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A CONSTRUCTIVE APPROACH TO THE ESTIMATION OF
DIMENSION REDUCTION DIRECTIONS!

BY YINGCUN XIA
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In this paper we propose two new methods to estimate the dimension-
reduction directions of the central subspace (CS) by constructing a regres-
sion model such that the directions are all captured in the regression mean.
Compared with the inverse regression estimation methods [e.g., J. Amer. Sta-
tist. Assoc. 86 (1991) 328-332, J. Amer. Statist. Assoc. 86 (1991) 316-342,
J. Amer. Statist. Assoc. 87 (1992) 1025-1039], the new methods require no
strong assumptions on the design of covariates or the functional relation be-
tween regressors and the response variable, and have better performance than
the inverse regression estimation methods for finite samples. Compared with
the direct regression estimation methods [e.g., J. Amer. Statist. Assoc. 84
(1989) 986-995, Ann. Statist. 29 (2001) 1537-1566, J. R. Stat. Soc. Ser. B
Stat. Methodol. 64 (2002) 363—410], which can only estimate the directions
of CS in the regression mean, the new methods can detect the directions of
CS exhaustively. Consistency of the estimators and the convergence of corre-
sponding algorithms are proved.

1. Introduction. Suppose X is a random vector in R? and Y is a univariate
random variable. Let By = (Bo1, ..., Bog) denote a p x g orthogonal matrix with
g < p, that is, BgBo = I, where I, is a g X g identity matrix. Given BgX ,if Y
and X are independent, thatis, Y I X| BgX , then the space spanned by the column
vectors Bo1, Boz, - - ., Bog» 8(Bo), is called the dimension reduction space. If all the
other dimension reduction spaces include §(Bg) as their subspace, then $(Bp) is
the so-called central dimension reduction subspace (CS); see Cook [6]. The col-
umn vectors Bo1, Bo2, - .., Pog are called the CS directions. Dimension reduction
is a fundamental statistical problem both in theory and in practice. See Li [22, 23]
and Cook [6] for more discussion. If the conditional density function of Y given X
exists, then the definition is equivalent to the conditional density function of Y |X
being the same as that of Y|BOT X for all possible values of X and Y, that is,

(1.1) Frix () = fy g7 x (91 Bo ).

Other alternative definitions for the dimension reduction space can be found in the
literature.
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In the last decade or so, a series of papers (e.g., Hirdle and Stoker [15], Li [22],
Cook and Weisberg [8], Samarov [26], Hristache, Juditsky, Polzehl and Spokoiny
[19], Yin and Cook [34], Xia, Tong, Li and Zhu [33], Cook and Li [7], Li, Zha
and Chiaromonte [21] and Lue [24]) have considered issues related to the dimen-
sion reduction problem, with the aim of estimating the dimension reduction space
and relevant functions. The estimation methods in the literature can be classified
into two groups: inverse regression estimation methods (e.g., SIR, Li [22] and
SAVE, Cook and Weisberg [8]) and direct regression estimation methods (e.g.,
ADE, Hirdle and Stoker [15] and MAVE of Xia, Tong, Li and Zhu [33]). The
inverse regression estimation methods are computationally easy and are widely
used as an initial step in data mining, especially for large data sets. However, these
methods have poor performance in finite samples and need strong assumptions on
the design of covariates. The direct regression estimation methods have much bet-
ter performance for finite samples than the inverse regression estimations. They
need no strong requirements on the design of covariates or on the response vari-
able. However, the direct regression estimation methods cannot find the directions
in CS exhaustively, such as those in the conditional variance.

None of the methods mentioned above uses the definitions directly in searching
for the central space. As a consequence, they fail in one way or another to esti-
mate CS efficiently. A straightforward approach in using definition (1.1) is to look
for By in order to minimize the difference between those two conditional density
functions. The conditional density functions can be estimated using nonparamet-
ric smoothers. Obviously, this approach is not efficient in theory due to the “curse
of dimensionality” in nonparametric smoothing. In calculations, the minimization
problem is difficult to implement. People have observed that the CS in the re-
gression mean function, that is, the central mean space (CMS), can be estimated
much more efficiently than the general CS. See, for example, Yin and Cook [34],
Cook and Li [7] and Xia, Tong, Li and Zhu [33]. Motivated by this observation,
one can construct a regression model such that the CS coincides with the CMS
space in order to reduce the difficulty of estimation. In this paper we first con-
struct a regression model in which the conditional density function fyx(y[x) is
asymptotically equal to the conditional mean function. Then, we apply the meth-
ods of searching for the CMS to the constructed model. Based on the discussion
above, this constructive approach is expected to be more efficient than the inverse
regression estimation methods for finite samples, and can detect the CS directions
exhaustively.

In the estimation of dimension reduction space, most methods need in one way
or another to deal with nonparametric estimation. In terms of nonparametric esti-
mation, the inverse regression estimation methods employ a nonparametric regres-
sion of X on Y while the direct regression estimation methods employ a nonpara-
metric regression of ¥ on X. In contrast to existing methods, the methods in this
paper search for CS from both sides by investigating conditional density functions.
A similar idea appeared in Yin and Cook [35] for a general single-index model. To
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overcome the difficulties of calculation, we propose two algorithms in this paper
using an idea similar to that of Xia, Tong, Li and Zhu [33]. The algorithm solves
the minimization problem in the method by treating it as two separate quadratic
programming problems, which have simple analytic solutions and can be calcu-
lated quite efficiently. The convergence of the algorithm can be proved. Our con-
structive approach can overcome the disadvantage in inverse regression estimation,
requiring a symmetric design for explanatory variables, and also the disadvantage
in direct regression estimation, of not finding the CS directions exhaustively. Sim-
ulations suggest that the proposed methods have very good performance for finite
samples and are able to estimate the CS directions in very complicated structures.
Applying the proposed methods to two real data sets, some useful patterns have
been observed, based on the estimations.

To estimate the CS, we need to estimate the directions By as well as the di-
mension g of the space. In this paper, however, we focus on the estimation of the
directions by assuming that g is known.

2. Estimation methods. As discussed above, the direct regression estimation
has good performance for finite samples. However, it cannot detect exhaustively
the CS directions in complicated structures. Motivated by these facts, our strategy
is to construct a semiparametric regression model such that all the CS directions
are captured in the regression mean function. As we can see from (1.1), all the
directions can be captured in the conditional density function. Thus, we will con-
struct a regression model such that the conditional density function is asymptoti-
cally equal to the regression mean function.

The primary step is thus to construct an estimate for the conditional density
function. Here, we use the idea of the “double-kernel” local linear smoothing
method studied in Fan, Yao and Tong [13] for the estimation. Consider Hp(Y — y)
with y running through all possible values, where H (v) is a symmetric density
function, b > 0 is a bandwidth and H,(v) = b~ 'H(v/b). If b — 0 as n — oo,
then from (1.1) we have

def

mp(x,y) = E(Hp(Y — y)|X = x)
= E(Hy(Y —y)|Bj X = B x)
- fy|3€x()’|B;)rx)-

See Fan, Yao and Tong [13]. The above equation indicates that all the directions
can be captured by the conditional mean function m(x, y) of H,(Y —y)on X =x
with x and y running through all possible values. Now, consider a regression model
nominally for H,(Y — y) as

Hp(Y —y)=mp(X,y) +ep(yX),
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where &,(y|X) = Hpy(Y — y) — E(Hp(Y — y)|X) with Eg,(y|X) = 0. Let
g»(By x,y) = E(Hy(Y — y)|B{X = B{x). If (1.1) holds, then mj(x,y) =
gb(BOT x, y). The model can be written as

@2.1) Hy(Y — y) = g»(By X, y) + ep(y|X).

As b — 0, we have gb(BOTx, y) — leB(;FX(le(;r.X). Thus, the directions By de-
fined in (1.1) are all captured in the regression mean function in model (2.1) if y
runs through all possible values.

Based on model (2.1), we propose two methods to estimate the directions. One
of the methods is a combination of the outer product of gradients (OPG) estima-
tion method (Hérdle [16], Samarov [26] and Xia, Tong, Li and Zhu [33]) with
the “double-kernel” local linear smoothing method (Fan, Yao and Tong [13]). The
other one is a combination of the minimum average (conditional) variance estima-
tion (MAVE) method (Xia, Tong, Li and Zhu [33]) with the “double-kernel” local
linear smoothing method. The structure adaptive weights in Hristache, Juditsky
and Spokoiny [20] and Hristache, Juditsky, Polzehl and Spokoiny [19] are used in
the estimation.

2.1. Estimation based on outer products of gradients. Consider the gradient
of the conditional mean function mj(x, y) with respect to x. If (1.1) holds, then it
follows that

Imp(x,y)  9gp(Bg X, y)

2.2
(2.2) 0x ox

= By v g»(By X, ¥),
where Vg, (1, ..., Vg, ¥) = (V186(V15 -+, Ugs ¥)s -+ Vg 86 (V15 - - -, Vg, ¥)) With

0
Vikgh(V1, ..., Vg, y) = a—wgb(vh...,vq,y), k=1,2,...,q.

Thus, the directions By are contained in the gradients of the regression mean func-
tion in model (2.1). One way to estimate By is by considering the expectation of
the outer product of the gradients

o)y

= BoE{vey(By X,Y) V' g»(By X,Y)}By .

It is easy to see that By is in the space spanned by the first g eigenvectors of the
expectation of the outer products.

