral 7.
Notice that this step only relies on the definition of an operator X! associated to x,
satisfying X! = 0, and such that X' is regular enough. This will be formalized in
the following theorem (recall that the space B_o, has been defined at Section 3.1).

THEOREM 4.1. Let then x be a path from [0, T] to B_ such that the op-
erator X' associated to x is well defined as an element of CAS LB where B,k
are positive constants, and o € R. We also assume that X' satisfies the algebraic
relation X' = X'a. Let 7 € CA?’ﬁ, with k +n > 1, and set
(51) J(xz)=X"z+ A[X' bz = (1d — Ad)[X'z].

Then
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(1) J(dxz) is well defined as an element ofé’g’a.

(2) For a constant ¢ > 0, we have

1T @x D) llew < 1X e palizllop + cullzling),

where the norm | - ||, g,« has been defined at relation (39).
3) It holds that, forany 0 <s <t <T

n
A _ . 1
\.7IS (dx Z) - |1_[1[1YI|11)0 E SI—IH_l Xl’,-+1,tizti ’
’ i=0

where the limit is over all partitions Tl;s ={to =t,...,t, = s} of |s, t] as the
mesh of the partition goes to zero.

PROOF. Since X!z is a well defined element of (?g **_in order to show that the
r.h.s. of equation (51) is well defined, it only remains to check that X! $z is in the
domain of A. However, since we have assumed that X! € CAS L8 and §7 € ég A ,
we obviously get that X! Sz € ég Y Thus, according to Theorem 3.5, X! Sz €

Dom(f\), yielding the first assertion of our theorem.
Moreover, thanks to the second part of Theorem 3.5, we have

(52) IALX 8200 e <l X e pallzlly.gs
and it is also readily checked that
(53) IX'2llew < 1IX e pallzllop,

which shows our second claim, by using equation (52) and equation (53) to esti-
mate the r.h.s. of (51). Eventually, the third part of the theorem is a direct conse-
quence of Corollary 3.6. [

REMARK 4.2. It is worth stressing at this point some elementary properties
enjoyed by the extension of the notion of integral given by Theorem 4.1:

e The third part of the theorem states that 7 (c?x z) 1s associated to some natural
Riemann sums involving the processes x (through X!) and z.

e The arguments leading to relation (50) also show that, in case of some smooth
processes x and z, our integral J; (c?x z) coincides with the usual one.

These first properties seem to imply that our integral extension is a reasonable one.

4.2. Young SPDEs. Recall that we wish to solve an equation of the form
(54) dyr = Aycdt +dx, f(y1),  t€l0,T],

with an initial condition yg = ¥ € B,, where x is an operator-valued process which
represents our noise and f : B — B is a (possibly) nonlinear regular map. As men-
tioned in the Introduction, we will consider equation (54) in the mild sense, that is,
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we will say that y is a solution to (54) if, for a given x > 0 (specified below) we
have y € C"* and if, for any 7 € [0, T, y, satisfies

t A
(55) Ve =S+ fo St dxu f ) = Siv0 + Tio(dx £()),

where the integral ZO(C?X f(y)) is understood in the sense of Theorem 4.1. In
fact, we will focus here on a slight extension of the problem given by (55): we will
search for a (unique) process y € Cy"* satisfying, for any (7, s) € Sy,

(56) Vi =Sisys + Tis@dx F)),  yo=1,

from which one recovers obviously (55) by taking s = 0. Now, (56) can be ex-
pressed in terms of convolution increments, since it is equivalent to the following
one:

- Bylis = Jis(dx f(3)) =[Ad — A[X' fF()is  for (r,5) €Sy and

Yo=Y,

which sticks better to the algebraic formalism introduced in the previous sections.

Let us specify also some of the assumptions under which our computations will
be performed: first of all, the incremental operator X! defined by (49) will be
assumed to be in the following class.

HYPOTHESIS 1. Assume that X' e CAgEO’_K N CAIZ(OD“K for some y > ko >
k > 1/4 such that

Y4k >1, Yy — K > Ko, Kk <1/2.

Notice that in the hypothesis above, the condition ¥ < 1/2 is somehow redun-
dant. Indeed, if y > k + k¢ > 2k, this forces the relation k < 1/2.

As far as the function f is concerned, we will also assume that the following
holds true.

HYPOTHESIS 2. Let k be the strictly positive constant defined at Hypothe-
sis 1. We assume that the function f:B, — By is locally Lipschitz, and satisfies
| f ()8, <cr(l+|x|g,). Furthermore, we suppose that f can also be seen as a

map from B to B, and when considered as such, it holds that f is globally Lip-
schitz.

With these assumptions and notation in mind, we are now able to solve our
evolution equation in the Young sense.
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_ THEOREM 4.3.  Assume Hypotheses 1 and 2 hold true, and that € By . Let
CT " be the subspace of Cy defined by the norm

(58) 1zl = lzllo. + 182l

Then there exists a unique global solution to (57) in ¢ T’K. Furthermore, this solu-
tion enjoys the following properties:

(a) Foranyt €0, T], y; can be written as y; = S;{ + (Sy)to.
(b) Let us call ® the map (Y, X') — ® (¥, X') =y, where y is the solution to

(57). Then @ is Lipschitz continuous from B, X (CZ £+ n CAgo LY to CATK

PROOF. A classical fixed point argument will be sufficient to obtain the global
solution. Let us introduce the map I" : C;"* — C;** defined in the following way: if
y €CP*, we set T'(y) = z, where  satisfies

[8z]is = Tis(dx f(1))

(59) =X'"f) +IAIX'SFO)Ls  for(r,5) €S, and
20="1.

Let also B be the ball defined by

(60) B={y;yo=v, IVllxc =201 +¥IB)}

Then the fixed point argument can be decomposed into two usual steps:

(1) Show that, on a small enough interval [0, T'], the ball B is left invariant by I".
(2) Prove that I', restricted to the ball B, is a contraction.

We will mainly focus, in this proof, on the first of these steps, since it contains
most of the technical difficulties associated to our method.

Take y € B, and let us show that z = I'(y) € B whenever T is small enough
(recall that S depends on the parameter 7'). To this purpose, we will first bound
the term A[X' 8 £ ()] in (59). Recall that

(61) 5fOD))is = [8F D)es — ars £ ().

and let us estimate the terms in the right-hand side of (61) separately: on one hand,
recalling the notation of Section 3.3.1, and thanks to the fact that f is Lipschitz on
B, we have

I8 D isls < crl8Ylisls < ¢ (I8Y1is|5 + larsys|B)
(62) <crlllyleo + Iyllolle — sI*

<crllyllelt — sl
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where ¢ is a positive constant which may change from line to line, but which
depends only on f. On the other hand, according to Hypothesis 2, it is readily
checked that | f (ys)|s, < cy(1+1lyllo,). Thus, invoking (32), we obtain that

(63) lars f ()5 < cr(L 4+ NIylls)lt — s,
and plugging (63) and (62) into (61), we get
(64) I8 D isls < cr (1 + 1yl = sI.

However, we know that X! e CA%/ £%=% and this fact, together with the last esti-
mate, yields

X8 £ DD lrus |-y < € 1X 7.0, (L4 Il — ul e — s
Furthermore, by Hypothesis 1, we have y + « > 1. This means that Theorem 3.5
can be applied here to obtain that f\(X 1§ f)) e 5%7 T In particular, invoking
the definition (38) of the space 5%7 67K and since 2¢ < 1 and ko < Yy — Kk, we get

A

AX'éf) e CAg_K’K C C5"". Moreover,

(65) IAX S )llkore < crpulX 150, (1 1V 0)-

A bound similar to equation (65) can be found for the term X! f(y) appearing

in the definition of 8z in equation (59). Indeed, owing to the fact that X! e CASOE" o«
and that f has linear growth in B,, we get

|X;1sf()7s)|8,{ < Cf||X1||K0,K’K(1 + |yslg )t — 5]

< crIX g e (14 1yl = 51,
Hence, plugging (66) and (65) into (59), one obtains that ||(§z||,(0,,( SCrxl g (1+

(66)

|¥ll%.«). Note here a crucial point: starting from y € éf" we have constructed
Z € C'l(o"( with € = ko — k > 0. This little regularity gain can be used in order to

write

(67) 182l < € x50+ ¥l T2,

Now, the quantity 7% can be made arbitrarily small as T — 0. Moreover, recall that
we still need a bound on ||z]| , defined by (58), and thus an estimate on ||zo . is
needed at this point. However, it is easily checked that

(68) 215, < 1S 15, +1GDi0ls, < W15, + T8z llcq i
Putting together (67) and (68), we finally get, on [0, T], that
Izllsx <1¥l5, + e+ Yk TE withe=crx1 5 .

which yields that, whenever ¢T® < 1/2, the ball B defined by (60) is left invariant
by the map I'.

Now that the invariance of B has been shown, the contraction property for I' in
a small interval [0, T'] is a matter of standard arguments, and is left to the reader
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for sake of conciseness. Let us just mention that f is only supposed to be locally
Lipschitz when considered as a function from B, to B,. However, we are able
to establish the contraction property here, due to the fact that we are confined to
the ball B. This gives the existence and uniqueness result for equation (57) in the
small interval [0, T'] whose size does not depend on the initial condition . The
construction of a global unique solution from the solution in [0, T'] is also quite
standard, and its proof will be omitted here. [J

4.3. Application: the fractional heat equation. Let us see now how the abstract
results of Section 4.2 can be applied in the case of the heat equation driven by a
fractional Brownian motion defined at Section 3.4. Recall that this means that we
wish to solve equation (55) in case A = A — Id, where A is the Laplace operator
on the circle, x is a fractional Brownian motion defined by the covariance function
(43), B, stands for the usual Sobolev space on [0, 1], and f: B, — B, is defined
by [f()]1(§) =0 (y(§)) for & € [0, 1] and a smooth function o : R — R. In other
words, we will try to solve the equation

1 t 1
©9)  y(t.6) = fo Gi(&. ¥ () diy + /O /0 Gy (&, )X (ds. di)o (3 ().

where the last integral has to be understood in the sense of Theorem 4.1. Notice
that we have chosen here a multiparametric formulation for our equation, for com-
putational purposes. However, as mentioned in the Introduction, this setting can be
translated easily into the infinite-dimensional one. Now, the application of Theo-
rem 4.3 in this context amounts to define an incremental operator X ! related to our
problem, and then to show that Hypotheses 1 and 2 are fulfilled.

Let us give then a natural definition of the operator X! associated to our equa-
tion: we will set, for ¢ € B and (¢, 5) € Sy,

[X Y1) = [Tis@X )] (€)
70)

t 1 1
-/ /O G,_u(s,m)X(du,dno(/O Gv_s(m,nz)w(nz)dm),

which has to be understood now in the Wiener sense, as a centered Gaussian ran-
dom variable whose variance is given by (43). In this context, the regularity result
we obtain on X! is the following.

PROPOSITION 4.4. Let X be an infinite-dimensional fractional Brownian
motion defined by the covariance function (43) for a given H > 1/2, with Q
given by (44) for v € [0, 1). Suppose that H + v/2 > 3/4, with the convention
D =v A (1/2). Let X' be the incremental operator defined by (70). Then for any
y<H-—-1/44v/2,k€(1/4,1/2),k0=y —k and y < H we have

1 _ AV p0,—k ~ KO pk,k ~ AY pk,—K
X ECZEHS ﬂCz £HSDC2£HS ,

almost surely.
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REMARK 4.5. The reader will probably notice that the assumption « > 1/4
is not necessary in order to prove the proposition above. However, we include it
already at this stage, since this restriction is crucial for Proposition 4.10 to hold
true.

