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Abstract. We consider a model of random walks on Z with finite range in a stationary and ergodic random environment. We
first provide a fine analysis of the geometrical properties of the central left and right Lyapunov eigenvectors of the random matrix
naturally associated with the random walk, highlighting the mechanism of the model. This allows us to formulate a criterion
for the existence of the absolutely continuous invariant measure for the environments seen from the particle. We then deduce a
characterization of the non-zero-speed regime of the model.

Résumé. Nous considérons un modele de marche aléatoire sur Z a pas bornés en environnement aléatoire stationnaire ergodique.
Dans une premiére partie, nous détaillons les propriétés géométriques des vecteurs propres de Lyapunov centraux pour la matrice
aléatoire naturellement associée a la marche, mettant en lumiere le mécanisme du modele. Nous formulons alors un critere, vectoriel
dans les situations transientes, pour I’existence de la mesure invariante absolument continue pour les environnements vus depuis la
particule. En corollaire, nous obtenons une caractérisation du régime avec vitesse non nulle.
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1. Introduction
1.1. Model

We describe a one-dimensional model of random walk in random environment, called the (L, R)-model in the sequel.
Let (2, F, u, T) be an invertible dynamical system, where (§2, F, ) is a probability space and T is an invertible
and bi-measurable transformation preserving p. We assume that (§2, F, i, T) is ergodic.

We fix integers L > 1, R > 1 and define an interval A =[—L, +R] in Z, as space of jumps. We next assume to be
given positive random variables (p;).c4 on (£2, F), such that for some ¢ > 0:

Vze A\{0}, p;,>¢ and szzl, H-a.s. N
ZEA

The iid case corresponds to (£2, F, u) = (X L A®L, U®Z) for some probability space (X, A, v) with the left shift 7
and a vector (p;).ca depending on a single coordinate in £2.

Random walk (§,(®))n>0
Fixing w € £2, for each k € Z the collection (pZ(Tka)))ZeA defines a transition law from & to k + z, z € A. To the
environment [ ( pZ(Tka)))ze Alkez on Z we associate the canonical trajectorial Markovian measures (P”)xez, Where k
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stands for the departure point. Let (§,(w)),>0 be the Markov chain with law Pg’. In other words, &(w) = 0 and for
n=>0:

Py (5nt1(@) =k + 2lEn(@) =k) = po(T*w), keZ,z€A.

The point of view adopted in this text is quenched. More precisely we are interested in the description of the properties
of (§,(w))n>0 for u-typical w € §2.

Conventions

In the whole article, the probability measures P}’ are simplified into P (omitting the dependence in w) with corre-
sponding expectations Ey, except when stating results. Also, if f is a scalar or vectorial random variable on (§2, F),
we write T f for f o TX, k € Z.

1.2. Presentation

An essential feature of the (1, 1)-model is the possibility of explicit computations. This contrasts with the multi-
dimensional model and we refer to [25] and [26] for detailed surveys of the general model in any dimension. The
(L, R)-model with max{L, R} > 2 is one step higher in terms of complexity than the (1, 1)-model. Its analysis in-
volves random matrix products and Lyapunov exponents.

A criterion for recurrence/transience was first given by Key [14] via a random square (L + R)-matrix. Reformulated
by Letchikov [17], it necessitates a matrix M of sized := L + R — 1.

Definition 1.1. Let M € GL4(R) be the random matrix (the first line is (by, ---by) if R = 1):

—a; - —ag_y by --- by
1 0 .. eee 0
0 1 0 e 0

M=t . - SO 2
0 1 0

where M; j = 1;—j41 for 2 <i <d and:

PR—j++DPR .
i bL+R—j — (PR—I—j;;"JrP—L)’ R Sj Sd~

When L = R = 1, then M reduces to the well-known quantity p_;/pj. The matrix M is extracted from the analysis
of the Dirichlet problem in any finite interval in Z. We make it more precise now.

For integers a < b, let [a, b] be the corresponding interval in Z. As the model is not nearest-neighbour, when
starting a random walk in [a, b] we need to specify exit points.

Definition 1.2. Let integers a <b and k € [a — L + 1, b + R — 1]. We define boundaries d_[a,b] = {a — l}o<i<L—1
and 04 [a, b] = {b + r}o<r<r—1 and introduce:

Pi(a,b,+) = Pk{leave la+1,b—1[in[b, +oo[},
Pi(a,b,—) = Pk{leave la+1,b—1[in]— oo,a]},
Pir(a,b,¢)= Pk{leave la+1,b—1] at{}, for ¢ € 0_[a,b]U d4[a, b].

The definitions are naturally extended to half-infinite intervals, when it has sense. Set next, for ¢ € 0_[a, b]U0d4[a, b]U
{=):

Vi@, b, ¢) = (Preyr—i(a,b, &) — Peyry1-i(a, b, )),_;_, € RY.
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Fixing a < b and ¢ as above, the Markov property is equivalent to the harmonicity of the map k — Py (a, b, ¢)
(with respect to the transition weights at each site) in [a, b]. The (k — Pi(a, b, {))¢ed_[a,p1Ud, [a,b] TOrm the canoni-
cal basis of the space of harmonic functions on [a, b].

The harmonic character of k —> Py (a, b, ¢) can be reformulated via gradients. The role of gradients is to keep
only the essential information, by eliminating the trivial harmonic function equal to 1.

Lemma 1.3 (See [7,17]). For any integers a <k < b and ¢ € 9_[a, b]U 9 [a, b] U {£}, we have:

Vi(a, b, ) =T*MVi_1(a, b, ¢). 3)

Recall that M is defined independently of any interval [a, b] and exit condition ¢. Iterating (3), Vi(a, b, ¢) can
be expressed in terms of the gradients at the boundary of [a, b], via random products of M. The matrix M can thus
be seen as a transmitting matrix. The properties of the random walk are then naturally determined by that of M with
respect to the dynamical system (£2, F, u, T).

Introduce the Lyapunov exponents y1 (M, T) > --- > y4(M, T) of the couple (M, T). Precise definitions are given
in Proposition 2.1. Due to (3), the structure of the Lyapunov spectrum of (M, T') is rather special. Some known facts
are collected in the next theorem.

Theorem 1.4 (See [7,17], for (i) and [7] for (ii)). (i) We always have yy(M,T) > ---> yr_1(M,T) > 0 and 0 >
VR+1(M7 T) 2 2 Vd(M, T)
(ii) The Lyapunov exponent yr(M, T) is simple, namely yg_1(M,T) > yr(M,T) > yr+1(M, T).

In the sequel d = (R — 1) + 1 4+ (L — 1) is symmetrically understood with respect to L and R and ygr(M, T) is
seen as the central exponent of (M, T)). We now explain why this exponent is particular. For example, the nature of
the dynamical system plays no role in the proof of (ii) and yr (M, T) is simple for geometrical reasons.

This fact was clarified in [7] as follows. For simplicity, if x # 0 belongs to some space R™, denote by Dir(x) its
direction in the projective space of R™. When considering recurrence criteria, one focuses on the exit probabilities
of an interval [a, b] and this naturally leads to considering the family (Vi (a, b, ¢)). Fixing k, these vectors are well
understood when grouped in left and right packets, more precisely when considering the two subspaces L (a, b)
and Ry (a, b) of R4 respectively spanned by (Vi(a, b, {))rea_{a,p) and (Vi(a, b, ))red, [a,p]- Computations involve
exterior products.

Definition 1.5. Let integers a < b and k € [a — L + 1,b + R — 1]. Define a global right-gradient and a global
left-gradient respectively by:

{Rk(a,b)zvk(a,b,b+R—1)/\--~/\Vk(a,b,b)e/\RRd,
Li(a,b)=Vi(a,b,a) A---AVi(a,b,a—L+1)e N\FRY.

The matrices (—1)®~1' AR M and (—1)E=" A* M~ acting respectively on the R-vector R_1(a, b) and the L-
vector £_1(a, b), appear to be the natural objects for the study of the model. Focusing on (—1)%~! /\R M, this matrix
has directional contraction properties in a non-trivial deterministic and explicit polyhedral convex cone of /\R RY,
exactly in the same way as a m x m-matrix with positive entries in the positive cone of R™.

This key property comes from the remarks that Dir(R_1(a, b)) is independent on b, for b > 0, and that, due to
its shape, the R-vector R_1(a, 0) has a very rigid geometry. The edges of a cone stable by (—1)%~! /\R M can be
described by R-vectors R_1(a, 0) corresponding to “extremal” environments in a left-neighbourhood of 0, in the sense
that the transition at each site of this neighbourhood is deterministic. The cone stability property of (—1)%~! /\R M
naturally implies the simplicity of the top exponent of this matrix. As the same is true for (—1)L~! /\L M~ the
simplicity of ygr(M, T) is then a relatively easy consequence. Numerical experiments show that the other exterior
powers of M do not have this cone stability property. Nothing is known on the simplicity of the other exponents of
(M, T) at such a level of generality.

Roughly speaking, the R and L-dimensional random subspaces L_1(a, b) and R_;(a, b) of R “reflect the influ-
ences” of both sides of the environment at (. The behavior of the random walk is then related to the properties of the



One-dimensional finite range random walk 73

intersection of the previous two subspaces. The latter is one-dimensional and spanned by V_;(a, b, +). When a and
b become infinite, V_i(a, b, +) has a limit direction, that of a vector with exponent +yr (M, T) when iterating the
cocycle of M in the future or in the past. This explains the role of ygr(M, T).

As a corollary, the previous analysis gave in [7] another proof, more algebraic, of Key’s theorem. The following
formulation first appeared in [17].

Theorem 1.6 (Key).

o If yp(M,T) <0, then &,(w) — +00, P(‘)o-a.s, u-a.s.
o Ifyr(M,T) >0, then &, (w) — —o0, Py-a.s, j1-a.s.
o Ifyr(M,T) =0, then liminf§,(w) = —00 < +00 = limsupé, (w), P{-a.s, j1-a.s.

To emphasize the interest in this approach, we next discuss the efficiency of the criterion. Recall first that matrices
with positive entries, as contracting the positive cone, are praised in the problem of evaluating a top Lyapunov expo-
nent. See the discussion at the end of [21]. Cone contraction, measured for instance via Hilbert’s distance, simplifies
the computation and provides error estimates.

We detail a way of proceeding. Under broad hypotheses a central tool for a random matrix H with positive entries
is the existence of a main Lyapunov eigenvector, or generalized eigenvector in the sense of [9]. Similar to the classical
Perron eigenvector, this is a positive random vector U with ||U] = 1 (we fix the Euclidean norm) and such that
there exists some positive random A verifying HU = ATU. In this case, necessarily [logidu = yi1(H,T). The
direction of U is uniquely determined and can be simply defined as the decreasing limit of compact sets Dir(U) =
limDir(T~'H --- T~"H(C)), where C is the positive cone. The last convergence is exponential, with rate given by
that of the cone contraction (see for instance Hennion [12], Lemma 3.3). A natural way of computing y1 (H, T) is then
to evaluate V, giving A. Remark that if the (7" H), ¢z are iid, then A and V only depend on one-half of the sequence,
with exponential decay of the correlations.

Back to our problem, (—1)® -1 /\R M and (—1)L! /\L M~ contract explicit cones, also with explicit contraction
rates (see [7]), and the above remarks all apply. These matrices thus behave like matrices with positive entries and
their top exponent is as easily evaluable. As a result (see Section 7.2 in [7]), the accessibility of ygr(M, T) is exactly
that of the top Lyapunov exponent of a positive random matrix depending on a single site. The cost of dimension due
to the consideration of exterior powers is very low, since in practice exclusively limited to the use of Gauss pivot.

Another approach to recurrence criteria is presented by Bolthausen and Goldsheid in [3]. As the (L, R)-model
can be seen as a model of random walk on a strip Z x {1, ..., m} in a random environment, a recurrence criterion is
available in [3], via the sign of the top Lyapunov exponent of a non-negative random matrix A. A difficulty is that
the entries of A are abstract quantities. For example in an iid setup, A involves a matrix ¢ whose law is the invariant
measure of a rather non-trivial Markov chain in the space of stochastic matrices and the computation of this law is at
least as complex as evaluating the top Lyapunov exponent of an iid product of random matrices. One may observe
that ¢ is an analogue of the auxiliary non-negative square matrices G and D of respective sizes L and R, presented
in [7] and used for analyzing the two subsequences of best records to the left and best records to the right of the
random walk. It would be interesting to provide a direct link between Key’s theorem and the recurrence criterion of
[3]. Theorem (6.3) in [7] connecting M to G and D via their Lyapunov spectrum goes in this direction.

We now discuss the validity of the Law of Large Numbers. The LLN was shown to hold for the (L, R)-model
under a rather restrictive hypothesis (as discussed in Section 3) by Letchikov [19], next under Kalikow’s condition by
Rassoul-Agha [22] (in a study centered on the model on Z¢) and then in full generality in [7]. This last result is in fact
a corollary of the analysis developed in [6], via a classical hitting times approach. The LLN for the strip model in the
transient case was recently proved by Roitershtein [24] using hitting times, as well as a criterion for positive speed.
Other results were independently obtained by Goldsheid [11] via developing the methods from [3].

1.3. Content of the article

The main purpose of this text is to study in complete generality the existence of the absolutely continuous invariant
measure for “the environments seen from the particle” for the (L, R)-model and then to characterize the situations
when the average speed in the LLN is not 0. Our main tools are relevant from exterior algebra, combined with classical
arguments from Ergodic Theory.
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As detailed in the next section, we use a corollary of Oseledec’s theorem giving the existence of a measurable basis
(Vi)1<i<a of RY such that || V;|| = 1 for all i with:

1
lim —log|M,Vill=xy;(M,T), 1<i<d,

n—%+oo |n|
where we introduce cocycle notations for a random invertible matrix H:

T"-'H...H, n>1,
Hn: I, }’l:O, (4)
T"H- ...T- g1 p<—1.