Suppose that {(X;, Y;),i =1,2,...,n}is arandom sample from (X, Y). To es-
timate the gradient dmy(x, y)/dx, we can use nonparametric kernel smoothing
methods. For simplicity, we adopt the following notation scheme. Let Ko(v?) be a
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univariate symmetric density function and define K (vy, ..., vg7) = Ko(v12 + -+
vﬁ) for any integer d and Kj, (1) = h_dK(u/ h), where d is the dimension of u and
h > 0 is a bandwidth. Let Hp ; (y) = Hp(Y; — y), where H(-) and b are defined
above. For any (x, y), the principle of the local linear smoother suggests minimiz-

ing

(2.3) n' Y {Hpi(y) —a— b (Xi — 0)PKn(Xix)
i=1

with respect to @ and b to estimate mp (x, y) and dmp(x, y)/dx, respectively, where
Xix = X; —x. See Fan and Gijbels [11] for more details. For each pair of (X, Y%),
we consider the minimization problem

n
(2.4) @jk,bjr) = argamibn > [Hpi(Ye) —ajk — b—Jl'—kXij]zwij7
2k

where X;; = X; — X; and w;; = K;,(X;;). We consider an average of their outer
products,

n n
> =n? Z Z ﬁjkbjkb—;k,
k=1 j=1

where p i is a trimming function introduced for technical purposes to handle the
notorious boundary points. In this paper we adopt the following trimming scheme.
For any given point (x, y), we use all observations to estimate its function value
and its gradient as in (2.3). We then consider the estimates in a compact region of
(x, ¥). Moreover, for those points with too few observations around, their estimates
might be unreliable. They should not be used in the estimation of the CS directions
and should be trimmed off. Let p(-) be any bounded function with bounded second
order derivatives on R such that p(v) >0if v > wp; p(v) = O if v < wq for some
small wo > 0. We take pjx = ,o(f(X ))p(fy(Yk)) where f(x) and fy(y) are
estimators of the density functions of X and Y, respectively. The CS directions
can be estimated by the first g eigenvectors of >,

To allow the estimation to be adaptive to the structure of the dependence of Y
on X, we may follow the idea of Hristache, Juditsky, Polzehl and Spokoiny [19]
and replace w;; in (2.4) by

wij =Kh(fll/2Xij),

where £1/2 is a symmetric matrix with (=2 =3%. Repeat the above procedure
until convergence. We call this procedure the method of outer product of gradient
based on the conditional density functions (dOPG). To implement the estimation

procedure, we suggest the following dOPG algorithm.
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Step 0. Set f](o) =Ip,andt=0.

Step 1. With w;; =K h(E(I) Xj), calculate the solution to (2.4),

() T) ™
$1/2y 1 )( 1 )
K
(b(t)> {Z n () X (Xij Xij
1
x Z i (£473) ( ¥, ) Hi a1

where h; and b, are bandwidths [details are given in (2.6) and (2.7) below].
Step 2. Define p'}) = p(f©(X)p(fy” (V1)) with

n
AP ="ty H i (),
i=1
e (t) - &1/2
@ =@n~'nf TT 7 ZKh, () Xi).
>

where k,(f), k=1,..., p, are the eigenvalues of fl(lt/)z and 1 = [ KO(ZA,(:Bh, v,%)

[T,0_, dvk. Calculate the average of outer products,
k t

E(I—H) —n -2 Z ([)b(t) b(f)
Jj.k=1

Step 3. Set t :=1¢ + 1. Repeat Steps 1 and 2 until convergence. Denote the fi-
nal value of fl(,) by (). Suppose the eigenvalue decomposition of X () is
I'diag(Aq, ..., AP)FT, where Aj > --- > A,. Then the estimated directions are
the first ¢ columns of I', denoted by Bdgpc,.

In the dOPG algorithm, fy (t)(y) and £ (x), t > 0, are the estimators of the
density functions of Y and BTX respectively. A justification is given in the proof
of Theorem 3.1 in Section 6 2. In calculations, the usual stopping criterion can
be used. For example, if the largest singular value of E(t) — E(,+1) is smaller
than 10~°, then we stop the iteration and take 2(¢+1) as the final estimator. The
eigenvalues of ¥ (o) can be used to determine the dimension of the CS. However,
we will not go into the details on this issue in this paper. In practice, we may
need to standardize X; = (X;1,..., lp) by setting X; := le/z(Xi — X) and
standardize Y¥; by setting ¥; := (¥; — Y)/\/—, where X =n~! Yo' X;and Sy =
I (X - X)X - X)), Y =n"1Y" Y and sy =n7! ; " (Y —Y)2
Then the estimated CS directions are the ﬁrst g columns of 'S, 1 2
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2.2. MAVE based on conditional density function. Note that if (1.1) holds,
then the gradients dmy(x, y)/dx at all (x, y) are in a common g-dimensional sub-
space as shown in equation (2.2). To use this observation, we can replace b in
(2.3), which is an estimate of the gradient, by Bd(x, y) and have the local linear
approximation

n Y {Hpi () —a—d BT (X — 0K (Xix),

i=I

where d = d(x, y) is introduced to take the role of vgb(B(;r x, y) in (2.2). Note that
the above weighted mean of squares uses the local approximation errors of Hp ; (y)
by a hyperplane with the normal vectors in a common space spanned by B. Since
B is common for all x and y, it should be estimated with aims to minimize the
approximation errors for all possible X ; and Y. As a consequence, we propose to
estimate Byp by minimizing

n n n
(2.5) n YN ik Yy {Hpi(Yo) —aji —dj BT Xij P wi
k=1 j=1 i=1

with respect to aji,djx = (djkl,...,djkq)T,j,k =1,....,nand B:B'B = 1,
where p i is defined above. This estimation procedure is similar to the minimum
average (conditional) variance estimation method (Xia, Tong, Li and Zhu [33]).
Because the method is based on the conditional density functions, we call it the
minimum average (conditional) variance estimation based on the conditional den-
sity functions (dIMAVE).

The minimization problem in (2.5) can be solved by fixing (ajk,djk), j, k =
1,...,n, and B alternately. As a consequence, we need to solve two quadratic
programming problems which have simple analytic solutions. For any matrix B =
(B1, .-, Ba), we define operators £(-) and M (-), respectively, as

¢B)=(B],....B))" and M(L(B))=B.
We propose the following dAMAVE algorithm to implement the estimation.

Step 0. Let B(j) be an initial estimator of the CS directions. Set t = 1.
Step 1. Let B = B(;), calculate the solutions of (@jk,djk), j.k=1,...,n, to the
minimization problem in (2.5):

a(.tk) n - 1 1 !
(dj('?> :Z (BooXu) By Xij ) \ By Xij

i=1
“ 1

x Y Kn, (B Xij) (B‘(I')Xij) Hy, ;i (Yx),
i=1 t

where h; and b, are two bandwidths (details are discussed below).
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Step 2. Let o} = p(me XNp(fy(Y)) with f%) =n'YL, Hb, i)
and me (x)=n" 1 Kn, (B ,)sz) Fixing aj; = a]k and dj; = djk, cal-
culate the solution of B or £(B) to (2.5):

-1

I 0 O xO)

pUth — Z Pix Kn, B(,)Xij)Xijk(Xijk) }
k,ji=l1

X Z p(t)Kh[ B(t)Xij)Xl(Jk{Hbt (Yk)_a(t)}
k,j,i=1

where X (t (t) ® Xij.
Step3 Calculate A(,+1) = {(MOBEDNTMDBID) and Bi1) = MDUHD) x
1/2) Sett:=t+ 1 and go to Step 1.
Step 4 Repeat Steps 1-3 until convergence. Let B(«) be the final value of B).

Then our estimators of the directions are the columns in B(), denoted
by B4mAVE.

The dMAVE algorithm needs a consistent initial estimator in Step O to guarantee
its theoretical justification. In the following, we use the first iteration estimator of
dOPG, the first ¢ eigenvectors of ¥ (1, as the initial value. Actually, any initial
estimator that satisfies (6.6) can be used and Theorem 3.2 will hold. Similar to
dOPG, the standardization procedure can be carried out for AMAVE in practice.
The stopping criterion for dOPG can also be used here.

Note that the estimation in the procedure is related to nonparametric estimation
of conditional density functions. Several bandwidth selection methods are avail-
able for the estimation. See, for example, Silverman [28], Scott [27] and Fan, Yao
and Tong [13]. Our theoretical verification of the convergence for the algorithms
requires some constraints on the bandwidths, although we believe these constraints
can be removed with more complicated technical proofs. To ensure the require-
ments on bandwidths can be satisfied, after standardizing the variables we use
the following bandwidths in our calculations. In the first iteration, we use slightly
larger bandwidths than the optimal ones in terms of MISE as

(2.6) ho = Con_l/(p0+6), bo = Con_l/(p°+5),
where pg = max(p, 3). Then we reduce the bandwidths in each iteration as

hl+1 = max{rnht, COn_l/(q+4)},
2.7
b1 = max{r,b;, con~ @+, con_l/s}

for r > 0, where r, = n~1/@(Po+6) co = 2.34 as suggested by Silverman [28] if
the Epanechnikov kernel is used. Here, the bandwidth b is selected smaller than &
based on simulation comparisons.
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Fan and Yao ([12], page 337) proposed a method, called profile least-squares
estimation, for the single-index model and its variants by solving a similar mini-
mization problem as in (2.5). The method can also be used here for the estimation
of By in (2.1).

3. Asymptotic results. To exclude the trivial cases, we assume that p > 1 and
g > 1. Let fo(y|vi,...,vg), fo(vi,...,vy) and fy(y) be the (conditional) density
functions of Y |BOT X, B(;r X and Y, respectively. Let pg(x, y) = p( fO(BOT x)) X
p(fy(y), vio(ylvi,...,vg) = @fo(ylvi,...,vg)/0v1, ..., dfo(y|vi, ..., vg)/
dvg) ", upu) = E(X|B"X =u) and wp(u) = E{XX"|B" X = u}. For any ma-
trix A, let | A| denote its largest singular value, which is the same as the Euclidean
norm if A is a vector. Let By: p x (p — ) be such that (By, BO)T(BO, Bo) =1,.
We need the following conditions for (1.1) to prove our theoretical results.