The proof of Proposition 4.4 relies on the following elementary lemmas, that
we label for further use.

LEMMA 4.6. Forany a < B, such that a + B > 1/2, there exists a constant C
such that

Z )‘i_a)‘;ﬂ ECK;“*5+1/2’
i, jitj=k

where B =min(B; 1/2).

LEMMA 4.7. Let a and b be two positive constants, and H > 1/2. Then the
integral

1 pl
f / lu— o222 —u — v u+v| P dudv
0 JO
is finite whenever 2H —a > 0 and 2H — b > 0.
We leave the easy proof of these results to the reader.

PROOF OF PROPOSITION 4.4. We need to prove that the r.v. X! has a ver-
sion with the claimed regularity. For random operators, up to our knowledge, no
standard method is available to prove regularity properties. So we have chosen the
following simple (though arguably nonoptimal) strategy in order to obtain a regu-
lar version: first, we determine the kernel associated to the operator X!, then using
the kernel we estimate its Hilbert—Schmidt norm in some L? space. This will be
enough to apply the modified Garsia—Rodemich—Rumsey Lemma 3.8 and con-
clude the proof. We will develop now this strategy into several steps, discussing
in detail the proof of X! € CZ E%’S_ ¥ The other pathwise statements can be proven
similarly.

Step 1: Definition of a random kernel. For (t,s) € S5, X tls is considered as an op-
erator from B = L2([0, 1]) to B—,, and thus || X\ |us.5-5_, = |A,“ X |lus.5- 8,
which is the expression we are going to evaluate. Pick ¢ € B smooth enough. Ap-
plying Fubini’s theorem for the fractional Brownian motion, we get

| t 1
(A< XLy1(&) = AS* f /O Gr—u(€, )X (du, 1)

1
y ( / Gues (1, nz)w<nz)dnz>
0
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t 1 1
-/ /0 G;_Ku(s,m)X(du,dm)(fo Gu_s(m,nz)w(nz)dnz)
)

1
_ /0 Kis (&, 1) ¥ (n2) d1a,

where the kernel G, has been defined at Section 3.4, and where K;s(&, n) is the

u

random kernel on [0, 1] defined by the Wiener integral

t 1
Km<s,n>=f fo G (& 11 Gues (01, )X (dut, diy).

Hence, the Hilbert—Schmidt norm of X, seen as an operator from B to B_,., will
be given by

1 1
(71) 1XL 12 = fo /0 (Ko (6. )2 dE .

Our next aim will then be to evaluate this last quantity.
Step 2: L? computations. A direct application of (43) gives

E[KZ(E, )]

e [ [([ 6756 96ustr00G—2)

x G, X (£,2)Gy—_s(n,2)dz d2)|u — v 2 dudv.
Furthermore, for z, Z € [0, 1], it holds that

1
/O G, (6. 2)G 7 (E.2) dE = G52, (2.2).

1
/(; Gu—s(1,2)Gy—s(m,2) dn = Gyyy-25(2,2).
Thus, going back to relation (71), we obtain

Ass = E[X 5 15s]

t t
= CH[ / (/ 0z — E)Gquvas (z, E)GZ_IZ_KM_U(Z, 2) dz d%)
s Js [0,1]2
x |u—v*" 2 dudv
& &
=CH/ / F(u,v)lu—v|2H_2dudv,
0 JO

where we have set ¢ = — s, and with F : [0, e]*> — R defined by

(72)

73 Fa,v= /[0 120G = D00 DG, (. D dzdz,
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Furthermore, plugging the definitions (42) and (44) into (73), and invoking the fact
that {e,;; n € Z} is an orthonormal basis of LZ([O, 1]), we get

F(u,v)= Z )L;vk;ZKe—km (u+v)e—kl(28—u—v),
m,n,leD
where D:{m’n,l €Z3:m+n+l =0}Then

—km(u+v)e—kl(28 u—v)

Ais =cCH Z AL ")fz"// =T dudv.

m,n,leD

Owing now to the fact that x — x“e¢™* is a bounded function on R for any a > 0,

we obtain, for a constant ¢ which may change from line to line,

dudv

; < bl f /
¢ Z 1 |u—v|2_2H(u+v)a

m,n,leD

74 2H 2
< ce —a Z )\(;V}\’l— K)\;Ll,

m+n+I1=0

where we have used Lemma 4.7 under the condition a < 2H. Let us now analyze
the sum. Of course, we can write

Z )\;v)\l—ZK)L;a < Z )\—216 Z K;uk;‘_) ]

m—+n—+I1=0 1,k:l+k=0 m,n:m+n=k

Moreover, taking a = 1/2 — v 4 n for some small > 0 and using Lemma 4.6, we
have

—Vq =2k —a —2iy —a—v+1/2 DKk 4 —1
D Vaesy S S S SR =c > AN
m+n+I1=0 Lk:l+k=0 Lk:l+k=0

and this sum is always finite under the condition « > 1/4. Then, going back to
(74), we have found that A, < ce?’, forany 7/ = H —a/2 < H — 1/4 4+ v/2,
where we recall that v = inf(v; 1/2).

Step 3: LP estimates. We will prove now that, for any p > 1, we have

(75) E[||th|| ]<cp(t—s)2”p forO<s<t<T.

Indeed, a simple application of Holder’s inequality yields

E[IIX,lsH%{;]:/ [HK &i.mi) :|d$1d771 - dEpdny

/[0 1]ZI)I_IEI/P[K &i,ni)ld&dny --- d&pdnp,
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and since K;s(n;, n;) is a Gaussian variable, we get

p
EOXLIEE < ep [ TTEUKE G noldgdn - dg,dn,
SRR

- | ,,
—c, ( /M E[K2 (. )] dE dn)
=, EP[I1X sl

which easily yields (75).
Step 4: Conclusion. Recall that X! is considered as an element of CQ(E%S_ “.
We can use now inequality (47), which can be read here as

(76) 1X'5.0— < ClUs12/pp.0.—« XD+ 18X 15,0, ],

in order to bound ||X1||);’0,_K forany y <9’ < H — 1/4 + v/2. Indeed, if p is
large enough, we have that y +2/p < p’, and the term U2/, .0, —« (X is easily
handled thanks to (75). This yields

(77) E[Uy po—(X)] < 0.

We are now left with the estimation of ||§X | 7- However, remember that §x'=0
in case of a regular signal x, and it is readily checked that this relation is still valid
in the current fractional Brownian setting, so this term is identically zero. Thus,
we have obtained that

ENX"5.0.—1 < cE[Uz po—(XH] < 00,

which implies that || X! 7,0,—« < 00 almost surely, concluding the proof.
Along the same lines as in the preceding steps, some L? bounds state that

(78) E(X} s s, 5] Sct =)0 forO<s<t<T
and
(79) E(IX} s ci. 5] Sct—)%  for0<s<r<T,

for any kg < H —1/4 —k +v/2 and y’ < H, respectively. Following the same
strategy as before, these bounds are enough to prove the remaining assertions of
the proposition. [

Let us see now how this results can be related to our Hypothesis 1. Recall that
the restriction ¥ > 1/4 is dictated by the fact that we need to work in a space B,
embedded in the space C ([0, 1]) of continuous functions on [0, 1] in order to prove
Proposition 4.10 below.
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COROLLARY 4.8. Suppose X is an infinite-dimensional fractional Brownian
motion defined by the covariance function (43) for a given H > 1/2, with Q given
by (44) for v > 0. Assume moreover that H > 7/8 — v /2. Then the incremental
operator X! satisfies Hypothesis 1 for some

ke (/4,1/2), ko<H—-1/4—x+v/2, Y =ko+kK.

PROOF. By the previous result, we have that X! has the required regularity for
any 1/4 <k <1/2,ko<H —1/4—k+v/2andy =ko+k <H —1/44+1v/2.
In order to check Hypothesis 1, we now need to require that y + « > 1. In fact,
there exists 1/4 < k < K satisfying this inequality if and only if y 4+ g > 1, that
is,2H — 1/2 — k + v > 1. This is equivalent to assume

H>3/4+k/2—0/2>7/8—1)2.

In this latter case, it is easily seen that there exist y, «, k¢ satisfying our require-
ments. [

REMARK 4.9. If we are only interested in obtaining a local solution for our
Young PDE, then the estimate (64) can be replaced by a bound in B, which will
be quadratic in y. Hence, using the fact that

xtely e ncsoLer

forany y < Hand 1/4 <k <x9 < H—1/4—« + v /2, the condition for the con-
struction of the (local) fix-point map I" becomes y + « > 1. To fulfill this require-
ment with our fractional Brownian noise, we only have to impose H > 3/4 —v /4.
This condition is comparable (but a bit worse) with the results of [12], where the
Hilbert spaces W22 were considered, and where we found H > 3/4 — ©/2. One
of the drawback of the approach presented in this paper is that the esimation of
the random operators like X! in Banach spaces W?%? for p > 2 seems very dif-
ficult. Moreover, it seems that the estimation in the Hilbert—Schmidt norm causes
another small loss of regularity, which means that even in the case of a “regular”
noise v = 1/2, our bound on H is H > 5/8 and not H > 1/2 as should be natural
to expect and found in [12]. On the other hand, as we will see later, the opera-
tor approach seems better suited than the approach of [12] for a true rough-path
expansion of SPDEs.

Now that we have checked the assumptions on X', let us turn to the hypothesis
on the nonlinear coefficient o in equation (69). In order to deal with the Sobolev
norms, it is worth mentioning that, instead of working with the spaces B, = H, we
have used so far, characterized by their Fourier decomposition, we will consider
the Sobolev spaces W22 induced by the norms

_ 2
(80) We WP = 1913200,y + / W@ —vl”

0.12 |§—n|l+H

d& dn
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These spaces are obviously more convenient than the spaces B, for the computa-
tions on f, and they are closely related to these latter spaces, since the following
classical relation holds true (see [1]):

Biye C W22 C Be_e for any ¢ > 0.

Using these embeddings, we can consider the operator X }s going from a space
W22 to a space B, by just loosing a little regularity in 7, s. Then we can verify
that f satisfy a slight modification of Hypothesis 2.

PROPOSITION 4.10. Leto € Cg (R) be a real-valued function. Then, for any
k > 1/4, the function f: W2 — W22 defined by [ f(y)1() = o (y(&)) is lo-
cally Lipschitz, satisfies | f (x)|y22 < cr(1 + |x|y2.2) and is globally Lipschitz
asamap f:B— B.

PROOF. Recall that, for our particular situation, B = LZ([O, 1]), and it is eas-
ily checked that, whenever o € C ,3 (R), the function f:B — B is bounded and
globally Lipschitz.

With these considerations in mind, it is readily seen that f: W22 — W2<2
has linear growth. In order to check that f is also locally Lipschitz, note that its
gradient can be computed as follows for y, h € W2

V) : W2 — W2 [Vf(y)-hlE) =o' (yE)R(E).

Let us estimate now the norm (80) of V f(y) - A: first, if o’ is a bounded function,
then

(81) IV £ -l 20,17y < 10 ool 210,17y < 0 oo Il yec2.