A basis (V;)1<i<q as above is not unique. However we recall in proposition (2.6) that the simplicity of ygr(M, T)
implies that Dir(Vg) is uniquely determined. In fact V is naturally defined as a vector spanning the intersection of
two subspaces and, concretely, is directly obtained via the canonical main Lyapunov eigenvectors of (—1)%~! /\R M
and (—1)L! /\L M~!. As a result, the cost of this definition is not more than that of the main Lyapunov eigenvector
of a positive random matrix depending on a single site.

An important non-trivial point detailed in proposition (2.6) is the existence of some random Ag > 0, with logAg
bounded, verifying:

MVRZ)\.RTVR and flOgXRdMZyR(M, T).

These properties induce that Vg is uniquely defined up to multiplication by the constant —1. Indeed, if § € {£1} is
any random change of sign, when replacing Vr by é Vg the positivity condition implies § = T'é. Thus § is constant, as
(82, F, u, T) is ergodic.

Remark that the recurrence criterion, Theorem 1.6, can be reformulated in terms of L. Finer properties of the
random walk will involve the couple (Ag, VR).

We consider the invariant measure equation. Fixing w € §2, define as in [15] the Markov chain “environments seen
from the particle” as the sequence (wp)n>0, Where w, = T5 @ n > 0. Its transition operator on £2 is:

Pf(@)=)_ p.(o)f(T ).

zeA

A tool for proving quenched limit theorems for (§,(w)),>0 is the existence of a P-invariant probability measure v
on (£2, F) equivalent to p. Writing dv = 7 du, the condition v = Pv is equivalent to the equality P*m =, where
the adjoint operator P* can be written in the form P* f(w) =) ___ 4 p.(T "*w) f (T ~*w). This leads to the following
definition:

Definition 1.7. We call (I M) the existence of a measurable & with & > 0, frr du=1,7=P*n, u-a.s.

We now mention known results. Kozlov [15] proved that if & realizes (I M), then = > 0, n-a.s, and is unique in
L'(w). Then, under (I M) and using Birkhoff’s Ergodic Theorem, the (quenched) LLN was shown to hold. A complete
analysis of the equation v = Pv, including (I M), was given by Conze—Guivarc’h [8] in the case L = R = 1. The study
of condition (I M) when min{L, R} = 1 was treated in [6]. We extend this last result as follows.

Theorem 1.8. (i) If yr(M, T) =0, then: (IM) < 3p € L' (), ¢ > 0, pu-a.s, with kg = ¢/ T ¢.

(i) If yR(M,T) <0, then: (IM) & |Y,~oChr - T" " 'AR)T"Vg| € LY (). If (IM) is not satisfied, then there
exists a unique non-integrable o -finite density w > 0 verifying m = P*xr.

(i) If yr(M,T) > 0, then: (IM) < |3, (T 1Ag - T"AR) "' T™"Vg| € LY (w). If (I M) is not satisfied, then
there exists a unique non-integrable o -finite density w > 0 verifying w = P*r.

Mention that the behaviour of a random walk on a strip in a recurrent iid medium was recently clarified by
Bolthausen and Goldsheid [4] and the previous result in the recurrent case is thus mainly interesting for non-iid
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environments. In this situation, the characterization of (/M) was a preliminary step in [6] for the analysis of the
CLT when L > 1 and R = 1. Extending a work by Letchikov [18], it was shown in [6] (Theorem 4.5) that there is a
non-degenerate invariance principle if and only if Ag = ¢/ T ¢ for some ¢ > 0 with ¢ and 1/¢ in L'(11). The result
was the central tool in a delicate study for proving a CLT under sharp conditions in a recurrent environment given by
an irrational rotation on the Circle with regular data (Theorem (5.7) of [6]). Providing similar results for the general
model is delicate and can be considered as a separate problem.

We focus next on the transient cases. In view of Theorem 1.8, it is important to understand the geometrical prop-
erties of Vg. Suppose for instance that yp(M, T) < 0. If min{L, R} = 1, then it is a simple remark that V lies in the
positive cone of R?, since M (resp. M~!) is non-negative for R = 1 (resp. L = 1). The characterization of (I M) then
reduces to ), (AR --- T"~'xg) € L'(1), which is the condition obtained in [6]. Indeed, reminding that ||Vg| =1,
it is enough to take the scalar product of )", _(Ag - -- T"~IAg)T" Vg with the vector ‘(1 ---1).

We have simply used that the dual cone of (R4)? is not reduced to {0} and a similar property is valid if L =
R =2, also leading to the simplified criterion Zn>0()"2 Ty € Ll(u). In the general case however, such a
reasoning cannot occur. We shall show that if min{I: , R} > 2 and max{L, R} > 3, then there exists an example of iid
environment, where the convex cone generated by the support of the law of V is R?. This gives a negative answer
to a conjecture by Letchikov [17]. In such an example, the dual cone of the cone where Vg naturally lies is reduced
to {0}. As a result, the characterization of (I M) in the general transient case seems not any more to be of scalar type
and to involve some cumulative vector. It would be interesting to exhibit when min{L, R} > 2 and max{L, R} > 3 an
iid environment with ygr (M, T) < 0 such that:

Z(AR S Tnil)»R)TnVR

n>0

eL'(w), but » (rg---T" ') & L' (w).

n>0

Intuitively, the condition min{L, R} > 2 and max{L, R} > 3 ensures that a finite box [a, b] contains distinct paths
with jumps in A\ {0}, crossing the box in opposite directions and with disjoint supports. For example:

P ~ -~ -~ s ~ - T~

N s N 7 TN 'R N

I S A Ay
rrrrrrrrrrrr T T T

The case L = R =2 is critical (as appears in Theorem 3.15), since such paths still exist (in contrary to the situ-
ation min{L, R} = 1) but must be exclusively composed of jumps of size two. In a related way, the criticality of the
(2, 2)-model was also transparent in the rather striking properties of conjugation with non-negative matrices of the
matrix M in this case (see [5]). Heuristics were given in [7] that such a property was specific to the case L = R = 2.

Let us explain the strategy for understanding the geometrical constraints imposed to Vg. To perform such an
analysis, recall that Vg is seen as spanning the intersection of two subspaces of RY. We then explicitly describe the
geometrical constraints on these subspaces, represented by the limits, as a — —oo and b — 400, of Dir(R—1(a, 0))
and Dir(L_1(—1, b)). We then split the problem in two independent parts, since the previous decomposable vectors
involve disjoint halfs of the environment. In order to get the exact constraints on Vg, we need to determine the exact
geometrical properties of R_j(a,0) and £_1(—1, b). In other words, we shall determine the minimal stable convex
cones for (—1)K-1 /\R M and (—1)L-1 /\L ML A subtlety is that this study cannot be deduced from the one in [7] on
minimal stable cones for the matrices (—1)%~! /\R (‘M) and (—1)L-! /\L (‘M)~!. The latter gave, by duality, stable
cones for (—1)R-1 /\R M and (—1)L! /\L M~ but these will be seen not to be minimal as soon as min{L, R} > 2.

We proceed symmetrically to the investigation of the exact geometrical constraints on Wg, defined as the central
eigenvector of M. In contrast to Vg, the components of Wx always have the same fixed sign. In fact we completely
determine the structure of the vectors Vg and Wg. In this analysis, the mechanism of the model is highlighted and
appears to be intimately related to “extremal” finite boxes (in the sense explained above) and to “exit games” defined
with such boxes. As a result, M provides a rather remarkable example of a random matrix where the geometrical
features of some central Lyapunov eigenvectors can be described with a high level of precision.

Next, the families of minimal stable cones of (—1)X~1 A® M and (=1)L=" A* M~ and that of (—1)R=1 AR (" M)
and (—1)E-! /\L(’M )~! are both used to understand the geometrical link between Vg and Wg and related non-
singularity results. Equation (I M) can then be studied precisely.
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We also reformulate the criterion for (/ M) in the case of transience to the right (yr (M, T) > 0) via the auxiliary
matrix D of size R presented in [7], associated to the subsequence of best right records. It was defined by:

0 1
D=< 1 ) 5)
Py{—o0,1,R} --- Py{—o00,1,1}

Since yr(M,T) > 0, D is strictly sub-stochastic. More precisely y1(D, T_l) < 0, by Theorem 6.3 and Lemma 7.1
of [7]. Introduce the unique random (bounded) vector W € (]R+)R with (W, er) = 1 and the unique positive p (with
log p bounded) satisfying DT W = pW. Then:

Proposition 1.9. Ler yg(M, T) > 0. Then (IM) < (Y 4—) 11 = T*p|)~" € L' ().

The above sum involves only d terms. When L = R = 1, the criterionis 1/ Py(—o0, 1, —) € Ll(p,). Via for instance
Proposition 2.2 of [6], one recovers the usual result established in [8].

We finally classically deduce a characterization of the LLN with positive speed, when combining Theorem 1.8 with
Proposition 9.1 from [7]. For integers a < b, with at least a or b finite, denote by 7 (a, b) the exit time of the interval
[a+1,b—1].

Theorem 1.10. (i) The following assertions are equivalent:

1. There exists a constant ¢ > 0 such that: 5"1(1‘”) —> ¢, Py-a.s, p-a.s.

n— 400
2. yrR(M,T) <0and (IM) holds.
3. yr(M,T) <0and |y, ~o(tr -+ T" "Ag)T" Vg | € L' ().
4. [o Eo(t(—00, 1)) du < 400.

(ii) The following assertions are equivalent:

1. There exists a constant ¢ < 0 such that: &%) (‘”) — ¢, Pg-a.s, p-a.s.

n—-+00
2. yr(M,T) > 0and (IM) holds.
3. yr(M.T)>0and Yo (T 'Ag - T7"Ag) "' T"Vg| € L' ().
4. [o Eo(t(—1,400))du < +o00.

En( w)

(iii) In all remaining cases: —> 0,Py-a.s, p-a.s.

n—-+00

Using exit times and when the random walk satisfies the LLN with non-zero speed, then the invariant measure v
with dv = 7 du, 7 satisfying (I M), can be simply expressed (see (38)) as in [1]. A formula for the average speed is
given in Proposition 9.1 of [7], but an expression for quantities such as Eo(t(—o0, 1)) is not available, in contrary to
the strip case (cf. [24]).

Plan of the article: Section 2 concerns preliminaries, Section 3 details the geometry of the Lyapunov eigenvectors
relevant for the analysis and Section 4 focuses on the invariant measure equation and the Law of Large Numbers.

2. Preliminary part
2.1. Algebraic conventions

We fix notations and remind a few basic facts regarding exterior algebra. On this topic, one may consult Arnold [2]
(p. 118-121), Federer [10] (Chapter 1) or Karoubi—Leruste [13] (Chapter 1).

e Consider R? with canonical basis (ei)1<i<a. Convene that e; =01ifi ¢ {1,...,d}. The space R4 is endowed with
its Euclidean structure, to which L refers to.

e Forany 0 <n <d, /\” R4 denotes the exterior power of R? of order n, which can be identified with the set
of asymmetric n-linear forms on the dual of R, Elements of A" R? are called n-vectors. Those of the form
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Uy A--- Aup, where u; € R? and A denotes the wedge product (see the definition in [13]), are called decomposable
n-vectors. Recall that any n-vector can be represented (not uniquely) as a finite linear combination of decomposable
n-vectors. In particular, the canonical basis of /\” RY is:

{ein=0¢ei, N---Nej |iel,}, Wherelnz{i:(il,...,in)|l§i1 <--~<in§d}.

— A decomposable n-vector uj A -+ Auy € \" RY, where u; € R?, is written as A\/_; u;.

If a decomposable n-vector appears in the form (A--- A,z A ) € A" R9, the below subscript k means that z
is at place k.

In the sequel /\" R9 is endowed with its Euclidean structure inherited from R¢ (see for instance Theorem 10.3,
p. 28 of [13]). We also use the symbol L. For any decomposable n-vectors A7_; u; and A7_, v; in \" RY, recall
that:

</\u,~, /\U,‘> :det((u,-, vj)).
i=1 i=1

The expression for any couple of n-vectors is obtained by bilinearity.
— Vectorial subspaces of R? can be identified with directions of decomposable vectors. If /\/_; u; is a non-zero
decomposable n-vector of /" R?, write S( /\?:1 u;) for the subspace Vect(uy, ..., u,) C R4,
e For 0 <n <d, the n-th exterior power /\" A of a matrix A € Mat, (R) is a matrix in Matca (R) acting on /\" RY,
whose value is defined by: !

fl)-fi

where /\/_, u; is a decomposable n-vector in /\" R?. By linearity, this definition extends to indecomposable ele-
ments of /\" RY.

o For the sake of simplicity, any n-tuple i = (i1, ..., iy) € I is also considered as a set. Write z € i if z =1i; for some
1<j<nAlsoi=(,...,d)\i.Ifi € I, and j € I,;, i N j stands for the ordered set of elements both in i and ;.
The same holds fori U j.

e A cone is here always a convex cone, that is a non-empty subset stable under non-negative linear combinations.
We say that a cone is minimal with respect to a certain property if no strict subcone except {0} has this property. If
n>1and B C R", write Vect(B) C R” for the subspace generated by B and Vect(B) C R” for the cone generated
by B.