(C1) [Design of X.] The density function f(x) of X has bounded second order
derivatives on R?; E|X|" < oo for some r > 8; the functions g (1) and
wp (1) have bounded derivatives with respect to # and B for B in a small
neighborhood of By :|B — By| < é for some § > 0.

(C2) [Conditional density function.] The conditional density functions fy|x (y|x)
and fy|pTy (ylu) have bounded fourth order derivatives with respect to x, u
and B for B in a small neighborhood of By; the conditional density functions
of fBJX,Y|BJX(”’ ylv) and [| v fo(y|u)|dy are bounded for all u, y and v.

(C3) [Efficient dimension.] The matrix Mo = [ po(x, y) vfo(leE)rx) VT fo(lez)—x) X
f(x) fr(y)dxdy has full rank g.

(C4) [Kernel functions.) Ko(v?) and H (v) are two symmetric univariate density
functions with bounded second order derivatives and compact supports.

(C5) [Bandwidths for consistency.] Bandwidths hg = cyn™"™ and by = con™"?,
where O < rp, rp < 1/(po+6), po = max{p, 3}. Fort > 1, h; = max{r,h;_,
h} and b; = max{r,b;_1, B}, where r, = n~""/2 h = c3n~"h, b = can~"» with
0<ry,r, <1/(g+3),and ¢y, c2, ¢3, ¢4 are constants.

In (C1), the finite moment requirement for |X| can be removed if we adopt
the trimming scheme of Hirdle, Hall and Ichimura [14]. However, as noticed
in Delecroix, Hristache and Patilea [10], this scheme causes some technical
problems in the proofs. Based on assumptions (C2) and (C4), the smooth-
ness of gp(u,y) is implied. A lower order of smoothness is sufficient if we
are only interested in the estimation consistency. The second order differen-
tiable requirement in (C4) can ensure the Fourier transformations of the kernel
functions being absolutely integrable; see Chung [5], page 166. Popular ker-
nel functions such as the Epanechnikov kernel and the quadratic kernel are in-
cluded in (C4). The Gaussian kernel can be used with some modifications to
the proofs. Condition (C3) indicates that the dimension g cannot be further re-
duced. For ease of exposition, we further assume that pog = [ H(v)dv =1,
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H2H = fvzH(v)dv =1, wog = [Ki,...,v9)dvi---dvg =1 and poy =

K@i, ..., u)v2dv; - -dv, = 1; otherwise, we take H(v) := H(v/T)11)/Tslr

and K(vy,...,v9) = MEqIK(Ul/\/M—Z, ooy Vg //R2q) ] /H2g- The bandwidths
satisfying (C5) can be found easily. For example, the bandwidths given in (2.6)
and (2.7) satisfy the requirements. Actually, a wider range of bandwidths can
be used; see the proofs. Let vp(x) = wp(BTx) — x, wp(x) = wg(B'x) —
MB(BTX)ME(BTX) and fo(x) = fo(BOTx). For any square matrix A, A" and
AT denote the inverse (if it exists) and the Moore—Penrose inverse matrices, re-
spectively.

THEOREM 3.1. Suppose conditions (C1)—(C5) hold. Then we have
|BaoraBior — BoBy | = O(* + 65y, + 8410B* +8,/5* +n™17%)

in probability as n — 0o, where 8,5 = (nhib/ logn)~'/? and 8, = (logn/n)'/?.
Ifh4 + 83}% + 8qh554 + 8,%/52 =o(n~12) can be satisfied, then

~ ~ D
Vn{€(Baopc Biopg Bo) — £(Bo)} — N (0, Wp),

where

Wo = Var[po(X, Y)My ' (v fo(Y|B{ X) fr (Y) — E{v fo(Y|B{ X) fr (Y)|X})
® (W, (X)vp,(X))].

The first part of Theorem 3.1 indicates that BdopG 1S a consistent estimator
of an orthogonal basis, BoQ with Q = B(;r édopc,, in CS and |]§d0pG — ByQ| =
O + 53% + 84mpb* + 82/b% + n~1/2) in probability. See Bai, Miao and Rao
[2] and Xia, Tong, Li and Zhu [33] for alternative presentations of the asymp-
totic results. If the bandwidths in (2.7) are used, then the consistency rate is
O (n=*@+H+1/@+3) 165 n + n=1/2) in probability. A faster consistency rate can
be obtained by adjusting the bandwidths. The convergence of the corresponding
algorithm is also implied in the proof in Section 6. If ¢ < 3, then the condition for
the normality can be satisfied by taking

1>r;l>é, %r;l<rl/,<%—qr;l.
If we use higher order polynomial smoothing, it is possible to show that root-n
consistency can be achieved for any dimension ¢g. See, for example, Hérdle and
Stoker [15] and Samarov [26], where the higher order kernel, a counterpart of the
higher order polynomial smoother, was used. However, using higher order polyno-
mial smoothers increases the difficulty of calculations while the improvement of
finite sample performance is not substantial.
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THEOREM 3.2. If conditions (C1)—(C5) holds, then
| Bamave Bdvave — BoBg | = O{B* + 835 + 84rpb” + 85/5 +n~'/2)

in probability as n — oo. If i* +52hb +8qﬁbb4 +82/52 = o0(n~'/?) can be satisfied,
then

- - D
V{(Bamave Biyave Bo) — €(Bo)} = N(0, Df oDy,

where Do = [ po(x,y) v fo(y|Byx) V' fo(yIBix) ® {vp,(x)vp ()} fo(x) x
fr(y)dxdy and

%0 = Var[po(X, Y)(V fo(Y|B) X) fr (Y) — E{5 fo(Y| B X) fr (Y)|X}) @ vp, (X)].

The proof of Theorem 3.2 is given in Section 6. The convergence of the AIMAVE
algorithm is implied in the proof. Similar remarks on dOPG are applicable to
dMAVE. Moreover, BdMAVE converges to BOQ where Q is determined by the
initial consistent estimator of the directions. For example, Q = 3(1)30 if Bqy) is
used as the initial estimator. Similarly, root-n consistency holds for g < 3. It is
possible that root-n consistency holds for ¢ > 3 if the higher order local polyno-
mial smoothing method is used. In spite of the equivalence in terms of consistency
rate for both dOPG and dMAVE, our simulations suggest that dAMAVE has better
performance than dOPG in finite samples. Theoretical comparison of efficiencies
between the two methods is not clear. In a very special case when ¢ = 1 and the
CS is in the regression mean, Xia [30] proved that AMAVE is more efficient than
dOPG.

We here give some discussion about the requirements on the distributions of
X and Y. If Y is discrete, we can consider the conditional cumulative distribu-
tion functions and have Fy x(y|x) = FYlBOTX(y|BOTx) when Y L XlBoTX holds.
Similar to (2.1), we can consider a regression model

1(Y <y)=G(Bj X, y) +e(y|X),

where G(BJx,y) = E{I(Y < y)|X = x} = E{I(Y < y)|BJ X = BJx} and
e X) =1 <y)— G(BOT X, y). Similar theoretical consistency results are pos-
sible to be obtained following the same techniques developed here. If some covari-
ates in X are discrete, our algorithms in searching for a consistent initial estimator
will fail. However, if a consistent initial estimator can be found by, for example,
the methods in Horowitz and Hérdle [18] and Hristache, Juditsky, Polzehl and
Spokoiny [19] and BT X has a continuous density function for all B in a neighbor-
hood around By, then our theoretical results in the above theorems still hold.
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4. Simulations. We now demonstrate the performance of the proposed esti-
mation methods by simulations. We will compare them with some existing meth-
ods including SIR (Li [22]), SAVE (Cook and Weisberg [8]), PHD (Li [23]) and
rMAVE (Xia, Tong, Li and Zhu [33]). The computer codes used here can be
obtained from www.jstatsoft.org/v07/i01 for the SIR, SAVE and PHD methods
(courtesy of Professor S. Weisberg) and www.stat.nus.edu.sg/~staxyc for IMAVE,
dOPG and dMAVE. In the following calculations, we use the quadratic kernel
H(v) = Ko(v?) = (15/16)(1 — v*)2I (v* < 1) and wg = 0.01. The bandwidths in
(2.6) and (2.7) are used. For the inverse regression methods, the number of slices
is chosen to be between 5 and 30 and most close to n/(2p). We define an overall
estimation error for the estimator B: BT B = I, by the maximum singular value of

BoBg — lA?lA?T; see Li, Zha and Chiaromonte [21].

EXAMPLE 4.1. Consider the model
4.1 Y =sign(2X' Bi + 1) log(12X" B + 4 + &3)),

where sign(-) is the sign function. The coordinates X ~ N (0, /) and unobserv-
able noises €1 ~ N(0, 1) and &> ~ N(0, 1) are independent. For 1, the first four
elements are all 0.5 and the others are zero. For $,, the first four elements are 0.5,
—0.5, 0.5, —0.5, respectively, and all the others are zero. A similar model was
investigated by Chen and Li [3]. In order to show the effect on the estimation per-
formance of the number of covariates, we vary p in the simulation. With different
sample sizes, 200 replications are drawn from the model. The calculation results
are listed in Table 1. To get some intuition about the size of estimation errors, Fig-
ure 1 shows a typical sample of size n = 200 and its estimate with estimation error
0.21. The structure can be estimated quite well in the sample.