As far as the variational term of (80) is concerned, notice that we have assumed
k > 1/4, which means that W2  C([0, 1]), and for any h € W22, ||k s <
c|lh|ly2e2. Thus,

V() - h1E) — [V () -kl
/[0,1]2 & — n| 1+« a5 dn
_ 2

[0.12 |§ — n|lte

’ ) 2
IR e fw L (é))_ m‘;ﬁ{(”” 1 4t an

< Co |l aeall + 110" I3 1Y 13 2c2].
Putting together (81) and (82), we have thus shown that
IVF D cwaery < co (1 [y llw2e2),
which easily yields that f: W22 — W2<2 is locally Lipschitz. [

(82)
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REMARK 4.11. Notice that, in spite of the fact that o is assumed to be a nicely
behaved coefficient, its interpretation as an application from W22 to W22 does
not enjoy the usual assumptions of boundedness made on coefficients in rough
path theory (see, e.g., [13, 16, 17]). This is one of the major sources of problems in
our computations, and in general in the extension of rough path theory to SPDEs.

Let us now summarize the considerations of the current section into the follow-
ing theorem.

THEOREM 4.12. Let X be an infinite-dimensional fractional Brownian mo-
tion on [0, T] x [0, 1], defined by the covariance function (43) and (44), with
H > 1/2andv €10,1) such that H > 7/8 —v/2 and let o € Cg(R). Then, there
exists k € (1/4,2H — 3/2 + v) such that for any initial condition ¥ € By, the
equation

Y(0,8) =v (&), 0 Y(t,6) =AY (t,6)dt +o(Y(t,8))X(dt,d§),
tel0,T],& €][0,1],

(83

with periodic boundary conditions, understood in the mild sense given by (57), has
a unique global solution in C}™".

PROOF. By Proposition 4.10, the map f is Lipschitz and with linear growth
from B, to By _. for arbitrarily small €. As already noted this little mismatch of
regularity can be compensated by the time-regularity of X'. Then by a small mod-
ification of the arguments of Theorem 4.3 and by Proposition 4.4, we can directly
solve the equation

Y, 5)=(A-1d)Y(#,&)dt +o(Y (¢, &)X (dt,dE), tel[0,T],§€l0,1],

as a rough evolution equation in (?'f ¥ Now, if one wants to solve (83), it is suffi-
cient to get an existence and uniqueness result for the equation

Y, &) =(A=-1d)Y(t,&E)dt + Y, &) dt +o(Y(t,8)) X (dt, d§),
tel0,T],& €[0,1],

which can be done along the same lines as for Theorem 4.3, by taking care of the
additional drift term Yd¢. This step is left to the reader. [J

5. Rough evolution equations: the linear case. We pass now to the develop-
ment of an expansion which allows to consider equation (54) in a case which goes
beyond the Young theory, in terms of the Holder regularity of the driving noise x.
We start with a simple linear case, that is, f = Id, which will hopefully lead to a
better understanding of our method.
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5.1. Strategy. Recall that we wish to get some existence and uniqueness re-
sults for the equation

A~ t ~
(84) Sy = [ Swdxuyy=Fdxy) and yo=v.
S
Just like in the case of the Young integral, sketched at the beginning of Section 4.1,
we will proceed as follows:

(1) Expand (84) as if x were a regular process, until we get some terms which can
be analyzed through the application of the operators Sand A.

(2) Define a natural extension of the notion of integral thanks to the first step, and
show that this allows to integrate a reasonably wide class of functions.

(3) Solve the equation in the sense given by this notion of integral.

In the current section, we will mostly address the first of these three steps.

If x is a regular process, equation (84) can be solved by means of the classical
evolution theory. Furthermore, if y designates the unique solution to (84), then
according to our expansion strategy, y also satisfies, for ¢, s € Sy,

. t t t .
Syis = / Studxy yy = / Studxy Susys +/ Studxy Syys.
s s s

However, the last term of this equation cannot be defined by applying the map A
when x has low time regularity. In order to cope with this difficulty, let us expand
again §y by plugging relation (84) into the previous equation. Doing this twice, we
get

A t t u
Syrs = / Studxy Susys + / Studxy / Suv dxy Yv

s s s

t t u
= / Studxy Susys + / Studxy / Suv dxy Sysys
s s s
t u v
+/ Stu dxuf Suv dxv/ Svw dXy Swsys
s s s

+ /St Stu dxy /Su Suv dxy fsv Sow d X 8 Yus-
Thus, going back to our notation on iterated integrals (41), we can recast (84) into
(85) Sy=X'y + X%y + X3y + J(dxdxdxdx y),
where, for ¢, s € Sy and ¢ € B, the operators (Xi)i:1,273 are defined by

(86) X} ¢ :=Tis(dx X' = f Sudxy Xi5'¢
N

with X?s = S;5. These operators are the new building block we will need in order
to solve equation (84), and they play the role of the iterated integrals of rough path
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theory in our bilinear evolution context. Notice that the last term in equation (85)
is considered as a remainder: suitable assumptions should be made to ensure that it
will be small enough. Notice also that we stopped our expansion at the third order.
We will see that this is the minimum order which allows to handle the Brownian
case.

Let us say a few words now about the algebraic properties of the operators X':
when x is a smooth process, we have, for example,

R t v t v
Sxtzus = / Sty dxv/ Svw dXy Sws — / Stv dxy / Svw dxXw Swus
u s u u

and using some elementary algebra, we end up with

N t u t v
SXzzus = / Stvdxy Syu / Suw dXy Sws + / St dxy / Svw dxy SwulSus — 1d]
u s u u

=x! x! 4+ X2 a,.

u

Thus, taking into account our algebraic convention (16) and the definition of 8
given at (46), we have obtaind the relation §X? = X' X!. In a more general way, it
is not difficult to show by induction that

n—1
le’l — inxn—i’
i=1

which are exactly the Chen relations in this setting.
We can now specialize our previous program into the following:

2a. Assume that the operator-valued l-increments X', X%, X3 are defined by
some kind of operation which preserves the usual algebraic relations between
integrals (e.g., use stochastic calculus with respect to an Hilbert space val-
ued fractional Brownian motion or some other limiting procedure on discrete
sums). They will be our (step-3) rough path.

2b. Using (X!, X2, X3) define an integration theory for a sufficiently large class
of functions Q so that it will be possible to give a meaning to integrals of
the form z; = fé Studxy, y, for any y € Q. We will call Q the space of paths
controlled by X.

3’. Study the map I': @ — Q defined by I'(y); = fé Studxy vy, and prove that
it has a fixed point y = I'(y) which will be then a solution of the evolution
problem (84).

5.2. Integration of weakly controlled paths. We start by postulating some rea-
sonable properties for X".

HYPOTHESIS 3. We will assume that the process x allows to define some
operator-valued increments X', X%, X3, representing morally (49) and (86), re-
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spectively. This amounts for us to suppose that the X'’s satisfy the algebraic rela-
tions

sx'=o0, Ssx?=x'x',  sx'=x'x?+x°Xx',
and that the following Hdlder-regularity properties holds true:
xieCytU=DRopn—engiropnn i =1,2,3,

for some n, p>0and y, ko such that y =ko+n+ p and y + 3kp > 1.

We will define now the class Q of processes we wish to be able to integrate
against x: in the current situation, it will include any process which can be decom-
posed into a part depending on X!, X2, plus a remainder term which is assumed to
be small enough. For the sake of a contraction argument needed below (compare
to the Young case), we fix a given time regularity « such that 0 < k < «p.

DEFINITION 5.1 (Weakly controlled paths). Let v € B3, be a given initial con-

dition. A path y € C;"" is said to be weakly controlled by X', X* if yo = ¢ and 8y
can be decomposed into

with y! e éfn i =1,2, and a regular part y" € CZJFZK’", ylr e CZJFK’" with ¥ <
ko A 7. Furthermore, we asssume that the regularity of y', y% and y”, y!"" can be
related to those of X by the following relation: y + 3« > 1, a condition that can
be always fullfilled by a suitable choice of k whenever y + 3« > 1. Denote this
space of controlled paths by Q, , v, or when this does not lead to an ambiguous
situation, simply by Q, , or Q. Moreover, one can define a seminorm N on Q, ,
in the following way:

Ny Qe =Ny CFM+ D NS EEM+ Y NS EE™M

i=1,2 i=12
+ AT C P N CEL

where we recall that the notation N\ has been introduced at Section 3.3.

REMARK 5.2. Even if a weakly controlled path is, strictly speaking, given by
a tuple (y, yl, yz, vy, yl” ) we will, with a slight abuse of notation, denote it with
its first component, that is, simply y.

REMARK 5.3. The notion of weakly controlled path appeared first in [6] in the
finite dimensional context as a way to linearize the space of rough paths around
the driving control. Even if this linearization does not preserve the whole structure
of the space of rough paths, it is enough to find solutions of rough differential
equations.
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With this notation at hand, we will try to implement now the strategy designed
at the beginning of Section 4.1 in order to integrate a weakly controlled process y:
let us first assume x is a smooth process, and y € Q. Then J (c?x y) is well defined,
and thanks to equations (48) and (87), we have

J(dxy)=J(dx )y + J(dx by)
=JdxS)y+Jdx X'y + T(dx X*y*) + T (dx y").
Furthermore, for s < ¢, the term J;5 (c?x x! yl) above only involves yg, and hence

the increment J, (dx X'yl is equal to J; (dx Xl)ysl, that is, X2 ysl. This yields

ts
(88) Jdxy)=X"y+ X'+ X3+ Jdxy").

Note that, in this last expression, the terms X'y, X?y! and X3y are well defined
under Hypothesis 3. In order to have a well-defined expression for 7 (dx y) in the
rough case, it remains to handle the term 7 (dx y"). Then let us write

Jdxy)=J@dxy) - X'y = X*y' = X7,
and let us analyze this relation by applying $ to both sides. This gives
(89) SLT (dx y)1 = =81X"y1 = S[X2y" = 81X°y71,

and notice that in the last expression, 51T (cix y")1 # 0, since y" belongs to éz
instead of C;. Moreover, a slight extension of Lemma 3.2 shows that, for M €
Co(L(V)) and L € C;(V), we have

S(IMLY=8ML—-MSL=5ML— MSL.
Applying this elementary relation to (89), we end up with
S[TAxy ) ==8X"y+X'8y —5X>y' + X*5y! —§Xx3 y> + X382
(90) =X'Gy—x"y' = x*y) + X2¢6y' — X'yH + X7 5y?
— X'y 4 X217 4 x35y2
under our hypothesis on y and X we have the following regularities:

5y 43K, — A 2u,— A ~yD —
ler GC;/‘F K /0’ X2y1,r c C;:+K0+ K,—p X35y2 c C%/‘i‘ Ko+K p’

’

so if y + 3k > 1 we can apply the operator A and express J (dx y) in terms of §
and A only. Plugging (90) into (88), we get

O  Jdxy) =Xy + X2+ X332+ A + X2y 4+ X368y,

Similar to what we did in the Young case, we are now able to invert the procedure
which lead to relation (91), by just invoking the assumptions made on X' and y:
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THEOREM 5.4. Let x be a path such that Xt i=1,2,3,are well defined, and
such that Hypothesis 3 holds true. Let also 'y € Q. n.y for 0 <k <o <y —« and

k <. Define z € él (By) such that zo = ¢ and 8z satisfies
andlet 7' =y, 22 = y', 21" = X2y2 + y" s0 that 7' = X'2% + . Then:

(1) z is well defined as an element of Q. ,, and coincides with the usual Riemann
convolution of y by x in case x and y are smooth processes.
(2) The seminorm of z in Qi ; can be estimated as

92) Nlz; Qenl <exTO (1Y ll5, + NIy; Qen))s

for a positive constant cx depending only on X', i =1,2, 3.
3) It holds that, forany 0 <s <t <T

n
O3)  Tudxy)= fim Y S XG0+ Xy X
S7Yi=0

where the limit is over all partitions T, ={to =t,...,t, = s} of |s, t] as the
mesh of the partition goes to zero.