2.2. Lyapunov spectrum and Lyapunov eigenvectors

An exposition on Lyapunov exponents and Oseledec’s theorem [20] can be found in [2,16] or [23].
As a first observation, condition (1) implies that log | M| and log |[M~!| are bounded quantities. The Lyapunov
exponents of (M, T') are then well defined and all finite. More precisely, recalling cocycle notations introduced in (4):

Proposition 2.1 (See [16]). (i) The Lyapunov exponents yiy(M,T) > --- > ya(M,T) of (M, T) can be recursively
defined by the equalities, for 1 <i <d:

i
A

(ii) We have: yi(M,T)=y;(‘M,T™") and yi(M~', T™") = —yqq1—i(M,T), 1 <i <d.

1
YI(M,T) + - +y(M,T)= lim —/log dp. 6)
n——+o0o

n
Given Y € R, its Lyapunov exponent with respect to (M, T') is defined as:

1
y(Y,M,T)=Ilimsup —log | M, Y||. (7

n—+o0 1
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Oseledec’s theorem [20] describes the Lyapunov exponent of vectors in terms of the Lyapunov exponents
(yi(M,T))1<i<q and expresses the result using a random filtration of R? in subspaces. A corollary in the invert-
ible case is the existence of random bases of R? of the following form.

Theorem 2.2 (See [16]). (i) There exists a measurable basis (V;)1<i<a Of RY such that I1Vill = 1 and satisfying:

1
lim _|10g||MnVi|| =+y,(M,T), Vl<i<d.
o

n— |n

(ii) There exists a measurable basis (W;)1<i<q in R? such that |W; |l = 1 and satisfying:

N T .
lim —log|(‘'M~")  W;|=+yM.T), VI<i<d.

n—+oo |n|

We call such a basis a Lyapunov basis and its elements, Lyapunov eigenvectors. We next denote by (V;)1<;<q4 and
(Wi)1<i<a choices as above of Lyapunov bases. As recalled in the Introduction, the simplicity of some y; (M, T)
Yic1M, T) > y;(M, T) > yj+1(M, T)) implies the uniqueness in direction of both V; and W; (see [16] and Propo-
sition 2.6 of the present text). Theorem 1.4, point (ii), thus implies that Dir(Vg) and Dir(Wg) are unique.

We shall in fact show that there are natural definitions for Vg and Wg, each one as a special unit vector spanning
the one-dimensional intersection of two subspaces.

2.3. Algebraic preliminaries

We first develop calculations for finding explicitly E N F, when two subspaces E and F of R verifying Dim(E N F) =
1 are represented by non-zero decomposable vectors.

Definition 2.3. (i) Let 0 <n <d. Fori € I, denote by ¢, (i) the signature of the permutation of [1, d] mapping i on
[1,n] and i€ on [n + 1, d], preserving intrinsic orders of i and i°.

(i) ) Let 0 <n <d and A € Maty(R). Define a matrix Com,(A) acting on /\" R? by:
Comy(A)i. ) = en@en(N(AT"A) (€. ). V(. )€ Iy x I,
One easily checks that if A € GL;(R), then /\" A~ = (det A)~ Y Comy, (A).
(iii) For all 0 < n <d, define a map Orty: N"RY —> N"R4 by Ort,(ein) = en(i)eic.q—n, Vi € I, and then
extended by linearity to \"R?. If x € \" R?, we write x* for Ort, (x).
(iv) Define a bilinear map Int: /\R RY x /\L R? — R? by Int(x, y) = (x* A y1#)L*,

The properties of Ort,, and Int used in the sequel are detailed in the following lemma.

Lemma 2.4. (i) For 0 <n <d, Ort, is an isometry from \"R¢ on /\d_" R? for their Euclidean structures. If
AeGLy(R) and x € \"RY, then:
d—n

</’1\Ax>L*=detA</\tAl>(xl*). (8)

@) Ifxe \" R? is a non-zero decomposable n-vector, then x* € /\d_" R? is a non-zero decomposable (d — n)-
vector satisfying S(x*) = S(x)*. If x € /\R R and y € /\L R? are non-zero decomposable vectors, then Int(x, y) €
R spans S(x) N S(y), if Dim(S(x) N S(y)) = 1, and equals 0 otherwise.
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Proof. (i) The linear application Ort, maps the canonical orthogonal basis of /\" R onto that of /\d_" R

signs. Thus Ort, is an isometry. Next, by linearity we check (8) for any e; ,, i € I,

n 1
( A Ae,-,n) = S (N A) G Den(ejedn

J€ly

, up to

d—n
=detA Z(/\’A—1>(j",i“)sn(i)ejc,d_n )

J€ln

d—n d—n

- detAgn(i)</\ tA_1>eic’d_n - detA(/\ ’A_1>(ef::).

(ii) If E ¢ R? is a n-dimensional subspace, choose A € GL;(R) in such a way that its columns from 1 to n form an
orthonormal basis of E and those from 7241 to d an orthonormal basis of E+. Since A~! =" A, applying (8) proves the
first claim. The second one then follows from the remark that for subspaces E and F,one has ENF = (E L4 F L)L.

|

2.4. Choice for Vg and Wg

Using lemma (2.4), we now make explicit choices for the Lyapunov eigenvectors Vg and Wg. Concerning for in-

stance Vg, we show that it can be defined in such a way that there is a Ag > 0 verifying M Vg = ArT Vg. The

possibility of choosing Ag > 0 is non-obvious, as even a random scalar not necessarily admits a non-negative element

in its multiplicative coboundary class. When yr (M, T') # 0, this result is also a consequence of Proposition 8.4 in [7].
Introduce the matrices (—1)%—1 /\R M and (—1DL-1 /\L ML Summing up the results of [7]:

Proposition 2.5 (See [7]). (i) The exponent y;( /\R M, T) is simple. Let Vg € /\R R? and ag € Ry be defined by:

. R-1(—n,0) 1 . Py(—n,1,-)
Vg= lm ———— and ap=———— lim ————.
n—+oo P_1(—n,0, —) Py(—o0, 1, R) n—>+oo P_i(—n,0,—)

Then (—1)R-1 /\R MYVg =arTVg and Vg has maximal Lyapunov exponent for (/\R M,T).
(ii) The exponent yi(\* M~ T~V is simple. Let Vi € N R? and ay € R, be defined by:

L_i(=1,n) 1 i Dol )

V= lim ———, op = e P01
n—>+oo Po(—1,n,+) Po(—=1, +o0, =L) n=>+oo P1(0,n, +)

Then (—1)E~! /\L M™'TV, =arVy and TV;, has maximal Lyapunov exponent for (/\L M-l T,
(iii) Let random vectors Wg € /\R R with |Wgll =1, Wy € /\L R? with |Wry || = 1 and random scalars Bg > 0,
Br > 0 be such that:

(=DEUAR(M)TWr = BrWr,
(DL AL (M) WL =BT,

and Wgr and Wy, have maximal exponent for ( /\R(’M ), T~Y) and ( /\L (*M)~, T), respectively.
As mentioned in the introduction, Vg, Vi, Wr and Wy can be concretely handled, using respectively the cone

contraction properties of the matrices (— )X~V AR M, (=D)L AE MY, (DR ARCM), (—DETAECM) T,
as detailed in [7]. We have the following proposition.
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Proposition 2.6. (i) We have S(Vg) = Vect(Vy, ..., Vg), S(Vr) = Vect(Vg, ..., Vg), Vect(Vg) = SWVr)NS(VL) and
Vg is uniquely defined in direction. We then define:

Int(Vg, V1) PR ar  |Int(TVg, TVL)|
=— 2 gnd Ap=-1 x = x > 0.
[ Int(Vg, V)| p-L oL | Int(Vg, V)|

R

Then MVg = AgT Vg and \g is bounded away from 0 and +00, verifying flog ArRdu=yr(M,T).

@) Similarly SOWg) = Vect(Wy, ..., Wg), SOVL) = Vect(Wg, ..., Wy), Vect(Wg) = SOWr)NSOWVL) and Wg
is uniquely defined in direction. We then define:

IntOVg, Wpr) PR Br [| IntOVR, W
Wp=—"""""—"" and pr=-— X — X >
| IntOWVg, W)l p-L B Int(TWg, TWL)

Then MT Wg = prWg and pg is bounded away from 0 and +o0, verifying [log pgrdi =yr(M, T).
(ili) We have S(Vg)* = Vect(Wr41, ..., Wy), S(Vp)*t = Vect(Wy, ..., Wr_1) and SOVR)* = Vect(Vg41, ...,
Va), SOVL)T = Vect(V1, ..., Vr—1).

Proof. For (i), Proposition 2.5 gives that y; ( /\R M, T) is simple. Therefore the direction of Vg is unique in /\R R4
and the same is true for Vy in /\L R?. Also (see [16], page 325) we have S(Vg) = Vect(Vy, ..., Vg) and S(Vr) =
Vect(Vg, ..., Vg). Therefore Vect(Vg) = S(Vg) N S(V1) and the direction of V is then uniquely determined. Next,
using repeatedly (8) and Proposition 2.5:

d—1

L«
MInt(Vg, Vi) = M[V* AVE ] = detM[/\ (‘MY (VE* A vf*)]

L—-1 R—-1

_ detMK/\ (;M—I)VIJQ_*> A (/\ (’M—I)VLL*NL*
el (As) " (o) T

— (—1)e-! ;—R(—1)<R—1>+<L—1>z—f Int(T Vg, TV).

Since (—1)4~1+R=1+L=1 — | this completes (i). Point (ii) is similar. Next, (iii) is standard, but we include the proof
for completeness. Let 1 <i < j <d, withi < R < j. We show that V; LW; and V; LW;. Since for n > 0, one has
I =(T"M,)M_,, we get:

Vi, Wj> = ((T_nMn)(an)Viv Wj)
=(M_, Vi, (M™")_, W;)=O(exp(—n[y;(M,T) — y;(M,T) - n])), foralln>0.

Asy;(M,T) > y;(M, T), the conclusion follows. The reverse case is similar. [l

As a summary and using point (iii) of the previous proposition, we get the following picture for the Lyapunov
eigenvectors in R¥:
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For M : For'M :
Vect((Vi)i<i<r-1) = SOVp)* Vect((Wii<i<r-1) = S(Vi)*

Vr
0 0 Wr

Vect(( )R+1<L<d) S(WR)L VeCt((Wi)R+1§i§d) _ S(VR)J_

3. Geometrical properties of Lyapunov eigenvectors

Recall that Vy is seen as spanning the intersection of the subspaces S(Vg) and S(Vp) and that Wy, is seen similarly.
We first compute the minimal cones in their respective vector spaces where lie Wg, Wy, Wg and next Vg, Vi, Vg.
In a last part we show non-singularity results.

In the analysis, we need to introduce the class M of matrices having the same form as M.

Definition 3.1. Introduce, if R > 2:
M={M(5,n) eMatg(R) | § = (8)1<i<r—1. 1= (j)1<j<L, with8; >0,n; >0},
where M(8,1);,j = li=j+1,for2<i <d, and:

|- +s 46y, 1=j<R-1,
M(s’n)l’f_{771+"'+UL+R—]" Rfjfd-

If R =1, the class M reduces to M ={M(n) | n= ) 1<j<L, withn; > 0}.
3.1. Minimal stable geometrical cones for Wg, Wi, and Wg
The story concerning Wg and W, is contained in [7], Section 3. Changing a little the notations, we have:

Theorem 3.2 (See [7]). Introduce a set of indices, a set of edges and a cone in /\R RY:

Ly={k=(k,....kp)|0<kj <L —1,i+k#j+k;, ifi #j}

€t+_{§k /\] I(Zj§s§j+kj es) |k€1t,+}
Cr.4 = Vecty (& 4).

Similarly, define a set of indices, a set of edges and a cone in /\L R?:

={l=Ug,....10) |0<I; <R—1,i =l #j—1j,ifi # j}

(C/’t’_ = {Xl = /\?:R(Zj*ljfsfj es) | le I;,_}
Clyf =VeCt+(5,,,).

Then, the set of edges of C;.y is & 1. This cone has non-empty interior, is stable under the class (—1)X~! /\R(’M)
and is minimal with respect to this property. Also Wg € C; 4 and for some constant C > 0, distOVg, 9C; 1) > C.

Moreover, denoting by S/\R ra the unit sphere of /\R RY:

Wg= lim (— 1)”(R 1)/\ Ct+ ﬂS/\RR,,, non-increasingly. (10)

n——+00

Moreover, the limit is uniform on 2.
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A by-product of the proof of Proposition 3.7 of [7] is the next result:

Proposition 3.3. There exist iid environments where the direction of Wg is arbitrary close to that of any element of
&+ with positive [u-probability, taking & > 0 small enough (where ¢ is defined in condition (1)). The same properties
hold for C;._, the class (—1)L~! /\L(’./\/l)_l and Wy, in /\L R4,

Proof. From the proof of point (iii) of Proposition 3.7 of [7], matrices M, ..., MR in M satisfying condition (1)
can be taken in such a way that uniformly in U € C; 4 the vector

((—1>R‘f\<'M1>)~--(<—1>RINM%)U

is arbitrary close in direction to that of any edge of & 4, taking & > 0 small enough. Using (10) and the fact that the
limit is non-increasing, simply choose an independent medium where M is close to each M', 1 <i < R, with positive
probability. With at least the product of these R probabilities, YWg is close to the desired edge. (]

Considering now Wg, the aim of this section is to prove the following positivity result:

Theorem 3.4. There exist a constant C > 0 and positive random coefficients (c;, j)i<r<j such that:

1
We=(—D""" > c,»,,-(z es>, with = = ¢;j < C. (11)

i<R<j i<s<j

Moreover, there are iid environments where the random vector Wpg is arbitrary close in direction to any
(=141 Zi<s<j es with positive probability, taking ¢ > 0 (defined in (1)) small enough.