TABLE 1
Mean (and standard deviation) of estimation errors for Example 4.1

n p dOPG dMAVE rMAVE SIR SAVE PHD

5 025(0.09) 0.22(0.08) 043(0.19) 0.29(0.09) 0.87(0.19) 0.72(0.22)
100 10 0.55(0.19) 035(0.07) 0.64(0.19) 0.46(0.10) 0.94(0.06)  0.90 (0.13)
20 0.81(0.13) 0.54(0.10) 0.88(0.12) 0.64(0.11)  0.96(0.06) 0.93 (0.07)

5 0.17(0.05) 0.14(0.04) 0.27(0.13) 0.19(0.05) 0.55(0.26) 0.47 (0.15)
200 10 0.32(0.09) 0.24(0.06) 0.46 (0.17)  0.30(0.06) 0.96 (0.08) 0.73 (0.16)
20 0.62(0.15) 0.36(0.06) 0.66(0.16) 0.43(0.06) 0.93(0.04) 0.94(0.08)

5 0.13(0.04) 0.13(0.04) 0.19(0.07) 0.16 (0.05) 0.32(0.18) 0.37 (0.12)
300 10 0.24(0.06) 0.18(0.04) 0.36(0.16) 0.24(0.05) 0.85(0.17)  0.59 (0.15)
20 0.48(0.13) 0.28(0.05) 0.55(0.16) 0.35(0.05) 0.92(0.03) 0.84(0.12)

5 0.11(0.04) 0.11(0.04) 0.21(0.12) 0.14(0.04) 0.22(0.11)  0.31 (0.10)
400 10 0.21(0.04) 0.16(0.04) 0.31(0.11) 0.21(0.05) 0.66(0.22) 0.51(0.13)
20  0.31(0.06) 0.25(0.04) 0.49(0.15) 0.29(0.04) 0.98(0.04) 0.76 (0.14)
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FIG. 1. A typical data set of size 200 from Example 4.1 with p = 10 to show the size of estima-
tion error and its graphic performance. The upper two panels are plots of y against the true CS
directions, the lower two panels y against the estimated directions using dMAVE. The estimated
directions are respectively /§1 = (0.42,0.64,0.44,0.45, —0.01, —0.07,0.02, —0.00, —0.08, 0.07)—r
and ﬁ} =(—0.54,0.43,-0.57,0.43,0.01, —0.04, —0.01, 0.07, —0.05, 0.07)T with estimation error
0.21.

In model (4.1) the CS directions are hidden in a complicated structure and are
not easy to detect directly by the conditional regression mean function. When the
sample size is large (> 200) and p is not large (= 5), all the methods give accurate
estimates. As p increases, rMAVE performs not so well because the second direc-
tion is not captured in the regression mean function; SAVE and PHD also fail to
give accurate estimates. SIR performs much better in all the situations than SAVE
and PHD. dOPG has about the same performance as SIR. AIMAVE is the best in all
situations among all the methods.

EXAMPLE 4.2. Now, consider the CS in conditional mean as well as the con-
ditional variance as in the model

(4.2) Y =2(X" B +2exp(X Bo)e,

where X = (x1, ..., x10)| withxy, ..., x10 ~ Uniform(—~/3, v/3) ande ~ N (0, 1)
are independent, 8; = (1,2,0,0,0,0,0,0,0, 2)T/3 and B, = (0,0, 3,4,0,0,0,0,
0,0)" /5. For model (4.2), one CS direction is contained in the regression mean
and the other in the conditional variance. One typical data set with size 200 is
shown in Figure 2. Table 2 lists the calculation results for 200 replications.
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FI1G. 2. A typical data set with n = 200 from Example 4.2 and its AMAVE estimation. The upper
two panels are plots of y against the true CS directions, the lower two panels y against the estimated
directions with estimation error 0.31.

Because rMAVE cannot detect the CS directions hidden in the conditional vari-
ance directly, it has very poor overall estimation performance as listed in Table 2.
If d =1, that is, the regression mean function is monotonic, SIR works reasonably
well; if d = 2, the regression mean function is symmetric and SIR fails to find the
direction hidden in the regression mean. As a consequence, its performance is very
poor. The performances of SAVE and PHD are also far from satisfactory, though
they are applicable to the model theoretically. The proposed dOPG and dMAVE
perform very well and are better than the existing methods listed in Table 2.

TABLE 2

Mean (and standard deviation) of estimation errors for Example 4.2

d n dOPG dMAVE rMAVE SIR SAVE PHD
100 0.57(0.15) 0.44(0.12) 0.85(0.13) 0.63(0.15) 0.93(0.08)  0.99 (0.08)

1 200 036008 028(0.06) 0.76(0.16) 0.42(0.09) 091(0.12) 0.98 (0.07)
400 024 (0.05) 0.18(0.04) 0.68(0.15) 0.29(0.06) 0.64(0.16)  0.97 (0.07)
100 0.63(0.19) 046 (0.16) 0.85(0.16)  0.96 (0.09)  0.90 (0.06)  0.91 (0.11)

2200 033(0.10) 028(0.06) 0.70(0.18) 0.95(0.07) 0.87(0.11) 0.88(0.11)
400 022(0.05) 0.19(0.04) 0.66(0.19) 0.95(0.09) 0.85(0.12) 0.89 (0.11)
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EXAMPLE 4.3. In this example we demonstrate the consistency rates of the
estimation methods by checking how the estimation errors change with sample
size n. Consider the model

X1

4.3 Y=
*3) 0.5+ (1.5 + x2)?

+ x3(x3 + x4+ 1) +0.1¢,

where ¢ ~ N (0, 1) and X ~ N(O, I19) are independent. Model (4.3) is a combina-
tion of the two examples in Li [22]. For this model, all the theoretical requirements
for the methods are satisfied. Therefore, it is fair to use the model to check their
consistency rates.

In the top panel in Figure 3 the proposed methods have much smaller estima-
tion errors than the inverse regression estimations. Because all the directions are
hidden in the regression mean function, it is not surprising that rMAVE has the
best performance. Multiplied by root-n, the errors should stay at a constant level
if the theoretical root-n consistency is applicable to the range of sample size. The
bottom panel suggests that the estimation errors of SIR and SAVE do not start to
show a root-n decreasing rate for sample sizes up to 1000, while PHD, rMAVE,
dOPG and dMAVE demonstrate a clear root-n consistency rate.

EXAMPLE 4.4. In our last simulation example, we consider a model with a
very complicated structure. Suppose (X;, ¥;),i = 1,2, ..., n, are drawn indepen-
dently from the model ¥ = B X/2 + e(1 — |8 X|$)!/2, where (X, ¢) satisfies
(X ~ N, Iip), e ~ NO, ): |8 X| < 1,18] X| < 1,05 < (B] X)*(1 — &) +
g2 < 1}, and B; and B, are defined in Example 4.1. The calculation results based
on 200 replications are listed in Table 3. Because of the complicated structure as
shown in Figure 4, the CS directions are not easy to estimate and observe directly.
However, with moderate sample size, the proposed methods can still estimate the
directions accurately. It is interesting to see that SAVE also works in this example.

Based on the simulations, we have the following observations. (1) The existing
methods (rtMAVE, PHD, SIR and SAVE) fail in one way or another to estimate
the CS directions efficiently, while dOPG and dMAVE are efficient for all the ex-
amples. (2) dOPG and dMAVE demonstrate very good finite sample performance,
even a root-n rate of estimation efficiency, while some of the existing methods do
not show a clear root-n rate in the range of sample sizes investigated. (3) dOPG and
dMAVE are less sensitive to the number of covariates than PHD, SAVE and SIR.
Simulations not reported here also suggest that the asymmetric design of X has
less effect on dOPG and dMAVE than on the inverse regression estimation meth-
ods. (4) If the CS directions are all hidden in the regression mean function, ’IMAVE
is the best and should be used. Otherwise, dOPG and dMAVE are recommended.
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FI1G. 3. The calculation results for Example 4.3 using different estimation methods. The lines are
the mean of estimation errors with different sample sizes and 200 replications. The top panel is the
plot of the errors against sample size; the bottom panel is the errors multiplied by root-n against
sample size.

5. Real data analysis.

EXAMPLE 5.1 (Cars data). This data was used by the American Statistical
Association in its second (1983) exposition of statistical graphics technology. The
data set is available at lib.stat.cmu.edu/datasets/cars.data. There are 406 observa-
tions on eight variables: miles per gallon (Y), number of cylinders (X;), engine
displacement (X3), horsepower (X3), vehicle weight (X4), time to accelerate from
0 to 60 mph (X5), model year (X¢) and origin of the car (I = American, 2 =
European, 3 = Japanese).


http://lib.stat.cmu.edu/datasets/cars.data
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TABLE 3

Mean (and standard deviation) of estimation errors for Example 4.4

dOPG

dMAVE

rMAVE

SIR

SAVE

PHD

200
400
600
800
1000

0.5909 (0.29)
0.2117 (0.19)
0.1148 (0.04)
0.0876 (0.03)
0.0782 (0.02)

0.5089 (0.30)
0.1498 (0.10)
0.1059 (0.03)
0.0862 (0.02)
0.0779 (0.02)

0.9411 (0.07)
0.9573 (0.05)
0.9725 (0.03)
0.9744 (0.03)
0.9671 (0.04)

0.8770 (0.12)
0.8783 (0.13)
0.8758 (0.13)
0.8737 (0.14)
0.8819 (0.13)

0.9242 (0.19)
0.7677 (0.18)
0.5357 (0.21)
0.3657 (0.13)
0.2604 (0.06)

0.9833 (0.05)
0.9789 (0.03)
0.9799 (0.03)
0.9757 (0.04)
0.9789 (0.04)

Now we investigate the relation between the response variable Y and the co-
variates X = (X1, ..., Xg) ', where X1, ..., X¢ are defined above, X7 = 1 if a car
is from America and O otherwise and Xg = 1 if it is from Europe and 0 otherwise.
Thus, (X7, Xg) = (1,0), (0, 1) and (0, 0) correspond to American cars, European
cars and Japanese cars, respectively. For ease of explanation, all covariates are
standardized separately. When applying dOPG to the data, the first four largest
eigenvalues are 21.1573, 1.6077, 0.2791 and 0.2447. Thus, we consider CS with
dimension 2. Based on dMAVE, the two directions (coefficients of X) are esti-
mated as f; = (—0.33, —0.45, —0.45, —0.53, 0.14, 0.42, 0.00, —0.02) " and B, =

2 = 2 -
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FI1G. 4. A typical data set from Example 4.4 with n = 200 and its dMAVE estimation. The upper
three panels are plots of y against the true CS directions and y — xT B1/2 against the second direc-
tion; the lower three panels are plots of y against the estimated CS directions (with estimation error
0.32) and y — xTB 1/2 against the second estimated direction.
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FI1G. 5. The estimation results for Example 5.1 using AMAVE. The two panels are plots of Y against
the two estimated CS directions. The origins of cars are denoted by “-” for American cars, “x” for
European cars and “o”

o” for Japanese cars.