PROOF. We will divide again this proof in several steps.
Step 1: Let us start by evaluating the regularity of the terms in the right-hand
side of (91), that is,

A=Xx'y, B=Xx%'. C=X"
under our standing assumptions.
In order to bound A, we will first estimate |y;|z itself for s <T:if y € Q,,, we

have y, = S;¢ + H v50, and hence
(94) Iyllo.s, < I¥ls, + T*Ny: C{"".
In particular, y is bounded in B, on [0, T']. Thus, if xle CA%/ L=l N CAS(T”*”, we
have X'y e CA%/’_’O, and also X'y € égo,n' Moreover,
1X 53518, < NX g — ) (W15, + T“NTy; €,
and thus
(95) NIX'y: CEM < 11X o (1|8, + TN Ty; G )T 0.

Let us estimate now the term B, that is N[X2y!; CA%/H’Y']: since y! € éfon and
X%e CEKOE”’”, we obtain again that X2y! e CA§K°+K’", and we have

/\2 ~ _
(96) NTIX2YY G < 11X g N Ty C2 T 20070,
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The term C can now be bounded along the same lines as for A and B. More-

A 3 —
over, for the term D, as we already observed above, X ly’ € Cg e , X 2y1’r €

A 2K.— A A 2 _
cy HOTACTP and X35y € cy OGP and observe that we have assumed that

y 4+ 3k > 1. Thus, the operator A canbe applied to X'y" + X2yl" + X3(§y2, and
invoking inequality (40), we get that

IA Y + X291 + X383 4306, —p
<Xy + X2y + X2 8yl 430

(97)
/\3 , 22 ,
<cUIX Ny - p N3 G NX Py g —p NI G

F X3y g2 - p N5 5.

Summarizing inequalities (94)—(97), we have obtained that z is a well-defined ele-
ment of C'f’n, and that it satisfies

18211,y < ex T (W5, + N[y; ey

Step 2: Let us estimate now z as an element of Q, ,. The natural decomposition
of 8z is obviously 6z = Xz! 4+ X%z? + 7/, with

Zl — y’ ZZ — yl and Zr — X3y2 + A(ler _|_ X2y1,r + X3 SyZ)

It is now easily checked, along the same lines as for Step 1, that z satisfies relation
(92).

Step 3: In order to see how to get the convergence of the Riemann sums to
J(dx y) it is enough to remark that §z can be written as §z = (Id — A8)[X1y +
X%y! + X3y?]. Applying Corollary 3.6, we now get relation (93). [

REMARK 5.5. The space of weakly controlled paths is a vector space with
respect to the action of R but not with respect to other interesting linear endomor-
phisms of B. The problem lies in the fact that for general linear L:B — B we
can have 8L y#L $ y since L does not necessarily commute with the semigroup
(which appears in the definition of §=6—a).

5.3. Linear evolution problem. Letus turn now to the main aim of this section,
which is to get an existence and uniqueness result for equation (84).

THEOREM 5.6. Assume that Hypothesis 3 holds for the triple of incremental
operators x! X2 X3 with Y, Ko, K, 1, p such that y =ko+n+p, ¥y +3kg > 1
and k < kg. Then:

(1) Equation (84) admits a unique solution y € Q,,.
(2) The map (y, x!, x2 X3 — y is continuous.
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(3) For (t,s) € Sz, the map @y : By — By, such that @3y =y, when y; = and
S Vis = Trs (c?x ) is a bounded linear endomorphism of B,,, and it satisfies the
cocycle property ®;, O3 = Oy;.

PROOF. Like in the Young case, the solution y will be identified as the fixed
point of the map I': Q, , — Q. , defined by z =T'(y), with zo = ¥ and Sz,s =
Tts (c?x v). And here again, we will concentrate on the fact that, on a small interval
[0, T'], the ball

B={y;yo=v,Nly; Qenl <|¥I5,}

is left invariant by the map I'.
Indeed, whenever y € B, then Theorem 5.4 asserts that for z = ['(y), the fol-
lowing estimate holds true:

N[Z; QKJ‘]] =< CXTKO_K(IWHZ"’,7 +N[y§ Q/c,r]])-

Hence, if one chooses a small enough T, so that cxT*0™% < 1/2, it is readily
checked that N'[z; Q, ;] < |¥|5,, which proves that z € B. The contraction prop-
erty is now a matter of standard arguments, and the remainder of the theorem
follows easily. [

5.4. Application: stochastic heat equation. In the sequel of the paper, for sake
of simplicity, the generic situation of a process X with y-Hdolder continuity in time
with y < 1/2 will be the case of an infinite-dimensional Brownian motion, given
by the covariance function (45). For this special process, we will try to construct
a pathwise solution to the linear stochastic heat equation on [0, 1]. At the end of
the section, we will give some hints about the way the fractional Brownian case
should be treated.

5.4.1. The Brownian case. Like in the Young case, the key step in order to
apply Theorem 5.6 to the Brownian setting is to define (X');—;.» 3 in a reasonable
way, and then to check Hypothesis 3. We have chosen here to deal with an It0 type
definition for X", and we get the following result:

PROPOSITION 5.7.  Let X be an infinite-dimensional Brownian motion defined
by the covariance structure (45), with Q given by (44) for v € [0, 1]. For n =
1,2,3, let X" be the incremental operators given by (70) and (86), respectively,
where the stochastic integral has to be understood in the Ito sense (see, e.g., [3,
25] for a complete definition). Then, almost surely,

X" e Gyt g P gk o
forany n > 1/4, vy > ko > K satisfying
ko<1/4—n+4+v/2 and y <1/2,
with v = inf(v; 1/2).
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PROOF. We have already proved the regularity of X! in the fractional Brown-
ian case. The proof in the current case would be similar, and we omit it. It will be
enoughtotake n=1/4+¢,ko=v/2 -2¢eandy =ko+p+¢,p=1/4—-v/2
for a given small ¢ > 0.

Let us concentrate then on the regularity properties of X2: we will prove in fact
first that X? e CA%’ o ,CI"{S_ #, and for this, we will proceed along the same lines as
for the proof of Proposition 4.4. Let us sketch the main steps which have to be
followed.

Step I: First of all, we have to estimate ||A;‘)X,ZSA_’7 llus:; 5— B, and it is readily

checked that A,” X% A~ is represented by the kernel

_ r ol
Km(s,m:/ jo G, (6, ) X (du, dny)

u 1
x f fo G (01, 1) X (dv, d2) Gy (n. ).
S

Thus, when considered as an operator from B, to B_,, we obtain that
(98) ENX sl = [ EURG ) d do

Moreover, some standard considerations about iterated integrals for Brownian
noises (see, e.g., [3, 25]) yield

~ t p— —_ A
ELRu(e. )= [(du [ Gt &G E i
x Q@1 — 01) Hus (n, m, 71) dni din,
with
Hys (0, 11, 71)

u
— / dv f o1 120G (12 ) O (12 — 12)
Ky [0,1]2

X Gu—v(M1, 12)G, (72, 1) dna dia.
Plugging this equality into (98), we end up with

&
ENXE sl = | du /[0 I UALACIE
(99) 7 . .
x Qi —m)dnidnu,

where we have set ¢ =t — s and

u
W01, ) = / dv [ Guv (11, 12)Guv (i1, 72)
0 [0,1]2

-2 N N A
x G,y (12, 12) Q (2 — 12) dna dijo.
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Furthermore, using the spectral decomposition of G; and Q, introduced respec-
tively, by (42) and (44), we obtain

A A ) . . X
/[0 P Gu—v(m1,m2)Gu—v(1, 772)G2U n(nz, 1) Q2 — H2) dna dis

e~ MitAplu—v] ,—2Arv
= Z ei(n)ej(n) 5 1 k—1=0y1{j+k+1=0}-
- AVA"
i,j,k,leZ 1Mk

Injecting again this value into (99) and using the fact that A_; = A;, we have that

1
A AFIENEY

NN
i,j.k,l,mneE )"lv)“mp)\',l;)\;))\.kn
X fg du e=2*m(E=1) fu dv e~ ilu=vlp=2hv,
0 0
with
(100) E={jklmneZim+n=jk+l=—j}
Thus, we get
1
ENX3Esl= Y
jklmneE)\ p)tv)hl)» K
1 dv

& u
=c / du f dv du
J'ak’l;neE ATy o o T e —watu — 0P

1 d
< cgra—b Z /du/ dvdu v

b4 2p+a 24y —v)b’
jkdlmneE AjAm  ApA A (u—v)

/ du/ dv o= 2rm(E=1)=2j[u—v]-23xv

The double integral above is finite whenever a, b € (0, 1), while the sum can be
handled along the following lines: first, rewrite
1
S = >

S bha20+aq Z S 20,0
mon,jimtn—j=0 A jAm Ay k lki=—j M A

1

and observe that, thanks to Lemma 4.6 and according to our hypothesis n > 1/4,
we have

> o= Y

1 -
2n =

v

klktl=—j M A klktl=—) M A

where C stands again for a positive constant which can change from line to line.
Then
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and choose b > 1/2 — 2v, so that another application of Lemma 4.6 gives

s<C Z 1/)»’%10+a+b+217—1/2‘

m
This latter sum is finite when @ +b > 1 —2p — 2. Then for any # < 6* such that
20* < 14 2p + 2, we have found that E[||X ”HS] <cera7b < g2,

Step 2: One can go from L2 to L? estimates for m just like in Proposition 4.4
Step 4: indeed, we have

ENXLIE <cp | uszEw R (&, ni)ldErdny -~ - &, dn.

Moreover, K (&i,m;i) is a variable of the second chaos H> with respect to the
Gaussian field X, and invoking [19, Relation (1.61)], the L? and L?” norms on H»
are equivalent. Thus, for any integer p > 1, there exists a constant ¢, such that

E[XZIR] < cpt — )27

Step 3: We will conclude now thanks to Lemma 3.8, which reads here as:
1X* -0 < lUpr42/p,pin—p (XD + 18X 10,
= C[Uyz+2/p,p,nﬁp(xz) +1x'x! ly2m. =01

for any integer p > 1. According to the previous step, it is then easily checked that,
forany y» < 6* =1/2+ v 4+ p, and p large enough, the term Uy2+2/p’p’n’_p(X2)
can be bounded almost surely by a finite constant. Recall now that we have chosen
y=ko+p+nko=v/2—2¢and n=1/4+ ¢. Thus,

y+Kko=2k0+p+n=v—n+1/44p <67,

and hence UV3+2/p,p’,,,_p(X2) < oo for any y3 <y + ko.