In view of Proposition 2.6, we need to compute Int(JVg, Wr) and by bilinearity, Int(¢x, x;), for (k,1) € I; + x I —.
The statement of the result requires the introduction of finite algorithms.

Definition 3.5. (i) Letk € I; . Fixing 1 < j <R, let jo=j. Forn>0andif j, +k;, <R, set ju11 = ju +kj, + 1.
Define ty(j) = jn + kj,, where n is the first index with j, +k;j, > R. This defines 1. :[1, R] — [R, d].

(ii) Letl € I; . Fixing R < j <d, let jo=j. For n > 0 and if j, —lj, > R, set jy4+1 = ju — [, — 1. Define
51(j) = jn —lj,, where n is the first index with j, —lj, < R. This defines s; :[R,d] — [1, R].

(iii) For (k,1) el + x I _,set ox; =si oty :[1, Rl [1, Rland Y =tx os;:[R,d]—> [R,d].

As a transformation of [1, R], gx1 admits attracting limit cycles in [1, R]: any 1 <i < R ends in a limit cycle under
iterations of i 1. The same holds for . ; in [R, d] and the limit cycles of gx,; and Vi are in bijection via ty and s;.
Let my; be the number of attracting limit cycles for ¢ (it is also that of Yy ;). The limit cycle to which R is attracted
under iteration of ¢ is denoted by Cy ; and its length by ny ;.

Remark. We illustrate via examples various possibilities for g ; and its limit cycles:

1. Let R=2,L=2(d=3),withk=(1,1) and I = (1, 0). Then ¢4 ;(1) =1, ¢ ;(2) = 1. There is only one cycle,
that is mp | = 1.

2. Let R=5,L=4(d=38),withk=(2,3,1,2,2) and [ = (2,4,2,4). Then ¢ (1) =2, ¢x1(2) =3, ¢x.1(3) =5,
0k 1(4) =2, ¢ 1(5) =5. Then my ; = 1.

3.Let R=7,L=5(d=11), with k =(4,1,1,4,3,3,0) and [ = (0, 3,6,2,5). Then ¢ ;(1) =3, ¢x1(2) =5,
0k 1(3) =5, 1) =5, 9, 1(5) =35, ¢x,1(6) =3, @ 1 (7) =7. Then my ; = 2.

We have the following result:

Theorem 3.6. (i) Let (k,!l) € I; + x I; —. Then the coordinates of Int(¢k, x;) are:

[#(Cran 1, i])]lsiSR ) eRY.

Int(Ze, o) = (=D iy = <
B XTI P
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(i) The edges of Vect {Int(¢i, x1) | (k.1) € I x I _} are (1)) _ es|i <R < j}.
Proof. Step 1: Let (k,[) € I; + x I; — and define P and Q in GL4(R) by:

_ 1j5i§j+k/-, 1<j <R, _ liz;, 1<j<R-1,
P;,J_{li:j» R+1=<j=d, and - Qi.j = lj—t<i<j, R=<j=d.

From (8) and e1 (R, ...,d)) = (=1)R=DUE=D — (_)(R=DL e get:

R-1

L—1 d R—1
gkl*: </\’P_l)( /\ e,~> and XIJ‘*:(—l)(R_DL(/\tQ_l)< 6[).
=1

i=R+1 i

Introduce next:

0= ([IP_I]COI:R-H d’ [tQ_l]Colzl,...,R—l)

,,,,,

Ay g
= Ap By € Matg 41 (R),

I B

with A] € MatR_l,L_l(R), Ar € Matl,L_l(R) and B, € Matl,R_l(R), B; € MatL_l,R_l(R). Denote by O, the
submatrix without line w. Then:

d

G A K = (=D EPER det(ow( A\ e,~>.

w=1 ie[l,d]\{w}
Finally:
d

Int(¢, x1) = (=HEDEFI (1) det(Ouu)en- (12)

w=1
Step 2: We precise P~ !and Q_l. Let R+1<i<dand1 < j<R.Then, obviously:

(j+k;)AR
> (Pl =0 0
s=j

Adding repeatedly terms like (13), Definition 3.5 provides 25: j ( P_l)l-’ s = —li<4(j)- Therefore:

(P), = —lizu(py +lizug+n, 1
L | —lisae)s J

Similarly, for 1 <i <R—1land R < j <d:

(0™ —lizg() +lizg(i-n, R<j=d
ij | =lizs(®), j=R.

Step 3: Fixing 1 <w < R, we compute det(O,,,). First, column operations give:

_ o 1yd(L=1) Ip—1— A1B;
det(Osy) = (—1) det( 5 A, )*w (14)
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Next, for 1 <i,j <R —1:

d
t 5—1 t A—1
(A1B1)i,j = Z (P )i,u(Q )u,j
u=R+1
(i) t(i+1)
== > Clizge + lzaw-n)+ D lizga + zgw-1)
u=R+1 u=R+1

= ljzg) = jzgiG+1)-

Similarly, for 1 < j < R — 1: (B, — A2B))(j) = (tP_l)R,j - Zi:RH(ZQ_l)u,j = —1j>g - Introduce
X;e RE with X;j(i) =1;>;. Thus Xg4+; =0. Set also Xy, ;r+1) = 0. Transposing in (14), we obtain:

R
det(Ouy) = (=DHETDHRFE A (X — X1 = X0y — X)) /\ er
j=1.j#w w
— (_l)d(L—1)+R+w Z (_1)w—j+R+1—j/Y(j’ j/), (15)
I<j<w<j'<R+1

with Y (j, j/) = /\;”Zl’s;éj(Xs — X)) N\ €r /\f:u£+1,s¢j'(xs — Xgi(s))- Observe that Y (j, j') = 0,if j' < R+1.
Then:

w R
YG.R+D= N Xs=Xgu0) \er [\ Xs =X

s=1,5s7#j w s=w-+1
R—1

=) = > D" N\ Xgo N\ Xo A\ Xk
t=0 u=[1,R\v\{j}vel, ,vC[l,RI\{j} S€V s'€u J

Non-zero contributing subsets v in the right-hand side check R € v U {j} and ¢ ;(v) = (v U {j}) \ {R}. In particular
@k.1 1s injective on v. If j = R, then ¢ ; is a bijection of v and thus v is any union of limit cycles for ¢y ; that do not
contain j. If j < R, then R € v and v is the union of a sequence {R, ¢ ;(R), ..., (<pk,1)5_1(R)}, with j = (gr.1)*(R),
for a smallest s > 1, and any collection of limit cycles that do not contain j. Let m ; be the number of limit cycles that
do not contain j and (Cs, j)1<s<m i be these cycles. Write Orb(R) for the orbit of R under ¢ ;. Then:

mj
Y(G,R+1) =(-H""/ (Z Z (—1)(leh§q #Cih-f)+(21<11<q(#Cih-j_l))>

qg=0(Ci;,j)1<h=q
s N
x (Z 1j=¢;§,,<R);j¢<p£’,,(R>,p<s(_1) =1 )
s>0
= (=" Ln;=oljeorvr) = (= D" Ly ;=1 jecrs-

Using (15), we obtain:

det(Opy) = (=D ETDHREW N =1 jeCus-

I<j<w

Since (—1)4L—DHR+w(_1yR=DL+d+w — (_1)d=1 " the coefficient of Int(¢x, x;) in (12) with respect to e, is
(—1)d_11mk‘,:1#(Ck,l N [1, w]). The conclusion therefore holds for 1 < w < R. The result for R < w < d is proved
similarly, using the limit cycle defined by v ;, namely #;(Cy ;). This concludes the proof of (i).
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Step 4: We prove (ii). Consider (k,l) € I; + x I; —. For 1 <i <nyy, let:

ai =min{l <s < R|#([1,s]1NCx,;) =i},
Bi =max{R <s <d|#([s,d] N tx(Cx1)) =i}

Then:

nl (B
Int(Gi. x1) = (=1 =1 Z(Z e,-> € (—l)d_lVect+< 3 e

i=1 \j=a; i<s<j

i§R§j>.

Next, observe that all Zi:i es, with i < R < j, are extremal in the cone they generate. We now verify that such a
vector is some (—1)¢~ 1 Int(zx, x;). Indeed, take k = (0, ...,0, j — R) and [ = (R —i,0, ..., 0). Then r.1(2) =1, for
1 <z <R.Thus t(i) = j, my; =1and (—l)d’] Int(¢k, x1) = Zifsfj es. This concludes the proof of the theorem. []

We can now prove Theorem 3.4 on Wg.

Proof of Theorem 3.4. From Theorem 3.2, there is a constant C > O such that YWg and W}, can be written as:

1
Wr = Z apty and Wi = Z Bixis WithE <ag, B <C.

kel lel;

Bilinearity of Int provides Int(OWVg, W) = ;. I+ lel, _ Ok Bi Int(¢k, x1). The definition of Wx (Proposition 2.6) and
Theorem 3.6 give (11).

Finally, recall from Theorem 3.2 that Wk is built only via the matrices (T* M);=o and Wy, using only (T*M);<_;.
Since taking ¢ > 0 small enough, there exist iid environments where WWg and W, are close in direction respectively
to any ¢ and any x; with positive probability, there also exists an iid environment where Int(JWg, W) is arbitrary
close in direction to any non-zero Int(¢x, x;), with positive probability. Since any (—1)4~! Dics< jées is of this form,
this concludes the proof of the theorem. (|

3.2. Minimal stable geometrical cones for Vg and Vy,

We next turn to Vg and Vy, and determine the minimal stable cones where respectively lie these decomposable vectors,
focusing on Vg.

It was shown in [7], Proposition 6.2, that Vg belongs to the algebraic dual cone (C; 1)* of C; 4+ and that this cone
is stable under the linear action of the class (—1)®~! AR M. However the following study reveals that (Ct.+)* is not
minimal for this property, for instance as soon as min{R, L} > 2. We exhibit below the minimal stable cone, which is
intimately related to the mechanism of the random walk. The description of such a cone is required when studying the
geometrical properties of Vg. Mention that the key point in this section is Lemma 3.10.

We first make a change of basis for the matrix M which eases the study of (—1)%~! /\R M. Mention that it is
dissymmetric in L and R and that another one is natural when considering the matrix (=Lt /\L ML

Deﬁnition 3.7. (i) Define U € GL4(R) by Ul',j = liSjSR,],for 1<i<R-1and Uiyj = liszR’for R<i<d.Ilf
R =1, only the second part remains. Define then the class M’ = UMU ™' If M(8, n) € M, the matrix M’ (8, n) =
UM, U~ is:

-4, i=1,1<j<R-2,
—(1+8g_1), i=1,j=R—1,
M'(8,m)i,j = NR+L—j> i=1,R<j=<d,
Lizj+1s 2<i<d,j#R-1,
li=r — li<p—1, 2<i<d,j=R-1

(i1) Forintegers a <k < b, set R;{(a, b) = (=X /\R URk(a,b).
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An essential remark, already pointed out in the introduction, is that for a < k and b > k + 1, then the direction of
’R;{ (a, b) is independent on b (see Lemma 5.2 in [7]). We shall then focus on ’Ré)(a, 1), a < 0. Observe that, due to
the change of basis, R6 (a, 1) can be written as:

R—1 d d
Royla, 1) = (/\ |:e.,- —Y eip-gr-ila.l,R+1— j)i|> A <Ze,~p_R_i(a, 1, —)). (16)
i=R

j=1 i=R

When a < 0, we will show that R (a, 1) belongs to an explicit polyhedral minimal cone, whose edges are indexed by
“left-extremal boxes” of length L, namely graphs in [-L + 1, ..., 0] built with deterministic transitions at each site
of [-L + 1, 0]. We give the definition below.

Definition 3.8. (i) A left-extremal box B is a graph obtained by choosing at each site of [—L + 1, 0] a transition
among {—L}U{+1, ..., +R}. Each path leaves [—L + 1,0] in (—oo, —L] or in [1, +00). Let I;(B) C [-L + 1,0]
be the subset of sites i, such that starting at i and following the graph, the exitis at j, 1 < j < R, and I_(B) be the
subset of sites where the exit is on the left-hand side. The set of left-extremal boxes is denoted by By .

(i) A right-extremal box B is defined similarly as a graph in [1, R] resulting from the choice at each site of a
transition among {—L, ..., =1} U{+R}. Denote by J;(B),0 < j < L — 1, and J(B) the exit sets. The set of right-
extremal boxes is written as Bg.

An example of left extremal box is the following one:

We next introduce families of edges and cones.

Definition 3.9. (i) Let Py ={(R—Ig(B),...,R—I)(B), R—I1_(B)) | B € B, I_(B) # ¢} and define £, C EIH C
&, as:
+,2

{R/_\l(e,- —Ze,-> A e (*)},

j=1 iel; iel_

where (%) is:

(Iy,...,Ig_1,1_) € Py, foré’jﬂlandé'j_ifRzl,
Iy, .., Ig—1, 1) e Py #I_=1, for&,, if R>2,
(I1,...,Igr_1, 1) disjoint subsets of [R,d], I # o, for 5;’2

Define then C!, = Vect((€}), C, | = Vect. (£ |) and C_, = Vect, (£, ,). Finally, let £, = /\R U_lci'jr and C4 =
Vecty (E4). Precisely, if R > 2 (omitting the last condition if R = 1):

R—1
&= { /\ (€j —ej_1— Z(ei —€i+1)) A Z(Ei —eiv) | (U1, .., g1, 1) e Py #l_ = 1}-

j=1 iel; iel_

(i) Set P_ = {(J+(B),J_1(B),....,J_r+1(B)) | B € Bg, J1(B) # ¢} and C_ = Vect (E_), where if L > 2
(omitting the last condition if L = 1):

d
5={(Z(€i—€i1)) /\ (6;—6;+1—Z(€i—€i1))‘(J+7JR+1,.--,JL1)€7’,#J+=1}-

iely j=R+1 iel;
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The following lemma details the linear action of a matrix in (—1)%~! /\R M’ on decomposable R-vectors of
AR R? having “the same form” as Ry(a, ).