@ 2

(0.00,0.15, —0.10, —0.23, —0.12, —0.17, —0.88,0.29) ". The plots of ¥ against
,BITX and ,32T X are shown in Figure 5.

Based on the estimated CS directions and Figure 5, we have the following in-
sights to the data. The first direction highlights the common structure for cars of
all origins: miles per gallon (Y) decreases with number of cylinders (X 1), engine
displacement (X»), horsepower (X3) and vehicle weight (X4), and increases with
the time to accelerate (Xs) and model year (X¢). The second direction indicates
the difference between American cars and European or Japanese cars.

EXAMPLE 5.2 (Ground level ozone). Air pollution has a serious impact on
the health of plants and animals (including humans); see the report of the World
Health Organization (WHO) [29]. Substances not naturally found in the air or at
greater concentrations than usual are referred to as “pollutants.” The main pollu-
tants include nitrogen dioxide (NO,), carbon dioxide (CO), sulphur dioxide (SO>),
respirable particulates, ground-level ozone (O3) and others. Pollutants can be clas-
sified as either primary pollutants or secondary pollutants. Primary pollutants are
substances directly produced by a process, such as ash from a volcanic eruption or
the carbon monoxide gas from a motor vehicle exhaust. Secondary pollutants are
products of reactions among primary pollutants and other gases. They are not di-
rectly emitted and thus cannot be controlled directly. The main secondary pollutant
is ozone.

Next, we investigate the statistical relation between the level of ground-
level ozone and the levels of primary pollutants and weather conditions by
applying our method to pollution data observed in Hong Kong [(1994-1997)
www.stat.nus.edu.sg/%7Estaxyc/HongKongAirpollution.xls] and Chicago [(1995—
2000) www.ihapss.jhsph.edu/data/data.htm]. This investigation is of interest in
understanding how the secondary pollutant ozone is generated from the primary
pollutants and weather conditions. Let Y, N, S, P, T and H be the weekly av-
erage levels of ozone, nitrogen dioxide (NO;), sulphur dioxide (SO;), respirable


http://www.stat.nus.edu.sg/%7Estaxyc/HongKongAirpollution.xls
http://www.ihapss.jhsph.edu/data/data.htm
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TABLE 4
The estimated CS directions in Example 5.2

City Direction N S P T H NS NP N=x=T
B1 0.10 -0.13 -0.06 —-0.00 —-0.00 0.06 0.29 0.19
Chicago B —-0.10 —-0.11 039 -0.25 -0.07 0.12  —-0.15 0.09
B1 032 —0.15 0.23 0.10 —-0.41 —-0.07 0.20 0.42
Hong Kong B —-0.04 -0.08 -0.12 0.18 0.19 -0.21 0.35 0.17
N+«H S+P S*xT S«H P+T P+H T=+H
B 0.04 —0.18 027 -0.01 —-0.06 0.36 0.77
Chicago B —0.51 046 -020 -0.21 -0.15 -0.16 0.32
B1 0.10 0.01 -0.05 -0.31 0.53 0.12 —-0.14
Hong Kong B2 —-052 -0.26 —0.18 0.42 022 -029 —0.19

particulates, temperature and humidity, respectively. To include the interaction
between primary pollutants and weather conditions into the model directly, we
further consider their cross-products resulting in 15 covariates altogether, denoted
by X. For ease of explanation, all covariates are standardized separately. For all
possible working dimensions, only the first two dimensions show clear relations
with Y. We further calculate the eigenvalues in dOPG. The largest four eigenvalues
are 10.78,2.93,2.11, 1.70 for Chicago, and 6.89, 1.24,0.69, 0.52 for Hong Kong.
Now we consider dimension reduction with efficient dimension 2, although the
estimation of the number of dimensions needs further investigation. The estimates
for the first two directions are given in Table 4.

The plots of Y against the two estimated directions are shown in Figure 6. The
plots show strong similar patterns in the two separated cities. If we check the esti-
mated coefficients (directions), NO; and particulates (or their interaction) are the
most important pollutants that affect the level of ozone. Temperature and humidity
and their interaction are the other important factors. The interactions of weather
conditions with NO; and particulates also contribute to the variation of ozone lev-
els. These statistical conclusions give support to the chemical claim that ozone is
formed by chemical reactions between reactive organic gases and oxides of nitro-
gen in the presence of sunlight; see the WHO report [29].

6. Proofs.

6.1. Basic ideas of the proofs. The basic idea to prove the theorems is based
on the convergence of the algorithms and that the true dimension reduction space is
the attractor of the algorithms. We here give a more detailed outline for the proof of
Theorem 3.2. Suppose the estimate of By in an iteration of the dIMAVE algorithm
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FI1G. 6. The estimation results for Example 5.2 using dMAVE. The upper two panels are the levels
of ozone against the first two estimated CS directions in Hong Kong, the lower two panels are those
in Chicago.

is B(;. It follows from Step 2 that

b(l‘+1) — E(BO) + Z ,O(I)Kh B(t)le)Xo‘) (X(f))

ijk\“ ijk
k,j,i=1
6.1 O K (Bl Xij) X
(6.1) X Z ,O h[ (t) lj) ijk
k,j,i=1

x {Hpi (V) —a') — €(Bo) X)),
where X © ik is defined in the algorithm. By the decomposition in Step 3, we obtain
the estlmate B(;+1) in the next iteration. If the initial value By is a consistent
estimator of By, by Lemmas 6.3, 6.4 and 6.5 below, we will obtain a recurring
relation for the iterations as

£(B(+1)) — £(Bo) = ©{€(B)) — £(Bo)} + Tt

with |®;] < 1 and |I";, ;| = o(1) almost surely when ¢ > 1. Therefore, the dimen-
sion reduction space is an attractor in the algorithm. This recurring relation is then
used to prove the convergence of the algorithm and the consistency of the final
estimator. To ensure the convergence of the algorithm, we need to consider consis-
tency with probability 1.
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The details of the proofs are organized as follows. In Section 6.2 we first list a
series of lemmas, Lemmas 6.1-6.5. Based on these lemmas, the theorems are then
proved. The proofs of Lemmas 6.1-6.5 are algebraic albeit complex calculations
based on Lemmas 6.6 and 6.7. They can be found in Xia [31] and are available
upon request. Lemmas 6.6 and 6.7 are two basic results used in the proof dealing
with uniform consistency. Their proofs are given in Section 6.3.

6.2. Proofs of the theorems. We first introduce notation. Let g5 ;(y) =
Hy(Yi —y) — E(Hp(Y; — y)|Xi), Dy C R be a compact interior support of Y;
that is, for any v € Dy, there exists § > 0 such that infy. |y, _y<5 fy(y) > 0. Sim-
ilarly, we can define a compact interior support Dy for X. For 8 C {B:B'B =
I;}, define 6p = max{|B — By|: B € $B}. For any index set Z and random
matrix A, (z), we say A,(z) = O(aylz € Z), or A,(z) = O(a,) for simplic-
ity, if sup,cg |An(2)|/a, = O(1) almost surely. As usual, A, = Op(a,) indi-
cates that every term in A, is O(a,) in probability as n — oo. Recall that

V' g(BYx, B Xix, HyP (1) = X0 V2 80(BJx, y)(B] Xix) (B Xix)/2 and

HyP ) =Y, (V380 (Byx. y) (BI Xix) (B Xi2) (B] Xix)}/6, where X, =
Xi —x,vgp(vi,...,vq,y) is defined in Section 2 and

2

V?,Kgb(v1,...,vq,y)= g1, ..., v4,y) fori,k =1,2,...,q,

0V, Ay
and vi’t’ ,8p 1s defined naturally. By the Taylor expansion of g;,(BgX i»y)at ng,
it follows from model (2.1) that

(62) Hpi(y) = Hy " (x)+Hy P (0) + Hy PO (0) + e, (0) + OB Xix|*)
almost surely. Let §,,,;, = (nhm/logn)_l/z, Smnp = (nh"b/ logn)_l/2 for any in-
teger m, 8, = (nb/logn)~'/2, 8, = (logn/n)'/* and rppp = h?> + b* + 8 + 8.
Let fg, f and fy be the density functions of B" X, X and Y, respectively. Again,
for simplicity, we write fp(x), up(x) and wg(x) for fg(B'x), up(B'x) and
w B(BTx), respectively; see also the definitions in Section 3. Let ¢, co, ¢y, ..., be
positive constants, where ¢ may have different values at different places.

LEMMA 6.1 (Kernel smoother in the first iteration). Let

(5o) = {EK’Z(X”) (xsn) (Xij/h>T}_l gKh(Xix) (50 /0) s

Under assumptions (C1), (C2) and (C4), if h - 0,b — 0 and nhp+2b/ logn —
00, then we have

q
ayy = gp(By x,¥) + 1 3" V2 86(Bg x, )h* + O(h® + 8 ,pplx € Dy, y € Dy),

k=1
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n
byy = Bo v gr(BYx, y) + {papnh?® £} Kin(Xix) Xixep,i ()

i=1
+ O(h* + 8 ppplx € Dy, y € Dy).
LEMMA 6.2 (Kernel smoother in dOPG). Define Dy = {D = B diag(A, ...