Let us treat now the term X'X'. Along the same lines as in Proposition 4.4,
it can be shown that X! e (fg L77P and X! € CASOC’W. Hence, by composition of
operators, we get X! X! e (?%’JFK‘%”’_", which means that | X'X!|,, , _, is finite
for any y3 <y + ko. Summing up this short discussion, we have obtained that

||X2||,,2,,7,_p finite a.s. for any y3 <y + k.

One can proceed then to prove that X2 e CEKOE’W by a slight elaboration of the
computations above. This easy exercise is left to the reader.

The proof for the operator X3 follows the same lines and will not be reported.
Indeed, we prefer to concentrate on the regularity properties of higher order oper-
ators in the more complex situation of Section 6.4. [J

We are now able to apply our abstract results to the stochastic heat equation.
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THEOREM 5.8. Let X be an infinite-dimensional Brownian motion on
[0, T] x [0, 1], defined by the covariance function given by (45) and (44) with
v > 1/3. Then there exists n > 1/4, 0 <k <y < 1/2 such that k < kg and
Y + 3k > 1 such that, for any \ € B, the equation

Y(0,8) =y (), 0 Y(1,6) =AY (t,§)dt +Y(¢,§)X(dt,d§),
tel0,T],& €][0,1],

with periodic boundary conditions, understood as equation (84), has a unique so-
lution in Qy p y .

PROOF. Like in the proof of Theorem 4.12, the claim is readily checked once
we have shown that X", n = 1, 2, 3 satisfy Hypothesis 3. This amount to check
that there exist kg > « and y < 1/2 such that

ko<1/4—n+v/2, y + 3k > 1.

However, thanks to Proposition 5.7, it is enough to take n = 1/4+¢, kg = v /2 —2¢,
k=ko—¢,p=1/4—v/2and y = ko+ p+n for some small ¢ > 0. The condition
¥ + 3ko > 1 can then be read y + 3kg = 1/2 4+ 3v/2 — 4e > 1, which is possible
whenever v > 1/3. [

5.4.2. The fractional Brownian case. In order to define an integration theory
for the fractional Brownian motion beyond the Young case one has to start, like
in the Brownian case, by defining the operators X! and X? in a natural way. We
have already seen that X! could be understood by means of Wiener integrals, and
for X2, two reasonable choices for the definition of (86) seem to be the use of
either Skorokhod or Stratonovich integrals with respect to the fractional Brownian
motion X. However, it turns out that these two solutions are equally unsatisfactory,
for two different reasons that we proceed to detail now:

(1) When one computes moments of random variables of the second chaos defined
by Stratonovich integrals, some trace terms appear, a classical phenomenon
which is explained for instance in [19] in the general case, in [23] for the
stochastic heat equation, or in [21] for the fBm. In the current situation, if we
want these trace terms to be convergent for a fractional Brownian motion X
defined by (43) and (44), one has to choose v > 1/2, which means in particular
that Q is a bounded function of £ € [0, 1]. In other words, we are not allowed,
even if H > 1/2, to consider a distribution-valued noise in space, which was
one of our main aim.

(2) The Skorokhod integral works better as far as convergences and regularity es-
timates are concerned. But one of the basic ingredients of our algebraic manip-
ulations on integrals is the fact that one can write, under suitable hypothesis:

t t
/ Studxy by = |:f Stu dxu:|b5a
s s
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an equality which is known to fail in the Skorokhod case (see [19] again for
further explanations). For instance, the relation §X?% = X'X"', which is useful
in our analysis, does not hold true when §X2 is understood as a Skorokhod
integral.

In order to cope with these problems, one can adopt the following strategy: com-
pute the correction term P, understood as a 2-increment operator-valued process,
which allows to write

(101) sx?=x'x'+rp,

when X? is defined via Skorokhod integration. Notice that, since X? is an element
of 'H>, the process P is deterministic.

Recall now that the operator § has been defined as follows: for a suitable Banach
space V and M € é,?o(V), set

(102) SM=8M — Ma=8M —aM — Ma.

Then the operator § enjoys the same kind of properties as §,and in particular, 86 =
0 and ker §| 6 = Im$§| &y Moreover, relation (101) can be read as § P = 0. Thus,

there exists another process T € C>L such that 5T = P. Consider then an explicit
version of T and set X2 = X2 — T'. Then X? is still a Lévy area type process, such
that X2 = X' X!, which means that hopefully, X2 will enjoy both algebraic and
analytic properties allowing a nice extension of the notion of convolution integral.
However, an open problem is to understand in which sense the integrals defined
using this corrected Lévy area X2 are useful and/or natural. We plan to report on
this possibility in a further paper.

5.5. The algebra of a rough path. Bilinear stochastic equations, in finite or
infinite dimensions, are often handled by means of chaos decomposition (see, e.g.,
[14, 15]). In this section, we will try to stress some relationships between our
pathwise approach and this latter method.

Our basic Hypothesis 3 states that

e
(103) §X" =" x*x"*

forn =1, 2, 3, and moreover that

(104) X" eyt —r and X" e iR,

with y + 3«9 > 1, n > 1/4 and p = 1/4 — v /2. Furthermore, it can be shown,
along the same lines as for Theorem 3.5, that there exists an inverse A to § on
Cé‘ £9=P Nker(8) for a certain u > 1.

Let us see now how to construct an operator X* satisfying the operator Chen
relation (103): by composition of operators, and invoking Hypothesis (104), it is



ROUGH EVOLUTION EQUATIONS 51

easily checked that X' X3 + X3 X! + X?Xx? ¢ Cg/ 30 pn—p, Furthermore, we have
assumed that y + 3ko > 1, and thus, by analogy with Theorem 5.4, we will set
now X*:= A[X'X3 + X2Xx2 + X3X"], which is well defined as an element of
5%/+3K°£’7’*'0 and thus that belongs to CA;“(OL””’ (since y = ko +n+ p). It turns out
that this procedure can be iterated, and we obtain the following proposition.

PROPOSITION 5.9. Let X satisfying Hypothesis 3. Then one can construct a
sequence {X";n > 4} out ole, X2, X3, such that, for any k < kg =y, — p, we
have X" € 5%/“"_1)'(05”’_/),

1X" g0 2 -p < Ca) ™

and such that the operator Chen relations (103) are satisfied.

PROOF. The X" are constructed by an induction on n. Then it is clear that
X" e E;Jr(n*])'“’ﬁ"*_p. Moreover, for n > 4 we have nkg > 1, so that X" =
[\(Zz;% X"~*Xk) can be defined directly as an element of £7". Then the same

kind of arguments as in the finite dimensional case [10] prove that we have the
inductive bound

(105) 1X" g0 2y < Cx(u) ™0, 0

In such a setting, the lifted rough path allows to express the Itd map which sends
initial conditions to solution of the linear equation (84) by a convergent series of
operators.

COROLLARY 5.10. Under the conditions of Proposition 5.9, there exists an
operator T, defined as an element of 6’%’ +(n_1)K0£”’_p, given by the strongly con-
vergent series T 1= 72 X kand such that the solution of the linear problem (84)
satisfy the equation $ y =Ty, or written in another way

Vi = Stsys + Tts ys, (t, S)ESZ.

In particular, if we define X% = S5 and set T =X+ T we have that T is a
cocycle of operators:

f}s=f}ufu5a (t,u,s)683.

PROOF. The convergence of the series for 7" in the operator norm follows from
the bound (105) on || X"||. The cocycle property is proven as in finite dimension.
The uniqueness of the solution to the linear problem allows to identify the operator
T as the Itd map for the rough evolution equation. [
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6. Polynomial nonlinearities. Going back to the general setting explained at
Sections 3.2 and 3.4, we will consider now an equation of the form

t
(106) Ve =S+ /0 Spudxu My (v,

where y lives in the Hilbert space 3, where M), : 3" — B is some unbounded mul-
tilinear operator from the Hilbert tensor " = B®" to B, and where we understand
e®" =9 ®---® ¢ € B" as the tensor monomial generated by ¢ € B. In fact, for
sake of simplicity we assume that M,, is symmetric and we restrict our discussion
to the case n = 2, letting M»> = B, the general situation posing no more conceptual
difficulties. Then our general strategy, like in the linear case, will be first to expand
equation (106) for a smooth driving process x in order to guess the appropriate
rough-path underlying this equation. It will be seen that those expansions involve
some increments indexed by trees. Studying the algebraic and analytic properties
of these increments, we shall obtain a reasonable notion of solution to our quadratic
equation.

6.1. Formal expansions and trees. Let us first simplify a little our setting. Re-
call that we wish to solve an equation of the form

t
(107) V=St /0 St doxu BYE?),

where we specialize our situation in the following way: assume first that B =
L?([0, 17), which means that we are back again to the heat equation setting of
Section 3.4. Then B:B®% — B is defined by [B(¢ ® ¥)](E) = ¢p(E)Y (&) for
& € [0, 1], whenever this expression makes sense in B. Assume for the moment

that x € éll L% for k large enough. We can expand equation (107) as

t
Ve = St s + / St dxu B((Sus ) ®2)
S
t u

+ 2] Stu dxu B(Susys ®/ Suv dxv B((Svsys)®2))

) S

t u
+ f Spudxa B( [ i BSu0®)

S )

@ [ Swdx, B((Svsys)®2))
(108) t ;
+4/ Studxy
)
u
X B(Sugys ®/ Suv dxl)

y B((Svsys> ® [ " Sywdu B((Swsys>®2)))

+ h.o. iterated integrals.
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As we see, iterated integrals appear here in combinations which are not as easy to
handle as in the bilinear case of Section 5.3. A natural way to code this kind of
expansion is to use planar trees, as explained below.

Without entering too much into formal definitions involving trees, let us mention
that we shall consider planar binary rooted trees 7 of the form

XY NNV NS Y ete.

which allow to give a compact expression of the iterated integrals appearing in
the expansion (108). Observe that each tree can be constructed from the trivial tree
79 = e by using the binary operation V : 7 x 7 — 7 consisting in gluing two trees
at a newly created root, so for example

vy
V' =V (10, 10). V (10, 0)).

For any tree t € 7, we associate the function d () that counts the number of leaves
on the trees, so that d(tg) = 1 and d(V (11, 12)) = d(11) + d(12).

Let us see now how to represent expansion (108) thanks to planar trees. Define
recursively an operator-valued increment X* € (f'zL(BZJ(T); B) for t € T as

t
(109)  XP=5, and X/ = / S divy BIXTL ® X72).
N

Notice that X* has always to be considered as an operator acting on Bﬁ(’). For
instance, we understand that, if T = V (11, 12), we have

X5 01 ® - ® gar))
t
=f Studxy B(X 4 (01 ® - ® @a(ay))
S

® X2 (Pd(r)+1 ® -+ ® Qa(r)))-

This latter formula justifies also in a sense the use of planar trees, since in general
xV@m) £ xV@1) 1n order to illustrate this fact, consider the simple example
where 71 = 19 and 7, = V (19, 79). Then d(V (1, 12)) = 3 and

t
X (0 @ 92 @ 3) = / Studxy B(X2(91) @ XV 07 (0r ® @3)),
A

while

t
X2 (0 @ 2 ® @3) = / Studxy, B(X) ) (0] ® 02) @ XX (¢3)),
A

which are a priori clearly different objects.
With this notation in hand, it is now checked that our previous expansion (108)
can be written in a simpler way as

(110)  Gy)is = X508 +2X5 68 + X7 02 +4X, L 08 +7,
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where r € éz (B) is some remainder term, and where we took care to distinguish the
various operators obtained by permuting the factors in the B-tensors. Of course, we
could have expanded the solution further, and some operators associated to larger
trees would have appeared. However, in a smooth enough situation, the strategy in
order to solve (107) is now clear: we can use the map A to eliminate the remainder
from the equation:

(111)  dy=(1—AH[XY(®) +2X¥(H®) + X"V (¥ +4X “(y®H)]

and try to solve this by fixed-point method. The only condition we need to check
is that

(112) SIXY(Y®%) 42X (%) + X (y®) +4X “ (¥

should be in the domain of A, which means that its time-regularity should be
greater than 1. The computation of expressions like (112) requires a little algebraic
preparation.