Lemma 3.10. Let A={A= (@i, j)R<i<d,jell,...R—1,—} | ¢t j =0, Zje{],,..,R—l,—}aisj <1,for R <i <dj}. Set:
R—1 d d
Z(A)=<A|:ej_zelal’j])A(Zelal’_)’ Ac A
j=1 I=R I=R

Let Ae Aand M'(8,n) € M, with § = (8;)1<i<r—1 and n = (nj)1<j<r. Then:

R R—1 d d
DR AM Gz =) (zsj + ) nLsrore, j> Z(Ap)+ (Z 77R+L—ZOll,—> Z(A2) + Z(Ao),

j=1 I=R I=R
where A_ and (A j)o<j<r—1 are defined by:

(1) For 1 < j < R —2,where the singular column is at place j + 1:

0 0 0 1 0 0
A ©oapn ey o (1=Xzers) 0 @rRR2 @R
j:

0 ag-11 ag—12 - (1= ®-1s5) -+ Ga-1R-2 Qa1

(ii)

0 0 0 0
© a@r1 - ORR—2  OR-
Ap_1=
0 ag-11 -+ @g-1,R—2 Og—1,—
(iii)
0 0 0 1
A © arl - ORR (1_237&_“&5')
0 ag—11 - ag-1r-2 (1= @i-1s)
(iv)
1 0 0 0
(1-X,ars) @r1 -+ QrR—2  OR—
Ao =
(1= aa-15) a—1,1 +* Q4—1,R—2 Od—1,—

Proof. Recall the expression for M’ (8, ) (Definition 3.7). With A = (@i, j)R<i<d,jell,..,R—1,—}, WE ZEL:

.....

R R R—1 d d
AM G mZA) =\ M, n)(/\ [ej - Zam,,}) A (Zezaz,)
I=R I=R

J=1

R—2 d
= (/\ [—31‘61 +ejy1 — Z(’?R+L—lel + €1+1)061,]}>

j=1 I=R
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R—1 d d
A(-((Sle—l +Der—Y e+ Y e —Y (Mryr—ser + €1+1)Olz,R—1>
I=R

k=2 I=R

d
A (Z(TIR+L—161 + €l+1)051,—)-
I=R

Therefore:

R-2

R d d
/\M/(& MZ(A) = Z <—3j - ZUL+R—laz,j>Fj + (—SR—l - ZTIL+R—1&1,R—1)FR—1
I=R

j=1 I=R

d
+ <Z '7R+L—1051,—> F_+ Fo,
I=R

where we now detail each F;, Fr_1, Fp and F_:

I. Forl<j<R-2:

i1 d R-2 d
Fj= (/\ |:ei+1 - Zaz,i€z+1:|> /\€1< /\ |:€i+1 - Zaz,i€z+1:|)
I=R I=R

i=1 i=j+1
R—1 d d d
A (— Z e + Zez — Zaz,R—1€1+1> A (Zal,—eHl)
k=1 I=R =R I=R
j-1 d d d
= (=Dfe (/\ |:ei+1 - Zal,iel+l:|) A (ej+1 - e+ Z(Zaz,s)em)
I=R

i=1 I=R I=R \s#j

R-2 d d
A ( /\ €1 — Zaz,iem ) A (Zaz,€1+1>-
i=j+1 I=R I=R

2.
R—2 d d
Fr_1= (/\ [€i+1 - Zal,iel+1:|> Aer A (Zaz,—elH)
i=1 =R [=R
R—2 d d
= (=) (/\ |:€i+l - al,iel+l]> A (Zaz,—@ﬂ)-
i=1 I=R I=R
3.
R—2 d R—1 d d
F_= (/\ |:€i+l - Zal,iel+lj|> A (— Z e + 261 - Zaz,R1€1+1> Aej
i=1 I=R k=2 I=R I=R
R-2 d d d
= (D¢ (/\ [€i+1 - Oll,iel+1:|> A (Zel - Z(Z al,x>el+1>-
i= [=R [=R =R \s#—
4.

R-2 d R-1 d d d
FO = </\ |:€j+1 - Z€l+1(¥1,j:|> A <—6’1 - Zek +Zel — Zel+lal,R—1> AN <Zel+1alv_>
j=1 ! k= I=R =R

=R 2 I=R
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d d R—2 d d
= (—1)R’1 <el - Zez + Z(Zal,s>€l+1> </\ |:€j+1 - Z@HOH,,}) A (Z&HW,—)-
=R s =R [=R

=R j=1

This concludes the proof of the lemma. O
We next detail the geometrical properties of the cones introduced in Definition 3.9.

Proposition 3.11. (i) Ler A € A and (M) <i<1 be in M'. Then (—=1)R=DL AR(p/L... M"Y Z(A) € C/. ;. In par-
ticular, (~1)R=DE AR .M (Cl ) Cl .

(ii) The cone C 1 is stable under (—HR-1 /\R M and is minimal for this property.

(iii) The cone C | has non-empty interior. Any cone in /\R R? stable under (—1)%~! /\R M and with non-empty
interior contains either Cy 1 or (—C41).

(iv) One has C!. =C!, . The edges of Cy are the elements of £.

(v) One has C!_ C C',_,, with equality if and only if L = 1.

+.20
(vi) Introduce the cone:

R
D=Vect+{ /\( > ei)'kjEO,i—l—kiyéj—i—kj, fori;éj}c/\Rd.

I<j<R “j<i<j+k;
Then C1 C (D)*. In particular C+ C (C;.+)* and equality holds if and only if L = 1.

Proof. (i) Let A € Aand M'(8,n) € M', with § = (8;)1<i<r—1 and n = (;)1<j<1. As a first step, we interpret the
multiplication (—1)%~! /\R M’'(8,71) x Z(A) in terms of an evolution on a graph. Define, as in Definition 3.8 and for
each 1 <[ < L, an extremal box in [—/ 4 1, 0] as a graph resulting from the choice at each site of a transition among
{—L}U{+1,...,+R}. Recall also Definitions 1.2 and 3.7, and expression (16) for Ré)(a, 1),a <0.

We shall prove by induction on 1 <[ < L: “The lines from R to R +1 — 1 of any decomposable R-vector ob-
tained from Z(A) (when written as a matrix as in Lemma 3.10) by successive applications of Lemma 3.10 with
(—=1R-1 /\R M1 (=R /\R M are the ones of some Ry(=L, 1), for some extremal box in [ +1,0].”

Recall that the exit sets of a left-extremal box intervening in Definition 3.9 are indexed by {2, ..., R, —}. Then:

1. Let ! = 1. Considering line R of Z(A}), it corresponds to an extremal box in {0}, if choosing the transition at 0 to
beto R— j,if 0<j < R,andto —L, if j = —. One then completes arbitrarily the medium in [—L + 1, 0], so that
Z(Aj) is some Ry (—L, 1).

2. Passage from [ to [ 4 1. Start with some Z(A), whose lines from R to R + [ — 1 correspond to an extremal box in
[~ + 1,01, and apply (—1)®=1 AR p"*1 Using Lemma 3.10, one gets a positive linear sum of Z(A)). Fixing j,
let us check that lines from R to R + [ correspond to an extremal box in [—/, 0], choosing at 0 the same transitions
as in the case / = 1 and shifting the medium in [—/ 4 1, 0] to [—/, —1]. The case of line R is clear (as above). Next:

e If starting from a departure point in [—] + 1, 0] and following the graph, the exit was at u, with 3 <u < R, then
in the new medium in [—/, 0] the exitis at 2 <u — 1 < R — 1. This corresponds to a down-shift and a right-shift
in A; with respect to A. The case when the path ended with a final jump of —L is treated in the same way.

o If the exit was at 2, the new exit is at 1. Such a departure site does not appear in Z(A ;) and it corresponds to the
fact that the column (¢; gp—1); disappears.

e If the exit was at 1, one then now passes to 0 and the exit is the same as that of 0.

This proves the first assertion of (i). Next, any element in £ jr , is some Z(A), with A € A, giving the second claim.
Remark also that any element in Efs_ | is some Z(A), with A € A corresponding to a left-extremal box. The second

part of the proof gives that C', , is stable under (=DR-TAR M.

(ii) Stability was proved above, using Cii-,l and (—1)R-1 /\R M’. Concerning minimality, observe first that
/\lsistl ei A (eg + -+ + eq) € C/, for the left-extremal box in [—L + 1, 0] that consists in jumping of —L at

each site (see (16)). Fix an element in 5;,1’ defined by a left-extremal box B. Apply successively Lemma 3.10 to
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—iop_1€i A(er + -+ eq), with the matrices (—D)R=T AR M/ (L1, pL=1), ..., (=DR=L AR M/'(89, n°), where
1<i<R-1
for()%lfL—l:

8= (H1i=r—j)1<i<R-1, n' = (0)1<i<r, ifthejumpat/inBis +j,1<j<R-—1,
8l = (0)1<i<r—1. 7' = (0)1<i<L, if the jump at / in B is + R,
8t = 0)1<i<r—1, n' = (Hli=11<i<L, if the jump at/ in Bis — L.

Observe that until applying the last step, the coefficient oy — is always 1. Thus, if the third case occurs, Lemma 3.10
only gives HZ(A_) + Z(Ao). Making H — +00, the direction of the result tends to that of the given element of &', ;.

Consider now a cone ¢ # C C Cjﬁl stable under (—1)R~! /\R M’ . Take 0 # x € C and write it as x = ZfeF crf,
where ¢ # F C & | and ¢y >0, f € F. With § = (Hl;=g—1)1<i<r—1 and n = (0)1<;<z, apply enough times
Lemma 3.10 with (—1)&~! /\R M’ (8, n) to the previous equality, so that any term Z(A), A = («;, ), appearing in
the sum with a coefficient H" (with n > 1) in front of it, checks oy - =1 and o; - =0, for R <i <d — 1. Taking
then H large, the remaining terms are negligible.

Remarking that in the dominating terms, oy, j =0, 1 < j < R —1, set § = (0)1<j<r—1 and n = (H1;=1)1<i<L.
Apply next (—1)R=Y AR M’(5, 1) to the equality. The dominating R-vectors Z(A), with A = (a;, ), then verify
ar,j=0,1<j<R-—1,and ag _ = 1. Finally, apply L — 1 times (—=1R-1 /\R M'(8, n) with § = (0);1<j<p—1 and
n=(Hli=1)1<i<1. Taking H large, the direction of the sum is arbitrary close to that of A\, _;, . x_; ei A(er+---+eq).
Since the sum belongs to C, the first part of the study implies that Cy 1 C C.

(iii)) We prove the statement for the cone er)l and the class M’. In view of point (i), with invertible matrices
in M’, and since an invertible linear map is open, it is enough to show that C;,z has non empty-interior. Let then
we AR? verify wlC ,and fix i = (i1,...,ig) € Ig.

Ifi=(1,...,R), then )ei,R € 5;,2 and w_le; g, otherwise let u be such that i, < R <i,41.Choose A € A so that
lines in A withindex i ¢ {i, |u + 1 <v < R} are zero and for each u 4+ 1 < v < R, then line i, is zero except one ele-
ment equal to 1 and placed at a column with index in (1, ..., R)\ (i1, ..., i,). Then Z(A) € Sjnz. Note that the quantity
eq(R) — €ir appears in the wedge product expression of Z(A), for some 1 < g(R) < R. Define next Z(A) e 5;’2, re-
placing e, (r) — eip by ey4(r) in the expression of Z(A). Then w L (Z(A) — Z(A’)). The last quantity contains only
ei, at place g(R) in its expression. Recursively, we get w L ¢; g. As this holds for all i € I, finally w = 0.

Take next a cone ¢ ¢ A®R? stable under (—1)%~' A® M’ and with non-empty interior. Let x be interior
to C. Since C;’] has non-empty interior, write x = Y Fe€, Cf f. Up to adding some ne; A --- A eg, suppose
that C := Zfeaﬁl’ReI[ cr # 0, where (ij) € P4 are associated to each f € £, 1. Using the stability of C under
(—R-1 /\R M’ and Lemma 3.10, apply (L — 1) times to the above equality the matrix (=DHR-1 /\R M'(8,n),
with § = (H1;=r—1)1<i<r—1 and n = (0)1<;<r. Taking H > 0 large, the deduced sum is equivalent to CHL 1 x
/\f:_l1 ejAeqE C. From point (ii) and since /\j._":_l1 ejNeq€ C~+,1, we deduce that er’l C sign(C)C.

(iv) If R =1,thenC/ =C/_,, by Definition 3.9. In this case, one clearly has £, ={e;+---+e4 |1 <i <L} C RE,

+.1°
which is also the set of edges of C', . Suppose then that R > 2. We show below that £, is the set of edges of C/, and

that any element of £ jr_l is a non-negative linear combination of elements of £/ . In view of Definition 3.9, write any
element f € &, , in the form:

R—1
r=A(o-Xa)r Le an
j=1 ieljf ielf

Observe that:

szi > (—1>R—1—"</\ej A\ Zei)AZei.

u=0 kel,N[1,R—1] jek  jellLR—1Nk ;e f ier!
J -
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Suppose then that there exist fo € £, and asubsetg # F C £}, with fo=3_ ;. cs f, where each ¢y is > 0. Since

1 ]f C [R, d], the above decomposition implies that this equality is equivalent to the fact that, forall 0 <u < R — 1
andalll1 <ij<---<i, <R-1:

A5 )-SR ] ()

rer LNy 1N
J J

In particular, Z o €i = Zfchf(Zielf e). As #17° = 1 and cy >0forall f € F, there exist R < w < d such
that Ifo = If {ew} f € F. Another case of (18) gives, for2 < j < R:

<Z ) Aey = Z q(Z ei) A ey and thus Z e = Z Cf(Z ei>,
ierf0 JeF ier! et JEF - ier!

as w does not belong to any ij Since ¢y > 0 for all f € F, it is necessary that Ij'.f = Ijzf“, f € F. Thus &, is the
set of edges of C/.. We next check that the elements of 5’+ , are positive linear combinations of elements in &£, .