Ag)B" + Bdiag(hg41,...,2)BT (B, B)T (B, B) = I, c; > min(Aq, ..., Ay) >
co >0, B € B and max(Ay+1, ...,)»p)/h2 <ey}. Let

P 2y 1 1\
Sy (x) =n i:ZlKh(D X'x)(x,-x)(x,-x>
and
aP Dol 12 1
(bDy> ={nS, (x)} ZKh(D XiX)(X‘ )Hb,i(y)-
Xy i=1 ™

Under assumptions (C1), (C2) and (C4), if nhi*?b/logn — oo, b — 0,h — 0,
ép/h — 0 and e, — 0, then we have

q
ap, = g(Bg x,¥) + 3 Y Ve 8b(Bg x, y)h?

k=1
+ O + 8 n|x € Dx,y € Dy, D € D),
bP, = Bo{vep(Byx, y) + Oh* + 8qn + en)} + E10(x. )
+ O(egnplx € Dx,y € Dy, D € D),
where egnp = h* + (h* + 84n)8qnp + (h* + Sqnp)en + (h + Sqnp/ h)Sp and

&2y (x, y) =hP " {nfp(x)} !

q n
< [Ta2w5 ) > Kn(DV2Xi) (s (x) — XiYew.i ().
=1 i=1
LEMMA 6.3 (Kernel smoother in dAMAVE). Let
B v T 1 1 T
P ) = ; Kt Xi) (BTXix/h> <BTXix/h>
and

ap, By-1% T 1
(dfyyh) ={nxT; (x)} ;Kh(B Xix) <BTXl~x/h)Hb’i(y)'
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Under assumptions (C1), (C2) and (C4), if nhb/logn — oo, b — 0, h — 0 and
dp/h — 0, then

q
al, = gp(Byx.y) +v' g(Bjx,y)(Bo— B) vp(x)+ 1Y vi gp(Bjx, y)h?

k=1

+VE (x,y) + Oh* + 84184mp + 135 + 831x € Dx, y € Dy, B € B),
dPh=vgy(Byx, y)h+ M[ (x, y)h> + V3, (x, )

+ O(h* + 8gndqnp + hp + 831x € Dy, y € Dy, B€ B),
where

VG y) = {1+ M3 (x, DIYES (x, y) + M3, (x, hEL, (x, y),

Vi (x,y) = Mg, ()OhEL (x, y) + (1 + ME,(x. H}ES, (x. y).
M,g1 x),k=1,2,...,5, are bounded continuous functions (details can be found

in the proofs) and

&2 (x,y) ={nfe)} " > Kn(B' Xix)eni (),
i=1

&2,(x,y) = {nhfp(x)} ™'Y Kn(B" Xix)B" Xixepi(y).

i=1

LEMMA 6.4 (Denominator of dMAVE). Let % = p(f5(X;)p(fr(Y0)),
where

fe)=n"'Y Kn(B"Xir),  fr»)=n""Y" Hy(¥; — y).

i=1 i=1

l
logn — oo, nbz/logn —00,b—>0,h— 0and ég/h — 0. We have

Let Xﬁjk = ijk ® X;j, where dﬁ( = dfj y,- Suppose (C1)~(C4) hold and nh9t2b/

n —1
Y pRKn(B XX (X"
k,ji=1
=, ®B)L{ (I, ® BN+ (I, ® B) L,
+L3(I; ® B") + £D} + O{(rgny + 84n5)/ | B € B},
where L1, Ly and L3 are constant matrices (details can be found in the proof) and

Dg = [p(f8CNp(fr() v g (Bix,y) V' gp(Bjx,y) @ {vp(x)vp(x)} f(x) x
f(y)dxdy.
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LEMMA 6.5 (Numerator of AMAVE). Suppose conditions (C1)-(C4) hold. If
b—0,h— 0,nhib/logn — oo, nb2/logn — oo and ép/h — 0, then

n=> Z P Kn(BT Xip) X[ Hpi (Vi) — aty — £(Bo)' X[}y
k,j,i=1

= Dp(¢(B) — £(By)) + ,(Bo)
+ O + rgnbdqnb + 8oy, + 85 /b + (Squp/ h + )3p| B € BY,
where afk = a)l?ij’ ®,(By) = 006, + 5q2hb/h) almost surely and ®,(By) =
Op(n~'2) with (I; ® By )®,(Bo) = 0 and /n®,(By) BN, 20), where %

is given in Theorem 3.2.

PROOF OF THEOREM 3.1. By Lemma 6.1, write

bry = Boca (x, y) + {apnhd £ (x)}) !

n
X Z Kh()(Xix)Xixsb(),i(y) + B()@(h% + Sph()b())’
i=1
where (B, Bo) is a p x p orthogonal matrix and c¢,(x,y) = vgb(BOTx, y) +
O(h% + Sphghy)- By Lemma 6.6, the second term on the right-hand side above
18 O (8 phyby/ ho). It follows from Step 2 in the dOPG algorithm that

n
S0y = (Bo, BCa(Bo, B) +n7> Y Sy + S0
i j k=1

(6.3) 5
+ O{(h§y + 8 phob) S phobe/ Po}

where f](l) and /0(2) are defined in the algorithm, §;j; = pﬁ){,uzph%f(Xj)}_l
Bo v gh(B) X, Yk)Kho(Xz])X €ho,i (Yr) and

02 Z (0)( (X, Yy) )( cn(Xj, Yi) )T
(D(h% + 8 phobo) O(h(z) + 8 phobo)
_ ( A,(l” O3 + 5,,h0b0)>

O(h§ + Sphgby)  Olhg + 875

AR

where A(l) =n k= 1,OJk cn(X], Yk)c (X, Yr). By Lemma 6.6, we have

0 = o)+ fy (y)b 24+ O+ 8pyly € a)m f<°>(x) fx) +OmE+

Spnglx € Dx). By the definition of p(-), we have ,oxy = ,o(f(x)),obo(fy(y)) +
O phoioIX € RP, y € R), where gy, (fr () = p(fr () + 0’ (fr () fy ()G /2.
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Let
Sijk = p(f (X)) Py (fr (Ye))Bo v &by (B X j» Vi)
x {uapht f (XY Ko (Xij) X[, (Ye).-

By (C5) and Lemma 6.7, we have n™ 32 lSl]k_(D{(S +45
Thus,

ijk= phob+82/b(%)/h0}‘

n n
(6.4) n=3 Z Sijk =n3 Z S,'jk + (9{rph0b05ph0b0ho_l} = (9()»,(11)),
i\ k=1 i, k=1

where
5‘511) =38/ ho+ 5;27h0b/h0 + 531/(b(2)h0) + hg + rphobosphobohal'

By (C3) and the strong law of large numbers for U-statistics (cf. Hoeffding [17]),
1

A = [ o(f )Py (1) 8y (By %) V' 86y (By X, M) fr(v)dxdy +

o(1) almost surely, which is of full rank asymptotically. Thus, its eigenvalues are

greater than a positive constant asymptotically. On the other hand, the eigenvalues

of the lower right principal submatrix in C, are of order ):5,1) . Let )Lgl) > > )LE})
be the eigenvalues of fl(l) and ,31(1) Yo ,3[(,1) be the corresponding eigenvectors.
By the interlacing theorem (cf. Ando [1]), we have min{k(l), . )\((11)} > ¢ and
max{i).....Ap"} = O("). By (6.3) and (6.4), we have

(6.5) Sy = BoAV By +0(53)),

where 85 = rpnoby + Sphoby + 82,/ 3 + 8a/ho + 82/ (B3ho). Let By =
(/3(1) e ﬁl(q)). By Lemma 3.1 of Bai, Miao and Rao [2], we have

(6.6) B(1)B(}, — BoB) = 0(8Y).
Let = 1. Consider the ( + 1)stiteration. Let €, (t) o(x,y)=§, E(” o (x,) as defined in

) detk(l)/hz 50
and 8% ) /h; — 0. By Lemma 6.2, similar to (6.3), we have from the algorithm

Lemma 6.2. By the conditions on bandwidths in (C5) we have en

S+1) = (Bo, Bo)C” (B, Bo) "
(6.7)

-2 Z (t) (t) )} 4 OCeqn,b,8qhi,)s
Jj.k=1

where S = p% Bo{wgs, (By Xj. Vi) + O(h? + 841, + ex IHEL Y (X Y1)} T and

C(t):( Ay O(thb)>
Oegnp) Oy
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where AY) =n~ 23 Pj(tk) ng,(BTXj, Yi) V' gb, (By X, Yi) +Othi 484, +
e’}. Note that BJ)E:(%(X,, Yo) =0, §'3(X;. Y1) = OSqn,p,) and By &0 (X,
Yi) = O(8yn,5,8%)). It follows that

i 3 15+ 5507)

Jj.k=1
(6.8) = (Bo, Bo)[(Bo, Bo)'n7? Z Sm (s ([)) }(Bo, Bo)} (Bo, Bo) "
Jj.k=1
@)
~ 0 C -
= (Bo, Bo) ( ) \T 12,n> (Bo., BO)T + 0(8qhtbz6g))’
(Ciz,0) 0

where CYZ)’" = n_zz = lp]k{vgbt(BJXj,Yk) + (9(h + Sqn, + e(t))} X
{85{2)()(,, Yk)}TEO. Similar to ,o)(cy), we have ,ojtk) = ,ojtk) + O(rgn,p,), Where p ka =

o (feo (X N{p(fr (Y0) + o' (fy (Yo) f7 (Yx)b?/2}. By (C5) and Lemma 6.7, we
have

- T
Cly,=n"" Z ,Ojk ) 7 8, (By X;. YOIV (X, Y} ' Bo
Jj.k=1

(69) + (9(rqh btaqhtbr + er(lt)sqhtbz)
= O + 82, + 82572 + Fanyb Sqii, + € 8qnn,)-