6.2. Algebraic computations. To ease some computations, we introduce an
“improper” increment E;; = Id (improper because it does not vanish as t = s),
where the Id has to be understood, according to the context, as the identity operator
on the vector space under consideration. For example, we can write Sh=8h— (S—
E)h. Moreover, we also introduce e;; = 1 taking values in R, so that for example,
ifze éZ(B)’ then (ze)rus = Zruus = Zru-

It will also be useful to extend the action of § to the tensors 5" by letting 8z =
87— (S —E)z, where $: 5" — B"isdefinedas S=S® --- ® S for any n > 1.
If the reader is unconfortable with giving the same name at different operators,
he can think that S is defined on the direct sum &,,-; B"; furthermore, we will
write explicitly S, when the context is insufficient to determine the actual space
on which § is defined. Analogously to the case of 8, the operator § defined by (102)
can be allowed to act on élﬁ(B", B)asSH=8H — (S— E)H — H(S — E).

We wish first to understand how the operators § and § act on tensor products.
More specifically, we shall need three relations which are summarized in the fol-
lowing lemmas.

LEMMA 6.1. The following relations hold true:
(1) Let z,w € C1(B). Then
(113) $z@w) =578 8w +6z® Sw+5z® dw.
(2) Let z,w € Co(B). Then
§(z@w) =ze ® 8w +ze ® Sw + 8z ® we + Sz ® we

(114) ) ) R )
+Sz7Qw+5zQSw+5zQ dw.
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(3) Let Z € C2L(B, B”) and W € CoL(B¢, BY). Then
S(ZRW)=2S,Q8W +ZS,@SaW +5ZR WS,
4 +SZQ WS +SpZR@IW +8ZR@S,W +5Z®@38W,
where an example of notational convention is given by
(Z84 ® SaW)ius = (ZuuSH) ® (S Was) € LB, B,
PROOF. These relations are easily checked by elementary computations. We
include the proof of the third one for sake of completeness: notice that
SZ:ZO—ZE—EZ—(S;,—E)Z—Z(SQ—E):ZO—ZSH—S;,Z,

o
where Z;

= Z;, and thus
S(ZRW)=Z2°@W° —SZ@S,W — 28, ® WS,
= (SpZ + 28y +8Z) ® (SaW + WS, +8W)
—SpZQRSEGW — ZS5, @ WS,
which yields relation (115) by a straightforward expansion. [J
We also want to understand how 3, § act on the operators X°. A first relation in

this direction is to note that, according to Lemma 3.2, if X7 € ézﬁ(B®”; B) and
h € Ci(B®"),

(116) S[XThl=(5X")h — X"8h, thatis, S[XTh]=(5X")h — X 5h.
It is thus useful to compute quantities of the form § X 7. To this purpose, consider
n > 1 and define 7 :C,L(B", B*) — C.L(B", B) by
t
(117) I(H) = [ Sudv, BH,.
N

This kind of expression can be related to our tree-indexed increments by noticing,
for instance, that
Xv=1(5), X¥=1(X¥®S8), XY =1S1®XY),
and generally speaking, (109) can be read as
xV@ow - [(x1@x2), X' =1(S®X") and
(118)
Ve - [(XT®S).

Hence, we shall compute differentials of terms of the form 7 (H).
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LEMMA 6.2. Let H € C}L(B", B?). The following formulae hold true for the
derivative of I (H):

ST (H))rus = I1u(S2) Hys + L, (8(H))
and
1 (H))us = L (S2) Hus + T (5(H)).

Furthermore, if we assume that SH can be decomposed as (§H) s =
ngM Ht(ul’j)HLS?’J), for a given M > 1, H) ¢ CZIE(BZ,BZ), and HZJD ¢
CA%,C(B”, B2), then we obtain

SICH)=1(S)H+ Y I(HM)HD),
j<M

PROOF. We have

(81 (H)rus = Irs(H) — Iy, (H)Syus — Spulys(H)

t t
=/ Stw dxy BHy; _/ Stw dxy B Hyy Sys
s u
u
- Stu/ Syw dxy B Hyyg
s
t t
:/ Stw dxy BHyyg _/ Stw dxy B HyySus
u u
t
:/ Stw dxw B(SwuHys)
u

t
+/ Stw dxw [BHys — B(SwuHus) — BHyyuSus]
u

= 11(S2) Hus + L (5 (H)),
which proves our first assertion. The second one is now trivially deduced. [
With these preliminaries in hand, we can now compute the action of § on the
tree-indexed increments we have met so far, in the following way.
LEMMA 6.3. Let x be a smooth L(B)-valued path. Then we have
§Xv =0,
SX¥=1(5)(X¥® 5 =X"(X"® ),
X7 =XV(XY @ XV) + XYV (XY ®5) + X¥(S® XY)
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and
SXU=Xv(X¥®5) + X¥X¥®S)),
XV =Xv(XY ®S) + X¥(S ® XV),
§X¥ = X¥(S®@ X¥) + XY (X¥ ® Sy),
5XY =X¥(S® X¥) + X% (S ® XV).
PROOF. All these relations are obtained by elementary computations, and we

shall only sketch the proof for some of them: first of all, invoking Lemma 6.2, we
get:

3X¥ =451(8)) =1(8)S, — (882 =0,
where we used the fact that §S = —SS. As far as X% is concerned, we have
SX¥=81(X"®8)=1(S)(X"®YS),

since §(X¥ ® S) = 0 by a direct computation using formula (115). Similarly, it
holds that

XYY =81(XY ® XY)
=I1(S)XYRXY)+ (SR X)XV S+ 1(XY®SH(S®XY),
owing to the fact that
(XY@ XY)=SX"®X*S+ XS ®SX".
Now, invoking (118), we have I (S ® XV)(X¥® S) = XY and [(X¥ ® §) = X,
which yields
SXT=XV(XY @ XV) + XV (XV®5) + X¥(S® XV),

as claimed in our lemma. [l

It is important to note now that all the previous computations have been per-
formed for a smooth path x. However, we shall ask our driving process x to satisfy
the following assumption:

HYPOTHESIS 4. We assume that the path x allows to define some incre-
ments X* for any v € T such that d(t) < 4. We also suppose that those incre-
ments satisfy the relations of Lemma 6.3, and that the following Holder regu-
larities hold true: setting |t| = d(t) — 1, we have X* € é"'KOE(BZI(T), By) and
X' e CAV+(|T|_1)"0£(B$(T), B_,), with y +nko > 1 and y = ko +n + p, for a
given n > 1/4.
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REMARK 6.4. Here again, it is important to work in spaces of the form B,
with n > 1/4. Indeed, these spaces are algebras, which ensures at least that, when-
ever ¢, € B, then B(¢, ) € B.

REMARK 6.5. The peculiar relation between the various parameters involved
in Hypothesis 4 has been suggested by the example which we treat later on and it is
due to the mixing between space and time regularity due to the analytic semigroup.
As operators the X*’s can map to more regular spaces (with respect to the scale
associated the generator A) at the price of loosing some time regularity. This is a
phenomenon which is not peculiar of infinite-dimensional rough paths associated
to random processes but it is found also in the rough-path approach to deterministic
PDEs like the Korteweg—de-Vries equation or the Navier—Stokes equation [7-9].

6.3. A space of integrable paths. The general discussion of the bilinear equa-
tion requires a deep understanding of the algebra of X. It is not the aim of this
paper to enter into these kind of considerations, and we prefer here to concentrate
on a particular case where « is sufficiently large to stop the expansions at some
low (but nontrivial) order. So here we assume that y + 3« > 1.

In order to solve the fixed-point problem associated to (107), we introduce a
new space of weakly controlled paths, denoted by Qyx ,, which enjoys some nice
stability properties under themap I': y—~ z =S¥ + I (y Q y).

DEFINITION 6.6. Let ¢ € B, an initial condition, and x a driving noise satis-
fying Hypothesis 4, with y + 3k > 1. We say that a path y € CAT’K(B,?) belongs to
Ox .« if yo=1, and $ y can be decomposed into
(119) 8y = XVy¥ + X¥y¥ + Xy 4%,
where yv, y*¥ and y¥ can be written as:

W=ww, y'=wew, Y=wluw,
and the following regularities hold true:
veCT By, w.yeCTMBy),  wrelB). Ve GBy,

where k > k1 > k2, Kk — k1 =k — k3 = and ¥ + 3k > 1. On Qx ,, we define
the seminorm

Nly; Qx.e] = NTy; CE (B + Nw; € (B,)]
+Nw; CR B+ Ny%: G2 Byl
Note that the constant path y, = S;v is a controlled path whenever i € B,, and

in this case w, wVv, yﬁ are all identically zero. Furthermore, the space Q satisfies
the following useful stability property.
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THEOREM 6.7. Assume that x satisfies Hypothesis 4, where we recall that
Yy +3k>1and kg > k. For y € Oy x, define z=T(y) € Q.x by z0 = and a
decomposition of the form

Sz=XVZV+ XV + XV + 2,
withz¥ =w, @ w;, z¥=wy @ w;, ¥ =w, Q wy,
where w; =y, wy = y¥, and Fe CA;KO (B) is a remainder which can be written as
F=XOY@M X GV ON+ XYV @)
+XV ey + X7 (@) - AW,
where J is defined by relation (121). Then:

(1) T: Qe x = Quy,x is well defined.
2) 87 coincides with [ (y ® y) in the smooth case.
(3) The following estimate holds true: for all 0 < § < T we have:

Nlz; Qx .k, ([0, SD]

< Cx (14 ¥y + [woly + 1w, + S“Ny; Qx. (10, SHI)*,

for a positive constant Cx which only depends on the rough path X.

(120)

PROOF. Start from two smooth paths x and y. If we apply the I map defined
at (117), we obtain, just as in the Young case (48),

Sz=10®Y) =160y +S0®y)=1S)(yRy)+1(6(® )
=1(S)(y®y) +1(Sy®38y) + 16y ® Sy) + 18y ®3y),

where we have used Lemma 6.1. Expanding $ y in this equation and invoking rela-
tion (118), we thus obtain

Sz=X"(y®N+X¥OH RN+ XYy + XV ey
XN+ XY+ XY@y + XY (y @ y) + 2,

where z” has to be understood again as a remainder. Now, by our standard, argu-
ment we shall define z” in the nonsmooth case by z° = —A(J), where J is given
by

1) J=8X"(y @+ X" @M+ XY@y + XV (¥ ey
X+ XYY R+ XY@y + XY (y @y

In order for this equation to be well defined, we still need to check that J belongs

to CA%/ 3w (B-,), which s in the domain of A since y +3k > 1. Let us then compute
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J: owing to (116), we have
SIXY(y@NI=BX"1(y®y) — X [5(y ® )]
=—X¥(Sy ®8y) — Xy ® Sy) — X¥(§y ® by),

thanks to relation (113) and Lemma 6.3. The other terms can be computed along
the same lines, and here is a sample of what is obtained:

SIX (™ ®y)]=X"(XVy¥ ® Sy) — X¥(5y ® Sy)
— X¥(SyY ®38y) — X¥(6y¥ ®by),
SIX @M= XY (X @ Sy) + XX @8 ® )
~ X y)
and
SIXY (Y @ Y] = XY (XYY @ X¥)Y) + XY (X¥)¥ © S2y)
+ X¥(Sy” ® X¥y¥) — XV (Sy¥ ® §yY)
— X"y ® Soyv) — XV (Eyv @ 8yv).