Take f € 5+ 10

I1,...,Ig and I_, as in Definition 3.8. Then f can be written as in (17), with I]f =R—1Ig41-jand If =R-—1_.Let

u > v be the two greatest indices of 7 and w be the smallest index of | J; ;. I;. Suppose that w € I, x € {1,..., R}.
There is then a path in [w, 0] made of jumps among {+1, ..., +R} leaving [-L + 1, 0] at x and the whole path
belongs to I,. Suppose that x = 1 and write:
R—1

f=iZ\:<€j— Z R—i)AeR—u-i-/\(ej— Z R—i)/\ Z €R—i- (19)

iEIR_H_j j=1 l’EIR_H_j iEI,\{M}

with #If > 2, and recall that f corresponds to some left-extremal box in [—L + 1, 0] with exit sets

We claim that the above two R-vectors belong to £ jr . Considering the first term, it is obtained by adding 7_ \ {u#} to
I, = I. Indeed, there is at least one element z of the path defined by w in 11, including +1, that verifies v < z < v+ R.
Remark we use that R > 2. Link then v to z by a jump of size < R. More generally, the ordered sequence defined by
I_\ {u} decomposes into blocks of consecutive elements. The top element of each block is such that some point of
the path defined by w that is at distance < R. Connect these two elements by a positive jump of size < R and make a
jump of 41 at each non-top element of a block. This connects /_ \ {#} on I and the first term is an element of 5;,1
Similarly, the second term in (19) is treated by adding a connection from u to I.

If x > 1, the same reasoning holds, using the following decomposition instead of (19):

fz[R/_\l(ej— > eRi):|/\ > eRi+[R/_\l<ej— > eR,ﬂ/\eRu, (20)

Jj=1 i€JR+1—j iel-\{u} Jj=1 i€EKRt1-j

where J; =K; =1;for je{2,...,R}\{x}and J, = I, U{u}, K, = I, U (I_\ {u}). Finally, either with (19) or (20),
the cardinal of /_ decreases at each step of at least of one unity, so the desired decomposition follows recursively.

(v) If L =1, we have C/, _C’ 2 _R+(/\1<Z<Rel) If L>2and R=1,thenC/ =Vecty(e;+---+eq|1<i=<
d) #Cl, o= Vecty(e |1 <i < d) Let then min{L, R} > 2 and denote by &', 3 the subset of &L  corresponding to
elements defined with #1_ = 1. A simple corollary of decompositions (19), (20) and of the ﬁrst part of the proof of
(iv) is that Ejr’3 is the set of edges of C ,- To show that C/, # C’ 'y 2> we exhibit an element in 5’ 3\ &', . Let us check

that (e — ey) /\f ,€j € 5’ 3 convenes.

If some ¢ € 8 3 were colinear to (e — eq) /\ j=2¢€j since the first part in the proof of (iv) implies uniqueness of
the representatlon there would be equality and there would be a left-extremal box in [—L + 1, 0], where the jump
atO0is —L,all —-L +2<i < —1exitat 1 and —L + 1 exits at R. This requires a jump from —L + 1 to R, but
R+ L — 1> R,since L > 2, which is impossible. Thus (e; — ¢4) /\f:2 ej ¢ &



92 J. Brémont

(vi) Observe first that C, + C D. If L =1, then C4 = C;+ = R™ and thus C; = (C;.+)* = R*. Suppose next
L > 2.Point (v) gives C}, CC/, ,, with strict inclusion. We show AR U’l(C;’z) C (D)*, givingCy = AR Ut € c
Nfv=te, ) c o).

Let ¢ = Af:l(zjfsfj-ij es) be a generator of D and ¢’ be an edge of /\R U’l(Cjnz), written as follows (see
Definition 3.9), with disjoint sets (/;)1<j<g—1 and I_ in [R, d]:

R—1

¢ = /\ <ej —€j—1— Z(ei - €i+l)> A Z(e,- —eit1).

j=1 ielj iel_

Set Ay =11, Aj={j—1}Ulj,for 2<j<R—1,and Ag =1 _. The (A;) are all disjoint. One checks that
¢, §/)/\RR,, =det[(1;=; — 1i+k,~eA_,-)1§i§R,15j§R—l(1i+k,-eAR)l§i§R]- Developing with respect to the last column:

R

=1

First, ur = 1pqxp det[(1;=; — 1,-+k,.€Aj)lfifR_LlijR_l] > 0, since the involved matrix has a positive dom-
inating diagonal. If / < R and [ + k; ¢ AR, then u; = 0. If [ + k; € Ag, then after manipulations on columns,
u; =det[(1;=; — 1i+k,-eA,-)1§i§R,l§j§R—l(1i+ki€Al)1§i§R]*l,*la where [, %/” means suppressing line / and col-

umn /. This determinant is of the same type as the original expression for (£, ¢’) ARRA: The result follows by recurrence
on the dimension. (]

We next detail consequences of Proposition 3.11 for the decomposable vectors R (a, b) and Vg. We obtain the
following result.

Proposition 3.12. For integers a < k < b, (—1)?=*=DR=-DR (4, b) € (~=1)RC. There is a constant C > 0 such
that Vg can be written as:

1
Ve=(-DF>"csf. withE <c;<C, forall f €&;. Q1)
fe€s

Moreover there are iid environments where the direction of Vg is arbitrary close to that of any element of £ with
positive jL-probability, taking & > 0 small enough (see (1)).

Proof. If a < k < b, Lemma 5.2 of [7] gives Ry (a,b) = (—1)R=DC=1=0qg .y ...dy Ry(a,k + 1), with d; =
Ps(a,s + 1,s 4+ R). This proves the first claim.

Since Vg =lim;, s 4o R-1(—n,0)/P_1(—n,0, —) and (=D /\R UR_1(—n,0) is some Z(A), with A € A, we
get that Vg € (—1)RC,.. Next, for s > 0:

R
Vi = (—=D)OFDERD (=g p 75T p) ™! ANT ' M T M) T g, (22)

Recall that o is bounded away from zero and +o00. Remark next that, when writing Vg = lim,— 4o R—1(—n,0)/
P_1(—n,0, —), the last vector also has components bounded away from 0 and +oo (see Proposition 6.2, p. 329
of [7]). Taking s = 2L — 1 and using Lemma 3.10 in (22) (L times point (ii) and L times point (iii)), ob-
serve that there is a constant C > 0 such that Vg = (=1 Zf‘e£+ c/ff, with 0 < c/f < C and C/fo > 1/C, where
fo= /\ISjSR—l ej N (egr +---+eg). Take then s = L — 1 in (22). Applying next the first part of the construction in
point (ii) in Proposition 3.11, one gets (21).

Finally, the last claim is proved as in Theorem 3.2, as a consequence of the minimality of C.. (|
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3.3. Geometrical constraints on Vg

We now use the previous analysis on Vg and Vj, to determine the geometrical conditions imposed to Vg, exactly in
the same way as what was done for W, using properties of Wg and Wp..

First, as a consequence of Proposition 3.12 on Vy and its analogue for V;, we have the following result, whose
proof is the same as that of Theorem 3.4.

Theorem 3.13. (i) There exist a constant C > 0 and random coefficients (c; y)ce€,  xe£_ Satisfying:

1
Ve=(=D"""" Y ey I, x).  with cSex=C (23)
te€i,xe€-

(ii) There exist iid environments where Vg is arbitrary close in direction to that of any vector (—l)d’1 Int(¢,
x) # 0 with positive p-probability, for all (¢, x) € £+ x E_, taking ¢ > 0 (defined in (1)) small enough.

We shall now determine Int(¢, x), for ¢ € £, x € £—. Recall Definition 3.8 on left and right-extremal boxes. We
now glue such boxes.

Definition 3.14. (i) An extremal box By, g = B, U Bg is the graph in [—L + 1, R] obtained by taking a left-extremal
box B and a right-extremal box Br: a transition is chosen among {—L}U {1, ..., R} at each site in [-L + 1,0] and
a transition among {—L, ..., —1}U{+R} is chosen at each site in [1, R].

(i1) Any path in an extremal box (When following the graph) either exits [—L + 1, R] or ends on a cycle. Let
us call “Cycle-free” an extremal box with no cycle. In this case, the path starting at i € [—L + 1, R] finally leaves
[—=L 4+ 1, R] on the right-hand side or on the left-hand side. Write then respectively ex(i) = + and ex(i) = —.

An example of extremal box with at least one cycle (in thick) is the following one:

It is important to notice that if By g = Br U Bg, then the property of being Cycle-free and the exit function only
depend on the exit sets (I;(Br))ieq1,..,R,—) and (Jj(BRr)) je{—L+1,...,0,+)- Also, any ¢ € & is uniquely associated to
the (/;(BL))ie(1,...r,—), Where By is any left-extremal box used to represent {. The same holds for x € £_, with
right-extremal boxes. Let us next say that (¢, x) is Cycle-free if any associated extremal box By, U Bg is Cycle-free.
We then denote by ex; , the exit function. We have the following result:

Theorem 3.15. (i) Let ¢ € 4 and x € E—. Then:
— d—1 . . . d
Int(g“, X) = (_1) 1({,)() is Cycle—free (lex;,X(R—H—z):—&- - 16X§‘X(R—l)=+)1§i§d e R%. (24)

(ii) The cone (—1)4~! Vecty {Int(¢, x), ¢ € E4, x € E_} is:

IfL=1: (RX.

IfFR=1: (RE.
IfL=R=2:Rie;+Rie3+R(e; —er+e3) c R3.
If min{L, R} > 2 and max{L, R} > 3: R?.

b
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As a corollary of Theorems 3.13 and 3.15, § Vg does not always lie in the non-negative cone of R? for a constant
8 € {£1}, since as soon as min{L, R} > 2, some Int(¢, x) does not verify this. This contrasts with Theorem 3.4
about Wg.

It confirms that the statement of Lemma 5 p. 192 of [17] is incorrect and that condition (C3) of [19] is not valid in
general. Restrictive hypotheses on the support of 1 may however ensure that the Lyapunov eigenvector V lies in the
non-negative cone of R?. Indeed, it is not hard to check that this property is true when the environment is constant.

Proof of Theorem 3.15. (i) Step 1: Define Uy € GL4(R) by (Uy);j = li<j<r—1,for 1 <i < R—1, and (Uy);; =
li>j>r, for R <i <d. Similarly, let U, € GL4(R) be such that (Uz);; = li<j<g, for 1 <i < R, and (U3);; =
li>j>Rr+1,for R4+1 <i <d. Then, generic edges ¢ € £1 and x € £_, as introduced in Definition 3.9, can respectively
be written as ¢ = (/\R Ul_l)g: and x = (/\L Uz_l))Z, where:

R—1 d
E: /\(ej—Ze,)/\Zei and X:Zei /\ (ej—Ze,), (25)
j=1 iel; iel- ieJy  j=R+1 iel;

with partitioning sets (/;)je(1,...r,—} in {R, ..., d} and (Jj) je(—r+1,...0,43in{1,..., R}, with I_ # ¢ and J, # ¢. As
¢ = (AU @) and = (AU (1), we get:

d—1 R—1 1s R—1 14
) , (26)

e, 0= A (o) (8 n (Ao i) )| = ot (8 a (A #)i

with H ='U; "U, satisfying H;; = 1;—;,if i # R, and Hg; = 1j<g — 1 j>Rr1.

Let us first treat the case L = 1. Then, I ={R} and { = /\|_;.p €. Also J; =[1,a], for some 1 <a < R and
X = €q. Therefore, Int(/\ | <, <g €k €a) = (=17 (/\| cp<g sza &) = (=1)F e, As the associated extremal box
in [0, R] is such that points R —a + 1, ..., R leave the box on the right-hand side, whereas the other ones leave it on
the left side, (¢, x) is Cycle-free and the right-hand side of (24) equals (=1)R+1e,. This concludes the case L = 1.
The situation when R = 1 is similar.

Suppose next that min{L, R} > 2. Then /_ and J. are singletons, written as /_ = {u} and J; = {v}. First, associate
matrices P to £ and Q to ¥, respectively.

o Let P = (’RA-I 2) € GLy(R), with A = (—lier;)r<i<d,1<j<R-1, K = (li=o(j)) R<i,j<d, Where o is the permu-
tation of {R, ..., d} equal to the identity if © = R, and to the transposition (u, R), if u # R. Set ¢, = 1, if u = R,
and ¢, = —1, if u # R. Observe that:

tp-1_ <1R—1 (1o(j)el,-)l§i§R—l,R§j§d)
0 (Lo (j)=i)R<i<d,R<j<d

We have £ = (\® PY(AR e) and £+* =&, AV P ALz, €). using (8).
o Let 0 = (é ILZL) e GL;(R), with B = (_lielj)lsifR,R+1§j§d and L = (1;=¢(j))1<i, j<Rr» Where 7 is the per-

mutation of {1, ..., R} equal to the identity if v = R, and to the transposition (v, R), if v # R. Set e, = 1,if v =R,
and ¢, = —1,if v # R. Then:

ol = ( (Iz(jy=i)1<i<R,1<j<R 0 > .