By the strong law of large numbers for U-statistics, it follows that A,(f) = My +
o(1) almost surely, where My is defined in (C3). Let AE’H) > ... > Ag+1) be the
eigenvalues of fl(t+1) and B(;41) the first g eigenvectors. By the same arguments
as for k , it follows from (6.7), (6.8) and (6.9) that mln{k(H]) .,ASIIH)} > c
and max{k(’+1) ...,)»UH)} = (Q{A(Hl)} where AE,JF ) = = €4h,b,Oqh,b, + Egh,bt +

g+l >
thtb,(ﬁ( ) Considering e(Hl)h r+1 dﬁf)»(tﬂ)/htﬂ, there exists a constant ¢; which

does not depend on ¢ such that

(610) 6,(,t+1)ht+l Scl{xéfr)l +X(t) (l)ht +X(Z)8(I)}

lnn

(t) (h? + hzz‘sqhtbz + ‘th;bt‘sqht)‘sqhtbr/ht+l’ Xl(,ti)1 = (ht2 + ‘thrb:)‘sqhtbt/

(hehys) and Xsh = Sqhb,/ hus1. By (6.7) and (6.8), we write

where x

Sy = BoAY By + BoC\y By
(6.11) o o
+ BO(ClZ,rLBO) + @{éqhtbf + 5qhzbz‘SB }’
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where Cftz)’n is the first term on the right-hand side of the first equation in
(6.9). By the same arguments as for (6.6), we have B(z+1)BJ+1) — BOBOT =
O8ghiby Bahyb, +Tanin,) + (B2 +rgnp)ew’ + (h+Sqnp/ h)8Y) + 8, +82/b? + hi).
That is,

6.12) 85V <ealxsh + xihePh + 46}

4,n%n

for a constant ¢, independent of ¢, where X3(t2, = Sqniby (Sqhyby + Tani,) + Hf +
82/b2 + 8. x4y = (2 + rgnp)/ hy and X&) = hy + Sqnb, / e Note that , and
by decreasing with ¢, by (C5), we have 8gp,p,/hi+1 < Sgrp/h — 0. It follows
that e 7" =25tV 02, — 0, 8570 = Orgn,e,) and 857"/ heyy — 0. Tterat-
ing (6.10) and (6.12), it follows that

855 = O1x8%) + x5 x5t = OUB* + 81 (Bqne + B2 + 5% + 82/B7 + 8,

and 61(100) = O(84np)- This is the first part of Theorem 3.1. By (6.11) and the equa-
tions above, write

S 00) = (Bo 4 1} AL (Bo + 0} T + O(h* + 8,1 (81 + B*) + 82/5%),

where 1, = C{X0N(AR) ™! = O + 841 Sqmp + b*) + 82/b% + 8,). Note that
_ ~  def
B(Eo)w;(oo) (x) =0and, thus, B, 7, =0. We have A, = (Bo+1,)" (Bo + 1) =
I, + O(82). Let i, = {Bo + na}A, /2. 1t follows that
S0y = in AT, + Ot + 8415 (Sqrp + B*) + 6 /5%).

Let édopG be the first g eigenvectors of f)(oo). By Lemma 3.1 of Bai, Miao and
Rao [2], we have

6.13) Baorc B4opg — BoBy
= Bon, + 1By + O{h* + 8,15 (815 + BY) + 82 /7).

By Lemma 6.7 and (C5), we have
Ny =n"" Z p(fB (XD o(fr(Y)ESS (X, Yo) v gp(By X, Yi) (AL)) ™!
Jok=1
+ O{thb(sqhb}
=n"! anmfgo(xo)p(fy(m))wgo (X0)s,(XDE (AL + Olrgnndan).
i=1

where ¢ = vgh (B} Xi, Yi) fr (Vi) — E{vgp (B} X, Yi) fr (V)| B} Xi}. Let ¢ =
v fYilBy X)) fr(Yi) — E{vf(Y;|B) Xi) fr(Y)|B)Xi}. As b — 0, we have
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Aﬁ,oo) — My almost surely, where My is defined in (C3). By calculating the mean
and covariance matrix, we have

n=' " p(fa (XD p(fr YD (X (X) (G — ¢ ) =0p(™'/?).
i=1

It follows from the two equations above and the conditions in the theorem for the
bandwidths that

(6.14) ny=n""" p(f5,(X))p(fy Y5 (X)vey(X)T My +0p(n™'/?).
i=1

After vectorizing 7,, the second part of Theorem 3.1 follows from (6.13), (6.14)
and the central limit theorem. [

PROOF OF THEOREM 3.2. Consider the initial estimator B(j) in (6.6). Let
0= B(TI)BO. For simplicity, we assume lim,_, oo Q = I,; otherwise, we may use
the basis By Q and consider the expansion in Lemmas 6.3, 6.4 and 6.5 at (B Q)Tx.

Let Sg) be the consistency rate of the estimator in the #'th iteration. Write £(Bg) =
(I; ® By)L(l,). By the definition of Dpg in Lemma 6.4, it follows that

(I; ® B)' Dp =0,
(I, ® Bo) " ®,(Bo) = 0.

By the definition of the Moore—Penrose inverse, we have D;D p=1;® (BET),
where (B, E) is a p x p orthogonal matrix. By Lemmas 6.4, 6.5 and (6.1), for
every B;)in 8 ={B:|B — By| < Sg)}, if Sg)/h, — 0 we have

b)) = (1, ® Bo){£(1,) + O (™)}
(6.16) +35Yin {€(By) — €(Bo)} + 3 Df,®n(Bo)
+ O A + (hi + 8,5,/ 18D,
_ 2, g4 2,2 (1) _
where Ay = hi 4 (hi + b} + 8qn,b,)8qn,b, + 8,/b7s cn” = {As + (Sgnp, / he +

h)83}/h?, Dy = D, and Wy = Iy ® (ByB) = W + 8, where W =

I; ® (EOEOT) is a projection matrix and (By, Bo) is a p x p orthogonal matrix.
We have

MDY = BoAL + S M(W{L(B(y) — €(Bo)}) + 3 M (D}, @, (Bo))

+ Of{Ar + Gry + Sy, / 1) DY,
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where A( ) =1, + O(c(t)) and M (-) is defined in Section 2.2. Note that
A0 E M) a (b D)
= (MDY + 085 + 80 + Ar + (e + qnn, / 1)35)}.
where 8, = 8, + 3§h,b,/ht- If cf,’) = 0(1) almost surely, then by Step 3,
By = Bo+ s M(W{(B()) — £(Bo)}) + 3 M (D}, ®,(Bo))
+ O A+ (b + Sgi,,/ 1)33)}
= By + 3 M(¥{¢(B()) — £(Bo)})
OBy + A+ (g + Sgnyp, /)P

(6.17)

By (C5) and (6.6), we have 84,1,/ h2 < 8ip/h2 — 0, 8%’ /hy — 0 and ¢ — 0
almost surely. Thus, (6.17) holds for ¢t = 1. By assumption (C5), it follows that

59 /ha = o(1) and i = o(1) almost surely. Thus, (6.17) holds for 7 = 2. Tterat-
1ng the formula, we have

509 = O(Aco + 80) = O + (W2 + B* + 8415)8,1i5 + S0}

A more detailed derivation was given in Xia, Tong and Li [32]. Therefore, the
first part of Theorem 3.2 follows immediately. By the first equation of (6.17) with
t = oo and Lemma 6.5, we have

B(oo) — Bo = 3 M(¥{€(B(s)) — €(Bo)}) + 3 M(D () Pu(Bo))
+ Op{h* + (W + B + 841)8qm)}-
Multiplying both sides by BOT , by (6.15), we have
By B(oo) — I = Op{h* + (h* + B* + 8,1)8 1)
It follows that
B0 B (o) Bo — Bo = s M(W{€(B (o)) — £(Bo)}) + 5 M (D!, @y (Bo))
+ Op{h* + (B2 + B* + 841)8g1p)-
Note that WD = D5, + 0p(B5~). We have
€(B(oo) B () Bo) — £(Bo) = D @, (Bo) + Op{h* + (h* + B* + 8415)8 1}

This is the second part of Theorem 3.2. [J
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6.3. Auxiliaries.

LEMMA 6.6. Suppose m,(x,Z),n = 1,2,..., are measurable functions
of Z with index x € R?, where d is an integer, such that (1) |m,(x,Z)| <
M(Z) with E(M"(Z)) < oo for some r > 2; (II) sup,, E|lm,(x, 2)1? < ay; and
) |mu(x, Z) — m,(x', Z)| < |x — x'|“'n*>2G(Z) with some ai,ar > 0 and
E|\G(Z)| < oo. Suppose {Z;,i =1, ...,n} is a random sample from Z. If a,, =
cn O with0 <8 <1—2/r and ¢ > 0, then for any positive oy we have

sup |n 1Y {ma(x. Zi) — Ema(x, Zi)}| = O{(anlogn/n)'/?}

[x|<n%0 i=1

almost surely.

PROOF. The “continuity argument” approach is used here. See, for exam-

ple, Mack and Silverman [25] and Hérdle, Hall and Ichimura [14]. Note that

def . . .
Dp = {|x| < n%} is bounded and its Borel measure is less than ¢;7%¢ for some

constant ci. There are n** (a4 > apd + (1 + a2)d /o) balls B, centered at x,,,
1 <k < n®, with diameter less than con~(1%2)/%1 guch that D, C Ui <k<nea Bny-
It follows that

sup
XEDn

1 n
- > Ama(x, Zi) — Ema(x, Zi)}’
i=1

1 n
< max _Z{mn(Xnk’Zi)_Emn(Xnk,Zi)}‘

T 1<k<n%|n *
- i=1

n

1
= Uma(x. Zi) = mn (g Zi))

i=1

(6.18) 4+ max sup

I<k=n®4 yeB,,

— E{mn(x. Zi) = mn(ny.» Zi)}]‘

def
= max |R, 1|+ max sup |R,k2l.
1<k<n% 1<k<n*4 ycp
ng

By condition (III) and the definition of B, , we have
max — sup |my(x, Zi) —mp(Xn,s Z)| < max  sup n?|x — x| G(Z;)

I<k<n®4 X EBnk I<k=n®4 X eBnk
<a3n~'G(Z)).