Now, by gathering all the terms we have obtained, we obtain that J = 22=1 Jis
with

Ji=XV[Sy ® (=8y + XVy¥ + Xy + X¥y¥)
+(=8y + XYy + Xy + XVyY) @ Sy
8y @8y + (XY @ X @ V)],

D= X¥[=Sy¥®8y —8y¥ @ Sy + (S, ® X¥) (3™ ® y¥) — §y¥ ® 8y

+XVR®SNOVYR®Y) +(S®XVR ) ® )]
and

J3=XY[-Sy®8y¥ — 5y ® Sy¥ + (X¥ @) (y* ® y¥) — 8y ® by~
+(SQX)(HR®Y )+ RXY RNy,

Ji=—=X""8(7 @) - X ¥ ey - X0V ey)

~X¥8(y®y) - X5(y ® y).

Furthermore, notice that, using equation (119) for the increments of y, the quantity
Ji can be simplified into

J=XV[-Sy®y* —y* @Sy —8y* @8y¥ + (X¥ @ X)(3* @ y¥)].

We are now left with the cumbersome task which consists in analyzing the regu-
larity of all the terms we have produced so far. We shall just focus on one particular
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example, namely X %@ y¥ ® Sy), leaving the other ones to the patient reader. In-
voking again Lemma 6.1, we have

X¥Gyr @ 8y) = X¥Bw 5w ® Sy) + X¥(Sw Q@ dw ® Sy)
+ X¥0w Q@ Sw® Sy).

Among the three terms in the right hand side of this relation, we shall analyze the
first one, the other ones being similar: recall that X“ € Cg +2K°E(B3, B_,), Sw e

C5(B,) and Sy € C(B,). Thus X¥(Bw ® dw ® Sy) € €L (B_,), which is
enough regularity to apply the A-map. The other terms in the decomposition of J
can be treated similarly, which ends the proof of our first assertion.

Our second claim being immediate from the construction of our integral, let us
say a few words about the last one. Here again, many terms have to be estimated,
and we shall focus on a representative example, namely the term wy = y¥ =w &

w. In fact, the quantity N w ® w; éfz (B%)] has to be estimated, and recall that,
according to Lemma 6.1, the following relation holds true:

S(w@w):Sw®<§w+c§w®5w+<§w®c§w.

Thus, since w € CA'I(1 (By) and S; is a bounded operator on B, for any positive S,
we obtain

NTw @ w; Ci([0, S1: BT < (1 + [wol, + S*Nw; €' ([0, ST; BD)1)?

< (1 + woly + S*Ny: Qx. (10, SD1)*.

where we used also the decomposition w; = Syowg + gw,O to bound w; in terms
of wg and dw:

|wily < woly + SEATw; G ([0, S1; B

The other terms defining 8z can be treated along the same lines, which proves
relation (120). O

We can turn now to the main goal of this section, which is to get an existence
and uniqueness result for equation (107).

THEOREM 6.8. Assume that x allows to define some incremental operators
XT for any T € T such that d(t) <4, and that these increments satisfy Hypoth-
esis 4, for v, ko, k,n such that k <ko <y, y + 3« > 1 and n > 1/4. Then there
exists a strictly positive To = To(X"; d(t) < 4) such that equation (107) admits a
unique solution 'y € Q, x ([0, Tp]).

PROOF. The proof of this result is very similar to those of Theorems 4.3 and
5.6, and we shall omit the details here. Just notice that inequality (120) allows to
construct an invariant ball for the map I' in O, x ([0, To]), whenever Ty is small
enough. The contraction argument can then be written in a standard way. [
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6.4. The Brownian case. In this section, we investigate the behavior of the
operators X* defined above, when x = X is an infinite-dimensional Brownian mo-
tion, defined at Section 3.4. Our aim is of course to show that, under certain con-
ditions, X satisfies Hypothesis 4. To this purpose, for the remainder of the section,
we will mainly consider some applications on the space B, for n =1/4 + ¢ and a
small ¢ > 0. Let us also introduce an additional notation: for the remainder of the
article, we will write A < B for two real quantities A and B when A < ¢B for a
universal constant c.

PROPOSITION 6.9. Let X be an infinite-dimensional Brownian motion de-
fined by the covariance structure (45), with Q given by (44) for v € (1/3,1/2].
Recall also that, for a planar binary tree, we have set |t| =d(t) — 1. Let X* be
the incremental operator given by (109) where the stochastic integrals have to be
understood in the Ité sense. Then, almost surely, X' € (?SOMLZHS (Bﬁ,i(r); By) for
T =, %, v, Vv, X, ¥, ¥, and for any ko satisfying 0 < kg < 1/4 —n + v/2.
Moreover, X € CZHO(III_l)_1/4[,Hs(Bg(r); B_,) fory =ko+n+p <1/2. The-
orem 6.8 can then be applied in this situation.

PROOF. In all the cases, the line of the proof is the same. We obtain an L>
estimate on the Hilbert—-Schmidt norm of X7, which by Gaussian tools can be
boosted to an L? bound for any p. Applying Lemma 3.8, the result is then easily
deduced.

Admitting for the moment the results of Lemma 6.11 below, let us give some
details about our method. Since our incremental processes always belong to a finite
chaos of the infinite-dimensional Brownian motion X, it is easily deduced from
Lemma 6.11 that

E[IX;I7 ]

< (1 — s)yPlTlotet(=1/1TD/2) < (4 _ gyplrl(cote)
HS,£(BI™:B,) ~

~

for any 0 < kg < 1/4 — n+v/2 < n/2. Moreover, it also holds that:

tus

~ 1 2 1 2
18Xl < D0 IXF MXE N S (=)0 — 5)I7W0 < (2 — 5)lheo,
tl,rz

! 72 denote the trees appearing in the expansion for §X7, . given at

where t tus
Lemma 6.3, for which we have always |t!|,|7%| > 1 and |z!| + |?| = |t| + 1.

So it is clear that using the extended G-R-R Lemma 3.8, we obtain

IXF Nl S (2 — )Tl

tus

for any t such that d(t) < 4. Finally, observe that the conditions y < 1/2, kg =
v/2 — ¢ and 3kg = y > 1 force us to choose v > 1/3. [

An easy consequence of the last estimations is an existence result for a Brown-
ian SPDE in the rough-path sense:
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THEOREM 6.10. Let X be an infinite-dimensional Brownian motion on
[0, T] x [0, 1], defined by the covariance function given by (45) and (44) with
v > 1/3. Then there exists n > 1/4, 0 < k <y < 1/2 satisfying k < ko and
v + 3k > 1 such that, for any W € B, the equation

Y(0,8) =¢ (&), QY (t,E) = AY(t,&)dt + Y (t,£)*X (dt, d§),
tel0,T],& €][0,1],

with periodic boundary conditions, understood as equation (84), has a unique lo-
cal solution in Q, 4 up to a time T, which depends on the initial condition and
on the operators X%, |t| < 3.

PROOF. Like in the proof of Theorem 5.8, the proof amounts to check the
validity of Hypothesis 4 in the light of Proposition 6.9. [

The rest of the paper is dedicated to the L2 estimations for the operators X 7. In
fact, we will obtain a slightly stronger result than the one we claimed at Proposi-
tion 6.9.

LEMMA 6.11. For the trees considered at Proposition 6.9, we have the fol-
lowing L? bounds:

< (1 —g)TIA-12,

T2
(122) EQNXE g st ]

where A =1 —2n+ v — ¢ for some arbitrary small ¢ > 0.

PROOF. It is conceptually easy to generalize the arguments of Proposition 5.7
to reduce the problem to an estimation of a mixed sum (over eigenvalues of A,)
and integral over time variables (after contraction of the stochastic integrals). This
long and tedious task is left to the reader. We prefer to give a diagrammatical
algorithm which allows to go from the kernel on L? (associated to each operator)
to a simple sum estimation. This will be detailed in the next two subsections. [

REMARK 6.12. We can interpret this result by the following heuristic con-
siderations. The situation more similar to the finite dimensional theory is when
n is slightly larger than 1/4 and v slightly larger than 1/2. In this case, A is
arbitrarily near to 1 which would give the classical scaling of Brownian incre-
ments if we could ignore the factor —1/2 apperaring at the exponent in the r.h.s.
of equation (122). This further loss of regularity is due to the need of estimating
the Hilbert—Shmidt norm. We conjecture that some technique which would allow
to estimate directly the operator norms of the increments would give a better time
regularity which would improve the overall theory. Apart from this technical diffi-
culty there is an intrinsic departure from the Brownian regularity due to a loss in
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space regularity which must be compensated via a transfer from time to space reg-
ularity (allowed by the convolutions). This loss in space regularity has two sources:
one is the nonlinear operation which start to be badly behaved when 7 is smaller
than 1/4, the other is the presence of the noise which degrades the spatial regularity
of the result when v is smaller than 1/2. Both contributions are clearly accounted
in the formula for the effective time regularity A.

REMARK 6.13. As we noted also elsewhere in the context of rough-paths
associated to deterministic PDEs [7-9], in the infinite-dimensional setting objects
like the semigroup S (and in general the unbounded linear operators appearing
in the equations) must be considered at the same level of the driving stochastic
processes in the sense that the ensemble of these objects form a rough-path. In
this perspective, the fact that the rough path X which we construct depends both
on the Gaussian noise and on the specific convolution semigroup S should not
be considered more unusual that the fact that in the finite-dimensional theory the
higher order iterated integrals depends on the vector of all irregular components
driving the equation.

6.5. Diagrammatica. We will first show, at a heuristic level and on a simple
example, how to pass from an incremental operator to a graph for the computation
of Hilbert—Schmidt norms.

(1) Case of the operator X~. Consider first the operator XV : B,ZI — B,. Recall-
ing the notation of Section 3.4, an orthonormal basis for B, is given by {€;; j > 1},
where ¢; = k;”e j- Furthermore, the particular form (44) we have assumed on the
covariance function Q implies that x can be decomposed as

Xu=) )‘;vﬂepﬁfv u=0,
PEZ

where {87; p € Z} is a sequence of independent Brownian motions. Hence, setting
(-, -) for the inner product in L?(S), the matrix elements of X" are given by

t
[X;’s]i,jk = (e, XZy(éj ®ex)) = <ei; / Stu dxu(Suséj)(Susék)>
t ~ ~
- / (Snuei: dxu(Sus ) (Susit)

t
= 3 [ B S e ep(Suse ) (Susen)
PEZ §

t
_ Z A;n;\;n)\;uﬂ/ oM Um0 = u=5)~hi(u=5) ggp.
pii=ptjth ’
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Thus, the Hilbert—-Schmidt norm of X}, in £(B?; B,) can be written as

2 _ 2n 2
X7 s, cs2:5,) = D AIX Lkl
i,j,keZ

From this simple computation, the following rules appear:

e Some multiple sums (involving terms of the form A¥) with constraints on the
indices appear, due to the fact that {e;; i € Z} is the trigonometric basis of L2(S).

e Some contractions in the sums take place, because of the Brownian stochastic
integrals.