(Iz(jyes;)R+1<i<d.1<j<r 1L-1

Also, ¥ = (AR O)ALge) and 31 = g,(~1)R-DL AR @ 0=y (AR ¢;). Therefore, using that 7(j) €
J_& j=R:

A L R 1LR_1 (Ie(j)=i)1<i<Rr—1
</\ H>(X )= e DEPEA Le(jetn .

j=1 \(¢(j)es;) R+1<i<d
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Via (26), Uy (Int(Z, x)) = &4, (—1)R-DLAdL=-DtdtR S 0 A — g6 (1)1 59 _ e, A,, proceeding as
in Step 1 of Theorem 3.6, where:

(Ie(j)=i)1<i<R—1 (Lo (jyer ) 1<i<R—1
Ay = ’ ( Lz(jedr ) o (lizw) j=r ( lo(j)=r ) .
(It (e R+1<i<d/ 1<j<r—1 (Lo (h=i)R+1<i<d / R+1<j<d
Step 2: Define ¢ : [R,d] —> [1, RlU{=},by (i) =j & i€ lj,and ¥ :[1,R] — [R,d]U{+}, by ¥ (i) =] &
i € Jj. To distinguish R in [1, R] of R in [R, d], we write it as R’. Set n = ¢ oy, when it is defined and denote by my
the number of limit cycles of 7 in [1, R]\ (J, U {v}). An orbit under iterations of 7 is written as Orb,. Considering
[R,d]U[1,Rlas(d,..., R, R/, ..., 1),if (¢, x) is Cycle-free, write exit(w) = +, if starting from w € (d, ..., R) and
iterating successively ¢ and v, the exit is on the right. A similar definition holds for w € (R’, ..., 1).
We now suppose that R < w < d and compute A,,. First and via column operations:

Apy =&y

( (Li=j, j#v)1<i<R—1 ) ( (Li=g(j), j2u)1<i<R—1 )
(Li=y (). jseo + li=yp ). j=0)R<izd ) 1< jep—y \ (li=jju + lizw. j=u)R<i<d ) g<j<q
R .
e Njojz(ej — enip Ly (psa) /\y €. ifw=u,
= . R .
—uv Y jey, @j>  Withay = Ay o0y (es = en) Ly /\j er \y oy, ifw#u.

Assume next that w # u. Then:

#A
aj = > D" A ey N\ e [\ er [\ et
A: AN(J,U{v})=0 sEA teB Jj v
B=[1,R"\(AUJ,U{v})

Above, non-zero contributing subsets A must check n(A) = (A U {j, v}) \ {R’, ¢(w)}. Distinguish the following
cases:

o If {j, v} ={R’, ¢(w)}, a non-zero contributing A verifies 7(A) = A and is a union of limit cycles for n in [1, R']\
{v}\ Ju. As in the proof of Theorem 3.6: oj = 1y, —0(1j=p' — 1 j=p(w))-

o If v ¢ {R,p(w)} and j = R’, a non-zero contributing A is a union of limit cycles for n in [1, R']\ {v} \ Ju
and a sequence of the form (¢(w), n(p(w)), ..., n?(p(w))), with p > 0, and n?*'(¢(w)) = v. Then o =
lm,7=0,veorb,,((p(w))' A similar reasoning provides:

—lm,_olveom, k), ifv g {R, pw)}, j=gw),
aj=1{ —lm,oljcom, oy, ifj¢{R pw)},v=FR,
—lm,_oljeom, k), if j & {R,pw)}, v=gpw).

o If {j,v} N {R’, p(w)} = @, a non-zero contributing A is a union of limit cycles for n in [1, R'T\ {v}\ J, and of
two sequences of the form (p(w), n(p(w)), ..., n?(p(w))), with p > 0, and (R’, n(R), ..., n?(R’)), with g > 0,
satisfying {n”*! (p(w)), 41 (R")} = {j, v}. Then:

@) = Lm0 (1,cOrb, (p(w)). jcOrb, (R ~ 1i€0rb, (pw)).ve0rb, (R))-

Thus the above formula is valid in all cases. Finally, if R <w <d, w # u:

Euev Ay = 1’”’7:0(_16Xit(w):+,exit(R/)=f + ICXit(w)zf,eXit(R/)=+)
= Lny=0Uexitrn=+ ~ Lexit=+)-

In the same way, ¢,6,4, = lmn=01exit(R/)=+' Hence, (Int(¢, x))r = lmq=0(1exit(R’)=+ — lexit(R)=+) and
(Int(¢, x)w = lmn=0(1exit(w_1):+ - 1exit(w):+)* R+ 1 <w <d. Similarly, (Int(¢, x))w = 1m,,=0(1exit(w+1):_ -
Lexit(w)=—) = Im,=0Uexitw)=+ — lexitw+1)=+)> 1 =w = R — 1. This concludes point (i).
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(ii) If L =1, then Int(Z, x) has the form (—1)%*!e, and every 1 <a < R can be taken. The case when R =1 is
similar. Suppose next that L = R = 2. We list below, according to left exit points a € [—1, 0] and right exit points
b € [1, 2], the vector given by point (i):

o Leta=0.Ifb=1,weget’(—1,1,—1). If b =2, then ’(1, 0, 0).
e leta=—1.1fb=1, then?(0,0,1). If b=2and 0 - 1,1 — —1, then /(1,0,0). If b=2and 0 - 2, 1 — —1,
then’(1,—1,1).Ifb=2and 0 — 2, 1 — 0, then 7 (0, 0, 1).

This concludes the case L = R = 2. Suppose next that min{L, R} > 2 and max{L, R} > 3 and for instance L > 3.
We show that the dual cone of (—1)¢~! Vect, {Int(¢, x), ¢ € £4, x € £_}is {0}. Let then X ="(x1,...,xq) € R? be
such that (—1)?~1(X, Int(z, x)) > 0 for all (¢, x) € E4 x E_. We prove that X = 0 by choosing adequate extremal
boxesin [-L+1,...,—2,—1,0]U[1,2,..., R]. As above, let a and b be respectively the left and right exit points.

e Takea=0,2<b <Randthegraph(R—-R—1—--->b+1>b—-1—>.-->1—->0;,—L+1—> —-L+2—>
coo—> —1—>1).Ifb=1, takea = —1 and the graph (R > R—-1— - > 2> —-1;-L+1—> —-L+2—> - - —
—2 — 0 — 2). This provides (—er_p + er—p+1), for all 1 <b < R. Thus xg > xp_1 > --- > x1 > 0. Let now
a<-1,b=Randthegraph(R-1—»:---—>1—->0;-L+1—>—-L4+2—> --->a—-1—-a+1l— - > —-1—
0— R).Ifa=0, take b =1 and the graph (R > -+ —>2— —1;—-L+1— —L+2— ---— —1 — 1). These
cases give (eg—q — €g—q+1), forall =L + 1 <a <0. Thus xg > xp41>--->x4 > 0.

e Leta=—L+1,b=Randthegraph (R—1—---—>1— —L+1;—-L+2—---— 0— R). Wegete; —er+ey,
giving x| + x4 > xg.

e Takea=0,p=1land(R—---—>2—->0;—L+1—-> —-L+2—---— —1—1). Thus —er_1 +eg — er4+1 and
XR > Xxr—1+ xr+1. Hence, this already provides x| =---=xgr_1 >0, xp11 =---=x4 > 0 and xp = x1 + x4.

e IfR>3,takea=—-1,b=2and(R— ---—>3—->01—->—-1;,—-L+1—>—-L+2—>---—> -2—->0—->2).1If
R=2take(l—>—-1;-L+1—->—-L+2—-.-— —2— 0— 2). This gives eg_| — eg + er4+1 — eg4+2. Thus
XR41=---=x4=0and xp = x1.

e IfR>3takea=—1,b=2andthegraph(R— -+ >3 —>1—-> -1, -L+1—> —-L4+2— .- > -2 0—2).
This provides —egr_2 + er—1 — eér + €r+1 — €r+2, giving xg =0 and thus X =0. If R=2,takea=—-1,b=1
and the graph 2 > —-1; - L4+1—> —-L+4+2— --- - —2 — 0 — 1). This gives —e| + e3 — e4. Thus x; =0 and
then X = 0.

This concludes the proof of point (ii) of the theorem. |
3.4. Non-singularity results

We finish this section by proving non-singularity results for Wg, Wy, Wg and Vg, Vi, Vg. These are crucial for the
sequel.

Proposition 3.16. (i) For ({1, 82) € &4+ X E4, (C1, &2) = 0. For each §1 € & 4, there is o € E4 with ({1, &) > 1, and
foreach &y € E4, there is §1 € & 4 with (1, £2) > 1. The same holds for & _ and E_. Thus, there is a constant C > 0
such that:

(=D Vr. Wr) = (=DRVg* Wg*) = C and  (=D)* (VL. Wr) = (=D Vi Wi = C.

(ii) For some constant C > 0, (—1)4=1(Vg, Wr)|| IntOVr, W) || Int(Vg, V)| = C. In particular, for another
constant C' > 0: (—1)?~1(Vg, Wg) = C'. We also have the equality Ag = pr{(Vr, Wg)/T (Vg, Wg).

(iii) We have Wi AWgx* A VR| = [(Wg, VR)II IntOWr, Wr) |, as well as Vi A VE* A Wr| = [(Vg, Wg)| x
| Int(Vg, VIl In particular, using (ii), each of the configurations Wi-*, W,Jg*, Vg) and (Vi-*, Vfg*, Wg) in R? are
non-singular.

Proof. (i) Since C C (C; +)* (Proposition 3.11), we have ({1, &2) > 0, for all (¢1, £2) € & 4+ x &4 Fixing {1, if this
quantity were always equal to 0, then ¢} = 0, since C+ has non-empty interior. Finally, remark that ({1, {2) is an
integer. The last point follows from Theorem 3.2 and Proposition 3.12.
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(if) The last point follows from (Vg, Wg) = (1/pg){(Vg,"MT Wg) = (Ag/pr){T Vg, T Wg). Next, using that Ort,,
is an isometry for all 0 <n <d:

(W, V) [IntOVe, W) [ [ Int(Vr, Vi) | = (Wit AW (V" AVET) ™)

since S(VIJQ‘*) L S(Wi‘*), as well as S(WIJQ'*) 1L S(Vi‘*). We conclude with point (i).
(iii) The equalities W;-* A Wg* A Vi| = [(OWVE* AWRHE, VR)| = [(Wg, VR)|IIIntOVg, W) treat the first
case. The second one is similar. (Il

We finally study the behaviour of quantities like (M, X),>0, when X € S (WI%*). By definition of S (WI%*), such a
quantity tends exponentially fast towards 0, as n — +00. We show that the convergence is uniformly exponential.

Proposition 3.17. There exist constants 0 < ¢ < 1 and C > 0 such that:

VnzO,VXeS(W,%*), M, X| <C'IXI, 27)
vn>0,VY e SWi*),  IM_, Y| <Cc"|Y],

and:
vn>0,vX € S(T"Vg*), |/ (M)X|| <Cc|X] 28)
Vn=0,VY € S(T™"VE*), |'M_p)Y| <Cc|Y].

Proof. Step 1: We first make reductions, using the matrix K, = diag(l,r, ..., rd_l), as in [6]. Let M(8,n) € M,
satisfying condition (1). Recalling Definition 3.1, introduce Aj =1+6; +---+d;,1<j<R—1,and By, p_; =
M+ -+ nrer—j, R < j <d. Then K, M8, MK, =rM(&',n), with (&, 1) associated to A, = A;/r/, 1 <
J<R—1l,and B}, p ;= Bpigr—j/r®tE7J, R < j <d. Condition (1) thus implies that for r close enough to 1,
M (', n") € M and a condition similar to (1) holds with another constant.

Setting M’ =r~" (K, MK '), we get K, M, K, "' =r"(M"),,, n € Z. Also, the subspaces related to M’ and defined
by Oseledec’s theorem are the images by K, of those related to M. We thus only need to show the proposition with
¢ = 1. Since the Lyapunov exponents of (M’, T) verify y;(M', T) = y;(M,T) —logr, 1 <i <d, we also suppose
that yr(M, T') # 0, up to perturbing.

Step 2: We show that the first inequalities in (27) and in (28) are equivalent. For instance, denote by p:R? — R¢
the orthogonal projection on § (WIJQ-*). Then, for some constant C and a.s.:

vX e S(VEY).  IXI=C|p0]. =

since if this were not true, it easily contradicts point (i) of Proposition 3.16. Suppose next that the first inequality of
(27) holds and take n > 0 and X € S(T”VIJQ‘*). As'(M)X € S(VIJQ-*), denoting by (f1,..., fL—1) an orthonormal
basis of S(ng*), we get:

‘(M) X | < C|p("(M)X) | <C D [(X. My £i)] < CIIX]I.
i=1

The proof of the other direction is similar, as well as that of the equivalence between the second inequalities in (27)
and (28).

Step 3: We prove (27). By symmetry, we only consider the first inequality with ¢ = 1, as discussed above. As
in [6], let V/ = V_1(—1,400,—j), 1 < j < L.Fixing 1 < j <L, (3) gives M,V = Vi—1(—1,400,—j), n > 0.
Remark that each component of V,_;(—1, 400, —j) is the difference of two probabilities and thus is bounded by
one. According to the previous discussion, we distinguish two cases:
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— If yr(M,T) > 0, then (see [6]), V! + .-+ VE=0and (V!,..., VE~l) span SOVg*) and | A\ <<
V|| > 1. Therefore, the result follows from the previous remark.