By the strong law of large numbers, we have

(6.19)  max sup Rkl <can™>Y {G(Z)+ EG(Z)}=0(n"")

I<k=<n®4 XEBﬂk i=1
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almost surely Let T, = (nay/logn)'/2, m%(xn,, Zi) = mn(xny, ZDI{|IM(Z;)| >
T,} and mn(Xnka Zi) = mn(Xn/ﬂ Zi) — mn(Xnk, Z;). Write

1 n 1 n
620)  Ropr=- > Iy Gng> Zi) = Edmyy (g » ZY + p Y Enis

where &,, ; = m,’,(xnk, Z;) — E{m,ll(xnk, Z;)}. By truncation, it follows that
Elmg(xn,» Z0)| < T, T E|M(Z)]".

Ifa,=cn® with0<8§<1— 2/r, we have

> Em(xny, Z0)| < EIM(ZD)' T, = o({an log(n) /n}'/?).

i=I

621) n~!

Again by truncation, we have

D 1mG Oty ZOV < Y IM(Z)IT(IM(Zi)| = Ty,)

i=1 i=1

< T, IM@)IT(IM(Z)| = Ty).
i=1

For fixed T, by the strong law of large numbers, we have

n
I IM@EZOI T(IM(Z)| = T) — E{IMZ)I (1M (Z)] = T))
i=1
almost surely. The right-hand side above is dominated by E{|M(Z;)|"} and — 0
as T — oo. Note that T,, increases to co with n. For large n such that 7,, > T', we
have

c, & _1Z|M(z)| I(IM(Z)| = T,) < —IZ|M(Z)| I(IM(Z)|>T)—0
im1 i=1

almost surely as T — oo. It follows that

(6.22) max n-

1<k<n%4

< C, T, = o{(aylogn/n)"/?)

n
S mE g Zi)

i=1

almost surely. By condition (II), we have

max Var(Z"g‘,,kl> <n1 IilaX E{m (Xnk,Zl)}

1<k<n%4
i=1

(6.23) <n max_ E{m,(xn,, Z1)}*

1<k<n%4

def
<csna, = Nj.
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By the condition on a, and the definition of &,, ;, we have

(6.24) max (6 il < e, — c(nay/logn)/* ' N,

Let N3 = c¢7(nay log n)1/2 with c% > 2(a4 +2)(c5 + coc7). By Bernstein’s inequal-
ity (cf. de la Pefa [9]), we have from (6.23) and (6.24) that

P N3 <2 ( N )
> X S EEEE———
3 == 2(N1 + N2N3)

< 2exp{—c% logn/(2cs 4+ 2c6c7)}

n

ZSnk,i

i=1

—oy—2

o0 n
< Zn‘“ max Pr( Zgnk,i
n=1

1<k<n%4 :
- i=1

<cgn

It follows that

ank i

I1<k<n%4|:

0
ZPr( max
n=1

(6.25)

> N3> < 00.
By the Borel-Cantelli lemma (cf. Chow and Teicher [4], page 60), we have

(6.26) max

1<k=<n%4|:

ankl = O(N3)

almost surely. Combining (6.20), (6 21), (6.22) and (6.26), we have

(6.27) max Ry k1] = O{(ay log(n)/n)"/?)

almost surely. Lemma 6.6 follows from (6.18), (6.19) and (6.27). O
For any function G(X;,Y;, X, Y;, Xy, Yy) [or G(X, Y, X, Yi)], we intro-
duce a projection operator Ej as follows:
EG(X;, Y, X;, Y, X, Vi) = E{G(X;, Y;, X;, Y}, Xk, YOI Xi, Yi, X, Y}
LEMMA 6.7. Let A={A:ATA =1 with1 <k < p. Suppose go(y), g1(x),

g2(x) are bounded continuous functions. If conditions (C2) and (C4) hold with B
replaced by A for all A € A, then

n
n Y Kn(ATXij)g1(X)g2(X )go(Yi) v g(Bg X, Yi)en,i (Ye)
i,j.k=1

n
=n"'Y E;E{Kn(ATXij) v 85(Bg Xj, Yeb,i (Y} + O(Genpl A € A),
i=1
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where Gepp = 8,3lh_"b_2 + 8,%% + 8,%[)‘2 and the first term on the right-hand side
is O(8y).

PROOF. For easy exposition, we consider gy =1,k =0, 1,2 only. Let A, (A)
be the left-hand side of the equation in the lemma. Let ¢g(s) = 2m)™* x
[exp(s " u)K (u) du and @g (1) = (2)~! [exp(1rv) H (v) dv be the Fourier trans-
formations, where 1 is the imaginary unit. It follows from the inverse Fourier trans-
formation that g (u, y) =b~" [ gy (t)e /P E{e"Y/P| B] X = u}dr'. Thus,

628)  ven(Bo X; Y0 =b" [ ou) v @By Xpe M ar'

where vg,(u) = E (" Y| BJ X = u)/du. We have

1 " .
An(A) = ﬁ/w(t’) ; (Kn(ATX;)) v 2 (BT X )
i,j k=1
— Ej[Kn(ATXij) v 8 (By X )1}
x {ep.i (Y)e " b — Exlep (Yi)e " /Py di’

1 1 .
+ %/goH(z’) > ESIKn(ATXij) v 8By X )]
ik=1

x {ep.i (Yi)e /P — Exley: (Yi)e /Py dr’
(6.29)

1 " o N
o [ on) 3 Euleni (e UKy (AT Xip) v 2(BJ X))
ij=1

— Ej[Kn(ATXij) v 8p(By X)1}dt'
1 n
+—/goH(r/)ZEj[Kh(ATxij)vgb<BJX,~)]
nb =

x Exlep,i (Yoe ™ W/ ar
def
= An1(A) + Ay 2(A) + Ay 3(A) + Ay 4(A).
By inverse Fourier transformation, it follows that K (ATX; j)=h"" [k (s) x
e—lSTATX[j/h ds and Hp(Y; — Y;) = b1 f(pH(t)e_H(Yi_Yk)/b dt. Thus,

1

Bt = 5

3 n
T meaAs. .t Xi, Yogk Gon Opn ) ds dr '
{=1i=1
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where
mia(A,s 1.1, X;, V) = e AN G g (BT X))
— Ele™ AN g g, (B X)),
mon(A, s, t,t', X;i, Y;) = el =1Yi/b _ E[el(tft/)y"/b]
and

man(As, 0,0, X;, Yy) = e — B0,

By (C2), we have that | v g, (u)| < [ | v fo(y|u)|dy is bounded. For any r > 2,
it follows that sup,, E{v/ g (BOTXi)}’ < ¢ and that

sup Elmgn(A, s, 1,6, X, Y| <c, £=1,2,3,
A,s,t,t’

where c is a finite constant. For any «g > 0, let D, = {(¢,t,s): |t| < n%, || <
n®, |s| <n%}. By taking x = (A, ¢, 1, s) and a, = ¢, we have from Lemma 6.6,

n
Zme,n(Avs9tvt/v Xl’ Yl)
i=1

(6.30) sup n~!
Aenh,(t,t',5)eD),

:0(8}’1)7 Z:19273’

almost surely. On the other hand, |m ,(A,s,t,t', X;, Y;)| is bounded. Thus,

n
Zmz,n(A,S,t,f/»Xi» Yl)
i=1

6.31) sup n”!
A€A,(t,1,s)

=0(1), £=1,2,3.

By (C4), the Fourier transformation functions ¢x () and ¢ (-) are absolutely in-
tegrable; see Chung [5], page 166. We can choose « such that

(6.32) / ok (5)|ds = O(82), / lon ()] dr < 0(3D).
|s|>n%0 |t|>n%0

Partitioning the integration region in A, 1(A) into two parts, we have from (6.30)—
(6.32) that

3

sup [Ap,1(A)] < l_[ sup

n
/
_ m[,’n(A,Sstat’Xl"Yl')
AcA n3th2 v/(s,t,t’)efD,/, KZIAGA Z

i=1

x ok ($)or Oou ()| ds dt dt’

1 3

n
+ 7/ su men(A, s, t,t', X, Y;)
n3h«b? (s,t,t/>¢@;£Ae§ Z " .

izl
X lok ($)or g (') dsdt dt’
(6.33) = (") 0(53)/ lok ()ou (Don ) ds dt dt’
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+HpH~ o) o, 9K @enOen )l dsdr dr

(s,2,1)¢
=083 b?)

almost surely. Let g(X;) = Ej[Kh(ATX,-J-) \V/ gb(BOTXj)]. It is easy to see that
g(Xi) = O(1) almost surely. Applying the inverse Fourier transformation to
¢p,i (Yx) and using similar arguments leading to (6.33), we have

(6.34) sup [An2(A)| = 0(8;b7%)
A€A

almost surely. Applying the inverse Fourier transformation to K, (AT X; ), similar
to (6.33), we have

(6.35) sup |An3(A)| = 0(82h ™ b~ 1)
AeA

almost surely. By (6.28), we have

n
Ana(A) =n"" > E;E{Kn(AT Xij) v g5(Bg X, Yi)en,: (Yi)}.
i=1

By Lemma 6.6, we have

(6.36) sup Ay 4(A) = O(8y,)
AeA

almost surely. Finally, Lemma 6.7 follows from (6.33)—(6.36) and (6.29). [
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