With the above considerations in mind, we can associate to X}; the following
graphical representation:

t
Xz = [ ap .

J k
where the solid lines represent factors of S. This is a bookkeeping device for the
relation between the various indices and time parameters. The computation of
E [||X;§||12_IS LB )] corresponds to putting side by side two specular copies of
s 02N
this graph and connecting the corresponding top and bottom lines (to compute the
HS norm), while contracting in all the allowed ways the dashed lines (to compute
the contractions of the stochastic integrals). Doing so, we obtain the graph

u

t
v 12 = i\
E||th||Hs,L(B%:Bn> _/s du U

u

where we use the following convention: solid lines correspond to factors of S, time
parameters are attached to vertices, crossed solid lines correspond to factors of
A?"S (coming form contraction of output lines), crossed double lines correspond
to factors of A™2"7S (coming form contraction of input lines), dashed lines are
associated to factors of Q (coming from the Itd contraction of the noise). We fix
an orientation for each edge of the graph and associate an index to each oriented
edge. To each vertex corresponds a constraint that the sum of indexes of incoming
edges minus indexes of outgoing edges should be zero. According to these rules,
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the formula of the mean squared norm is then

v 12
E[IIth||Hs,£(B$,;Bn>]

t
_ 20y —vq =214 =21 2% (t—u)—2rk (u—5)—2X1; (u—s)
_fdu E )‘i)‘j)‘k A e ;
$ i+ j+k+I=0

and the reader can check that this is indeed the expression for the mean value of
the HS norm of X7};.
Consider now the expression
A= Z k?nk;u)\;m)\l—%e—zxi (t—1) =22 (—5) =241 (u—s)
i+ j+k+1=0
We trivially have
20y —vy =20y =20 —2),;(t—
A< Y WA e,
i+ j+k+l=0
Furthermore, setting ¢ = k + /, applying Lemma 4.6, and recalling that we have
chosen n > 1/4, we can bound A as
204 —vq =29 —2A;(t—u)
AS D NG e :
i+j+q=0
where we used the relation 3 4 ,—, k;anl—Zn Shg 1 Moreover, assuming that
v < 2n we can use again Lemma 4.6 to get
A S Z)\izn—ve—%i(t—u) 5 (t — u)—a Z)Lizﬂ—‘f—a’
i i

and choosing a = 1/2 + 2n — v + ¢ so that the sum is convergent, we obtain
< (t —u)®73/2, with A =1—2n4 v — e. So we proved the graphical equation

u

(123) D St —wh?

u
and hence, if we suppose that A —3/2 > —1, that is, A > 1/2, we have obtained
that

E[IIX

t
v 12 A=3/2 A—1/2
””HS,C(B%;BU)] 5/; du (l — u) / 5 (l‘ — S) / ,

which is the desired bound for Lemma 6.11. Let us say a few words about the
condition A > 1/2:if n = 1/4 4 &, then one has A = 1/2 + v — ¢ + &. This means
that the condition A > 1/2 can be met as soon as v > 0, which simply rules out
the possibility of considering a space—time white noise at this stage.



ROUGH EVOLUTION EQUATIONS 67

(2) Case of the operator X . With the same kind of considerations as for Xv,
it can be shown that the the matrix elements of the operator X are given by

(Xiju= >, > A_Z"A_Z"A_Z”A;“/2Aq_”/2
p+j+n=i g+k+Il=n

" ft e_)\,.(;_u) dﬂ,f e—Aj(u—s)
S
« f” oMV 18Y I (V=8) =R (0=
S
Thus, its Hilbert—Schmidt norm in [I(B,S]; B;) can be written as

”th ”HS L(Bz B) Z )" |[X ]l jkll
i,j.k,l

and the following graphical representation can be associated to this last expression:

E[” ”HS ﬁ(Bi B) / dl/l/ dv

and the corresponding formula

E[IlX;Y ”Hs L(B3:B )]

—f du/ dv W
l+/+k+l 0
x Z }L;UA;Zn)LO—Zr]e—ZAi (t—u)—ZA[(u—v)—ZAn(v—s)—ZXO(v—s)—ZAk(u—s).
n+m-+o=Il

The strategy to control this expression is now straightforward: bounding the
exponential and performing the time integrations gives, for two positive constants
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a,bsuchthata +b <2,

E[IX;S ”Hs L(BY:B )]

i
i+j+k+1=0 n+m-+o=l

Using the fact that 25 > 1/2, we can reduce this to the bound

12
E[IX s, cqo:,)]

S =)@ S TG Y A

1
i+ j+l4k=0 n4m=l

Assuming moreover that v <27, we get

_ S)Z—(a-i-b) Z )&‘zn_a)‘]fl))\‘;zn)\l—v—b.

E[IIX;¢ j
i+ j+H+k=0

ts ||HS L(Bg B )] (

At this point, choose b =2n — v so that v + b = 2n and

_S)Z—(a-i-b) Z )\1.2'7_“)“[ A—ZTI
i+k+1=0

[”th ”HS ﬂ(B% B )] (

Hence, this sum is finite if we choose a = 1/2 4+ 2n — v + ¢, and we get

2 2A-1/2
E[“X;;/”HS,E(B%;BW)]/S(t_s) / .
Before proceeding to the estimation of the other more complex operators, let
us make a useful observation. Consider the following subgraph on the left of the
previous graph:

After reduction of the crossed double lines (carrying the factors due to A~7) by
an iterated application of Lemma 4.6, we obtain the following expression which
corresponds to a bound for this graph:

u u
SJ/. dv )‘1_ —2Ai (u—v) 5 dv b)hl—v—b,
N s (u - U)
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so that choosing b = 2n — v, we get an estimate of the form < (v — s)Aki_zn.
Summarizing these considerations, we have obtained the graphical equation

U v u

(124) /udv < ) <(u—s5)2

U v U
which we will use multiple times below.
6.6. More complex graphs. The tools we have introduced so far will allow us
to treat the two remaining cases we are left with, namely X % and X%,

(1) Case of the operator X X, By using the same kind of arguments as in the
previous subsection, we obtain a representation of the form

t u v
X~ [ apl [ apt [ ap,

Thus, for the computation of E[|| X ;‘S"lles LB B )], we obtain the graph
£ ]/]7 n

X012
ENX:s s, 253 5,)

Now, invoking repeatedly relation (124), we can iteratively reduce the above graph
: X012
to obtain a bound for E[|| X, ||HS’£(83;BH)] of the form

u

Sfdu(u—S)ZA D

u

t
5/ du (t — )32 — )2 < (1 — 5)3012,
S



70 M. GUBINELLI AND S. TINDEL

which is again what is needed for our Lemma 6.11.
(2) Case of the operator X™~. Using the same conventions as before, the oper-
ator XY can be represented as:

t u u
X = [Capy [ apt [ ap
N N N

Now our current situation is slightly different from the previous ones, since in the
triple Brownian integral above, the last two are not iterated. This means that we
have to handle some sums of the form E[(}_, Y Za)z] for some centered Gaussian
random variables (Y, Zy), forming a Gaussian vector. The standard way to com-
pute such sums is to write

2
E[(Z YaZa) } =Y E[YoZaYpZg]
o o,B
=Y E[YoZJE[YpZpl+ E[Yo Y51 E[Zo Zg]
@p
+ E[Yo Zg1E[Yp Za).

By extrapolating this elementary consideration to our situation, this implies that,

2
HS.L(B4:5,)’

involved. Hence, we also obtain three different graphs:

in the computation of E || X% || three different kind of contractions are

v.v 2
EHth ”HS,E(B;’};B,,)
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Observe that the first of those graphs already appeared in the study of X . We
will then focus on the two other ones.

The analysis of the second graph above can be started by reducing again the
crossed double lines, which gives a new graph of the form

// \\
7
w s u LW

o] |
(126) /du/ dv/ dw
S S S ’ ‘

VN (%
N u //
~ o _ -

Lp—

~

However, at this point, we cannot proceed as in the previous cases, with a sequence
of reduction of subgraphs, in order to prove the convergence. Indeed, in the current
situation, some irreducible triangular structures like the following appear, at the top
and bottom of the graph (126):

(127) /yu dw
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where the dotted lines stand for the remaining part of the graph, and where we put
explicit indexes on outgoing lines and on the edges of the subgraph. Note that by
the rules we have imposed on the graph, the constraint i + j + k = 0 (we consider
the dotted lines directed inwards) holds true. The contribution of the triangular
structure is thus given by

1+j+k 0/ dw Z)” v )‘q(“*w)*kq—i(ufw)’

and we can bound this last expression by

—v 3 —b/2,=b/2
8itj+k= 0/Y 2 )bzkﬁkk Prg” 2

for some b € (0, 1). The latter sum is finite when v 4+ b > 1/2, which means that,
by choosing b = 1/2 — v + ¢, the triangular structure yields a bound of order

1—b
S8igjak=0(u —s) 7.

Summarizing the previous discussion, it is now easily seen that the structure (127)
behaves like a simple vertex, up to an appropriate factor of (u — s):

Using this fact, we can reduce our graph (126) to the following simpler structure:

u

-
e

/

t /
SJ/ du(u—s)m: g(t—s)SA_l/z,
)

\

\
N
~

u

where the last bound has been obtained similarly to (123).
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Finally, let us associate a bound to the third graph in (125). First, notice that this
third graph can be reduced to

/

w /! u 0
|
t u u ‘ |
(128) /du/ dvf dw I
N s s ‘ /

/

v u w

Furthermore, this graph contains the irreducible subgraph

v

j—l
J j—l+gq
/a’v/ dw--~‘~u /
s s 7
)/ k— ()+l
k I’
\/

w

which corresponds to the expression

u u
Dz/ dv/ dw
N S

X Z Zexp{—Aj(u —v) — A(u —w)

Jj+k=i q.,l
— Ajitq — V) = Ag—gi1(u — w)
—Aj—(w+v—25) = Ag—g(w +v —25)}

2
SO RT3 ).

Introducing an additional parameter b and bounding the exponential terms as usual
gives

uod wod
ps[ 5[ s Y Y .
s w—v)?Js (u—w) )J’ml/\vxj ",

Jjt+k=i q,l
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Now, using Lemma 4.6, we can bound the sums over ¢ and / in order to obtain

1
b+vyb+v”
)\‘j U)\‘k v

D3 /su (u ivv)b Ku (u Ciww)b Z

k=i

Thus, choosing b =21 — v, we end up with

DS -5,

which means that we have obtained the graphical inequality

Plugging this representation in the complete graph (128), we obtain

u
t N\
§/ duu — 5)2 ‘/ < (1 —s)312,
S
u

Going back to Lemma 6.11, we should still treat the case of X7 for 7 =¥,¥, .
But these estimates are now mere variations of the previous ones, and are left to
the reader for sake of conciseness.

(2]

(3]

(4]
(5]

(6]
(7]
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