— If yg(M, T) < 0, observe that the (Vl, cee, VL) are linearly independent. We consider the cone D C ARRA
of point (vi) in Proposition 3.11. Recall that C; + C D and remark that point (i) of Proposition 3.16 still holds, when
replacing C; + by D, as C; C (D)*. We will show that:

L—1 Lx
(—1)L‘+(d‘>"’</\ Vf') eD. (30)

j=l1

Let us show that this proves the result. First, (<< VHLE = | Ai<j<r—1 VJ/|| > 1 and this quantity is
clearly bounded. Next:

1
(_I)L—1+(d—l)R+R< /\ Vj, er_*> — (_I)L—l+(d—l)R+R<< /\ Vj) *’ VR> > C, 31)
1<j<L-1

1<j<L-1

for some constant C > 0. Indeed, ||(/\ l<j<L—1 V7)L*|| > 1 and at least one component in the decomposition of
(—I)L_lJr(d_l)R(/\15./.§L_l V)L according to the elements ¢ defining D is not small. Since all components of
(—1)RVg are greater than some constant ¢’ > 0 (Proposition 3.12), we get (31) via point (i) of Proposition 3.16. As
aresult, (29) is valid, when replacing S(WI%*) by S(/\lsng—l V7). Since the sequence (Man),,zo is bounded, for
1 < j <L — 1, this proves the first inequality in (28). We finally show (30). Observe first that:

(=Lt /\ v/ = /\ ( Z (Pr_i(j) — Pr_i_1(j))ei +eR+j)v

1<j<L—1 1<j<L—1 M<i<R

setting P;(j) = Y}_, Pi(—1,+00, —I). Using Lemma 2.4:

L—1 Lx d
(D! (/\ Vf> =(=DYIEN <e,- — " ei(Pp_ ;i —R) = Ph_j_y(i — R)))
j=1

1<j<R i=R+1

d
= (=DUDE A (e,»— > ei(Q,-H(i)—Qj(i))),

1<j<R i=R+1

with Q; (i) =1— Pl/i’ (i — R). Remark that Qr+1(i) =0, R+ 1 <i <d. Consequently:

—=J

L-1 Lx d
(—1)“”“’“”"(/\ Vj) = A\ <€j+"'+€R+ > el-Qj(i)). (32)

j=1 1<j<R i=R+1

Fixing 1 < j < R, i —> Q;(i) is a non-increasing function, verifying 0 < Q;(i) < 1. Thus, for 1 < j < R, we get
it ter+ Y py€iQ(i)€Vect {Y e | R<m<d).

In (32), multilinearity gives that (—1)L—1+@=DR( /\/L:_ll VJ/)1* is a non-negative linear combination of elements
of the form AlSjSR(ej + emj), with m; > R for all 1 < j < R. Such an element can clearly be written as an
element generating D. This proves (30) and concludes the proof of the proposition. (]
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4. Invariant measure equation and Law of Large Numbers
1. Characterization of (I M)
We consider condition (I M), described in Definition 1.7 and show how the previous algebraic study clarifies the
analysis. We discuss the invariant measure equation according to the sign of yg (M, T'). We follow the strategy of [6]

and begin with a reformulation of the equation P*7 = 7. Recall that P* f (w) =) .. 4 p-(T o) f(T *w).

Proposition 4.1. The equation w = P*1 is equivalent to the equality Z = T Z, where:

R
ZT (M)T , +ZT’ 1(%)# Ly, withx = prr. 33)

PR PR

Ergodicity of (82, F, i, T) then implies that the equation m = P*m is equivalent to the equality Z = —c for some
constant c. In this case ¢ = ZzeA fzpzn du.

Proof. Observe that the equality 7 = P*m can be written as:
R L
T = pom + Z T 7"p,T "+ Z T p_ T,
r=1 I=1

or, equivalently, with x = pgrm:

R L
1 — _
p°x=§ T‘f(—p’)T—’erE T’(—p l)Tlx,
PR —r PR = PR

that is:
R
I—PO ZT ,(Pr*l' +PR>T - +ZT1 1(17 -+ p L)Tl 1
PR — PR
R L
Z_ZT_rH(Pr+~~-+PR)T_,+1X+ZT1<P—1+...+p—L>T1x
r=2 PR I=1 PR
Since

<P1+---+pR> ([7—1+"'+[7—L> (1—[)0)
- X — x+|—)x=0,
DR PR DR

wegetZ—TZ=0.
As all steps proceeded by equivalence, this proves the first claim. The formula for the speed follows by taking
expectation in (33), using the definition of 7. O

We next rewrite (33), using some conjugate of ‘M. Introduce the following auxiliary matrices.
Definition 4.2. (i) Let N € GL4(R) be the random matrix defined as (suppressing the first case, if R = 1):
~T/ a;, i=1,1<j<R-1,

TRIN j=3 T/ b pj, i=1.R<j<d.
lizjt1, 2<i<d.
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(i1) Define (ci)a<i<q asci =—a; for2 <i < R—1(fR>3)andc; =bp+r—i for R <i <d.Define ® € GL;(R)
by:
Lj=1, i=1,

@@, j)=10, i>2,j¢[2,d+2—1il],
T 240, i>2,j€[2,d+2—i].

Remark. Notice for the sequel that ® and ®~" are bounded maps. Also '®e; = e|. The next proposition directly
follows from Proposition 4.1 and Definition 4.2.

Proposition 4.3. (i) One has M = (T®)" " (TR N)®.

(ii) With the notations of Proposition 4.1, the equation m = P* is equivalent to the equality:
T 'X=NX+ce,, withX="(T"%x,....x,...., T x).

(ili) Set X =T R*T21@~1 ~ T=RY2Y Then (IM) is equivalent to the two conditions:

o There exists Y and a constant ¢’ such that Y ="MTY +ce;.
o We have (Y,e1) >0, p-a.s,and |Y| € L' ().

Also, up to a positive multiplicative constant, ¢’ is the average speed of the random walk.
We next characterize (I M), proving Theorem 1.8:

Proof of Theorem 1.8. (i) Suppose that yg(M, T') = 0. Since the Law of Large Numbers holds, the average speed is 0.
If (I M) holds, then for some Y € R? with ||Y|| € L'(1), we have Y ='MTY and (Y, e;) > 0, ju-a.s. Therefore, the
Lyapunov exponent of ¥ with respect to (‘ M, T—1) (cf. definition (7)) is < 0, and similarly with respect to (' M -1 7).
This property is only shared by vectors colinear to Wg. Thus, for some y, we have Y = y Wg. As ||[Wg| =1, we
deduce that ¥ € L' (). One also checks that y = Typg, where pg is defined in Proposition 2.6, (ii).

Consider next the first coordinate in the equality ¥ = y Wg. As (=D?"YWg,e1) > 0, n-as. (Corollary 3.4),
we get that (-4 1y >0, u-as. Proposition 3.16 then provides Ag = y(Vr, Wgr)/(TyT(Vg, Wg)). Setting ¢ =
(—=1)@=1y(Vg, Wg) gives the result. Reciprocally, if \g = ¢/T¢ with ¢ € L' (1) and ¢ > 0, p-a.s., then ' MT Wg =
pr Wg can be rewritten as:

mr(w L):(W L) 34
( R<VR,WR> R(VR,WR> ©4)

and Wro/(Vg, Wg) has the desired qualities. So (I M) is verified.
(i) Suppose that yr(M, T) < 0. Decompose first Y and e; with respect to suitable subspaces:

Y=H+K+yWg,  withHeSV}*),KeSVi*),yeR,
e1 = Hy+ Ko+ yWg, with Hye S(Vi*), Ko € S(V&*). o € R.

Using Oseledec’s theorem (see [16]), equation Y =" MTY + c’e; is equivalent to:

H='MTH + ¢ Hy, K ="MTK + 'Ky, vy =prTy +'po. (35)
Proposition 3.16 implies that Hy, K¢ and y; are bounded quantities. Let us check that the solution of the previous
system is given by:

H=—Y, (T7'(M~")--.T7"("M~"))T~" H,
K=Y, -o('M---T"'('M))T" Ky,
y=cY =0 T"vo(pr - T" ' o).
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Considering K for instance, the expression follows by iterations. Indeed, 7" K is bounded along a subsequence, by
Poincaré recurrence theorem, so (‘M --- T"~1(! M))T" K tends to zero along this subsequence, via Proposition 3.17.
As Zn>0(t M---T"YM)T" K, converges (Proposition 3.17), this gives the result. Proposition 3.17 also implies
that H and K are bounded quantities. To conclude this preliminary analysis, remark that yo = (e1, V&)/(Vr, Wg).
Since pgr = AR(T Vr, TWR)/(Vr, Wg), we get that:

C/

Y= G % with Z =" "T"(Vg,e1)(Ag- T" '2g). 30)
R> R n>0

We next have the following discussion:

o If the integrability condition is verified, one can then solve Y ='MTY + e; with ||Y|| € Ll(u). Back to (I M), this
provides € L'(u) with 7 = P*7 and u( # 0) > 0. To get a non-negative solution, observe that || < P*|r|,
(-a.s. But this leads to a sub-invariant quantity in Proposition 4.1. As ergodicity ensures that a sub-invariant quantity
is invariant, we deduce that || = P*|r|, u-a.s. Therefore (see [15]) || > 0, p-a.s., and the quantity |rr|/f || du
checks (IM).

e Suppose that (I M) is verified. The average speed ¢ in the Law of Large Numbers is > 0, as the random walk is
transient to the right. If ¢ = 0, the argument of [6] about the recurrence of the ergodic sums is still valid and implies
the recurrence of the random walk. Thus ¢ > 0. If Y verifies Y ="M TY + cej, then Proposition 3.16 implies that the
corresponding quantities H, K and y are integrable (recall that H and K are bounded). Thus Z € L (w),asc >0,
meaning that the first component of Zn>0()» g T" IAR)T"Vg isin L! (u). The case of the other components is
deduced from the equality M Vg = AR T Vg, as the quantities Ag and 1/Ag are bounded.

This ends the proof of point (ii). The proof of (iii) is symmetric. O

Remark. Let us focus on the transient case yr(M,T) < 0. If min{L, R} = 1, as explained in the Introduction, then
the condition for (IM) reducesto ), . o(Ag - T"='xg) € L'(w). This is also the case if L = R = 2, since Theorems
3.13 and 3.15 say that (V>,'(1,2,1)} is uniformly positive. Such a remark cannot be made if min{L, R} > 2 and
max{L, R} > 3, as the algebraic dual cone of the natural cone where any Vp, lies is reduced to {0}.

Proof of Proposition 1.9. Recall the definition of D given in (5) and the fact that the hypothesis yr(M,T) > 0
implies y; (D, T-1) <0.Let W and p be as in the proposition. As in [7], let also:

Ve=T"L1((1/Tp--- T 2p)(1 =1/ p), ..., (1 =1/Tp), (p = 1)) and ig=1/T"L+2p.

It was shown that M VR = RTVR and VR is colinear to Vg. At this point of the discussion, we make an apology for
the incorrect corollary mentioned at the end of the statement of Proposition 8.4 of [7] on the boundedness of log 7.
Indeed ergodicity implies that 1 is necessarily a constant multiple of || Vir I, but this quantity can be close to 0. It is in
fact the heart of the problem.

It is now plain that Agx = Ag||T Vg|l/|Vz|l and Vg = 8Vg/||Vr| for some random variable § € {1}. However it is
easily seen that § is T-invariant. By ergodicity, § is constant and we now suppose that Vg = VR/ VR Considering
next the condition for (I M) in Theorem 1.8 when yr(M,T) > 0:

D (T hge T R) T VR = A S (T ig T RR) T T V. 37)
n>1 R n>1

As mentioned in the course of the proof of Theorem 1.8, the integrability condition of the quantity appearing in
(37) is equivalent to that of any of its component. Since the last component of VR checks (VR)d = 1/ T g — 1,
the last component of the right-hand side of (37) is a telescopic sum simply equal to —1/(7"~ 1%z VzI). Using the
expression for Vg and the fact that log p is bounded, we get the result. (]

Notice that the previous arguments also give:

Corollary 4.4. If yp(M, T) > 0, then the components of anl (T~ YAg---T"Ag) 1T Vy are all bounded away
from 0 and have the same fixed sign. A similar statement holds in the case when yr(M,T) < O.
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4.2. Classification with respect to speed

Recall that the quenched LLN always holds (Corollary 9.2 of [7]). We now show Theorem 1.10, providing a criterion
for the non-zero speed of the random walk. Recall that t(a, b) denotes the exit time of the maybe half-infinite interval
[a+1,b—-1].

Proof of the Theorem 1.10. Consider point (i), the case of (ii) being symmetric. Then 4 < 1 is Proposition 9.1 of
[7] and 2 < 3 is Theorem 1.8. This also gives 2 = 1, by the argument of recurrence of the ergodic sums given in [6]
and mentioned at the end of the proof of Theorem 1.8. We finally prove that 4 = 2.

As 1 holds, the recurrence criterion (Theorem 1.4) gives yr(M,T) < 0. Set T = t(—00, 1) and let 7| be the
bounded positive invariant density defined in Proposition 9.1 of [7]. We define a finite measure v on (£2, F) for all
B € F by:

T—1

v#) = [ | [ X 1087 |mi(@ duco) (38)

k=0

where (wy)k>0 is the sequence of the environments seen from the particle. Using the invariance properties of m; (see
Proposition 9.1 of [7] and Proposition 3.6 of [6]) and following the proof of Theorem 3.1 of [1], we deduce that
Pv = v and that v is absolutely continuous with respect to w. This concludes the proof of the theorem. (]
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